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Abstract

We propose and analyze exact and inexact regularized Newton-type methods for finding a global
saddle point of a convex-concave unconstrained min-max optimization problem. Compared to their
first-order counterparts, investigations of second-order methods for min-max optimization are rela-
tively limited, as obtaining global rates of convergence with second-order information is much more
involved. In this paper, we highlight how second-order information can be used to speed up the
dynamics of dual extrapolation methods despite inexactness. Specifically, we show that the proposed
algorithms generate iterates that remain within a bounded set and the averaged iterates converge to
an e-saddle point within O(e~2/3) iterations in terms of a gap function. Our algorithms match the
theoretically established lower bound in this context and our analysis provides a simple and intuitive
convergence analysis for second-order methods without requiring any compactness assumptions. Fi-
nally, we present a series of numerical experiments on synthetic and real data that demonstrate the
efficiency of the proposed algorithms.

1 Introduction

Let R™ and R” be finite-dimensional Euclidean spaces and assume that the function f : R™ x R" — R
has a bounded and Lipschitz-continuous Hessian. We consider the problem of finding a global saddle
point of the following min-max optimization problem:

min max f(x,y), 1.1
min max f(x.y) (1)

i.e., a pair of points (x*,y*) € R™ x R" such that
fy) < f(x5y") < flxy"), forallx e R™, y € R™

Throughout our paper, we assume that the function f(x,y) is convex in x for all y € R™ and concave
in y for all x € R™. This so-called convez-concave setting has been the focus of intense research in
optimization, game theory, economics and computer science for several decades now [Von Neumann
and Morgenstern, 1953, Dantzig, 1963, Blackwell and Girshick, 1979, Facchinei and Pang, 2007, Ben-
Tal et al., 2009], and variants of the problem have recently attracted significant interest in machine
learning and data science, with applications in generative adversarial networks (GANs) [Goodfellow



et al., 2014, Arjovsky et al., 2017], adversarial learning [Sinha et al., 2018], distributed multi-agent
systems [Shamma, 2008], and many other fields; for a range of concrete examples, see Facchinei and
Pang [2007] and references therein.

Owing to the above, several classes of optimization algorithms have been proposed and analyzed
for finding a global saddle point of Eq. (1.1) in the convex-concave case. An important representative
algorithm is the extragradient (EG) method [Korpelevich, 1976, Antipin, 1978]. The method’s rate
of convergence for smooth and strongly-convex-strongly-concave functions and bilinear functions (i.e.,
when f(x,y) = x' Ay for some square, full-rank matrix A) was shown to be linear by Korpelevich
[1976] and Tseng [1995]. Subsequently, Nemirovski [2004] showed that the method enjoys an O(e™!)
convergence guarantee for constrained problems with a compact domain, even if f is not strongly convex-
concave or bilinear. For a more general unconstrained setting, Solodov and Svaiter [1999] considered a
variant of EG (namely hybrid proximal extragradient (HPE) method) and proved that it achieved the
same convergence rate.

In addition to the extra-gradient algorithm itself, there are several variants that achieve similar con-
vergence rate guarantees with a lighter updating structure, such as optimistic gradient descent ascent
(OGDA) [Popov, 1980, Mokhtari et al., 2020, Kotsalis et al., 2022], forward-backward splitting [Tseng,
2000] and dual extrapolation [Nesterov, 2007]; for a partial survey, see Hsieh et al. [2019] and refer-
ences therein. All these methods are order-optimal first-order methods as they match the lower bound
of Ouyang and Xu [2021].

Transitioning for the moment to convex minimization problems, second-order methods are known
to enjoy superior convergence properties over their first-order counterparts, in both theory and prac-
tice. In particular, the celebrated accelerated cubic regularization of Newton’s method converges at a
rate of O(e~1/3) [Nesterov, 2008] which outperforms the O(e~'/2) lower bound for first-order methods
[Nemirovski and Yudin, 1983]. Moreover, first-order methods may perform poorly in ill-conditioned
problems and can be sensitive to the parameter choices in real application problems while the second-
order methods are often shown to be more robust in the same context [Pilanci and Wainwright, 2017,
Roosta-Khorasani and Mahoney, 2019, Berahas et al., 2020].

However, when moving back to the context of convex-concave min-max problems, two separate se-
ries of issues arise: (a) achieving acceleration with second-order information is more involved than in
the min-max setting; and (b) acquiring exact second-order information is more expensive in general.
Aiming to address these issues, a line of recent work has generalized classical methods from first- to
second-order, including EG and OGDA [Monteiro and Svaiter, 2012, Lin and Jordan, 2021, Bullins and
Lai, 2022, Jiang and Mokhtari, 2022]. These methods achieve a global rate of O(e~?/3log(1/e€))," but
they require solving a nontrivial émplicit binary search problem at each iteration, and this can be com-
putationally expensive from a practical viewpoint.? In a similar vein, Huang et al. [2022] extended the
cubic regularization approach of Newton’s method [Nesterov and Polyak, 2006] to min-max optimiza-
tion but their convergence analysis for convex-concave problems requires an error-bound condition. It
is also worth mentioning that all these existing second-order min-max optimization algorithms require
exact second-order information, and given the implicit nature of the inner loop subproblems involved,

!The lower bound of Q({Q/ 3) for second-order min-max optimization algorithms has been recently established in the
VI literature [Lin and Jordan, 2022, Adil et al., 2022]. Although such bound is only valid under a linear span assumption,
it can be viewed as a benchmark for the algorithms that we consider in this paper.

2By “implicit”, we mean here that the method’s inner loop subproblem for computing the t-th iterate involves the
iterate being updated, so it results in an implicit update rule. By contrast, the term “explicit” means that any inner loop
subproblem for computing the t-th iterate does not involve said iterate.



the methods’ robustness to inexact information cannot be taken for granted. In view of all this, it is
natural to ask:

Can we develop explicit second-order min-max optimization algorithms
that remain order-optimal even with inexact second-order information?

This paper provides an affirmative answer to the above question. By leveraging the recent progress
in the variational inequality (VI) literature [Lin and Jordan, 2022], we begin by proposing a conceptual
second-order min-max optimization algorithm with a global convergence guarantee of O(e=2/3) in the
convex-concave case. The proposed algorithm does not contain any binary search procedure but still
requires exact second-order information and an exact solution of an inner explicit subproblem. To relax
these requirements, we subsequently propose a class of second-order min-max optimization algorithms
that only equire inexact second-order information and inezxact subproblem solutions. The approximation
condition is inspired by Xu et al. [2020, Condition 1] and allows for direct construction of such oracles
through randomized sampling in the case of finite-sum problems [Drineas and Mahoney, 2018]. As
far as we are aware, this is the first class of sub-sampled Newton methods for solving finite-sum min-
max optimization problems, gaining considerable computational savings since the sample size increases
gracefully from a very small sample set. In terms of theoretical guarantees, we prove that these inexact
algorithms achieve the convergence guarantee of 0(6_2/ 3) and the sub-sampled Newton methods achieve
the same rate in high probability.

Overall, our paper stands at the interface of two synergistic research thrusts in the literature: one
is to generalize second-order methods for convex minimization problems [Huang et al., 2022] and the
other is to generalize first-order methods for min-max optimization problems [Monteiro and Svaiter,
2012, Lin and Jordan, 2021, Bullins and Lai, 2022, Jiang and Mokhtari, 2022]. To the best of our
knowledge, there are no explicit second-order methods in the literature that (i) achieve an order-
optimal convergence guarantee of ©(¢~2/3) in the convex-concave case; and (i) do not require exact
second-order information in their implementation. Experimental results on both real and synthetic data
demonstrate the efficiency of the proposed algorithms.

Notation and Organization. We use bold lower-case letters to denote vectors, as in x,y,z. For a
function f(:) : R™ — R, we let V f(z) denote the gradient of f at z. For a function f(-, ) : R™xR" - R
of two variables, Vyx f(x,y) (or Vy f(x,y)) to denote the partial gradient of f with respect to the first
variable (or the second variable) at point (x,y). We use V f(x,y) to denote the full gradient at (x,y)
where Vf(x,y) = (Vxf(x,¥), Vy f(x,¥)) and V2f(x,y) to denote the full Hessian at (x,y). For a
vector x, we write ||x|| for its f>-norm. Finally, we use O(-),€(-) to hide absolute constants which do
not depend on any problem parameter, and O(), Q() to hide absolute constants and log factors.

