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Abstract

Recently, several studies have proven the global convergence and generalization abilities of
the gradient descent method for two-layer ReLU networks. Most studies especially focused on
the regression problems with the squared loss function, except for a few, and the importance
of the positivity of the neural tangent kernel has been pointed out. On the other hand, the
performance of gradient descent on classification problems using the logistic loss function has not
been well studied, and further investigation of this problem structure is possible. In this work, we
demonstrate that the separability assumption using a neural tangent model is more reasonable than
the positivity condition of the neural tangent kernel and provide a refined convergence analysis
of the gradient descent for two-layer networks with smooth activations. A remarkable point of
our result is that our convergence and generalization bounds have much better dependence on the
network width in comparison to related studies. Consequently, our theory provides a generalization
guarantee for less over-parameterized two-layer networks, while most studies require much higher
over-parameterization.

1 Introduction

In recent years, many studies have been devoted to explaining the great success of over-parameterized
neural networks, where the number of parameters is much larger than that needed to fit a given training
dataset. On the other hand, this study treats less over-parameterized two-layer neural networks using
smooth activation functions and analyzes the convergence and generalization abilities of the gradient
descent method for optimizing this type of network.

For over-parameterized two-laver neural networks, [Du_et all (2019): |Arora et all (2019); Chizat &
Bach (20184); Mei et all (2018) showed the global convergence of the gradient descent. These studies
are mainly divided into two groups depending on the scaling factor of the output of the networks to
which the global convergence property has been demonstrated using different types of proofs. For

the scaling factor 1/m, (m: the number of hidden units), [Chizat & Bachl (2018a); Mei et all (2018)

showed the convergence to the global minimum over probability measures when m — oo by utilizing
the Wasserstein gradient flow perspective (I%am_&_&zuﬂ, [Z_Ql_’ﬂ) on the gradient descent. For the
scaling factor 1/m” (B < 1), ) essentially demonstrated that the kernel smoothing
of functional gradients by the neural tangent kernel (Jacot_et_all, [2018; |Chizat & Bach, M) has
comparable performance with the functional gradient as m — oo by making a positivity assumption
on the Gram-matrix of this kernel, resulting in the global convergence property. In addition, Arora

et al. (lZDj_Q) provided a generalization bound via a fine-grained analysis of the gradient descent. These
studies provide the first steps to understand the role of over-parameterization of neural networks and
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the gradient descent on regression problems using the squared loss function. For the classification
problems with logistic loss, a few studies dAllQnJhuﬁ_aﬂ, [2018a; [Cao & G, l2Ql_9_dJE) investigated
the convergence and generalization abilities of gradient descent under a separability assumption with a
suitable model instead of the positivity of the neural tangent kernel. In this study, we further develop
this line of research on binary classification problems.

Our contributions. We provide fine-grained global convergence and generalization analyses of the
gradient descent for two-layer neural networks with smooth activations under a separability assumption
with a sufficient margin using a neural tangent model, which is a non-linear model with feature extrac-
tion through a neural tangent. We demonstrate that a separability assumption is more suitable than
the positivity condition of the neural tangent kernel because (i) the positive neural tangent kernel leads
to weak separability and conversely, (ii) separability leads to the positivity of the neural tangent kernel
only on a cone spanned by labels, which is very small space compared to the whole space. Therefore,
the separability condition is rather weak in this sense but it is enough to ensure global convergence
for the classification problems. Thus, a significantly improved convergence and generalization analyses
with respect to network width can be obtained because the positivity of the neural tangent kernel is
not required. Consequently, our theory provides a generalization guarantee for less over-parameterized
two-layer networks trained by gradient descent, while most existing results relying on the positive neu-
ral tangent kernel essentially require high over-parameterization. To the best of our knowledge, this is
the first work that shows the global convergence and the generalization guarantees for neural networks
without over-parameterization on classification problems with logistic loss in the literature. [ Most
studies (Allen-Zhu et all, 20184 |Cao & Gu, QQIQQJE) have focused on highly over-parameterized neural
networks with ReLLU activation, and less over-parameterized settings have been considered difficult for
showing the global convergence property of gradient descent. However, we note that these studies
provided global convergence and generalization analyses of the (stochastic) gradient descent for (deep)
ReLU networks by making a similar but different assumption than ours. Thus, our and these studies
do not include each other because of the difference of the network structure (i.e., network depth and
activation type) and assumptions.

We here describe the main result informally. A neural tangent model is an infinite-dimensional non-
linear model using transformed features (9o (09T 2)) g0y 100 Where o is a smooth activation and pg is
a distribution used to initialize the parameters of the input layer in two-layer neural networks. Theorem
[ states that gradient descent can find an e-accurate solution in terms of the expected classification
error for a wide class of over-parameterized two-layer neural networks under a separability assumption
using a neural tangent model.

Theorem 1 (Informal). Suppose that a given data distribution is separable by a neural tangent model
with a sufficient margin under Loo-constraint. If for any € > 0, the hyperparameters satisfy one of the
following

(i) BE0,1), m=Q(TF), T=0(c2), n=0(m?*1), n=0("),
(i) B=0, m=06(3?), T=0("), n=0(m™"), n=Q(?).

then with high probability over the random initialization and choice of samples of size n, the gradient
descent with a learning rate 1 achieves an expected e-classification error within T-iterations.

Related work. A few recent studies (Allen-Zhu et all, 2018a;/Cao & G, 2!!19&]3) are closely related

to our work because they also treated the logistic loss function. As stated above, problem settings in our
and these studies are somewhat different, but we compare our result with those specialized to two-layer

1Follovving the initial version of our manuscript, (|M)7 (@) have provided the global

convergence and generalization guarantee for ReLLU networks with polylogarithmic width based on our separability
assumption.




Table 1: Summary of hyperparameter settings and assumptions to achieve an expected e-classification
error by gradient descent for binary classifications. The “Separability” column denotes the types of
models where a separability assumption is made. m is the number of hidden units, n is the size of
the training data, and T is the number of iterations of gradient descent. The notations  and © hide
the logarithmic terms in the big-2 and -© notations. Smooth activations include sigmoid, tanh, swish

activations, and several smooth approximations of ReLU. As for |Allen-Zhu et _all ([2_Ql&i Cao & Gul
(IZQlQ_aHE @henﬂ_al] ([2ng we pick up results specialized to two-layer networks.

Activation Separability Deep m n T
Allen-Zhu et al. (2018a) ReLU Smooth Target yes Q™19 Q) 6(e7?)
Cao & Gu (2019a) ReL.U ReLU NN yes Qe Qe 0(e7?)
Cao & Gu (2019b) ReLU ReLU NN yes Qe ) Qe™?)  0(e7?)
Ji & Telgarsky (2020) ReLU Neural Tangent no Q(polylog(n,e)) Q(e?) ()
Chen et al. (2019) ReLU Neural Tangent — yes  Q(polylog(n,e)) Q(e?) O(e ')
1 A —4 -2
This work Smooth Neural Tangent no (:)fzii?’/g) gE;% gngli

network to argue the reasonableness of the separability assumption by a neural tangent model. More
recently, following the initial version of our manuscript, WJi & Telgarskyl ([2Q2d), |Chen et all dZQlQ) have
shown that polylogarithmic network width suffices for ReLU networks to achieve an arbitrary small
classification errors based on our separability assumption. On the other hand, separability assumptions
were made on an infinite-width two-layer ReLU network in|Cao & Gu (2019a JE) and on a smooth target
function in |Allen-Zhu et all <[2Q1_8_a|) For generalization analyses, our study and lJi & Telgarskyl ([2Q2d),
Chen et all ([2_Ql_d) exhibit much better dependency on the network width owing to a better problem
setting with a fine-grained analysis. Table [[] provides a comparison of the hyperparameter settings of
networks and gradient descent in related studies to achieve an expected e-classification error. As evident
in Table [ our theory and .Ji & Telgarsky (2020); [Chen et al! (2019) ensure the same generalization
ability as those of [Allen-Zhu et al! (20184); [Cao & Gu (20194b) for a more comprehensive class of

two-layer networks with respect to the network width.

Other related work. Brutzkus et all (2018);Li & Liang (2018) provided generalization analyses of
the stochastic gradient descent for two-layer networks. [Brutzk 1! (2018) assumed that datasets
are linear separable and this restrictive assumption was relaxed to mixtures of well separated data
distributions in|Li & Liang (2018). As for the convergence rate analysis, the network width m = Qe24)
and the number of samples (iterations) n = O(T) = O(e '2) are required to achieve an expected e-
classification error in [Li & Liang (2018). In [Allen-Zhu et all (2018h); [Zou et all (2018), the global
convergence analyses in terms of optimization without the specification of network size were provided,
but we note that better generalization bounds cannot be obtained from these results because the
complexities of neural networks also cannot be specified.

