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ON THE CONVERGENCE OF POLICY GRADIENT METHODS
TO NASH EQUILIBRIA IN GENERAL STOCHASTIC GAMES

ANGELIKI GIANNOU*, KYRIAKOS LOTIDIS!, PANAYOTIS MERTIKOPOULOS®*,
AND EMMANOUIL V. VLATAKIS-GKARAGKOUNIS$

ABsTRACT. Learning in stochastic games is a notoriously difficult problem because, in
addition to each other’s strategic decisions, the players must also contend with the fact
that the game itself evolves over time, possibly in a very complicated manner. Because
of this, the convergence properties of popular learning algorithms — like policy gradient
and its variants — are poorly understood, except in specific classes of games (such as
potential or two-player, zero-sum games). In view of this, we examine the long-run
behavior of policy gradient methods with respect to Nash equilibrium policies that are
second-order stationary (SOS) in a sense similar to the type of sufficiency conditions
used in optimization. Our first result is that SOS policies are locally attracting with
high probability, and we show that policy gradient trajectories with gradient estimates
provided by the REINFORCE algorithm achieve an O(1/4/n) distance-squared convergence
rate if the method’s step-size is chosen appropriately. Subsequently, specializing to the
class of deterministic Nash policies, we show that this rate can be improved dramatically
and, in fact, policy gradient methods converge within a finite number of iterations in
that case.

1. INTRODUCTION

Ever since they were introduced by Shapley [50] in the 1950’s, stochastic games have been
one of the staples of non-cooperative game theory, with a range of pioneering applications
to multi-agent reinforcement learning [51], unmanned vehicles [49], general game-playing
[37, 52, 57], etc. Informally, a stochastic game unfolds in discrete time as follows: At each
point in time, the players are at a given state which determines the rules of the game for that
stage. The actions of the players in this state determine not only their instantaneous payoffs
(as defined by the stage game), but also the transition probabilities towards the next state of
the process. In this way, each player has to balance two distinct — and often competing —
objectives: optimizing the payoffs of today versus picking a possibly suboptimal action which
could yield significant benefits tomorrow (i.e., by influencing the transitions of the process
towards a more favorable state for the player).

Since all players in the game are involved in a similar dilemma, the decision-making
problem for each player is a very complicated affair. In particular, in addition to their
changing strategic decisions, the players of the game must also contend with the fact that the
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stage game itself evolves over time. Because of this, even the existence of a Nash equilibrium
policy — viz. a stationary Markovian policy that is stable to unilateral deviations [16] —
is far more difficult to prove compared to standard, stateless normal form games; for a
comprehensive survey, cf. [41, 53] and references therein.

The question we seek to address in this paper is whether an ensemble of boundedly
rational players can reach an equilibrium policy in a stochastic game. Specifically, if players
do not have sufficient information — or the computational resources required — to solve a
high-dimensional Bellman equation [15, 54], it is not at all clear if they would somehow end
up playing a Nash policy in the long run. After all, the complexity of most games increases
exponentially with the number of players, so the identification of a game’s equilibria quickly
becomes prohibitively difficult [27].

Our contributions in the context of related work. This issue has sparked a vigorous literature
with important ramifications for the range of applications mentioned above. Nevertheless,
these efforts must grapple with a series of strong lower bounds for computing even weaker
solution concepts like coarse correlated equilibria in turn-based stochastic games [12, 27].
On that account, a recent line of work has focused on establishing convergence in specific
subclasses of stochastic games, such as min-maz [7, 11, 32, 47, 48, 58] and common interest
potential games [13, 31, 61]. However, despite these encouraging results, the general case
remains particularly elusive.

Our paper takes a complementary approach to the above and seeks to study the convergence
landscape of a class of equilibrium policies — not games. For concreteness, we focus on the
general class of policy gradient methods as pioneered by [28, 29, 55, 59], and we examine the
methods’ convergence properties in general random stopping games — as opposed to ergodic
stochastic games with an infinite horizon [32, 42]. Concretely, this means that the sequence
of play evolves episode-by-episode: within each episode, the players commit a policy and play
the game, and from one episode to the next, they use an iterative gradient step to update
their policy and continue playing.

Our main contributions in this general context may be summarized as follows:

(1) We introduce a flexible algorithmic template for the analysis of policy gradient methods
which accounts for different information and update frameworks — from perfect policy
gradients to value-based estimates obtained on a per-episode basis, e.g., via the
REINFORCE algorithm [4, 55, 59].

(2) Within this framework, we show that Nash policies that satisfy a certain strategic
stability condition are locally attracting with arbitrarily high probability. Moreover,
to estimate the method’s rate of convergence, we focus on Nash policies that satisfy a
second-order sufficiency condition similar to the type of sufficiency conditions used
in optimization, and we show that such policies enjoy an O(1/4/n) squared distance
convergence rate.

(3) Finally, we also consider the method’s convergence to deterministic Nash policies — a
special case of second-order stationary (SOS) policies — and we show that, generically,
the above rate can be improved dramatically. In particular, by a simple tweak to the
method’s projection step, the induced sequence of play converges to equilibrium in a
finite number of iterations, despite all the noise and uncertainty.

It is also worth noting that our analysis focuses squarely on the actual, episode-by-episode
trajectory of play, not any “best-iterate” or time-averaged variant thereof. In regards to the
latter class of guarantees, the recent work of Jin et al. [26] proposed an algorithm (called
V-learning) which updates the policy 7, of the n-th episode based on the observed rewards so
far. Thanks to the algorithm’s regret guarantees, Jin et al. [26] showed that (@) in min-max
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games, the time-averaged policy 7, = (1/n) >_;_, T converges to equilibrium at a rate of
O(1/+/n); whereas (b) in general stochastic games, the empirical frequency of play converges
to the game’s set of coarse correlated equilibria (a substantial relaxation of the notion of
Nash equilibrium) at a rate of O(1/4/n).

By contrast, as we mentioned above, our paper focuses on the actual sequence of play,
i.e., the policy 7, employed at each episode of the game. Moreover, the rates that we
obtain all concern the convergence of the players’ policies to a Nash equilibrium — not a
correlated equilibrium or other relaxation thereof. In this regard, the best-iterate / ergodic
convergence rates are incomparable to our own as they concern a weaker type of convergence
(time-averaged instead of the actual sequence), and to a weaker solution concept (correlated
equilibria instead of Nash equilibria). This aspect of our results is especially relevant for
multi-agent reinforcement learning scenarios where agents learn “on the fly”, and it has
important ramifications for many of the practical applications of stochastic games.

From a technical standpoint, our analysis is based on mapping the problem of multi-
agent policy learning to the problem of equilibrium learning in a class of continuous games
characterized by the fact that first-order stationary points are necessarily Nash (itself a
consequence of the so-called “gradient dominance” property of stochastic games). By means
of this reframing, we are able to leverage a series of recent techniques for establishing local
convergence in (non-monotone) continuous games and variational inequalities [3, 8, 23, 24,
33, 45], which ultimately also yield convergence in our setting. As a result, even though the
unbounded variance of the REINFORCE estimator is a source of considerable complications,
the resulting link between stochastic and continuous games is of particular technical interest
because it opens up a wide array of stochastic approximation tools and techniques that can
be used for the analysis of multi-agent learning in stochastic games.

2. PRELIMINARIES

2.1. Setup of the game. Throughout this work we consider N-player generic stochastic games
where players repeatedly select actions in a shared Markov decision process (MDP) with
the goal of maximizing their individual value functions. Formally, we study the tabular
version with random stopping of general stochastic games, which is specified by a tuple
G = (S,N,{Ai, Ri}ien, P, ¢, p) with the following primitives:

e A finite set of agents i € N'={1,2,..., N} and a finite set of states S = {1,...,S}.

e For each i € N, a finite space of actions (or pure strategies) A; indexed by a; =
L., A = |A;]. We will write A = [];c\ A and A_; = ][, A; for the action space
of all agents and that of all agents other than i respectively. In a similar vein, we will
also write @ = (o, «—;) when we want to highlight the action «; of player i against the
action profile a_; of i’s opponents.

e For each i € N, we will write R;: § x A — [—1,1] for the reward function of agent
i € N, ie., Ri(s,a;,a_;) will denote the value of the reward of agent ¢ when the game
is at state s € S, the focal agent i € N plays «; € A;, and all other agents take actions
a_; €A

e The game transits from one state to another according to a Markov transition process,
so that P(s’|s,a) denotes the probability of transitioning from s to s’ when a € A is
the action profile chosen by the agents.

e Given an action profile o at state s, the process terminates with probability (s > 0,
ie., (sa=1=> ,csP(s']s,a); for convenience, we will write ¢ := ming o{Csqa}-
p € A(S) is the distribution for the initial state of the game.
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Episodic Setting. We consider an episodic setting, where in each episode a realization of
the game is completed. At every time step t > 0 of each episode, all agents observe the
common state s; € S, select actions a; and receive rewards {R;(s¢, @) bien. Then, with
probability (s, o, the game terminates, and with probability 1 — (s, ., it moves to the state
St+1, which is drawn according to P(:|ss, o). Denoting the realized reward of player ¢ at
time ¢ as ;¢ == R;(s¢, o), we will write 7 = (s¢, 4,7t )< (r) to denote the trajectory of the
episode, where 1 == (r;¢)ien, and T'(7) the time the episode terminates.

Policies and value functions. We consider stationary Markovian policies, i.e., policies that
do not depend on the time-step and the history, given the current state of the game. More
specifically, for each agent i € N, a policy m;: S — A(A;) specifies a probability distribution
over the actions of agent ¢ in state s € S, i.e., o ~ m;(+|s) denotes the (random) action drawn
by agent i at state s € S according to 7;, viewed here as an element of IT; := A(A4;)%. In
addition, we will also write m = (7;);enr € Il =[], II; and m_; = (7;) 2 € II_; == Hj# I1,
for the policy profile of all agents and all agents other than i, respectively.

The expected reward of agent i € N if agents follow policy 7, starting from initial state
s € S, defines the value function of agent i, denoted as V; s(m), and is equal to

T(r)
R; (St y Oét)

Vi,s(m) = Er~mpP [Zt—o S0 = 8} (1)
where 7 ~ MDP denotes the randomness induced by the policy profile 7, and the state-
transition probabilities of the MDP. Overloading the notation, we set V; ,(7) = Eq,[V; s(7)].
Although value functions are, in general, non-convex, they share similar smoothness properties
with the payoff functions of normal form games, namely bounded and Lipschitz gradients.

For precise statements, we defer to the paper’s supplement.

Visitation distribution and the mismatch coefficient. For a policy profile 7 € II and an
arbitrary initial state distribution sy ~ p, we define the discounted state visitation mea-
sure/distribution as

Jm T(r) ™ g ™
dy(s) = E-wmpp tho 1{s; = s}‘so ~pl, dy(s)=dy(s)/Z,;

In the appendix, we prove formally that the above definition is well-posed for the random
stopping episodic framework described above, i.e., Jg(s) < 00,80 ZF =) s dg(s) is
well-defined. In our proofs, we will leverage a standard property of visitation distributions,
namely the equivalence of the expected value of state-action function and the expected
cumulative value over a random trajectory. More precisely, we have:

Lemma 1. [Conversion Lemma| For an arbitrary state-action function f: S x A =R, a
policy profile m and an initial state distribution sg ~ p, we have

E:-MDP {Zj_(;) f(s¢, at):| =7} Esdr Eqmn(1s)[f (s, @)] (2)

Finally, to quantify the difficulty of hard-to-reach states via a policy gradient method,
we will follow the standard approach of [9, 14, 38, 39, 61] and use an appropriately-defined
distribution “mismatch coefficient”, generalizing the single-agent counterpart of Agarwal
et al. [1]. More precisely, for a stochastic game G, we define the mismatch coefficient as
Cg = man,w'eH{”JZ/JZ/”oo} or, more simply, as Cg = maxmen{%ﬂdg/pﬂm}. Similar to
prior work in this direction [1, 5, 11], we will assume Cg is finite, which, equivalently, means
that d7(s) > 0 for any policy 7 and state s.
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2.2. Solution concepts. The most widely used solution concept in game theory is that of
a Nash equilibrium i.e., a strategy profile 7* € II that discourages unilateral deviations.
However, in stochastic games, the definition of a Nash policy is much more involved because
of the existence of multiple states and steps, cf. [16, 50, 53, 56] and references therein.
Formally, we have:

Definition 1 (Nash policies). A policy 7* = (7} );en € II is said to be a Nash policy for a
given distribution of initial states p € A(S) if, for every player i € N, we have

Vi (75 7) > Vi p(mism,)  foralli € N and all m; € A(A4;)S. (NE)

In contrast to general non-convex continuous games, stochastic games satsify a version
of the well-known Polyak-FLojasiewicz condition [43] but with linear gradient growth, also
known as a gradient dominance property (GDP) [1, 5]. For the multi-agent case, Zhang et al.
[61] and Daskalakis et al. [11] showed that a similar property holds even in the episodic
setting:

Lemma 2 (Gradient dominance property). For any policy profile m = (m;)ien € II, we have
that
Vip(mi;mi) = Vi p(mism_i) < Cg max (V,;V; ,(7), T — ;) (GDP)

7 €1l;

for any unilateral deviation 7} € II; of player i € N.

