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ABSTRACT

Surprisingly, general estimators for nonlinear continuous time models based on stochastic differential
equations are yet lacking. Most applications still use the Euler-Maruyama discretization, despite
many proofs of its bias. More sophisticated methods, such as the Kessler, the Ozaki, or MCMC
methods, lack a straightforward implementation and can be numerically unstable. We propose two
efficient and easy-to-implement likelihood-based estimators based on the Lie-Trotter (LT) and the
Strang (S) splitting schemes. We prove that S also has an LP convergence rate of order 1, which
was already known for LT. We prove under the less restrictive one-sided Lipschitz assumption that
the estimators are consistent and asymptotically normal. A numerical study on the 3-dimensional
stochastic Lorenz chaotic system complements our theoretical findings. The simulation shows that the
S estimator performs the best when measured on both precision and computational speed compared
to the state-of-the-art.

Keywords Asymptotic normality - Consistency - Lp convergence - Splitting schemes - Stochastic differential equations -
Stochastic Lorenz system

1 Introduction

Stochastic differential equations (SDEs) are popular models for physical, biological, and socio-economic processes.
Some recent applications include tipping points in the climate (Ditlevsen and Ditlevsen, 2022)), the spread of COVID-19
(Arnst et al.,2022; [Kareem and Al-Azzawi, 2021), animal movements (Michelot et al.,|2019,[2021) and cryptocurrency
rates (Dipple et al.| [2020). The advantage of SDEs is their ability to capture and quantify the randomness of the
underlying dynamics. This is particularly useful when the dynamics are not completely understood, and the unknown
parts are described as random.

The following parametric form is often assumed for an SDE model with additive noise,
dXt :F(Xt,ﬂ)dt—l—Eth, XO = X- (])

Our goal is to estimate the underlying drift parameter 3 and diffusion parameter 3 based on discrete observations of
X;. The transition density is needed for likelihood-based estimators, and thus a closed-form solution to @) However,
the transition density is only available for a few SDEs including the Ornstein-Uhlenbeck (OU) process, which has a
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linear drift function F'. Extensive literature exists on MCMC methods for the nonlinear case (Fuchs| 2013} |Chopin and;
Papaspiliopoulos} 2020), however, these are often computationally intensive and do not always converge to the correct
values for complex models. Thus, we need a valid approximation of the transition density to perform likelihood-based
statistical inference.

The simplest discretization scheme is the Euler-Maruyama (EM) (Kloeden and Platen, [1992). Its main advantage is
the easy-to-implement and intuitive Gaussian transition density. It is widely used in both frequentist and Bayesian
approaches, across theoretical and applied studies. However, it has many disadvantages. First, the EM-based estimator
suffers from a large bias when the discretization step is large (see [Florens-Zmirou| (1989) for a theoretical study, or
Gloaguen et al.|(2018)), (Gu et al.|(2020) for applied studies). Second, Hutzenthaler et al.|(2011) showed that it is not
mean-square convergent when the drift function F of (T)) grows super-linearly. Consequently, we should avoid EM for
models with polynomial drifts. Third, it often fails to preserve important structural properties, such as hypoellipticity,
geometric ergodicity, and amplitudes, frequencies, and phases of oscillatory processes (Buckwar et al.,[2022).

Some pioneering papers on likelihood-based SDE estimators are Dacunha-Castelle and Florens-Zmirou| (1986); [Dohnal
(1987); |[Florens-Zmirou| (1989); (Genon-Catalot and Jacob| (1993)); Kessler| (1997). The first two only estimate the
diffusion parameter. [Florens-Zmirou| (1989) used EM to estimate both drift and diffusion parameters and derived
asymptotic properties. (Genon-Catalot and Jacob|(1993) generalized to higher dimensions, non-equidistant discretization
step, and a generic form of the objective function, however, only estimating the diffusion parameter. |[Kessler| (1997)
proposed an estimator (K) approximating the unknown transition density with a Gaussian density using the true
conditional mean and covariance, or approximations thereof using the infinitesimal generator. He proved consistency
and asymptotic normality under the commonly used, but too restrictive, global Lipschitz assumption on the drift function

Specific setups have been studied, e.g., Sgrensen and Uchida| (2003) investigated a small-diffusion estimator, Ditlevsen
and Sgrensen|(2004); |Gloter (2006) worked with integrated diffusion, and|Uchida and Yoshida (2012} used adaptive
maximum likelihood estimation. Martingales estimating functions are explored in Bibby and Sgrensen| (1995)); [Forman
and Sgrensen| (2008)) for one-dimensional diffusions, however, these are difficult to extend to multidimensional SDEs.
More recently, |Ditlevsen and Samson| (2019) used the 1.5 scheme to solve the problem of hypoellipticity when the
diffusion matrix is not of full rank. However, it is complex to implement, especially for high-dimensional models.

A competitive likelihood-based method is based on local linearization (LL), first proposed by |Ozaki| (1985) and
generalized by [Shoji and Ozaki| (1998)). The drift between two consecutive observations is approximated by a linear
function, which for additive noise corresponds to an OU process with known Gaussian transition density. Thus, the
likelihood approximation is a product of Gaussian densities. |Shoji| (1998) proved that LL discretization is one-step
consistent and L? convergent with order 1.5. Simulation studies show the superiority of the LL estimator compared to
others (Shoji and Ozaki, |1998; |Gloaguen et al.,|2018}; |Gu et al., [2020). Until recently, the implementation of the LL
estimator was numerically ill-conditioned due to possible singularity of the Jacobian matrix of the drift function F'.
Gu et al.| (2020) proposed an efficient implementation that overcomes this. However, the main disadvantage of the LL
method is its slow computational speed.

We propose to use the Lie-Trotter (LT) or the Strang (S) splitting schemes for statistical inference. These numerical
approximations were first suggested for ordinary differential equations (ODEs) (Blanes et al.,|2009; McLachlan and
Quispel, |2002), but are straightforwardly extended to SDEs (Buckwar et al., [2022)). Although splitting schemes are
frequently used for ODEs, they were only recently introduced for SDEs. A few studies have investigated numerical
properties (Alamo and Sanz-Serna, [2016} |Ableidinger et al., 2017;|Ableidinger and Buckwar, 2016; Buckwar et al.,
2022)), however, the statistical part is missing. To the best of our knowledge, only Buckwar et al.| (2020) are using
splitting schemes for statistical inference in combination with approximate Bayesian computation.

This paper contains five main contributions. First, we propose new, efficient, easy-to-implement, and computationally
fast estimators for multidimensional nonlinear SDEs. Second, we prove convergence of the S-splitting scheme. Third,
we prove consistency and asymptotic normality for the new estimators under the less restrictive assumption of one-sided
Lipschitz. This requires original ideas for the proofs. Fourth, we show that the estimators work for a stochastic version
of the chaotic Lorenz system. Only estimators for the deterministic system have previously been proposed. Fifth,
we compare the new estimators to four likelihood-based estimators from literature in a simulation study, comparing
accuracy, precision, and computational speed.

In Section 2] we introduce the SDE model and define the splitting schemes and the estimators. In Section[3] we show
that the S-splitting has better one-step predictions than the LT, and we prove that the S-splitting is LP consistent with
order 1.5 and L convergent with order 1. To the best of our knowledge, this is a new result. In Sections ] and [5]
we prove the estimator asymptotics under the less restrictive one-sided global Lipschitz assumption. In Section [6]
we illustrate the theoretical results in a simulation study on a model that is not globally Lipschitz, the 3-dimensional
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stochastic Lorenz systems. Since the objective functions based on pseudo-likelihoods are multivariate in both data and
parameters, we use automatic differentiation to get faster and more reliable estimators. We compare the precision and
speed of the EM, K, LL, LT, and S estimators. We show that the EM and LT estimators become biased before the others
with the increase of discretization step h, and that the LL and S perform the best. However, S is much faster than LL,
since the running time of LL increases with the sample size V.

Notation. We use capital bold letters for random vectors, vector-valued functions, and matrices. The L2 norm is denoted
|| - |I- Superscript () on a vector denotes the i-th component, while on a matrix it denotes the i-th row. Double subscript
17 on a matrix denotes the component in the -th row and j-th column. If a matrix is a product of more matrices, square
brackets with subscripts denote a component inside the matrix. The transpose is denoted by T, operator Tr(-) returns
the trace of a matrix and det(-) the determinant. Sometimes, we denote by [a;]¢_; a vector with coordinates a;, and by
[bis]¢ j—1 @ matrix with coordinates b;;, fori,j = 1,...,d. We denote with 9;g(x) the partial derivative of a generic
function g : R¢ — R with respect to z(*) and 8% g(x) the second partial derivative. The nabla operator V denotes

the gradient vector of a function g, Vg(x) = [0;g(x)]L,. The differential operator D denotes the Jacobian matrix

DF(x) = [0;F 9 (x)]¢,_,, for a vector-valued function F : R* — R?. H denotes the Hessian matrix of a real-valued
function g, Hy(x) = [aijg(x)}ijzl. We abuse the notation O(-) and write O(hP) in short for O(hP(1 + ||x||)¢),

where C'is a positive constant and x is clear from the context. For a random vector X and positive constant C, we
write Op(hP) = Op(hP(1 + || X||)¢). The Kronecker delta function is denoted by ¢7. For an open set A, the bar A

- 0 . . . . o .. P d
indicates closure. We use = to indicate equality up to an additive constant that does not depend on 8. We write —, —

P—a.s. . - e . . .
and —=2 for convergence in probability, distribution, and almost surely, respectively. I, stands for d-dimensional
identity matrix, while 04«4 is a d-dimensional zero square matrix.

2 Problem setup

Let X, be a d-dimensional stochastic process indexed by time ¢, defined as the solution to (I}) on the time interval [0, 7.
We rewrite the drift function F of (T)) as follows

Let 0 = (3,%) € O x Ox = O be an unknown parameter with © 5 and Oy, being two open convex bounded subsets
of R” and R?*?, respectively. The process W is a d-dimensional Wiener process; F, N : R? x 05 — R?; function A
is defined on © 4 and takes values in R9*%; and parameter matrix 3 takes values in R?*?. The matrix ¥X T is assumed
to be positive definite and determines the variance of the process. Since any square root of XX T induces the same
distribution, X is only identifiable up to equivalence classes. Thus, when we write estimation of parameter 3, we mean
estimation of X . The drift function F in (T) is split up into a linear part given by matrix A and a nonlinear part
given by N. This decomposition will be essential for the definition of the splitting schemes and the pseudo-likelihood
that we later use for the estimation of 6.

We denote the true parameter value by 8y = (3¢, 3¢) and assume that 8y € O. Sometimes, we write A, No(x) and
>3] instead of A(By), N(x;Bp) and Z¢X] , when referring to the true parameters. We write A, N(x) and X3 T for
any parameter 6.

We assume additive noise, i.e. the diffusion matrix does not depend on the current state. This can be relaxed if the
model is reducible, where we can apply the Lamperti transformation (see |Ait-Sahalia (2008))).

2.1 Assumptions

The main assumption is that (2) has a unique strong solution X on some probability space (€2, F, Py, ), which follows
from the following first two assumptions (Buckwar et al.| [2022)). We need the last three assumptions for proving
properties of the estimators.

(A1) Function N is twice continuously differentiable with respect to both x and 6, i.e. N € C?. Additionally, it is
one-sided globally Lipschitz continuous with respect to x on R? x O3, i.e., there exists a constant C' > 0 such

that
(x—y)" (N(x;8) - N(y;8) < Clx—y|? vx,y € R%

(A2) Function N grows at most polynomially in x, uniformly in 6, i.e., there exist constants C' > 0 and x > 1 such
that
IN(x;8) = N (y:8) * < € (1+ %72 + [y |*7%) Ix — yl*,  vx,y € R”.
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Additionally, its derivatives are of polynomial growth in x, uniformly in 6.
(A3) The solution X of SDE () has invariant probability vo(dx).
(A4) =37 is invertible on Oy..
(A5) Function F is identifiable in 3, i.e., if F(x,31) = F(x, 32) for all x € RY, then 31 = 5.
Assumption [(A3)]is required for the ergodic theorem to ensure convergence in distribution. Assumption implies
that model @) is elliptic. This is not needed for the S estimator, in contrast to the EM estimator, which breaks down

in hypoelliptic models. We will treat the hypoelliptic case in another paper where the proofs are more involved.
Assumption [(A5)]ensures identifiability of the parameter.

Assume a sample (X;, )N = Xo.¢,, from (@) at time steps 0 =ty < t1 < - = T, which we, for notational
simplicity, assume equidistant with step size h = ¢t — tx_1. We denote F;, = ( ;s < t1) the natural filtration of
the paths.