Apart from the abovementioned studies, there are many other studies (Brutzkus & Globerson, 2017;
Zhong et all, [2017; [Tian, 2017; [Soltanolkotabi, 2017; Du et all, 2019; [Zhang et all, [2018; |Arora et all,
2019; IOymak & Soltanolkotabi, 2019; [Zhang et _all, [2019; [Wu_et_all, 2019) that focus on regression
problems. Based on the positivity condition of the neural tangent kernel. [Du et all (2019): Arora
et al. (IZQlQ \Zhang et all (IZQlQ Wu et all (IZQIQ showed the global Convergence of gradient descent
methods for neural networks with the requlred network widths Q(n Du_et_all, 2019; Wu_et_all,
) (Arora et al 1, [M and Q(n*) (Zhang et al 1, [M Because sample complexities are
generally slower than or equal to n = Q(e~ ), these network widths are very large compared to results
for classification problems. As stated above, the reason of such improvement on the network width for
classification problems is that the property of logistic loss can lead to a more reasonable assumption




(i.e., separability assumption by a neural tangent model) than the positivity assumption of the neural
tangent kernel. Moreover, we would like to emphasize that proof techniques are quite different for
the squared loss and the logistic loss functions because the latter function lacks the strong convexity.
Thus, we cannot utilize the linear convergence property for the logistic loss and parameters will diverge,
which also causes the difficulty of showing better generalization ability without a fine-grained analysis.

2 Preliminary

Here, we describe the problem setting for the binary logistic regression and discuss the functional
gradients to provide a clear theoretical view of the gradient methods for two-layer neural networks.

2.1 Problem Setting

Let X = R% and ) be a feature space and the set of binary labels {—1,1}, respectively. We denote
by v a true probability measure on X' x ) and by v, an empirical probability measure, deduced from
observations (;,y;)/~; independently drawn from v, ie., dv,(X,Y) = 37" | 04,40 (X, Y)dXdY/n,
where ¢ is the Dirac delta function. The marginal distributions of v and v,, on X are denoted by v*
and X, respectively. For ( € R and y € Y, let (¢, y) be the logistic loss: log(1 + exp(—y()). Then,
the objective function to be minimized is formalized as follows:

def 1 <&

= Ex, vy, [[(fo(X),Y)] = - > U folmi),vi),

i=1

£(O)

where fo : X — R is a two-layer neural network equipped with parameters © = (6,.)" ;. When we

consider a function fg as a variable of the objective function, we denote L(fo) = L(©).
The two-layer neural network treated in this study is formalized as follows. For parameters © =
(0,)™; (0, € RY) and fixed constants (a,)™, € {—1,1}™:

fole) = = 3" aro(6] 0), 1)

where m is the number of hidden units, 8 is an order of the scaling factor, and 0 : R — R is a
smooth activation function such as sigmoid, tanh, swish (Ramachandran et all)), and other smooth
approximations of ReLU. In the training procedure, the parameters © = (6,)™ ; of the input layer
are optimized. This setting is the same as those in [Du et all (2019); [Arora et all (2019); [Zhang et all
(IZOH); Wu et all M), except for the types of activation functions, scaling factor, and loss function.

2.2  Functional Gradient
We denote by Ly(rX) the function space from X to R, equipped with the inner product (-, ->L2(VX):

n

def

(60 L) = Exewx [0(X)W(X)], Yo, Y0 € La(vy)).

Following the tradition in the literature of boosting and kernel methods, we call Ly(v;X) the function
space, although this space is actually an n-dimensional space because the cardinality of the support of

X

vy is m. The key notion to explain the behavior of the gradient descent is the functional gradient in

this function space Ly(v;Y ). We define the functional gradient at a predictor f: X — R as,

def aCl(Cuyi”C:f(mi) (= ),
Vi) = {0 (otherwise).



This is simply a Fréchet differential (functional gradient) in Lo (v;X ). That is, it follows that
LU +6) = L) + (VLU D) oy + Ul ay)s VY6 € La(v).

Therefore, the functional gradient descent using V¢L(f) directly optimizes £ in a function space
Lo(v2X) and converges to a global minimum because the objective function £ is convex with respect
to a function f. However, because V¢L(f) contains no information regarding the unseen data, this
method is meaningless in terms of generalization. Thus, some smoothing techniques are required
to guarantee the generalization. The gradient descent method for two-layer neural networks can be
recognized as a type of kernel-smoothed functional gradient using the neural tangent kernel (Jacot
et al., lZDJﬂ), and this perspective is significantly useful in showing the global convergence because it
characterizes the behavior of the vanilla gradient descent in a function space.

3 Brief Review of Functional Gradient Methods

Functional gradient methods have been mainly studied for gradient boosting (Mason et all, [1999;
[Friedmail, 2001) and kernel methods (Kivinen et all, 2004; Smale & Yad, 2006; [Ying & Zhou, 2006;
Raskutti et all, 2014; [Wei et _all, M) in the machine learning community, but more recently, it has
been found to be useful in explaining the behavior of gradient descent for neural networks m,
2018; IChizat & Bacll, [2018H; [Du et all, [2019; |Allen-Zhu et all, 2018b; [Arora et all, 2019). Our analysis
is also heavily based on the functional gradient perspective of gradient descent. Thus, we briefly review
the functional gradient methods.
In gradient boosting, V¢ £L(f) is approximated by finding a similar function in weak learners G:

o5 € argmax (VL(f), ¢>L2(UX) (2)
»€EG "

and the gradient method in a function space is performed using a descent direction —¢s. This approx-
imation is a type of smoothing of functional gradients. In kernel methods, this smoothing procedure
is realized by using the kernel smoothing technique:

TV £01) " B (VL) COR, )] = 37 V£ @), 3)

where k is a kernel function. It should be noted that this kernel smoothing [B]) is a special case of
gradient boosting (2)) because of the following equation:

Tu Vs L(f)
e — € argmax (ViL(f), &), x>
1 Te™ ¢ L) |24, ||<z>||ﬂkg1< UL NS

where (Hy, (, >Hk) is the reproducing kernel Hilbert space associated with a kernel k. When this kernel
smoothing well approximates a functional gradient V;L(f) and satisfies

(VLU TV L) 1) 2 3NV AL 00 (4)

the kernel-smoothed functional gradient descent f* < f—nT},V s L(f) performs like the pure functional
gradient descent, leading to the global convergence property because it tends to a stationary point in
a function space, which is simply a global minimum.

Recently, several studies (Jacot et all,2018; |Chizat & Bach, [2018H: [Du et all, 2019;Allen-Zhu et all,
12018D; [Arora et_all, [2_(119) implicitly or explicitly pointed out that the gradient descent for neural
networks is essentially recognized as an approximation to the kernel-smoothed functional gradient

method using a neural tangent kernel (NTK) (Jacot et all, [2018):

kv (2,2)) Y By 2[00 (00T ) g0 (00T 2], (5)



where g is a distribution to initialize the parameters of the input layer in this setting. In most proofs

using NTK, the global convergence property has been demonstrated by showing the condition () from

the positivity of the Gram-matrix H> def (knTK (i, 75)); =1 and the similarity between the gradient

descent and the kernel-smoothed functional gradient with NTK when m — oo. This is a reason why
very high over-parameterization is generally required in related studies.

In this study, we found that the positivity of the Gram-matrix of NTK is not required on binary
classification problems and a separability assumption, which is a weaker condition than the positivity,
is enough for global convergence. Consequently, we can give global convergence and generalization
guarantees to a gradient method for less over-parameterized two-layer neural networks.

4 Global Convergence Analysis of the Gradient Method

The following is an update rule of gradient descent with respect to the input parameters © = (6,.)" ;:

e+  0® —pveL(O?), (6)
where Vo £(0W) = (95, £L(OW))™ | and n > 0 is a learning rate. We here make the assumption:

Assumption 1.

(A1) Assume that supp(v™) C {z € X | ||z||2 < 1}. Let o be a C?-class function and there exist
Ki,K2 >0 s.t. ||0']|oo < K3y and [|0" |0 < Ka.

(A2) A distribution jg on RY used for the initialization of 0, has a sub-Gaussian tail bound: 3A,3b > 0
such that PH(O)N#O[HQ(O)HQ > t] < Aexp(—bt?).