Remark. In the above and throughout our paper, we will write V; to denote the gradient of
the quantity in question with respect to m;, i.e., when 7_; is kept fixed and only 7; is varied.
For concision, we will write v;(7) = V;V; ,(7) for the individual gradient of player i’s value
function, and v(7) = (v;(7));en for the ensemble thereof. q

Thanks to (GDP), it is straightforward to check that first-order stationary (FOS) points
of V are Nash. Formally, as in [11, 31, 61], we have the following characterization:

Lemma 3 (First-order stationary policies are Nash). A policy 7* = (7} )ien € II is Nash if
and only if it satisfies the first-order stationary condition

(v(r*),m—7") <0 for all m € II (FOS)

Leonardos et al. [31] and Zhang et al. [61] proved a relaxation of the above lemma to the
effect that policies that satisfy (FOS) up to € (i.e., in lieu of 0 in the RHS) are O(e)-Nash.
Going in the other direction, we will consider the following series of refinements of Nash
policies which are particularly important from a learning standpoint [30, 53]:

Definition 2. Let 7* = (7});en € II be a Nash policy. We then say that:
o 7* is stable if (v(w), ™ — 7*) < 0 for all = # 7* sufficiently close to 7*.

e 7" is second-order stationary if it satisfies the sufficiency condition

(m — )" Jac,(7*) (7 —7*) < 0 for al w € TI\{r*}, (SOS)
where Jac, (%) = (Vv (7)) jen = (V;ViVi(1%))i jen denotes the Jacobian of v at

*

™.

e 71" is deterministic if it induces a deterministic selection rule 7;: S — A; for all i € N.

o 7" is strict if it is deterministic and (FOS) holds as a strict inequality whenever m # 7*.

Remark 1. In the above and what follows, “sufficiently close” means that there exists a
neighborhood U of 7* in II such that the stated inequality holds for all 7 € Y. Unless
mentioned otherwise, we will measure distances on II relative to the Euclidean norm, but
this choice does not impact our results.



6 A. GIANNOU, K. LOTIDIS, P. MERTIKOPOULOS, AND E. V. VLATAKIS-GKARAGKOUNIS

Intuitively, the condition for equilibrium stability is a game-theoretic analogue of first-order
KKT sufficiency condition, while the condition for second-order stationarity is the second-
order version thereof. In this regard, the distinction between first-order stationary, stable
and second-order stationary points is formally analogous to the distinction between critical
points, minimizers, and second-order minimum points in optimization. As for deterministic
policies, we should mention that, generically, deterministic policies are also strict, so we will
use the two terms interchangeably.

Importantly, as we show in Appendix F, these refinements admit the following characteri-
zations:

Proposition 1. Let 7* = (7} )ienr € II be a Nash policy. Then:

a) If * is second-order stationary, there exists some p > 0 such that

(o(n),m — 1) < —p || — 7*||? for all m sufficiently close to *. (3a)

b) If w* is strict, there exists some p > 0 such that
(v(m),m—7") < —p |7 — 7" for all m sufficiently close to 7. (3b)

In view of all the above, we get the following string of implications for equilibria in generic
games:
strict/deterministic = SOS = stable = FOS = Nash 4)

For posterity, we should clarify here that, due to the highly complicated structure of the
game’s value functions, it is not trivial to construct a concrete example where (3a) holds
but (3b) does not. Examples of strict Nash policies abound in the literature [30, 53], but
we are not otherwise aware of an argument that could be used to close the gap between
(3a) and (3b). In view of this, our analysis will treat both cases concurrently (with the
obvious anticipation that more refined solution concepts should enjoy stronger convergence
guarantees).

3. POLICY GRADIENT METHODS

We now proceed to describe our general model for episodic learning in stochastic games.
To that end, we will consider a framework where agents follow a specific policy 7, within
each episode, and update it from one episode to the next with the objective of increasing
their individual rewards. Formally, our approach will adhere to the following inter-episode
sequence of events:

(1) At the beginning of each episode n = 1,2,..., every agent i € N chooses a policy

Tin € II;.

(2) Within the n-th episode, each player executes their chosen policy m;,,, inducing in

this way an intra-episode trajectory of play 7,, = (SE"), aﬁ"), Tgn))th(m)'

(3) Once the episode terminates, agents update their policies and the process repeats.

In terms of feedback, we will treat several models, depending on what type of information
is available to the agents during play. More precisely, we will focus on the generic policy
gradient (PG) template

Tnt1 = Proj (Tn + Vnon) (PG)
where:

(1) 7, = (i n)ien € II denotes the player’s policy profile at each episode n =1,2, ...

(2) Op = (Din)ien € [[; R4S is an estimate for the agents’ inidividual policy gradients.

IThe notion of genericity is stated here in the sense of Baire, i.e., the stated property holds for all but a
“meager” set of games (i.e., a countable union of nowhere dense sets in the space of all games).
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(3) projr: I, R4S 5 I denotes the Euclidean projection to the agents’ policy space
1I.

(4) vn > 0is the method’s step-size, for which we will assume throughout that >+, = oo;
typically, (PG) is run with a step-size of the form ~,, = v/(n + m)P for some v > 0,
m >0 and p > 0.

Regarding the gradient signal v,,, we will decompose it as

O = () + Uy + by, (5)

where
Uy, =0p, —E[0, | Fn] and b, = E[o, | Fn] — v(mn). (6)
In the above, we treat m,, n = 1,2,..., as a stochastic process on some complete probability

space (2, F,P), and we write F,, := F(my,...,m,) C F for the history (adapted filtration) of
7, up to — and including — stage n. By definition, E[U,, | ] = 0 and b,, is F,,-measurable,
so U, can be intepreted as a random, zero-mean error relative to v(m,), whereas b, captures
all systematic (non-zero-mean) errors. To make this precise, we will further assume that b,
and U,, are bounded as

Elloall | Fal < B and  E[|[Ua]* | Fa] < 0p (7)

where the sequences B,, and ¢, , n = 1,2,..., are to be construed as deterministic upper
bounds on the bias, fluctuations, and magnitude of the gradient signal v,,.

Depending on these bounds, a gradient signal with B,, = 0 will be called unbiased, and an
unbiased signal with o,, = 0 will be called perfect. More generally, we will assume that the
above statistics are bounded as

B, = O(1/n") and o, = O(n') (8)

for some £y, ¢, > 0 which depend on the specific model under consideration. For concreteness,
we describe below three basic models that adhere to the above template for ¢,, in order of
decreasing information requirements:

Model 1 (Full gradient information). The first model we will consider assumes that agents
observe their full policy gradients, i.e.,

@n - U(’/Tn) (9)
implying in particular that U, = b, = 0. This model is fully deterministic across episodes
(though intra-episode play remains stochastic). In particular, it tacitly assumes that agents

know the game (and can observe their opponents’ policies) so as to calculate the full gradients

of their individual value functions V; ,, cf. [2, 31, 61] and references therein. q

Model 2 (Learning with stochastic gradients). A relaxation of the above model which is
particularly relevant for applications to deep reinforcement learning concerns the case where
the player have access to stochastic policy gradients [60], i.e., unbiased gradient estimates of
the form

Op = v(my) + Up, (10)
with E[U,, | F,] = 0 (so we can formally take £, = oo and £, = 0 in Eq. (8) above). q

Model 3 (Value-based learning). The last model we will consider concerns the case where
agents only have access to their instantaneous rewards and need to reconstruct their individual
gradients based on this information. A widely used method to achieve this is via the
REINFORCE subroutine, which we describe in pseudocode form in Algorithm 1. In words,
when employing REINFORCE, each agent i € ¢ commits to a sampling policy 7; € II; and
executes it in an episode of the stochastic game in play. Then, at the end of the episode,
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Algorithm 1: REINFORCE Algorithm 2: e-GREEDY PoLICY GRADIENT
L Input: @ € IL 7 = (s, 04,70 )i<r(r) € T 12 Inputs 1, {yn}nen, {Entnen
2: fori=1,...,N do 2: forn=1,2,... do
3 Ri(m) e« F D riy 3 A (L= en)mn +
1 N(r) « XED Vi (log (v se)) 4 Sample 7, ~ MDP (7,]s0)
5 0; = R;(T) - Ai(T) 5 Uy, <= REINFORCE(7p, T,)
6: end for 6: Tnt1 < Proj(mn + Ynon)
7. return {0; }ien 7: end for

players gather the total reward R;(7) + Zth(g) r;+ associated to the intra-episode trajectory
of play 7, and they estimate their policy gradients via the so-called “log-trick” [59] as

N T(r) .
0; = Ri(7) - tho Vi(log (e ] se))- (11)
Lemma 4 below provides the vital statistics of the REINFORCE estimator:

Lemma 4. Suppose that each agent i € N follows a stationary policy 7; € I1;. Then:

a) E;.Mmpp[REINFORCE(7)] = v(m) (12a)
b) E.wmpp [|REINFORCE;(T) — vi(w)m < 14?5 (12b)

where K; = MiNges o e, Ti(w]s).
Therefore, if REINFORCE is executed at 7 < 7, at each episode n = 1,2,..., we will have
Eliva =u(m)  and B[Vl | 5] < e SNE)

- C4 minSGS,O&iGAi 71—i,n(o%'|5)

In particular, this means that we will always have B, = 0 for the bias of the estimator,
but its variance could be unbounded if 7, gets close to the boundary of II. To avoid this,
REINFORCE can be paired with an explicit exploration step that modifies the sampling policy
of the n-th episode to

fim = (1 —ep)mipn+6e, Unif 4, forallseS (14)

i.e., ; , is the mixture between ; ,, and the uniform distribution Unif 4, over A;. The result-
ing algorithm is known as e-GREEDY POLICY GRADIENT; for a pseudocode representation,
see Algorithm 2.

Importantly, by calling REINFORCE at 7,, instead of 7, 9, becomes biased (because of
the difference between #,, and 7, ), but its variance is bounded; in particular, by invoking
Lemma 4, we have

24 A2
enC?
where G is a constant that depends on the smoothness of V' and the cardinalities of A and
S.% In this way, Algorithm 2 can be seen as a special case of (PG) with B,, = O(e,) and

02 = O(1/en). q

2Specifically, from Lemma D.7 we know that ||v;(fn) — vi(mn)|| < 3VA/C3 - 2o VA MFin — il
Moreover, |m; n(o | 8) — 75 n(a | s)| < en for all s € S,a € Ay, so ||m5n — || < V/SAijen. Combining the
above, it follows that we can take G = 3NA3/2\/§/C3.

E[”ban | Ful < Gey, and EHlen”2 | Ful <

(15)
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4. CONVERGENCE ANALYSIS AND RESULTS

We are now in a position to state and discuss our main results. For convenience, we will
present our results in order of increasing structure, starting with stable policies, and then
moving on to second-order stationary and deterministic Nash policies. All proofs are deferred
to the appendix.

4.1. Asymptotic convergence to stable Nash policies. Our first convergence result concerns
Nash policies that satisfy the stability requirement (v(w), 7 — 7*) < 0 of Definition 2. In this
case, we have the following guarantee:

Theorem 1. Let 7* be a stable Nash policy, and let w, be the sequence of play generated by
(PG) with step-size v, =v/(n+m)P, p € (1/2,1], and policy gradient estimates such that
p+&>1andp— "L, > 1/2 as per (8). Then there exists a neighborhood U of ©* in II such
that, for any given 6 > 0, we have

P(m, converges ton* |m €eU)>1—-4 (16)

provided that v is small enough (or m large enough) relative to 6.

Corollary 1. Suppose that Models 1-3 are run with a step-size of the form v, = v/(n + m)P,
p > 1/2, and if applicable, an exploration parameter e, =¢/(n+m)" such that 1 —p <r <
2p — 1. Then:

e For Models 1 and 2: the conclusions of Theorem 1 hold as stated.
e For Model 3: the conclusions of Theorem 1 hold as long as p > 2/3.

We note here that Theorem 1 provides a trajectory convergence guarantee which is
otherwise quite difficult to obtain even in structured stochastic games. For example, if we
zoom in on the class of stochastic potential (or min-max) games, the existing guarantees in
the literature concern the “best iterate” of the algorithm, cf. [31, 61] and references therein.
Because of this, said guarantees do not apply to the actual trajectory of play generated by
(PG); this makes them less suitable for agent-based learning where the players involved are
learning “as they go”, as opposed to simulating the game in order to approximately compute
an equilibrium policy offline.

We should also note that the convergence guarantees of Theorem 1 hold locally with
arbitrarily high probability. Without further assumptions, it is not possible to obtain global
trajectory convergence guarantees that hold with probability 1, even in single-state games
— that is, the case of learning in finite normal form games. The reason for this locality is
twofold: First, equilibrium policies are not unique in general, and gradient-based dynamics
may also admit non-equilibrium attractors, such as limit cycles and the like [25, 34-36]. As
a result, in the presence of multiple equilibria/attractors, the best one can hope for is a local
equilibrium convergence result, conditioned on the basin of attraction of said equilibrium (as
per Theorem 1).