2.2 Moments
Assumption |(A1)|ensures finiteness of the moments of the solution X (Buckwar et al., 2022), i.e.
E[ sup [ X¢[["] < C(1+|[xol"), Vp>0. 3)
te[0,7]
Furthermore, we need the infinitesimal generator L of (T]) defined on sufficiently smooth functions g : R x © — R
given by
1

Lo,g (x:0) = F (x: o) " Vg (x:0) + 5 Tr (S8) Hy (x:0)) . 4)
The moments of SDE (/1)) are expanded using the following lemma (Lemma 1.10 in (Kessler et al.,|2012)).
Lemma 2.1 Ler Assumptions |(Al){(A2) hold. Let X be a solution of (I). Let g € C+2) be of polynomial growth.
Then

L Rt
Eo, [9(Xt,50) | Fr_y] Z 7, 9(X_130) + OIP’eo (hl+1)'
—0/

In the rest of this section, we suppress the parameter from the notation. We need terms up to order O(h?). For

g9(x) =z
h2

BIXG | Xiy = x] = o + hFO (x) + T (F(x)TVFO (x) + %Tr(EETHFm (x)) +O(h%). (5

2.3 Splitting Schemes

Consider the following splitting of ()

axi = AxMar + maw,, XM = xq, (6)
axi? = Nx?) at, X = xq. (7

Equation (6)) is an OU process with explicit solution given by the following h-flow
X[ } ¢[1] (Xf{fk] 1) = eAhXi[fi,]_l + £h,k3’ (8)

where &, 1, i Na(0,9Qp) for k =1,..., N. Covariance matrix €2, is given by (Vatiwutipong and Phewchean, 2019)
h 2
h
Q) = / Al—ISRT AT (-0 qy = pERT + = 5 (AT +35TAT) +0(n?). 9)
0

Assumptions [(AT)] [(AZ)| ensure the existence and uniqueness of the solution of (7) (Thm 1.2.17 in[Humphries and
Stuart| (2002)). Thus, there exists a unique function f;, : R¢ x O3 — R?, for h > 0, such that

Xi) = e (X)) = fu(X i 8). (10)
For all 3 € Og, the time flow f;, fulfills the following semi-group properties
fox:8) =%,  firs(x:8) = fifs(x:8);8), t,s > 0. (11)
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Remark Since only one-sided Lipschitz continuity is assumed, the solution to (7) might not exist for all 2 < 0 and all
xo € RY, implying that the inverse I ! might not exist. If it exists, then fn ! — f_,,. For the S estimator, we need a
well-defined inverse. If needed, it can be approximated by a well-defined backward flow. In the globally Lipschitz case,
this is not an issue.

We, therefore, introduce the following and last assumption.
(A6) Function f, ' (x; 3) is defined asymptotically for all x € R? and all 3 € ©4, when h — 0.
We state a useful proposition for the nonlinear solution f;, (Section 1.8 in (Hairer et al.,|[1993)).

Proposition 2.2 Let Assumptions[[AI)[(A2)|hold. When h — 0, the h-flow of () is

frn(x) =x+ hN(x) + %2 (DN(x)) N(x) + O(h*). (12)

The two most common splitting approximations of the solution X are defined as follows.

Definition 2.3 Let Assumptions[(AI)(A2)|hold. The LT and S approximations of the solution of @) are given by

X ol (X1 = (ol o af2) (XET) = A (XET) + 6 3
X o (X)) = (0 0 0o a,) (X)) = fia (A gis (X5 ) 4 600). 19

Remark The order of composition in the splitting schemes is not unique. Changing the order in the S-splitting leads to
a sum of 2 independent random variables, one Gaussian and one non-Gaussian, whose likelihood is not trivial. Thus,
we only use the splitting (I4). The opposite order in the LT-splitting can be treated in the same way as the S-splitting.

Remark Overall trajectories of the S and LT-splittings coincide up to the first 2/2 and the last h/2 move of the flow
<I>[h2}2. Indeed, when applied k times, S-splitting can be written as

k k
(@) (x0) = (@f, 0 (#))" 0 02, ) (x0).

Thus, it makes sense for LT and S to have the same order of L convergence. We prove this in Section 3]

2.4 Estimators

First, we introduce the two new estimators LT and S based on a sample Xy.¢, . Then, we briefly recall the EM, K, and
LL estimators that are compared in the simulation study.

2.4.1 Splitting estimators

The LT scheme (T3) follows a Gaussian distribution. A pseudo negative log-likelihood of (2)) is given as
N
£ (Xy,,:0) £ - Tos(det 2(6)) +5 3 (X~ MO £, 8) T (0) " (Ko, AP Fu (X, 5 0))
= (15)
The S-splitting (T4) follows a nonlinear transformation of a Gaussian random variable eABf, 12Xt 13 8) + En e
We define

Ztk (/8) = -f}:/lz (th-,;/B) — Hh (th—l;ﬂ) ) IJ’h(X;B) = eA(B)hfh/Q(x§ /8)7 (16)

and apply change of variables to obtain the pseudo-likelihood

N 1 N N
£ (Xo,:6) = 5 log (det 24(6)) + 5 2% (8) 2.(0)7'24, (B) - 2 log et DF )} (Xui )| (17

The last term is due to the nonlinear transformation and is an extra term that does not appear in commonly used
pseudo-likelihoods.
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The inverse function f,j may not exist for all parameters in the search domain of the optimization algorithm However,

it can often be solved numerically. When f; 1 is well defined, we use the identity —log|det Df, ' (x;8)| =
log | det D f3, (x; 3) | in (I7) to increase the speed and numerical stability.

Finally, we define the estimators as

~

6" = argmin £I¥ (X, 0), k€ {LT,S}. (18)
]
2.4.2 Euler-Maruyama

The EM method uses first-order Taylor expansion of (TJ),
XM= XM (XM ) + g, (19)

tr—1

where £[EM] S5 Ny(0,hEST) for k = 1,..., N (Kloeden and Platen, [1992). The transition density pM(X,, |
Xtp 13 0) is Gaussian and the pseudo-likelihood follows trivially.

2.4.3 Kessler

The K estimator uses Gaussian transition densities p!(X;, | X;, ;@) with the true mean and covariance of the

solution X (Kessler,|1997). When the moments are not known, they are approximated using the infinitesimal generator

(Lemma[2.T)). We implement the estimator based on the 2nd order approximation (K2). It is given as follows
X?:Q] — xK2 | hF(X x K21 . 8)

te—1 tr—17
2
+ (DR aR X 8) + LTSS T H o (XE )L ) + €2, o)

te—1" te—1

where €]/ (X[51) ~ N(0, 24571(9)), and Q157 (0) = hEST + 1 (DF (X[ B)=2T + 32T DTR(XE; 8)).

tr—1
The covarlance matrix is not constant which makes the algorithm slower with larger sample size.

2.4.4 Ozaki’s local linearization

Ozaki’s LL method approximates the drift of (I)) between every two observations by a linear function (Jimenez et al
1999). The LL method consists of the following steps:

(1) Perform LL of the drift F in each time interval [t, ¢ + h) by the Itd-Taylor series;
(2) Compute the analytic solution of the resulting linear SDE.

The approximation becomes

LL LL L1 (LL] (g [LL
where £,LL](XE;%]1) NNd(O7Q%£](0))and Q[LL}(O) 7f0h DX, 38) (h- “)EET DF 8T (=) 40 More-

over,

DM (x;0) = Ry o(DF(x; 3)) + (hRy,0(DF(x; 3)) — Ry 1 (DF(x; 3)))M(x: 0),

h
R (DF(x;08)) = /0 exp(DF(x; B)u)u'du, i=0,1,
d

1 0*F
M(x;0) = §(Tr H,(x;0), TrHy(x;0), ..., TrHy(x;0)) ", Hy(x;0) = [[EET]ijW(X)L -

Following |Gu et al.| (2020), a fast and efficient way to compute R, ; and Q%E] (0) is as follows. First, define three
block matrices

7DF(X' ,3) Id ded T
Odxd I ’ DF(x;3) b)Y
Pi(x) = l: :| , Pa(x) = Ogxd Ogxd , Ps(x) = [ T
DF (x; _ .
Odxd (x; 8) Opns Oy ded (o DF(x; 3)

(22)
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Then, compute the matrix exponential of matrices hP;(x) and hP2(x)

. Bgr, ,(DF(x;3
exp(hP1 (x)) = * Rmo(DF(X, B)) , exp(hPy(x)) = Od*xd : R, ( * ( )) )
Oaxd * Odxd Odxa *

From the first matrix, we obtain Ry o(DF(x;3)). Then, we compute Ry ;(DF(x;3)) from the formula
Ry,,1(DF(x;8)) = exp(hDF(x; 3))Br,, , (DF(x; 3)). The terms at the x symbols are of no importance. Finally,

Q%E (0) is obtained from the matrix exponential,
exp(hP3(x)) = |:Bﬂh,k (DF(x;8);0) Caq, ,(DF(x;03); 0)] )

Odxd *
Q"(6) = Caq, , (DF(x; 8); )Ba, , (DF(x: 8):6) .

This provides a Gaussian density p“"(X;, | X;, ;) and standard likelihood inference. Like in K2, the covariance

matrix Q[}LLE (0) depends on the previous state of the process XHﬂ , which is a major downside since it is harder to

implement and slower to run due to the computation of N — 1 covariance matrices. Unlike K2, LL does not use Taylor
expansion of the approximated drift and covariance matrix, so the influence of sample size /N is much stronger. For
details on derivations of previous formulas, see |Gu et al.|(2020).

2.5 An Example: Stochastic Lorenz system

The Lorenz system is a 3D chaotic system introduced by [Lorenz|(1963)) to model atmospheric convection. The model
is originally deterministic exhibiting deterministic chaos. It means that tiny differences in initial conditions lead to
unpredictable and widely diverging trajectories. The Lorenz system still exhibits some structure around two strange
attractors, i.e., the trajectories remain within some bounded region, however, two nearby points at one time will be
arbitrarily far apart at later times (Hilborn and Hilborn, 2000). To include unmodelled forces and randomness in the
Lorenz system, we add noise. The stochastic Lorenz system is given by the equations

AdX, = p(Y; — X3) dt + oy AW,
dY, = (rX, = Y, — X, Z,) dt + o9 dW?, (23)

dZ, = (X\Y, — cZy) dt + o3 th(S).

Variables X4, Y;, and Z; denote variables proportional to convective intensity, horizontal and vertical temperature
differences, respectively. Parameters p, r, and ¢ denote the Prandtl number, Rayleigh number, and a geometric factor,
respectively (Tabor, |1989). [Lorenz| (1963) used parameters p = 10, » = 28 and ¢ = 8/3, for system @]) to show
chaotic behaviors.

The system does not fulfill the global Lipschitz condition because it is a second-order polynomial, nor does it fulfill
the one-sided Lipschitz condition (Humphries and Stuart, [1994). However, it has a unique global solution and an
invariant probability (Keller, [1996). Assumptions|(A2))is fulfilled due to the polynomial structure. Thus, all assumptions
[(AZ)}[(AS)] except[(AT)|hold. Even so, the solution exists and we show in Section [6] that our estimators still work.

Different approaches for estimating parameters in the Lorenz system have been proposed, mostly in the deterministic
case. [Zhuang et al.|(2020) and [Lazzus et al|(2016) use sophisticated optimization algorithms to achieve better precision.
Dubois et al.| (2020) and |Ann et al.| (2022)) use deep neural networks in combination with other machine learning
algorithms. |Ozaki et al.|(2000) use Kalman filtering based on LL on the stochastic Lorenz system.

In Figure [T an example trajectory of the stochastic Lorenz system is illustrated. The trajectory was generated by
subsampling from an EM simulation such that N = 5000 and ~ = 0.01, with parameter values p = 10, r = 28,
c=28/3,0% =1,03 =2and 02 = 1.5. Even if the trajectory had not been stochastic, the unpredictable jumps in the
first row of Figure|l|would still have been there due to chaotic properties.

In Section [5 we prove that the asymptotic properties do not depend on the splitting choice of the matrix A (and thus
the function IN). However, before the asymptotics is reached the performance is influenced by the choice of splitting.
Nonetheless, the choice of the optimal splitting strategy is beyond the scope of this paper and will be treated in a
separate paper.

Based on preliminary simulations (results not shown), we choose the following splitting strategy

[—p/2 p 01 [—px/w
A=| 0 -1 01, N(z,y,2) = |z(r—2)|. (24)

0 0 —c Ty
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Figure 1: An example trajectory of the stochastic Lorenz system (23). The first row shows the evolution for the
individual components X3, Y, and Z;. The second row shows the evolution of component pairs: (X¢, Yz), (X;, Z;) and
(Y, Z;). Parameters are p = 10,7 = 28, ¢ = 8/3, 02 = 1,02 = 2 and 03 = 1.5.

The corresponding nonlinear solution is

exp(—ph/2)x
Jun(z,y,2) = | ycos(2z(1 — exp(—ph/2))/p) — (2 — 7)sin(2z(1 — exp(—ph/2))/p) |. (25)
ysin(2z(1 — exp(—ph/2))/p) + (z — r) cos(22(1 — exp(—ph/2))/p) +

The solution f}, is a composition of a 3D rotation and translation of (y, z) around the scaled x-axis. The inverse always
exists. Thus, Assumption|(A6)|holds. Moreover, det D f; ' (z,y, z) = exp(ph/2).

3 Order of one-step predictions and L” convergence

In this Section, we investigate LP convergence of the splitting schemes, as well as the order of the one-step predictions.
First, we define L? consistency of a one-step approximation (Definition 1 in/Buckwar et al.| (2022)).

