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ITÔ’S FORMULA FOR THE FLOW OF MEASURES OF POISSON STOCHASTIC
INTEGRALS AND APPLICATIONS

THOMAS CAVALLAZZI

Abstract. We prove Itô’s formula for the flow of measures associated with a jump process defined by a drift,
an integral with respect to a Poisson random measure and with respect to the associated compensated Poisson
random measure. We work in Pβ(R

d), the space of probability measures on R
d having a finite moment of

order β ∈ (0, 2]. As an application, we exhibit the backward Kolmogorov partial differential equation stated on
[0, T ] × Pβ(R

d) associated with a McKean-Vlasov stochastic differential equation driven by a Poisson random
measure. It describes the dynamics of the semigroup associated with the McKean-Vlasov stochastic differential
equation, under regularity assumptions on it. Finally, we use the semigroup and the backward Kolmogorov
equation to prove new quantitative weak propagation of chaos results for a mean-field system of interacting
Ornstein-Uhlenbeck processes driven by i.i.d. α-stable processes with α ∈ (1, 2).
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1. Introduction

Let us fix (Ω,F , (Ft)t≥0,P) a filtered probability space satisfying the usual conditions and N a Poisson
random measure on [0, T ] × R

d for some finite horizon of time T > 0, with intensity measure dt ⊗ ν, where ν
is a Lévy measure, i.e. ν({0}) = 0 and

∫

Rd

min(|z|2, 1) dν(z) < +∞.

We consider the jump process X = (Xt)t∈[0,T ] with values in R
d defined for all t ∈ [0, T ] by

Xt := X0 +

∫ t

0
bs ds+

∫ t

0

∫

{|z|<1}
H(s, z) Ñ (ds, dz) +

∫ t

0

∫

{|z|≥1}
K(s, z)N (ds, dz), (1.1)

where Ñ (ds, dz) := N (ds, dz)− ds dν(z) is the associated compensated Poisson random measure and b, H, K
are predictable processes. The distribution of Xt is denoted by µt. The assumptions made on X0, ν, b, H and
K (see Section 2) ensure that for all t ∈ [0, T ], µt belongs to Pβ(R

d) the space of probability measures having
a finite moment of order β, for some β ∈ (0, 2].
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In this work, we are interested in Itô’s formula for the flow of probability measures (µt)t∈[0,T ]. This for-

mula describes the dynamics of the map t ∈ [0, T ] 7→ u(µt), for a function u : Pβ(R
d) → R. Itô’s formula

for a flow of probability measures has been developed over the last decade to deal with mean-field games,
which were initiated independently by Caines, Huang and Malhame in [CHM06] and by Lasry and Lions in
[LL07]. An important object introduced by Lions in his lectures at Collège de France [Lio] is the master
equation related to a mean-field game, which is a Partial Differential Equation (PDE) stated on the space
of probability measures. We refer to [Lio, Car10, CD18a, CD18b] for more details on mean-field games and
associated master equations. As for the standard Itô formula, it allows to associate a PDE stated on the
space of probability measures to a McKean-Vlasov Stochastic Differential Equation (SDE), which is the re-
lated master equation in this context. The well-posedness of these equations was studied for example in
[CCD15, BLPR17, CDLL19, CM17, CdRF21b]. Moreover, the problem of propagation of chaos for a mean-
field interacting particle system towards the corresponding McKean-Vlasov SDE can also be tackled using the
associated PDE on the space of measures. It turns out to be an efficient tool to obtain quantitative weak prop-
agation of chaos estimates between the distribution of the solution to the McKean-Vlasov SDE (µt)t and the
empirical measure (µNt )t of the particle system. More precisely, a quantitative weak propagation result consists
in finding an explicit rate of convergence with respect to N for E|u(µNT )− u(µT )| and |Eu(µNT )− Eu(µT )| and
for u belonging to a certain class of functions defined on the space of probability measures. This strategy was
originally described in Chapter 5 of [CD18a]. It was adopted for example by Chaudru de Raynal and Frikha in
[CdRF21b, CdRF21a], by Chassagneux, Szpruch and Tse in [CST22] and by Delarue and Tse in [DT21]. Let
us also mention that this PDE on the space of probability measures has recently been used in [JT21] to prove
a central limit theorem for interacting particle systems. Finally, Itô’s formula for a flow of measures is also
a key tool to tackle McKean-Vlasov control problems. Indeed, it induces a dynamic programming principle
which describes the value function of the problem as presented in [CD15] or in Chapter 6 of [CD18a] (see also
the references therein).

In the first part of this paper, we focus on Itô’s formula for the flow of measures (µt)t associated with (1.1)
and for a function u : Pβ(R

d) → R with β ∈ (0, 2]. It states that for all t ∈ [0, T ], we have

u(µt)− u(µ0)

=

∫ t

0
E

(
∂v

δ

δm
u(µs)(Xs) · bs

)
ds

+

∫ t

0

∫

|z|≥1
E

[
δ

δm
u(µs)(Xs− +K(s, z)) − δ

δm
u(µs)(Xs−)

]
dν(z) ds

+

∫ t

0

∫

|z|<1
E

[
δ

δm
u(µs)(Xs− +H(s, z)) − δ

δm
u(µs)(Xs−)− ∂v

δ

δm
u(µs)(Xs−) ·H(s, z)

]
dν(z) ds,

where δ
δmu denotes the linear (functional) derivative of u (see Definition 1). The precise assumptions are

given in Section 2 (see Theorem 1). In the Brownian setting, Itô’s formula for a flow of measures has been
established for example in [BLPR17] (see Theorem 6.1) or in Section 3 of [CCD15] and Chapter 5 of [CD18a]
(see Theorem 5.99) under less restrictive assumptions. Let us also mention [dRP22, Cav21] for some recent
extensions of Itô’s formula for a flow of measures. Concerning jump processes, Itô’s formula has recently been
extended to flows of measures generated by càdlàg semi-martingales. It was established independently by Guo,
Pham and Wei in [GPW20], who studied McKean-Vlasov control problems with jumps and by Talbi, Touzi
and Zhang in [TTZ21] who worked on mean-field optimal stopping problems. A common point of these two
works is that the jump process considered has a finite moment of order 2. However, this framework is not
adapted when the Poisson random measure N stems from an α-stable Lévy process with α ∈ (0, 2) since it
only has finite moments of order β < α. Itô’s formula given in Theorem 1 can be applied for these processes
since β ∈ (0, 2]. Another difference between this work and [GPW20] is that we do not assume ∂v

δ
δmu to be

uniformly bounded if β > 1. Moreover, the authors of [TTZ21] assume that for all µ ∈ P2(R
d), the function

δ
δmu(µ) is of class C2 on R

d, which is not the case in this paper. It is replaced here by the γ-Hölder continuity
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of ∂v
δ
δmu(µ) uniformly in µ ∈ Pβ(R

d), where γ is such that x 7→ |x|1+γ ∈ L1({|z| < 1}, ν). The strategy
of the proof is the following. First, we localize X = (Xt)t using stopping times and we precise in Proposi-
tion 3 in which sense the sequence of localized processes (Xn)n approximates X. Then, we establish Itô’s
formula for the flow of measures associated with the stopped process (Xn

t )t thanks to a standard method of
time discretization. We finally let n tend to infinity essentially using the approximation results of Proposition
3. Moreover, we extend Itô’s formula for functions depending also on the time and space variables in Theorem 2.

Then, we consider a general Lévy-driven McKean-Vlasov SDE, which is assumed to be well-posed in the
weak sense, of the form





dXt = bt(Xt, µt) dt+ σt(Xt− , µt) dZt, t ∈ [0, T ],
µt = L(Xt),
X0 = ξ ∈ Lβ(Ω,F0),

(1.2)

where β ∈ (0, 2] and Z = (Zt)t is a Lévy process on R
d having the following Lévy-Itô decomposition

Zt =

∫ t

0

∫

{|z|<1}
z Ñ (ds, dz) +

∫ t

0

∫

{|z|≥1}
zN (ds, dz).

Our aim is to describe the dynamics of the semigroup acting on functions defined on Pβ(R
d) associated with

the McKean-Vlasov SDE (1.2). For a fixed function u : Pβ(R
d) → R, the action of the semigroup on u is given

by φu defined by

φu :

{
[0, T ]× Pβ(R

d) → R

(t, µ) 7→ u(L(XT−t,µ
T )),

(1.3)

where L(XT−t,µ
T ) denotes the distribution of the solution to (1.2) at time T starting at time T − t from a

random variable ξ with distribution µ. As in [CD18a], we prove using Itô’s formula for a flow of measures that
under regularity assumptions on φu, the function (t, µ) ∈ [0, T ]×Pβ(R

d) 7→ φu(T − t, µ) is a classical solution

to a backward Kolmogorov PDE on [0, T ] × Pβ(R
d) (see Theorem 3).

Finally, we prove new quantitative weak propagation of chaos results, in the sense previously defined, for a
mean-field system of interacting Ornstein-Uhlenbeck processes defined as follows. We assume that the driving
process Z = (Zt)t is an α-stable process on R

d with α ∈ (1, 2) and with a non degenerate Lévy measure,
i.e. satisfying (4.1). More precisely, we introduce (Zn)n an i.i.d. sequence of stable processes having the same
distribution as Z = (Zt)t, A,A

′, B matrices of size d× d such that B is invertible and (Xn
0 )n an i.i.d. sequence

of random variables with common distribution µ0 ∈ Pβ(R
d), for some β ∈ [1, α). The particle system is the

unique solution to the following classical SDE on (Rd)N , for N ≥ 1




dXi,N
t = AXi,N

t dt+A′ 1

N

N∑

j=1

Xj,N
t dt+B dZi

t , t ∈ [0, T ], ∀i ≤ N,

Xi,N
0 = Xi

0.

(1.4)

We denote by X = (Xt)t the solution to the corresponding McKean-Vlasov SDE
{
dXt = (AXt +A′

EXt) dt+B dZt, t ∈ [0, T ],
X0 = ξ,

(1.5)

where the distribution of ξ is µ0.

The propagation of chaos phenomenon was originally studied by McKean in [McK67] and later by Sznitman
in [Szn91]. It states that for any k ≥ 1, the limiting behaviour of (X1,N , . . . ,Xk,N ), when N tends to infinity, is
expected to be described by k independent copies of the McKean-Vlasov process (1.5). It can be shown in the
weak sense i.e. in distribution or in the strong sense i.e. at the level of paths. It has been of course widely stud-
ied in the Brownian case. Let us focus on some works dealing with mean-field systems with jumps. In [Gra92],
following the approach of Sznitman [Szn91] in the Brownian case, Graham proves weak propagation of chaos
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under Lipschitz assumptions for a mean-field system driven by a Poisson random measure and its compensated
measure. He works in the L1 framework i.e. the Poisson random measure is associated with a Poisson process
having a finite moment of order 1. In the case of a McKean-Vlasov SDE driven by a general Lévy process
having a finite moment of order 2, we refer to Jourdain, Méléard and Woyczynski [JMW07]. The authors prove
quantitative rates of convergence for the strong propagation of chaos in L2 under standard Lipschitz assump-
tions. Moreover, it has also been established in [NBK+20] by Neelima & al. under relaxed assumptions. We
also mention [MMW15] where Mischler, Mouhot and Wennberg exhibit conditions leading to quantitative rates
of convergence for the propagation of chaos. As an application, they study an inelastic Boltzmann collision
jump process. Finally, let us also refer to [FL21], where Frikha and Li study a one-dimensional McKean-Vlasov
SDE driven by a compensated Poisson random measure with positive jumps. They prove quantitative rates of
convergence for the strong propagation of chaos in L1 under one-sided Lipschitz assumptions.

Concerning our mean-field system of interacting Ornstein-Uhlenbeck processes (1.4), we are interested in
quantitative weak propagation of chaos. Let us denote by µNt the empirical measure of the particle system
(1.4) and by µt the distribution of Xt. We prove in Theorem 4 that there exists a constant C > 0 such that
for any u : Pβ(R

d) → R in a certain class of regular functions described in Theorem 4, one has

E
∣∣u(µNT )− u(µT )

∣∣ ≤ C EW1(µ
N
0 , µ0) + C ln(N)

1

αN
1

α
−1, (1.6)

where W1 is the Wasserstein distance of order 1. We also show that if µ0 ∈ P2(R
d), one has

|E(u(µNT )− u(µT ))| ≤ CN1−α. (1.7)

Of course, the rate of convergence is better at the level of semigroup i.e. in (1.7) than in (1.6). Notice that if
we take α = 2, which formally corresponds to the Brownian case, we recover the same rates of convergence,
up to the factor ln(N) in (1.6), as in Theorem 3.6 of [CdRF21a], even though the drift is unbounded here.
In dimension d = 1, we recover with (1.6) the same rate of convergence obtained in [FL21], for the strong

propagation of chaos in L1, since EW1(µ
N
0 , µ0) ≤ CN

1

β
−1

by [FG15]. Notice that if µ0 has enough moments,
for example if it belongs to P2(R), then using [FG15], we have a better rate of propagation of chaos since (1.6)
becomes

E
∣∣u(µNT )− u(µT )

∣∣ ≤ C ln(N)
1

αN
1

α
−1.

The method that we use relies on regularity properties and estimates on the solution to the backward
Kolmogorov PDE φu defined in (1.3) (see Proposition 6). This strategy was originally described in Chap-
ter 5 of [CD18a] (pages 506 − 508), inspired by [CDLL19] and [MMW15], and was employed for example in
[CST22, DT21, CdRF21a], as mentioned above. Let us describe the main ideas. We begin by computing the
time derivative of the map t ∈ [0, T ) 7→ φu(T − t, µNt ) by applying the standard Itô’s formula for the empirical

projection (t, x1, . . . , xN ) ∈ [0, T ]×(Rd)N 7→ φu

(
T − t, 1

N

∑N
k=1 δxk

)
and for the particle system. Noting that

t ∈ [0, T ] 7→ φu(T − t, µt) is constant, we naturally expect that the time derivative previously computed tends
to 0 as N converges to infinity. This convergence has to be shown with an explicit rate of convergence using
the PDE satisfied by φu and some estimates on φu. Finally, we express u(µNT )−u(µT ) = φu(0, µ

N
T )−φu(0, µT )

as the sum of φu(T, µ
N
0 )−φu(T, µ0) plus a remainder term related to the time derivative previously estimated.

Since the initial data are i.i.d., the first term is controlled by standard estimates, for example those in [FG15].

An important difference in the jump case in comparison to the Brownian case is that the Kolmogorov PDE
satisfied by φu does not directly appear when we apply Itô’s formula for the empirical projection of φu and for
the particle system. In order to use the backward Kolmogorov PDE, we thus have to control the corresponding
error term. To do this and because of the unboundedness of the drift, we need to remove the big jumps of the
driving processes in a first step. The key point is that we consider the solutions to (1.4) and (1.5) driven by
truncated noises for which we remove the jumps bigger than the number of particles in interaction N . We need
to perform this truncation procedure to control the error term mentioned above. This is essentially because the
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moment of order 2 of the Lévy measure ν appears in our computations due to the unboundedness of the drift.
We refer to Remark 4 for more details. The presence of the factor ln(N) in (1.6) comes from this procedure.

Let us eventually emphasize that this mean-field system of interacting Ornstein-Uhlenbeck processes is a
first application. We aim at showing that this method, already used in the Brownian setting, and leading to
quantitative weak propagation of chaos results, can be generalized in the context of jump processes. Our next
goal is to follow the same strategy to establish quantitative weak propagation of chaos results for a general
class of Lévy-driven McKean-Vlasov SDEs, under mild assumptions on the coefficients, as done in [CdRF21a].

The paper is organized as follows. In Section 2, we state and prove Itô’s formula in Theorem 1 and Theorem
2 for the flow of measure of Poisson stochastic integrals. In Section 3, and more precisely in Theorem 3, we use
our Itô’s formula to derive the backward Kolmogorov PDE on the space of measures describing the dynamics
of the semigroup associated with a general Lévy-driven McKean-Vlasov SDE. Then, in Section 4, we study
the mean-field system of interacting Ornstein-Uhlenbeck processes and we prove in Theorem 4 quantitative
weak propagation of chaos. Appendix A is devoted to the proof of moment estimates, which are uniform with
respect to the truncation of the big jumps, on the density and its derivatives of a stable Ornstein-Uhlenbeck
process. Finally, in Appendix B, we prove the regularity properties and the controls required in Section 4 on
the solution to the backward Kolmogorov PDE associated with (1.5).

Let us finally introduce some notations used several times in the article.

Notations

- Pβ(R
d) denotes the set of probability measures µ on R

d such that
∫
Rd |x|β dµ(x) < +∞, for β > 0. It is

equipped with the Wasserstein metric of order β denoted by Wβ, which makes it complete. Denoting by

Π(µ, ν) the set of couplings between two probability measures µ, ν ∈ Pβ(R
d), the metric Wβ is defined

by

Wβ(µ, ν) = inf
π∈Π(µ,ν)

(∫

Rd×Rd

|x− y|β dπ(x, y)
) 1

β

if β ≥ 1,

and by

Wβ(µ, ν) = inf
π∈Π(µ,ν)

(∫

Rd×Rd

|x− y|β dπ(x, y)
)

if β < 1.

- µNx := 1
N

∑N
k=1 δxk

denotes the empirical measure, for x = (x1, . . . , xN ) ∈ (Rd)N .

- z̃k := (0, . . . , z, . . . , 0) ∈ (Rd)N for z ∈ R
d, where z appears in the k-th position.

- Br is the open ball centered at 0 and of radius r in R
d for the euclidean norm.

- Bc
r denotes the complementary of Br.

- p′ is the conjugate exponent of p ∈ [1,∞] defined by 1
p + 1

p′ = 1.

- a ∧ b denotes the minimum between a and b.
- a ∨ b denotes the maximum between a and b.
- C is a generic constant that may depend only on the fixed parameters of the problem and which may

change from line to line.

2. Itô’s formula for the flow of measures of Poisson stochastic integrals

2.1. Assumptions and Itô’s formula for a flow of measure. Let ν be a Lévy measure on R
d i.e. ν({0}) = 0

and ∫

Rd

|z|2 ∧ 1 dν(z) < +∞.