The second obstruction to a global, unconditional convergence result is probabilistic in
nature, and has to do with the randomness that enters the learning process (e.g., in the
estimation of policy gradients via the REINFORCE). In this case, no matter how close one
starts to an equilibrium policy, there is always a finite, non-zero probability that an unlucky
realization of the noise can drive the process away from its basin, possibly never to return.
This issue can only be overcome in games where II is partitioned (up to a set of measure zero)
into basins of attraction of equilibrium policies. However, this can only occur in games with
a sufficiently strong global structure, like potential stochastic games, two-player zero-sum
games and the like; in complete generality, locality cannot be lifted, even in single-state
problems [17, 19].
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4.2. Convergence to second-order stationary policies. Albeit valuable as an asymptotic
convergence guarantee, Theorem 1 does not provide an indication of how long it will take
players to actually converge to a Nash policy. Of course, in full generality, it is not plausible
to expect to be able to derive such a convergence rate because the stability requirement
provides no indication on how fast the players’ policy gradients stabilize near a solution. This
kind of estimate is provided by the second-order sufficient condition (SOS), which allows us
to establish sufficient control over the sequence of play as indicated by the following theorem.

Theorem 2. Let 7 be a second-order stationary policy, let B be a neighborhood of m* such
that (3a) holds on B, and let w, be the sequence of play generated by (PG) with step-size
o = v/(n+m)P, p € (1/2,1], and policy gradient estimates such that p + €, > 1 and
p—4Ls > 1/2 as per (8). Then:
(1) There exists a neighborhood U of m* in 11 such that, for any confidence level § > 0,
the event
E={meB foralln=1,2,...} (17)
occurs with probability P(€ | m € U) > 1 — ¢ if m is large enough relative to 6.

(2) The sequence T, converges to m* with probability 1 on E; in particular, we have
P(m, converges ton* |m €U)>1—14 (18)

if m 1is large relative to §. Moreover, conditioned on € and taking ¢ = min{ly,p—2(,},
we have

. O1/n?7)  ifp=1 and 2py<gq,
E[|m, — 7*[|* €] = {

19
O(1/n9) otherwise. (19)
Corollary 2. Suppose that Models 1-3 are run with a step-size of the form v, = v/(n+ m)P,
p > 1/2, and if applicable, an exploration parameter e, = /(n + m)p/2. Then:

e For Models 1 and 2: the conclusions of Theorem 2 hold with q = p; in particular, (19)
gives an O(1/n) rate of convergence if p=1 and 2uy > q.

e For Model 3: the conclusions of Theorem 2 hold for p > 2/3 with ¢ = p/2; in particular,
(19) gives an O(1/y/n) rate of convergence if p =1 and 2uy > q.

Remark 2. Getting an explicit estimate for the constant in the O(-) guarantee of Theorem 2
is quite involved but, up to logarithmic and subleading factors, Chung’s lemma [10, 44] can be
used to show that a) if 2uy > ¢, it scales as (Cp+Cy ) /[(2py—q)(1—0)] where Cp, = sup,, v, B,
and C, = sup,, 7202; b) if 2uy = q, it scales as (Cp + C,)(1 + max{(2uy)?, 4uy})/(1 = 5);
and ¢) if 2py < g as (Cy + Oy ) (1 + max{(2p07)%, 4pv}) /[(q — 2p) (1 = 6)].

Besides providing a general framework for achieving trajectory convergence, Theorem 2
gives the rates of convergence of the sequence of play to the Nash policy in question. In
particular, with this result in hand, one can confidently argue about the distance of the
iterates of (PQG) from equilibrium in a series of different environments. More to the point,
this convergence guarantee allows the algorithm designer to adapt the parameters of the
learning process according to the complexity and limitations of the environment, a feature
which further highlights the significance of this result.

We should also note the delicate interplay between the method’s step-size and the
achieved convergence rate. In the case of Model 1, Corollary 2 suggests a step-size of the
form v, = ©(1/n), leading to a O(1/n) convergence rate. As we show in the appendix,
this rate can be improved: in the deterministic case with perfect gradient information,
(PG) with a suitably chosen constant step-size achieves a geometric convergence rate, i.e.,
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|7 — 7| = O(exp(—pn)) for some p > 0 (cf. Proposition B.1 in Appendix B). By contrast,
in the case of Model 2, the O(1/n) rate we provide cannot be improved, even if the quadratic
minorant (3a) that characterizes SOS policies holds globally — and this because the learning
process is running against standard lower bounds from convex optimization [6, 40].
Perhaps the most significant guarantee from a practical point of view is the O(1/y/n)
convergence rate attained in Model 3 (cf. Algorithms 1 and 2). This guarantee amounts
to a O(1/n'/*) convergence rate in terms of the (non-squared) distance to equilibrium
which, mutatis mutandis, represents a notable improvement over the O(1/n'/6) guarantee of
Leonardos et al. [31] (expressed in norm values). Of course, the latter guarantee is global —
because the focus of [31] is stochastic potential games — but it also concerns the “best iterate”
of the process (not its “last iterate”), so the two results are not immediately comparable.
However, a useful “best-of-both-worlds” heuristic that can be inferred by the combination
of these works is that, given a budget of training episodes, Algorithm 2 can be run with a
constant step-size as per [31] for a sufficient fraction of this budget, and then with a O(1/n)
“cooldown” schedule for the rest. In this way, after an aggressive “exploration” phase, the
algorithm’s O(1/n'/*) rate would kick in and supply faster stabilization to an SOS policy.

4.3. Convergence to deterministic Nash policies. Our last series of results concerns the rate
of convergence to deterministic Nash policies in generic stochastic games. As we discussed in
Section 2, deterministic Nash policies also satisfy (SOS), so the rate of convergence of (PG)
to such policies can be harvested directly from Theorem 2. However, as we show below, a
simple projection tweak in (SOS) can improve this rate dramatically.

The tweak in question is inspired by the geometry of II around a deterministic policy: by
definition, such policies are corner points of II, so any consistent drift towards them will cause
7 to hit the boundary of II in finite time. Of course, under (PG), the process may rebound
from the boundary and return to the interior of II if the policy gradient estimate is not
particularly good at a given iteration of the algorithm. However, if we replace the projection
step of (PG) with a “lazy projection” in the spirit of Zinkevich [62], the aggregation of
gradient steps will eventually push the process far inside the normal cone of IT at 7*, so
rebounds of this type can no longer occur.

Formally, we will consider the following lazy policy gradient (LPG) scheme:

Yn+1 = Yn + Ynln Tp+1 = Projr(Yn+1) (LPG)
where y, = (Yin)ien € [1; RA:*S {5 an auxiliary variable that maintains an aggregate of

gradient steps before projecting them back to II. We then have the following convergence
result:

Theorem 3. Let m, be the sequence of play under (LPG) with step-size and policy gradient
estimates such that p+ 0, > 1 and p — €, > 1/2 as per (8). If 7* is a deterministic Nash
policy, there exists an unbounded open set W C [], RAXS of initializations such that, for
any d > 0, we have

P(m, converges to 7 |y € W) > 1 -4, (20)
provided that v > 0 is small enough. Moreover, conditioned on this event, m, converges to m*
at a finite number of iterations, i.e., there exists some ng such that w, = 7 for all n > ng.

Corollary 3. Suppose that Models 1-8 are run with parameters v, = v/nP, p € (1/2,1], and
if applicable, €, = e/n" with 1 —p <r < 2p — 1. Then the conclusions of Theorem 3 hold.
Remark 3. Getting an explicit bound for ng is quite complicated, but the last part of the

proof of Theorem 3 shows that ng scales in terms of the parameters of the game and the

algorithm as ng = O((Mc—g‘q)l/(lfpd where ¢ > 0 measures the minimum payoff difference
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between equilibrium and non-equilibrium strategies at 7*, M is a measure of the initial
distance from 7*, and S and A is the number of states and pure strategies respectively.

Theorem 3 — and, by extension, Corollary 3 — are fairly unique because they provide a
guarantee for convergence to an eract Nash equilibrium in a finite number of iterations.
To the best of our knowledge, the only comparable result in the literature is that of [61],
where the authors provide a finite-time convergence guarantee to strict equilibria with perfect
policy gradients (as per Model 1). The result of Zhang et al. [61] echoes the convergence
properties of deterministic first-order algorithms around sharp minima of convex functions
[44], but the fact that Theorem 3 applies to models with stochastic gradient feedback of
unbounded variance (Models 2 and 3 respectively) is a major difference. As far as we are
aware, this is the first guarantee of its kind in the literature on learning in stochastic games.

5. CONCLUDING REMARKS

A key roadblock encountered by practical applications of multi-agent reinforcement
learning is the lack of universal equilibrium convergence guarantees. While the impossibility
results of [21, 22] imply that unconditional convergence is not a reasonable aspiration without
further assumptions on the game, the existence of local convergence results mitigates this
deficiency as it provides a range of theoretically grounded stability and runtime guarantees.
In this regard, deterministic policies acquire particular importance, as the convergence of
policy gradient methods is especially rapid and robust and this case. Of course, this leaves
open the question of non-tabular settings and parametrically encoded policies, e.g., as in the
case of deep reinforcement learning; we defer these investigations to future work.

Another open issue of high practical relevance concerns policy gradient methods that do
not rely on Euclidean projections to II. In the single-state case (i.e., learning in finite normal
form games), the use of methods relying on softmax choice / exponential weights is very
widely used because of its regret guarantees. Whether the use of similar softmax techniques
can lead to finer convergence guarantees in the context of general stochastic games is an
important and intriguing question for future research.

APPENDIX A. ASYMPTOTIC CONVERGENCE TO STABLE NASH POLICIES

Our goal in this appendix is to prove Theorem 1 and Corollary 1, which we restate below
for convenience:

Theorem 1. Let 7* be a stable Nash policy, and let mw, be the sequence of play generated by
(PG) with step-size v, =v/(n+m)P, p € (1/2,1], and policy gradient estimates such that
p+Lly>1andp—~Ly, >1/2 as per (8). Then there exists a neighborhood U of ©* in 11 such
that, for any given § > 0, we have

P(m,, converges to ™ |m €U)>1—§ (16)
provided that 7 is small enough (or m large enough) relative to 6.

Corollary 1. Suppose that Models 1-3 are run with a step-size of the form v, = v/(n+ m)P,
p > 1/2, and if applicable, an exploration parameter e, = €/(n+m)" such that 1 —p <r <
2p — 1. Then:

e For Models 1 and 2: the conclusions of Theorem 1 hold as stated.
e For Model 3: the conclusions of Theorem 1 hold as long as p > 2/3.

Our proof strategy will comprise the following basic steps:
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(1) To begin with, we will show that the squared distance
* (12
D(m) = Sllm == (A1)

can be seen as a “local Lyapunov function” for (PG) in the sense that it is locally
decreasing near 7*, up to a series of error terms — both zero-mean and non-zero-mean.

(2) Due to these errors, the evolution of the iterates D,, := D(m,) of D over time may
exhibit significant jumps: in particular, a single “bad” realization of the noise could
carry 7, out of the basin of attraction of 7*, possibly never to return. To exclude
this event, our second step will be to show that the aggregation of these errors can be
controlled with probability at least 1 — §.

(3) Conditioned on the above, we will show that, with probability at least 1 — §, the
iterates D,, cannot grow more than a token value. As a result, if (PG) is initialized
close to 7*, it will remain in a neighborhood thereof for all n (again, with probability
at least 1 —9).

(4) Thanks to this “stochastic Lyapunov stability” result, we employ a series of martingale
limit theory arguments to extract a subsequence converging to 7*.

(5) Finally, we show that the increments of D,, are summable; hence, by invoking the
Gladyshev’s lemma [44, p. 49], we conclude that D,, converges to some (finite) random
variable D,. Combining this fact with the existence of a convergent subsequence, we
obtain the desired conclusion that 7, converges to 7* with probability at least 1 — 6.

In the sequel, we make the above precise in a series of intermediate results.

A.1. Energy inequality. We begin by establishing a “quasi-Lyapunov” inequality for the

iterates D,, = ||, — 7*||?/2 of (A.1).

Lemma A.1. Let D,, .= D(m,). Then, for alln =1,2,..., we have

Dyt < Do+ 70 {0(Tn), T = ) + Ynbn + YnXn + Vo tin, (A.2)
where the error terms &,, Xn, and ¥, are given by
&= (Un,mn — %), Xn = [[U[By  and o5 = glon] (A.3)
with ||| == max, renlm — 7.
Proof. By the definition of the iterates of (PG), we have
Doy = glmass =712 = 5 Iproi (T + ) — proj (x°)]
< 3l + e = 7P
1 P . s Lo o
= 2l =7+ s 1 — %) + 220
= Dy, + Y {v(my) + Up + by, — ) + %ﬁ”@nH?
< Do+ (0(Tn), T = ) + Yo + Ynxn + 7m0 (A4)
where we used the Cauchy-Schwarz inequality to bound the bias term as (b,, 7, — 7*) <
[onl - Nl — 7| < [ Br, = Xn- u
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A.2. Error control and stability. The second major step in our proof (and the most chal-
lenging one from a technical standpoint) is to establish a suitable measure of control over
the error increments in (A.1), with the aim of showing that the process 7, never leaves a
neighborhood of 7*.

To make this idea precise, let B = {m € Il : |7 — 7*|| < p} be a ball of radius p based
on 7* in II so that (v(w), 7 — 7*) < 0 for all # € B\{n*} (without loss of generality, we
can assume that B is maximal in that regard). We will then examine the event that the
aggregation of the error terms in (A.1) is not sufficient to drive 7, to escape from B.