The remainder of the paper is organized as follows. In Section 2, we present the setup of smooth
min-max optimization and provide the definitions for functions and optimality criteria. In Section 3, we
propose an exact second-order min-max optimization algorithm without any binary search procedure
and prove that it achieves a global convergence rate of 9(6*2/ 3) in the convex-concave case. In Section 4,
we propose a broad class of second-order min-max optimization algorithms under inexact second-order
information and inexact subproblem solving and prove the same convergence guarantee. We also provide
the subsampled Newton method for solving the finite-sum min-max optimization problems. In Section 5,
we conduct the experiments on synthetic and real data to demonstrate the efficiency of our algorithms.



2 Preliminaries

In this section, we present the basic setup of min-max problems under study, and we provide the
definitions for the optimality criteria considered in the sequel. In this regard, the regularity conditions
that we impose for the function f : R™™" - R are as follows:

Definition 2.1 A function f is p-Hessian Lipschitz if | V2 f(z)—V2f(2')|| < pllz—2'|| for all 2,2’ € R".
Definition 2.2 A differentiable function f is convex-concave if

f(xX,y) > f(x,y) + (X' —x) Vi f(x,y), forall X',x € R™ and any fixed y € R",
fxy) < fxy)+ (Y —y) Vxf(x,y), forally’,y € R" and any fixed x € R™.

We also define the notion of global saddle points for the min-max problem in Eq. (1.1).

Definition 2.3 A point (x*,y*) € R™ x R" is a global saddle point of a convez-concave function f(-,-)
if we have f(x*,y) < f(x*,y*) < f(x,¥%) for allx € R™ and y € R™.

Finally, throughout this paper, we will assume that the following conditions are satisfied.

Assumption 2.4 The function f(x,y) is continuously differentiable. Furthermore, the function f(x,y)
is a convex function of x for anyy € R™ and a concave function of y for any x € R™. There also exists
at least one global saddle point of f(x,y) for the min-max problem in Eq. (1.1).

Assumption 2.5 The function f(x,y): R"™ x R" — R is p-Hessian Lipschitz. Formally, we have

V2 (x,y) = V2 (<, )] < pH [;‘jj]

, forall (x,y),(x,y') € R x R™.

Under Assumption 2.4, we have f(x*,y) < f(x*,y*) < f(x,y*) for all x € R™ and y € R"™. This gives
rise to the Nikaido-Isoda gap function GAP(X,y) = f(X,y*) — f(x*,¥) > 0 which provides a performance
measure for the closeness of (x,y) to a global saddle point. Formally, we have

Definition 2.6 A point (X,y) € R™ xXR" is an e-global saddle point of a convex-concave function f(-,-)
if GAP(X,y) < e. If e =0, we have that (X,¥) is a global saddle point of the function f(-,-).

In the subsequent sections of this paper, we propose a new regularized Newton method for solving the
min-max optimization problem in Eq. (1.1) and prove an optimal global convergence rate in the sense
that our upper bound on the required iteration number to return an e-optimal solution matching the
known lower bound of Q(¢~2/3) [Lin and Jordan, 2022, Adil et al., 2022].

In our algorithm, we denote the k*" iterate by (xy,yx) and define the averaged (ergodic) iterates by
(X, ¥x). More specifically, we have given a sequence of weights A\,, n =1,..., T, we let

k k
Xp = ﬁ (Z AzXz’) A ﬁ <Z )\z'yz) : (2.1)
i=1 =1

In our convergence analysis, we define the vector z = [x;y] € R™*" and the operator F : R™+" — R™+7
as follows,

o [S]

4



Accordingly, the Jacobian of F' is defined as follows (in fact, DF' is asymmetric in general),

[ Vif(xy) Vi f(xy) mn) X (m4n
DF(z) = VL f(xy) _vgyﬂx’y) € R(mAn)x(m+n), (2.3)

In the following lemma, we summarize the properties of the operator F' in Eq. (2.2) and its Jacobian in
Eq. (2.3) under Assumption 2.4 and 2.5. We note that most of the results in the following lemma are
well known [Nemirovski, 2004, Mokhtari et al., 2020] so we omit their proofs.

Lemma 2.7 Let F(-) and DF(-) be defined in Eq. (2.2) and (2.3). Under Assumption 2./ and 2.5, the
following statements hold true,

(a) F is monotone, i.e., for any z,z' € R™" we have (z —2')" (F(z) — F(z')) > 0.
(b) DF is p-Lipschitz continuous, i.e., for any z',z € R™" we have | DF(z) — DF (z')|| < pllz —Z/||.
(c) F(z*) =0 for any global saddle point z* € R™" of the function f(-,-).

Proof. Note that (a) and (c) have been proven in earlier work [Nemirovski, 2004, Mokhtari et al., 2020],
and it suffices to prove (b). By using the definition of DF'(-) in Eq. (2.3), we have

Im

(DF() - DFIn = | | (1) - T )h (24)

This implies that ||(DF(z) — DF(z'))h|| = |[(V?f(z) — V2f(z'))h||. Thus, we have

DF(z) — DF (@) = sup { LDF@-DEGIRI _ (o fI(V2() V25 )n] |
|DF(z) )|l h;éO{ ] } h;éO{ h }

This equality together with Assumption 2.5 implies the desired result in (b). O

Before proceeding to our algorithm and analysis, we present the following well-known result which will
be used in the subsequent analysis. Given its importance, we provide the proof for completeness.

Proposition 2.8 Let (Xi,yr) and F(-) be defined in Eq. (2.1) and (2.2). Then, under Assumption 2./,
the following statement holds true,

k
f&e,y") = F(X530) < ’?11x (Z Ai(2i — Z*)TF(Zi)> :
|
Proof. Using the definition of the operator F(-) in Eq. (2.2), we have
k k
ﬁ (Z Ai(zi — Z*)TF(Zi)> = %,\ (Z Xil(xi = x*) TV f(xi,y0) — (yi — y*)TVyf(Xi,Yi))> :
=17 i=1 = =1

Note that Assumption 2.4 guarantees that the function f(x,y) is a convex function of x for any y € R”
and a concave function of y for any x € R™. Then, we have

(xi — x*) Vi f (xi, 1) > [(x5,¥1) — F(X*,¥), (vi —¥") " Vyf(xiyi) < f(xiyi) — f(xi,57).



Algorithm 1 Newton-MinMax((xg,¥0), p, T)

Input: initial point (xo,yo), Lipschitz parameter p and iteration number T > 1.

Initialization: set Xg = x¢ and yo = yo.

for k=0,1,2,..., T —1do
STEP 1: If (xx,yx) is a global saddle point of the min-max optimization problem, then stop.
STEP 2: Compute an ezxact solution (Axg, Ayr) € R™ x R™ of the cubic regularized min-max optimization
(we let z, = (X, yx) for brevity):

. Ax] " [Vif(2)
HAlngi?,X{[Ay} [Vyf(i;:)] +3

STEP 3: Compute A\g41 > 0 such that = < Aey1py/[AXE[2 + [Ayi[? < &
STEP 4a: Compute Xp 11 = X + AXy.
STEP 4b: Compute yri+1 = yi + Ay.
STEP 5a: Compute Xj11 = X — Met1 Ve f (X1, Yier1)-
STEP 5b: Compute §x+1 = ¥ + Met1Vy f(Xkt1, Yit+1)-
end for

_ T T
Output: (Xp,yr) = ﬁ (Zk:l AkXks D ke )\kyk).