Definition 3.1 (L? consistency of a numerical scheme) The one-step approximation ® n of the solution X is LP con-
sistent with order qo — 1/2 iffork =1,..., N, and some q1 > g2 + 1/2

H]E {th - (’i;h (th71) | X'tk—l = X}

[=o@mm),

1

p P

| X4, = xD — O (he),

Furthermore, we need the following definition (Definition 2 in/Buckwar et al.|(2022)).

Definition 3.2 (Bounded moments of a numerical scheme) A numerical approximation X of the solution X has
bounded moments, if for all p > 1 there exists constant C > 0, such that, fork =1,... /N

5[Jx.

T=ca+ il

The following theorem (Theorem 1 in/Buckwar et al.| (2022)) gives sufficient conditions for the LP convergence of a
numerical scheme in a one-sided Lipschitz framework. Since we work with the local Lipschitz case, we need to check
that the moments of the numerical schemes are bounded.

Theorem 3.3 (L? convergence of a numerical scheme) Let Assumptions|(Al) and|(A2)|hold, and let itk be a nu-
merical approximation of the solution Xy, of (1) at time ty. If

(1) The one-step approximation th = EJh()N(tkil) is LP consistent of order qo — 1/2; and
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(2) X has bounded moments,

then the numerical method X is LP convergent of order g — 1/2, i.e., fork =1, ..., N it holds

e [[]) ot

3.1 Lie-Trotter splitting

We first show that the one-step LT approximation is of order O(h?) in mean. The following proposition is proved in
Supplementary Material for scheme (13)) as well as for the reversed order of composition.

Proposition 3.4 (One step prediction of LT-splitting) Let Assumptions and hold, let X be the solution to
SDE (1)) and let @E}T} be the LT approximation (13). Then, fork =1,...,N

[, - @l X)) 1 X0, = x| = o).

In fact, it can be shown that the convergence can not be improved upon, unless the drift F is linear. The LP convergence
of the LT-splitting scheme is provided in Theorem 2 in|Buckwar et al.|(2022), which we repeat here for convenience.

Theorem 3.5 (L” convergence of the LT-splitting) Let Assumptions|(Al) and|(A2) hold, let X"T! be the LT approxi-
mation defined in (13), and let X be the solution of (1). Then, forall C > 1and k = 1,..., N, it holds

(E [Hth — x| p})f -0 (h(l + ||x0H)C) . (26)

Now, we investigate the same properties for the S-splitting.

3.2 Strang splitting

The following proposition states that the S-splitting has higher order one-step predictions than the LT-splitting (T3).
The proof can be found in Supplementary Material.

Proposition 3.6 Ler Assumptions |(Al)| and |(A2)| hold, let X be the solution to (1), and let <I>[hS] be the S-splitting
approximation (I4). Then, fork =1,...,N

[ [%0 - el Xe ) 1 X0, = x| | = o). @)

Remark Even though LT and S have the same order of L convergence, the crucial difference is in the one-step predic-
tion. The approximated transition density between two consecutive data points depends on the one-step approximation,
and the pseudo-likelihood from the S-splitting is therefore more precise than the one from the LT.

To prove LP convergence of the S-splitting scheme for (1) with one-sided Lipschitz drift we follow the same procedure
as in [Buckwar et al.| (2022)). The proof of the following theorem is given in Section

Theorem 3.7 (L” convergence of S-splitting) Ler Assumptions|(Al)|[(A2) and|(A6)|hold, let X3! be the S-splitting
approximation defined in (14), and let X be the solution of (1). Then, for all C > 1, andi =1,..., N, it holds

(B[Jxe - X[])" =0 (h0+ Il)°). 8)

Before we move to parameter estimation, we prove a useful corollary.
Corollary 3.8 Let all assumptions from Theorem[3.7 hold. Then, it holds that Zy, = & i + Op(h).

Proof From the definition of Z,, in (I6), it is enough to prove that

(E |:H'fh_/12(xtk) — e e (X)) — Enk p})l/p =0 (h).
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\ (). Then
|70 = A s () = 60

< %00 — iy (X [+ A [ (o) — e (XEL)|
) +Os(h).

We used that X and X[5! have finite moments and fj, /2 and j"h_/l2 grow polynomially. The result follows from the LP
convergence of the S-splitting scheme, Theorem [3.7]

From (T4) we have that &), , = f,;/lz(XLS]) — eAhfh/Q(X[s]

= € ([ =i+ e, -

tr—1

4 Auxiliary properties

This paper is centered on proving properties of the S estimator. There are two reasons for this. First, in the literature,
most numerical properties are proved only for LT-splitting because S-splitting is considered more complex. Here, we
prove the numerical properties of the S-splitting, as well as the properties of the estimator. Second, the S-splitting
introduces a new pseudo-likelihood that differs from the standard Gaussian pseudo-likelihoods. Thus, standard tools,
such as those from [Kessler| (1997) cannot be directly applied.

The asymptotic properties of the LT estimator are the same as for the S estimator. However, the following auxiliary
properties will be stated and proved only for the S-based estimator. The same reasoning can be used for the LT estimator.

Properties of the S estimator are proved based on the ergodicity of the solution of (1)) as in|Kessler| (1997). However,
without global Lipschitz drift, Lemma 6 in [Kessler| (1997) cannot be applied, since it uses the Lipschitz assumption
together with the Gronwall’s inequality. Instead, we use a generalization of Gronwall’s inequality (Lemma 2.3 in|Tian
and Fan| (2020)) stated in Supplementary Material. In Section[7.2] we prove the following extension of Lemma 6 in
Kessler| (1997).

Lemma 4.1 Let Assumptions and hold. Let X be the solution of (I). For ty, > t > ty_1, where h =
tr — tk—_1 < 1, the following two statements hold.

(1) Forp > 1, there exists C}, > 0 that depends on p such that
Eoy [||Xe — Koo |7 | Fru] < Cplt — ti-1)?? (14 || X, ) (29)

(2) If g : R? x © — R is of polynomial growth in x uniformly in 0, then there exist constants C and Cy_,, _, that
depends ont —t;, ., such that

Eeo [lg (Xt70)| | ]:tk—l] < Ct*tk—l (1 + Hth_IH)C (30)

Finally, we state a central ergodic property needed for the asymptotic behavior of the estimator. It is equivalent to
Lemma 8 in Kessler| (1997)) or Lemma 2 in|Sgrensen and Uchidal (2003)). The proof for one-sided Lipschitz is the same
as in Kessler|(1997) when combined with the previous Lemma.

Lemma 4.2 Let Assumptions|(Al), |(A2)|and|(A3) hold, and let X be the solution to (T). Let g : R? x © — R be a
differentiable function with respect to x and 0 with derivative of polynomial growth in x, uniformly in 6. If h — 0 and
Nh — oo, then,

N

1 P

N 20 (X 0) — = [ g (x,0) dn(x), &)
k=1 h—0

uniformly in 6.
Lastly, we state moment bounds needed for the estimator asymptotics, the proof is in Supplementary Material.

Proposition 4.3 (Moment Bounds) Ler Assumptions|[AT)| [(A2)|and[(AG)|hold. Let X be the solution of (1), and fr,
wr, and Zy, as defined in (10) and (16). Let g be a generic function with derivatives of polynomial growth and 3 € Og.
Then, for k = 1,..., N we have the following moment bounds:

(1) Eq, [Ztk(ﬁo) | Xt , = x] = O(h3);

(2) Ea, |20, (B0)g (XuiB) | Xo, = x| = & (B2] D g (x:8) + Dg (x:8) B8 ) + O(h2);

(3) Eg, [Ztk(ﬁo)Ztk_ Bo)" | Xy, = x} = hEX] + O(h?).

10
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5 Asymptotics

The estimators 6 are defined in (I8]). However, for the proofs, we do not need full pseudo-likelihoods. It is enough to
approxmlate the covariance matrix £2;, by hRXX . Indeed, after applying Taylor series on the inverse of €2, (9), we get
(hEXT)~1 4+ O(1). Then, rewriting likelihoods (T7) and (T3) yields expressions (32) and (33) plus a term of order
Op, (h). Thus, we find estimators of @ as the minimum of the following objective functions (this is only for the proofs)

1
LxT(0) £ Nlogdet(E8T) + Z Xy, = MO (Ko, 3 8)T(B8T) 7 (X, — AP fu(X, 13 8))
) (32)
N
£80) £ Nlogdet(SET) + Zztk T(=2) 2, (8) -2 log ‘det Df; (th;ﬁ)‘. 33)

k=1
5.1 Consistency

~ —T
Now, we state the consistency of 3y and 33 ;. The proof of the following theorem is in Section

-~ -~ /\T
Theorem 5.1 Let Assumptions |(A])|-|(A6) hold, let X be the solution of (1)), let O = (Bn, XX ) be the estimator
that minimizes one of objective functions or G3). If h — 0 and Nh — oo, then

~ P —T P
By —% B, PP 5) YAl (34)

5.2 Asymptotic normality

In this section, we state the asymptotic normality of the estimator. First, we need some preliminaries. Let p > 0 and
B, (6p) ={6 € © |0 — 6] < p} be aball around 6. Let Ly be one of the two pseudo negative log-likelihoods

(2 or G3). For Oy € B, (6y), the mean value theorem yields

(/01 H., (00 +t (éN - 00)) dt) (éN - 00) — VL (6)). 35)

We half-vectorize 3 as ¢ = vech (EET) = ( [ZET] EET]12 , [EET]22 s oo [EZT]ld s e [EZT]dd) to

avoid working with tensors when computing derivatives with respect to XX . Since X3 is a symmetric d x d
matrix, ¢ is of dimension s = d(d + 1)/2. In case of a diagonal matrix, instead of a half-vectorization, we use
¢ = diag (XX 7"). Define

11’[

1
. ﬁaﬁﬁﬁj\f (0) aggﬁN (0) _ \/m(/éN _ ﬁo) _ —ﬁagﬂN (00)
C (6) = 8L () 3;;£N( ) ] T l VN @y —) | M _%acgj\, (60)

and Dy = f01 Cn (6o + t(éN — 6y)) dt. Then, (33) is equivalent to D ysy = Ly. Let

Cs (6 rxs
C (60) = { g(x To) a (00)}7 (36)

T -1 o
[Cﬁ (00)]1417242 = / (agilF (X; ,@0)) (EEJ) ((’)gizF (X; ,@0)) dl/Q(X), 1 S 21,12 S r, (37)
1 -1 -1 .
[Cc (00)]3‘1,]‘2 = ) Tr ((89122(—)'—) (223—) (a§j222(—)r) (22(—;) ) y 1< 91,52 < s. (38)
Now, we are ready state the theorem for asymptotic normality, whose proof is in Section[7.4]

Theorem 5.2 Let Assumptions|(A1)(A6)|hold, let X be the solution of (1), and let §N = (BN, S ) be the estimator
that minimizes one of objective functions or (B3). If 0y € ©, C(0y) is positive definite, h — 0, Nh — oo, and

Nh? = 0, then
l VN (v — <o) ( ( 0)) 7 &

11
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under Py,.

The estimator of the diffusion parameter converges faster than the estimator of the drift parameter. (Gobet (2002) showed
that for a discretely sampled SDE model, the optimal convergence rates for the drift and diffusion parameters are
1/v/Nhand 1/v/N, respectively. Thus, our estimators reach optimal rates. Moreover, the estimators are asymptotically
efficient, since C is the Fisher information matrix for the corresponding continuous-time diffusion (see [Kessler] (1997),
Gobet] (2002)). Finally, since the asymptotic correlation between the efficient estimators for the drift and the diffusion
parameters is zero, the estimators are asymptotically independent.

6 Simulation study

This section presents the simulation study of the Lorenz system illustrating the theory and comparing the proposed
estimators with other likelihood-based estimators from the literature. We briefly recall the estimators, describe the
simulation process and the optimization in programming language R (R Core Team| |2022), and present and analyse the
results.

6.1 Estimators used in the study

The EM transition distribution (T9) for the Lorenz system (23)) is

Xt Xty o x z+ hp(y — x) he? 0 0
Yoo | |, | = M ~ N y+h<m—y—mz)], 0 ho? 0
th tho1 z z+ h(zy — cz) 0 0 ho?

We do not write the closed-form distributions for the K2 (20) and LL (2] estimators, but we use the corresponding
formulas to implement the likelihoods.

The LT-splitting induces a Gaussian transition density with mean vector pu!“"(x) = A" f;,(x). The S-splitting has
density a nonlinear transformation of a Gaussian, where p!S!(x) = eA" f;, /2(x) enters. Both splitting schemes utilise
Qy, from (9). This is the covariance matrix of the LT likelihood (T3)), and is used as an intermediate step of the S
likelihood (T7). More importantly, £2;, needs to be computed only once, unlike QELLL] and QELKZ]. To further speed up
computation time, we use the trick suggested by [Gu et al(2020). For the splitting schemes, we adapt P53 from (22)
accordingly

p_[A =5
87 04xa —AT|”

6.2 Trajectory simulation

To simulate sample paths, we use the EM discretization with a step size of A*™ = 0.0001, which is small enough for
the EM discretization to perform well. Then, we sub-sample the trajectory to get a larger time step h and decrease
discretization errors. We perform M = 1000 Monte Carlo repetitions.