We introduce a (Ft)t∈[0,T ]-Poisson random measure N on [0, T ] × R
d\{0} with intensity measure dt ⊗ ν, and

we denote by Ñ (ds, dz) := N (ds, dz)− ds dν(z) the compensated Poisson random measure associated with N.
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Let us define the jump process X = (Xt)t∈[0,T ] by

∀t ∈ [0, T ], Xt := X0 +

∫ t

0
bs ds+

∫ t

0

∫

B1

H(s, z) Ñ (ds, dz) +

∫ t

0

∫

Bc
1

K(s, z)N (ds, dz), (2.1)

where b : [0, T ] × Ω → R
d, H : [0, T ] ×B1 × Ω → R

d, and K : [0, T ] ×Bc
1 × Ω → R

d are predictable processes.
The distribution of Xt is denoted by µt.

Let us fix our assumptions on the jump process (Xt)t in order to establish Itô’s formula for the flow (µt)t.
We assume that there exists two constants β ∈ (0, 2] and γ ∈ [0, 1] such that β ≤ 1 + γ and satisfying the
following properties.

(M) The random variable X0 belongs to Lβ(Ω;Rd) and we have

E

∫ T

0
|bs|β∨1 ds < +∞. (2.2)

(J1) There exists a predictable process (H̃s)s∈[0,T ] which is assumed to be almost surely locally bounded
and to satisfy

a.s.∀s ∈ [0, T ], ∀z ∈ B1, |H(s, z)| ≤ |H̃s||z| and E

∫ T

0

∫

B1

(|H̃s||z|)1+γ dν(z) ds < +∞. (2.3)

(J2) We have

E

∫ T

0

∫

Bc
1

|K(s, z)|β dν(z) ds < +∞. (2.4)

Definition 1 (Linear derivative). A function u : Pβ(R
d) → R is said to have a linear derivative if there exists

a function δ
δmu ∈ C0(Pβ(R

d)× R
d;R) satisfying the following properties.

(1) For all compact subset K ⊂ Pβ(R
d), there exists a constant CK > 0 such that

∀µ ∈ K, ∀v ∈ R
d,

∣∣∣∣
δ

δm
u(µ)(v)

∣∣∣∣ ≤ CK(1 + |v|β).

(2) For all µ, ν ∈ Pβ(R
d), we have

u(µ)− u(ν) =

∫ 1

0

∫

Rd

δ

δm
u(tµ+ (1− t)ν)(v) d(µ − ν)(v) dt.

We now state Itô’s formula for the flow of measures (µt)t∈[0,T ].

Theorem 1 (Itô’s formula). Suppose that Assumptions (M), (J1), and (J2) are satisfied. Let u : Pβ(R
d) → R

be a function having a linear derivative δ
δmu which satisfies the following properties.

(1) For any µ ∈ Pβ(R
d), the function δ

δmu(µ) ∈ C1(Rd;R) and ∂v
δ
δmu is continuous on Pβ(R

d)× R
d.

(2) If γ > 0, for any compact K ⊂ Pβ(R
d), there exists CK > 0 such that

∀µ ∈ K, ∀x, y ∈ R
d,

∣∣∣∣∂v
δ

δm
u(µ)(x)− ∂v

δ

δm
u(µ)(y)

∣∣∣∣ ≤ CK|x− y|γ .

(3) For any compact K ⊂ Pβ(R
d), we have





sup
µ∈K

∫

Rd

∣∣∣∣∂v
δ

δm
u(µ)(v)

∣∣∣∣
β′

dµ(v) < +∞ if β > 1,

sup
v∈Rd

sup
µ∈K

∣∣∣∣∂v
δ

δm
u(µ)(v)

∣∣∣∣ < +∞ if β ≤ 1.
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Then, we have for all t ∈ [0, T ]

u(µt)− u(µ0)

=

∫ t

0
E

(
∂v

δ

δm
u(µs)(Xs) · bs

)
ds (2.5)

+

∫ t

0

∫

Bc
1

E

[
δ

δm
u(µs)(Xs− +K(s, z)) − δ

δm
u(µs)(Xs−)

]
dν(z) ds

+

∫ t

0

∫

B1

E

[
δ

δm
u(µs)(Xs− +H(s, z))− δ

δm
u(µs)(Xs−)− ∂v

δ

δm
u(µs)(Xs−) ·H(s, z)

]
dν(z) ds.

Remark 1. Assumption (3) is implied by the following stronger assumption: for all compact K ⊂ Pβ(R
d),

there exists CK > 0 such that

∀v ∈ R
d, sup

µ∈K

∣∣∣∣∂v
δ

δm
u(µ)(v)

∣∣∣∣ ≤ CK(1 + |v|β−1
1β>1).

When β > 1, it follows from Hölder’s inequality.

We specify in the three following corollaries the particular case where the Poisson random measure is asso-
ciated with an α-stable Lévy process Z = (Zt)t with α ∈ (0, 2). Consider σ : [0, T ] × Ω → R

d×d a predictable
process such that

E

∫ T

0
|σs|1+γ ds < +∞

for some γ ∈ [0, 1] which will be specified. Fix also X0 and b satisfying Assumption (M) for some β ≤ 1 + γ
to be specified. In this example, the process X considered is defined for all t ∈ [0, T ] by

Xt = X0 +

∫ t

0
bs ds+

∫ t

0
σs dZs.

Corollary 1 (Sub-critical case). Assume that α ∈ (1, 2), β ∈ (1, α) and γ ∈ (α − 1, 1]. Then, the process
X = (Xt)t satisfies Assumptions (M), (J1) and (J2) with K(s, z) = H(s, z) = σsz. Let u : Pβ(R

d) → R be a

function having a linear derivative δ
δmu which satisfies the following properties.

(1) For any µ ∈ Pβ(R
d), the function δ

δmu(µ) ∈ C1(Rd;R) and ∂v
δ
δmu is continuous on Pβ(R

d)× R
d.

(2) For any compact K ⊂ Pβ(R
d), there exists CK > 0 such that

∀µ ∈ K, ∀x, y ∈ R
d,

∣∣∣∣∂v
δ

δm
u(µ)(x)− ∂v

δ

δm
u(µ)(y)

∣∣∣∣ ≤ CK|x− y|γ .

(3) For any compact K ⊂ Pβ(R
d), we have

sup
µ∈K

∫

Rd

∣∣∣∣∂v
δ

δm
u(µ)(v)

∣∣∣∣
β′

dµ(v) < +∞.

Then, Itô’s formula (2.5) holds true for X and u.

Corollary 2 (Super-critical case). Assume that α ∈ (0, 1), β ∈ (0, α) and γ = 0. Then, the process X = (Xt)t
satisfies Assumptions (M), (J1) and (J2) with K(s, z) = H(s, z) = σsz. Let u : Pβ(R

d) → R be a function

having a linear derivative δ
δmu which satisfies the following properties.

(1) For any µ ∈ Pβ(R
d), the function δ

δmu(µ) ∈ C1(Rd;R) and ∂v
δ
δmu is continuous on Pβ(R

d)× R
d.

(2) For any compact K ⊂ Pβ(R
d), we have

∀v ∈ R
d, sup

v∈Rd

sup
µ∈K

∣∣∣∣∂v
δ

δm
u(µ)(v)

∣∣∣∣ < +∞.

Then, Itô’s formula (2.5) holds true for X and u.
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Corollary 3 (Critical case). Assume that α = 1 β ∈ (0, 1) and γ ∈ (0, 1]. Then, the process X = (Xt)t satisfies
Assumptions (M), (J1) and (J2) with K(s, z) = H(s, z) = σsz. Let u : Pβ(R

d) → R be a function having a

linear derivative δ
δmu which satisfies the following properties.

(1) For any µ ∈ Pβ(R
d), the function δ

δmu(µ) ∈ C1(Rd;R) and ∂v
δ
δmu is continuous on Pβ(R

d)× R
d.

(2) For any compact K ⊂ Pβ(R
d), there exists CK > 0 such that

∀µ ∈ K, ∀x, y ∈ R
d,

∣∣∣∣∂v
δ

δm
u(µ)(x)− ∂v

δ

δm
u(µ)(y)

∣∣∣∣ ≤ CK|x− y|γ .

(3) For any compact K ⊂ Pβ(R
d), we have

∀v ∈ R
d, sup

v∈Rd

sup
µ∈K

∣∣∣∣∂v
δ

δm
u(µ)(v)

∣∣∣∣ < +∞.

Then, Itô’s formula (2.5) holds true for X and u.

Let us give an example of a function u which satisfies the assumptions of the three preceding corollaries. We
take d = 1 to simplify the computations.

Example 1. Let β ∈ (0, 2). For ε > 0, consider a function χε of class C2 on R such that

- ∀x ∈ R, χε(x) ∈ [0, 1],
- χε is equal to 1 on [−2ε, 2ε]c and to 0 on [−ε, ε].

Define the function u by

∀µ ∈ P(R), u(µ) :=

∫

R

|x|βχε(x) dµ(x).

Then, u satisfies the assumptions of Corollaries 1, 2 and 3 with γ = 1.

Proof. An easy computation shows that u has a linear derivative given, for all µ ∈ Pβ(R
d) and v ∈ R

d, by

δ

δm
u(µ)(v) = |v|βχε(v),

which is clearly of class C2. Moreover, one has for all µ ∈ Pβ(R
d) and v ∈ R

d

∀µ ∈ Pβ(R), ∀v ∈ R, ∂v
δ

δm
u(µ)(v) = βsgn(v)|v|β−1χε(v) + |v|βχ′

ε(v).

Thus, the condition in Remark 1 is satisfied, i.e. for all µ ∈ Pβ(R) and v ∈ R
∣∣∣∣∂v

δ

δm
u(µ)(v)

∣∣∣∣ ≤ C(1 + |v|β−1
1β>1).

Moreover, we have for all µ ∈ Pβ(R
d) and v ∈ R

d

∂2v
δ

δm
u(µ)(v) = β(β − 1)sgn(v)|v|β−2χε(v) + |v|βχ′′

ε(v) + 2βsgn(v)|v|β−1χ′
ε(v).

The right-hand side term is clearly bounded on R, and thus Assumption (2) in Theorem 1 is satisfied with
γ = 1 by the mean value theorem. �

We can easily deduce the following extension of Itô’s formula in the case where the function u depends also
on the time and space variables. Let us introduce N 2 another Poisson random measure on [0, T ] × R

d with

Lévy measure ν2 such that
∫
B1

|z|1+γ′
dν2(z) < +∞, for some γ′ ∈ (0, 1]. Then we define

Yt := Y0 +

∫ t

0
b2s ds +

∫ t

0

∫

B1

H2(s, z) Ñ 2(ds, dz) +

∫ t

0

∫

Bc
1

K2(s, z)N 2(ds, dz),

where Y0 is F0-measurable, b2,H2 and K2 are predictable processes with
∫ T

0
|b2s| ds+

∫ T

0

∫

B1

|H2(s, z)|2 dν2(z) ds < +∞ a.s.
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Theorem 2 (Extension of Itô’s formula). Instead of (2.2), (2.3) and (2.4) in Assumptions (M), (J1) and
(J2), we assume that

E|X0|β + E sup
t≤T

|bs|β∨1 +
∫

Bc
1

E sup
t≤T

|K(t, z)|β dν(z) +
∫

B1

E sup
t≤T

(|H̃t||z|)1+γ dν(z) < +∞, (2.6)

with β ≤ 1 + γ. Moreover, we assume that for all t ∈ [0, T ] and z ∈ R
d, K(·, z) and H(·, z) is almost surely

continuous at t.

Let u : [0, T ] × R
d × Pβ(R

d) → R be a continuous function satisfying the following properties.

(1) For any µ ∈ Pβ(R
d), x ∈ R

d u(·, x, µ) is continuously differentiable and ∂tu is continuous on [0, T ] ×
R
d×Pβ(R

d). Moreover for any t ∈ [0, T ], µ ∈ Pβ(R
d), u(t, ·, µ) is of class C1 on R

d with ∂xu continuous

on [0, T ] × R
d × Pβ(R

d) and such that ∂xu(t, ·, µ) is γ′-Hölder continuous uniformly with respect to t
and µ.

(2) For any t ∈ [0, T ], x ∈ R
d, the function u(t, x, ·) admits a linear derivative δ

δmu(t, x, ·)(·) such that δ
δmu

is continuous on [0, T ]× Pβ(R
d)× R

d and for all compact K ⊂ R
d ×Pβ(R

d), there exists CK > 0 such
that

∀t ∈ [0, T ], ∀(x, µ) ∈ K, ∀v ∈ R
d,

∣∣∣∣
δ

δm
u(t, x, µ)(v)

∣∣∣∣ ≤ CK(1 + |v|β).

Moreover, we assume that for any t ∈ [0, T ], x ∈ R
d, µ ∈ Pβ(R

d), δ
δmu(t, x, µ) is differentiable with

respect to the space variable and such that ∂v
δ
δmu is continuous on [0, T ]× R

d × Pβ(R
d)× R

d.

(3) If γ > 0, for any compact K ⊂ R
d × Pβ(R

d), there exists CK > 0 such that

∀t ∈ [0, T ], ∀(x, µ) ∈ K, ∀v, v′ ∈ R
d,

∣∣∣∣∂v
δ

δm
u(t, x, µ)(v) − ∂v

δ

δm
u(t, x, µ)(v′)

∣∣∣∣ ≤ CK|v − v′|γ .

(4) For any compact K ⊂ R
d × Pβ(R

d), we have





sup
t∈[0,T ]

sup
(x,µ)∈K

∫

Rd

∣∣∣∣∂v
δ

δm
u(t, x, µ)(v)

∣∣∣∣
β′

dµ(v) < +∞ if β > 1,

sup
t∈[0,T ]

sup
v∈Rd

sup
(x,µ)∈K

∣∣∣∣∂v
δ

δm
u(t, x, µ)(v)

∣∣∣∣ < +∞ if β ≤ 1.
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Then, the function (t, x) ∈ [0, T ] × R
d 7→ u(t, x, µt) is of class C1, with ∂xu(t, ·, µt) γ′-Hölder continuous

uniformly with respect to t. Moreover, we have almost surely for all t ∈ [0, T ]

u(t, Yt, µt)− u(0, Y0, µ0)

=

∫ t

0
∂tu(s, Ys, µs) ds +

∫ t

0
E

(
∂v

δ

δm
u(s, Ys, µs)(Xs) · bs

)
ds

+

∫ t

0

∫

Bc
1

E

[
δ

δm
u(s, Ys, µs)(Xs− +K(s, z)) − δ

δm
u(s, Ys, µs)(Xs−)

]
dν(z) ds

+

∫ t

0

∫

B1

E

[
δ

δm
u(s, Ys, µs)(Xs− +H(s, z))− δ

δm
u(s, Ys, µs)(Xs−)

−∂v
δ

δm
u(s, Ys, µs)(Xs−) ·H(s, z)

]
dν(z) ds (2.7)

+

∫ t

0
∂xu(s, Ys, µs) · b2s ds +

∫ t

0

∫

Bc
1

u(s, Ys− +K2(s, z), µs)− u(s, Ys− , µs)N 2(ds, dz)

+

∫ t

0

∫

B1

u(s, Ys− +H2(s, z), µs)− u(s, Ys− , µs) Ñ 2(ds, dz)

+

∫ t

0

∫

B1

u(s, Ys− +H2(s, z), µs)− u(s, Ys− , µs)− ∂xu(s, Ys− , µs) ·H2(s, z) dν2(z) ds,

where (Ω,F ,P) is an independent copy of (Ω,F ,P) and (b,H,K,X) is a copy of (b,H,K,X).

Before proving Itô’s formulas of Theorem 1 and Theorem 2, we gather in the next section some useful
properties of the process X and on its flow (µt)t. We also introduce the localization of X that is at the heart
of our proof.

2.2. Preliminary study of the process and localization. We introduce the driving Lévy process Y defined
for t ∈ [0, T ] by

Yt :=

∫ t

0

∫

B1

z Ñ (ds, dz) +

∫ t

0

∫

Bc
1

zN (ds, dz). (2.8)

The jumping times of Y of size greater than 1 are denoted by (T̃n)n and the associated jumps (Zn)n are defined
for all n ≥ 1 by

Zn := ∆YT̃n
:= YT̃n

− YT̃−
n
.

It is well-known that (T̃n+1 − T̃n)n are i.i.d. with common distribution exponential of parameter ν(Bc
1) and

that (Zn)n is independent of (T̃n)n with common distribution
ν|Bc

1

ν(Bc
1
) . We can write for all t ∈ [0, T ]

∫ t

0

∫

Bc
1

zN (ds, dz) =

∞∑

n=1

Zn1T̃n≤t =

Nt∑

n=1

Zn,

where Nt =

∞∑

k=1

1T̃k≤t is the associated Poisson process. Let us begin with the continuity of the flow (µt)t

Proposition 1. There exists a constant C > 0 such that for all stopping time τ and for all 0 ≤ s ≤ t ≤ T ,
one has

E|Xt∧τ −Xs∧τ |β

≤ C



(
E

∫ t

s
|bu|β∨1 du

) β
β∨1

+

(
E

∫ t

s

∫

B1

|H(r, z)|1+γ dν(z) dr

) β
1+γ

+ E

∫ t

s

∫

Bc
1

|K(r, z)|β dν(z) dr


 . (2.9)
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Thus, the map t ∈ [0, T ] 7→ µt ∈ Pβ(R
d) is continuous. Moreover, we have the following uniform in time

moment estimate

E sup
t≤T

|Xt|β < +∞. (2.10)

Proof. For the drift term, we work in Lβ∨1(Ω). In fact, Jensen’s inequality ensures that

E

∣∣∣∣
∫ t∧τ

s∧τ
bu du

∣∣∣∣
β∨1

≤ C E

∫ t∧τ

s∧τ
|bu|β∨1 du.

Then, a discussion on the relative position of τ with respect to s and t yields

E

∣∣∣∣
∫ t∧τ

s∧τ
bu du

∣∣∣∣
β∨1

≤ C E

∫ t

s
|bu|β∨1 du.