[ﬁir [%;EZZ; %% H [AX] +2p]Ax|)* ~ 2pIIAyII?’}. (3.1)

Putting these pieces together with A; > 0 for all 1 <4 < k yields that

k
ﬁ (Z Ai(zi — Z*)TF(Zi)> = (Z)\ (xi,¥") f(X*7Yi))> : (2.5)
i=1

Using the definition of (Xx,yx) in Eq. (2.1) and that f is convex-concave, we have

k
ﬁ (Z )\if(Xi,y*)> > f(ikvy*)v <Z>‘ f 7Y$ ) < f(X*7yk)'
= \G=r

Plugging the above two inequalities in Eq. (2.5), we conclude the desired inequality. O

3 Conceptual Algorithm and Convergence Analysis

In this section, we present the scheme of Newton-MinMax and establish a global convergence rate
guarantee. Moreover, we provide intuition into why Newton-MinMax yields an optimal rate of global
convergence by leveraging the second-order information. It is worth mentioning that Newton-MinMax
is a conceptual algorithmic framework in which the exact second-order information is required and the
cubic regularized subproblem needs to be solved exactly at each iteration.

3.1 Algorithmic scheme

We summarize our second-order method, which we call Newton-MinMax((xo,y0), p, T'), in Algorithm 1
where (x¢,yo) € R™ x R" is an initial point, p > 0 is a Lipschitz constant for the Hessian of the function
fand T > 1 is an iteration number.

Our method is a generalization of the classical first-order dual extrapolation method [Nesterov, 2007]
in the context of min-max optimization. More specifically, with (xg,yo) € R™ x R™ and (X¢,¥0) =
(x0,¥0), the k* iteration of dual extrapolation for solving Eq. (1.1) is given by



e Compute a pair (Axg, Ayx) € R”™ x R™ such that it is an ezact solution of the following quadratic
reqularized min-maz optimization problem: (we let zx = (X, yx) for brevity)

. AX] " [Vif (2)
i { ][]+ aax? - EHAyHQ} . (DE)

e Compute xj11 = X + Axy and yx11 = ¥ + Ayk.

o Compute Xj 11 = X — AV f (X1, Yit1) and Y1 = Vi + AVy f (X1, Yir1)-

Intuitively, the above scheme can be viewed as an instance of EG in the dual space and the rule
that transforms (Xy,¥yx) into (Xxt1,¥r+1) is well known as the dual extrapolation step. If we set
A = O(¢) where ¢ > 0 is the Lipschitz constant for the gradient of the function f, Nesterov [2007,
Theorem 2] guarantees that the averaged iterates converge to a global saddle point at a rate of O(e™!).
By exploiting exact second-order information, Nesterov [2006] generalized his approach by replacing the
subproblem in Eq. (DE) with the cubic regularized subproblem that is similar to the one in Eq. (3.1)
from Algorithm 1. However, the resulting scheme with constant A = ©(p) is only guaranteed to achieve
the global convergence rate of O(¢~1) which is the same as its first-order counterpart [Nesterov, 2006,
Theorem 4].

Inspired by Lin and Jordan [2022], we propose an adaptive strategy for updating Ay in Algorithm 1
and prove that our algorithm achieve an improved global rate of 0(6_2/ 3) under Assumptions 2.4
and 2.5. Intuitively, such a strategy will work well; in particular, Ag is the step size in the dual space
and needs to increase as the iterate (xx,yx) approaches the set of global saddle points (note that the
value of \/[|Axk|]2 + [|Ayx||? quantifies the quality of (xg,yx) in terms of the gap function). From a
practical viewpoint, Algorithm 1 can be valuable since it simplifies the existing schemes for second-order
min-max optimization by removing any line search procedure. We will relax the requirement of exact
second-order information and exact subproblem solving in Section 4 and present numerical results in
Section 5.

3.2 Convergence analysis

We provide our main results on the convergence rate for Algorithm 1 in terms of the number of calls of
the subproblem solvers. The following theorem gives us the global convergence rate of Algorithm 1 for
convex-concave min-max optimization problems.

Theorem 3.1 Suppose that Assumptions 2./ and 2.5 hold. Then the iterates generated by Algorithm 1
are bounded,
and its output state enjoys the guarantee

15\/3p||230—z*\|3 (3.2)

GAP(XT,¥yT) < 3
T2

i.e., the algorithm achieves an e-optimal state within O(e~%/3) iterations.

Remark 3.2 Theorem 3.1 demonstrates that Algorithm 1 achieves the lower bound established in the
literature on variational inequalities for second-order methods [Lin and Jordan, 2022, Adil et al., 2022]
and is thus order-optimal in this regard; in addition, it improves on the state-of-the-art bounds of Mon-
teiro and Svaiter [2012], Bullins and Lai [2022], Jiang and Mokhtari [2022] by shaving off all logarithmic



factors. It is also worth mentioning that Theorem 3.1 is not a consequence of Lin and Jordan [2022,
Theorem 3.1] since the bounded feasible sets are necessary for their convergence analysis.

We define a Lyapunov function for the iterates generated by Algorithm 1 as follows:
& = 5 (1% —xo0l* + |5 — yol*) , (3.3)

This function will be used to prove technical results that pertain to the dynamics of Algorithm 1. Recall
that z = [x;y], 2 = [x;y] and F' is defined in Eq. (2.2). The first lemma gives us a key descent inequality.

Lemma 3.3 Suppose that Assumption 2.4 and 2.5 hold true. Then, we have

~+

t
> Melzr —2) ' F(zp) < & — &+ (20— 2) (20 — 2°) — 5 <Z ||z — z“”?) ,forall1<t<T,
k=1 k=1
where z* = (x*,y*) is a global saddle point (cf. Assumption 2./).
Proof. Using the definition of the Lyapunov function in Eq. (3.3) and z = [X; y], we have

& — Er1 = 3llzn — 2ol” = §l12k—1 — 20l = (21 — 251) T (2% — 20) — 3|2k — Zn 1. (3.4)

Note that Step 5 shows that zy = 21 — A\ F(zx). Plugging it into Eq. (3.4) yields

Ek — Er—1 < Me(z0 — 2)  F(z1) — )12k — 281 ||

= )\k(ZQ — Z*)TF(Zk) + )\k(Z* — Zk)TF(Zk) + )\k(zk — ik)TF(Zk) — % |ik — ik_1”2.

Summing up the above inequality over k = 1,2, ...t yields

t t t
> Mz —2) o) < €0 — &+ Y Ar(zo — 2)  Flzi) + Y Mlze — 2)  Flzi) — Sll2r — 261
k=1 k=1 k=1
I II
(3.5)
By using the relationship z; = zx_1 — A\ F'(2z;) again, we have
t t
T=> Mi(zo—2") Flz) = (251 — k) (20 — 2°) = (20 — 2) ' (20 — 2°). (3.6)

k=1 k=1

In Step 2 of Algorithm 1, we compute a pair (Axg, Ayx) € R™ x R™ such that it is an ezact solution of
the cubic regularized min-max optimization problem. Since this is an unconstrained and convex-concave
min-max optimization problem, we can write down its optimality condition as follows,

[fo(ik)] n [vixf(ik) Viyf(ik)] [Axk] n [ 6p]| Axy || Axy, } _ 0
Vy f(2k) Viyf(z) Viyf(zi)| |Aye —6pl| Ay Ay

Equivalently, we have

F(o) + DF (3) Az + 6p {”A"k”Axk] _

Ayl Ay



Note that Step 4 in the compact form is equivalent to zx = Zp_1 + Azg_1. By using Lemma 2.7, we
have
|F(2k) — F(2k—1) — DF(2—1)Azg_1 || < §]| Azga|*. (3.8)

It suffices to decompose (zj, — z;) " F(z;) and bound it using Eq. (3.7) and (3.8). Indeed, we have

(2 — 21) | F(zk)

Note that we have
(xk—%%) T Axp 1 = [JAxg ||+ (Ax 1) T (R — &a) > [[Ax]® = [[Ax [[Re—1 — Rell,
Vi —3%) A1 = [[Ayie-1]? + (Ayi-1) " Fre-1—I5) > |Aye-1]> = |[Aye-1 | IF5-1 — F&|-
This implies
A1 |k — %i) T A1 + || Ayt || (vk — 1) T Ay
[Axp_1 || = [|Axp_1 ||| %e—1 — Zil| + | Ayk—1]1® = llye — To—1lPF%=1 — Tl