(A3) Assume that the number of hidden units m € Z. is an even number. Constant parameters

(a;)™, and parameters ) = (950));”:1 are initialized symmetrically: a, = 1 for r € {1,..., %},
ar = =1 forr e {F +1,...,m}, and 00 — Qﬁ)% forr e {1,..., %}, where the initial parameters
(95«0))?:1 are independently drawn from a distribution p.

(A4) Assume that there exist p > 0 and a measurable function v : R — {w € R? | |[w|2 < 1} such
that the following inequality holds: for ¥(x,y) € supp(v) C X X Y,

y <aga(e<0>%), v(9<0>)> = YEg0)u [000 (00 T2) T0(60)] > p. (7)

L2 (o)

Remark. Clearly, many activation functions (sigmoid, tanh, and smooth approximations of ReLU
such as swish) satisfy the assumption (A1). Typical distributions, including the Gaussian distribution,
satisfy (A2). The purpose of the symmetrized initialization (A3) is to bound the initial value of
the loss function £(©(®)) uniformly over the number of hidden units . This initialization leads to
fow (z) = 0, resulting in £(0)) = log(2). Assumption (A4) implies the separability of a dataset
using the neural tangent model. We next discuss the validity of this assumption.

4.1 Separability Assumption (A4) by the Neural Tangent

The explicit feature representation: z — 9ga (09T z), of NTK () is called the neural tangent, which
is a non-linear feature extraction from X to an infinite-dimensional space. That is, assumption (A4)

ensures the separability of the transformed data (690’(6‘£0)T$), y) through the neural tangent for (z,y) €
supp(v) with a margin p in an infinite-dimensional space by the weight: v(ﬁ(o))duo. We remark that
this assumption is somewhat weaker than the positivity assumption on the Gram-matrix of NTK
and is satisfied in many cases by the universal approximation ability of the neural tangent models.
In addition, we remark that the separability of the training dataset instead of supp(v) is enough to
guarantee global convergence only for empirical risk minimization.



Theoretical comparison of kernel assumptions. In previous studies (Du et all,[2019;|Arora et all,
2019; Zhang et all, 2019; [Wu et all, [2019) the positivity of the Gram-matrix H> = (knrx (2, )7 im1
was required to ensure the condition (@l). Here, we remark that the assumption (A4) is weaker than
this positivity condition in the following sense.

Proposition 1. (i) Assume H® = X\, and ||0'||x < Ki, then there exists a measurable map
v:RY = {we R |lw||z < 1} such that Vi € {1,...,n},
b (00060 Tw) 0(8®)) > 0

L2 (po) nky’
(i) Suppose assumption (A4) holds, then Y7, GH®E; > p*||€]l5, (V€ € {(qiyi)iey | @i > 0}).

As seen in Proposition[I}(i), the positivity H> = \oI, leads to weak separability with a margin of
O(Xg/n) on the training dataset. Conversely, from Proposition [I}(ii), the separability with a margin of
p leads to the positivity p? of H* only on a cone spanned by the labels: {(c;y;)™; | i > 0}. Because
this cone is very restrictive, this limited positivity is much weaker than the positivity on the whole
space. However, we found that this limited positivity is sufficient to ensure the global convergence of
the gradient descent for binary classification problems with logistic loss. Indeed, from Proposition [3]
the positivity of H* is required only along the functional gradients: V;L(fe)(z:) = Ocl(fo(x:), yi),
and these functional gradients are always contained in this limited space, unlike the squared loss
function. This is a reason why the positivity of NTK is not required for the binary classification
problem with logistic loss. Thus, a much better convergence and generalization ability can be shown
for logistic loss than the previous results that relied on the positivity of H* because the positivity of
NTK on the whole space is redundant and a separability condition provides a better positivity only on
a required small space. Concretely, from Proposition [I}H(i), we can immediately check a deteriorated
convergence result depending on the positivity of H* by replacing p in Theorem 21 with O(X\g/n),
producing m = O(n\;*e ) when 8 = 0.

Remark. For regression problem, |Allen-Zhu et al! MB Zou et all (2018);|0ymak & Soltanolkotabi
(I_Oj), ou & Gu (M) make a different separation where examples are away from each other:
|zi — x;]l2 > plZou & Gu (2019) shows that this assumption is essentially same as the positivity
of NTK. Thus, it also completely differs from (A4) as shown in Proposition [II

Universal approximation property of neural tangent models. We consider the case where
all feature vectors have a common bias term: = = (z°,...,2%971,5) € X (s > 0 is a sufficiently
small constant for a bias term). In this case, we can easily confirm that neural tangent models
include typical two-layer infinite-width neural networks with activation o’: E[w(8(®)o’ (6" z)] by
setting v(0(9) = (0,...,0,w(#®)), where w is a real-valued function. Thus, Assumption (A.4) with a
certainly positive constant p is satisfied as long as a data distribution is separable by an infinite-width
two-layer network with mild weights w(6). Moreover, we note that these networks have the universal
approximation property (Hornik, 1991 [Sonoda & Muratal, M), so that there are a lot of examples

such that the assumption (A4) is satisfied.

4.2 Main Results

We here define the L;-norm of the functional gradient, which measures the convergence.

de 1
IV L(fo)ll oy x) < Zw (fo(x:),vi)| = Z|yz 2o (Y =1|a;) +1|.

i=1

Here, ( is the first variable of [ and po(Y =1 | z) = m

defined by fo. Because ||[V;L(fo)l|L,(x) is simply a gap between the labels and conditional label
probabilities of the model, this norm is a reasonable measure for the binary classification problems.
The following is the first main result to ensure global convergence.

is a conditional probability on Y = 1,



Theorem 2 (Global Convergence). Suppose Assumptionlj] holds. Set K = K{+2K{K>+ K{K3. For
VB €[0,1), V6 € (0,1) and Vm € Zy such that m > 16K1 log 2%, consider gradient descent (B) with a

learning rate of 0 < n < min {mﬁ, K2+BK1 } and the number of iterations T < {W’%@J . Then, it
2
follows that with probability at least 1 — & over the random initialization,
T—1
1 16log(2) [ m?2°~1
T Z ||Vf£(f@<t>)||2L1(V§) < 2T , + K. (8)
t=0

We here derive a corollary, which states that an arbitrary small empirical classification error can
be achievable by appropriately setting 1, m, and T as follows. From Markov’s inequality,

Pix vy, [Y fow (X) < 0] <2||ViL(fo)llL, (vx)
where we used the following relationship:
0.5 |y; — 2pe (Y = 1|z;) + 1| > (1 +exp()) ™" <= yifo(zi) <7
Thus, a convergence rate of ||vf£(f@(t))||%l(u7)f) leads to a rate of empirical classification error.

Corollary 1. Suppose the same assumptions as in Theorem [ hold. If for Ve, > 0, the hyperparam-
eters satisfy

BE[0.1), m=Q(p™Fe™r), T =Q(p%?), n=6m>™",
then with probability at least 1 — 8, gradient descent (@) with a learning rate of n finds a parameter ©®)
satisfying P(x vy, [Y fow (X) < 0] < € within T-iterations.

The Landau notations are applied with respect to €, p — 0. Utilizing this theorem, we can show
the convergence of the loss function which leads to a better result at the price of slight increase of m.

Theorem 3. Suppose the same assumptions in Theorem[Q hold. Then there exists a uniform constant

C > 0 such that for 0 < Va < 4K , with probability at least 1 — ¢,

— 1 o’m apm1 B nT
— (t — ="
T; (© <T+ T +exp( ) 1/77T \/

Corollary 2. Suppose the same assumptions as in Theorem [ hold. Then there exists a uniform
constant C' > 0 and the following statement holds. If for any € > 0, the hyperparameters satisfy

B=0, m=0(p 23 %log(1/e)), T. = O(p~ 2 tlog*(1/e)), n = O(m™1),
then with probability 1 — 6, t o Sloen) <o (6 + p2LT log? (%)) for 0 < VT <T..

This corollary is obtained immediately from Theorem [ by setting o = ©(pe/?). The convergence
of classification error also derived from the corollary because L(fg) > [|[VsL(fo® )L, (vx) and it also

derives a sharper bound on the distance |©(T) — @©)|,.

Proposition 2. Suppose the same assumption and consider the same hyperparameter setting as in
Corollary[@. Then, there exists a uniform constant C' such that with probability 1 — 9,

[0 =Wl < Ce¥*log?(p~2e ™).

Moreover, by combining Theorem [2] and Corollary 2] with the well-known margin bound (Koltchin-
skii & Panchenko, 2002; Mohri et. all, ; halev-Shwartz & Ben-Davi ,w) on the expected classi-
fication error and by specifying the Rademacher complexity of the function class attained by gradient
descent, we can obtain the second main result for the generalization ability of gradient descent.