6.3 Optimization in R

To optimize the likelihoods we use R package torch (Falbel and Luraschi, [2022)), which uses automatic differentiation
(AD) instead of the traditional finite differentiation used in optim. The two main advantages of AD are precision
and speed. Finite differentiation is subject to floating point precision errors and is slow in high dimensions (Baydin
et al.,[2017), whereas AD is exact and fast and can be used in numerous applications, such as MLE or training neural
networks.

We tried all optimizers available in the torch package and decided to use the resilient backpropagation algorithm
optim_rprop based on Riedmiller and Braun|(1992). It performed faster than the rest and was more precise in finding
the global minimum. We used the default hyperparameters and set the optimization iterations to 200. We chose the
precision of 10~° between the updated and old parameters as the stopping criteria. For starting values, we used a vector
of the same value of 0.1. Additionally, we added a nnf _softplus function to the optimizer to ensure that all estimated
parameters are positive. All estimators converged after approximately 80 iterations.

12
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6.4 Comparing criteria

We compare five estimators based on their precision and speed. For the precision, we compute the absolute relative
error (ARE) for each component HA%) of the estimator 6 n for each estimator separately,
M 15@) (4)
AN i ‘GN,T - 90,7"
ARE(y) = 17 > g

r=1

)

For S and LL we compare the distributions of Oy — 0 to investigate the precision more closely.

The running times from the beginning of the optimization step until the estimator is obtained are calculated with the
tictoc package in R. To avoid the influence of outliers, we compute the median of running times over M repetitions.

6.5 Results

In Figure[2] AREs are shown as a function of the discretization step h. For clearer comparison, we use log-scale on the
y axis. While most estimators work well for a step size no greater than 0.01, only LL and S perform well for A = 0.05.
The LT estimator is not competitive even for & = 0.005 and is not the best choice for this model. The bias of EM starts
to show for h = 0.01 with escalation for h = 0.05. The largest bias appears in the diffusion parameters, which is due to
poor approximation of QEM K2 is less biased than EM for the diffusion parameters, but performs worse than EM for
the drift parameters. Note how some parameters are better determined for larger i, when N is fixed. This is due to a
longer observation interval 7' = Nh.

Comparing ARE for the Lorenz system estimators for N = 5000

; | r | : |

1.000 0.100 0100

0.100 0.010 0.030

0.010 / 0.010

— 001 8= 0.003 | &—no

0.001 0.00 m— E—
: | ; | ; |
Oq Oy O3

3.00 10.0 10.0

100 1.0 1.0

0.30 : :

0.10 04 0.1

0.03- & — : | S— -

0.005 0.01 0.05 0.005 0.01 0.05 0.005 0.01 0.05
h

estimator S LT - LL K2 EM

Figure 2: Comparing the ARE as a function of increasing h for 5 different estimators in the stochastic Lorenz system.
The estimators are obtained for sample sizes of N = 5000. Each column represents one parameter. The y axis is on
log-scale

Since S and LL perform the best with large time steps, we zoom in on their distributions in Figure[3] To make the figure
clearer, we removed 76 outliers for o in the first two rows. This did not change the shape of the distributions, it only
truncated the tails. The two estimators perform similarly, especially for small . For A = 0.05, both estimators are a
little biased. S is better for parameters ¢, o5 and o3, whereas LL is better for p, r and o3.

While LL and S perform similarly in terms of precision, Figure ff] shows the superiority of the S estimator over LL.
While the speed of all estimators look linear in IV, the slopes differ. Namely, the running time of the LL estimator
increases approximately with the function f(N) = N/250. The second slowest estimator is K2, followed by the
splitting schemes. EM speed is almost constant and does not depend on the sample size. While this is not a general rule
but specific to the Lorenz system, it comes from the fact the LL estimator uses N covariance matrices. Additionally,
running time does not depend on h. Thus, we recommend using the S estimator, especially for large N.

Figures 5] and [6] show that the theoretical results hold for the S and LT estimators. We compare how the distributions
of O — 6y change with sample size N and h. With increasing N the variance decreases, whereas the mean does

13
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Comparing S and LL estimators for the Lorenz system for N = 10000

I e B e R e B e T e
0.010 0.050 ‘ 0.050 ]
0.010 } 0.01 | ‘
‘ ’ 0.025 0.25
0.005 l l 0.005 ‘ ‘ f J w J ; 0.025 )
0.000 000 <4 + 0.000 0.000 0.00 —+—F 0.000 S
- 9P 4 e A Jbdn :
' ‘ 0.01 -0.005- -0.025 0251 | -0.025
0010 | - | H \
-0.010 0,050 ! -0.050 L
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\ 0.1 ‘
0.005 l 0.005 0005 [ 02 0.03 l l
) ‘ | 1 | | ' ‘ | o
0.000 | T 0.000 ==$ $= 0.000 T T 0.0 0.0 T T 0.00 ‘ T 3
-0.005 -0.005 0.005 % o 02| 0.03
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0.02 0.010 - ]
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o
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.
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P | -0.02 05 02 0.2
-0.02 0.010 | == . :
s L s L s L s Ll s Ll s L

estimator (¢ S [¢] LL

Figure 3: Comparison of the distributions of O — 6y in the Lorenz system for the S and LL estimators for N = 10000.
Each column represents one parameter and each row represents one value of the discretization step h. A black dot with
a vertical bar in each violin plot represents the mean and the standard deviation.

Comparing running times for the Lorenz system estimators

| h: 0.005 || h: 0.01 || h: 0.05

40
30
©
[
S 20
[0}
(7]

10

0 N — . e N — — e m— — -
1000 5000 10000 1000 5000 10000 1000 5000 10000
N

estimator EM K2 - LL LT S

Figure 4: Running times as a function of N for different estimators of the Lorenz system. Each column shows one
value of h. On the x-axis is the sample size N and on the y-axis is the running time in seconds.

not change. For that, we need to decrease h, as well. To obtain asymptotic results for LT we need small h = 0.001.
However, S is unbiased up to h = 0.01. This shows that LT is not a good choice in practice, while S is.

The solid black lines in Figures[6]and [5| represent the theoretical asymptotic distributions for each parameter computed
from (39). For the Lorenz system (23), the precision matrix (36) is given by

C(6y) = diag %/(y—x)QdVO(X),%/:C2d1/0(X),%/Z2dl/0(X)7 5

01,0 03,0 030

1 1 1
1 75 4 191
01,0 2‘72,0 2""3,0

The integrals are approximated by taking the mean over all data points and all Monte Carlo repetitions.

14
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Asymptotic dlstrlbutlons for S estlmator h= 0 01

JEDW

N
NSNSV AN Q&Q@gm SESRNEE® PIISINI? 9 P S Y

N D 10000 5000 1000

Figure 5: Comparing distributions of O — 8, from the S estimator with theoretical asymptotic distributions (39) for
each parameter (columns), for A = 0.01 and N € {1000, 5000, 10000} (colors). The black lines correspond to the
theoretical asymptotic distributions computed from data and true parameters for NV = 10000 and ~ = 0.01.

Asymptotic distributions for LT estimators
P | ; | c | o | | % | |

A

0.01

0.005

o

A A A J\ )

D N/ \\ ‘ JL/

0.001

NN N RN AN N PN 9'.\0 99% S P S
N D 20000 15000 10000

Figure 6: Comparing distributions of On — 6 from the LT estimator with theoretical asymptotic distributions (39) for
each parameter (columns), for h € {0.001,0.005,0.01} (rows) and N € {10000, 15000, 20000} (colors). The black
lines correspond to the theoretical asymptotic distributions computed from data and true parameters for N = 20000
and corresponding h.

Some outliers of 53 are removed from Figures and@ truncating the tails.

7 Proofs

7.1 Proof of Lp convergence

Proof of Theorem[3.7] We use Theorem To prove condition [(T)] we use (27) and need to prove the following

D=

(& [l — 2 (Xe )| 1%, =]) " = 06,

15
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where gy = 3/2. We start with [|X,, — ®/¥(X,, )|? = | Xy, — Xy, — hF (X4, ) — €ni + O(h3/2)||P. For more

details on the expansion of <I>[hS], see Supplementary Material. Approximate &y, , = " tt:_l e 45T dW, by
T 23
Eni = (I+hA)/ I+ sA)ZdW, + Op(h®) =% (W, — W;,_,) + AX W, ds + Op(h?).
th—1 th—1

We have that Lt:_l W, ds ~ N(0, %31), thus &, x = (W, — Wy, ) + Op(h*/?). The Holder inequality then
yields

tr
1X¢, — X, — hF(Xe, ) — &np + O(R3/?)||P < P71 / |(F(X,) = F (X)) ||” ds.

te—1

Use Assumption [(AZ)|together with some standard inequalities and the mean value theorem to get

'p|xtk71 :X})% §C<IE

s = X[

<=

(-9 )

ty
=C h”‘l/ E
tr—1

hH/k |F(Xs) = F (Xe,_,) || ds | X, _, XD

th—1
P
| X, = X] ds)
2p %
| X4, = x]) ds

=

<o [* (@[ -xo 1% )’

th—1
<E
tr v %
<C (hp—l/ h% ds> = O(h%/?).
th—1

In the last line, we used Lemmal[4.1] This proves condition [(T)] of Theorem [3.3]

Now, we prove condition Use (8) and (T4) to write Xgi] = Frn2(e(f1)2 (XEL) - XEC]?I) + XEJ). Define
R;, = eAh(fh/Q(XE]) - XEC]), and use the associativity (TT) to get Ry, = e*"(f,(Rq,_, + ng) - XLH). The
proof of the boundness of the moments of R, is the same as in Lemma 2 in|[Buckwar et al.|(2022). Finally, we have
XE} = fh_/12(e*Ath . T+ XEC]). Since f; /12 grows polynomially and Xﬁ] has finite moments, XE] must have finite
moments too. This concludes the proof.

1
/ DyF (X, —u (X, — Xy, _,)) du
0

==

1
/ DeF (X, —u (X, — Xy, ) du
0

7.2 Proof of Lemma 4.1

Proof of Lemma [d.1] We first prove[(T)] We have the following series of inequalities

t p
e <2 ([ wocsoar +pm v w )
th—1

. P
<ot (( [ easixa” ds) (W - th)Hp)
tr—1

; p
<oicp ([ (14 %, = X+ X0 ) ds) P2 (W, - W, )
k—1

t
< 201—&-2[)—30;{7@ _ tkfl)p_l </
tr

%0 = X0 [P ds b (¢ ) (14 thk_lwﬁ)
1

+207 HE (Wt - Wtk—l)Hp'
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In the second inequality, we used the polynomial growth [(A2)|of F. Furthermore, for some constant Cs that depends on
pwehave E [||= (W, — Wy, _)||” | Fi,_,] = (¢t — ti,_,)?/?Ca(p). Then, for h < 1
- c e}
CP (t - tk71)2p ! (1 + Hth—l H) "+ Cp(t - ttk71>p/2 < Cp (t - tkfl)p/2 (1 + th’cfl H) ! ’

where constants C), refer to different constants that depend on p. The last inequality holds because for ¢ — ¢;_; < 1 the
power p/2 is dominating. Denote m(t) = Eq, [||X; — Xy, _, Hp | Ft_,]. then

t
m(t) < Cy(t = tia)* (14 X, )7 +C [ mT(s)ds. (40)

tr—1

Now, apply Lemma 2.3 from [Tian and Fan| (2020) on (0). Since we consider super-linear growth, we can assume that
Cy>1,s0

c, _ _ =
m(t) < Cp (t — ti1)”* (14 | Xep |77 + (517 () = (C1 = 129710, ( — ty—1)) =
Cp
< Gy (b= ti)”? (L4 Ko, ) + Ci(t), 1)
where k(t) = C, (t — tk_l)clp/QH (1+ ||X¢,_,|)¢?. The bound C in inequality (@T)) makes sense, because the term

1
[E=ren

(1 — (01 = 1029710, (t — ty_y) Hﬁ(t))

is positive by Lemma 2.3 from Tian and Fan|(2020). Additionally, it is at most 1 for ¢ = ¢;_;. In constant C' in (#1)
there are terms that depend on t — ¢;_1. However, these terms will not change the dominating term of «(t) (since
h < 1). Finally, the terms in x(t) are dominated by the power of p/2, thus for large enough constant C,, we have

m(t) < Cp (¢ = ti-n)”"? (1+ Xy, ).
To prove[2)] use that g is of polynomial growth
Eg, [lg (X4 0)] | Fiuy] < CrBaq [ (14 [Xouy ||+ [Xe =X, ) 1 Fiu
< Gy (1 + Hth—l ||C1 + ]E90 |:||Xt - th—l ||C1 ‘ ‘Ftk—l:|> :

Now, apply the first part of the lemma to get

Eq, [|g (Xt;0)| | ftkfl} < Oy (1 + thk—l HC1 + Cé_tk—l (1 + Hth-fl H)C3> < Ciotyy (1 + Hth-fl H)C

That concludes the proof.

7.3 Proof of consistency

The following lemma is central to proving consistency and asymptotic normality. The proof is in Supplementary
Material.