(IARg—1 I + | Aye-1]*) = |AZ—1]]? |51 — 2|
Az ||? — | Az ]| 26—1 — 24]-

AVAR VARV

Putting these pieces together yields
(21— 22) T ) < 22| A |2 201 — ) — 2201 Az

Since Azy_1 = [Axj_1; Ayk—_1], we have Step 3 of Algorithm 1 implies that 1—15 < Appl|Azg—q || < %3
for all £ > 1. Thus, we have

]~

< 3 (U382 Az |Pll2k1 - 2l — 321 — 26l = 252 Az o)

k=1
t

< " (GllAzme 2k — 2l — Sl — 2l — S1AzZ )
k=1
t

< Y (max (damealln - ) - Hlan )
k=1 -

- < (S sner) 9)
k=1

Plugging Eq. (3.6) and Eq. (3.9) into Eq. (3.5) and using zg = zop and Azg_1 = z; — 21 yields

t

t
> Mlze —2) ' F(zi) < &0 — &+ (20— 24) (20 — 2°) — 55 <Z 1zx — ileQ> :
k=1

k=1

This completes the proof. O



Lemma 3.4 Suppose that Assumption 2.4 and 2.5 hold true. Then, we have

t t

S Nl — ) Fla) < Sz — 212 Y Nz — it | < 120120 — 2*%, 2ol < 20120 — 7).
k=1 k=1

where z* = (x*,y*) is a global saddle point (cf. Assumption 2.4).
Proof. Using the notation z = [X;y], we have & = %Hit — 70]|?. Since 2g = zg, we have
o — & + (20— 20) ' (20 — 2°) < — 31120 — 2o||® + 51121 — 20]1* + 120 — 2°|* = § |20 — 2|

Since z* € R™*" is a global saddle point, we have (zj —z*) " F(z3) > 0 for all £ > 1. Then, this together
with Lemma 3.3, yields

t t

D Melzi —2) T F(zi) < 3llzo — 2*)% D llzwk — 2o l|” < 12]|z0 — 2*||*.
k=1 k=1

Further, Lemma 3.3 implies

¢ ¢
Eo— &+ (20— #) ' (20 — 2%) Z (z, — 2%) (Zk)+ﬁ (Z”Zk_ik—1||2> >0
— k=1

Using Young’s inequality, we have
0 < —5llze — zol” + 3 l12¢ — 20l|* + [|l20 — 2"[|* = — 312 — 2ol|* + [|z0 — 2**.
This completes the proof. ]

We provide a technical lemma establishing a lower bound for 2221 Ak

Lemma 3.5 Suppose that Assumption 2./ and 2.5 hold true. Then, for every integer T > 1, we have

Z)‘k = 3o\fp||z0 z|’

where z* = (x*,y*) is a global saddle point of f(x,y) in Assumption 2..
Proof. Without loss of generality, we assume that zg # z*. Then, we have

t t
emma 3.4
> W) (5) <D %) iz — 25 ) Z |21 — 2k 1|| S

k=1 k=1

By the Holder inequality, we have



Putting these pieces together yields

t< (30\/§P||Z0 - Z*||>§ <i )\k> § :

Letting t = T and rearranging yields

This completes the proof. ]

Proof of Theorem 3.1. By Lemma 3.4, we have
lZzrs1 — 21l|? < 12|20 — 2*||%, |2k — 20|l < 2|20 — 2*||, for all & > 0.

This implies that ||z, — zo|| < 6]|zo — z*|| for all £ > 0. Putting these pieces yields that the iterates
{21} k>0 and {Zy }r>0 generated by Algorithm 1 are bounded by an universal constant. For every integer
T > 1, Lemma 3.4 also implies

Ai(zh, — 2%) T F(zg) < Hzo — 24|

I

By Proposition 2.8, we have

HMH

fEr,y") = (X" 37) < 51 Mk( K2k —27) TF(Zk)>

Putting these pieces together yields

X * * G 1 *12
fXr,y") - f(x 7YT)§mHZ0—Z ||

This together with Lemma 3.5 yields

= - 15v/3p||zo—z*|?
f(xr.y*) = (", yr) < BAlmelE,

By the definition of a gap function in Section 2, we have

GAP(X7, y7) < “@%ﬁ (3.10)

Therefore, we conclude from Eq. (3.10) that there exists some 7' > 0 such that the output (X,y) =
Newton-MinMax((x¢, yo), p, T') satisfies that GAP(X,y) < € and the total number of calls of the subprob-

lem solvers is bounded by
2
3
0 Oﬂm—fw+Werﬁ>

€

This completes the proof.
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Algorithm 2 Inexact-Newton-MinMax((xo, yo), p, T')

Input: initial point (xo,yo), Lipschitz parameter p and iteration number T > 1.
Initialization: set Xq = x¢ and yo = yo as well as parameters £ > 0, 0 < £, < min{1, 4} and 0 < 79 < 4.
for k=0,1,2,..., T —1do
STEP 1: If (xx,yx) is a global saddle point of the min-max optimization problem, then stop.
STEP 2: Compute an approzimate solution (Axg,Ayr) € R™ x R™ of the cubic regularized min-max
problem (we let 2 = (Xx,yx) for brevity):

T “ T
rggugayx{mkmx,Ay):[ﬁj R Rt e (R [ﬁj+2p|mx3—2p|my||3}7 (11)

given that Condition 4.1 and 4.2 hold true with a proper choice of 7, > 0.
STEP 3: Compute Apt1 > 0 such that & < Aey1py/[|Ax[[2 + [[Ayi]? < .
STEP 4a: Compute Xp11 = X + Axg.
STEP 4b: Compute yit+1 = yi + Ayk.
STEP 5a: Compute Xjt1 = X — Aot1 Ve f (X1, Yiet1)-
STEP 5b: Compute Y41 = ¥k + Aet1Vy f(Xet1, Yit1)-

end for

Output: (Xp,yr) = ﬁ (Zle AeX, Zz:l )\kyk>.
k=1 "k

4 Inexact Algorithm and Convergence Analysis

In this section, we present the scheme of Inexact-Newton-MinMax and prove the same global convergence
guarantee. Different from the conceptual framework of Newton-MinMax in Algorithm 1, our algorithm is
compatible with both inezact second-order information and inexact subproblem solving. Our inexactness
conditions are inspired by Xu et al. [2020, Condition 1 and 4] and allows for direct construction through
randomized sampling. As the consequence of our results, the sub-sampled Newton method is proposed
for solving finite-sum min-max optimization with a global convergence rate guarantee.

4.1 Algorithmic scheme

We summarize our inexact second-order method, which we call Inexact-Newton-MinMax((xo,¥y0), p, T),
in Algorithm 2 where (x¢,yo) € R™ x R" is an initial point, p > 0 is a Lipschitz constant for the Hessian
of the function f and T > 1 is an iteration number.

Our method is a combination of Algorithm 1 and the inexact second-order framework for nonconvex
optimization [Xu et al., 2020] in the context of min-max optimization. More specifically, the difference
between the subproblems in Eq. (3.1) and Eq. (4.1) is that the inexact Hessian H(z;,) € RU7+m)x(m+n) jg
used to approximate the exact Hessian at z; and could be formed and evaluated efficiently in practice.
Inspired by Xu et al. [2020, Condition 1] and Chen et al. [2022, Condition 3.1], we impose the conditions
on the inexact Hessian and the inexact subproblem solving. Formally, we have

Condition 4.1 (Inexact Hessian Regularity) For some kg > 0 and 1, > 0, the inexact Hessian
H(zy,) satisfies the following regularity conditions:

I(H (2r) — V2 f(2r))Azil| < Tl Azill,  [H(20)] < #m,

where the iterates {zy}r>0 and the updates {Azy}r>o are generated by Algorithm 2.

12



Condition 4.2 (Sufficient Inexact Solving) For some k., € (0,1), we are able to solve the min-mazx
subproblem in Eq. (4.1) approzimately to find Az, = (Axy, Ayg) such that

IV (Azp) || < o - min{]| Az |2, |V f (25)I]}
where my(+) is defined in Eq. (4.1). In addition, {z}r>0 and {Az,}r>0 are generated by Algorithm 2.