Theorem 4 (Generalization Bound). Suppose Assumption [ holds. Set K = Ki + 2K?Ky + K{K?2.
Fix ¥y > 0. Consider the gradient descent (@) with a general hyperparameter setting in Theorem[d or
a specific setting in Corollary[3, with 6 € (0,1). For these cases, we set parameters Cy 7 and Dy 1
as follows:

(Former case) — Cyymr = p T2 (mﬁ*%?fl/2 + @) , Dymao=+/nT
(Latter case)  Cypomr =€+ p 2T og? (1/€), Dymz = €/*log?(p~2e7 ).

Then, there exists a uniform constant C' > 0 and it follows that with probability at least 1 — 39 over a
random initialization and random choice of dataset S,

. log(2/9)
te{of{f}}%_l}P(X,Y)W[Yf@m (X) < 0] < O(L+exp(7))Com,r + 3\ —5
1 d
+ Oﬂyflm§75Dnﬁm)T(1 + Ky + K2)\/E log (n(l + Ky + Kg)(log(m/5) + D?],m,T))' (9)

Moreover, when o is convex and o(0) = 0, we can avoid the dependence with respect to the dimension
d. With probability at least 1 — 35 over a random initialization and random choice of dataset S

: log(2/4)
te{o?}g_l}P(x,y)w[yf@(t) (X) < 0] < C(1+exp(7))Cnm,1 + 3y —5—
CKym2=F log(Am/0)
- o (P ).

This theorem provides an upper-bound on an expected classification error with high probability
for a network obtained by gradient descent within T-iterations. There is a trade-off between the
optimization and complexity terms in (@), (I0) with respect to n, m, and T. However, there are several
choices of these hyperparameters to achieve a desired precision € of the expected classification error.

(10)

Corollary 3. Suppose the same assumptions as in Theorem[§] hold. If for any € > 0, the hyperparam-
eters satisfy one of the following

(i) BE[0,1), m=Q(p=res), T =Q(p 2 2), n=0(p 2 2T 'm> 1), n=Q(p 2",
(ii) B =0, m=O(p~ 232 log(1/e)), T = O(p~ % log?(1/e)), n=O(m™"), n = Q(c7?),

then with probability at least 1 — 0, the gradient descent (@) with a learning rate of n finds a parameter
0w satisfying Pixvyu[Y fow (X) < 0] < € within T-iterations.

This corollary can be immediately proven by substituting the concrete values of 3, m,T,n, and
n into the right hand side of inequalities (@), (I0) and by checking that this hyperparameter setting
satisfies the conditions required in Theorem [}

From Corollary Bl for an arbitrary small € > 0, an expected e-classification error is achieved by the
gradient descent within O(1/e?)-or O(1/¢)-iterations when the transformed data distribution by the
neural tangent: (Jp (9£O)T-))9NHU is separable in the infinite-dimensional space Lo(ug) under the L..-
constraint with a sufficient margin p. In comparison to the results in [Allen-Zhu et all (20184); Cao &
Gu (2019a JE), which also derived a generalization bound by making a similar separability assumption
using a ReLU network or a smooth target function instead of the tangent model, our result has much
better dependency on the network width and can explain the generalization ability for a less over-
parameterized two-layer network, as summarized in Table [ However, we note that their theories
cover deeper networks and are not included in our theory because of the difference of the problem
settings (e.g., network depth and the type of activation functions). To reduce the network width, the
best choice of 8 € [0,1) is B = 0 for the first setting, leading to a small network width m = Q(e™1).
We note that an arbitrary large width is also covered by this result.




4.3 Proof Idea

In this section, we provide a proof idea for Theorems P2l Bl and [l We introduce two important propo-
sitions that connect the gradient descent with the functional gradient descent to justify an intuitive
explanation in Section Bl PropositionBl(i) states that the gradient descent method is certainly similar
to the kernel smoothed gradient methods by the neural tangent kernel when a parameter © is suffi-
ciently close to a stationary point and the learning rate 7 is sufficiently small, and Proposition B}(ii)
states that the loss landscape is almost convex with respect to the parameter when fg is sufficiently
close to a stationary point in the function space. Here, We define an approximated neural tangent
kernel: kg depending on the parameters © as follows:

ko(x,a") 2 e fo(z)T e fo (). (11)
This kernel is actually an approximation to the vanilla NTK as follows:
m* koo (z,2') = knrr(z,2') (m — 00).
Proposition 3. Suppose assumption (A1) holds and 5 € [0,1).
(i) We set ©F =0 —nVeL(0) and K = K? + 2Ky + K?K3. If n < m”, then

’K
[£for) = (£(fe) =1 (V1L (fo). Tro Vr£(f0)) L) )| € Frazrsl| Vo L(©)3

(ii) It follows that for © = (0,)™, and ©* = (62)™,, (6,,0% € RY),

r=1
* * K *
£(8) +VeL(®) (0"~ ) < L(O%) + —Z|VL(fo)lL,wx) 10" — Ol3.

The next proposition states that the kernel smoothed gradients have comparable optimization

ability to pure functional gradients in terms of minimizing the L;-norm around an initial parameter
. d
0. We define the || - ||2.;-norm in the parameter space © = (6,)™; as ||©]|2.1 ) > 110r ]2

r=1

Proposition 4. Suppose Assumption [ holds. For ¥6 € (0,1) and Vm € Zy, such that m >

1%(% log 27", the following statement holds with probability at least 1 — & over the random initializa-
tion of ©0) = (Hﬁo));”:l. If[|© =0y, < 175 then

2
p
(ViL(fo), Tio ViL(fO)) Lywx) 2 Tg25=1 IV Lf)lIT,wx)-

This proposition is specialized to binary classification problems because the positivity of the Gram-
matrix is required for regression problems to make a similar statement as discussed earlier.

Combining these two propositions, we can connect the gradient descent with the functional gradient
descent and show the global convergence (Theorem 2]) which with the almost convexity (Proposition B
(ii)) is also used to derive the convergence rate for the loss function (Theorem[3)). In addition, applying a
well-known result (Koltchinskii & Panchenko, QO_OZ), we can derive a skeleton of a generalization bound
(Theorem [)) composed of the margin distribution and Rademacher complexity. As for the margin
distribution, the upper bound is obtained by Theorem [2] and As for ways to bound Rademacher
complexity, please see the Appendix.

5 Conclusion
In this paper, we have provided refined global convergence and generalization analyses of the gradient

descent for two-layer neural networks with smooth activations on binary classification problems. The
key in our analysis is the separability assumption by a neural tangent model and we have explained

10



the reasonability of this assumption in comparison to the positivity of NTK. Consequently, theoretical
justification has been provided for less over-parameterized neural networks. However, our theory is
restricted to the deterministic gradient descent and two-layer networks; hence, its possible extensions
to stochastic gradient descent and deep neural networks are also interesting. Another possible future
study is to relax the positivity assumption on the Gram-matrix for regression problems by utilizing our
theory and conducting further investigations of the trajectory of gradient descent, such as the shortest

pass analysis (Oymalk & Soltanolkotabi, [2018).
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Appendix

A Relationship between Kernel Assumptions

Proof of Proposition Q. We here prove the statement (i). Since H> is invertible, we set w = (H*) " (y1, - ,yn) "
and set

v(0©) = Z Ao (007 5 )w;.
j=1

Then, we get

) oT,.. (0) — ) [Ty —
y1<890(6‘ x;),v(0 )>L2(M0) yiH X w = 1.
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We can bound the norm of [|v(6(?))]|2 as follows:

[o(0)]|2 <Y 110600 ;) || w;]
=1

(100o@Taple)" | ol
2

n
j=1
< VnKi|jw|2
7’LK1
< —.
W

<

©
Thus, by resetting v(8(?)) « %, we conclude the statement (i).
We next prove the statement (ii). For & = (ay;)", (a; > 0),

D EGH®G = Bpwrmy 606 (00 T 2:) T 0p(00 T 25)5]
ij=1 ij=1

2

= Eg©) vy

PR ACAAED)
=1

2

L )
> E‘g(o)wﬂ0 (Z &69(9(0)Txi)rv(9(0))>
=1

Y

n 2
(Eg(o) ~po lz &0 (Q(O)Txi)TU(H(O))‘| )

i=1

n 2
N S )
=1

i=1
= p*lI€lI3,
where we used ||[v(0(9)||y < 1 for the first inequality, the convexity of || - |3 and Jensen’s inequality
for the second inequality, Assumption (A4) for the third inequality, and || - |2 < || - |1 for the last
inequality. Thus, we finish the proof of the statement (ii). O

B Auxiliary Results

In this section, we introduce several existing results for proving our statements. We first describe the
Hoeffding’s inequality.