Lemma 7.1 Letr Assumptions |(AI){(A6) hold and X be the solution of (1). Let g, 81,82 : R? x © x © — R be

differentiable functions with respect to x and 0 with derivatives of polynomial growth in x, uniformly in 6. If h — 0
and Nh — oo, then,

1L T Ty~ 1 Poy -1 -
L 3 2 (00)T (527) 7 20, (B0) o T ((327) 7 2]

h—0
h 3 T Ty~ 1 Po,
2 N2 g(Xt“—l;’B(“ﬁ) (22 ) g(th—l;ﬂO7/6) T 0,
k=1 —00
h—0
- - P
3L 57, (B)T (32T) g (Xi_,: B0, B) g,
k=1 —00
h—0
N . ’
43 L 2B (227) g (i1 60,0) W 0;
—
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N 1 P
5. % X Zu(Bo) (B2T) 7 g (Xey: B0, B) — > 0;
k=1 — 00
h—0
N 1 P 1
6. L Zu(B0) (S2T) g (Xuui B0, 8) o [ Tr (Dg (i 50, ) B2 (257) ) dwo();
=1 h0
h N T Ty 1 Poy
7. N kZ g1 (Xt 1:80,8) (E=T) g2 (Xy,;80,8) ~o O
=1 hs0

uniformly in 6.

Rewrite the objective function (33)) as follows

N
1 2 _
NﬂN (ﬂ7g) = log (det (EZT>> N kzllog ’det th/12 Xy B+ T +To+T5+2(Ty +T5 +Ts) . (42)
where

N
7= Y 2, (80)T (S2T) 7 Zi, (Bo),

N T —
L= 53 (£ KuiB) = £y (X B0)) (B2T) 7 (£ (X3 8) = Fi)h Xy Bo) )

Tyi= < > Z, (80) T (B57) 7 (i (X1 B0) = pun (X1, 138))

Y -1 -1 T T\ !
T5 = Z (.fh/g (thng) - .fh/g (thng)) (EE ) (/J'h (th,l;/g()) — Hhn (th,l;ﬁ)) )

1
Nh
1
Nh
1 & T -1
Ty = ~Nh Z (n (Xe,_1:80) = i (Xey_1:8)) (227) (n (Xeesy380) — mn (Xe,_138))
1
Nh
1
Nh
1
=3

N
S (£ (KuiB) — £ 4(X0,:80)) (S27) 7 2, (80).

Use Proposition[2.2] and Taylor expansion of function pj, to approximate 7}, for 1 < i < 6.

Proof of Theorem [5.1] The proof follows [Kessler] (1997). First, we prove that

%EN (B,s) — log (det (£ 7)) + Tr ((ZET)_I EZJ) =:G1(s,%), (43)

in Py, for Nh — oo, h — 0, uniformly in 8. The first term of @I} is constant. The second term converges to
0. This follows from derivations below. Properties 1, 2, 3, 5, and 7 from Lemma([7.1] give the following limits
Ty — Tr(EXT)"'2X] ) and for | = 2,3, ...,6, T} — 0, uniformly in €. The convergence in probability is equivalent
to the existence of a subsequence converging almost surely. Thus, the convergence in (@3] is almost sure for a
subsequence (,@ N, SN, ), which implies

SN ——— <o, (44)

The compactness of © implies that (ﬁ N,» Sn, ) converges to a limit (B, Soo) almost surely. By continuity of mapping
¢ — G1(s,s0) we have N%ENL (Bn,,Sn,) — Gi(sl,s0), in Py,, for Nh — o0, h — 0, uniformly in 6. By the
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definition of the estimator, G1(Sx0,$0) < G1(S0, So). We also have
G1 (Soe:50) = G (50, 0) < log (det (R2L)) + Tr ((TEL) ' B1] ) > log (det (£57)) + Tr(L)

& Tr( (==1)” 225) — log (det ((22;)‘1 225)) > d

@Z)\ —logH)\ >Z1<:>Z (A —1—log \;) >

where \; represent the eigenvalues of (22;) B 228— , which is a positive semi-definite matrix. The last inequality
follows since for any positive x, log . < 2 — 1. Thus, G (S, S0) = G1 (S0-S0)- Then, all the eigenvalues \; must be
equal to 1, hence ¥ = X3 ] . We proved that a convergent subsequence of Sy tends to o almost surely, from there,
consistency of the diffusion estimator follows.

For consistency of B N, it is sufficient to show in Py, for Nh — oo, h — 0, uniformly with respect to 8, it holds

Nh (Ln (B,s) — Ly (Bo,s)) = G2 (Bo, <0, 8,5), (45)
where
Ga (Bo,50..5) = [ (Fux) = F ()" (S57)" (Fo () ~ F (x)) ()
+ /Tr (D (No (x) — N (x)) (EEOT (==T) 7' - I)) dvp(%).
Rewrite

N

7 (L (B.5) - »CN(,BO,G))ZA?h;b 1

det DL (X4, ;B
ny2 (Xt,::80) Lty 4 Ty b2 (T Tt ).

de thh/2 (thug)

Lemrna gives the uniform convergence of %Tg with respect to

N
= 7 2 (N0 (X0) ~ N (X)) (B27) ™ (No (Xu) - N(X0)) + On, ()
Ry / (No () = N () (527) ™ (Ng (3) — N (x)) doo(x).

We compute the limit for + + T3 analogously. To prove 5 1T, — 0, we use Lemma 9 in Genon-Catalot and Jacob (1993)
and Property 4 from Lemma- Lemma[.2] yields

gTs—>1/(No( )~ N(x))" (E27) " (No (x) — N (x)) dug(x)

Nh—oo 4

% / (Apx — Ax)" (ZXT) 7 (Np (x) — N (x)) dug ().

Finally, Property 6 of Lemmamgives +Ts — 5 [ Tr(D(No(x) — N(x)) 2% (E27) 1) dvy(x) uniformly in 6.

Use properties of the Jacobian and Taylor expansion of a determinant and Lemma[4.2]to get

2 L. |detDfyn (XesBo)| 2 & h h )
79 X h )
=~ Zlog det (I + 5D (N (X¢,) = No (X4,)) + Op,, (h )) (46)

N

o Dol

k:

14 = TrD (N (X4,) — No (X)) + Opy, (hQ)‘

Mz

N (Xy,) — No (X4,)) + O, (h )ﬁ Tr D (N (x) = No (x)) dvo (%), 47)
h—0
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uniform in €. This proves (@3). Then, there exists a subsequence NV, such that (Bn,, <N, ) converges to a limit (Boo, Soc )
almost surely. By continuity of mapping (3,s) — G2(8o, 0,8, s), for Nth — oo, h — 0, we have the following
convergence in [Py,

Nllh ([,NL (/6N”§NL> — Ly, (50,€AN,)) — G2 (8o, 50, Boos Soo) -

Then, G2(B0,%0,Boc,S00) = [(F(x;80) — F(x;8s0)) " (E2g) 1 (F(x;80) — F(%; 8x)) dio(x) > 0, since
£ = £%]. Moreover, Lx,(By,,Sn,) — £, (B0.Sn,) < 0, by definition of the estimator. Thus, the identi-
ﬁabihty assumptlon@] concludes the proof for the S estimator.

To prove the same statement for the LT estimator, the representation of the objective function (42)) has to be adapted. In
the LT case, this representation is simpler. There is no extra logarithmic term of a Jacobian, and there are only 3 instead
of 6 auxiliary 7" terms. This is due to the Gaussian transition density in the LT approximation.

7.4 Proofs of asymptotic normality
Proof of Theorem[5.2] According to[Sgrensen and Uchidal (2003)), it is enough to prove the following two lemmas.

Lemma 7.2 Ifh — 0, Nh — coand ey — 0, then

P N P 0
Cn (8p) —2 2C (6y), sup ||Cn (80 4 8) — Cy (60)]| —2 0

l6ll<en
Lemma 7.3 I[fh — 0, Nh — oo and Nh? = 0, then under Py,, we have
Ly % N (0,4C (6y)).

Proof of Lemma To prove the first part of the lemma, use equation (42) and compute corresponding derivatives to
obtain C . We start with

N
1 1 e
NhaﬁuﬁlzﬁN (ﬁ?g) = _2Nh ;aﬁnﬁm log ‘det D-fh/Z (thHB)

1
+ 8Bi15i2 E (T2 (/607ﬂ7 C) + T3 (ﬁOa /87 C) + 2 (T4 (ﬂ07 B, C) + T5 (/607ﬂ7 C) + Tﬁ (ﬂOa /87 C)) ) .
Use results from Lemma([7.T]and Theorem 5.1]to get the following limits

Py, 1

(9511512 h (ﬁo, ,6, G()) — 5 / (8&.1 Ny (X))T (EEJ)_l 6&2 Ny (X) dl/o(X),

1 P

851,1@1,’2 ETS (ﬁo, 3, Go) 00 / 8[31 No ( ) + 26{31 A()X) (EEO ) ! (8@2 No (X) + 28{&2 AoX) dl/()(X),
1 Py, 1 -

8/81'161?2 ET‘S (ﬁo’ ’3’ §0) A 5 / (8511 FO (X))T (EEJ) ' 8/612 NO (X) dVO(X)

1 _
+35 / (95, A0x) " (Z§) " 95, No (x) dug(x),

1 P 1
3B7:157:2ET6 (Bo, B, o) RALR —5 /Tr(Daﬁn% No(x)) dvo(x),

B=Bo

for Nh — oo, h — 0. Since %T4 — 0, the partial derivatives go to zero too. Like in , for Nh — oo, h — 0, we
have

N
1 ) .
72N7h Z 3&1[%2 log ‘det th/12 (th;ﬁ)‘
k=1

0 /TI“ D@lg”ﬁlz NO ( )) dVO(X).
B=Bo

Thus, ﬁé)@l% EN(ﬁ, Co)‘lgzgo — 2 f(aﬁléF(X; ﬂo))T(EEJ)_IaﬁQF(X; ,30) dl/U(X), in Pgo for Nh — oo, h —
0.
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Now, we prove ﬁ@gqﬁN(ﬂ7 $)|B=go.c=co — 0, in Py, for Nh — oo, h — 0. The following term is at most of the
order O(h)

N
8511—2 /6., - Z ﬂ07xtkaxtk 1) — g (ﬁ;XtINthfl))T (EZT)_I g1 (ﬁ;Xt;Nthfl) 5

forl = 2,3, ...,6, where C’h is a constant depending on h, and g, g; are generic functions. Then, term 0g. Ln (3, <) still
contains g(Bo; Xy, , Xt ,) — g(8; X4, Xy, _,) which is 0 for 3 = By. Thus, ﬁaﬂch(ﬂ7§)‘,@:,@07§:§0 =
0. Finally, we compute 8, o, Ln(8,s). As before, it holds 0 ¢, Ti(B,$)|g=po.c=cy — 0, for
Il = 2.3,..,6. So, we need to compute the following second derivatives 0 ¢, log(det XX ") and
e, s, r by Zie, (Bo) T(ZET) 712y, (By). The first one yields

Oy, 108 (det XT) = Tr (B27) ', 387 ) - T ((==7) ' (0, 357) (Z=T) ', =TT ).

Si1Si2

On the other hand, we have

1 & _
%;i5: N T Z Z:,(B0)7 (357) " 24, (Bo)

ZTr (20 (80)Z0,(B0) T (E2T) 7 (86,,,Z=7) (==7) )
N
Z (20, (8020, (80)T (E27) ' (8, =27) (£27) ' (8, Z27) (2=7) )
k:
N
Z Tr (0, (80)Z4, (Bo) T (B2T) 7 (8, Z%7) (B27) 7 (8, =27) (357) ).
Then, from Property 1 of Lemmal[7.1] we get

- _
o 22 BT (53) 2080

B=Bo,s=%0
P oy ((zzg)‘l (0, =37) (=27) " 6%223) T ((223)‘1 )

Sj1S5
N}L—>6>o J1°92

22{) .

Thus, Né'gh 6, LN (B56)8=B0,s=50 — (227 )10, 2] )(BX] )~ 0, ¥3J). Since all the limits used in
this proof are uniform in 8, the first part of the lemma is proved The second part is trivial, due to the fact that all limits
are continuous in 6.