Under Condition 4.1 and 4.2, we prove that our proposed algorithm (cf. Algorithm 2) achieve the same
worst-case iteration complexity to obtain an e-global saddle point of the min-max optimization problem
in Eq. (1.1) as that of the exact variant (cf. Algorithm 1); see Theorem 4.1 for the details.

For the merits of Condition 4.1 and its advantages over other approximation conditions in nonconvex
optimization, we refer to Xu et al. [2020, Section 1.3.2]. Despite the convex-concave structure, f is non-
convex in (x,y). Thus, Condition 4.1 is suitable for min-max optimization and allows for theoretically
principled use of many practical techniques to constructing H(zy).

One such scheme can be described explicitly in the context of large-scale finite-sum min-max opti-
mization problems of the form

x€ER™ yecR"

N
min max f(x,y) 2 &3 fixy), (4.2)
i=1
and its special instantiation

A
mlnmaxfxy:

(a/ x,b/y) (4.3)
x€R™ yeR™

\\Mz

where N > 1, each of f; is a convex-concave function with bounded and Lipschitz-continuous Hessian,
and {(a;,b )}N C R™xR"™ are a few given data samples. This type of problems are common in machine
learning and scientific computing [Shalev-Shwartz and Ben-David, 2014, Roosta-Khorasani et al., 2014,
Roosta-Khorasani and Mahoney, 2019]. Then, we present both uniform and nonuniform sub-sampling
schemes to guarantee Condition 4.1 with high probability. In fact, the theoretical results are a little bit
stronger, namely

1H (21) = V2 f (2x)l| < 7, (4.4)

which will imply one of two key inequalities in Condition 4.1. As a consequence of Theorem 4.1, we give
the first sub-sampled Newton method for solving finite-sum min-max optimization problems and prove
the global convergence rate of 0(6_2/ 3) in the convex-concave case; see Theorem 4.8 for the details.

It remains to clarify how to approximately solve the cubic regularized min-max optimization prob-
lem in Eq. (4.1) such that Condition 4.2 holds true. We have conducted numerical experiments (see
Section 5) and found that the inexact subproblem solving can be efficiently done using the semismooth
Newton (SSN) method [Qi and Sun, 1993]. In terms of theoretical guarantee, Solodov and Svaiter [1998]
established the global convergence by exploiting the monotone structure and derived a local superlinear
convergence under the conditions that the generalized Jacobian is semismooth and nonsingular at an
optimal solution. These results were later extended by Zhou and Toh [2005] to the setting where the
generalized Jacobian is not necessarily nonsingular. In terms of practical efficiency, the SSN method
has received a considerable amount of attention due to its success in solving a wide range of structured
application problems [Ulbrich, 2011, Zhao et al., 2010, Milzarek and Ulbrich, 2014, Li et al., 2018a,b,
Milzarek et al., 2019].
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In what follows, we clarify how to approximately solve Eq. (4.1) using the SSN method. In particular,
we rewrite this problem equivalently in the following form of

T T
. AX vxf(zk)] . [Ax] [Hxx(ik) ny(zk)] [Ax] 5 5
. 1 . ’ 20u3 — 2pv3,
S ey B [Ay] [vyﬂzk) T2\ Ay| |He(a) Hy(a)| |ay] T 2P0

where the constraint sets are X = {(Ax,u) : ||Ax|| < u} and Y = {(Ay,v) : ||Ay|| < v} and are known
as second-order cones [Lobo et al., 1998, Alizadeh and Goldfarb, 2003]. For simplicity, we let Z = X' x )
and Az = (Ax,u, Ay,v). Then, it suffices to solve the nonsmooth equation in the form of

vxf(ik) + Hxx(zk)AX + ny(ik)Ay
6pu>

_vyf(ik) - ny(ik)AX - Hyy(ik)Ay
6pv>

E(Az) 2 Az — Pz | Az — =0. (4.5)

We will use the SSN method to solve Eq. (4.5). Indeed, it is clear that the operator E is monotone and
locally Lipschitz continuous over Z and we can apply the SSN method to find a zero of E(-). Then, it
suffices to compute an element of the generalized Jacobian of E(Az). To that end, we define

Hyx(2g) 0 Hyy (21) 0
_ B . B 0 12pu 0 0
J(Az) = Iminio — Iz (W) - | Imanse —Hyy(2x) 0 —Hyy(2) O ) (4.6)
0 0 0 12pv
where w € R™T"+2 ig defined by

vxf(ik) + Hxx(ik)AX + ny(ik)Ay Wx
w= Az — 6pu® — | W
—Vy[(2r) — Hxy(2)Ax — Hyy(2)) Ay wy
6pv2 Wy

If Jp, is an element of the generalized Jacobian of Pz, we have J(Az) is an element of the generalized
Jacobian of F(Az). Even though it is not easy to compute Jp, for a general convex set Z, the structure
of being the product of second-order cones implies that

— JPX (Wx, WU) 0 (m+4n+2) x (m+n+2)
Jp, (W) = 0 Tey (g, Wo) eR ,

where Jp, (Wx, wy) and Jp,(wy, w,) are (see Kanzow et al. 2009, Lemma 2.5])

0, Wy € (—OO, _HWXH)v (7“W“|| + 1) I, wuwa;I HWxH
JPX(WX7WU) = Imt1, Wy € ([[wx][, +00), for D = % Wx wT [[wll Wl |
D, otherwise, i Twal] 1
and
0, W, € (_007_”Wy||)a -(ﬁ 1) In + W'uWyvg;r ”wa
Tpy(Wyowy) = Lns1, wy € ([wyll,+00),  for D=1 [\l 70/ i lF vl
D, Othe]ﬁ‘VVise7 L Hw:,” 1
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As a practical matter, we consider a simple combination of an adaptive regularized SSN method proposed
by Xiao et al. [2018] and a generalized minimum residual (GMRES) method [Saad and Schultz, 1986].
Given the current iterate Az € R™ T2 we first compute the direction d € R™"*2 by solving (J(Az)+
Nlmint2)d = —E(Az) inexactly using the GMRES method. Then, we follow the strategy in Xiao et al.
[2018] and decide if this d is accepted. Roughly speaking, if there is a sufficient decrease from ||E(Az)]|
to ||[E(Az +d)||, we accept d and set the next iterate as Az + d. Otherwise, a safeguard step is taken.
To evaluate E(Az) at each iteration, we derive the closed-form expression of Pz(w) as follows,

_ Py (WXa Wu) m-+n—+2
Pa(w) = [ py<wy,wv>] € R,

where Py(wy, w,,) and Py(wy,w,) are (see Kanzow et al. [2009, Lemma 2.2])

( 0, Wy € (_007_||WX||)7
Pl ) = o e (o,
% (1 + ﬁ) [Hzi’\] , otherwise,
e ' 0. wa € (=00, —[[wyl]),
Py ) — el w, € (wyl, +00),
% (1 + ”:VV—;O [szn] , otherwise.

Remarkably, Kanzow et al. [2009, Lemma 2.3] guarantees that Pz is strongly semismooth, which has
been used to establish a strong local convergence guarantee for the adaptive regularized SSN method.
For more details on the algorithm and its convergence property, we refer the reader to Xiao et al. [2018].

4.2 Convergence analysis

We provide our main results on the convergence rate for Algorithm 2 in terms of the number of calls of
the subproblem solvers. The following theorem gives us the global convergence rate of Algorithm 2 for
convex-concave min-max optimization problems.

Theorem 4.1 Suppose that Assumption 2.4 and 2.5 hold true, 0 < 7, < min{ry, f((’jH_':glp IV f(z)|l}
for allk >0 and € € (0,1), the iterates generated by Algorithm 2 are bounded by an universal constant.
Moreover, there exists some T > 0 such that the output (X,y) = Inexact-Newton-MinMax((xo,¥y0),p,T)
satisfies that GAP(X,y) < € and the total number of calls of the subproblem solvers is bounded by

2

0 (p(ﬂxO—x*\|2+uyo vl ﬁ) ,

€

where (x*,y*) € R™ xR™ is a global saddle point (cf. Assumption 2.4) and p > 0 is a Lipschitz constant
for the Hessian of the function f (cf. Assumption 2.5).
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Remark 4.2 Theorem j.1 demonstrates that Algorithm 2 achieves the same global convergence rate as
Algorithm 1. To be more precise, Algorithm 2 can achieve the optimal convergence guarantee regardless
of inexact Hessian and inexact subproblem solving under Condition /.1 and 4.2. Our subsequent analysis
is based on a combination of techniques for proving Theorem 3.1 and Xu et al. [2020, Lemma 14].