The compensated Poisson integral is treated in L1+γ(Ω) since β ≤ 1+γ. The Burkholder-Davis-Gundy (BDG)
inequality together with the fact that 1 + γ ≤ 2 imply that

E

∣∣∣∣
∫ t∧τ

0

∫

B1

H(r, z) Ñ (dr, dz) −
∫ s∧τ

0

∫

B1

H(r, z) Ñ (dr, dz)

∣∣∣∣
1+γ

≤ C E

(∫ t∧τ

s∧τ

∫

B1

|H(r, z)|2 N (dr, dz)

) 1+γ
2

= C E


 ∑

s∧τ<r≤t∧τ

|H(r,∆Yr)|2



1+γ
2

≤ C E

∑

s∧τ<r≤t∧τ

|H(r,∆Yr)|1+γ (2.11)

= C E

∫ t∧τ

s∧τ

∫

B1

|H(r, z)|1+γ N (dr, dz)

= C E

∫ t∧τ

s∧τ

∫

B1

|H(r, z)|1+γ dν(z) dr

≤ C E

∫ t

s

∫

B1

|H(r, z)|1+γ dν(z) dr.

Finally, for the Poisson integral, we work in Lβ(Ω) and we begin with the case β ≤ 1. In this case, the same
computations as done for the compensated Poisson random integral yield

E

∣∣∣∣∣

∫ t∧τ

s∧τ

∫

Bc
1

K(r, z)N (dr, dz)

∣∣∣∣∣

β

= E

∣∣∣∣∣

∞∑

n=1

K(T̃n, Zn)1s∧τ<T̃n≤t∧τ

∣∣∣∣∣

β

≤ C E

∫ t

s

∫

Bc
1

|K(r, z)|β dν(z) dr. (2.12)
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Let us now deal with the case β ∈ (1, 2]. Writing artificially the Poisson integral as a compensated Poisson
integral and using BDG’s and Jensen’s inequalities, we deduce that

E

∣∣∣∣∣

∫ t∧τ

s∧τ

∫

Bc
1

K(r, z)N (dr, dz)

∣∣∣∣∣

β

≤ C


E
∣∣∣∣∣

∫ t∧τ

s∧τ

∫

Bc
1

K(r, z) Ñ (dr, dz)

∣∣∣∣∣

β

+ E

∣∣∣∣∣

∫ t∧τ

s∧τ

∫

Bc
1

K(r, z) dν(z) dr

∣∣∣∣∣

β



≤ C


E
∣∣∣∣∣

∫ t∧τ

s∧τ

∫

Bc
1

|K(r, z)|2 N (dr, dz)

∣∣∣∣∣

β
2

+ E

∫ t∧τ

s∧τ

∫

Bc
1

|K(r, z)|β dν(z) dr


 (2.13)

≤ C

[
E

∫ t∧τ

s∧τ

∫

Bc
1

|K(r, z)|β N (dr, dz) + E

∫ t∧τ

s∧τ

∫

Bc
1

|K(r, z)|β dν(z) dr
]

≤ C E

∫ t∧τ

s∧τ

∫

Bc
1

|K(r, z)|β dν(z) dr

≤ C E

∫ t

s

∫

Bc
1

|K(r, z)|β dν(z) dr.

We have thus proved that (2.9) holds true. From this, we deduce that the map t 7→ µt ∈ Pβ(R
d) is continuous

using the dominated convergence theorem and Assumptions (M), (J1) and (J2).

For the moment estimate (2.10), Jensen’s inequality gives that

sup
t≤T

∣∣∣∣
∫ t

0
bs ds

∣∣∣∣
β∨1

≤ C E

∫ T

0
|bs|β∨1 ds.

The upper-bound is finite owing to Assumption (M). For the compensated Poisson integral, we work in L1+γ(Ω)
since β ≤ 1 + γ. Reasoning as in (2.11), it follows from BDG’s inequality that

E sup
t≤T

∣∣∣∣
∫ t

0

∫

B1

H(s, z) Ñ (ds, dz)

∣∣∣∣
1+γ

≤ C E

(∫ T

0

∫

B1

|H(s, z)|2 N (ds, dz)

) 1+γ
2

≤ C E

∫ T

0

∫

B1

|H(s, z)|1+γ dν(z) ds,

which is finite thanks to Assumption (J1). Finally, for the Poisson integral, we have

E sup
t≤T

∣∣∣∣∣

∫ t

0

∫

Bc
1

K(s, z)N (ds, dz)

∣∣∣∣∣

β

≤ E

(∫ T

0

∫

Bc
1

|K(s, z)|N (ds, dz)

)β

.

Reasoning as in (2.12) if β ≤ 1 and as in (2.13) if β > 1, one deduces that

E sup
t≤T

∣∣∣∣∣

∫ t

0

∫

Bc
1

K(s, z)N (ds, dz)

∣∣∣∣∣

β

≤ C E

∫ T

0

∫

Bc
1

|K(s, z)|β dν(z) ds.

The upper-bound is finite by Assumption (J2).
�

We now localize the process X.

Definition 2 (Localized process and approximate flow). Let us introduce the sequence of localizing stopping
times (Tn)n defined by

Tn := inf{t ∈ [0, T ], |Xt| ≥ n or |H̃s| ≥ n} ∧ T,
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where H̃ was introduced in Assumption (J2). Then, we define the localized process Xn and its flow of measures,
for all t ∈ [0, T ], by

∀t ∈ [0, T ], Xn
t := Xt∧Tn and µnt := L(Xn

t ). (2.14)

Remark 2. Since X is a càdlàg process and H̃ is almost surely locally bounded, it is obvious that almost
surely Tn = T for n bigger than a random constant.

Let us start with the continuity of the sequence of approximate flows (µn)n and a uniform moment estimate
as in Proposition 1.

Proposition 2. We have
sup
n

E|Xn
t −Xn

s |β −→
s→t

0, (2.15)

which yields the continuity of t ∈ [0, T ] 7→ µnt ∈ Pβ(R
d) for all n ≥ 1. Moreover, the following uniform moment

estimate holds true
E sup

n≥1
sup
t≤T

|Xn
t |β < +∞. (2.16)

Proof. It follows immediately from Proposition 1. �

We can now state the main approximation result that we will use to prove Theorem 2.5.

Proposition 3 (Approximation). We have almost surely sup
t≤T

|Xn
t −Xt| −→

n→+∞
0. Moreover, for all t ∈ [0, T ],

µnt
Pβ(R

d)−→ µt.

Proof. The first point is a direct consequence of the fact that Tn = T for n large enough (see Remark 2). For
the second convergence, we show that E|Xn

t − Xt|β → 0 for any t ∈ [0, T ]. For the drift term, we work in
Lβ∨1(Ω) and apply the dominated convergence theorem. Indeed, (Tn)n converges to T and the domination is
a consequence of Assumption (M) by Jensen’s inequality. We now deal with the Poisson integral which can
be written as

∞∑

k=1

K(T̃k, Zk)1T̃k≤t∧Tn
.

Since the sum is almost surely finite, it is clear that for t ≤ T
∞∑

k=1

K(T̃k, Zk)1T̃k≤t∧Tn
−→

n→+∞

∞∑

k=1

K(T̃k, Zk)1T̃k≤t.

We conclude with the dominated convergence theorem. For the domination, one has∣∣∣∣∣

∞∑

k=1

K(T̃k, Zk)1T̃k≤t∧Tn

∣∣∣∣∣ ≤
∞∑

k=1

|K(T̃k, Zk)|1T̃k≤T

=

∫ T

0

∫

Bc
1

|K(s, z)|N (ds, dz).

The right-hand side term belongs to Lβ reasoning as in (2.12) if β ≤ 1 and as in (2.13) if β > 1 with Assumption
(J2). Eventually, for the compensated Poisson integral, we work in L1+γ(Ω). It follows from BDG’s inequality
that

E

∣∣∣∣
∫ t∧Tn

0

∫

B1

H(s, z) Ñ (ds, dz) −
∫ t

0

∫

B1

H(s, z) Ñ (ds, dz)

∣∣∣∣
1+γ

≤ C E

(∫ t∧Tn

t

∫

B1

|H(s, z)|2 N (ds, dz) ds

) 1+γ
2

≤ C E

∫ t∧Tn

t

∫

B1

|H(s, z)|1+γ dν(z) ds.
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The upper-bound tends to 0 owing to the dominated convergence theorem and Assumption (J1). �

We end this preliminary section with a compactness result on the sequence of approximate flows (µn)n.

Proposition 4. The set {µnt , n ≥ 1, t ∈ [0, T ]} is relatively compact in Pβ(R
d).

Proof. Let (µnk
sk
)k be a subsequence of {µnt , n ≥ 1, t ∈ [0, T ]}. Up to extraction, we can assume that sk →

s ∈ [0, T ]. If there exists k0 such that nk = nk0 for infinitely many k ≥ 1. The continuity of t ∈ [0, T ] 7→ µ
nk0
t

allows to conclude that along this subsequence

µnk
sk

Pβ(R
d)−→ µ

nk0
s .

Otherwise, we can assume that nk → +∞. The triangle inequality yields

Wβ(µ
nk
sk
, µs) ≤ sup

n≥1
Wβ(µ

n
sk
, µns ) +Wβ(µ

nk
s , µs).

The first term of the right-hand side of the preceding inequality converges to 0 owing to Proposition 2, as well
as the second one because of Proposition 3. �

2.3. Proof of Itô’s formulas of Theorem 1 and Theorem 2.

Proof of Theorem 1. In Itô’s formula (2.5), there are three types of integrals: the drift term, the small jumps
term coming from the compensated Poisson integral and the big jumps term stemming from the Poisson in-
tegral. They will be always treated separately in the proof. Let us fix t ∈ (0, T ] and prove Itô’s formula at time t.

Step 1: All the terms in Itô’s formula (2.5) are well-defined.

If β > 1, the drift term is well-defined since Hölder’s inequality implies that

∫ T

0
E

∣∣∣∣∂v
δ

δm
u(µs)(Xs) · bs

∣∣∣∣ ds ≤
(
E

∫ T

0
|bs|β ds

)1/β
(
E

∫ T

0

∣∣∣∣∂v
δ

δm
u(µs)(Xs)

∣∣∣∣
β′

ds

)1/β′

.

The right-hand side term is finite thanks to Assumption (M) and Assumption (3) in Theorem 1 since (µt)t∈[0,T ]

is compact in Pβ(R
d) by Proposition 1. If β ≤ 1, Assumption (3) in Theorem 1 ensures that there exists C > 0

such that ∫ T

0
E

∣∣∣∣∂v
δ

δm
u(µs)(Xs) · bs

∣∣∣∣ ds ≤ C E

∫ T

0
|bs| ds,

which is finite thanks to Assumption (M). We consider now the big jumps term in (2.5). The growth condition
in the definition of the linear derivative (see Definition 1) and Assumption (J2) ensure that

E

∣∣∣∣
δ

δm
u(µs)(Xs− +K(s, z))− δ

δm
u(µs)(Xs−)

∣∣∣∣ ≤ C

(
1 + E sup

s≤T
|Xs|β + |K(s, z)|β

)
.

The right-hand side term belongs to L1([0, T ]×Bc
1, ds⊗ν) because of the moment estimate (2.10) in Proposition

1 and Assumption (J2). We finally focus on the small jumps term. Note that if γ = 0, since we have assumed
that β ≤ γ + 1, then β ≤ 1 and Assumption (3) in Theorem 1 ensures that for all compact K ⊂ Pβ(R

d), there

exists CK such that for all v ∈ R
d, we have

sup
µ∈K

∣∣∣∣∂v
δ

δm
u(µ)(v)

∣∣∣∣ ≤ CK.

Thus, the mean value theorem gives that for all s ∈ [0, T ] and for all z ∈ B1∣∣∣∣
δ

δm
u(µs)(Xs− +H(s, z)) − δ

δm
u(µs)(Xs−)−H(s, z) · ∂v

δ

δm
u(µs)(Xs−)

∣∣∣∣ ≤ C|H(s, z)| (2.17)

= C|H(s, z)|1+γ .
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If γ > 0, then (2.17) holds true. Indeed, it follows from Taylor’s formula and Assumption (2) in Theorem 1
that for all s ∈ [0, T ] and z ∈ B1

∣∣∣∣
δ

δm
u(µs)(Xs− +H(s, z))− δ

δm
u(µs)(Xs−)−H(s, z) · ∂v

δ

δm
u(µs)(Xs−)

∣∣∣∣

=

∣∣∣∣
∫ 1

0

[
∂v

δ

δm
u(µs)(Xs− + rH(s, z))− ∂v

δ

δm
u(µs)(Xs−)

]
·H(s, z) dr

∣∣∣∣ (2.18)

≤ C|H(s, z)|1+γ .

Assumption (J1) allows us to conclude that the small jumps term is well-defined.

Step 2: Itô’s formula for Xn.

We fix n ≥ 1 and we aim at proving Itô’s formula (2.5) for the localized process Xn defined for all t ∈ [0, T ]
by Xn

t = Xt∧Tn . For m ≥ 1, we define a subdivision of [0, t] by

∀k ∈ {0, . . . ,m}, tmk :=
k

m
t.

We will omit the index m and denote by (tk)k this subdivision. By definition of the linear derivative, one has
for all k ∈ {0, . . . ,m}

u(µntk+1
)− u(µntk) =

∫ 1

0
E

(
δ

δm
u(Mk

r )(X
n
tk+1

)− δ

δm
u(Mk

r )(X
n
tk
)

)
dr, (2.19)

where Mk
r := rµntk+1

+ (1− r)µntk , omitting again the dependence in n and m. Let us denote by F the function
δ
δmu(M

k
r ). We can apply the standard Itô formula for F and Xn which yields for all t ∈ [0, T ]

F (Xn
t ) = F (Xn

0 ) +

∫ t∧Tn

0
∇F (Xn

s ) · bs ds

+

∫ t∧Tn

0

∫

Bc
1

[F (Xn
s− +K(s, z))− F (Xn

s−)] N (ds, dz) (2.20)

+

∫ t∧Tn

0

∫

B1

[F (Xn
s− +H(s, z))− F (Xn

s−)] Ñ (ds, dz)

+

∫ t∧Tn

0

∫

B1

[F (Xn
s− +H(s, z))− F (Xn

s−)−H(s, z) · ∇F (Xn
s−)] dν(z) ds.

Now, we aim at taking the expectation in the previous formula. The compensated Poisson integral is centered.
Indeed, almost surely for all s ∈ [0, t ∧ Tn) and for all z ∈ B1

|Xn
s− |+ |H(s, z)| ≤ 2n,

by definition of Tn. Thus, the mean value theorem ensures that for some constant Cn > 0 depending only on
n and F, we have almost surely for all s ∈ [0, t ∧ Tn) and for all z ∈ B1

|F (Xn
s− +H(s, z))− F (Xn

s−)|2 ≤ Cn|H(s, z)|2.
Thus, by definition of Tn and by Assumption (J1), one has almost surely for all s ∈ [0, t ∧ Tn) and for all
z ∈ B1

|F (Xn
s− +H(s, z)) − F (Xn

s−)|2 ≤ n2Cn|z|2.
From this inequality, we deduce that

E

∫ t∧Tn

0

∫

B1

|F (Xn
s− +H(s, z))− F (Xn

s−)|2 dν(z) ds < +∞.
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It follows that the compensated Poisson integral is a true centered martingale. For the Poisson integral, we
use the growth property of F coming from the definition of the linear derivative. One has

|F (Xn
s− +K(s, z))− F (Xn

s−)| ≤ C

(
1 + sup

s≤T
|Xs|β + |K(s, z)|β

)
.

Thus, Assumption (J2) and the moment estimate (2.10) in Proposition 1 prove that

E

∫ t∧Tn

0

∫

Bc
1

|F (Xn
s− +K(s, z)) − F (Xn

s−)| dν(z) ds < +∞.

This yields

E

∫ t∧Tn

0

∫

Bc
1

[F (Xn
s− +K(s, z))− F (Xn

s−)] N (ds, dz)

= E

∫ t∧Tn

0

∫

Bc
1

[F (Xn
s− +K(s, z)) − F (Xn

s−)] dν(z) ds.

Taking the expectation in the other term of Itô’s formula (2.20) can be done arguing as in Step 1. It follows
that

EF (Xn
t ) = EF (Xn

0 ) + E

∫ t∧Tn

0
∂vF (X

n
s ) · bs ds (2.21)

+ E

∫ t∧Tn

0

∫

Bc
1

[F (Xn
s− +K(s, z))− F (Xn

s−)] dν(z) ds

+ E

∫ t∧Tn

0

∫

B1

[F (Xn
s− +H(s, z)) − F (Xn

s−)−H(s, z) · ∂vF (Xn
s−)] dν(z) ds.

Recall that F is equal to δ
δmu(M

k
r ). Thus, by using (2.19) and (2.21), one has

u(µnt )− u(µn0 ) =

m−1∑

k=0

u(µntk+1
)− u(µntk) (2.22)

= I1 + I2 + I3,

where

I1 :=
m−1∑

k=0

∫ 1

0
E

∫ tk+1∧Tn

tk∧Tn

∂v
δ

δm
u(Mk

r )(X
n
s ) · bs ds dr,

I2 :=

m−1∑

k=0

∫ 1

0
E

∫ tk+1∧Tn

tk∧Tn

∫

Bc
1

[
δ

δm
u(Mk

r )(X
n
s− +K(s, z))− δ

δm
u(Mk

r )(X
n
s−)

]
dν(z) ds dr,

I3 :=

m−1∑

k=0

∫ 1

0
E

∫ tk+1∧Tn

tk∧Tn

∫

B1

[
δ

δm
u(Mk

r )(X
n
s− +H(s, z)) − δ

δm
u(Mk

r )(X
n
s−)

−H(s, z) · ∂v
δ

δm
u(Mk

r )(X
n
s−)

]
dν(z) ds dr.