Proof of Lemma [7.3] First, we compute the first derivatives. We start with

05, L (B,5) = = Z (Fh X B) (X :8)) (B57) " (3.5 (X0 8) — Otin (Ko 8))

N

=23 T (Dfinja (Xuy5 8) Dxp, £y (X1, 8) ) -

k=1
The first derivative with respect to ¢ is

a(j‘CN(/B7 C)

N
= 1o, > (A X B) = (X B) T (BRT) (£ (X1,38) — (X, ,38)) + s, log det(Z2T))

1%( ((f (X2 8) — . -1 .3 _ )"
== o (X0 B) = (X, 8)) (£ h(XiuiB) = mn (X3 8))

: (==7) " (0,227) (z27) ) + T ((=27T) 1o, 35T)).
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Introduce
i 2 _
M0k (0) = e (T (Do (X 8) D3 Fy s (X 9))

20 (O) (55T) 00, (A 0) - (X8 )

00 = < (1 (200120 (8)" (327) 7 (522T) (337) ) -1 (m27) o mxT) )

and rewrite Ly as Ly = Zszl [771(\},)1@ (6o),... ,775\7;),6 (6o), CJ(\}}I@ (6o),. .-, N k (60)] " . Now, according to Proposition
3.1 from Crimaldi and Pratelli| (2005)) (for more details see Supplementary Materlal), it is sufficient to prove

Eo, [ sup
1<k<n

777(5)k (90)” —0 Eo, [ sup

1<k<n

¢l <90>H ——0, (48)
ZE% [ (80) 1 X, | =50, ZE% (€9 (60) | X0, | =0, (49)
ZE% [Th(flk) (60) | Xs, - JE {777(;213 (60) | th,l] —2 0, (50)
ZIE90 (€9 (60) | Ko, By [€5) (B0) | Xy, — 0, 51)
ZEeo [180% (60) 1 X1, | Ba, [¢53 (00) | xtk,l} S, 52)
ZE% [ Ml (00)n3 (B0) | Xoy | —4[Cp (B0)],,, (53)

ZEeo (€9 (60) ¢T3 (B0) | Xy, | —2> 4[C< (80)),5, (54)

ZE% (1% (80) €L (80) | X, | —>0, (55)

> [(nfzz) o 00)" 1%, 20 56
ZEOO [( SCOTS (00))2 X, | s, (57)

Py

Z]Eeo (10 (80) ) (60)%) 1 X, | =50, (58)

n—oo

forall é,41,15 = 1,2,...,7 and j, j1, j2 = 1,2, ..., s. The proof of the previous limits is quite technical and is shown in
Supplementary Material.

8 Conclusion

We proposed two new estimators for nonlinear multivariate SDEs. These estimators are based on splitting schemes,
a numerical approximation that preserves all important properties of the model. It was known that the LT-splitting
scheme has L convergence rate of order 1. We proved that the same holds for the S-splitting. This is expected because
the overall trajectories of the S and LT-splittings coincide up to the first 2/2 and the last h/2 move of the flow <I>[h2}2.
However, S-splitting is more precise in one-step predictions. This is crucial because the transition densities between two
consecutive data points entering the likelihood are therefore better approximated for the S estimator. Since S one-step
prediction has one order more compared to LT, the obtained estimator is less biased.
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We proved that both estimators have optimal convergence rates for discretized observations of the SDEs. These rates

are v/ N for the diffusion parameter and v/ N h for the drift parameter. We also showed that the asymptotic variance of
the estimators is the inverse of the Fisher information for the continuous time model. Thus, the estimators are efficient.

In the simulation study of the stochastic Lorenz system, we showed the superiority of the S estimators. We compared
five estimators based on different discretization schemes. Estimators based on Ozaki’s LL and the S-splitting schemes
performed the best in terms of precision. However, the running time of LL is greatly dependent on the sample size
N, which is not the case for the S estimator. This property makes the S estimator a more appropriate choice for large
sample sizes. We showed that the LT estimator does not perform well in real examples, despite its asymptotic properties.
The EM and K estimators perform well for small A, but for h = 0.01 the bias is large, especially for the diffusion
parameters in the EM case.

While proposed estimators cover a wide range of models, we still have some restrictive assumptions such as additive
noise. However, this can be relaxed if the Lamperti transformation can be applied. Moreover, we assume equidistant
observations. This can easily be relaxed due to the continuous-time formulation. Finally, we assumed that the diffusion
parameter XX T is invertible. Sometimes, models with degenerate noise naturally arise in applications, for example,
second-order differential equations. If the covariance matrices have components with different time scales, they are
called hypoelliptic models. These will be thoroughly investigated in another paper, where the proofs are more involved.
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S1 Supplementary Material

This section gives proofs of all the propositions, lemmas, and theorems. If not differently stated, we assume the
parameters are the true ones 6y and the expectations are taken under the probability measure Py, .

S1.1 Proof for the Lie-Trotter splitting

Proof of Proposition [3.4] First, we prove the proposition for splitting (I3). Taylor-expansion of E[@E}T] (x)] =
eAh f,(x) as a function of h around h = 0 using (T2) yields

A (%) = x + h(Ax + N(x)) + %2 (A’x +2AN(x) + (DN(x)) N(x)) + O(h%). (S1)

The coefficient of h equals F(x), which coincides with the coefficient of h of the theoretical moment of the solution of
given in (§). In (1_33]), 3 appears in the coefficient of 2, however, it does not appear in (ST)). Thus, to obtain the order
of convergence O(h*), we need the following unrealistic assumption.

(A" YL > [Z=T],05F0(x) =0, forallk=1,....,d.

Comparing (ST and (3) under Assumption we need AN(x) = (DN(x)) Ax to obtain equality of the coefficient
of h2. This only holds for all x € R? when N is linear. Thus order O(h?) one-step convergence is only possible for LT
if SDE (T is linear.

Now, define the reversed Lie-Trotter splitting

XEI;T]* — (I)ELLT]* (X[LT]*) _ ((I)[hz] o (I)Ll]) (X[LT]*) - (eAhX[LT]* T €h7k) '

tr—1 th—1 tr—1

(1]

te—1

We need to compute E[f;,(eA"X,, | + &n.k) | Xt,_, = x|, which is equivalent to computing ]E[fh(X,[i]) | X

x| = E[f» (eAth[i]ﬁl +&nk) | ngil = x]. The infinitesimal generator L(;) for SDE (6) is defined on the class of
sufficiently smooth functions g : R? — R by Lpjg(x) = (Ax) " a%(:) + 3 Tr (XX THy(x)). This yields
h? .
E g (X5)) 1XEL, = x| = 960 + hLpg(x) + 5 LA 9(x) + O(7). (52)

We apply (S2) on g(x) = f,E7)(X) To compute L[l]f}(f)(x) and L%l]féi)(x), we use the Taylor expansion of
fr(x) around h = 0, given in (I2). The partial derivatives are ajf,(j’) (x) = 0% + ho;N®(x) + O(h?) and
8% ,(Li)(x) = h@?kN(i)(x) + O(h?). We only need to calculate Li }(Li)(x) up to order O(h) because it is
multiplied by h; Ly £ (x) = (Ax)? + h(Ax)T VNO(x) + 2 Tr (SETHy o (x)) + O(h?). Likewise,
L2 £ (x) = (Ax) " V(Ax)®D + O(h) = A® Ax + O(h). Thus

E A7 (XEL) X5, = x| =2 4 (a0 + NO)) + %Q(AX)TA(”

th—1

+ 1% (Ax)T VNO(x) + h; Tr (S THy o (x)) + h; (N(x))" VN (x) + O(h?) (S3)
=2 4+ hFO (x) + h; (F(x))T (vzw') (x)) + h; ((AX)T VFO (x) + Tr (SZ T Hyo (x))) + o).

Using that F() (x) = (Ax)" + N (x), % = (AT £ VN® (x) and Hp) (x) = Hy) (x), the expectation
of the true process (3)) rewrites as 12
BLXG | X, =2 =2l + hFO () 4+ 5 (N(x) T VEO (x)
2

+ % ((Ax)T VF®(x) + %Tr (X Hyo (x))> +O(h?).

In conclusion, the last equation coincides with equation (S3) only up to order O(h). To obtain order O(h?),
(Nx))" VFO(x) - I Tr (E=THy o) (x)) = (F(x)) " VNO(x), forall i = 1,. .., d should hold.
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S1.2  Proof for the Strang Splitting

Proof of Proposition[3.6] Let Q(x) = %(2Ax + N(x)) + %2(4A2x + 4AN(x) + (DN(x))N(x)). Then, use
Proposition [2.2fto rewrite

Fryz (€2 Fryo(X) + &) = Frje (X + Qu(X) + & + O(h)) = X+ Qi(X) + &, + SN(X + Qn(X) + &n)
2

+ %(DN(X + Qu(X) + &,))N(X + Qu(X) + &) + Op(h®). (S4)

Then,
N(X + Qu(X) + &) = N(X) + (DN(X))(Qn(X) + &n)

+5[@u00 + &) THyL () @u(%) + sm]j +0u(n?)

= N(X) + (DN(X)Qu(X) + (DN(X)) + 3 [Qu(X) Hiyir (X)Qu(X)|

& (Hyo ()6 +0:02). (s35)

d

=1

d
The term [Qh(X)THN@) (X)Qh(X)] is O(h?). Terms with only one &}, have zero mean. Thus,
i=1

1=

B IN(X + Qu(X) + &) | X = x] = N + (DNG0)Qu(x) + 3 [E [6] By (X080 | X =] | + 008,
(S6)

Lastly, we compute

E[& Hyo (X)€ | X =x]| =E [tr (€] Hyo (X)&) | X = x| = tr (Hyw (X)E [€,€,])

d
Z N( ) var £h k: = Z kF(Z ﬂh]
k=

J,k=1 k=1

We use the approximation of the variance of the random vector &, from equation (9) to get E[N(X + Q(X) + &) |
X = x] = N(x) + (DN(x))Qn(x) + [ij [EET]00% FO (x)]L | + O(h?). Taking the expectation of (S4)
and using the previous equation conclude the proof.

S1.3 Proofs for Moment Bounds
Before proving moment bounds, we need some auxiliary properties of the infinitesimal generator L.

Lemma S1.1 Let L be the infinitesimal generator given by (@) of SDE (I). For sufficiently smooth functions «, 3 :
R? = R

L(a(308(x)) = a(x) LA(x) + B La(x) + 1 Tt (STT (VaG) VTG0 + VBV a(x))
Proof We use the operator L and the product rule to get
L (a(303(x)) = F(3)Ta(x) VA (x) + F(x) TAG)Va(s0) + 1 Tt (ST (a(x)Hs(x) + S0, (x))
LT (BT (Va()VT8(x) + V()Y a(x))
= a(x)LA) + B0 La(x) + 5 Tr (827 (Va(x)V T 4(x) + VAV a(x)))
This concludes the proof.
We add one more auxiliary lemma regarding the mean function fej.

Lemma S1.2 For the mean function py, we have the following three identities
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L pa(x) = fu2(x) + hAx + 'S AF(x) + O(h%)
2. pn(x) = i (%) + hF(x) + L AF(x) + O(h?).
3. pa(x) = x + hAx + IN(x) + O(h?).

Proof We prove only the first two identities. The last one is a direct consequence. We use definition of p,, Taylor
expansion, and expansion of fj, /5 to obtain p(x) = (I + hA + §A2> Fr2(x) + O(h®) = fra(x) + hAx +

%QAF(X) + O(h?), which concludes the first part.
For the second part, formula (I2) gives f}/2(x) — fh_/lz(x) = hN(x) + O(h3). Then we get p(x) = fh_/12(x) +
hF(x) + %AF(X) + O(h?). This concludes the proof.

Proof of Proposition [d.3] Proof of[(T)] Lemma[S1.2]yields
E {f};/é(xtk) o ll'h(th,l) ‘ th71 = x} =FE {f}j/lz(xtk) | th71 _ X:| B p,h(x)
h2
- 3AF(x) +O(h?).

Now, use the infinitesimal generator L to find the expectation in the last line. Here, we abuse the notation and apply the
generator L directly to a vector-valued function, instead of applying it on each coordinate. We have

_ _ _ h? _ .
E|frnXe) | Xe = x} = Frjn(X) +hLf, (%) + ?szh/g(x) + O(h).
Use that f, /12 (x) = f_p/2(x) and expansion (I2) to get
h

L b(x) = Ix = SLN(x) + O(h?) = F(x) - gLN(X) +0(n),

L? fh_/12(x) = LAx + LN(x) + O(h) = AF(x) + LN(x) + O(h).
Now, it is clear that E [f,:/g(th) — (X ) | Xy, = x} = O(h3).
Proof of Here, parameters are specified. Start with expansions of f, Land pp,
Eoy [(£/5(X0580) = 1n(Xeu1580) ) € (X0 8) T | Ko, = X]
= Ky, [thg(th;ﬁ)T | Xy = X} - g]EGO {N(th;ﬁo)g (Xt B | Xy, = X}

~xEo, [8(X0i8) | X, = x| — & (2A%+ No (x)) o, [2(X,18) " | X0, , = x] +0(?)

—xg(x8) +hLo, (x8(c8) )~ 2No (g (x0)
—xg(:8) — hxLoyg (x:8)" — hA'xg (x:8)" — Ny () g (x:8)T + O(h?)

2
— Lo, (xg(:8)" ) ~hxLo,g (x:8)" — hF (x; Bo)g (x: 8) " + O(h?).

Now, we use Lemma [ST.T|and equation (@) to get
Lo, (xg(x:8) ") =xLo,g (x:B)" + (Lox) g (x:B) " + % (B2, D'g(x:0) + Dg (x:0) £%g )
= xLog (x:8) +F(Bo)g (x8) +5 (2] DTg(x:8) + Dg (x: B) 5]

which concludes the proof of
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Proof of |(3)l We use the previous property. Introduce g (X3, ; Bo) = f;/12(th ; Bo), then,
-
]EQU |:(.fh_/12 (th 5 ﬁo) - Au'h (th.,l ) 50)) (fh_/12 (th 5 50) - l’l’h(xtk,1 ; /80)) ‘ th-—l = X:|
h
=5 (Z2g D 7g (x: o) + Dg (x; B0) B )
— Ba, [Fh(Xeyi B0) — i (Xey 5 80) | Xy, = x| g5 80) T + O(2).
Using the first property of this proposition together with Dg(x; Bg) = I + O(h), the result follows.