We use a Lyapunov function defined in Eq. (3.3) but for the iterates generated by Algorithm 2. Recall
that z = [x;y], z = [X;y] and F is defined in Eq. (2.2). The first lemma is analogous to Lemma 3.3.

Lemma 4.3 Suppose that Assumption 2.4 and 2.5 hold true and 0 < 1, < min{ry, ﬂg;igg) IV f(z)l}-
Then, we have

~

t
> Melzi —2) F(zh) < & — &+ (20— 20) (20 — 2°) — 55 (Z |z — zk_1|y2) ,forall 1 <t<T,
k=1 k=1

where z* = (x*,y*) is a global saddle point (cf. Assumption 2.4).

Proof. By using the same argument as used in Lemma 3.3, we have

~+

t

> Melze —2") Flzi) < & — &+ (20 — 20) (20 — 2°) + Y M(ze — 2) ' Flzi) — 3125 — 261 (47)
k=1 k=1

It remains to bound the term > _; \e(zx—2¢) | F(z)— 5|2k —2—1]|>. Indeed, in Step 2 of Algorithm 2,
we compute a pair (Axg, Ayg) € R" xR"™ such that it is an inexact solution of the min-max optimization
subproblem in Eq. (4.1) under Condition 4.1 and 4.2. Note that Condition 4.2 can be written as follows,

. . 6p||Axy||Ax . .
I,
Define J = [ 7 }, we have
N R |Axy || Axp . 9 N
F(zy) + JH(zg)Azy + 6p I1AyLlAys < K - min{ || Az |5, |V f(zk)]] }- (4.8)

Combining Step 4 of Algorithm 2 and Lemma 2.7, we have
|F(21) = F(2K-1) — DF (21,-1) Az || < §[[Azg 1 |*. (4.9)

It suffices to decompose (zx — zz) ' F(z)) and bound it using Condition 4.1, Eq. (4.8) and (4.9). Indeed,
we have

(zx — 24) " F(zi) < |26 — 2 /|| F (2k) — F(2k1) — DF (2_1) Az |
||Axk_1HAxk_1]
[AYE-1[|Ayk-1
—6p([| Axp1 | (x — %5) T Axp1 + | Aye_1 ] (yr — I) T Ayi-1)
+lzk — zi || |(DF(2g—1) — JH(Zg—1)) Azg—1]|.

+llzk — 2|

F(ik_l) + JH(ik_l)AZk—l + 6p |:
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The first and second terms can be bounded using Eq. (4.8) and (4.9). The third term can be bounded
using the same argument from the proof of Lemma 3.3. For the fourth term, we have

(DF(2k—1) — JH(231))Azpp_1 || = || J(V? f(2k—1) — H(25—1))Azjo_1|
9 p/n ~ Condition 4.1
= (V7 f(zp—1) — H(2p-1))Azik—|| < 7pa[|Azga]]-
Putting these pieces together yields that
(2 —2) " F(zi) < llze — 2l (5 + #m) 18261 |* + 71| Az i ||) — 3p| Az ||* - (4.10)
+6p)| Az ||| 281 — 2.

We claim that
(5 + fm) Az 1 [* + 71 [| Az || < pl|Azg 1 ||*. (4.11)

Indeed, for the case of [|Azg_1| > 1, we have
(5 + fm) 18251 [1* + 71| AZk—1 ]| < (§ + Fim + Too1) [ Azp—1 ||*.

The above inequality together with 0 < x,, < min{1, §} and 7,1 < 79 < f§ yields Eq. (4.11). Otherwise,
we have ||Az;_1]| < 1 and obtain from Condition 4.1 and 4.2 that

v

Foml|V f(21-1) ]

A 5 6p|| Axj_1|| Axp—
va(zk—1)+H(Zk_1)Azk_1+ pllAxy_1[|Axy, 1]

—6p||Ayk—_1||Ayk—_1

> IV )|~ mall Az ||~ 6p] Az
> V) — (5 + 60) | Az

Rearranging the above inequality and using 0 < 7, < %HV f(zy)|| yields

_ . dry
Az > A |V ()] > 2.
Using 0 < Ky, < min{1, §} again, we have
(5 + ) 18z [|” + 71 Azg 1 || < ( + fom o+ \\AT;k11||> Az, 1]|* < pl|Az—a|”.
Plugging Eq. (4.11) into Eq. (4.10) and using ||zx — Zk|| < [|[Azk—1]| + ||Zk—1 — Zk|| yields
(7 — 2%) " F(z2) < Tpl| Az ||| 201 — 23]l — 2PHAZk—1H3-

Since Azp_1 = [Axp_1; Ayr_1], we have Step 3 of Algorithm 2 implies that 1z < A\ppl|Azp—1| < 15
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for all £ > 1. Thus, we have

~+

> Mz — ) T F(zi) — 3|2k — 211 |

k=1
t
< (Mol Az P 12k-1 — 2l — 311281 — 26]1* — 2\kp]| Az |)
k=1
t
< (AAZg_1 ||| Zk—1 — 23l — 31126—1 — 28| — Z[|AZs_1]?)
k=1
t
= <T§§{§||Azk—1|77 — 3} - 125||AZ1¢—1||2)
k=1 -

t
= — (Z HAZk1|!2> ~
k=1

Therefore, we conclude from Eq. (4.7), z9 = zg and Azp_1 = z, — Z_1 that

t t
> Nelzr —2%) " Fzi) < & — & + (20 — ) ' (20 — 2°) — 55 (Z |z, — zk_1||2> .
k=1

k=1

This completes the proof. ]

Proof of Theorem 4.1. Applying the same argument for proving Lemma 3.4 with Lemma 4.3 instead
of Lemma 3.3, we have

lZzrs1 — 21]|* < 20|20 — 2*||%,  ||2r — 2ol < 2|20 — 2*||, for all k& >0,

and
T

Z Me(zy — 2%) T F(zg) < Sllzo — z*||?,  for every integer T > 1.

k=1
This above inequalities imply that ||zx — zo|| < 7||zo — z*|| for all £ > 0. Putting these pieces yields that
the iterates {zy}r>0 and {2y }r>0 generated by Algorithm 2 are bounded by a universal constant. By
Proposition 2.8, we have

T
f(iTay*) - f(X*aS’T) < ﬁ <Z )\k(zkz - Z*)TF(ZI@)> .
k=1

Putting these pieces together yields
_ * * — 1 * 112
f&r,y") = (x5, y7) < m“zo —z"|"
By using the same argument as used in Lemma 3.5 with ||z —24]|? < 20||zo —2z*||%, we have 25:1 A >

3
T2

30Vl ]| Applying the same argument used for proving Theorem 3.1, we have

15v/5p||zo—2*|*
- 3 -

GAP(X7,y7) < 3
T2
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Therefore, there exists some 7" > 0 such that the output (X, y) = Inexact-Newton-MinMax((xo, y0), o, 1)
satisfies that GAP(X,y) < € and the total number of calls of the subproblem solvers is bounded by

€

2
0 (p(HxO — x| + [lyo —y*||2>2>3

This completes the proof.

4.3 Finite-sum min-max optimization

We give concrete examples to clarify the ways to construct the inexact Hessian such that Condition 4.1
holds true. The key ingredient here is random sampling which can significantly reduce the computational
cost in an optimization setting [Xu et al., 2020] and we show that such technique can be employed for
solving the finite-sum min-max optimization problems in the form of Eq. (4.2) and (4.3).