Our goal is now to let m tend to infinity in (2.22). For the small jumps term I3, it can be rewritten as

I3 =

∫ 1

0
E

∫ t∧Tn

0

∫

B1

[
δ

δm
u(M ⌊ms/t⌋

r )(Xn
s− +H(s, z)) − δ

δm
u(M ⌊ms/t⌋

r )(Xn
s−)

−H(s, z) · ∂v
δ

δm
u(M ⌊ms/t⌋

r )(Xn
s−)

]
dν(z) ds dr,
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since ⌊ms/t⌋ is equal to k if and only if s ∈ [tk, tk+1). The continuity of the flow s 7→ µns ∈ Pβ(R
d) ensures that

for all r ∈ [0, 1] and s ∈ [0, t]

M ⌊ms/t⌋
r −→

m→+∞
µns .

The continuity of δ
δmu and ∂v

δ
δmu on Pβ(R

d)× R
d implies that

δ

δm
u(M ⌊ms/t⌋

r )(Xn
s− +H(s, z))− δ

δm
u(M ⌊ms/t⌋

r )(Xn
s−)−H(s, z) · ∂v

δ

δm
u(M ⌊ms/t⌋

r )(Xn
s−)

−→
m→+∞

δ

δm
u(µns )(X

n
s− +H(s, z))− δ

δm
u(µns )(X

n
s−)−H(s, z) · ∂v

δ

δm
u(µns )(X

n
s−).

Note that the set {vµns + (1− v)µnt , s, t ∈ [0, T ], v ∈ [0, 1]} is compact in Pβ(R
d) thanks to Proposition 4. As

done at the end of Step 1 in (2.17) and (2.18), Assumption (2) in Theorem 1 implies that the integrand in I3
is bounded, up to some multiplicative constant, by |H̃s|1+γ |z|1+γ . Assumption (J1) proves that this quantity
belongs to L1([0, 1]× [0, t]×B1 ×Ω, dr⊗ ds⊗ ν ⊗ P). Thus, the dominated convergence theorem ensures that
I3 converges, when m → +∞, towards

E

∫ t∧Tn

0

∫

B1

[
δ

δm
u(µns )(X

n
s− +H(s, z)) − δ

δm
u(µns )(X

n
s−)−H(s, z) · ∂v

δ

δm
u(µns )(X

n
s−)

]
dν(z) ds.

Using the same arguments, we prove that

I2 −→
m→+∞

E

∫ t

0

∫

Bc
1

[
δ

δm
u(µns )(X

n
s− +K(s, z))− δ

δm
u(µns )(X

n
s−)

]
dν(z) ds.

From the growth condition in the definition of the linear derivative, we deduce that almost surely for all
s ∈ [0, T ], r ∈ [0, 1], z ∈ B1, n ∈ N

∣∣∣∣
δ

δm
u(Mk

r )(X
n
s− +K(s, z))− δ

δm
u(Mk

r )(X
n
s−)

∣∣∣∣ ≤ C

(
1 + sup

s≤T
|Xs|β + |K(s, z)|β

)
.

The upper-bound belongs to L1([0, 1]× [0, t]×Bc
1 ×Ω, dr⊗ ds⊗ ν ⊗P) by Assumption (J2). This justifies the

use of the dominated convergence theorem, as we did for I3. Finally, I1 can be handled in the same way, the
domination being an immediate consequence of the localization of the process and the continuity of ∂v

δ
δmu.

Letting m tend to infinity in (2.22), one has for all t ∈ [0, T ]

u(µnt )− u(µn0 )

= E

∫ t∧Tn

0

(
∂v

δ

δm
u(µns )(X

n
s ) · bs

)
ds (2.23)

+ E

∫ t∧Tn

0

∫

Bc
1

[
δ

δm
u(µns )(X

n
s− +K(s, z))− δ

δm
u(µns )(X

n
s−)

]
dν(z) ds

+ E

∫ t∧Tn

0

∫

B1

[
δ

δm
u(µns )(X

n
s− +H(s, z)) − δ

δm
u(µns )(X

n
s−)− ∂v

δ

δm
u(µns )(X

n
s−) ·H(s, z)

]
dν(z) ds

=: A1 +A2 +A3.

Step 3: Itô’s formula for X.

Our goal is now to let n tend to infinity in Itô’s formula (2.23) for the localized process. For the left-hand
side term of (2.23), we have already seen in Proposition 3 that for all t ∈ [0, T ]

µnt
Pβ(R

d)−→ µt.
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The continuity of u on Pβ(R
d) ensures that u(µnt ) → u(µt). For the right-hand side of (2.23), let us start with

the limit when n tends to +∞ of A1. It follows from the continuity of ∂v
δ
δmu and from Proposition 3 that

almost surely for all s ≤ t

∂v
δ

δm
u(µns )(X

n
s ) · bs1s≤Tn −→

n→+∞
∂v

δ

δm
u(µs)(Xs) · bs.

For β ≤ 1, we use the dominated convergence Theorem justified by Assumption (3) in Theorem 1 and Assump-
tion (M). For β > 1, we conclude with a uniform integrability argument in the space L1([0, t] × Ω, ds ⊗ P).
Indeed, note that b ∈ Lβ([0, t] ×Ω) and

sup
n≥1

E

∫ t

0

∣∣∣∣∂v
δ

δm
u(µns )(X

n
s )1s≤Tn

∣∣∣∣
β′

ds < +∞,

thanks to Assumption (3) of Theorem 1 and the relative compactness of {µns , n ≥ 1, s ≤ T} of Proposition 4.
Thus, the sequence

(
∂v

δ
δmu(µ

n
s )(X

n
s ) · bs1s≤Tn

)
n

is uniformly integrable in L1([0, t]×Ω, ds⊗ P). We have thus
proved that

A1 −→
n→+∞

E

∫ t

0
∂v

δ

δm
u(µs)(Xs) · bs ds.

We now focus on the big jumps term A2. The continuity of δ
δmu and Proposition 3 prove that almost surely

for all s ∈ [0, t], z ∈ Bc
1

δ

δm
u(µns )(X

n
s− +K(s, z))− δ

δm
u(µns )(X

n
s−) −→

n→+∞

δ

δm
u(µs)(Xs− +K(s, z))− δ

δm
u(µs)(Xs−).

The growth assumption in the definition of the linear derivative together with Assumption (J2) ensure that
for all s ∈ [0, t], z ∈ Bc

1, n ∈ N

∣∣∣∣
δ

δm
u(µns )(X

n
s− +K(s, z))− δ

δm
u(µns )(X

n
s−)

∣∣∣∣ ≤ C

(
1 + sup

s≤T
|Xs|β + |K(s, z)|β

)
.

Using Assumption (J2) and the moment estimate (2.10), one has

E

∫ t

0

∫

Bc
1

(
1 + sup

s≤T
|Xs|β + |K(s, z)|β

)
dν(z) ds < +∞.

Thus, the dominated convergence theorem yields

A2 −→
n→+∞

E

∫ t

0

∫

Bc
1

[
δ

δm
u(µs)(Xs− +K(s, z)) − δ

δm
u(µs)(Xs−)

]
dν(z) ds.

Eventually, we let n tend to infinity in the small jumps term A3 thanks to the dominated convergence theorem.
For the domination, we use the compactness of (µn)n given by Proposition 4 and Assumption (2) in Theorem
1. Reasoning as in the end of Step 1 in (2.17) and (2.18), we have almost surely, for all s ∈ [0, t], z ∈ B1, n ∈ N

∣∣∣∣
δ

δm
u(µns )(X

n
s− +H(s, z)) − δ

δm
u(µns )(X

n
s−)− ∂v

δ

δm
u(µns )(X

n
s−) ·H(s, z)

∣∣∣∣ ≤ C|H(s, z)|1+γ .

It follows from Assumption (J1) that the dominated convergence theorem can be applied. It yields

A3 −→
n→+∞

E

∫ t∧Tn

0

∫

B1

[
δ

δm
u(µs)(Xs− +H(s, z)) − δ

δm
u(µs)(Xs−)− ∂v

δ

δm
u(µs)(Xs−) ·H(s, z)

]
dν(z) ds.

We conclude the proof by taking the limit n→ +∞ in (2.23). �

Proof of Theorem 2. It is enough to prove that the map (t, x) ∈ [0, T ] × R
d 7→ u(t, x, µt) is of class C1. Then,

we conclude by applying the standard Itô’s formula for this function and for the process (Yt)t since ∂xu(t, x, µt)
is γ′-Hölder continuous uniformly in time. Let us fix K ⊂ R

d a compact subset, x ∈ K, t ∈ [0, T ] and h ∈ R

such that t+ h ∈ [0, T ]. We have

u(t+ h, x, µt+h)− u(t, x, µt) = [u(t+ h, x, µt+h)− u(t, x, µt+h)] + [u(t, x, µt+h)− u(t, x, µt)] .
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The continuity of ∂tu on [0, T ] ×R
d × Pβ(R

d) ensures that

1

h
u(t+ h, x, µt+h)− u(t, x, µt+h) =

1

h

∫ t+h

t
∂tu(s, x, µt+h) ds

−→
h→0

∂tu(t, x, µt).

Then, using Itô’s formula of Theorem 1, we obtain that

u(t, x, µt+h)− u(t, x, µt)

=

∫ t+h

t
E

(
∂v

δ

δm
u(t, x, µs)(Xs) · bs

)
ds (2.24)

+

∫ t+h

t

∫

Bc
1

E

[
δ

δm
u(t, x, µs)(Xs− +K(s, z)) − δ

δm
u(t, x, µs)(Xs−)

]
dν(z) ds

+

∫ t+h

t

∫

B1

E

[
δ

δm
u(t, x, µs)(Xs− +H(s, z))

δ

δm
u(t, x, µs)(Xs−)

−∂v
δ

δm
u(t, x, µs)(Xs−) ·H(s, z)

]
dν(z) ds.

First, note that the function (s, t, x) ∈ [0, T ]2×K 7→ E
(
∂v

δ
δmu(t, x, µs)(Xs) · bs

)
is continuous. Indeed, it eas-

ily follows from the continuity of ∂v
δ
δmu and b, the fact that for all t ∈ [0, T ], Xt− = Xt almost surely, and from a

uniform integrability argument. The uniform integrability of the family
(
∂v

δ
δmu(t, x, µs)(Xs) · bs

)
s,t,x∈[0,T ]2×K

comes from the integrability assumption on b and from Assumption (4) in Theorem 2. It follows from the
dominated convergence theorem that the function

(s, t, x) ∈ [0, T ]2 ×K 7→
∫

Bc
1

E

[
δ

δm
u(t, x, µs)(Xs− +K(s, z))− δ

δm
u(t, x, µs)(Xs−)

]
dν(z)

is continuous. Indeed, the domination is easily deduced from Assumption (2) in Theorem 2, the assumption
on K and from (2.10). Finally, the function

(s, t, x) ∈ [0, T ]2 ×K 7→
∫

B1

E

[
δ

δm
u(t, x, µs)(Xs− +H(s, z)) − δ

δm
u(t, x, µs)(Xs−)− ∂v

δ

δm
u(t, x, µs)(Xs−) ·H(s, z)

]
dν(z)

is also continuous using the dominated convergence theorem. Indeed by, Assumption (3), we find that almost
surely for all x ∈ K, z ∈ B1, s, t ∈ [0, T ]
∣∣∣∣
δ

δm
u(t, x, µs)(Xs− +H(s, z)) − δ

δm
u(t, x, µs)(Xs−)− ∂v

δ

δm
u(t, x, µs)(Xs−) ·H(s, z)

∣∣∣∣ ≤ C sup
s≤T

(|H̃s||z|)1+γ .

This shows that

1

h
(u(t, x, µt+h)− u(t, x, µt))

−→
h→0

∫

Bc
1

E

[
δ

δm
u(t, x, µt)(Xt− +K(t, z))− δ

δm
u(t, x, µt)(Xt−)

]
dν(z)

+

∫

B1

E

[
δ

δm
u(t, x, µt)(Xt− +H(t, z))− δ

δm
u(t, x, µt)(Xt−)− ∂v

δ

δm
u(t, x, µt)(Xt−) ·H(t, z)

]
dν(z).

We have thus proved that t ∈ [0, T ] 7→ u(t, x, µt) is differentiable and that d
dtu(t, ·, µt) is continuous on [0, T ]×R

d

and satisfies Itô’s formula (2.7).
�
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3. Backward Kolmogorov PDE on the space of measures and empirical projection

In this section, we use our Itô’s formula to derive the backward Kolmogorov PDE on the space of measures
associated with a general Lévy-driven McKean-Vlasov SDE. More precisely, it describes the dynamics of the
associated semigroup acting on functions defined on the space of measures under regularity assumptions on it.
In the Brownian case, it has been done in Chapter 5 of [CD18a] and in [CdRF21b]. Let us introduce Z = (Zt)t
a Lévy process on R

d which has the following Lévy-Itô decomposition

Zt =

∫ t

0

∫

B1

z Ñ (ds, dz) +

∫ t

0

∫

Bc
1

zN (ds, dz), (3.1)

where N is the associated Poisson random measure with Lévy measure ν. We fix our assumptions on the Lévy
process Z. We assume that there exists β ∈ (0, 2] and γ ∈ [0, 1] with β ≤ 1+γ and such that the Lévy measure
ν satisfies the following properties.

(J1’) We have ∫

B1

|z|1+γ dν(z) < +∞. (3.2)

(J2’) For all t ∈ [0, T ], Zt has a finite moment of order β i.e.
∫

Bc
1

|z|β dν(z) < +∞. (3.3)

Note that we can always take γ = 1 by definition of a Lévy measure. We are interested in the following
McKean-Vlasov SDE on the time interval [0, T ]





dXt = bt(Xt, µt) dt+ σt(Xt− , µt) dZt,
µt = L(Xt),
X0 = ξ ∈ Lβ(Ω,F0),

(3.4)

where b : [0, T ]× R
d × Pβ(R

d) → R
d and σ : [0, T ]× R

d × Pβ(R
d) → R

d×d are measurable.

We make the following assumptions on the McKean-Vlasov SDE (3.4).

(H1) There is weak existence and uniqueness for (3.4) for any initial distribution µ0 in Pβ(R
d).

(H2) If β ≥ 1, there exists C > 0 such that for all t ∈ [0, T ], x ∈ R
d and µ ∈ Pβ(R

d)

|bt(x, µ)| ≤ C (1 + |x|+Mβ(µ)) ,

|σt(x, µ)| ≤ C(1 +Mβ(µ)), (3.5)

where Mβ(µ) =
(∫

Rd |x|β dµ(x)
) 1

β .

If β < 1, there exists C > 0 such that for all t ∈ [0, T ], x ∈ R
d and µ ∈ Pβ(R

d)

|bt(x, µ)| ≤ C,

|σt(x, µ)| ≤ C. (3.6)

(H3) The coefficients b and σ are continuous on [0, T ] ×R
d × Pβ(R

d).

Note that under these assumptions, Lemma 4.1 in [FL21] ensures that (µt)t belongs to C0([0, T ];Pβ(R
d)) and

that
E sup

t∈[0,T ]
|Xt|β < +∞. (3.7)

The action of the semigroup associated with (3.4) is given in the following definition.

Definition 3 (Semigroup). For a function u : Pβ(R
d) → R, the action of the semigroup associated with the

McKean-Vlasov SDE (3.4) on the map u is given by φu defined by

φu :

{
[0, T ]× Pβ(R

d) → R

(t, µ) 7→ u(L(XT−t,µ
T )),

(3.8)
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where L(XT−t,µ
T ) denotes the distribution of any solution to (3.4) at time T starting at time T − t from a

random variable ξ with distribution µ. This makes sense by the well-posedness assumption (H1) for (3.4).

Theorem 3 (Backward Kolmogorov PDE). Assume that (H1), (H2), (H3) are satisfied and that the function
φu satisfies the following properties.

(1) The function φu belongs to C0([0, T ] × Pβ(R
d);R), ∂tφu exists and is continuous on (0, T ] × Pβ(R

d),

and finally δ
δmφu and ∂v

δ
δmφu exist and are continuous on (0, T ] × Pβ(R

d)× R
d.

(2) If γ > 0, for any compact K ⊂ Pβ(R
d) and a > 0, there exists C > 0 such that for all µ ∈ K, x, y ∈ R

d

and t ∈ [a, T ] ∣∣∣∣∂v
δ

δm
φu(t, µ)(x) − ∂v

δ

δm
φu(t, µ)(y)

∣∣∣∣ ≤ C|x− y|γ .

(3) For any compact K ⊂ Pβ(R
d) and a > 0, we have





sup
t∈[a,T ]

sup
µ∈K

∫

Rd

∣∣∣∣∂v
δ

δm
φu(t, µ)(v)

∣∣∣∣
β′

dµ(v) < +∞ if β > 1,

sup
t∈[a,T ]

sup
µ∈K

sup
v∈Rd

∣∣∣∣∂v
δ

δm
φu(t, µ)(v)

∣∣∣∣ < +∞ if β ≤ 1.

Then, the function φu satisfies for any t ∈ [0, T ) and µ ∈ Pβ(R
d)

{
∂tφu(T − t, µ) = Ltφu(T − t, µ),

φu(T − t, µ)|t=T = u(µ),
(3.9)

where the operator Lt is given, for any s ∈ (0, T ] and µ ∈ Pβ(R
d), by

Ltφu(s, µ)

:=

∫

Rd

∂v
δ

δm
φu(s, µ)(v) bt(v, µ) dµ(v)

+

∫

Rd

∫

Bc
1

[
δ

δm
φu(s, µ)(v + σt(v, µ)z) −

δ

δm
φu(s, µ)(v)

]
dν(z) dµ(v) (3.10)

+

∫

Rd

∫

B1

[
δ

δm
φu(s, µ)(v + σt(v, µ)z) −

δ

δm
φu(s, µ)(v)− ∂v

δ

δm
φu(s, µ)(v) · (σt(v, µ)z)

]
dν(z) dµ(v).