Lemma 1 (Hoeflding’s inequality). Let Z, Z1,..
[—a,a] for a> 0. Then, for any € > 0, we get

|

s Zm be ii.d. random wvariables taking values in

62m
> €‘| S 2€Xp (—F) .
a
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We here define the covering number as follows.

Definition 1 (Covering Number). Let (V, ||-||) a metric space. A subset U C V is called an e-(proper)
cover of V if for Yv € V, there exists v € U such that ||v —v'|| < €. Then, e-covering number
NV, e, || -1l) of V is defined as the cardinally of the smallest e-cover of V, that is,

6

NV, e | -]) = mln{|U| | U is an e-cover of V}.

The following lemma provide a bound on the Rademacher complexity by Dudley’s integral. For a
real-valued function class F over X and a subset X = (z;)I,, F|x is defined as {(h(x;))’,; € R™ |
h € F} C R™, and F|x can be equipped with || - ||cc-norm over X.

Lemma 2 (Bartlett et all (2017)). Let F be a class of real-valued functions taking values in [0, 1] from
X and assume 0 € F. For examples VX = (x;)_, of size n, we get

R(Flx) < inf (40 22 [ VioaW Pl Tide).

Note that we reformulate the statement in Lemma [2] from || - ||2-covering to || - ||s-covering.

C Proofs of Main Results

In this section, we give an outline of proofs of Theorem Bl and @l

Global convergence. We first introduce two important propositions which connects gradient meth-
ods with functional gradient methods. The following proposition states that gradient descent methods
become similar to kernel smoothed gradient methods by the neural tangent kernel when a parameter
O is sufficiently close to a stationary point and a learning rate 7 is sufficiently small.

Proposition 5 (Restatement of Proposition B]). Suppose assumption (A1) holds and 8 € [0,1).
(i) We set OF = © —nVeL(0) and K = K? +2Ks + KiK3. Ifn < mB, then

() — (£(0) =1 (V£(f0). Tea Vs L (0N 1,0, )| € 5ampr IV6LO)]3

(ii) It follows that for © = (0,)™ , and ©* = (62)™, (6,,0% € RY),
* * K *
£(©) + VeL(®) (07~ 0) < L(O7) + IV sL(fo) |, w07 - OI3

The next proposition states that kernel smoothed gradients have comparable optimization ability

to pure functional gradients in terms of the Li-norm around an initial parameter ©(?). We introduce

the || - [|2.1-norm in the parameter space © = (6,)™ ; as [|©]l2.1 < 2™, 16,2

Proposition 6 (Restatement of Proposition @). Suppose Assumption [ holds. For ¥§ € (0,1) and

2
VYm € Z, such that m > 16{51
the random initialization of ©(©) = (9(0))T - If € =00y, < 175+ then

log 2‘;1, the following statement holds with probability at least 1 — & over

2
(ViL(fo), TroViL(fO)) ,0x) 2 25 IV LI (x)-

— 16m
This proposition is specialized to binary classification problems because the positivity of the Gram-

matrix is needed for regression problems in order to make a similar statement as discussed earlier.
We specify the possible number of iterations of gradient descent (6] such that O® can remain in

the neighborhood: {0 | |[© — 0|, < 4K2
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Proposition 7. Suppose Assumption (A1) and (A3) hold. Consider gradient descent (@) with learn-
g rate 0 < n < %”giﬁ—;(; and the number of iterations T' € Z,.. Then,
1

=

= Z IVeL(®M)]3 < —10g( ) (12)
t=0

Especially, we get |OT) —0©) |, < \/2nTlog(2). As a result, gradient descent can be performed for

mp2 . . . .
{7327;Kgplog(2)J -iterations within {© | |6 — 00|, < ¥Ym2y - {0 | |© — © o < £

4K2

This proposition provides a bound on the distance |©() — ©()||5, but we note that this bound
will be further sharpened after showing the convergence of the loss function (see Proposition 2]). From
Proposition Bl [, and [[ we notice that the gradient descent for £(©) performs like a pure functional

gradient descent up to O msz -iterations, resulting in significant decrease of loss functions. We next

provide the proof of Theorem B based on this idea.

Proof of Theorem[2. From Proposition [7} the assumption in Proposition [f regarding © is satisfied.
Thus, Proposition [l and [f state that for ¢ € {0,...,T — 1},

np* 5 K ONE
L(fow+n) < L(fow) — Wﬂvfﬁ(fem)ﬂh(ug) + WHV@E(G( NIis.

Summing this inequality over ¢ € {0, .. — 1} and multiplying by 42 2T , we have
T-1
16m28-1 SnK
= Z IViL(for)lIT, ox) < Wﬁ(f@m) Z Ve L(©W)]3.
Applying £(0)) = log(2) and inequality (), we complete the proof. O

Proof of Theorem[3 We set 7% = (aar (9( ))) and ©* = O 4 7*. Clearly, we have

r=1

0% =0V < ay/m. (13)

As shown in Proposition B we get

K.
for () = Ve fow (z)T (07 —00)| < m—EHT*Hg < a’Kym' P,

2
In addition, as shown in Proposition[@l since m > 1%{1 log 27", the inequality (21]) holds with probability

at least 1 — §. Hence, we have for Vi € {1,...,n},

yifo-(zi) > yiVe fow (z )T(@* — 6(0)) — angmlfﬁ

g Z 990 (00T ) Tw(0) — a2 Kym! P
1- 3 1-p
0 i s o

Thus, the loss at a reference point ©* can be bounded as follows:

n 1-p
£ < 3 D lom(1 - expluor(x) S xp (ufo- ) S o ()
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From Theorem 2] Proposition [BH(ii), Proposition [[ and inequalities (I3)), (1), it follows that
3C1,3C, > 0, VT < T,

Z ( LOW) + VoL@ (0 — ®<t>))

t=0

T-1
< £(6) + PRSI CaCI
K .
<LO7) + Z IV LUew)lnwy , gnax | 107 - 003
< L(07) ; \l Z IVrLUe@T, ) . 0 clex (H9 03 + 0@ ~ G(t)Hg)
t=0
C
< L(O") + \/n;_(oﬂm—knT)

<o (-220) 1+ & (o 2 [, 19

Finally, we bound the average of Vo £L(©®)T(0(") —0*). Because —2a"b = ||a||3 + ||b]|2 — |la +b|3
for real vectors a, b, we get by setting a = —nVeL(O®) and b = 0(*) — ©*,

%Tzlvea@ INCRECHE LTTZ (P IVeL©D)]3 + 00 — 673 — |0V —e*|3)
t=0 t=0
S [DeL©))E + 6 — o3
2T & 20 o 2
Lo g(2) a’m
- T 277T'

Thus, we get that 3C > 0,
- o2m 1-8 2 1 [nT
Z e <C +—+ p( arm )+O‘—,/ﬁ+—\/n— .
= nT 4 p \\nT  pV m

We next prove Proposition Blthat gives a sharper bound on [|©) — @)

Proof of Proposition[d. Let L € Z, be a positive integer such that for T = O(p~2e~*log*(1/¢)),
2L < T < 28+, Clearly, L <log, T. From Corollary B we get for [ € {1,...,L}

2l—1 2l—1

2
§ - L(® < > L©W) <20 (e+27'p 2 log?(1/e)) .
—9l—1 t=0

Therefore, there exist 2/7! < 3s; < 2! for [ € {1,..., L} such that

LO6)) <20 (e +27p 2 1og?(1/e)) -

From the similar argument to the proof of Proposition[7 we get for a < b € Z, Zi’:a [VeL(©W)]2 <
V2(b—a+ 1) 1L(00).
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Thus, it follows that since s1 = 1, |[VoL£L(0©)|s < /mK; by [@@), and 2!! — 2!=1 41 < 2H+1)

L—1Si+1 T—1
levoc 02 < [VoL(®)l2+ > > [VeL(©®)]2+ > [[VeL(®)]
=1 t=s; t=sr,

L
< VmK; + Z \/23Cn_1(2le + p~2log*(1/¢))
=1

<VmK + logz(T)\/23Cn‘1(T6 +p~2log?(1/e)).

Hence, by setting specific values of 7, T, and m in Corollary Bl we get that 3C" > 0,

T-1

101 — 0@ <n Y [VeL(©Y)|2 < nvmiy + 1og2(T)\/23077(T6 +p2log?(1/e))
t=0

S 0/63/4 10g2(p72€71)-
O

Generalization bound. A generalization bound can be derived by utilizing the standard analysis

of the Rademacher complexity dKQlLthsle&_Ranghen]d lZ_QQZ We here introduce a function class

to be measured by the Rademacher complexity. Let I, (v) (v > 0) be the ramp loss:

des 1 (v <0),
L) =49 1-v/y (0<v<y),
0 (v > 7).