Let the probability distribution of sampling £ € {1,2,..., N} be defined as Prob({ =) = p; > 0 for
i=1,2,...,Nand § C {1,2,..., N} denote a collection of sampled indices (|S| is its cardinality), we
can construct the inexact Hessian as follows,

H(z) = yig > 2V fi(2). (4.12)
€S
This construction is referred to as the sub-sampled Hessian and offers significant computational savings
if |S| < N in big-data regime when N > 1.
In the general finite-sum setting with Eq. (4.2), we suppose

sup  ||[V2fi(z)| < B;, forallie {1,2,...,N}, (4.13)
(x,y)ER™ xR™

and let Bpax = maxj<;<n B;. Then, we consider sampling with the uniform distribution over {1,2,..., N},
ie., p; = % and summarize the sample complexity results in the following lemma. The proof is omitted
for brevity and we refer to Xu et al. [2020, Lemma 16] for the details.

Lemma 4.4 Suppose that Eq. (4.13) holds true and let Bpax be defined accordingly and 0 < 7,5 < 1.
A uniform sampling with or without replacement is performed to form the sub-sampled Hessian; indeed,
H(z) is constructed using Eq. (4.12) with p; = % and the sample size satisfies

S| > ©Y(r,6) := 168pas 10g (2(m5+n>> .

Then, we have
Prob(||H(z) — V2f(z)| <7)>1-06.

Remark 4.5 Lemma 4.4 demonstrates that the inexact Hessian satisfies Condition 4.1 with probability

1—0 under certain T and kg if it is constructed using the uniform sampling and |S| = Q(% log(ZE1)).
Indeed, the first inequality holds true with probability 1 — & since Prob(||H(z) — V2f(z)|| < 7) >1-9,
and the second inequality is satisfied with kK = Bmax (this is a deterministic statement).
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In the special finite-sum setting with Eq. (4.3), we are able to construct a more “informative” distribution
of sampling £ € {1,2,..., N} as opposed to simple uniform sampling. In particular, it is advantageous to
bias the probability distribution towards picking indices corresponding to those relevant f;’s carefully in
forming the Hessian. However, the construction of inexact Hessian and corresponding sample complexity
guarantee from Xu et al. [2020, Section 3.1] in nonconvex optimization requires that V2 f; has rank one,
which is not valid in our case. To generalize Xu et al. [2020, Lemma 17], we avail ourselves directly of
the operator-Bernstein inequality [Gross and Nesme, 2010, Theorem 1].
It is clear that the Hessian of f in this case can be written as V2 f(z) = + Zfil D;f'(a/x,b]y)D]
where D; = [ai b‘] € Rm+M)x2 Tn the compact form, we have V2 f(z) = D"XD where
7
| 7(a) x,b/y)
D' =|D; .-+ Dy| andE¥ =% : : . (4.14)

We suppose
sup 177 (af x, b y)|(lail|* + |[b:]|?) < B;, forallie{1,2,..., N}, (4.15)
(x,y)ER™ xXR"
and let Bayg = % Zf\i 1 Bi. Then, we consider sampling with the nonuniform distribution over {1,2,..., N}
as follows,

17 (af x,b] )l ([la: |2+ ]1bs]|?)
P = e AT . 4.16
Pi= SN @] xb] ) (a2 1) (4.16)

The following lemma summarizes the results on the sample complexity.

Lemma 4.6 Suppose that Eq. (4.15) holds true and let Bayg be defined accordingly and 0 < 7,5 < 1. A
nonuniform sampling is performed to form the sub-sampled Hessian; indeed, H(z) is constructed using
Eq. (4.12) with p; > 0 in Eq. (4.16) and the sample size satisfies

N gv 2(m+n)
S| > N (r,8) = Loz (T)

Then, we have

Prob(||H(z) — V*f(z)| < 7) >1—4.

Proof. For any fixed z € R™™ we obtain from Eq. (4.12) and (4.14) that H(z) = \SI Z“ﬂ H; where

each random matrix H; € R(mT)*(m4n) ig random and satisfies that Prob(H; = pl_ D;%;D;") = p; with
pi > 0in Eq. (4.16). For simplicity, we define

|S]
X;=H;—Vf(z)=H; —D'SD, X= ZX S| ( (z) — DTZD) .
Applying a similar argument as used for proving Xu et al. [2020, Lemma 17], we have E[X;] = 0 and

N 2
Zpi (Z)%Dizu‘DiT> | =
i=1
N

2
Zszlll '@l %l y) [P (lail® + [[bi]|*)? = (}VZH fl(af %, b} )II(IIaiHQHIbiHQ)) :

IELXF] < |E[H)| =

N
> p%.DiEiiDiTDiEiiDiT
i=1
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Algorithm 3 Subsampled-Newton-MinMax((xo,y0), p, T, 6)

Input: initial point (xg, yo), Lipschitz parameter p, iteration number T' > 1 and failure probability § € (0,1).
Initialization: set Xo = xo and yo = yo as well as parameters 0 < £, < min{1, 4} and 0 < 79 < .
for k=0,1,2,...,T—1do
STEP 1: If (xx,yx) is a global saddle point of the min-max optimization problem, then stop.
STEP 2: Construct the inexact Hessian H(2;) using Eq. (4.12) and the sample set |S| > OY (74, 1— V1 —6)
(uniform) or |S| > O (7,1 — Y1 —§) (non-uniform) given 0 < 7, < min{ry, %HV}”(%)H}.
STEP 3: Compute a pair (Axy, Ayx) € R™ x R™ such that it is an inezact solution of the following cubic
regularized min-max optimization problem: (we let z; = (Xx,yx) for brevity)

T N T
s on o= [ [543 o 3] - aan s}

given that Condition 4.2 hold true.
STEP 3: Compute A4 > 0 such that £ < Agy1py/[|Ax[[2 + [Ayi]? < .
STEP 4a: Compute Xp11 = X + Axy.
STEP 4b: Compute yri1 = yi + Ay.
STEP 5a: Compute Xpy1 = X — A1 Ve f (Xkg 1, Y1)
STEP 5b: Compute Y41 = Yi + Aot1 Vy S (Xbt1, Yit1)-
end for

o T T
Output: (Xp,y7) = ﬁ (Zkzl AXks Dok AkYk)-

This together with Eq. (4.15) implies that ||IE[XJ2] | < BZ,,. Putting these pieces with the aforementioned
operator-Bernstein inequality yields

Prob(||H(z) = V2f(2)]| = 7) = Prob(|.X|| = 7IS|) < 2(m + n)exp (L) < 4.

This completes the proof. O

Remark 4.7 Compared to Lemma 4./, the computation of sampling probability in Lemma /.6 requires
going through all data points and the total cost amounts to one full gradient evaluation. However, the
computational savings stems from smaller sample size could dominate the extra cost of computing the
sampling probability in practice [Xu et al., 2016]. In particular, the sample size from Lemma 4.6 could
be smaller as Bayg < Bmax which occurs if some B;’s are much larger than the others. In addition, the
sample size is proportional to the log of the failure probability in Lemma 4.4 and 4.0, allowing the use
of a very small failure probability without increasing the sample size significantly.

Combining Algorithm 2 and these random sampling schemes gives the first class of sub-sampled Newton
methods for solving the finite-sum min-max optimization problems in the form of Eq. (4.2) and (4.3).
We summarize the detailed scheme in Algorithm 3 and prove the global convergence rate guarantee in
the high-probability sense. Formally, we have

Theorem 4.8 Suppose that Assumption 2./ and 2.5 hold true and let € € (0,1), the iterates generated
by Algorithm 3 are bounded by an universal constant. Moreover, there exists some T > 0 such that the
output (X,y) = Subsampled-Newton-MinMax((xo,¥0), p, T, d) satisfies that GAP(X,y) < € with probability
1 — 6 and the total number of calls of the subproblem solvers is bounded by O(e‘g).
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Proof of Theorem 4.8. Since Algorithm 3 is a straightforward combination of Algorlthm 2 and the
random sampling schemes in Eq. (4.12) with kg = Bpax and 0 < 7, < min{p, 4(Brlna:rﬁp) IV f(zr)||},
we conclude the desired results from Theorem 4.1 if the following statement holds true:

Prob (||H(zx) — V2 f(2)|| < mp forall 0 < k< T —1) >1—34. (4.17)

To guarantee an overall accumulative success probability of 1 — § across all the T iterations, it suffices
to set the per-iteration failure probability as 1 — /1 — § as we have done in Step 2 of Algorithm 3. In
addition, we have 1 — ¥/1— & = O(%) = O(6¢*/?). Since this failure probability has only been proven to
appear in the logarithmic factor for the sample size in both Lemma 4.4 and 4.6, the extra cost will not be
dominating. Thus, when Algorithm 3 terminates, all Hessian approximations have satisfied Eq. (4.17).
This completes the proof.