To that end, we will begin by aggregating the errors in (A.1) as

M, = & and S, = [wxe+7e¢il. (A5)
k=1 k=1
Since E[¢, | F,] = 0, we have E[M, |F,] = M,_1, so M, is a martingale; likewise,

E[S, | Fn] > Sn—1, so S, is a submartingale. Then, using a technique of Hsieh et al.
[23] that builds on an earlier idea by Mertikopoulos & Zhou [33], we will also consider the
“mean square” error process

W, =M?+5,, (A.6)
and the associated indicator events
En={mpeBforallk=1,2,....,n} and H,={Wy<aforallk=1,2,...,n}, (A.7a)

where, with a fair amount of hindsight, the error tolerance level a > 0 is such that 2a++/a < o,
and we are employing the convention & = Hy = 2 (since every statement is true for the
elements of the empty set). We will then assume that 7 is initialized in a ball of radius
V/2a centered at ™, viz.

U={reTl:D(r)<a}={rell:|r—7?/2<a}. (A.8)

With all this in hand, the key to showing that 7, remains close to 7* with high probability
is the following conditional estimate:

Lemma A.2. Let 7, be the sequence of play generated by (PG) initialized at m € U. We
then have:

(1) Env1 €&, and Hppy € Hy for alln=1,2,...
(2) Hy_1 C&, foralln=1,2,...

(8) Consider the “bad realization” event
H, =H, \H,={Wi<afork=1,2,....,n—1 and W,, > a}, (A.9)

and let W,, = W, 1, . be the cumulative error subject to the noise being “small”.
Then we have:

E[W,] < EWn1] + T By + 72 07 + $77(G* + B; + 07) — aP(Hp—1),  (A.10)
where, by convention, Hy =@ and Wy = 0.

Remark. In the above (and what follows), the notation 1 4 is used to indicate the logical
indicator of an event A C Q, ie., Ty(w) =1if w € A and 1 4(w) = 0 otherwise.

The proof of Lemma A.2 is quite technical, so we first proceed to derive an important
stability result based on this estimate.
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Proposition A.1. Fiz some confidence threshold 6 > 0 and let w, be the sequence of play
generated by (PG) with step-size and policy gradient estimates as per Theorem 1. We then
have:

P(H,|m €U)>1—06 foralln=1,2,... (A.11)

provided that 7 is small enough (or m large enough) relative to 6.

Proof. We begin by bounding the probability of the “bad realization” event H,, = H,,_; \ Hp.
Indeed, if m € U, we have:

P(H,) =P(H, 1\ H,) =E[ly, , x1{W, >a}] <E[dy, , x(W,/a)] = E[W,]/a (A.12)

where, in the penultimate step, we used the fact that W,, > 0 (so 1{W,, > a} < W, /a).
Telescoping (A.10) then yields

E[W,] < E[Wo] + 1| > wBi + > 7ot —ay  P(Hy1) (A.13)
k=1 k=1 k=1
where we set
o = |0|op + 3(G* + B + o7). (A.14)

Hence, combining (A.12) and (A.13) and invoking our stated assumptions for v,, B, and

On, We get
n

1
ZP Hy) < =) Bl +1i0f] <
k=1

=21Q

; (A.15)
k=1
for some C' = C(y,m) > 0 with lim,_,o+ C(y,m) = lim,, o C(y,m) = 0 (since v, =
~v/(n+m)P and p > 0).
Now, by choosing ~ sufﬁciently small (or m sufficiently large),
thus given that the events Hj, are disjoint for all k = 1,2,..., we get ]P’(Uk:1 Hk) =
w_P(H}) < 6. In turn, this implies that P(H,) = P(ﬁf N---N lff,‘;) > 11—, and our
assertion follows. [ ]

we can ensure that C'/a < §;

We conclude this appendix with the proof of our technical result on the events &, and Hy:

Proof of Lemma A.2. The first claim of the lemma is obvious. For the second, we proceed
inductively:

(1) For the base case n = 1, we have & = {m € B} D {m € U} = Q (recall that 7y is
initialized in & C B). Since Hy = €2, our claim follows.

(2) Inductively, assume that H,_; C &, for some n > 1. To show that H,, C &,1, suppose
that Wy, < a forall k=1,2,...,n. Since H,, C H,,_1, this implies that &, also occurs,
ie., mp € Bfor all k =1,2,...,n; as such, it suffices to show that 7,1 € B. To do so,
given that m, € U C B for all k = 1,2,...n, we readily obtain

Diy1 < Dy + e + YeXk + ik, forall k=1,2,...n, (A.16)
and hence, after telescoping over k = 1,2,...,n, we get
Dpy1 <D1+ M, + S, <Di + /W, + W, <a++Va+a=2a+ a. (A.17)

We conclude that D(m,41) < 2a + +/a, i.e., Tp41 € B, as required for the induction.
For our third claim, note first that
Wn = (M -1+ 'Vngn)Q -1+ YnXn + 772{@[]721
= n—1+t 2’Yn§n n—1+ ’Yngn + TnXn + ’Yn n7 (A18)
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so, after taking expectations, we get
EWy [ Fnl = Wi1 + 2Mp— 170 E[én | Fu] + E['V?zgi + InXn + '77211/%% | Fu] > Who1, (A.19)

i.e., W, is a submartingale. To proceed, let W, =W, 1y, , so

Wn = Wn ]lHn,l = n—1 ]lHn,l +(Wn - anl) ]lHn,l
=Wpaly, ,~Wapalg (W, =W, 1)lg

n—17

=W+ (Wn =Wy Ly, Wiy, (A.20)
where we used the fact that H,—1 = H,—2 \ H,_1 so 1w, , = 1n, . — 1z | (since
H,_1 C H,_2). Then, (A.18) yields

Wy, = W1 = 2My_1¥nén + 1280 + YaXn + Vo0 (A.21)
and hence, given that H,_; is F,-measurable, we get:
E[(Wy = Wy-1) 1y, ] = 2E[vn My—1& 1, ] (A.22a)
+Ehnén L, ] (A.22b)
+E[(vXn +vn¥n) L, ). (A.22c)

However, since H,_1 and M,,_1 are both F,-measurable, we have the following estimates:

(1) For the noise term in (A.22a), we have:
EMp—1&n 15, | =E[Mp_1 15, _, E[&, | Fn]] = 0. (A.23)
(2) The term (A.22b) is where the reduction to H,_; kicks in; indeed, we have:
El&n 1a, ] = Ellg, , Ell(mn — 7, Un)|* | Ful]

<E[lg, ,|mm — 7P E]|Ual? | Full # by Cauchy-Schwarz
< |[joy. (A.24)

(3) Finally, for the term (A.22c), we have:
B2 1a, ) < 367 + B + 2] (A.25)

where we used the bound ||v(7)|| < G. Likewise, xn 1g,_, < ||| By, so

(A.22¢) < 7, |1 By + §77(G* + B} + a7) (A.26)

Thus, putting together all of the above, we obtain:
E[(Wn = Wao1) L, ] < 9l By + 72 11207, + 397(G* + By + 07,) (A.27)
Going back to (A.20), we have W,,_; > a if H,_; occurs, so the last term becomes

EW,11g ]>aE[ly ]=aP(Hu, ). (A.28)

—1

Our claim then follows by combining Egs. (A.20), (A.25), (A.26) and (A.28). [ |

A.3. Extraction of a convergent subsequence. Our next step is to show that any realization
7, of (PG) that is contained in B admits a subsequence 7, converging to 7*.

Proposition A.2. Let 7 be a stable Nash policy, and let m, be the sequence of play generated
by (PG) with step-size and policy gradient estimates such that p+ €, >1 and p— L, > 1/2
as per (8). Then m, admits a subsequence T, that converges to m* with probability 1 on the
event £ =), En = {mp € B foralln=1,2,...}.
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Proof. Let Q = {m,, € B for all n} N {liminf,|r, — 7*|] > 0} denote the event that =, is
contained in B but the sequence 7, does not admit a subsequence converging to 7*. We will
show that P(Q) = 0.

Indeed, assume ad absurdum that P(Q) > 0. Hence, with probability 1 on Q, there exists
some positive constant ¢ > 0 (again, possibly random) such that (v(m,), 7, —7*) < —c <0
for all n. Thus, going back to (A.1), we get

Dyy1 <Dy —vne+vén + YnXn + ’Y?ﬂﬁ?w (A29)
so if we let 7, = >_;'_, 7 and telescope the above, we obtain the bound
MTL Sn
Dn+1 S D1 — Tn |:C - — :| (A30)
Tn Tn

with &,, X, and v, given by (A.3), and M,, = Y1, Y&k, Sn = D1y [VeXk + V73] defined
as in (C.9). Also, (7) readily gives

D EMrén | Fal <3 Elllmn — 7 |P|Unll? | Fu] < T2 D yi0n < o0 (A.31)
n=1 n=1

n=1

so, by the strong law of large numbers for martingale difference sequences [20, Theorem
2.18|, we conclude that M,, /7, converges to 0 with probability 1. In a similar vein, for the
submartingale .S,, we have

E[S)) =Y wxk + Y EW7] < T Y B + g Y RGP+ Bi+ai],  (A32)
k=1 k=1 k=1 k=1

so, by (7) and the stated conditions for the method’s step-size and bias/noise parameters, it
follows that S,, is bounded in L!. Therefore, by Doob’s submartingale convergence theorem
[20, Theorem 2.5|, we further deduce that S,, converges with probability 1 to some (finite)
random variable S.

Going back to (A.30) and letting n — oo, the above shows that D,, — —oo with probability
1 on Q. Since D is nonnegative by construction and P(Q) > 0 by assumption, we obtain a
contradiction and our proof is complete. [ ]

A.4. Convergence of the energy values. Our last auxiliary result concerns the convergence
of the values of the dual energy function D. We encode this as follows.

Proposition A.3. If (PG) is run with assumptions as in Proposition A.1, there exists a finite
random variable Dy, such that

P(D,, = Dy asn — oo |7, € B for alln) = 1. (A.33)

Proof. Let &, = {m € Bfor all k =1,2,...,n} be defined as in (A.7), and let D, = 1g, D,.
Then, by the energy inequality (A.2) and the fact that &,41 C &,, we get

Dn+1 = ]18 Dn+1 < ]lfn Dn-‘rl
< ﬂgn D, + ]lgn ’7n<U(7rn)» TTn — 7T*> + (Vngn + YnXn + ’7721'(/)7%) ]]-Sn
< D+ Yn Le, én + (nxn +7202) 1g,, (A.34)

where we used the fact that that (v(m), 7 — 7*) < 0 for all k = 1,2,...,n if &, occurs.
Since &, is F,-measurable, conditioning on F,, and taking expectations yields

E[Dys1| Fn] < Dy + o Le, E[én | Fu] + Le, YuXn + Le, E[y2002 | ]
< Dy 4 Y| Br + YnXn + B[22 | Fo

n+1
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~ 3
< Dy + v [T By, + 5[G2+B§+aﬁ]. (A.35)

By our step-size assumptions, we have Y v2(1+ B2 +02) < co and Y, 7, B,, < 00, which
means that D,, is an almost supermartingale with almost surely summable increments, i.e.,

Z [JE[DWH | Fn] — lN)n} < oo with probability 1 (A.36)
n=1
Therefore, by Gladyshev’s lemma [44, p. 49|, we conclude that D,, converges almost surely
to some (finite) random variable Dog. Since 1g, =1 for all n if and only if m,, € B for all n,
we conclude that P(D,, converges | m, € B for all n) = P(D,, converges) = 1, and our claim
follows. u

A.5. Putting everything together. We are now in a position to prove Theorem 1 and Corol-
lary 1.

Proof of Theorem 1. Let € =, €, = {m, € B for all n} denote the event that 7, lies in
B for all n. By Proposition A.1, if 7y is initialized within the neighborhood U defined in
(A.8), we have P(€ | m € U) > 1 — a, noting also that the neighborhood U is independent
of the required confidence level a. Then, by Propositions A.2 and A.3, it follows that
a) liminf, |7, —7*|| = 0; and b) D,, converges, both events occurring with probability 1 on
the set &N {m; € U}. We thus conclude that lim, ., D, = 0 and hence

P(r, = 7% |m eU) >PEN{m, = 7"} | m €U)
=P(n, 7" |m €U, E) xP(E|m eU) >1—0,
and our proof is complete. [ ]

Proof of Corollary 1. For Models 1 and 2, taking ¢, = 0o, ¢, = 0, we obtain p > 1/2. Since
we have that > 7 | v, = 0o, we get that p <1, ie., p e (1/2,1].

For Model 3, we have that B,, = O(e,,) and o, = O(1/,/€,), i.e., { = r and {; = r/2.
Now, since p < 1, p+ €, > 1 and p — £, > 1/2, we obtain that p € (2/3,1] and (1 —p)/2 <
r/2<p-—1/2. [ |

APPENDIX B. RATE OF CONVERGENCE TO SECOND-ORDER STATIONARY POLICIES

We now proceed with the proof of Theorem 2, which we again restate below for convenience:

Theorem 2. Let 7 be a second-order stationary policy, let B be a neighborhood of m* such
that (3a) holds on B, and let w, be the sequence of play generated by (PG) with step-size
T = v/(n+m)P, p € (1/2,1], and policy gradient estimates such that p + €, > 1 and
p—4Ls > 1/2 as per (8). Then:
(1) There exists a neighborhood U of ©* in 11 such that, for any confidence level § > 0,
the event
E={m, eBforalln=1,2,...} (17)
occurs with probability P(€ |m € U) > 1 — ¢ if m is large enough relative to 6.
(2) The sequence m, converges to m* with probability 1 on E; in particular, we have

P(m, converges tow* |m €eU)>1—-4 (18)

if m 1is large relative to §. Moreover, conditioned on £ and taking ¢ = min{€y,p—2(,},
we have

O(1/n?*y ifp=1 and 2uy<gq,

E[Hﬂn_'ﬂ*”Q(ﬂ:{ ( / ) fp wy q

19
O(1/n9) otherwise. (19)
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Proof. We will follow an approach similar to Theorem 1 for the first part of the theorem. More
precisely, let B={m € IL : ||r — 7*|| < ¢} be a ball of radius g centered at 7* in II such that
(SOS) holds for all 7 € B. Then, for all 7 € B\{n*}, we have (v(n),7—7*) < —p|r—7*| <0
by Proposition 1. Hence, defining the events &, and H,, as in Eq. (A.7), and assuming that
71 is initialized in a ball of radius v/2a centered at T, viz.