Then, a class of all possible ramp losses over X x ) attained by the gradient descent (B) up to 7-

iterations is defined as follows: €, , 7 = {0110 -6 |5 <Dy 1m},

def
Fopmr = {hWfe(x)): X xY —10,111© € Qymr}.
Here, D,, 7., is set to be /27T log(2) when considering a general hyperparameter setting in Theorem

and is set to be a sharper bound in Proposition B ©(e*/*log?(p~2¢~')) when considering a specific

hyperparameter setting in that proposition.

For a given dataset S = (v;,9;)j.;, the Rademacher complexity is defined by R(F,  +|s) =

n~ 1 E[supjc F o E? 1 €ih(z,y;)], where the expectation is taken over the Rademacher random vari-

ables (&)™, Wthh are i.i.d. with probabilities Ple; = 1] = Ple; = —1] = 0.5. The following well-known
result (Koltchinskii & Panchenkd, 2002; Mohri et all, 2012; Bhaim&hmm_&_&mﬂamd 2014) pro-
vides a bound on the expected classification error based on the empirical margin distribution and the
Rademacher complexity. The empirical margin distribution for S is defined as the ratio of examples
satisfying y; fo(z;) <~ in S.

Lemma 3 (Koltchinskii & Panchenkd (2002); Mohri et all (2012);/Shalev-Shwartz & Ben-David (2014)).
LetVn € Zy, ¥y > 0,V¥n >0, Vm € Z, VT € Zy, and V6 € (0,1). Then, with probability at least
1 — 6 over the random choice of S of size n, every © € ) ,,, 7 satisfies

Pix )oY fo(X) < 0] < Px y)mr, [Y fo(X) <A+ 2R(F) ,, 7ls) +31/(2n) " log(2/6). (16)

To instantiate this bound, we have to provide upper bounds on the empirical margin distribution
and the Rademacher complexity. We first give a bound on the Rademacher complexity.
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Proposition 8. Suppose Assumption (A1) and (A2) hold. Let Vv >0,Vn>0,Vm € Z,, VT € Z,
V6 € (0,1), and VS be examples of size n. Then, there exists a uniform constant C > 0 such that with
probability at least 1 — § with respect to the initialization of O,

d
R(Fy mrls) < Cv'ma 2Dy r (14 Ko + KN = log (n(1 + Ky + K2)(log(m/0) + D2, 1)).

Moreover, when o is convex and o(0) = 0, we can avoid the dependence with respect to the dimension
d. With probability at least 1 — & over a random initialization of ©©),

8K ymzP log(Am/d
%(F;ﬁm,T|S) < ;T< n,m,T ¥>

Proof of Theorem [} We prove this theorem by instantiating inequality (I6). Let (G(t))tTgol be a se-
quence obtained by the gradient descent (). Because (G(t))tTgol is contained in €2, ,, 7, as indicated

in Proposition [ inequality (I6) holds for this sequence. As for the Rademacher complexity in (I8,
we can utilize Proposition 8l Thus, the resulting problem is to prove the convergence of the empirical
margin distribution: P(x y)~y, [Y fow (X) < 7]. We here give its upper-bound below.

0.5y — 2pe (Y = 1]z;) + 1| > (1 + exp(7)) " <= yifolz:) < 7.

Therefore, from Markov’s inequality,
1
Poxyymn Y foo (X) <21 = Pixry o, |5 1Y = 2pe(Y = 11X')

< (L+exp(M)IVL(fe)llL,wx)-

Combining this inequality with Lemma [B] then for V¢ € {0,...,T — 1},

+1]> —
= 1+€Xp(7)}

log(2/d
B olY fo (X) € 0] < (14 exp() V£ (oo sty + 2R rls) + 3B,

Noting that n,m, and T satisfy the conditions in Theorem Bl we can complete the proof by taking the
average over t € {0,...,T — 1} and applying Proposition [§ and Theorem O

D Proofs for Global Convergence

D.1 Proof of Proposition

Proof of Proposition[d. We first show the smoothness of fg(x) with respect to © for Vo € X, (||z]2 <
1). Noting that VZ fo(z) = diag (#ara”(ﬁjx)xm—r)ll, we get for 7 = (7,.)7 such that >/ ||7.[|3 =
1 (1 € RY),

|TTV%f@ (x)7'|

> 705 fo(a)m
r=1

IN

1 - 1T T2
WZ‘O' (HT (E)| |TT JI‘
r=1

Koy - )
mB Z ”TT”Q
r=1

IN
|



This means that for 7 = (7,.)", (7. € R?),
K, Ky
oir(e) = Uole) + Vodale) 0] < (3l = 15 3 Il a7)
Let us define ¢,(7) as the second-order term of Taylor’s expansion of fg(z) with respect to ©:

forr(z) = fo(z) + Vo fo(r) 7+ gu (7).

From the inequality (7)), we have |g.(7)| < %;H% Then, by the smoothness of I(¢,y) with respect
to ¢ and |9Z1(C,y)| < 1/4, we get

I(fosr(@),y) — (U fo(x), y)+0cl(fo(z),y) (Ve folz) T +gz(7)))’
i Ve fo(#) T+ gs(r)|

1 K33
5 (IVeo@l + <22 ) o2

IN

By the triangle inequality, we get
[(foirr(2),y) = (I(fo(x),y) + Ocl(fo(z),y)Ve fo(x) ) |
K2 T 2
< locitfo(e).n=(r)| + 5 (IVeSo (@I + “2512 ) el

1 o | 2K K3||7]3 2
5 (ool + 222 + Z2 ) oy

V(KD 2K K3
=9\ 217 B 2B

A

IN

7113, (18)

where for the second inequality, we used |0:1(¢,y)| < 1 and for the last inequality, we used

m

Ve fo(a)ll3 :Z

r=1

22 K2
§ I/nT 2 1
2 =2 " @)l < m26-1"

r=1

1 rinT
—o'(0
mBU( . x)x

We here set 7 = —nVoL(0). The right hand side of (I8)) is upper bounded by

1( K? 2K, 772K12K22> 1|12

9 \ m26-1 mb mAB—1

2
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because

16, £(©)]13

Ms

IVeL(©)]3 =

%
Il
-

2

-
.?1:

Ocl(fe(wi),yi)Os, folw:)

1

ﬂ
I
s

2

[+

n 2 m 2
> 10l (fo (i) yz)|> Z( max |50Tf®($j)|l2>

P = \Jeil.n}

2

2
|ad(f®(xi)7yi)||69Tf®(xi)|2>

?'41

1

%
Il
-

<

7N
:I>—'

1 2
LI B TS ORI Iy
r=1

je{l,...,n}
< ||Vf£(f®)”%1(u§)ml_2ﬂK12
<m'"P K2, (19)
Therefore, we get
U(fosr(x),y) = (I(fo(x),y) —n0cl(fo(x),y)Vefo(z) VoL ()]

1 K? 2K, 772K2K2
=3 (mwll + 5+ ) PIVeL(©)]3

1

< 531 (K7 + 2K, + K{K3) 7°|[VeL(O)]l5, (20)

where we used § € [0,1) and n < m? for the last inequality.
Noting that from the definition of kernel smoothing of functional gradients [3]), we see

Vo fo(r) ' VeL(©) = Ve fo(x < Zacl fe(zi), yl)Vofo(xz)>

= Tie VL (fo)(2).
Therefore, by taking the expectation of [20)) according to the empirical distribution v,,, we get

[L(fere) = (£00) =1 {VoL(fo). Tra VL Uo)) 1,10 )|

o T
— 2m?28-1
This completes the proof of the statement (i).

From the convexity of (¢, y) with respect to ¢, we have

(fo(X),Y) =1(fo(X)+ Ve fo(X) (0" - 0)+gx (0" - 0),Y)
> (fo(X),Y) +0cl(fo(X),Y) (Vofo(X) (0" —0) + gx (0 — 0))

(K? + 2K + K1K3) |VeL(O)|2.