Proof. First, note that by definition of φu and thanks to the well-posedness assumption (H1), the function
t ∈ [0, T ] 7→ φu(T − t, µt) is constant. Differentiating with respect to t the function t 7→ φ(T − t, µt) thanks to
Itô’s formula of Theorem 2, one has for all t ∈ [0, T )

0 = −∂tφu(T − t, µt)

+

∫

Rd

∂v
δ

δm
φu(T − t, µt)(v) bt(v, µ) dµt(v)

+

∫

Rd

∫

Bc
1

[
δ

δm
φu(T − t, µt)(v + σt(v, µt)z)−

δ

δm
φu(T − t, µt)(v)

]
dν(z) dµt(v)

+

∫

Rd

∫

B1

[
δ

δm
φu(T − t, µt)(v + σt(v, µt)z)−

δ

δm
φu(T − t, µt)(v)

−∂v
δ

δm
φu(T − t, µt)(v) · (σt(v, µt)z)

]
dν(z) dµt(v).

We conclude the proof by noting that the flow of measures (µt)t associated with the McKean-Vlasov SDE
(3.4) can be initialised at time t with any measure µ ∈ Pβ(R

d). �

Let us recall the definition of empirical projection.
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Definition 4 (Empirical projection). Fix u : Pβ(R
d) → R. For all N ≥ 1, the empirical projection uN of u is

defined for all x = (x1, . . . , xN ) ∈ (Rd)N by

uN (x) = u(µNx ),

where µNx = 1
N

N∑

j=1

δxj
.

We also state the following Lemma on the regularity of the empirical projection. The proof is completely
analogous to that of Proposition 5.91 of [CD18a].

Lemma 1. Let u : Pβ(R
d) → R be a function admitting a linear derivative δ

δmu satisfying the following
properties.

(1) For all µ ∈ Pβ(R
d), δ

δmu(µ) ∈ C2(Rd;R).

(2) The functions ∂v
δ
δmu and ∂2v

δ
δmu are continuous on Pβ(R

d)× R
d.

(3) For all v ∈ R
d, the function µ ∈ Pβ(R

d) 7→ ∂v
δ
δmu(µ)(v) has a linear derivative

(µ, v′) 7→ δ

δm
∂v

δ

δm
u(µ)(v, v′) ∈ R

d,

which is C1 with respect to v′ and such that ∂v′
δ
δm∂v

δ
δmu is continuous on Pβ(R

d)× R
d × R

d.

Then, for all N ≥ 1, the empirical projection uN of u is of class C2. Moreover, we have for all x =
(x1, . . . , xN ) ∈ (Rd)N and i, j ∈ {1, . . . N}

∂xi
uN (x1, . . . , xN ) =

1

N
∂v

δ

δm
u(µNx )(xi),

and

∂xj
∂xi

uN (x1, . . . , xN ) =
1

N2
∂v′

δ

δm
∂v

δ

δm
u(µNx )(xi, xj) + 1i=j

1

N
∂2x

δ

δm
u(µNx )(xj).

We consider now the mean-field interacting particle system associated with the McKean-Vlasov SDE (3.4).
The goal is to approximate in some sense Ltu(µ

N
x ) by the generator of the particle system applied to the

empirical projection uN of u. This will be crucial to prove quantitative weak propagation of chaos using the
Kolmogorov backward PDE, as explained in Chapter 5 of [CD18a].

Let us denote by (Zn)n an i.i.d. sequence of Lévy processes having the same distribution as Z = (Zt)t, and
by (Xn

0 )n an i.i.d. sequence of random variables with common distribution µ0 ∈ Pβ(R
d). For a fixed integer

N ≥ 1, the system of N particles associated with (3.4) is defined as the solution to the following classical SDE
on (Rd)N 




dXi,N
t = bt(X

i,N
t , µNt ) dt+ σt(X

i,N
t−

, µNt−) dZ
i
t , ∀i ≤ N,

µNt := 1
N

N∑

j=1

δ
Xj,N

t
,

Xi,N
0 = Xi

0.

(3.11)

We can write for all i ≤ N and for all t ∈ [0, T ]

Zi
t =

∫ t

0

∫

B1

z Ñ i(ds, dz) +

∫ t

0

∫

Bc
1

zN i(ds, dz),

where N i is the Poisson random measure associated with Zi. Then, we set for all t ∈ [0, T ]

ZN
t =



Z1
t
...
ZN
t


 ∈ (Rd)N .
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As the Lévy processes (Zn)n are independent, the process (ZN
t )t is a Lévy process in (Rd)N . Its Poisson random

measure NN and its Lévy measure ν
N are defined as follows. For all φ : [0, T ]× (Rd)N → R

+, one has

∫ T

0

∫

(Rd)N
φ(s,x)NN (ds, dx) =

N∑

i=1

∫ t

0

∫

Rd

φ(s, 0, . . . , 0, xi, 0, . . . , 0)N i(ds, dxi)

=
N∑

i=1

∫ t

0

∫

Rd

φ(s, x̃i)N i(ds, dx), (3.12)

where x̃i := (0, . . . , x, . . . , 0) ∈ (Rd)N for x ∈ R
d, where x appears in the i-th position. For all φ : (Rd)N → R

+,
one has ∫

(Rd)N
φ(x) dνN (x) =

N∑

i=1

∫

Rd

φ(x̃i) dν(x). (3.13)

Note that since (Zn)n are independent processes, for all t ∈ [0, T ], the support of the random measure NN (t, dx)
is contained in

N−1⋃

i=0

{0Rd}i × R
d × {0Rd}N−1−i ⊂ (Rd)N .

Let us define for all t ∈ [0, T ], x = (x1, . . . , xN ) ∈ (Rd)N

b
N
t (x) :=



bt(x1, µ

N
x )

...
bt(xN , µ

N
x )


 ∈ (Rd)N σ

N
t (x) :=



σt(x1, µ

N
x ) 0 0

0
. . . 0

0 0 σt(xN , µ
N
x )


 ∈ R

Nd×Nd.

Thus, writing X
N
t =



X1,N

t
...

XN,N
t


 , SDE (3.11) defining the particle system can be rewritten as





dXN
t = b

N
t (XN

t ) dt+ σ
N
t (XN

t−) dZ
N
t ,

X
N
0 =



X1

0
...

XN
0


 .

(3.14)

Let us recall the definition of the stable operators (Lt)t associated with the particle system (3.11). For any
f : (Rd)N → R of class C2 and for any x = (x1, . . . , xN ) ∈ (Rd)N , we define Ltf by

Ltf(x) := bt(x) · ∇f(x) +
∫

(Rd)N
f(x+ σt(x)z)− f(x)−∇f(x) · (σt(x)z1|z|<1) dν(z). (3.15)

Proposition 5. Let u : Pβ(R
d) → R be a function satisfying the assumptions of Theorem 1 and Lemma 1.

Assume moreover that δ
δm

δ
δmu and ∂v′

δ
δm∂v

δ
δmu exist and are uniformly bounded on Pβ(R

d)×R
d ×R

d. Then,

we have for all t ∈ [0, T ] and for all x = (x1, . . . , xN ) ∈ (Rd)N

Ltu
N (x1, . . . , xN ) = Ltu(µ

N
x ) +

1

N

N∑

k=1

∫

Rd

∫ 1

0

δ

δm
u(mk

t,z,w)(xk + σt(xk, µ
N
x )z)− δ

δm
u(mk

t,z,w)(xk)

−
[
δ

δm
u(µNx )(xk + σt(xk, µ

N
x )z)− δ

δm
u(µNx )(xk)

]
dw dν(z)

= Ltu(µ
N
x ) +O

(
1

N

)
,

where mk
t,z,w = wµN

x+σt(x,µN
x )z̃k

+ (1− w)µNx .
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The last term is interpreted as an error term and we will have to control it to prove our propagation of chaos
estimates in Section 4.

Proof. We easily check that we can apply the operator Lt to the empirical projection uN thanks to the regularity
assumptions. It yields for all x = (x1, . . . , xN ) ∈ (Rd)N

Ltu
N (x) =

1

N

N∑

k=1

bt(xk, µ
N
x )∂v

δ

δm
u(µNx )(xk)

+

N∑

k=1

∫

Rd

u(µNx+σt(x)z̃k
)− u(µNx )− 1

N
∂v

δ

δm
u(µNx )(xk) · (σt(xk, µNx )z1|z|≤1) dν(z)

=
1

N

N∑

k=1

bt(xk, µ
N
x )∂v

δ

δm
u(µNx )(xk)

+
1

N

N∑

k=1

∫

Rd

∫ 1

0

δ

δm
u(mk

t,z,w)(xk + σt(xk, µ
N
x )z) − δ

δm
u(mk

t,z,w)(xk)

− ∂v
δ

δm
u(µNx )(xk) · (σt(xk, µNx )z1|z|≤1) dw dν(z)

= Ltu(µ
N
x ) +

1

N

N∑

k=1

∫

Rd

∫ 1

0

δ

δm
u(mk

t,z,w)(xk + σt(xk, µ
N
x )z)− δ

δm
u(mk

t,z,w)(xk)

−
[
δ

δm
u(µNx )(xk + σt(xk, µ

N
x )z)− δ

δm
u(µNx )(xk)

]
dw dν(z).

It remains to show the bound on the error term between Ltu
N (x) and Ltu(µ

N
x ). We split the domain of

integration R
d of the last integral into B1 and Bc

1 and we first consider the integral over Bc
1. Defining mk

t,z,w,r :=

rmk
t,z,w + (1− r)µNx = µNx + rwµN

x+σt(x)z̃k
, we have

∫

Bc
1

∫ 1

0

δ

δm
u(mk

t,z,w)(xk + σt(xk, µ
N
x )z) − δ

δm
u(mk

t,z,w)(xk)

−
[
δ

δm
u(µNx )(xk + σt(xk, µ

N
x )z)− δ

δm
u(µNx )(xk)

]
dw dν(z)

=
1

N

∫

Bc
1

∫

[0,1]2
w

[
δ

δm

δ

δm
u(mk

t,z,w,r)(xk + σt(xk, µ
N
x )z, xk + σt(xk, µ

N
x )z) (3.16)

− δ

δm

δ

δm
u(mk

t,z,w,r)(xk + σt(xk, µ
N
x )z, xk)

]
dr dw dν(z)

+
1

N

∫

Bc
1

∫

[0,1]2
w

[
δ

δm

δ

δm
u(mk

t,z,w,r)(xk, xk + σt(xk, µ
N
x )z)− δ

δm

δ

δm
u(mk

t,z,w,r)(xk, xk)

]
dr dw dν(z).

Since δ
δm

δ
δmu is uniformly bounded and ν(Bc

1) < +∞, we deduce that

∣∣∣∣∣
1

N

∫

Bc
1

∫

[0,1]2
w

[
δ

δm

δ

δm
u(mk

s,z,w,r)(xk, xk + σt(xk, µ
N
x )z)− δ

δm

δ

δm
u(mk

s,z,w,r)(xk, xk)

]
dr dw dν(z)

∣∣∣∣∣ ≤
C

N
.

For the integral on B1, one has
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∫

B1

∫ 1

0

δ

δm
u(mk

t,z,w)(xk + σt(xk, µ
N
x )z) − δ

δm
u(mk

t,z,w)(xk)

−
[
δ

δm
u(µNx )(xk + σt(xk, µ

N
x )z) − δ

δm
u(µNx )(xk)

]
dw dν(z)

=

∫

B1

∫

[0,1]2

[
∂v

δ

δm
u(mk

t,z,w)(xk + hσt(xk, µ
N
x )z)∂v

δ

δm
u(µNx )(xk + hσt(xk, µ

N
x )z)

]
· (σt(xk, µNx )z) dh dw dν(z)

=
1

N

∫

B1

∫

[0,1]3

[
δ

δm
∂v

δ

δm
u(mk

t,z,w,r)(xk + hσt(xk, µ
N
x )z, xk + σt(xk, µ

N
x )z)

− δ

δm
∂v

δ

δm
u(mk

t,z,w,r)(xk + hσt(xk, µ
N
x )z, xk)

]
· (σt(xk, µNx )z) dr dh dw dν(z)

=
1

N

∫

B1

∫

[0,1]4

[
∂v′

δ

δm
∂v

δ

δm
u(mk

t,z,w,r)(xk + hσt(xk, µ
N
x )z, xk + lσt(xk, µ

N
x )z)(σt(xk, µ

N
x )z)

]

· (σt(xk, µNx )z) dl dr dh dw dν(z).

We conclude the proof using that σ and ∂v′
δ
δm∂v

δ
δmu are uniformly bounded and that

∫
B1

|z|2 dν(z) is finite.
�

4. Propagation of chaos for a mean-field system of interacting stable Ornstein-Uhlenbeck

processes

We now study a nonlinear stable Ornstein-Uhlenbeck process driven by an α-stable process with α ∈ (1, 2),
written, for t ≥ 0

Zt =

∫ t

0

∫

Rd

z Ñ (ds, dz).

We assume that Z is non degenerate in the following sense. Writing y = rθ ∈ R
d with r ∈ R

+ and θ ∈ S
d−1,

where S
d−1 denotes the unit sphere in R

d, the Lévy measure ν of Z decomposes as

ν(dy) = dµ(θ)
dr

r1+α
,

where µ is a non-zero finite measure on S
d−1. We assume that ν satisfies the following non-degeneracy assump-

tion.

(ND) There exists η > 0 such that for all λ ∈ R
d

η|λ|2 ≤
∫

Sd−1

|〈λ, θ〉|2 dµ(θ). (4.1)

Let A,A′, B ∈ Md(R) be matrices of size d× d such that B is invertible, β ∈ [1, α), and ξ ∈ Lβ(Ω,F0) with
distribution µ0 ∈ Pβ(R

d). We study the following nonlinear SDE on the time interval [0, T ]
{
dXt = (AXt +A′

EXt) dt+B dZt,
X0 = ξ.

(4.2)

Note that weak uniqueness holds for SDE (4.2) i.e. the distribution of (Xt)t depends only on the distribution
µ0 of X0 and not on the random variable X0 chosen.

We consider the mean-field system of interacting Ornstein-Uhlenbeck processes associated with (4.2). Let
us denote by (Zn)n an i.i.d. sequence of α-stable processes having the same distribution as Z = (Zt)t, and
by (Xn

0 )n an i.i.d. sequence of random variables with common distribution µ0 ∈ Pβ(R
d). For a fixed integer
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N ≥ 1, the system of N particles associated with (3.4) is defined as the solution to the following classical SDE
on (Rd)N





dXi,N
t = AXi,N

t dt+A′ 1

N

N∑

j=1

Xj,N
t dt+B dZi

t , ∀i ≤ N,

Xi,N
0 = Xi

0.

(4.3)

We now state our quantitative weak propagation of chaos result in the next theorem.

Theorem 4. Let C be the class of continuous functions u : Pβ(R
d) → R admitting two linear derivatives δ

δmu

and δ
δm

δ
δmu such that δ

δmu(µ) and δ
δm

δ
δmu(µ) are Lipschitz continuous with Lipschitz constant smaller than 1.

Then, there exists a constant C = CT independent of u ∈ C and N ≥ 1 and non-decreasing with respect to T
such that for all u ∈ C and N ≥ 1, we have

E
∣∣u(µNT )− u(µT )

∣∣ ≤ C EW1(µ
N
0 , µ0) + C

ln(N)
1

α

N1− 1

α

, (4.4)

and

|E(u(µNT )− u(µT ))| ≤ C EW1(µ
N
0 , µ0) +

C

Nα−1
. (4.5)

Note that in the particular case where the initial distribution µ0 belongs to P2(R
d), we have

|E(u(µNT )− u(µT ))| ≤
C

Nα−1
. (4.6)

Remark 3. • The initial data terms can be handled using [FG15], in particular in the case where µ0 has
more moments than β. Indeed, one has if µ0 ∈ Pq(R

d)

EW1(µ
N
0 , µ0) ≤ C





N− 1

2 +N
−
(

1− 1

q

)

, if d = 1 and q 6= 2,

N− 1

2 ln(1 +N) +N
−
(

1− 1

q

)

, if d = 2 and q 6= 2,

N− 1

d +N
−
(

1− 1

q

)

, if d ≥ 3 and q 6= d
d−1 .

• Let us denote by ‖ϕ‖Lip := supx 6=y
|ϕ(x)−ϕ(y)|

|x−y| for ϕ : Rd → R. The set

{
φ : Pβ(R

d) → R, ∃ϕ : Rd → R, with ‖ϕ‖Lip ≤ 1, andφ(µ) =

∫

Rd

ϕdµ, ∀µ ∈ Pβ(R
d)

}

is contained in C. This allows quantify the convergence with respect to W1. More precisely, for the
mean-field limit, we have by the Kantorovich-Rubinstein theorem and if µ0 ∈ P2(R

d)

sup
t∈[0,T ]

W1([X
1,N
t ], µt) = sup

t∈[0,T ]
sup

ϕ, ‖ϕ‖Lip≤1

∣∣∣∣Eϕ(X
1,N
t )−

∫

Rd

ϕdµt

∣∣∣∣

= sup
t∈[0,T ]

sup
ϕ, ‖ϕ‖Lip≤1

∣∣∣∣∣E
(

1

N

N∑

k=1

ϕ(Xk,N
t )

)
−
∫

Rd

ϕdµt

∣∣∣∣∣

= sup
t∈[0,T ]

sup
ϕ, ‖ϕ‖Lip≤1

∣∣∣∣E
∫

Rd

ϕdµNt − E

∫

Rd

ϕdµt

∣∣∣∣

= sup
t∈[0,T ]

sup
ϕ, ‖ϕ‖Lip≤1

∣∣Eφ(µNt )− Eφ(µt)
∣∣

≤ CT

Nα−1
,

since the constant C in Theorem 4 is non-decreasing with respect to T .
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Remark 4. In order to obtain our estimates of propagation of chaos, we follow the method mentioned in
Chapter 5 of [CD18a] (pages 506−508). We need to apply the operator Lt associated with the particle system,
defined in (3.15), for the empirical projection x ∈ (Rd)N 7→ φu(t, µ

N
x ) of φu, which was defined in Definition

3. In order to use the backward Kolmogorov PDE satisfied by φu, we need to control the difference between
Ltφu(t, µ

N
x ) and Ltφu(t, µ

N
x ), as done in Proposition 5. However, the assumptions on δ

δm
δ
δmφu are not satisfied.