U={reTl:D(r)<a}={rell:|r—7"?/2<a}. (B.1)
then, by Lemma A.2 and Proposition A.1, we readily obtain that
P(H,|m €eU)>1—-§ foralln=1,2,... (B.2)

which implies that
PE|meUd)>1-4 (B.3)
if m is large enough relative to §.
For the second part, constraining Eq. (A.2) on the event &, we get:

Dypiile, < Dple, 490 (v(mn), mn — 7°) Lg, + e, (Wén + YnXn + 1505)
< (1 - 2ﬂ7n)Dn 1g, + ]157,, (7n§n + YnXn + 77%1/}%) (B4)

where the last inequality comes from (SOS). Therefore, taking expectations, we obtain:

+ Tn []lfn §n} + Tn E[]lé'n Xn] + ’7721 E[]l:‘:n ’@[1721]

E[Dpi11e,] < (1= 2p70) E[Dn e, + E[Le, (Ynbn + YnXn + 7202) ]
< (1 —2pvn) E[Dy 1g, ]
= (1= 2um) E[D, Lg, ] + 1 E[le, xal + 75 E[lg, 9]
< (1 243) EID, Le, ] + [T B(E,) 7 B + P(EL) (G2 + 32202 + 392 52)

(B.5)
where the equality in the third line comes from the fact that
Elle, €] = E[E[t Le, | Ful] = ElLe, Elén | Fal] = 0. (B.6)
Now, since 1g, , < 1g,, we further have
E[Dpi1le,,,] <E[Dpi1leg,] (B.7)
and hence, setting D,, = E[D,, 1¢, |, we get
Dyy1 < (1= 2p7,) Dy + [T P(E,) 1 By + P(E, )(Gvﬁ +3y202 + 392 B2)
< (1= 2uy) Dy + |||y By + G2 4 37202 + 3v2B2. (B.8)

Therefore taking v, Bn, o, as per the statement of the theorem and noting that the terms
42 and '72 B2 are respectively dominated by the terms 7202 and v, B,,, we obtain

n?

_ 2y — Ch Cy
D <(1—-——— D
= ( (n+ m)P) " T me T T my
2pry = Ci1+Co
<|(1-——— D+ —"—"— B.9
( <n+m>p> T Ty (B.9)

for some C7,Cy > 0, where ¢ = min{¢,,p — 2{, }, as per the theorem’s statement. Therefore,
by a straightforward modification of Chung’s lemma [10, Lemmas 2&3], [44, p. 45], we get
_ O(1/n2mY ifp=1 d 2
p, = L0/ itp=1 and 2uy<q, (B.10)
O(1/n9) otherwise.
Accordingly, letting n — oo and recalling that E[D,, 1¢] < E[D,, 1¢,] = D,

lim E[D, 1¢] = 0. (B.11)

n— oo
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Then, by Fatou’s lemma [18], we obtain

0 < E[liminf D, 1¢] < liminf E[D,, 1¢] =0, (B.12)

n—oo n— oo
which readily shows that E[liminf, . D, 1g] = 0. Finally, since liminf, . D, 1g > 0
(a.s.) and E[liminf, ., D, 1g] = 0, we get that
liminf D, 1¢ =0 with probability 1. (B.13)

n—oo

Therefore, there exists a subsequence D,,, that converges to 0 with probability 1 on the
event &, i.e., m,, converges to 7*. Hence, invoking Proposition A.3, we further deduce that
D,, converges to some D, with probability 1 on £, and thus, we obtain that lim, ... D, =0
on £. We thus get

P(r, = 7" |m eld) >PEN{n, =7} |m €U)
=P(r, > 7" |m eU,E) xP(E|m el)>1—4, (B.14)

as claimed.
For the last part of the theorem, note that

[
= E[E[Dn | €] 1¢]
= E[Dn | E]E[L¢]
=E[D, |E]P(€) (B.15)
where we used the fact that E[D,, |o(€)]1g = E[D,, | €] 1¢. We thus conclude that
2 - 2
_*(|2 _ < = < _ =
(B.16)
and hence
. O(1/n2) ifp=1 and 2uy<gq,
E[|lm, —7*[* | €] = ) |
O(1/n9) otherwise.

Proof of Corollary 2. For Models 1 and 2, taking ¢, = 0o, f, = 0 we readily get that ¢ = p
and p > 1/2. Since we require that Y. -, 7, = co, we obtain that p € (1/2,1]. Hence, for
p=1and 2uy > 1 we obtain O(1/n) rate of convergence.

For Model 3, we have that B,, = O(e,,) and o,, = O(1//€,,), i.e., &y = p/2 and {, = p/4,
and, hence, we readily get that ¢ = p/2. Now, since p < 1, p+ 46, > 1 and p — ¥, > 1/2,
we obtain that p € (2/3,1]. Hence, for p = 1 and py > 1, we obtain O(1/4/n) rate of
convergence. |

We conclude this appendix with a detailed statement and proof of the fact that, when
run with perfect policy gradients (i.e., as per Model 1), the sequence of play generated by
(PG) achieves a geometric convergence rate to Nash policies satisfying (SOS). The precise
result is as follows:

Proposition B.1. Let 7* be a second-order stationary policy, let B be a neighborhood of m*
such that (3a) holds on B, and let 7, be the sequence of play generated by (PG) with a
sufficiently small constant step-size v > 0 and perfect policy gradients as per Model 1. Then,
there exists a neighborhood U of ©* in I1 and some p > 0 such that

|l — 7| = O(exp(—pn)) whenever m; € U. (B.17)
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Proof. The crucial part of the proof is the observation that, in the case of Model 1, the
energy inequality (A.1) of Lemma A.1 may be written in the sharper form:

Dit1 < Dy +5(v(mn) — v(m*), mn — 1) + 572 [[0(mn) — o(7)||2. (B.18)
To see this, consider the development
[mn41 — 77*”2 = [|Tpt1 — Tn + 0 — 7T*H2

= |l — 77 + 21— Ty T = ) [ ngr — 72

= w0 — 7% + 2(Tp41 — Ty g1 — 1) = [ Tn — |

< lmn =71 + 290 (m0), 1 = 7°) = [T1 — a1,

<l = 7P + 2v(v(m0) — (), T = 7%) = [Tr — mal?, (B19)
where the last line follows from (FOS) and, in the penultimate step, we used the fact that

7 € Il so (mpt1 — (mn + y0(m0)), Tny1 — ) < 0. In addition, by Young’s inequality, we
have

(0(m) = V(") Tis = 1) = (0(T0) = V(7)o = 7°) F (0(T) = V(") Trps — )
< (w(mn) — o1, 7~ %) + Loma) = o) P + - nes — 7ol
(B.20)

so (B.18) follows by substituting (B.20) in (B.19) and simplifying.
Now, since v is G-Lipschitz (cf. Lemma D.7 in Appendix D), we have ||v(m,) — v(7*)|| <
G||my, — 7*]|, so the energy inequality (B.18) becomes

Dpy1 < Dy +y{v(my) —v(n*), mp — %) + ¥2G2D,,. (B.21)
However, if 7, € B, Proposition 1 further yields
(v(mn) = o(7"), 7y — %) < — il — 72 (B.22)
SO
Dyi1 < Dy — py|mn — 71> +42G?D,, = (1 = 2uy 4+ v2G?) D,,. (B.23)
Thus, if v < 2u/G? and 7 is initialized in a ball centered at 7* and contained within B, our
assertion follows from a straightforward induction argument. [ |

APPENDIX C. RATE OF CONVERGENCE TO STRICT NASH POLICIES

C.1. Structural preliminaries. To prove Theorem 3, we will first require some notions
describing the geometry of II near 7*. Referring to [46] for a full treatment, we have:

Definition 3. Let C be a convex set and let « € C. Then the tangent cone TCe(x) is defined
as the set of all rays emanating from x and intersecting C to at least one other point different
from x. The polar cone PCc¢(z) to C at x is then defined PCe(z) = {y : (y,2) <0 for all z €
TC¢(z)}, where y belong in the dual space of the vector space in which C is defined.

With these general definitions in hand, we proceed to characterize some further projections
of Euclidean projections on IT that will play an important role in the sequel. For notational
simplicity, we suppress the player and state indices in the statement and proof of the next
lemma.

Lemma C.1. x = proj(y) if and only if there exist p € R and v, € Ry such that, for all
a € A, we have Yo, = o + 1 — Vo with vy > 0 and x4v, = 0.
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Proof. Recall that proj(y) = argmin, ey — z||?. Our result then follows by applying
the KKT conditions to this optimization problem and noting that, since the constraints are
affine, the KKT conditions are sufficient for optimality. Our Langragian is

L) = Y Sla— 2l — (Y v = 1) + Y e (C.1)

acA acA acA
where the set of constraints (i) of the statement of the lemma are the stationarity constraints,
which in our case are VL(z, 1, v) = 0 < V(X ca 3Wa — 7a)?) = V(X pcaTa — 1) —
Y acaVaVTa , while the set of constraints (ii) of the statement of the lemmas are the
complementary slackness constraints. Note that complementary slackness implies v, > 0
whenever a ¢ supp(z), so our proof is complete. [ ]

Our next result is a concrete consequence of Proposition 1 which will be very useful in
establishing the stability estimates required for the proof of Theorem 3.

Lemma C.2. Let n* = (Oé:}s)iej\/,seg be a strict Nash policy. Then there exists a neighborhood
U of ™ and constants ¢; s such that for each player i € N and state s € S, we have:
Viar (7) = Via, () 2 ¢iys for allm €U and o # of, a; € A;. (C.2)

Proof. Our claim is a consequence of the definition of strict Nash policies. Specifically, from
Proposition 1 we have

(v(r*),2) <0 forall 2eTC(x*),z#0 (C.3)
Let z =¢j0,, — €iar s then we get that
vmzs(ﬁ*) — Vja, (1) >0 (C.4)

where ¢; o, _ is the vector that has one only in the index and zero anywhere else. By continuity
there exists a neighborhood &/ C X and ¢; s > 0 for each player ¢ € N such that

Viar (T) = Vig, ,(7) > ¢ s forall mel |

Our final result is intimately tied to the lazy projection step in (LPG), and quantifies the
relation between initializations in [T, R4:*S and II.

Lemma C.3. Let 7% = (a;ﬁs)ig\/,seg, be a deterministic policy. For each agenti € N and
each state s € S, let Yia, , — Yi,az, be the difference of the aggregated gradients between
the strategy of the equilibrium and any other strategy of # o; € A;. Then for any e > 0
such that U. = {7 : Tior > 1—¢ forallie N and s € S}, there exist M, . s such that if

Wz',s = {y S ]RAi : yi,a,',ys - yi,(x’.‘ys < *Mi,e,s} then HiEN,SES prOjHi (Wv,s‘) g us-

Proof. Consider an arbitrary player ¢ € N, a state s € S, and let W;(M, . ) be an open set
as defined in the statement of the lemma. For notational simplicity, we will drop the index s.
We will show that any M; . > 1 — ﬁ > 0 satisfies our claim. By using Lemma C.1 for a

yi € Wi(M; o) with 7; = proj(y;) we have that
Yiar — Yia; > Mic
Tior = Tic; — (Var — Va;) > M ¢

(C.5)

with v,, > 0 and 7;, = 0 whenever v,, > 0. Notice that since M; . > 1 — A% we have that
Tia: > Mia; +1— Aii + (ya;« — Vg,) OF
€ €
Tia, <7Tia;?‘ —1—|—Xi—(l/a;f _Vai) < XZ (C6)

Hence, by summing over all strategies of player ¢ we get the desired result. [ ]
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C.2. Proof of the main theorem. We are now in a position to prove our main result on the
rate of convergence towards strict Nash policies. For ease of reference, we restate Theorem 3
below.

Theorem 3. Let m, be the sequence of play under (LPG) with step-size and policy gradient
estimates such that p+ 0, > 1 and p — €, > 1/2 as per (8). If 7* is a deterministic Nash
policy, there exists an unbounded open set W C [], RAXS of initializations such that, for
any d > 0, we have

P(m, converges to m* |y; € W) > 1 -6, (20)
provided that v > 0 is small enough. Moreover, conditioned on this event, m, converges to m*
at a finite number of iterations, i.e., there exists some ng such that m, = ©* for all n > ng.

Proof of Theorem 3. We start by fixing a confidence level § > 0 and all the parameters of
the algorithm, such that all the assumptions stated in the theorem are satisfied and. We
will prove that for each agent i € N/, s € S there exist My, > 0, Wi, = {y € RA
Yiia, — Yiar < —Mi;s for all a; € Aj, o # al}, such that if y; € Wy = HieN,sES Wi is
then the agents’ sequence of play, converge to the deterministic Nash policy, in finite number
of iterations.