Ks||0* — 0|13
> 1(fo(X),Y) + Vel(fo(X).¥)" (6" ~ ) ~ 0u1(fo(x), v K2ITZ Ol
where we used |gx (0*—0)| < %ﬂf@”g Thus, by taking the expectation with respect to (X,Y) ~ vy,
we get
* * K *
£(0%) 2 £(O) + VoL(O) (6 0) ~ 217, £(fo) |, 07 — O
This finishes the proof of the statement (ii). O
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D.2 Proof of Proposition

Proof of Proposition[@. Set Z,; def yiago(ﬁﬁo)xi)Tv(Hf«O)). We find clearly |Z, ;| < K; from Assump-
tion [l By applying Hoeffding’s inequality to Z,; for each i € {1,...,n} and taking an union bound,
we have

m/2 2
m
Py . HlaX ZZri - Eew) Zril| > g < 2nexp <_1p6—K12) .
2
In other words, since m > 16:2{1 log 27", we have with probability 1 — 9,
m/2
p
Z€~{rIlLa)(, Z Zrz - 9(0) ] < 5

Therefore, using Assumption I (A4) and noting ©() = (0,)7, is symmetrically initialized, we get
with probability 1 — § for Vi € {1,...,n},

(21)

L\DIE

1 m
il ) 0) .. (0)
— Eﬁ y;i0po (0)) ;) (9 ) >

In the following proof, we assume ©(©) = (6‘5 ))T | satisfies this 1nequahty We get from the
K>-Lipschitz continuity of ¢’ that for © = (6 )T | satisfying |© — @5, < i

1 m
o (0] 2 90 o (00T 9(0)
}jy )l o00) = 203 o (00 T (0f)

IN

LS [T 0 (090" 0T ) = ' (60T )|
r=1

LS K0~ 60) T
m r=1

IN

K
<=6 -060,,
m
<2
4
This means that there ex1sts ( r)mey such that oyl < 1 (Vr € {1,...,m}) and for VO = (6,),

satisfying ||© — 0|5, < 1%

1 m
EZyian(&sz > vie{l,...,n}.

ﬂklb

Then, we get the following bound: for V(«;)™; (a; € (0,1)),

%Xn:iy ;090 (0, ;) Tv, = % Zai Zyiaga(ejxiyw > Zzn:ai > 0. (22)

=1 r=1 i=1 r=1 i=1
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Noting that VL (fe)(x;) = we get

—Yi
1+exp(y; fo (z:))’

(ViL(fo), Tro VL(fO)) ,0x) = % Z o(i, )V L(fo)(zi)ViL(fo)(x;)

n 2

> ViL(fo)(wi) Ve folwi)

i=1
1 m
:n_;

= Z
1 & - Y
n_z (mB ZVjﬁ fo)(%)aeg(o xz) T)

1
n2

2

n 2

ZVfﬁ fo)(xi)0s, fo(z:)

1=1

2

Z VL(fo)(x:)deo (8, x:)

1=1

2

Y

2
m
= n2 (mlJrﬁ lelvfﬁ (fo)(z:)0ea (0 ;)" T)
1-28 2 1 2
Sl by |
1602\ = 1+ exp(yifo(w:))
where we used ||v,||2 < 1 for the first inequality, the convexity of || - || for the second inequality, and

@2)) for the last inequality. We can find that this inequality finishes the proof because

1 1
= —|Y; — 2pe(Y =1 x;) + 1.

D.3 Proof of Proposition [T

The proof of Proposition [[] is based on the traditional convergence analysis of gradient descent for
smooth objective functions in finite-dimensional space.

Proof of Proposition[. We first specify the smoothness of the logistic loss function. We set ¢(v)
log(1 + exp(—v)) and I(y, fo(x)) = ¢(yfo(x)). By the simple calculation, we get that for r,s

{1,...,m},

S

82

.05 W Je() = " (yfe(x )2 (6] )0 (6] )T

+ 10 = 5] 256/ (yfo(@))aro” (0] a)zaT.

Noting that [|¢/[| < 1and ||¢"||s < 1, We can see that the maximum eigen-value of (82(y, fo(x))/96,00, Jrs=1
is upper bounded by
def 1

2
= W(Iﬁ + K>).
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Indeed, for v = (v,)J%; such that >, [Jv.[|3 < 1, (v € R%), we have
2
N 1Pl fe(@) ¢ (yfelx
T T )
Z Ur T 00,00, 5T T m2b Zar (0, T B o' (yfolx Zar (v, x)

< ok (Z ||vr|2> ;Zlnvrn%
< 4mgﬂ (Vrllo]l2)°

_KY K
~ Am?26-1 " mp
< W(K% + K>).

Therefore, the loss function £(©) is M-Lipschitz smooth with respect to ©, that is, for
/ / M / 2
L() < L(8) +({VL(6),8" = ©), + —[|6" ~ Ol|5.
Plugging © = ©®) and @ = 0+ = © — Ve L£(0W) into this inequality, we get
M
£0+) < £(6) —n (1~ L) [v2(© )13
< £(©W) - 2|vLE)3,

where we used 7 < 1/M for the last inequality. By summing this inequality over t € {0,...,T7 — 1}
and multiplying by an, we get

2 2
oMy2 < ) = - log(2 2
§ : IVE©O)I < 2-2(60) = 2 1og(2), (23)
where we used £(0(?)) = log(2). Therefore, we have that from equation (23,

6 - 00, <1 3 |voL©®)],
t=0

T-1
< Wﬂ > IveL©®)];
t=0

2nT log(2).

The last statement of Proposition [{] immediately follows from this and the following inequality.

10 —0©l2, =D 1|68 — 6|2

< \/EJ > ll6s — 013
r=1
= vm[[©" — 0.
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E Proofs for Generalization Bounds

Proof of Proposition[8 In this proof, we denote F = }"Y m,r and & = Qy ., p for simplicity. We define

s {h(;y) : X — [0,1] | h € F}. Then, for a given dataset S = (z;,¥;)!,, we notice that

(.7:|S) < R(F1lx) + R(F-1|x), where X = (a;)"_,. Thus, it is enough to provide an upper bound on
R(F1|x) because a bound on the other complexity can be also derived in the same way.

We first give a uniform high probability bound on the initialization |\9£0)H2 for Vir € {1,...,m}.
We get from (A2), for t > 0,

reﬁlﬁ)fm} 16:7 2 = 1) < ; 10,712 > t| < mAexp( )

Thus, by choosing ¢ so that § = mA exp(—bt?), we confirm that with probability at least 1 — 4,

1 mA
O, < g % mA
mox 1002 < R 1o (),

We introduce several notations. Fix Ry > 0. We denote § = (6,60') € R*?, (6,0' € R?) and, define
for 0,
def o(07x) — U(QIT,T)

xr =
A

When 0 = ¢, we define gz(x) = 0. From the Lipschitz continuity of o, the range of g5 is [-K7, K].
Moreover, we define

QLR | 0l]2,110/ll2 < B+ Dy, 116 = 0/ll2 < Dy},

Y 6

Q :{9€Q|R0<H9 9||2<Dan}

O Y@l 10-0].< R},
G, Y g X5 [-K,K]| 0e0,},
G Yig: X [-K,K]| 60},

HY (fo: X SR| © Q).

Clearly, we see L o
0=0 U0, and {g7] 80} =G UG,.
From the Lipschitz continuity of I, we find R(F1|x) <y 'R(H|x).

. . d
We now derive an upper bound on the Rademacher complexity. Set C'ys . Dy,

R(H|x) %E SUPZGz‘f@(iﬂi)l

= lE sup Zel fo(zi) — fowo (x ))]

n
= lE sup Z €i—= Z ar (0(9:331-) - U(@S‘O)T{Ei))
n | O] mp
S N0 00 w) o (0 )
sup €; ap—— , 24
@eQZ Z CymP 6, — 97(«0)H2 29
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where we used the fact that fgo) (2;) is a constant in the expectation for the second equality.
Since, for © € Q,

Z 10 = 01l _ m?—7]j6 — 0O

<1
CMm5 - Cup -

equation (24) can be upper-bounded by the Rademacher complexity of the convex hull. Hence,

Cu n m (0] x;) — J(@ﬁoﬁxi)
R(H|x) < —E sup
n oca Z g 16, — 0”15
|20, br<1,b-€[0,1] "=
C 2 u 07 z; 0 i
SﬂE sup Zeizbra(rﬂﬁ) a(0, iU)
n (OT,G e 1EQ i=1 r=1 Her B GTH
Zm b,<1,b,.€[0,1]
C “ 0 z;) —o(0 Ty
= ﬂE sup Zeio( x ) U,( ‘ )
n _(979/)€§i:1 Ho—o ||2

10€Q =1

= C_ME §uE Z ezgg(xz)]

=Cn (R(G-|x) +R(G4|x))- (25)

C
< ﬂIE sup 2619 (2;) + sup Zelg x;)
n eg* i=1 9e9+ i=1

We used that for © € Q, (Hr,t?ﬁo)) € Q (vr € {1,...,m}) because ||© — 0|y < D, ,, 7. Moreover,
the term a, disappeared by the symmetry. We used the fact that the convex hull of a hypothesis class
does not increase the Rademacher complexity for the first equality.