S1.4 Auxiliary properties

Here we list some helpful properties needed to prove the consistency and asymptotic normality of the estimator. First, we
state Lemma 2.3 from Tian and Fan|(2020) needed for the proof of d.1} This lemma generalizes Gronwall’s inequality.

Lemma S1.3 Let p > 1 and b > 0 be constants, and let a : (0, 4+00) — (0, +00) be a continuous function. If
u(t) <alt) + b/ot uP(s)ds,
then u(t) < a(t) + (K1P(t) — (p — 1)2P=1bt) ™5 and '~P(t) > (p — 1)2P~1bt, where
K(t) = 2p_1b/0t aP(s)ds. (S7)

Lemma 9 in|Genon-Catalot and Jacob| (1993) provides conditions for the converging of a sum of a triangular array.

Lemma S1.4 Let (X,iV)NEN 1<k<N ‘

let U be a random variable. If

be a triangular array with each row N adapted to a filtration (g,fj) L<k< e an

N N
S EXY 6] ==, SE[N) 16V ] ==,
k=1

n— 00 n—o00
k=1

then SN XN XU

n— oo

The two following lemmas give sufficient conditions for uniform convergence. The first one is Proposition A1 in|Gloter]
(20006)), and the second one is Lemma 3.1 from |Yoshidal (1990).

Lemma S1.5 Ler Sy (w, 0) be a sequence of measurable real-valued functions defined on Q0 x O, where (Q, F,P)
is a probability space, and © is product of compact intervals of R. We assume that Sy (-, 0) converges to a constant
C' in probability for all @ € ©; and that there exists an open neighbourhood of © on which Sy (w, -) is continuously
differentiable for all w € ). Furthermore, we suppose that

sup E {sup |VgSN(0)|} < 00.
NeN leco

Then, Sy (0) . c uniformly in 6.
n— oo

Sometimes, we can not use the previous lemma and the following lemma will be used instead.

Lemma S1.6 Let F' C RY be a convex compact set, and let {(x5(0);0 € FY, be a family of real-valued random
processes for N € N. If there exist constants p > | > d and C > 0 such that for all 0,0, and 05 it holds

(1) E[|én (1) — En (82)] < C 161 — 62|
(2) E[lén (0)]] < C;

’

(3) &n (8) =0,

n
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then supge IEn (9)] %} 0.

Another useful tool for checking if the conditions of the previous lemma hold, is Rosenthal’s inequality for martingales
(Theorem 2.12 in Hall and Heyde| (1980)).

Theorem S1.7 (Rosenthal’s inequality) Let (X} )

filtration (G}Y) L<p<n and let

NENA<k<N be a triangular array with each row N adapted to a

N
Sy=> X, NeN
k=1

be a martingale array. Then, for all p € [2, 00) there exist constants Cy, Cy such that

N /2 N
| E (Z]E[(X,ﬁV)QQ,iVlO —S—Z]EUXMP} <E[Sn]]
k=1 k=1

N ) p/2 N
<o e (zwxﬁ) gf:_ﬁ) FSE[X]
k=1 k=1

A special case of multivariate martingale triangular arrays central limit theorem (Proposition 3.1 from |Crimaldi and
Pratelli| (2005)) that we present here will be useful to prove asymptotic normality.

Theorem S1.8 Let (X N7k.) be a triangular array of d-dimensional random vectors, such that, for each N,

NEeN,1<k<N

the finite sequence (X N, k) 1<p< I$ amartingale difference array with respect to a given filtration (g,fj ) L<p<n Such
that
N
Sy = ZXNJC’ N € N.
k=1
If

D E| s Xnsl| 00
1<k<N n—oo
N P
(2) > Xn, kX; x — U, for some non-random positive semi-definite matrix U ,
k=1 ’ n—oo

then Sy —%— N4(0,U).
n—oo

Remark To prove the second condition, we use Lemma|[ST.6] It is sufficient to prove that, for all i, j =1, ..., d,

N N
Selxfad o] Sou  Te[(xball) ian] oo
k=1

n—
k=1

Remark For a martingale difference array we need conditional expectations to be zero almost surely, i.e.
E[Xnk|Gh 1] =0, as. forall NeN, 1 <k <N.

In our case, (X N, k) is not a martingale difference array. So, in the same manner as in Corollary 2.6 in

NeN,1<k<N
McLeish|(1974) we need to assume two additional conditions on (X N, k)

NEN,1<k<N

N . IP N . . IP

SE[x( 10, ] ==, STE[X 10N R X9, 16 ] o (S8)
k=1 k=1

31



SDE Parameter Estimation using Splitting Schemes A PREPRINT

Indeed, we have a martingale difference array Yy, = Xy —E [X Ni |G ,iv_l] that satisfies conditions of the previous
theorem. To prove the first condition we write
N ]]

E[ sup YNk||1:| <E[ sup XN,k||1:| ‘*‘E{ sup E |
1<k<N 1<k<N
sup [Xxul| +E | swp B[ s Xl 162 |

1<k<N
1<k<N 1<k<N  l1<j<

<k

< 3E[ sup ||XN,;€||1] — 0.
1<k<N n—0o0

We used Doob’s inequality for the last submartingale. To prove the second condition we fix 7, j to get

N
S V)= 3 - e X o)
k=1 = k=1

- XOE X0, 16 + > B (X0, 162 B [xE) 162).
k=1 k=1

The first term goes to Us;, and the last term goes to zero. To prove that middle terms also go to zero we use the following
inequalities

N . .
Sz X 0]

k=1

N
< 30 i [ [x 19|

k=1

2

(S sefnia]) —o

IN

N
The previous theorem yields Y Yk 4, N4(0,U). Together with (S8), we get Sy SN N4(0,U).
k:1 n—oo n—oo

S1.5 Proof of Lemmal7.1]

Proof of Lemma[7.1] To prove point-wise convergence, we mostly use Lemma[ST.4] To prove uniform convergence
we use interchangeably Lemma|[ST.5]and Lemma[ST.6|

Proof of 1. We denote Y, (8o, <) == thk (Bo) T (ZXZT)"1Z;, (Bo). We have

N
ZEeo VN (Bo, ) | Xty ] = N X_:Eeo [TT (Ztk (Bo)" (EZT)_l Zy, (50)) | th—1:|

N

Z ( (==T) " Eo, [Z4, (80) 2, (Bo) " Ith_J)

k_

N
= Z Te ((527) ' hES] + Op, (h)) LN ((==7)"=%]).

Nh— o0
h—0

To use Lemma|S1.4] we need to prove that covariance of Y;¥ (B0, ¢) goes to zero. Recall that if A is a Gaussian random
vector A ~ N(0,II), then E[(ATBA)?] = 2 Tr((BII)?) + (Tr(BII))2. We use Corollary [3.8]to write Z;, in terms
of &n

N
ZEHO [YkN (/607§)2 ‘ th71]
k=1

N
= N21h2 Z (EGO |:(£;lrk (EZT)_1£h7k)2 | th1:| + O]P’eo <h3/2)>
k=1

1 N -1 2 —1 2 Py,
D <2Tr (==7) " hzexg) + (T ((=27) " hzexy ) ) + Op,, (VR/N) =% 0,
k=1

32



SDE Parameter Estimation using Splitting Schemes A PREPRINT

for Nh — oo, h — 0. By Lemma [S1.4 = S~ | Z¢, (B0) T (Z=T) ' Zy, (Bo) Do, m((zeT) 28], for
Nh — 0o, h — 0. We still need to prove that the limits hold uniformly in 6. For that recall Frobenius inner product
of matrices A, B € R"*™: (A, B)r := Tr(ATB). Then, Holder inequality applied on the Frobenius norm gives
the following bound of a trace of a product of matrices | Tr(ATB)| < | Tr(A)|||B||. Here, || - || denotes the operator
2-norm defined as [|A| = \/Amax(ATA), where Ay is the largest eigenvalue. Also, we use the operator norm
inequality ||ABJ| < ||A||||B]|. Now, it is enough to prove the uniformity in ¢, because (3 is fixed to the true value. To
prove the uniformity use Lemma(S1.5] Denote ¢ = (51,62, ...,5s) € O X O, X -+ X O, = O. It is enough to
show that forall j =1,...,s

N
1 —1
sup Eg, | sup |0 — Z: (Bo)" (ZXT Z: (Bo)|| < . (S9)
NeN o <J€@<j Sj Nhkz::l tk( ) ( ) tk( )
Use the well-known rule of matrix differentiation Ox (a’ X~'a) = —X'aa' X!, where a is a vector and X is a

symmetric matrix. Then, we get
Oy Tr (achl(x)a) =-—Tr (Cfl(x)aaTCfl(x)@x(i>C(x)) =-—Tr (aaTCﬂ(x) (0,»C(x)) C(x)) .

For ease of notation, we omit writing 3y. Then, we have

N N
LSz (ssm) L T (mnT) ! ‘
e | oy 2 5 | < [ 50 o () )|
N
<o B | 4 3 T @z]) sy |55 0,3 (o) |
k=1 J SJ
1 o T T\ -1? T 1 & T
< sup B, | 577 > Tr (Z0,24,) sup |@==T)7| o, == < Csup B, | 77 > Tr (ZuZy,)
k=1 J <J k=1
= C sup Eg, |Eg LXN:Tr (Z4,Z})) | X, = C sup Ey iiTr (hEE] + Op, (h?))| < .
Nen o ° ' Nh P Kty k—1 NeN °| Nh —~ 0 %0

We used the trace bound in the second inequality, the operator norm inequality in the third inequality, and |(A4)|in the
last one.

Proof of 2. Lemma[4.2] yields

N
%Zg(xtm;ﬁo,ﬂ)T (=27) g (Xi i 6o, B) 2 /g(X;Boﬁ)T (==7) " g (x; B, B) du (x),

k=1

uniformly in 6, for Nh — oo, h — 0. Property 2 follows from the boundedness of g.
Proof of 3. Introduce Y,V (8, 0) = % Zy, (Bo) " (EX7) 'g(Xy,_,; B0, B). We start with

N N
S Ea, [ (80,0) | Xe, ] = 1 D0 Bay [T (20, (80) (827) s (X0, 60.8) ) | Xe, ]
k=1 k=1

N
= T (527) s (Ko, B0, B) Bay (20, (80) " | X, ])
k=1

= O, (W) 2250,
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for h — 0. Now, repeat the same derivation for the second moment of YkN

N
ZEGO [YkN(ﬂOﬂB)Q | th—l]

k=1

N
= % ZEGO [g (th,l;ﬁoﬁ)T (EET)_l Z+,,(B0)Z+,, (Bo) " (EET)_l g (Xt 360, 8) | th,l}

N
= DX i00.8) (357) o, (2, (802, (80) | X, ) (527) 8 (X0, 1: 60.9)
k=1

— O, (h/N) 2250,

P
for Nh — 0o, h — 0. Lemma|S1.4|yields & Zk 1Ztk(/30) (") lg(Xy, l,ﬁo,,ﬁ) — 0, for Nh — o0,
h — 0. We still need to prove that the limits hold uniformly in 8. We use Lemma@ It is enough to prove that there
exist constants p > [ > r + s and C' > 0 such that for all 8, 8, and 05 it holds

N p

Eo, |[>_ VY (B0.0)] | <C, (S10)
k=1

N p

[ Z N (Bo,01) — YN (Bo,62))| | <C 61 — 6" . (S11)
‘We start with the first one. Note that
c

1Ze, (Bo)IP < [ K, = Koy [+ Cub? (1 XK, [N+ Cah? (14 (|, )77 (812)

for some constants Cy, Cy > 0, due to the shape of Z;, (3¢) and assumptions of N and » < 1. Then, from Lemma

Eg, [1Ze, (Bo)|” | Xeo ] < CRP? (14 || Xe, ) (S13)

Use the inequality of norms to get

N
Z YkN (ﬁ07 0
k=1

p N
1 < NN B, (VY (80, 0)] (S14)

k=1

- Jisz:Eeo [an Hztk Bo)T (227) g (thfl;ﬁo,ﬁ)‘p | xtHH
k=1
S;iMJMM%WMH&MW®2UWWM&mewﬂ
k=1
< % n-C. (S15)

In the last line we used (ST3) together with both statements of Lemma@.T} Now, we can prove the other condition. We
start in the same manner

N p
Eg, [ Z (V¥ (B0, 61) — V3 (Bo, 62)) 1 (S16)
k=1
1 N
<2 Eeo Zi, (Bo)" (3137) 7 (g (Xen_1:81,80) — & (X, 15 82,60)) ! (S17)
N

2, (o) ((B1=]) " = (222]) ) & (Xiy: 82, B0)

p} . (S18)

T ZE%[
k=1
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We start with (ST7). Use the mean value theorem and the norm inequalities, like before, to get
T
|
k=1

1 & _
< N ;Eeo [Eeo 1Ze, (B | X, ] H(Elzi) al g (X, 1;81,80) — & (th,l;B%ﬁo)Hp}

Ztk (ﬁo)—r (Elzr)_l (g (th—l;ﬂlﬂ/ao) -8 (th_1§/827ﬂ0)) ’p:|

1
Cp (14 [ X, ) 181 — Ball” /0 Dsg (Xoy i B2+t (B1 — Ba) ., Bo) dt

1 N P
gNkZ_lan 1 (S19)

<C|B1 - Ba|". (520)

To prove (ST8), introduce the following multivariate matrix-valued function G(s) := (X3 T)~!. Repeating the same
series of inequalities as before, we get |G (s1) — G(s2)||. Use the inequality between operator 2-norm and Frobenius
norm, and the definition of the Frobenius norm to get

Nl

d
IG(a1) = Gle)ll < | D 1Gi(s1) = Gis(e)]®

ij=1

Now, apply the mean value theorem on each G;; to get

W=

2

d t
1G(s1) — G(s2)| < Z 1 — s2|? ‘ / VeGij(s2 +t(s1 —o2))dt
0

1,j=1

< Cll¢1 — s,

due to Assumption[(A4)] The rest of the proof is the same. Now, we get

for p > 2. This concludes the proof.