Indeed, for this interacting Ornstein-Uhlenbeck system, we can only show (see Proposition 6) that for any fixed
t ∈ (0, T ], µ ∈ Pβ(R

d), and v, v′ ∈ R
d

∣∣∣∣
δ

δm

δ

δm
φu(t, µ)(v, v

′)

∣∣∣∣ ≤ C(1 + |v|+ |v′|+ |v||v′|). (4.7)

This is due to the unboundedness of drift which is only at most of linear growth with respect to x and µ. The
error term in (3.16) is not directly well-defined since

∫
Rd |z|2 dν(z) = +∞. To get around this difficulty, we will

consider in a first step truncated versions of the operators Lt and Lt by removing the big jumps of the noise.
Namely we replace ν by the restriction of ν on the ball BN , where N is also the number of particles interacting.
We refer to (4.20), (4.21) and (4.23) in the proof of Theorem 4, where the terms are not well-defined without
removing the big jumps.

We thus set for t ∈ [0, T ]

ZN,t :=

∫ t

0

∫

BN

z Ñ (ds, dz). (4.8)

Then, we consider the McKean-Vlasov SDE (4.2) driven by ZN . The solution to this SDE is denoted by (XN,t)t
and satisfies

{
dXN,t = (AXN,t +A′

EXN,t) dt+B dZN,t,
X0 = ξ ∈ Lβ(Ω,F0).

(4.9)

We denote by µN,t the distribution of XN,t and by φN,u the solution to the backward Kolmogorov PDE
associated with the McKean-Vlasov SDE (4.9) defined in Definition 3.

Before proving the preceding theorem, we state in the following proposition regularity properties and bounds
on φN,u that we will use.

Proposition 6. For all u ∈ C and N ≥ 1, the function φN,u satisfies the following properties.

(1) The function φN,u belongs to C0([0, T ]×Pβ(R
d);R), ∂tφN,u exists and is continuous on (0, T ]×Pβ(R

d).

Moreover δ
δmφN,u, ∂v

δ
δmφN,u and ∂2v

δ
δmφN,u exist and are continuous on (0, T ] × Pβ(R

d)× R
d.

(2) The functions δ
δm∂v

δ
δmφN,u and ∂v′

δ
δm∂v

δ
δmφN,u exist and are continuous on (0, T ]×Pβ(R

d)×R
d×R

d.
(3) There exists three continuous functions on (0, T ] denoted by g1, g2 and g3 such that g1 is globally

bounded on [0, T ] and g2 ∈ L1(0, T ) which satisfy the following properties. For all u ∈ C, N ≥ 1,
t ∈ (0, T ], µ ∈ Pβ(R

d) and v, v′ ∈ R
d, one has

∣∣∣∣∂v
δ

δm
φN,u(t, µ)(v)

∣∣∣∣ ≤ g1(t),

∣∣∣∣∂v′
δ

δm
∂v

δ

δm
φN,u(t, µ)(v, v

′)

∣∣∣∣ ≤ g2(t), (4.10)

∣∣∣∣∂
2
v

δ

δm
φN,u(t, µ)(v)

∣∣∣∣ ≤ g3(t).

The proof is postponed to the Appendix (Section B).

We can now prove the propagation of chaos estimate for the interacting Ornstein-Uhlenbeck processes.
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Proof of Theorem 4. We assume that the matrix B equal to the identity Id since it does not change anything
to the proof. Let us fix N ≥ 1. As we did in (4.8) for Z = (Zt)t, we remove the big jumps of the i.i.d. copies
(Zi)i of Z by defining for all i ∈ N and t ∈ [0, T ]

Zi
N,t :=

∫ t

0

∫

BN

z Ñ i(ds, dz).

For the sake of clarity, we set for t ∈ [0, T ], x ∈ R
d and µ ∈ P1(R

d)

b(x, µ) := Ax+A′

∫

Rd

x dµ(x).

Then, we consider (XN,t)t the nonlinear Ornstein-Uhlenbeck process driven by ZN together with X
N
N :=

(X1,N
N,t , . . . ,X

N,N
N,t )t the associated interacting particle system, i.e. the solutions to





dXN,t = b(XN,t, µN,t) dt+ dZN,t,
µN,t = L(XN,t),
XN,0 = ξ ∈ Lβ(Ω,F0),

(4.11)

and 



dXi,N
N,t = b(Xi,N

N,t , µ
N
N,t) dt+ dZi

N,t, ∀t ∈ [0, T ], ∀i ≤ N,

µNN,t =
1

N

N∑

j=1

δ
Xj,N

N,t

,

Xi,N
N,0 = Xi

0.

(4.12)

Let us emphasize that we remove the jumps that are bigger than the number of particles N. Recall that the
operator LN associated with (4.11) defined in Theorem 3 is given, for all s ∈ [0, T ] and µ ∈ Pβ(R

d), by

LNφN,u(s, µ) :=

∫

Rd

∂v
δ

δm
φN,u(s, µ)(v) b(v, µ) dµ(v) (4.13)

+

∫

Rd

∫

BN

[
δ

δm
φN,u(s, µ)(v + z)− δ

δm
φN,u(s, µ)(v) − ∂v

δ

δm
φN,u(s, µ)(v) · z

]
dν(z) dµ(v).

In order to establish (4.4), our aim is to control E|φN,u(T − t, µNt )− φu(T − t, µt)|, for t < T uniformly in N.
We decompose it in the following way

E|φN,u(T − t, µNt )− φN,u(T − t, µt)|
≤ E|φN,u(T − t, µNt )− φN,u(T − t, µNN,t)|+ E|φN,u(T − t, µNN,t)− φN,u(T − t, µN,t)|
+ E|φN,u(T − t, µN,t)− φN,u(T − t, µt)|.

Since ∂v
δ
δmφN,u is bounded on [0, T ] × Pβ(R

d) × R
d uniformly in N by Proposition 6, we deduce by the

Kantorovich-Rubinstein theorem that for some constant C > 0, we have for all N ≥ 1, t ∈ [0, T ), µ, ν ∈ Pβ(R
d)

|φN,u(T − t, µ)− φN,u(T − t, ν)| ≤ CW1(µ, ν).

Thus, we obtain

E|φN,u(T − t, µNt )− φN,u(T − t, µt)| ≤ C EW1(µ
N
t , µ

N
N,t) + E|φN,u(T − t, µNN,t)− φN,u(T − t, µN,t)|

+ C EW1(µN,t, µt) (4.14)

=: A1 +A2 +A3.

First, we deal with A1. Note that we can write

Xk,N
N,t −Xk,N

t =

∫ t

0
(b(Xk,N

N,s , µ
N
N,s)− b(Xk,N

s , µNs ) ds +

∫ t

0

∫

Bc
N

z Ñ k(ds, dz).
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Using the fact that b is Lipschitz continuous on R
d × P1(R

d), one has for all t ∈ [0, T ]

E|Xk,N
N,t −Xk,N

t | ≤ C



∫ t

0
E|Xk,N

N,s −Xk,N
s | ds +

∫ t

0

1

N

N∑

j=1

E|Xj,N
N,s −Xj,N

s | ds +
∫ t

0

∫

Bc
N

|z| dν(z) ds




≤ C



∫ t

0
E|Xk,N

N,s −Xk,N
s | ds +

∫ t

0

1

N

N∑

j=1

E|Xj,N
N,s −Xj,N

s | ds + 1

Nα−1


 .

Gronwall’s inequality ensures that there exists a constant C = CT depending only on T and such that for
any t ∈ [0, T ]

EW1(µ
N
t , µ

N
N,t) ≤

1

N

N∑

k=1

E|Xk,N
N,t −Xk,N

t | ≤ C

Nα−1
(4.15)

We follow the same lines of reasoning to treat A3. Indeed, writing for all t ∈ [0, T ]

XN,t −Xt =

∫ t

0
(b(XN,s, µN,s)− b(Xs, µs) ds +

∫ t

0

∫

Bc
N

z Ñ (ds, dz),

we deduce as previously that there exists C = CT > 0 such that for any t ∈ [0, T ]

EW1(µN,t, µt) ≤
C

Nα−1
. (4.16)

It remains to treat the term A2 in (4.14). Using Lemma 1 and the regularity properties satisfied by φN,u

stated in Proposition 6, we obtain that the function (t,x) ∈ [0, T ) × (Rd)N 7→ φN,u(T − t, µNx ) belongs to

C1,2([0, T ) × (Rd)N ). Moreover, for all t ∈ [0, T ) and x = (x1, . . . , xN ) ∈ (Rd)N , we have

∂xφN,u(T − t, µNx ) =
1

N



∂v

δ
δmφN,u(T − t, µNx )(x1)

...

∂v
δ
δmφN,u(T − t, µNx )(xN )


 .

We denote by NN the Poisson random measure associated with Z
N = (Z1, . . . , ZN ) defined in (3.12) and

by ν
N its associated Lévy measure defined in (3.13). Applying the standard Itô formula for this function and

the (Rd)N -valued process (XN
N,t)t and noticing that the map t ∈ [0, T ] 7→ φN,u(T − t, µN,t) is constant, we

obtain that for all t ∈ [0, T )

φN,u(T − t, µNN,t)− φN,u(T − t, µN,t)−
(
φN,u(T, µ

N
0 )− φN,u(T, µ0)

)

= −
∫ t

0
∂tφN,u(T − s, µNN,s) ds

+
1

N

N∑

i=1

∫ t

0
∂v

δ

δm
φN,u(T − s, µNN,s)(X

i,N
N,s) · b(X

i,N
N,s, µ

N
N,s) ds

+

∫ t

0

∫

(BN )N

[
φN,u(T − s, µN

XN

N,s−
+z

)− φN,u(T − s, µN
XN

N,s−
)− ∂xφN,u(T − s, µN

XN

N,s−
) · z

]
dνN (z) ds

+

∫ t

0

∫

(B1)N

[
φN,u(T − s, µN

XN

N,s−
+z

)− φN,u(T − s, µN
XN

N,s−
)

]
Ñ

N
(ds, dz) (4.17)

+

∫ t

0

∫

(BN\B1)N

[
φN,u(T − s, µN

XN

N,s−
+z

)− φN,u(T − s, µN
XN

N,s−
)

]
Ñ

N
(ds, dz)

=: I1 + I2 + I3 + I4 + I5.
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Note that ∫ t

0

∫

(BN\B1)N

[
φN,u(T − s, µN

XN

N,s−
+z

)− φN,u(T − s, µN
XN

N,s−
)

]
dνN (z) ds

is well-defined. Indeed, recalling that for h ∈ R
d, h̃j = (0, . . . , 0, h, 0, . . . , 0) ∈ (Rd)N , where h appears in the

j-th coordinate, one has
∫ t

0

∫

(BN\B1)N

∣∣∣∣φN,u(T − s, µN
XN

N,s−
+z

)− φN,u(T − s, µN
XN

N,s−
)

∣∣∣∣ dν
N (z) ds

=

N∑

i=1

∫ t

0

∫

BN\B1

∣∣∣∣φN,u(T − s, µN
XN

N,s−
+z̃i

)− φN,u(T − s, µN
XN

N,s−
)

∣∣∣∣ dν(z) ds

≤ 1

N

N∑

i=1

∫ t

0

∫

BN\B1

∫ 1

0

∣∣∣∣∂v
δ

δm
φN,u(T − s,mi

s,z,w)(X
i,N
N,s−

+ hz)

∣∣∣∣ |z| dw dν(z) ds

≤ C

∫ t

0
g1(T − s) ds

∫

BN\B1

|z| dν(z),

where mi
s,z,w := wµN

XN

N,s−
+z̃i

+ (1− w)µN
XN

N,s−
. We conclude since g1 is bounded by Proposition 6.

Using the form of the Lévy measure of the particle system in (3.13), we can write

I3 =
N∑

i=1

∫ t

0

∫

(BN )N

[
φN,u(T − s, µN

XN

N,s−
+z̃i

)− φN,u(T − s, µN
XN

N,s−
)

− 1

N
∂v

δ

δm
φN,u(T − s, µN

XN

N,s−
)(Xi,N

N,s−
) · z

]
dν(z) ds

=
1

N

N∑

i=1

∫ t

0

∫

BN

∫ 1

0

[
δ

δm
φN,u(T − s,mi

s,z,w)(X
i,N
N,s−

+ z)

− δ

δm
φN,u(T − s,mi

s,z,w)(X
i,N
N,s−

)− 1

N
∂v

δ

δm
φN,u(T − s, µN

XN

N,s−
)(Xi,N

N,s−
) · z

]
dw dν(z) ds,

where mi
s,z,w = wµN

XN

N,s−
+z̃i

+ (1 − w)µN
XN

N,s−
. In order to make appear the backward Kolmogorov PDE (3.9),

we decompose I3 in the following way

I3 =

∫ t

0

∫

Rd

∫

BN

[
δ

δm
φN,u(T − s, µN

XN

N,s−
)(x+ z)− δ

δm
φN,u(T − s, µN

XN

N,s−
)(x)

−∂v
δ

δm
φN,u(T − s, µN

XN

N,s−
)(x) · z

]
dν(z) dµN

XN

N,s−
(x) ds

+
1

N

N∑

i=1

∫ t

0

∫

BN

∫ 1

0

[
δ

δm
φN,u(T − s,mi

s,z,w)(X
i,N
N,s−

+ z)− δ

δm
φN,u(T − s,mi

s,z,w)(X
i,N
N,s−

)

+
δ

δm
φN,u(T − s, µN

XN

N,s−
)(Xi,N

N,s−
)− δ

δm
φN,u(T − s, µN

XN

N,s−
)(Xi,N

N,s−
+ z)

]
dw dν(z) ds

=: I3,A + I3,B .

Since (XN
N,s)s∈[0,T ] is càd-làg, we deduce that almost surely for almost all s ∈ [0, t]

µN
XN

N,s−
= µN

XN
N,s

= µNN,s.
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Thanks to the backward Kolmogorov PDE (3.9) in Theorem 3 applied with β ∈ [1, α) and γ = 1 and justified
by Proposition 6, one has

I1 + I2 + I3,A =

∫ t

0
−∂tφN,u(T − s, µNN,s) + LNφN,u(T − s, µNN,s) ds

= 0.

Thus, we obtain the following decomposition

φN,u(T − t, µNN,t)− φN,u(T − t, µN,t)−
(
φN,u(T, µ

N
0 )− φN,u(T, µ0)

)

=
1

N

N∑

i=1

∫ t

0

∫

BN

∫ 1

0

[
δ

δm
φN,u(T − s,mi

s,z,w)(X
i,N
N,s−

+ z)− δ

δm
φN,u(T − s,mi

s,z,w)(X
i,N
N,s−

)

+
δ

δm
φN,u(T − s, µN

XN

N,s−
)(Xi,N

N,s−
)− δ

δm
φN,u(T − s, µN

XN

N,s−
)(Xi,N

N,s−
+ z)

]
dw dν(z) ds

+

∫ t

0

∫

BN\B1

[
φN,u(T − s, µN

XN

N,s−
+z

)− φN,u(T − s, µN
XN

N,s−
)

]
Ñ

N
(ds, dz) (4.18)

+

∫ t

0

∫

B1

[
φN,u(T − s, µN

XN

N,s−
+z

)− φN,u(T − s, µN
XN

N,s−
)

]
Ñ

N
(ds, dz)

= I3,B + I4 + I5.

It follows that for all t ∈ [0, T )

E|φN,u(T − t, µNN,t)− φN,u(T − t, µN,t)| ≤ E|φN,u(T, µ
N
0 )− φN,u(T, µ0)|+ E(|I3,B |+ |I4|+ |I5|). (4.19)

We treat each term separately. For I3,B , we write

I3,B

=
1

N

N∑

i=1

∫ t

0

∫

BN

∫

[0,1]2

[
∂v

δ

δm
φN,u(T − s,mi

s,z,w)(X
i,N
N,s−

+ hz)

− ∂v
δ

δm
φN,u(T − s, µN

XN

N,s−
)(Xi,N

N,s−
+ hz)

]
· z dh dw dν(z) ds

=
1

N2

N∑

i=1

∫ t

0

∫

BN

∫

[0,1]3

[
δ

δm
∂v

δ

δm
φN,u(T − s,mi

s,z,w,r)(X
i,N
N,s−

+ hz,Xi,N
N,s−

+ z) (4.20)

− δ

δm
∂v

δ

δm
φN,u(T − s,mi

s,z,w,r)(X
i,N
N,s−

+ hz,Xi,N
N,s−

)

]
· z dr dh dw dν(z) ds

=
1

N2

N∑

i=1

∫ t

0

∫

BN

∫

[0,1]4

[
∂v′

δ

δm
∂v

δ

δm
φN,u(T − s,mi

s,z,w,r)(X
i,N
N,s−

+ hz,Xi,N
N,s−

+ kz)z

]

· z dk dr dh dw dν(z) ds,

where mi
s,z,w,r := rmi

s,z,w + (1− r)µN
XN

N,s−
= µN

XN

N,s−
+ rwµN

XN

N,s−
+z̃i

. We deduce that there exists a constant

C > 0 independent of N such that for all t ∈ (0, T ]

E|I3,B| ≤
1

N2

N∑

i=1

E

∫ t

0

∫

BN

g2(T − s)|z|2 dν(z) ds

≤ C

Nα−1
. (4.21)
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Let us recall that mi
s,z,w = wµN

XN

N,s−
+z̃i

+(1−w)µN
XN

N,s−
. It follows from the Cauchy-Schwarz inequality and

the L2-isometry of compensated Poisson random integrals that there exists a constant C > 0 independent of
N such that we have for all t ∈ (0, T ]

E|I4| ≤


E

(∫ t

0

∫

(B1)N

∣∣∣∣φN,u(T − s, µN
XN

N,s−
+z

)− φN,u(T − s, µN
XN

N,s−
)

]
Ñ

N
(ds, dz)

)2



1

2

=

(
N∑

i=1

E

∫ t

0

∫

B1

∣∣∣∣φN,u(T − s, µN
XN

N,s−
+z̃i

)− φN,u(T − s, µN
XN

N,s−
)

∣∣∣∣
2

dν(z) ds

) 1

2

(4.22)

=




N∑

i=1

E

∫ t

0

∫

B1

∣∣∣∣∣
1

N

∫

[0,1]2
∂v

δ

δm
φN,u(T − s,mi

s,z,w)(X
i,N
N,s−

+ hz) · z dh dw
∣∣∣∣∣

2

dν(z) ds




1

2

≤
(

N∑

i=1

E

∫ t

0

∫

B1

1

N2
|g1(T − s)|2 C2|z|2 dν(z) ds

) 1

2

≤ C√
N
.