We next derive an upper bound on the Rademacher complexity (G, |x) through the covering
number N (G4 |x,¢, || - [|o) and Lemma 2l To this end, we investigate the sensitivity of ||gz|loc With
respect to @ as follows.

Let 01 = (61,60;) € Q4 and 0, = (02,0}) € Q be parameters such that

18~ Ball> = /162 — 6all3 + 16— 6313 < c.

This leads to
161 — Oal|2, 167 — 052 < € and [[|6; — 612 — (|62 — 05]|2] < 2.

We get from these inequalities that for ||z]2 < 1,
102 = 0 12(o(67 2) = #(6; 7)) — 103 — 01 (o0 @) — (6T )|
90, () = 95, (2)] = o= L1210 — Gl
_ |16 = 0alla = 101 - 851} 0T ) — 067 ))
- 1601 — 61 1[21162 — 05|
101 = 0112 (6] @) — (6,7 ) — o(0F @) + (657 2))|
01 — 61 [|21162 — 05|

< 4Dn,m,T€K1

Thus, if ||§; — 022 < € for 6,05 € Q, then g5, — 95, llc < 4D, ;. reK1/RE. Since,

gy C {95 | ||§H2 <2R+ 2D77,m,T7 0e R2d},
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we get for the unit-ball B; C R?? with respect to || - [|2,

R2e
g , €, o <C'./\/ By, 0 . ,
NG lx6 ] ll) ( s Dy e

where C'; > 0 is a uniform constant. Hence,

RDy 1+ D},
logN(g+|Xa€7|'”oo)SO(leg <1 ( i Rzé 7, T>>>

Applying Lemma 2l with o« = K3 /y/n, we obtain

R(G+|x)=0 | Ky %10g<1+\/_( (26)

RDmmT"’Dan)
R3

We next evaluate R(G_|x) by using a linear approximation. Since |o”(-)] < K, we get
o0 T2) — (0T 2) — o' (0T 2) (0 — ) 2| < K]0 — 0|3
Therefore, we get for § = (6,0') € Q_,

o OTx) (0 —0)x

%) = g,

< Ksql|0— 0|2 < KaRp.

From this approximation, the Rademacher complexity can be bounded as follows.

1| " 0T )0 —0) T
R(G_|x) < KaRo+ —E | sup
n |gen. g 16— 6"[|2
1 n
< KoRg + —E sup Zeia/(ﬁT:ri)wai
n 0ll2<R+Dyym 1, 31
L lwll2<1

When \/H91 — 602]13 + |lwr — w23 < €for ||6;]l2 < R+ Dy, and [Jw;|l2 < 1, we get for ||z <1,
0" (6] 2)w] @ — o’ (0 2wy x| < |(0” (8] ) — 0’ (65 2))w] x| + |07 (65 x) (w1 — w2) " |
=~ (Kl + KQ)G.

We set .
G a0 (0Tx)w x| |62 < R+ Dy, |lw]l2 < 1}

Therefore, by the same argument as the case of G, the following bound holds.

l . d ¢ .
NG el 1) < N (B e )

where Cs > 0 is a uniform constant. Hence,

l0g TG .. 1) < O (atog (1.4 1 FENEE Dun )

€

By Lemma 2 with oo = 1/+/n, we get

RG_|x) <O (K2R0 + \/% log (14 v/n(K1 + K2)(R + Dn,m,T))> : (27)
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Combining 28], [26), 217) with Ry = y/d/n, and Lipschiz continuity of I, we obtain

38D, d
%GﬂwSOCl—7liﬂ+m+Kﬁ¢#%MO+m+KmR+mmﬂO-

Now, let us turn to the second part of Proposition[8l Let us assume that the function o is convex and
satisfies 0(0) = 0. The main argument uses the convexity of activation function in the same spirit as
\Chinot et all (lZDj_Q) As for the first part, with probability larger than 1 — é over the initialization

1 mA
0O, < R [ 2 10e (22
Lopnax 10,712 < plog (=5

We only focus on the control of R*(H|x).

R(H|x) = %E sup Zeif@@ci)]

(ocni—

1 B n
=—E |su € i) — T
- _@E%; (fo(zi) — fow( ))]
1| - -~ 4y T (0)T
=—E |sup » ¢ —B(J(GT z;) — o (000" 2;))
noleseis =
1 a
=—FE |su ¢— (o 9;{@ (00T
TE s 30 el (o(6Ta) — o607
(i,r)eA
1 a
+ —E | su 6i— (o Hﬁo)T‘ri —o(0, x;
il BO Z mﬂ( ( ) —o(67 ;)

(i,r)€A°
where A = {(i,r) € {1,--- ,n} x {1,--+ ,m} : (6T z;) — (67 ;) > 0.

Let us control the first term (i.e for (i,r) € A). For any 4,7 in A let ¢;, : R — R defined for all
u € R as: . i
Gir(u) = o(u+ 0" 2;) — (0 ;)

The functions 1; , are such that ¢, ,(0) = 0. There are convex because o is. In particular for any
o >1and u € R, ¥ (au) > aty,(u). We also have ;. ((6, — 950))Txi) = o0l x;) — o(ﬁgo)Txi).
Since © € Q we have |© — 0|y < D, ., 7 and for any r € {1,--- ,m}, |6, — 9£0)||2 < Dym,r- As a
consequence, for any (i,7) € A, there exists ; € [0, 1] such that

Dym,1 oNT Dym,7 (0T
%wi,r (97" - 9£ )) Ty) = ﬂi,rwi,r %(97« - or ) Xy
16, — 6|2 ( ) 16, — 6|2
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_p©
Since for any i € {1,--- ,n}, ", MBZ <1, we get

CrmB

—IE sup Z €5 ar o(0F ;) — U(H(O)Txi))

CM 2
E sup E €y || H ﬁz 7"‘/]1 T
Dyom,T (0) Cu mﬁ
1, =(0,)721:l10r=0r" |2<Dy.m,7 (i,5)€A

n,m,T(er - 9£O))T=’Ei )
0. — 015

arbr1/}i,r (9;1‘1171)

<
NE

1

— D sup

n n,m,T O=(0r);21:[10+]12<Dsy,m, T
b=(br) T b €10,1], 5 1 b, <1

€

1 r=1

K2

1 CM n m
= — E sup € arb.(o((0, + 950))Tx1-) - J(@iO)T:ri)
N Dym1  [0=0,)7 18, 12<Dy.m.z ; ,; ( )
Lo=(br)7Ly,br€[0,1], 3271, b <1
Therefore, with probability larger than 1 — 4,
1 a
—E su e¢i—(a(6Fz;) — o H(O)T;vi
s 3 e (o(07w) — o007 )
(i,r)eA
1 Cup = - N \T nT
s - D E sup Z €; Z arb, (U((er + 97“) xz) - O'(@T Iz))
n Lym,T ||9 o< Dy, 15l 0rll2<R i=1 =1
=(br)J by €[0,1], 30 by <1
1 Cuy n ~ n o
< D E sup Zei (c((0+6)"z;)+ sup ZQ‘U(@ z;))
T nm,T | 6:)|0]|2< Dy, 751100 |2 <R =1 6 1<R =1
K— C n ~ n _
< 2L M g sup Z (0 +0)Txz; + sup Z eiGTxi]
n D’vaxT 9:”9”2§Dn,m,T;”§7‘”2§R =1 Hé’V‘H?SR =1
K1 Cuy Kym'?=3(Dy, yu.7 + 2R)

D, 2R) =
_\/—Dan( mom T+ ) \/ﬁ

Let us turn to the second term. For any (i,7) in A® let ¢); . : R > R defined for all u € R as:
Yir(u) =o(u+ 0 z;) — (8 z;)

We have &iﬁr((ﬁﬁo) —0.)"x;) = a(@ﬁO)T:ri) — 0(0Fx;). Using the same path as for (i,j) € A, with
probability larger than 1 — §, we obtain,

l]E sup Z €; :/L% (0'(97(‘0)71.@1) - 0'(0;1‘1:171))

n eesz( e
1 CM - - O \T nT
< _D E sSup Z €; Zarbr(o((er + er) xi) - 0(97" xz))
N Enm T 0, 2<Dym 1102 <SRADyp o im1 =1
b=(b,)"™ | ,b-€[0,1], 5™, b, <1
K, Cuy

—(3Dy,m, 2R
\/_Dan( uB T+ )
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