Proof of 4. Introduce Y,V (B0, 0) = 77 Z¢,. (Bo) " (XX7) g (X¢,_,; Bo, 3). Derivations from the previous point
yield

N P

(VY (Bo,01) =Y, (Bo,02))| | <C(IB1 — Bal” + |ls1 — s2|")

k=1

p/2
<O (I8 =Bl + s —<l?) "~ = Cllor - )",

N
S B, [ (60.0) | Xy, ]
k=1

N
= T (557) g (Xe, 130, 8) Ba, 2, (80)T | Xo, ) = O, (07) 000,
k=1

P
for h — 0. Now, Yr_, B, VN (80, 0)% | Xy, _,] = Op,, (77) —%% 0, for Nh — 0o, because

N
> B, [V (80,0)* | Xy, _,] (S21)
k=1
N
=z 28 (X :60.8) (527) " By, [2,(80)2,(80) | X, ] (357) g (X 50,8).
k=1

To prove the uniform convergence, use Lemma [ST.6 and Rosenthal’s inequality (Theorem 2.12 in [Hall and Heyde
(1980), also stated as Theorem in this paper) to get

p N
‘| S C E (Z]E[YkN (/6030)2 | th—1}>
k=1

p/2

£ (1Y (8o, 0)"]

k=1

Eo,

N
> YN (8o, 6)
k=1
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The first term is bounded because of (S21). From (ST3), Nh — oo and h — 0 and p > 2 we have

N
N e 1 2 o~ L sy
;E “Yk (B0, 0)| } < iy NRP/2. O = T 1P c<c.

To finish the proof of uniform convergence, we again use Rosenthal’s inequality to get
p]
N p/2
2
< CE (Z E[(VY (Bo,01) ~ Y (80,62))” | Xt“]) + O E[| (Y (B0,01) — Vi (8o, 62)) "]

k=1

N

> (VY (Bo.61) = VY (Bo. 62))

k=1

Eq

0

For the second term use derivations from (S20) to get

ZE (%Y (B0, 01) = ¥ (80,62) "] < NRPC 01— 6] < C|61 - 65",

1
(NR)?
for the same reasons as above. Again, from (S20) we have

E[(Y (B0, 01) = V¥ (B0,62))” | Xy, ]
< 2Ky, [(Ztk (Bo) " (212?)71 (g8 (Xt 1:81,60) — 8 (th,l;ﬁz,ﬁo))f | th1:|

+ 2B, [(ztkwof (=)~ (2:30) )8 (X :88)) Xt“] .

Finally, (S21) and derivations (S20) conclude the proof.

Proof of 5. We introduce YkN(ﬁO, 0) = Ztk (Bo) (=X 1g(Xy,; Bo, B). Since E[Z;, (B0)g(Xt,;80,8)" |
Xi,_,] = Op,, (h) holds by Propositionthen Zévzl Eg, Y,V (Bo,0) | Xi,_,] — 0in Py, for Nh — oo, h — 0.
To prove convergence of the sum of second moments Y,V (8y, 8) of we start with

w3 [ ((z) @) sxma)) x|

= % ﬁ:E {Hztk (Bo)|I? g (Xty; Bos B | thfl} Tr ((EET)—l) H(EZT>_1H

1

sNQZ( (12 (80) 1" | X | B [llg (Xuai B0, ) 1 Ko, ] ) = O, (/W) 250, (522)

for Nh — oo, h — 0. Previously, we used the bound on the trace through Holder inequality, Cauchy-Schwartz
inequality, and Lemma[4.T| with (ST3). To prove uniform convergence, we prove (SI0) by repeating the same steps as

in proof of (ST3). Similarly, to prove (STI)) we repeat the same steps as in (S20) with help of the previous series of
inequalities.

Proof of 6. We introduce Y,V (80, 8) = «7Z+,(8B0) " (E27)'g(X4,; Bo, B). Proposition 4.3|yields

N N
>~ Ea, [¥(80.6) | X)) = 577 ST (B27) ' By 2 (o) (KuiBo.9) 1% )
k=1

k=1

N
_ % S e ((==7) (2] D78 (X i 60, 8) + Dg (Xi,:50,8) S5 ) + O, ()
k=1

Foo, /Tr (Dg (x: Bo, B) =X (zzT)‘l) v (x),
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for Nh — o0, h — 0. On the other hand, 3¢, Eg, [Y;N (80,0)? | Xy, _,] = Op,, (77) = 0, in Py, for Nh — oo,
h — 0, which follows from (S22)). To prove the uniform convergence we repeat the same reasoning as in the previous
two proofs.

Proof of 7. First, we use the fact that E [g(th 300, 8) | X, = x] = g(x; B0, 8) + O(h), for a generic function g.
Then, for YN (8o, 0) = g1 (Xs,_,;80,8) T (E2T) " 1ga(Xy,; Bo, B) it follows

N N

Py Py,
ZE90 [YkN(ﬁ()ve) | th—1] ﬁ 07 ZEGO [YkN(ﬁove)Q | th—J ﬁ 0.
k=1 h—0 k=1 h—0

Again, the proofs of (ST0) and (STI) are the same as in the third property, with the distinction of rewriting
g (B1)" (53153?)71 g2 (B1) —g1(B2)" (222;)71 g2 (B2)
= (g1(B1) — g1 (B2))" (2121T)_1 g2 (B1) + g1 (B2)" (Elzf)_l (82(B1) — 82(B2))
g (B ((E1EI)_1 - (2225)_1) g2 (B2) .

S1.6 Proofs of Asymptotic Normality
In this section, we make a distinction between the true parameter 8y and any parameter 6.

Proof of Lemma[7.3] First, we transform n,(j)

1\ (60) = \/% Tr ((I 4 gDNO (th)) (-praﬁiNo (th)>)

2
- h%/mztk (Bo)" (Ezg)_l (_ZaﬁiN(th§ﬂo) + %5@ (DN(X4,;B0)) N(th;ﬂo)>
h3

2 _
=+ Wztk (/BO)T (EZE)F) ' 8ﬁiu’h(xtk71;ﬁ0) =+ Oﬂ"eo <\/;>

e TP K0+ =20 (80 (35]) 05N )

- i\/gztk (50)T (223)71 8/371 (DN(th;BO)) N(thﬁo)
2 _ h3
+ Wztk (/gO)T (EEJ) ' 8Bill'h(th71 ;1 Bo) + OIP’QO (\/;) . (523)

Proof of (@8). All functions in 777(11)16 are bounded and the largest term is of order Op, (1/vnh) because
9p; n (X, 3 Bo) is of order Op, (h). All the other terms converge to zero. Moreover, terms with coefficients

\/}Th are of the shape Z;, (By) " (X3, ) 'g, where g is a vector-valued function of either X;, , or Xy, . Either way,

the expectation is at least of order Op, (h). Thus the largest order is Op, (/R /m) that converges to zero. On the other

hand, the leading term in CT(Lj ,)f is of order Op, (1/v/nh?). However, the expectation of the coefficient in front of it is of
order O(h), thus @8) follows.

To prove limits - compute expectations of 777(5)19 and CT(Z),C From (S23) follows that Eg, [nffy)k (0o) | Xy,_,] =
Op,, (v/h?/n), since

B 3
Eo, {\/;WZM(IBO)T (227) " 95, N(X,,; Bo) |th1} = \/ETY (Dx95,No (X4,)) + Ok, (ﬁ) ’

which comes from Proposition Similarly, from

Eq, [Tr (ztkzjk (=) (0,2%]) (225)’1) |xt,H} =hTr ((223)’169223) + s, (12).
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we have Ey, C,(;)k (60) | th,l} = Op,, ( 7

ﬁ) . Then,

ZEQO [ ) (60) | X, } = Op,, ( nh3) — 0,
ZE% (€92 (80) | X } = Op,, (Vnh?) —“ 0,

~ 71 7 P
ZEBO [ni,k) (00) | th—1:| Eqg |:777(L2k (00) | th 1| = OPGO (h3) L> 0,

n—oo
k=1
; 1 P
ZE (€9 80) | e, | oy |65 (60) | XL, | = Ory, (02) 50,

Zrago (1) (60) | Xe,,| Ea, [V} (80) | Ko, | = O, (VIF) — 0.

Now, we prove limit (33). When multiplying 777(Z k) and 777(1 2)

with 1/+/nh in front. Here, we take a closer look at these

the only terms that do not converge to zero are the ones

() 1 -1 2 —1 h
Mk (00) = ﬁzl (EEOT) 85iN(th) + mzl (EEOT) aﬁi“h(xtk—l) + OPQO (\/;)

1 -1 1 -1 h
= ﬁzj}c (Zx) aBiN(th)Jrﬁzjk () 95, (N(Xy,_,) +2AX,,_,) + O, (ﬁ)

= \/%Ztk (Bo)" (223—)71 95, F (X4, 15 80)
+ \/%ztk(ﬁoﬁ (50 (X, X3 B0) + O, (ﬁ) 7

where ¥; (X, ., Xy,; 80) = 08, (N(Xy,; Bo) — N(X¢,_,;80)). Then,

W 0010 (00) = 2] (S2]) " 05, (X, 60005, F(Xe,_,:00)T (937) ' 2,
+ 22l (997) g (Ku X 00)0,F(Xe,180) T (55]) ' 2,
+ 2 (99]) 7 0, F(Xu 1ot (Ko, X0, 80)T (95]) ' 2,
+nflhzzl (=) 1¢21(th 0 X Bo)i, (X1, X3 80) T (B20)  Zy, + Op,, (1)

In the previous equation, there are terms of order Opg ( ), but when taking the expectation, an additional h appears,
which makes the sum converge to zero. We need to prove "that sum of expectations of all the terms except first converge
to zero, in the previous equation. We only prove for the second row, the rest are analogous. Due to definition of 1;, it is
clear that Eo[||; (X4, _,, Xt,.5 Bo)|IP | Xto_,] = Op, (h), for all p > 1. Then,

1 _ _
T |E9U [Z;E (ZET) ' "ph (th'—l7th;lgo)aﬁsz(th—l;ﬁo)T (22(—;) ' Ztk | thq}

<—]Tr(ag72 (Xoii 80T (B20) ) 1H(Z20) " o, (120,27, 40, (Xt X B0 | X, ]

C 1
< E (E90 [HzthtTk”Z | th—l:l E90 I:H’l/)ll (thfmxtk;ﬂO)HQ | th—l}) :
C 1 h
o ()
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We used property (ST3) in the last line. Finally, we use Lemma[d.2]to get

ZEGD 3 (B0) i) (80) | X, |

_ h
Z]EGO [ EEO) ' aﬁilF(th_l;ﬁo)aﬁigF(th_1;IBO)T (EEJ) ' Ztk | th—1:| + OPO ({:)
) A
= — z Tr ((357 th 13 50) (223) ! 35“ F(th71 N ,60)) + O[P’o <7’L :%o% 4 [Cﬁ (00)]7;”-2 .

To prove (54) we use Corollary [3.8] We start with
Bay [CT3) (00) ¢ (80) | X,

1 -1 -1 -1 -1
= 3B, (2] (250) 7 (0, 32)) (25]) 2,2 (250) 7 (0, 32)) (25]) 20, X0,

1 —1 —1
-~ ((2%]) 0, T3] ) T ((5%7) 0

Sia

225)

1 _ _ _ _
= a6 (230) 7 (0, 330) (220) sl (930) 7 (0,330 (220) e Xo, ]

1 -1 -1 vh
LT (Em0) oy, ) T ((5%) 7 0,25]) + O, ()

Now, we use the expectation of a product of two quadratic forms of normally distributed random vectors (see for
example Section 2 in | Kumar| (1973)) to get

1 _ _ _ _
Eo, (60 (20) 7 (00,250 (B20) 7 &nnéile (527) 7 (0, 557) (T27) 7 &nn | Xo, |

h?n

T T T T

_ %Tr ((EEJ)_l 8?;0 (EZJ)_l Xy ) -1 8220 > Te ((228—)—1 8220 ) .
g]l g]l C]2

This proves (54). We omit the proofs of (53)-(38) since they follow the same pattern. Namely, we find the leading
term and make sure it goes to zero. For the expectations of squares, we can apply the same trick with a product of two
quadratic forms.

1 T
=)o ((220 )
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