To simplify the notation, we will drop the indices s and 7 referring to the states and agents,
accordingly, and we will focus on a specific agent and a specific state. From Lemma C.3,
Lemma C.2 we have that there exist constants ¢, M, neighborhood U, = {m € I : |7 — 7*|| <

B} and open set Wi, such that
Vo (M) —va(m) > ¢ foralla#a*,ac Aand 7 € U, o
Yor — Yo > M, for all a # o, a € A and 7 = proj(y) € U, (C.7)

The first step is to prove that for an appropriate initialization for y1, we have y,, € W(M,) for
alln =1,2,..., with probability at least 1 —4. Assume that y, € W(M,) forallk =1,...,n;
then for the differences of the scores at a round n+ 1 between any « € A and the equilibrium
strategy o, we have

Yan+1 — Ya* n+1 = Ya,n — Ya*,n + (Ua,n - Ua*,n)

=Ya,1 — Ya*,1 + Z'yk[(va,k - Uoc*,k:) + (Ua,k - Ua*Jc) + (ba,k - ba*,k:)}
k=1

< —Mj + ka[(va,k —Va=k) + (Uak — Uax k) + (bak — ba= )]
k=1

<=M, - CZ’)% + Z’Yk[(Ua,k —Ua+ ) + (bak — ba= )]
k=1 k=1
< —My—cY e+ wllr + Xl (C.8)

k=1 k=1
where & = (Ua.; — U~ i) and xi = 2||bk||. Now, similarly to the proofs of Theorems 1 and 2
we will proceed to control the aggregate error terms

R, = Z%fk and S, = Z’Yk)(k- (C.9)
k=1 k=1

Since E[¢,, | F,,] = 0, we have E[R,, | F,,] = R.—1, so R,, is a martingale; likewise, E[S,, | F,,] >
Sn—1, S0 Sy, is a sub-martingale. Furthermore from (7) we have:
L E[67] < E[|U]1%] < EE[|UA | | Fal] < o
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IL E[xn] = 2E[||bn[l] < E[E[|bn]| | Fn]] < Bn
Moreover, for any 77 > 0, we get by Doob’s Maximal Inequality:

E 2 o n 2]E 21 (I.) n 2 2
]P( sup Rk 2 771) S [‘R2n] (:) Zk):l 72]4; [ﬁk] g Zk::127k:o-k: (C].O)
1<k<n 1 m m

where (a) comes from the fact that E[¢;&;] = 0 for i # j. Since v, = v/nP, 0, = O(n’") and
p— L, > 1/2, there exists v, sufficiently small such that if 7y < ~; then

Y kot < % (C.11)
k=1
and so we automatically get that
)
IP’( sup Ry > 771> < — (C.12)
1<k<n 2

Furthermore, notice that the term {5, },en is a sub-martingale, since E[|S,| | F,] < oo
and E[Sp 41 | Fn] > Sy, for all n. As before, using Doob’s Maximal Inequality, we get for any
12 > 0:

E[S, . E 25 B

P( sup Sk: Z 772) S [ ] _ Zk—l Yk [Xk] S Zk—l Ve Dk (Cl3)
1<k<n 2 M2 2

So, since p+¥£;, > 1 there exists s sufficiently small such that if v < ~5 then ZZ:1 Y B < %‘5

which immediately implies that

)
IP’( sup Sk > 772) < - (C.14)
1<k<n 2
By choosing v < min{vy1,72} we get that
]P’( sup R, + S5, < MC> >1-0. (C.15)
1<k<n

Notice now that by choosing My > M. + 1 + 12, from (C.8) we have that with probability
at least 1 — 9, Ya,nt1 — Ya*,nt1 < —M., which implies that 7, ; € U..

Defining the sequences of “good” events {&,, }nen and {€] }nen as &, == {m, € U, for all k =
1,2,...,n} and &) == {sup; <<, Ri + Sk < m + 12}, accordingly, we get that &, C &, for
all n. Because P(E!) > 1 — 4, we get that P(E,) > 1 — § and since {€, }nen is a decreasing
sequence converging to & = {m,, € U.,Vn € N}, we obtain P(£) > 1 —4. i.e.,

P(ry, €U, Yn|y1 €Wh) >1 -0 (C.16)

Notice that the above conclusions immediately imply convergence in finite time. More
specifically, constrained to the event £ with probability at least 1 —§, from Eq. (C.8) we have

n
Yan+l — Yor mt1 < =M — CZ’Yk (C.17)
k=1
forallm =1,2,.... Assume ad absurdum that there exists at least one strategy o # o™, € A

such that limsup,, ., Ta,n => € > 0. for all sufficiently large n. Recall also that for 7 € UL,
it holds that 7o« > 0 by construction. Using Lemma C.1 we get

n
Yan+1 — Ya*n+1 = Tan+l — Ta* n+l < *Mc - CZ’Y’C (CIS)
k=1
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Notice that the LHS of this inequality is bounded, while the RHS goes to —oco, which is a
contradiction. Thus, with probability at least 1 — d, m, — 7" as n — oo.
We can rewrite the previous inequality as

Tant+1 <1 — M. — cZ’yk forall ao*#acA (C.19)
k=1
Now aggregating over all strategies, on the previous inequality, we get that
Irnss =7l =200 = e i) €2 30 (1=Me—edm)  (C20)
a*#acA k=1

Thus, once >, _; 7 becomes at least (1— M,)/c, which occurs in finite time, the convergence
is implied. [ ]

Proof of Corollary 3. For Models 1 and 2, taking ¢, = 0o, ¢, = 0 we readily get that p > 1/2.
Since we require that > | v, = 0o, we obtain that p € (1/2,1].

For Model 3, we have that B, = O(ey,) and o, = O(1/,/€,), i.e., £, = r and £, = r/2.
Now, since p <1, p+ £, > 1 and p — £, > 1/2, we obtain that p € (2/3,1]. [ |

APPENDIX D. STRUCTURAL PROPERTIES OF POLICY GRADIENT METHODS

)

In this appendix we will establish the required properties for the gradient of the players
value function. More precisely, we prove the following intermediate results:
e In Lemma D.1 we prove that in the random stopping episodic framework visitation the
notion of discounted state visitation distribution is well-defined.

e In Lemma 1, we prove the conversion lemma, a standard lemma that connects a sample by
visitation distribution and a random trajectory.

e In Lemma D.4, we establish different versions of Policy Gradient theorem via Q-value
function for the random stopping episodic framework.

e In Lemmas D.5 and D.7, we establish the boundedness and the Lipschitz smoothness of
policy gradient vector field, i.e., v(m) = (v;i(7))ienr Where v;(7) = V., Vi s(7)
For a policy profile m € II and an arbitrary initial state distribution sg ~ p, let’s recall
the definition of discounted state visitation measure/distribution as

o T(T) - . T -
d;(s) = E-~mpP tho I{s; = S}‘So ~pl, dp(s)=di(s)/Z;

To begin with, we prove formally that the above definition is well-posed for the random
stopping episodic framework described above, i.e., d7(s) < o0, so Z] = Y _sd7(s) is
well-defined.

Lemma D.1. For any s € S, Jg(s) < oo and Zj < %

Proof. For the sake of the proof, we define a new state sf, indicating that the game has
stopped. In other words, we have that P(ss|s,a) = (s, > ( > 0for all « € A, s € S. Hence,
for s € S we obtain:

~ T(r)
dz(s) = ETNMDP |:Zt_0 Il{st = S}’SO ~ p:|

=E, MmpP [Z I{s; =s,8i # 57,1 < < t}]sg ~ P]
pary
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< ng(s) =E,.MDP z:]l{sZ #sp, 1<t <t}so~p

sES t=0

o

P(s; # s, 1 <i<t]|so~p)

-
Il
o

t
HP(Si#Sf|50Np75j7£5f71§jgi71)
=1

I
g I[V]8

(1—()§%<oo. [ |

OM

t—=
Lemma 1. [Conversion Lemma| For an arbitrary state-action function f: S x A =R, a
policy profile m and an initial state distribution sg ~ p, we have
T(r) -
E:~MDP |:Zt—0 f(st7 at):| = Zp Es~d;§ anw(-\s)[f(sv a)] (2)
Proof.

T(r

E, MDP |:Zt_0 (s¢, ¢ ] Z Z Z E mpp [1{t < T(7),8: = s, ¢ = a} f(s, )]

t=0 s€S acA

_ZZZP“5—8t|So~P) (als)f(s, )

sES t=0 aeA

= ZZIPW(S = St|80 ~ p) Z 77(04|8)f(570‘)

seS t=0 acA
= Zdﬂ— OéN7T -|s) [f(57 a)}
seS
= Z;,r IEswcl’pr Ea~ﬂ'(-|s) [f(sa a)] (Dl)
where Z7 = E. unif(s) [JZ(S)] - 18| is well-defined by Lemma D.1. [ ]

A compact reformulation the aforementioned lemma is via the matrix representation of
the discounted visitation distribution:

Lemma D.2 (Conversion Lemma (Matrix form)). For an arbitrary state-action function
f: S xA— R and a policy profile m, we have
T(r)

E;~MDP |:Zt_[) flst,an)lag =a,s0 =s| =el JT(m)f (D.2)

where T is a discounted visitation distribution (action-state)-matriz under poliy profile 7 i.e.,
T (0,8) & (of,s) = Yo P (st =" ap = a|sg = 5,00 = Q)

Row Index  Column Index

Proof. By definition we have
esoT(m)f = (e]oT (). f)

=2 > (elaT <7r))<5.a,) ()

s’eSa’eA

= Z Z esa mes o - f(8, )

s’eSa’eA
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T(r)

= ~ s = = .
Er~MmDP [tho f(se,a)|an = o, 50 = s u

Remark 4. Notice that T is a well-defined matrix. Indeed, let’s us define P(7) as the
state-action one step transition matrix:

[P(m)] (a,8) > (o)) = P"(s1 = s, a1 = d'|sg = s,ap = a) = 7(/|§')P(s'|s, ). (D.3)
Row Index Column Index

Notice that P(r) is a substochastic matrix and therefore spectral(P(m)) < 1 or equivalently
(I — P(m))~! is invertible. Thus using Neumann series we have that (I — P(7))~! =
Y2y P(m)t. By induction, a folklore probabilistic-graph theoretic fact, we can show that

Yo P(m)t =T(m).
In order to analyze the gradient of MARL policy gradient methods, we will introduce the

notions @, A and their per-player averages that are useful in the MDP analysis.
Definition 4. For a state s € S, a policy 7 and @ = (a1,...,an) € A, we define:
(i) The Q-value function of player i as:
T(r)
Q7 (5,) == E; MDP(x|s) Z R;i(5¢(7),0¢(7))]50 = 5,00 = (D.4)
t=0
(ii) The advantage function of player i as:
advy (s,a) := QT (s, o) — V; 5(m) (D.5)
We also define Qf, ﬁf to be the averaged for i-th player single MDP @Q-value and advantage
functions:

(i) The averaged QT-value function of player i as:

Qf(s, O‘i) = ]Ea—i""ﬂ'—i("S) [Q? (s, (s O‘fi))] (D-G)
(ii) The averaged advantage function Ef of player i as:
advT (s, a;) = Eo_mn_i(]s) [2dV] (s, (@i a-5))], (D.7)

By Remark 4, we can rewrite the above notations using 7, P.

Lemma D.3. For a policy profile w, we have:
(1) QF (s,@) = €] T (m)r;
o T
(2) d3(s) = [Xoes p(8) Daream(@|s)es o] T(M) Xgea s
Proof. We separately have using Lemma D.3 and Remark 4.