5 Numerical Experiment

In this section, we study the numerical performance of our algorithms for min-max problems with both
synthetic and real datasets. The baseline approaches include extragradient (EG) method, optimistic
gradient descent ascent (OGDA) method, stochastic EG and OGDA methods and second-order variants
of EG and OGDA methods.? All of these algorithms were implemented using MATLAB R2021b on a
MacBook Pro with an Intel Core i9 2.4GHz and 16GB memory.

5.1 Cubic regularized bilinear min-max problem

Following the setup of Jiang and Mokhtari [2022], we consider the problem in the following form:

min max f(x,y) = Blx[* +y " (Ax — b). (5.1)
x€R™ yeR

where p > 0, the entries of b € R™ are generated independently from [—1, 1] and A € R"*" is given by

1 -1
1 -1

This min-max optimization problem is obviously convex-concave and the function f is p-Hessian Lip-
schitz. This problem admits a global saddle point given by x* = A~'b and y* = —&||x*|[(A")'x*
Thus, we use the gap function GAP(x,y) defined in Section 2 as the evaluation metric. In our exper-
iment, the parameters are chosen as p = 20% and n € {50,100,200}. Since the exact Hessian of f is
available and the subproblem can be computed up to high accuracy (using nonlinear equation solvers in
MATLAB), we apply Algorithm 1. For the baseline approaches, we include the EG and OGDA methods
and their second-order variants [Bullins and Lai, 2022, Jiang and Mokhtari, 2022] which both require
the exact Hessian at each iteration. We implement second-order EG using the pseudocode of Bullins
and Lai [2022, Algorithm 5.2 and 5.3] with fine-tuning parameters and second-order OGDA using the
code from the author of Jiang and Mokhtari [2022] with (a, 8) = (0.5,0.8). For a fair comparison, we
solve all the subproblems in second-order methods using nonlinear system solvers in MATLAB (i.e.,
fsolve).

3We exclude the algorithms in Huang et al. [2022] since their theoretical guarantee is proved under additional conditions.
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Figure 1: Performance of all the algorithms for n € {50,100,200} when p = ﬁ is set. The numerical
results are presented in terms of iteration count (Top) and computational time (Bottom).

In Figure 1, we compare our algorithm with four other baseline algorithms in terms of gap function.
Our results evidence that the second-order method can be superior to the first-order method in terms
of solution accuracy: the first-order method barely makes any progress when the second-order method
converges successfully. Moreover, our algorithm outperforms the second-order methods [Bullins and Lai,
2022, Jiang and Mokhtari, 2022] in terms of both iteration numbers and computational time thanks
to its simple scheme without line search. However, this does not eliminate the potential advantages of
using line search in min-max optimization. In fact, we find that the hybrid line search scheme suggested
by Jiang and Mokhtari [2022] is quite powerful in practice and their algorithms with aggressive choices of
(a, B) can sometimes outperform our algorithm. However, such choices make their algorithm unstable.
As such, we set («, 5) = (0.5,0.8) which is a bit conservative yet more robust. Finally, we believe that
it is promising to investigate the line search scheme further in Jiang and Mokhtari [2022] and see if
modifications can speed up second-order min-max optimization in a universal manner.

5.2 AUC maximization problem

The problem of maximizing area under the receiver operating characteristic curve [Hanley and McNeil,
1982] is a learning paradigm that learns a classifier for imbalanced data. It has a long history in machine
learning [Graepel and Obermayer, 2000] and has motivated many studies ranging from formulations to
algorithms and theory [Yang and Ying, 2022]. The goal is to find a classifier § € R™ that maximizes the
AUC score on a set of samples {(a;,b;)})¥,, where a; € R" and b; € {1, +1}.
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Table 1: Statistics of datasets for AUC maximization.

Name Description N n  Scaled Interval
a%a UCT adult 48842 123 [0, 1]
covetype | forest covetype || 581012 54 [0,1]
w8a - 64700 300 [0, 1]

We consider the min-max formulation for AUC maximization [Ying et al., 2016, Shen et al., 2018]:

N N
x:(G,LILI,lvi)neRn+2 I;lé%ﬁ( l&p {ZwTai o u)Qﬂ[bi:U} + % {Z(eTai o U)ZH[bz:l]} (5-2)

i=1 =1

N

2(1+ T, (0 . . .

e {Z 0" a;(plp,=—1) — (1 _p)H[bi_l])} + glIxI1° = p(1 - p)y?,
i=1

where A > 0 is a scalar, I is an indicator function and p = W be the proportion of samples with

positive label. It is clear that the min-max optimization problem in Eq. (5.2) is convex-concave and has

the finite-sum structure in the form of Eq. (4.2) with the function f;(x,y) given by

filx,y) = (L= p) (0 a; — u)*Lp,—q + PO & — v)*Tp,—_q)
+2(1 + )0 "a; (Pl — 1) — (1 — p)Ip,—1)) + &l1x|1> = p(1 — p)y*.

This min-max optimization problem is in the cubic form and admits a global saddle point. Thus, we

also use the gap function GAP(x,y) defined in Section 2 as the evaluation metric. In our experiment,

the parameter is chosen as p = 1 and we use 3 LIBSVM datasets” for AUC maximization (see Table 1).

Since the problem in Eq. (5.2) has a finite-sum structure, we apply Algorithm 3 with uniform sampling.

For the baseline approaches, we include stochastic EG and OGDA methods [Juditsky et al., 2011, Hsieh

et al., 2019, Mertikopoulos et al., 2019, Kotsalis et al., 2022]. The stepsizes for SEG and SOGDA are in
(&

the form of /ST where ¢ > 0 is tuned using grid search and k is the iteration count. For our algorithm,

we choose § = 0.01, k,, = 0.1 and |Sg| = min{||1€0fl(ozgk()1||020,|(|dv+ﬁ()z)k)||2}5' For the subproblem solution, we

apply the semi-smooth Newton method as described in Section 4.1.

In Figure 2, we compare our algorithm with two other baseline algorithms in terms of gap function.
Our results show that the sub-sampled second-order method can be superior to the mini-batch stochastic
first-order method in terms of solution accuracy: stochastic first-order method barely makes any progress
when our sub-sampled second-order method converges successfully. Moreover, it is worth remarking that
our algorithm exhibits the (super)-linear convergence as the iterate approaches the optimal solution.
This intriguing property has been rigorously justified for the sub-sampled Newton method in the context
of convex optimization [Roosta-Khorasani and Mahoney, 2019]. Can we extend their results to convex-
concave min-max optimization and prove the local (super)-linear convergence for Algorithm 3 under
certain regularity condition? This is an interesting open question.

*https://www.csie.ntu.edu.tw/~cjlin/libsvim/

>We observe that ||V f(2x)|| fluctuates dramatically in the first few iterations when the sample size is small. Only using
IV f(z)]| to set the sample size in our algorithm makes it stuck at low-accurate solutions. In contrast, |V f(zx)|| decreases
steadily regardless of relatively small sample size. As such, we use this strategy to set the sample size.
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Figure 2: Performance of all the algorithms with 3 LIBSVM datasets when p = % is set. The numerical
results are presented in terms of epoch count (Top) and computational time (Bottom).

6 Conclusions

In this paper, we propose and analyze exact and inexact regularized Newton-type methods for finding a
global saddle point of unconstrained and convex-concave min-max optimization problems with bounded
and Lipschitz-continuous Hessian. In terms of theoretical guarantee, our methods are proved to achieve
an optimal convergence guarantee of O(e~2/3). Moreover, we show that our framework and convergence
analysis on inexact algorithms lead to the first sub-sampled Newton method for solving the finite-sum
min-max optimization problems with global convergence guarantee. Future research directions include
the extension of our results to more general nonconvex-nonconcave min-max optimization problems and
the customized implementation of our algorithms in real application problems.
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