Finally, for I5, BDG’s inequalities and the fact that 1 < α < 2 yields for all t ∈ [0, T )

E|I5| ≤
(
E

(∫ t

0

∫

(BN\B1)N

∣∣∣∣φN,u(T − s, µN
XN

N,s−
+z

)− φN,u(T − s, µN
XN

N,s−
)

]
Ñ

N
(ds, dz)

)α) 1

α

≤ C


E

[∫ t

0

∫

(BN\B1)N

∣∣∣∣φN,u(T − s, µN
XN

N,s−
+z

)− φN,u(T − s, µN
XN

N,s−
)

∣∣∣∣
2

NN (ds, dz)

]α
2




1

α

≤ C

(
E

∫ t

0

∫

(BN \B1)N

∣∣∣∣φN,u(T − s, µN
XN

N,s−
+z

)− φN,u(T − s, µN
XN

N,s−
)

∣∣∣∣
α

NN (ds, dz)

) 1

α

(4.23)

= C

(
N∑

i=1

E

∫ t

0

∫

BN\B1

∣∣∣∣∣
1

N

∫

[0,1]2
∂v

δ

δm
φN,u(T − s,mi

s,z,w)(X
i,N
N,s−

+ hz) · z dh dw
∣∣∣∣∣

α

dν(z) ds

) 1

α

≤ C

(
N∑

i=1

E

∫ t

0

∫

BN\B1

∣∣∣∣
1

N
g1(T − s)

∣∣∣∣
α

|z|α dν(z) ds
) 1

α

≤ C
ln(N)

1

α

N1− 1

α

.

As a consequence of (4.18), (4.21), (4.22), (4.23), and the fact that (α − 1) ∧ 1
2 > 1 − 1

α , we have for a
constant C > 0 that for all N ≥ 1 and t ∈ [0, T )

E|φN,u(T − t, µNN,t)− φN,u(T − t, µN,t)| ≤ E|φN,u(T, µ
N
0 )− φN,u(T, µ0)|+ C

ln(N)
1

α

N1− 1

α

. (4.24)

Note that our assumptions ensure that the function φN,u(T, ·) is Lipschitz continuous with respect to the
Wasserstein metric W1 uniformly with respect to N . It is a consequence of the Kantorovich-Rubinstein theorem
since δ

δmφN,u(T, µ) is Lipschitz continuous uniformly with respect to µ and N by Proposition 6. We thus obtain
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for all N ≥ 1, t ∈ [0, T )

E|φN,u(T − t, µNN,t)− φN,u(T − t, µN,t)| ≤ C EW 1(µN0 , µ0) + C
ln(N)

1

α

N1− 1

α

. (4.25)

Using (4.14), (4.15), (4.16) and (4.25), we deduce that for all t ∈ [0, T )

E|φN,u(T − t, µNt )− φN,u(T − t, µt)| ≤ C EW 1(µN0 , µ0) + C
ln(N)

1

α

N1− 1

α

.

We conclude the proof of (4.4) by letting t tend to T thanks to the continuity of φN,u. The second estimate
(4.5) is also proved. Indeed, coming back to (4.18), we see with the previous computations that I4 an I5 are
centered because of the martingale property of compensated Poisson random integrals. Thus, we obtain that

|E(φN,u(T − t, µNN,t)− φN,u(T − t, µN,t))| ≤ |E(φN,u(T, µ
N
0 )− φN,u(T, µ0))|+ E|I3,B|.

The initial data term is handled in the same way as previously and the control of E|I3,B| has already been done
in (4.21). We thus obtain that for all t ∈ [0, T )

|E(φN,u(T − t, µNt )− φN,u(T − t, µt))| ≤ C EW 1(µN0 , µ0) +
C

Nα−1
,

and we conclude by letting t tend to T. Finally, to prove (4.6) in the case where the initial condition belongs
to P2(R

d), we use the same argument as at the end of the proof of Theorem 3.6 page 37 of [CdRF21a]. To do
this, we note that for a constant C > 0 independent of N , we have for all µ ∈ Pβ(R

d) and for all v, v′ ∈ R
d

∣∣∣∣
δ

δm

δ

δm
φN,u(T, µ)(v, v

′)

∣∣∣∣ ≤ C(1 + |v|)(1 + |v′|),

thanks to Proposition 6. It yields

|E(φN,u(T, µ
N
0 )− φN,u(T, µ0))| ≤

C

N
,

which ends the proof.
�

Appendix A. Estimates on the density of a stable Ornstein-Uhlenbeck process

Fix Z := (Zt)t an α-stable process on R
d, with α > 1 and having a non degenerate Lévy measure. More

precisely, writing y = rθ ∈ R
d with r ∈ R

+ and θ ∈ S
d−1, where S

d−1 denotes the unit sphere in R
d, the Lévy

measure of Z decomposes as

ν(dy) = dµ(θ)
dr

r1+α
,

for µ a non-zero finite measure on S
d−1. In Appendix A, we denote by 〈·, ·〉 the usual scalar product on R

d.
The Lévy symbol associated with Z is given by

ψ(λ) =

∫

Rd

[
ei〈λ,y〉 − 1− i〈λ, y〉

]
dν(y).

We introduce, for δ ∈ (0,+∞], the truncated symbol ψδ defined for λ ∈ R
d by

ψδ(λ) :=

∫

|y|<δ

[
ei〈λ,y〉 − 1− i〈λ, y〉

]
dν(y).

We assume that ν satisfies the following non-degeneracy assumption

(ND) There exists η > 0 such that for all λ ∈ R
d

η|λ|2 ≤
∫

Sd−1

|〈λ, θ〉|2 dµ(θ).
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Let us denote by N the Poisson random measure associated with Z and by Ñ its compensated Poisson
random measure. For any t ∈ [0, T ], we can write

Zt =

∫ t

0

∫

Rd

z Ñ (ds, dz).

Let us fix t ∈ (0, T ]. We define Z̃1 = (Z̃1
s )s by

Z̃1
s :=

∫ s

0

∫

|z|≥t
1
α

z Ñ (du, dz),

and Z̃2
s := Zs − Z̃1

s . Thus, one has

Zt = Z̃1
t + Z̃2

t ,

where Z̃1 and Z̃2 are independent Lévy processes with Lévy symbols respectively given, for all λ ∈ R
d, by

ψ1(λ) = ψ∞(λ)− ψ
t
1
α
(λ) and ψ2(λ) = ψ

t
1
α
(λ).

We also introduce, for N ∈ N such that N ≥ T
1

α , the truncated process defined for s ∈ [0, T ] by

ZN,s := Zs −
∫ s

0

∫

|z|≥N
z Ñ (du, dz).

We set for s ∈ [0, T ]

Z̃3
N,s :=

∫ s

0

∫

t
1
α ≤|z|<N

zN (du, dz),

and

Z̃4
N,s = −

∫ s

0

∫

t
1
α≤|z|<N

z dν(z) du.

We have the following decomposition for ZN,t

ZN,t = Z̃2
t + Z̃3

N,t + Z̃4
N,t,

where the three random variables are mutually independent.

Let A,B ∈ Md(R) be two matrices such that B is invertible. The Ornstein-Uhlenbeck process Y := (Yt)t
associated with Z is defined as the solution to the following well-posed SDE

dYt = AYtdt+B dZt,

starting at t = 0 from 0. Using Itô’s formula, one can see that Y can be expressed as

Yt =

∫ t

0
e(t−s)AB dZs. (A.1)

We also consider the Ornstein-Uhlenbeck process (YN,t)t defined in the same way but with Z replaced by the
truncated stable process ZN . It writes, for t ≤ T

YN,t =

∫ t

0
e(t−s)AB dZ̃2

s +

∫ t

0
e(t−s)AB dZ̃3

N,s +

∫ t

0
e(t−s)AB dZ̃4

N,s

=: Ỹ 2
t + Ỹ 3

N,t + Ỹ 4
N,t.

We begin with the existence of a density for the small jumps term Ỹ 2 of the truncated stable Ornstein-
Uhlenbeck process YN .

Proposition 7. For all t ∈ (0, T ] the distribution of Ỹ 2
t has a density with respect to the Lebesgue measure

p̃2(t, ·) which belongs to the Schwartz space S(Rd) of regular and rapidly decreasing functions. Moreover, for any
m ≥ 0, and for any multi-index β ∈ N

d, there exists a constant CT,m,β > 0 such that for all t ∈ (0, T ], x ∈ R
d,

one has ∣∣∣∂βx p̃2(t, x)
∣∣∣ ≤ CT,m,β

t
d+|β|

α

(
1 +

|x|
t
1

α

)−m

. (A.2)
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Moreover, for all γ ≥ 0, there exists a constant C > 0 depending only on T, d, α, γ, β, η such that
∫

Rd

|x|γ |∂βx p̃2(t, x)| dx ≤ Ct
γ−|β|

α . (A.3)

Proof. We fix t > 0. Reasoning as page 105 of [Sat99], the characteristic function of Ỹ 2
t is given by the function

p ∈ R
d 7→ φt(p) := exp

(∫ t

0
ψ2(B∗esA

∗
p) ds

)
.

Changing variables in v := s
t and ρ := r

t
1
α

, one has for p ∈ R
d

φt(p) = exp



∫ t

0

∫ t
1
α

0

∫

Sd−1

ei〈B
∗esA

∗
p,rθ〉 − 1− i〈B∗esA

∗
p, rθ〉 dµ(θ) dr

r1+α
ds




= exp

(∫ 1

0

∫ 1

0

∫

Sd−1

ei〈B
∗etvA

∗
p,t

1
α ρθ〉 − 1− i〈B∗etvA

∗
p, t

1

αρθ〉 dµ(θ) dρ

ρ1+α
dv

)

= exp

(∫ 1

0
ψ1(B

∗etvA
∗
t
1

α p) dv

)
.

Reasoning as in Lemma 3.2 in [CHZ20], there exists η > 0 such that for any q ∈ R
d

Re(ψ1(q)) ≤ −η(|q|α ∧ |q|2). (A.4)

We have thus for any q ∈ R
d

∣∣∣∣exp
(∫ 1

0
ψ1(B

∗etvA
∗
t
1

α q) dv

)∣∣∣∣ = exp

(∫ 1

0
Re(ψ1(B

∗etvA
∗
t
1

α q)) dv

)

≤ exp

(
−η
∫ 1

0
|B∗etvA

∗
t
1

α q|α ∧ |B∗etvA
∗
t
1

α q|2dv
)
.

We now prove that there exists ηT > 0 such that for all s ∈ [0, T ] and for any q ∈ R
d

|B∗esA
∗
q| ≥ ηT |q| (A.5)

First, note that

|B∗esA
∗
q|2 = 〈BB∗esA

∗
q, esA

∗
q〉

≥ η1|esA
∗
q|2,

for η1 > 0 since BB∗ is positive-definite because B is invertible. We prove that there exists η2 > 0 such that
for any q ∈ R

d and s ∈ [0, T ]

|esA∗
q|2 ≥ η2|q|2,

which will conclude the proof of (A.5). Reasoning by contradiction, there exists (sn)n ∈ [0, T ]N and (qn)n ∈
(Rd)N with |qn| = 1 for all n and such that for all n

〈esnA∗
esnAqn, qn〉 ≤

1

n
. (A.6)

By compactness, one can assume that (sn)n converges to s ∈ [0, T ] and that (qn)n converges to q ∈ R
d, with

|q| = 1. Letting n tend to infinity in (A.6), we obtain that q = 0 since esA is invertible. This is a contradiction.

Thus, there exists a constant ηT > 0 such that for any q ∈ R
d and t ∈ [0, T ]

∣∣∣∣exp
(∫ 1

0
ψ1(B

∗etvA
∗
q) dv

)∣∣∣∣ ≤ exp
(
−ηT |q|α ∧ |q|2

)
. (A.7)
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This proves that the characteristic function of Ỹ 2
t is integrable. It follows that the distribution of Ỹ 2

t has a
density with respect to the Lebesgue measure denoted by p̃2(t, ·) and given, for all x ∈ R

d, by

p̃2(t, x) =
1

(2π)d

∫

Rd

e−i〈x,p〉 exp

(∫ 1

0
ψ1(B

∗etvA
∗
t
1

α p) dv

)
dp

Changing variables in q := t
1

α p yields

p̃2(t, x) =
t−

d
α

(2π)d

∫

Rd

e
−i

〈

q, x

t
1
α

〉

exp

(∫ 1

0
ψ1(B

∗etvA
∗
q) dv

)
dq.

Let us define for all t > 0 and q ∈ R
d

gt(q) := exp

(∫ 1

0
ψ1(B

∗etvA
∗
q) dv

)
.

We have proved in (A.7) that for any q ∈ R
d

|gt(q)| ≤ e−ηT (|q|α∧|q|2). (A.8)

It follows that for any t > 0, p̃2(t, ·) belongs to C∞(Rd) and that for any multi-index β ∈ N
d

∂β p̃2(t, x) =
t−

d+|β|
α

(2π)d

∫

Rd

e
−i

〈

q, x

t
1
α

〉

(−iq)βgt(q) dq. (A.9)

Now, we prove that for all t ∈ (0, T ] gt ∈ C∞(Rd). For the derivatives of order 1, we differentiate under the
integral to obtain that for j ∈ {1, . . . , d}

∂qjgt(q) =

(∫ 1

0

∫ 1

0

∫

Sd−1

iρ
[
etvABθ

]
j

(
ei〈B

∗etvA
∗
q,ρθ〉 − 1

)
dµ(ξ)

dρ

ρ1+α
dv

)
gt(q),

where [v]j denotes the j−th component of a vector v ∈ R
d. This term is well-defined since the continuity of

t ∈ [0, T ] 7→ etA ensures that there exists CT > 0 such that for all q ∈ R
d, v ∈ [0, 1], θ ∈ S

d−1

∣∣∣ei〈q,ρetvABθ〉 − 1
∣∣∣ ≤ CT |q|ρ. (A.10)

We can easily prove by induction that for any b ∈ N
d, ∂bgt(q) exists and can be expressed as a linear combination

of terms of the form


N∏

l=1

∫ 1

0

∫ 1

0

∫

Sd−1

Ml∏

j=1

[
ρetvABθ

]
kl

(
ei〈q,ρe

tvABθ〉 − 1Ml=1

)
dµ(θ)

dρ

ρ1+α
dv


 gt(q),

where N ≥ 1, Ml ≥ 1 and kl ∈ {1, . . . , d}.

Using (A.8), we deduce that there exists two constants C > 0 and D ≥ 1 depending on T and b such that
for all t ∈ (0, T ]
∣∣∣∣∣∣

N∏

l=1

∫ 1

0

∫ 1

0

∫

Sd−1

Ml∏

j=1

[
ρetvABθ

]
kl

(
ei〈q,ρe

tvABθ〉 − 1Ml=1

)
dµ(θ)

dρ

ρ1+α
dv

∣∣∣∣∣∣
|gt(q)| ≤ C(1 + |q|D)e−ηT (|q|α∧|q|2).

Indeed, the only difficulty appears when Mi = 1 since
∫ 1
0 ρ

dρ
ρ1+α is equal to infinity. However in this case, we

can use (A.10) and the fact that ∫ 1

0
ρ2

dρ

ρ1+α
< +∞.

This shows that for all multi-index a, b ∈ N
d

sup
t≤T

‖qa∂bgt(q)‖L1
q(R

d) < +∞. (A.11)
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We easily see that the same controls hold replacing gt(q) by (−iq)βgt(q). Thus, one has for m ≥ 0

sup
t≤T

sup
x∈Rd

(1 + |x|)m
∣∣∣Fq((−iq)βgt(q))(x)

∣∣∣ ≤ C
∑

γ∈Nd, |γ|≤m

sup
t≤T

∥∥∥∂γ((−iq)βgt(q))
∥∥∥
L1
q(R

d)

< +∞,

where Fq denotes the Fourier transform with respect to the variable q ∈ R
d. Using (A.9), it follows that for a

constant C = CT,m,β > 0, we have for all t ∈ (0, T ] and for all x ∈ R
d

∣∣∣∂β p̃2(t, x)
∣∣∣ ≤ C

t
d+|β|

α

(
1 +

|x|
t
1

α

)−m

.

This ends the proof of (A.2). The moment estimate (A.3) directly follows from (A.2) choosing m large
enough and from a change of variables.

�

We can now prove the same results for the Ornstein-Uhlenbeck process YN .

Proposition 8. For all N ≥ 1 and for all t ∈ (0, T ] the distribution of YN,t has a density with respect to the

Lebesgue measure denoted by pN (t, ·) ∈ C∞(Rd;R+). Moreover, for any β ∈ N
d and γ ∈ [0, α) there exists a

constant C > 0 depending only on T, d, α, η, β, γ such that for any N ∈ N
∫

Rd

|x|γ |∂βxpN (t, x)| dx ≤ Ct
γ−|β|

α . (A.12)

The same results hold for (Yt)t which has a density p(t, ·) satisfying the moment estimate (A.12).

Moreover, for any N ≥ 1 and t0 ∈ (0, T ], pN belongs to C1,∞([t0, T ]× R
d) and pN (t, ·), ∂tpN (t, ·) belong to

S(Rd) uniformly in time on [t0, T ]. More precisely, for all m ≥ 0, and for any multi-index β ∈ N
d, there exists

a constant Ct0,T,m,β,N > 0 such that for all x ∈ R
d, one has

sup
t∈[t0,T ]

∣∣∣∂βxpN (t, x)
∣∣∣ ≤ Ct0,T,m,β,N (1 + |x|)−m , (A.13)

and

sup
t∈[t0,T ]

∣∣∣∂βx∂tpN (t, x)
∣∣∣ ≤ Ct0,T,m,β,N (1 + |x|)−m , (A.14)

.