(1) For our first claim, a straightforward calculation gives:

T(7)
Q7 (5,a) = EroMDP(x|s) Z Ri(s¢(7),e(7))]80 = 8,00 = | = eIaT(ﬂ')Ri (D.8)
t—0
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(2) As for the second part of the lemma, we have:

dr(s) = Erompp [Z 1{s; = 5}‘80 ~ p]

T(7)
!
=EypErnmpp E E 1{s;t = s,a; = a}‘so =5

t=0 acA

T(T)

T(r)

! /
=EgnpEoon(|s) Ermmpp E E 1{s; = s,a; = a}‘so =s, 0=«
t=0 acA

) Z 6370,]

acA

-
Z p(s") Z 77(0/3')65/70/1 T () Z €s.a- [

s'eS a’e A acA

=EonpBarnr(ys) | €

Having defined the above notions, we are ready to provide equivalent forms of v(r) that
will permit us to prove its boundedness and smoothness. We start with the following versions
of the policy gradient theorem for random stopping setting:

Lemma D.4. For the independent gradient operator v(w) per player the following expressions
are equal to v;(m):

(1) vi(m) = Eronipp |15 Vi (log milai i () s0(7)) QF (54(7), az.(7))]

(2) 0i(m) = 25 Bty Eopomy 4o [V (log mi(cls)) Q7 (5, 00)]

(3) (0i(T))ag.s0 = gty = di(s°)Q7 (5°,a9) = Z7dr(s°)Q7 (s°,af)
Proof. Recall first that the independent gradient operator v(w) is given by v;(7) = V;V; ,(7)
Accordingly, we will begin by showing that:

T(r)

Vi (Vip(m) = Erominr | > Vi (log mi(aso(7)[5¢(7))) QF (s4(7), cvie (7)) (D.9)

t=0

To that end, we will start with an arbitrary s, and by linearity of V., () and Egy~,[-], we
will obtain the result. Indeed, we have:

Vi (Viyso (1)) = Vi (Er [Ri(7)])
=V; (EaiNFz‘('|So) [Q_:(SO’ al)])
=V < > 7Tz'(0f1‘|80)6_2?(80a0@)>
a;EA;

= Z Vi (mi(ils0)) QT (s0, i) + i (vils0)V i(@f(so,ai))

a;€EA;

= Z Vi (log mi(ai|so)) Wi(ai‘SO)Q?(s()»ai) + mi(ai|so) Vs (Q?(Soy Oéi))
a;€A;

=B, o (-1s0) [ Vi (log mi(eils0)) QF (s, i)

+ Z Wi(ai|50)vi <Ea1~ﬂ1(‘|80)

a; €EA;

807 Z P81|507 151( )‘|>

s1ES
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=Eo, o (-1s0) [ Vi (og mi(ei|s0)) QF (s, i)

+ Z Uy az|50 a_i~m_i(+|s0) Z P 51|307 z( 181( ))]

a;€A; 51E€S
= EaiN#i(-|So) [vl (log 7Ti(04i|80)) er (807 al)]

Y Plsilso, @)V (Vi,sl(ﬁ))] (D.10)

s1E€S

+ EaNﬂ(.|SO)

Thus, we can rewrite it as:

Vi (Viso (1) = Ea,m, (150) [Vi (l0g mi(ailso)) QF (s0, )]

Z P(81|So, Oé)vi (Vi,81 (77))]

s1E€S
=K, MDP(r|so) | Vi (log mi(aio(T)|s0)) QF (s0, iyo(7))]
+ETNMDP(‘IT|50) [ﬂ {T( ) > 1}v ( 131(7’)( ))}

= ZETNMDP(TF‘S()) [1{t < T(7)}V; (log m;(a i (7)]5¢(7))) QF (5¢(7), vi g (7))]

+ Eanr(|so)

=0
+ EroMDP (n]s0) [I{T(T) = 00} As]
T(r)
@ E;MDP(x|s0) Z Vi (log i (i +(7)|5:(7))) QF (s¢(7), cvi (7)) (D.11)
=0

where (a) holds because P(T'(7) = 00) = 0, and A is some limiting quantity.
Hence,we readily obtain:
Vi (Vip(m)) = Esonp [Vi (Viso (7))] (D.12)
Now by Lemma 1, we further have
Vi (Vip(m)) = Z5 Eswdar Eqnn(|s) [V; (log m;(i]s)) Q”(s ;)]
=2 Eondr Basmmi()5) [V, (log m;(a;]s)) QF (s, )] (D.13)
Decoupling V; per a state s° and action a7, we get

Vi p() 9 (log mi(evils))

a8 S S
omi(aglse) T e e l()[ omi(ag]s°)

sz(s,an]

_Z Esrvd"]Eazwm(s)[]l{a *Oéus *8} ( ‘ )Qﬂ-(s ) O )]

~ 1 _
= ng(s) Z mi(ils) H{af = i, s° = S}WQ?(Sova?)
sES a; €EA;
=dp(s°)Q7 (5%, a7) = Z7dy (s°)Q7 (s°, 7). u
We are ready to bound the amplitude of the independent player gradient operator:

Lemma D.5. For a given initial state distribution p, the independent player policy gradient
operator v(m) is bounded. More precisely,

VA
4'2

Eie/\/ \//Tz
C2

[[oi(m)]| <

& lo(m)] < (D.14)
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|2 using Lemma D.4. Specifically, we have:

Proof. We start by analyzing ||v; ()

aV;
@l = 3 (e = 5 3 (G

a?,5°,€4;,8 seES afeA; Z
=Y S (@5 ()

seES afeA;
<(Z5)° , max  (QF(s%09)* d° D7 di(s

ags%,€ALS SCES af€EA;

1 70
<5 max (Baer (o Q7 (7 (@530-0))? Y0 Y dn(s?)

C s°,eA s°ES aYeA;

1
<= max (Q7(s°,a° dp (s

CZ ao,s",EA,S( ( a; S;S

T(r) ’
< i max E ZR(S (7—) o (7—))|3 =3s°. ap=a° |.A|
= (2 acsoeas | TMDP(Ts) = o ' - 1
2
T(r)

A; o o A

S 721 ETNMDP(Tl'ls) Z 1|50 =S8 ,00 =« S ij (DIS)
t=0

We thus conclude that
V Al ZzGN \4
¢? 2

To prove the smoothness of the policy gradient operator, we have first to establish the
performance lemma for our setting. Respectively, we get

[oi(m)]] < and [jo(m)]| < u

Lemma D.6 (Performance lemma). For any pair of policy profiles m = (m;, n_;), 7" = (wl,7",),
it holds
T(T) o

Vip(mi, i) = Vip(mi, 7 5) = EroMDP (x|p) Z adv, " (54, o) (D.16)
t=0

where MDP(7|p) signifies that players follow w as policy profile with p as the initial state
distribution.

Proof. We will initial prove the aforementioned result for an arbitrary deterministic initial
state sg = s:

[7(r)
Vis(m) = Vi s (1) = ErompP () Ri(st,az) | — Vis(n')
t=0
[7(r)
= ETNMDP(W\S) (Ri(sty at) + Vvi,st (7T/) - ‘/;,st (77/)) - ‘/;,3(77/)
t=0
[7(r) T(r)
= ETNMDP(W\S) Ri(sta Oét) + (‘/;75t (ﬂ-/) - ‘/;75(71'/) - ‘/i,St (7'('/))
t=0 t=0
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T(r)
= ETNMDP(W\S) (Ri(sta Oét) + 1{T( ) >t+ 1}‘/; 5t+1( )) - ‘/Lst (ﬂ-/)
t=0
[T
=E; MDP(rs) (QEr (st 1) = Vis, (W/))
| t=0
G
= ET~MDP(7T\S) a‘dv? (8t7 at) (D17)
t=0

where in the last equation we recall the definition of the Advantage function and in the
pre-last the equivalent definitions of Q7 (s, @)

T(r)
Q7 (5,a) = EroMDP(x)s) Z Ri(s4(7), ct(7))]s0 = 5,00 =
t=0
= Ri(S, Oé) + ]ETNMDP(ﬂs) []l{T(T) Z 1}‘/1',51 (7T)|S() = S5,00 = Ot] (DlS)

Applying the linearity of E,.,[-], we get the desired result:

T(r)
Vio(m) = Vi p(1") = B oMDP(x|p) Z advy (sy, o) | = Z) Esndr Eann(s) {advf (s, Oé)}
t=0
(D.19)
where the last expression comes from Lemma 1. [ ]

Before closing this section by proving the Lipschitz-smoothness of our operator, we describe
a useful observation that will be helpful in the smoothness bounds.

Proposition D.1. For any pair of policy profiles m = (m;,w—;), " = (w,, ") and an arbitrary
initial state distribution p and a subset M C N, it holds that:

> dys Z|7TM—7TM (amls) < > VAi|mi — x| (D.20)

ieM
where T = (7)iem and ap = (;)iem, correspondingly.

Proof. A series of direct calculations gives:
Yo dn(s) D (man = ma)(aadls)| = QZdZ(S)%H(WM — )l
s o s
= zzd dTv (ma (1), Taa(-]3))
<2y di(s) Y 3 Larv(mills), 7 (1s)

ZGM
= 2450 2 mtls) =~ miCi)l
ieM
- Zd” Z VAT — 7|2
ieEM

= Z VAillm = 723" dz (s))

ieEM
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=Y VAl — 7 (D.21)

ieEM
where drv corresponds to the total variation distance, and the first inequality is a consequence
of the triangle inequality for drv. [ ]

Lemma D.7. For a given initial state distribution p, the independent player policy gradient
operator v(r) is Lipschitz continuous. More precisely, for any pair of policy profiles m =
(mi,my), m = (wl,m",), it holds

los(r) = vs(w )| = ViV p () = Va(Vi p(a )] < 2

-l Vie N (D.22)

and consequently,

[o(m) = v(x)]| < IIW*W/II (D.23)

Proof. For the proof, we will follow the approach of Zhang et al. [61] and Agarwal et al. [1].
Our first task is to bound the directional derivative of the i-th player’s value function. To
that end, let 7w, 7’ € II and pert € S x A such that ||pert|| = 1, and consider A-perturbed
policies

Alals) = i + Apert, m_;
WIAB( |s) = (mi + Apert, 7_;) (D.24)
7y (als) = (7} + Apert, 7’_;)
We then have:
6Vim(”§) . Vi p(73) _ 8Vi,p(77§) — Vip(m) _ 9 (Vi,p(ﬂﬁ) - Vz}p(”%))
oA oA o\ oA
0 (ZPA ESNd;*} B (1s) {a‘dvi *(s, 04)}) 5
= B\ (D.25a)
0 (25 Lo @3 (9)( = 7)(als)adv] (5,0))
_ ’ (D.25b)
oA
0 (252 S, i (5) (e = 1) (al5) QT (5, ) )
B O
NTFA A B 71']B
0 (Luadi (8)(rh = m3)(als)Q7 (5. 0))
= o\ (D.25c¢)

where (D.25a) follows from Lemma D.6 and (D.25b) uses the fact that ) . 4 w(als)adv] (s, a) =,

for all s € S and the last one is derived by the definition d7 (s) = cZ;; (s)/25.
By triangular inequality, the linearity of 0 operator and Lemma D.1, we have:

(Vi (m4) = Vi p (3 oy : ~
Waplah) —Vinlr) | sag;"”)]kzow_w)(als)cz,- (s.0)
e Zd“ who@j(w)
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Q7 (s,0)
(s,
Z5 1S dr (s)(m — e aa D.26
+ Z (m 7r (als) B\ N ‘ ( )
We will bound the following three terms separately:
~ A
dﬂ/\ /
Terms = |3 K| (x ') al)@] (s.0)
o(mh — 78)(als) ’
Termy = | d7 (s) =2 T2RE2 ] QT (s, .
ermp ; 5 (s) 5\ )\:OQl (s, ) (D.27)
Q7 (5, )
(s,
Terme = |3 d7(s)(m — e e
erme Z (m 71' (a]s) B\ o

For Term 4, we will use Lemma D.3 in order to compute compactly the derivative:

0t (5)  ([Sves o) Saeah(@19)es o] T(h) Cacaeon)

o\ o\
T
N OTh (o)) .
= ( Z p(S ) Z Tes/,a’ T(7T>\) Z €s,a
s'eS a’'ceA acA
" oT(rh)
Ar 1 DY
+ ( Z p(s) Z N |5/)€s/,a"| N Z es,a)
s'eS a’'eA acA
T
= Z p(sl) Z pert(o‘fi“s/) ﬂ-—i(a,—z‘|sl)es’,a/ T(ﬂ-é) Z Cs,a
s'eS a’eA acA
T —p(
7T
+ Zp(sl) Z ﬂ-)\( /|S )es oc"| —)\Zesa
s'eS a’'eA acA
-
= Z P( l) Z pert(a;\s') 7T—i(O‘,—i|S/)es’,o/‘| T(ﬂ-é%) Z €s,a
s'eS a’€A acA
T
’ ot A 87)
+ Zp(s) Z TF)\( |S )eé o’ (T(ﬂ-)\) 77)\ Z esa
s'eS a’eA acA

Thus for A = 0, we get

e (|

ady> (s)

oA

> (s’

s'eS

) Z pert(a|s

a’eA

Notice that [ap(j\r*)

)\=0:| (s°,a°)—(s*,a*)

+
7r—i( —1‘3 €s a‘|

7r(o/|s’)es/7a/1 (T(m)

= pert(af|s*) - m_;(

(D.28)

|

E eSOl

acA

E eSO(

acA

IOP(74)
)\

‘)\:O
(D.29)

*Ls*)P(s*[s°, a).
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To simplify notation let us call auxa = [Y e p(s") X0 ca Pert(al]s’) - m_i(a/ ;|8 )es o],
auxp = [Y . cs P(8) Y weam(@|s)es o] and auxc(s) ==Y, c 4 €s,a-

We thus get:
Termy = 3" 20| () (ls)QT (5,00
A / o
= Sz; (auXZT(w)auxC(s) + aux} (T(W)apa(/\’\)‘)\OT(ﬂ))auxc(s)) (m—m)(a|s)Q; (s,a)
A ) o
= | (w7 + awcg (7 V| 7)) S 7 el (s havscls)
’/TA
< s o | T (R)awsp oo + s} (T T~ Timansplle (D30)

It is easy to see that [Jauxal|1 < /Ai, [[auxp|l; = 1. Indeed,

Jawcal = 37 o) 32 Ipert(@ls)] - m_i(alils) = 3 p(s) 3 Ipert(alls')

s'eS a’eA s'eS al€A;
= > p(s)lIpertygll < D p(s )V Allpert; o lla < v/A;
s'eS s'eS
ol = 37 o) 3 mlalls) =1 (D31)
s’eS a’e A

Additionally by Conversion Lemma in Matrix form (See Lemma D.2), we have that:

T(r) 1
I ()l = e T = e i [0 sl = s = | < 2l

(D.32)
A
Similarly, for the matrix % , we have that
=0
OP () T OP(m})
I O\ ‘,\:096”OO = aX|Csa TN ‘,\:ox
= max| > pert(afls’) - m_s(a’_i|s ) P(s'|s, )2y o]
e 5170/
< Y [pert(alfs')] - m_i(ali]s")P(s']s, )

< VA lIperty lsl2lloe < VAl (D.33)
since ||pert||z = 1. Then, using (D.33) and (D.32) in (D.30) we get that :
Vi

%

Termy < c [auxp oo + ?”a‘uXDHoo
< \/?(1 + %) Z(W *W/)(Q\S)Q?,(s,a)auxc(s)

(1+ ) max Jase () o

> (r =) (als)

e}
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5
_

SR

N
1
+ O VAl )
j=1

N
YV = (D.34)
j=1
where we used above the fact that @ function is bounded by 1/¢, ||pert|| = 1 and Proposi-
tion D.1 to bound the difference of the policy profiles.