Proof. Proof of (A.12). Let us fix t ∈ (0, T ]. We recall that we have decomposed YN,t as a sum of three
independent random variables

YN,t = Ỹ 2
t + Ỹ 3

N,t + Ỹ 4
N,t

= Ỹ 2
t +

∫ t

0

∫

t
1
α≤|z|<N

e(t−s)ABzN (ds, dz) −
∫ t

0

∫

t
1
α≤|z|<N

e(t−s)ABz dν(z) ds.

The density of YN,t is thus given for all x ∈ R
d by

pN (t, x) = E(p̃2(t, x− Ỹ 3
N,t − Ỹ 4

N,t)).

The regularity of pN (t, ·) follows from Proposition 7 by differentiation under the integral. We now fix γ ∈ [0, α).
Then, we write

∫

Rd

|x|γ |∂βxpN (t, x)| dx =

∫

Rd

|x|γ |E(∂βx p̃2(t, x− Ỹ 3
N,t − Ỹ 4

N,t))| dx

≤ C

∫

Rd

(
|x|γ + E|Ỹ 3

N,t|γ + E|Ỹ 4
N,t|γ

)
|∂βx p̃2(t, x)| dx.
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Using the moment estimate (A.3), it remains to prove that for a constant C > 0 independent of N , one has for
all t ∈ [0, T ]

E|Ỹ 3
N,t|γ + E|Ỹ 4

N,t|γ ≤ Ct
γ
α .

For Ỹ 3
N,t, note that

∫ t
0

∫
t
1
α ≤|z|

|z|N (ds, dz) has the same distribution as t
1

α

∫ 1
0

∫
1≤|z| |z|N (ds, dz). This can be

seen easily using the characteristic functions. Moreover, since γ < α, we have

E

∣∣∣∣∣

∫ 1

0

∫

1≤|z|
|z|N (ds, dz)

∣∣∣∣∣

γ

< +∞.

We thus obtain that

E|Ỹ 3
N,t|γ = E

∣∣∣∣∣

∫ t

0

∫

t
1
α ≤|z|<N

e(t−s)ABzN (ds, dz)

∣∣∣∣∣

γ

≤ CTE

∣∣∣∣∣

∫ t

0

∫

t
1
α ≤|z|

|z|N (ds, dz)

∣∣∣∣∣

γ

≤ CT t
γ
α .

Finally, for Ỹ 4
N,t, one has

E|Ỹ 4
N,t|γ = E

∣∣∣∣
∫ t

0

∫

t
1
α≤r<N

∫

Sd−1

e(t−s)ABrθ
dr

r1+α
dµ(θ) ds

∣∣∣∣
γ

≤ E

∣∣∣∣∣
t1/α−1

α− 1

∫ t

0

∫

Sd−1

e(t−s)ABθ dµ(θ) ds

∣∣∣∣∣

γ

≤ CT t
γ
α .

This concludes the proof of (A.12). The same reasoning holds for the moment estimate of (Yt)t.

Proof of (A.13) and (A.14). As in the proof of Proposition 7, we obtain the following expression for the
density of Y N

t

pN (t, x) =
1

(2π)d

∫

Rd

e−i〈x,p〉 exp

(∫ t

0
ψN (B∗esA

∗
p) ds

)
dp.

We follow the same lines as in the proof of Proposition 7. Indeed, reasoning as in Lemma 3.2 in [CHZ20], there
exists η > 0 such that for any q ∈ R

d

Re(ψN (q)) ≤ −η(|q|α ∧ |q|2), (A.15)

It follows that for some constant ηT > 0, one has for all p ∈ R
d, t ∈ [0, T ].

exp

(∫ t

0
ψN (B∗esA

∗
p) ds

)
≤ exp(−tηT (|q|α ∧ |q|2)).

Moreover, we prove that there exists C > 0 such that for any q ∈ R
d

|ψN (q)| ≤ C|q|α, (A.16)
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Indeed, using Taylor formula for the first integral, one has

|ψN (q)| ≤
∫

|y|≤|q|−1

|ei〈q,y〉 − 1− i〈q, y〉| dν(y) +
∫

|q|−1≤|y|≤N
|ei〈q,y〉 − 1− i〈q, y〉| dν(y)

≤
∫

|y|≤|q|−1

C|y|2|q|2 dν(y) +
∫

|q|−1≤|y|≤N
2 + |q||y| dν(y)

≤ C|q|2(|q|−1)2−α + |q|α + C|q|(|q|−1)α−1

≤ C|q|α.

Thanks to (A.16), we prove by differentiation under the integral that pN ∈ C1,∞((0, T ]× R
d) and that

∂tp
N (t, x) =

1

(2π)d

∫

Rd

e−i〈x,p〉ψN (B∗etA
∗
p) exp

(∫ t

0
ψN (B∗esA

∗
p) ds

)
dp.

As for (A.11), we prove that for all multi-index a, b ∈ N
d, we have

sup
t∈[t0,T ]

∥∥∥∥p
a∂bp

(
ψN (B∗etA

∗
p) exp

(∫ t

0
ψN (B∗esA

∗
p) ds

))∥∥∥∥
L1
p(R

d)

∥∥∥∥p
a∂bp exp

(∫ t

0
ψN (B∗esA

∗
p) ds

)∥∥∥∥
L1
p(R

d)

=: Ct0,T,a,b,N < +∞.

The same reasoning used in the proof of Proposition 7 allows to deduce (A.13) and (A.14).
�

Appendix B. Proof of Proposition 6

Proof of Proposition 6. We recall that XN denotes the solution to SDE (4.9) driven by the truncated stable
process (ZN,t)t. We fix (t, µ) ∈ (0, T ] × Pβ(R

d) and X0 a random variable with distribution µ. Applying Itô’s

formula for the function f : (t, x) ∈ [0,+∞) × Rd 7→ e−tAx, we obtain that for all t ≥ 0

XN,t = etAX0 +

∫ t

0
e(t−s)AA′

EXN,s ds +

∫ t

0
e(t−s)AB dZN,s.

By differentiating the map t 7→ e−tA
EXN,t, we deduce that for all t ≥ 0

EXN,t = et(A+A′)
EX0.

It yields for all t ≥ 0

XN,t = etAX0 +

(∫ t

0
e(t−s)AA′es(A+A′) ds

)
EX0 +

∫ t

0
e(t−s)AB dZN,s

=: etAX0 +KtEX0 + YN,t. (B.1)

The process (YN,t)t has been studied in Appendix A. By Proposition 8, for t > 0, it admits a density pN (t, ·)
satisfying the moment estimates (A.12) and the Schwartz estimates (A.13) and (A.14). Since the moment
estimates (A.12) are uniform in N, we denote XN by X, for the sake of clarity, and we omit all the subscripts
N . We deduce that Xt as a density with respect to the Lebesgue measure depending on the initial data
µ ∈ Pβ(R

d) and denoted by q(µ, t, ·). Moreover, using (B.1), we have for all y ∈ R
d

q(µ, t, y) =

∫

Rd

p(t, y − etAx−KtM(µ)) dµ(x), (B.2)

where p = pN is given by Proposition 8, and M(µ) :=
∫
Rd x dµ(x), for µ ∈ P1(R

d).
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We deduce using Proposition 8 that q(µ, ·, y) is of class C1 on (0, T ] and that q(·, t, y) admits a linear derivative
given for all v ∈ R

d by

δ

δm
q(µ, t, y)(v) = p(t, y − etAv −KtM(µ))−

∫

Rd

∂yp(t, y − etAx−KtM(µ)) · (Ktv) dµ(x).

It is easy to see by differentiation under the integral that for all v, y ∈ R
d, one has

∂v
δ

δm
q(µ, t, y)(v) = −etA∗

∂yp(t, y − etAv −KtM(µ))−
∫

Rd

K∗
t ∂yp(t, y − etAx−KtM(µ)) dµ(x).

Using Proposition 8, we see that ∂tq is continuous on Pβ(R
d) × (0, T ] × R

d and that δ
δmq and ∂v

δ
δmq are

continuous on Pβ(R
d)× (0, T ] × R

d × R
d.

Let us fix u ∈ C. Since SDE (4.2) is time-homogeneous, the associated function φu is thus given, for any
µ ∈ Pβ(R

d) and for any t ∈ (0, T ] by φu(t, µ) = u(θ(µ, t)), where θ(µ, t) := q(µ, t, y) dy is the distribution of

any solution to SDE (4.2) starting as t = 0 from the distribution µ ∈ Pβ(R
d).

Moreover, reasoning exactly as in the proof on Proposition 2.3 of [CdRF21a], we prove using Proposition 8
that φu satisfies the regularity results (1) and (2) of Proposition 6. For the time derivative, one has

∂tφu(µ, t) =

∫

Rd

δ

δm
u(θ(µ, t))(y)∂tq(µ, t, y) dy.

Moreover, it ensures that for all v ∈ R
d

δ

δm
φu(µ, t)(v) =

∫

Rd

δ

δm
u(θ(µ, t))(y)

δq

δm
(µ, t, y)(v) dy,

and that

∂v
δ

δm
φu(t, µ)(v) = −

∫

Rd

δ

δm
u(θ(µ, t))(y)etA

∗
∂yp(t, y − etAv −KtM(µ)) dy (B.3)

−
∫

Rd

∫

Rd

δ

δm
u(θ(µ, t))(y)K∗

t ∂yp(t, y − etAx−KtM(µ)) dµ(x) dy,

where A∗ denotes the transpose matrix of a matrix A. Using Proposition 8, we obtain that for all x ∈ R
d

∫

Rd

∂yp(t, y − etAx−KtM(µ)) dy = 0. (B.4)

We can thus write (B.3) in the following centered form

∂v
δ

δm
φu(t, µ)(v)

= −
∫

Rd

(
δ

δm
u(θ(µ, t))(y) − δ

δm
u(θ(µ, t))(etAv +KtM(µ))

)
etA

∗
∂yp(t, y − etAv −KtM(µ)) dy

−
∫

Rd

∫

Rd

(
δ

δm
u(θ(µ, t))(y) − δ

δm
u(θ(µ, t))(etAx+KtM(µ))

)
K∗

t ∂yp(t, y − etAx−KtM(µ)) dµ(x) dy.

Using the Lipschitz assumption on δ
δmu as well as the moment estimate in Proposition 8, we deduce that there

exists C > 0 depending only on T, which may change from line to line, such that for any v ∈ R
d

∣∣∣∣∂v
δ

δm
φu(t, µ)(v)

∣∣∣∣ ≤ C

∫

Rd

|y||∂yp(t, y)| dy

≤ C. (B.5)
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Similarly, one has for all v ∈ R
d

∂2v
δ

δm
φu(t, µ)(v)

= −
∫

Rd

(
δ

δm
u(θ(µ, t))(y) − δ

δm
u(θ(µ, t))(etAv +KtM(µ))

)
etA

∗
∂2yp(t, y − etAv −KtM(µ))etA dy.

Using the Lipschitz assumption on δ
δmu as well as the moment estimate in Proposition 8, we deduce that there

exists C > 0 depending only on T, such that for any v ∈ Rd

∣∣∣∣∂
2
v

δ

δm
φu(t, µ)(v)

∣∣∣∣ ≤ C

∫

Rd

|y||∂2yp(t, y)| dy

≤ Ct−
1

α . (B.6)

Following again the same lines as in Proposition 2.3 of [CdRF21a], we obtain that for all v ∈ R
d, the function

∂v
δ
δmφu(t, ·)(v) admits a linear derivative given for all v′ ∈ R

d by

δ

δm
∂v

δ

δm
φu(t, µ)(v, v

′)

= −
∫

R2d

δ

δm

δ

δm
u(θ(µ, t))(y, y′)etA

∗
∂yp(t, y − etAv −KtM(µ))p(t, y′ − etAv′ −KtM(µ)) dy dy′

+

∫

R3d

δ

δm

δ

δm
u(θ(µ, t))(y, y′)etA

∗
∂yp(t, y − etAv −KtM(µ))

∂yp(t, y
′ − etAx−KtM(µ)) · (Ktv

′) dy dy′ dµ(x)

+

∫

Rd

δ

δm
u(θ(µ, t))(y)etA

∗
∂2yp(t, y − etAv −KtM(µ))Ktv

′ dy

−
∫

Rd

δ

δm
u(θ(µ, t))(y)K∗

t ∂yp(t, y − etAv′ −KtM(µ)) dy

−
∫

R3d

δ

δm

δ

δm
u(θ(µ, t))(y, y′)K∗

t ∂yp(t, y − etAx−KtM(µ))p(t, y′ − etAv′ −KtM(µ)) dy dy′ dµ(x)

+

∫

R4d

δ

δm

δ

δm
u(θ(µ, t))(y, y′)K∗

t ∂yp(t, y − etAx−KtM(µ))

(
∂yp(t, y

′ − etAx′ −KtM(µ)) ·Ktv
′
)
dy dy′ dµ(x′) dµ(x)

+

∫

R2d

δ

δm
u(θ(µ, t))(y)K∗

t ∂
2
yp(t, y − etAx−KtM(µ))Ktv

′ dy dµ(x).

By differentiation under the integral, we easily deduce that for all v, v′ ∈ R
d
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∂v′
δ

δm
∂v

δ

δm
φu(t, µ)(v, v

′)

=

∫

R2d

δ

δm

δ

δm
u(θ(µ, t))(y, y′)etA

∗
∂yp(t, y − etAv −KtM(µ)) ⊗ etA

∗
∂yp(t, y

′ − etAv′ −KtM(µ)) dy dy′

+

∫

R3d

δ

δm

δ

δm
u(θ(µ, t))(y, y′)etA

∗
∂yp(t, y − etAv −KtM(µ))⊗K∗

t ∂yp(t, y
′ − etAx−KtM(µ)) dy dy′ dµ(x)

+

∫

Rd

δ

δm
u(θ(µ, t))(y)etA

∗
∂2yp(t, y − etAv −KtM(µ))Kt dy

+

∫

Rd

δ

δm
u(θ(µ, t))(y)K∗

t ∂
2
yp(t, y − etAv′ −KtM(µ))etA dy

+

∫

R3d

δ

δm

δ

δm
u(θ(µ, t))(y, y′)K∗

t ∂yp(t, y − etAx−KtM(µ))⊗ etA
∗
∂yp(t, y

′ − etAv′ −KtM(µ)) dy dy′ dµ(x)

+

∫

R4d

δ

δm

δ

δm
u(θ(µ, t))(y, y′)K∗

t ∂yp(t, y − etAx−KtM(µ))

⊗
(
K∗

t ∂yp(t, y
′ − etAx′ −KtM(µ))

)
dy dy′ dµ(x) dµ(x′)

+

∫

R2d

δ

δm
u(θ(µ, t))(y)K∗

t ∂
2
yp(t, y − etAx−KtM(µ))Kt dy dµ(x).

It follows from (B.4) that we can write

∂v′
δ

δm
∂v

δ

δm
φu(t, µ)(v, v

′)

=

∫

R2d

(
δ

δm

δ

δm
u(θ(µ, t))(y, y′)− δ

δm

δ

δm
u(θ(µ, t))(etAv +KtM(µ), etAv′ +KtM(µ))

)

etA
∗
∂yp(t, y − etAv −KtM(µ))⊗ etA

∗
∂yp(t, y

′ − etAv′ −KtM(µ)) dy dy′

+

∫

R3d

(
δ

δm

δ

δm
u(θ(µ, t))(y, y′)− δ

δm

δ

δm
u(θ(µ, t))(etAv +KtM(µ), etAx+KtM(µ))

)

etA
∗
∂yp(t, y − etAv −KtM(µ))⊗K∗

t ∂yp(t, y
′ − etAx−KtM(µ)) dy dy′ dµ(x)

+

∫

Rd

(
δ

δm
u(θ(µ, t))(y) − δ

δm
u(θ(µ, t))(etAv +KtM(µ))

)
etA

∗
∂2yp(t, y − etAv −KtM(µ))Kt dy

+

∫

Rd

(
δ

δm
u(θ(µ, t))(y) − δ

δm
u(θ(µ, t))(etAv′ +KtM(µ))

)
K∗

t ∂
2
yp(t, y − etAv′ −KtM(µ))etA dy

+

∫

R3d

(
δ

δm

δ

δm
u(θ(µ, t))(y, y′)− δ

δm

δ

δm
u(θ(µ, t))(etAx+KtM(µ), etAv′ +KtM(µ))

)

K∗
t ∂yp(t, y − etAx−KtM(µ))⊗ etA

∗
∂yp(t, y

′ − etAv′ −KtM(µ)) dy dy′ dµ(x)

+

∫

R4d

(
δ

δm

δ

δm
u(θ(µ, t))(y, y′)− δ

δm

δ

δm
u(θ(µ, t))(etAx+KtM(µ), etAx′ +KtM(µ))

)

K∗
t ∂yp(t, y − etAx−KtM(µ))⊗

(
K∗

t ∂yp(t, y
′ − etAx′ −KtM(µ))

)
dy dy′ dµ(x) dµ(x′)

+

∫

R2d

(
δ

δm
u(θ(µ, t))(y)− δ

δm
u(θ(µ, t))(etAx+KtM(µ))

)
K∗

t ∂
2
yp(t, y − etAx−KtM(µ))Kt dy dµ(x).
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Using the Lipschitz assumption on δ
δmu and δ

δm
δ
δmu as well as the moment estimate in Proposition 8, we

deduce that there exists C > 0 depending only on T such that for any v, v′ ∈ R
d

∣∣∣∣∂v′
δ

δm
∂v

δ

δm
φu(t, µ)(v, v

′)

∣∣∣∣ ≤ C

(∫

Rd

|y||∂2yp(t, y)| dy +
∫

Rd

|y||∂yp(t, y)| dy
∫

Rd

|∂yp(t, y)| dy
)

≤ Ct−
1

α . (B.7)

Note that the right-hand side term belongs to L1(0, T ) since α ∈ (1, 2). Thus, (B.5), (B.6) and (B.7) ensure
that the point (3) is Proposition 6 is satisfied. It concludes the proof.

�
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