Moving forward, for Termpg, we have:

Zdﬂ’ —7T>\)(O[| ) Q:/(s,a)

Termp = B\
A=0

=D dr(s)pert(ails)(m_i — 7_,)(als)QT (s, )

< E 3 6) S pert(anls) Yo-i — 7 (el

—i

< % Z dg(S) Hl?XZ |pert(ai\s)| Z(/ﬂ'_i _ 7Tl—1',)(04|5)

<  max]|pert; |1 > dr(s)> (i — ) (als)|
i|s||2(2d Z| T (als)])

YA T, - er Ay — (D.35)

JeN\{i}

I =

3

I
T

I

where we used again the fact that @ function is bounded by 1/¢ and Proposition D.1 to
bound the difference of the policy profiles.
Finally, for Term¢, we have:

Terme = |3 d7 (s)( - W')(ab)Wh_o
< max ‘W\H Zd’;(s)\(w—w’)(als)\
SR T e " a ‘
ol T[S e
< max e;awg—@“\ o anw] )
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oA ’/\:OT( )i

N
)| > VA lm; — |
j=1

| (D.36)

using again (D.33) and (D.32) and Proposition D.1. Thus, we are ready now to bound the
gradient per player:

8(%,;)(7T§) - Vi,p(”%)) ‘

\/7
B3 < Termy + Z, (TermB—i—Termc Z\/ illmy =5l

A=0
(D.37)

Since we prove it for an arbitrary perturbation vector pert for
the independent player’s policy gradient it holds also that:

A
where we recall that Z;r <
the directional derivative, fo

SIPNTIR

’

[vi () = vi(w)|| = [Vi(Vip(7) = Vi (Vi (7

m|l Vie N (D.38)

Finally for the concatenated gradient operator we get:

lo(m) —v(@)| = |3 llvi(m) —vi@)]2 = [> IVilVip(m) = Vi(Vi(m)|[?

ieN ieN
< Z (X VA —ml) < (2% =TSN
PEN JEN ieEN JEN JEN
< C3 > A r - < H7r—7r I (D.39)
1EN
which completes our proof. [ ]

Remark 5. In the proof above, we considered perturbations that may formally lie outside
the game’s policy space. However, it is not difficult to see that for sufficiently small A both
Vi(m(N)), VVi(m(N)), Z;(A) are well-defined and bounded, for 7 (a|s) = (m; + Apert, m—_;, 7_;).
In view of this, we may harmlessly assume that all functions considered above are defined in
an open neighborhood of the players’ policy space.

APPENDIX E. STATISTICS OF REINFORCE

In this appendix, we prove the two fundamental properties of the REINFORCE Policy
Gradient estimator that we stated in Lemma 4, namely:

a) REINFORCE is an unbiased estimator of v(7).

b) The variance of REINFORCE is bounded from above by O(1/ minges o, c.a; mi(a;ls))
for each i € N.

We recall here that V; denotes the gradient of the quantity in question with respect to m;,
i.e., when 7_; is kept fixed and only =; is varied. For concision, we will write v;(7) = V;V; ,(7)
for the individual gradient of player i’s value function, and v(7w) = (v;(7));en for the ensemble
thereof.

With all this said and done, we begin by restating Lemma 4 for convenience:
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Lemma 4. Suppose that each agent i € N follows a stationary policy m; € I1;. Then:
a) E;.Mmpp[REINFORCE(7)] = v(m) (12a)
24 A;

KiCt

b) E, mpp [|REINFORCE; (1) — v;(7) ] <

where K; = MiNges e, Ti(o]s).

Proof. Without loss of generality let’s assume that MDP = MDP(x | p) for some initial
state distribution p. Additionally, we denote P”(7) the induced probability of a random
trajectory 7 = (8¢, g, Tt )e<1(r)-

Ermpp (0] = Eronpp [Ri(T Z P (7 Ai(7)
TET
T(r)

=Y PT(r)Ri(7) - [>_ Villogmi(aise))]

reT t=0

T(T)

= ZP“(T) Zlogm TIED)

TET

T(r)

=Y PU(r)Ri(T)V; Y logmi(aiylse)

TeT t=0

T(r) T(r)
+ ZP“(T)RZ' )|V, Z Z log m;(aji|se) + Vi Z logP(s¢ | St—1,t—1)
TeT j#i t=0
+ Z P™(T)R;(7)V;log p(so)
TET

=Y P(r Vi(log P"(7))

TET
=Y (ViP"(1))R; Vi) _P(r = V,Vi,(n) (E.1)

TET TeT

where in the penultimate inequality we used the definition for the derivative of the logarithm.
We also note here that

E;mpp[0i] = Erampp [Ri(T) Vi (log P™ (7))] (E.2)
For the variance of REINFORCE estimator we have that

E-~mpp [||REINFORCE; () — v;()[|*] =E-~mpp [|REINFORCE; (7) ||?]
— 2E; mpp [(REINFORCE; (1), v;(7))]

+ Ernpp [[|vi(m)[1?]

or equivalently E. \pp [||[REINFORCE; () — v;i(m)||?] = Empp [||REINFORCE; (7)||?] —
E;~mpp [[|lvi(m)]|?]. Therefore, we have that

E-~mpp [||REINFORCE; () — v;(7)[|?] < Erompp [[|REINFORCE; (7)|?] = E[|9;]?] (E.3)
and, after a series of — tedious but otherwise straightforward — calculations, we get:

E[[1:]*] = Erampp [[|1R: (1) A (1)IP] < Erompp [[[ R (7)1 [[A4(7)17)
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T(r)

< Ernipp[(T(7) + 121 Vilog iz, s0)lI°]
t=0

o0
< Erompp[(T(7) +1)3 Z Z 1{t < T}1{s; = s, = a}||V;log m;(, s)|I%]
t=0 s,a€SXA;

=D > Eeenwp(T(7) + D)*L{t < TH{se = 5,040 = 0‘}%]
t=0 s,aESX A; (mi(a, 8))
< i > — Erompp[(T(7) + 1)°1{t < TH{s; = s,y = a}]

} 2
t=0 s,0€SXA; (mi(ex; 5))

< i > B npp(T(r) + 1PL{t < T (s, = 5)]

t=0 s,a€S X A; i (Oé, 8)

<Y @@ P < TH s = 5}

t=0 s,aeSXA;

=> |21,i| Ernpp[(T(7) +1)°1{t < T} {s; = s}]
t=0 s€S v
| A, 3 d
= "N Eronpp[(T(r) + 1) > {t < T}
) t=0
<Ml el + 1)1
< 1A S0+ 1) < if'f' (B4
- !

where, to go from the first to the second inequality we used the boundeness by one of the
rewards, while from the second to the third, we used Jensen’s inequality. |

APPENDIX F. SOLUTION CONCEPTS

In this last appendix, we proceed to establish three important facts regarding the gradient
characterization of stationary Nash policies. More precisely, we prove the following:

e In Lemma 2, we prove the crucial property of Gradient Dominance for the multi-agent
random stopping setting.

e In Lemma 3, we establish that any stationary point corresponds to Nash Equilibria.

e In Proposition 1, we prove the “drift” inequalities for all the different types of stationary
points.

We begin with the gradient dominance property of the game, which we restate below for
convenience:

Lemma 2 (Gradient dominance property). For any policy profile m = (7;)ien € II, we have
that
Vip(mism_i) = Vi p(mism—;) < Cg max (V,;V; ,(m), 7 — m;) (GDP)

7, €11,

for any unilateral deviation 7} € 11; of player i € N.
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B
T (s

Proof. We start by rewriting the LHS of (GDP) using Lemmas 1 and D.6 for 7 = (7};7_;)

and 78 = (m;;m_;):
Viplm) = Vip(n®) = 30 7 (5) Bt (1) [ AT (

a_;€EA_;

sES
=Y d () Y milails) Y moila-il9)AT (s,0)

a;€A;

seS

—S @ s) S wails)AT (s,a0)

a; €EA;

sES

seS

<) Y wlauds) max AT (s,00)

a; €EA;

Thus, by a series of direct calculations, we obtain:
(s) > wilcils)A7 (s, )

Vip(h) = Vi < dy
,p<7r ) ,p(ﬂ- )_ ﬁzenia(‘)j)s g a; €A;
~ A J—
< dar 7 (cils) — mi (i) AT (s,
< max 2% (S)}e;\i(ﬂ (ails) — mi(ouls))A; (s, i)
CZTFA(S) ~ B __ B
< max L ™ (s mi(ails) — mi(ails))A4; (s,
< s 2 (o) % ( )agi( (ails) — mi(auls))A; (s, i)
~ A
<||%®) max > N dn (s)(7ilauls) — mi(ails)@ (s, )
= Tn _ p i\(g AN i s g
de(S) o TEAA)® T8 T
A S (Filails) - milaids))ds (@] (s, 0)
< 5 _ Imax T 0 |S) — T 0G| S o S i S,y
dpm(s) oo T EA(A)S SES,a;EA;
JE@| S (ilols) — milauls) Vo™ (g g)
- d,TorB(S) OoﬁieA(A)sses,aieAi o S omi (o | s)
7o — ) (F.3)
| ]

so
Vip(mismi)

trivial bound of oo.
We now proceed to establish the link between (FOS) and (NE):
Lemma 3 (First-order stationary policies are Nash). A policy 7* = (7} )ien € II is Nash if

and only if it satisfies the first-order stationary condition
(v(r*),m—7") <0 for all m €I

*

3

Proof. By the definition of first-order stationarity applied to the policies 7* and =, it is
straightforward to check that (v(7*), 7*—m) > 0if and only if maxz,cm, (Vi Vi p(7%), m;—7
0. However, by the gradient dominance property established in Lemma 2, we readily get

Vip(misnZ;) = Vip(misnly) < Cg max (ViVip(n7), 73 — i) < 0

m; €1,

Vi (i m_0) < Cg max (V;Vi (), 7,

and our proof is complete.
Remark. Notice that we have assumed that OZSB > 0. If this wasn’t the case we could take a

(FOS)
) <

(F.4)
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and hence
Vip(msmty) <V p(misnt;) forall m e II; (F.5)
and our claim follows. [}

With all this in place, we are finally in a position to prove the characterization of second-
order stationary and strict Nash policies that of Proposition 1. For ease of reference, we
restate the relevant claims below.

Proposition 1. Let 7* = (7] );en € II be a Nash policy. Then:

a) If * is second-order stationary, there exists some p > 0 such that
*HQ

(v(m),m—7") < —pllr—m for all ™ sufficiently close to 7*. (3a)

b) If ™ is strict, there exists some p > 0 such that
(v(m),m —7*) < —p |7 — 7" for all m sufficiently close to 7*. (3b)

Proof. We begin with the characterization of second-order stationary policies. To that end,
let d = |S|Y,|A;| denote the ambient dimension of [], R“4*S and consider the mapping
¢: R¥4 5 R mapping H + max{z' Hz : z € TC(n*), ||z|| = 1}. Clearly, ¢ is convex as the
pointwise maximum of a set of linear — and hence convex — functions. This in turn implies
the continuity of ¢ as every convex function is continuous on the interior of its effective
domain. Since 7* satisfies (SOS) by assumption, we have ¢(Jac,(7*)) < 0, so, by continuity
and the convexity of II, there exists some p > 0 and a convex neighborhood U of 7* in II
such that p(Jac, (7)) < —p for all 7 € U.

With this in mind, letting z = 7 — 7* € TC(7*) for some 7 € U, a straightforward Taylor
expansion with integral remainder yields

v(m) — (™) = /0 Jacy, (7" + 72)z dr (F.6)

and hence, setting 7, = 7n* + 72, we get
1
(v(m) —v(r™), T —7*) = / 21 Jacy(m, )z dr
0

1
< HZ||2/0 p(Jacy(rr)) dr < —pllz)|* = —pllr —=*|> (F.7)

However, by (FOS), we have (v(7*), 7 — 7*) < 0 which, combined with the above, yields
(v(r),m — %) < —p||T — 7*||?, as claimed.

For the second part of our lemma, pick some 7 # 7* and let z = (7 — n*)/||m — 7*||, so
z € TC(n*) and ||z|| = 1. Then, given that (FOS) is satisfied as a strict inequality for all
m # m*, we readily get (v(7*),z) < 0 for all z € TC(7*) with ||2|| = 1. Thus, by the joint
continuity of the function (v(7),z) in 7 and z, there exists a compact convex neighborhood
K of 7* in II such that p = min{(v(n),z) : 7 € K,z € TC(x*),||z|| = 1} < 0. Thus,
letting z = (7w — *)/||m — 7*|| as above, we conclude that (v(7), 7 — 7*) < —pllr — 7*|, as
claimed. ]
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