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Conservation Laws and Hamilton—Jacobi Equations
with Space Inhomogeneity

Rinaldo M. Colombo! Vincent Perrollaz? Abraham Sylla?

November 4, 2022

Abstract

Conservation Laws with an x—dependent flux and Hamilton—Jacobi equations with an
r—dependent Hamiltonian are considered within the same set of assumptions. Unique-
ness and stability estimates are obtained only requiring sufficient smoothness of the
flux/Hamiltonian. Existence is proved without any convexity assumptions under a mild
coercivity hypothesis. The correspondence between the semigroups generated by these
equations is fully detailed.

With respect to the classical Kruzkov approach to Conservation Laws, we relax the
definition of solution and avoid any restriction on the growth of the flux. A key role is
played by the construction of sufficiently many entropy stationary solutions in L°° that
provide global bounds in time and space.

1 Introduction

This paper provides a framework where Cauchy Problems for z—dependent scalar Conserva-
tion Laws, such as

Owu~+ 0 H(x,u) =0 (t,z)€]0,T[ xR (CL)
u(0, ) = up(x) zeR,

and Cauchy Problems for z—dependent scalar Hamilton—Jacobi equations, such as
U + H(z,0,U) =0 (t,z)€]0,T[x R (HJ)
U(0,x) = Uy(x) reR,

are globally well posed and a complete identification between the two problems is possible.

The well-posedness of both [(CL)|and [(HJ)|is here proved under the same assumptions on
the function H, which is the fluz of and the Hamiltonian of These assumptions
define a framework included neither in the one outlined by Kruzkov in his classical work [26]
devoted to nor in the usual assumptions on found in the literature, e.g. [3,
4, 13, 24]. The identification of with is then formalized, extending to the non
homogeneous case [25, Theorem 1.1], see also [10, Proposition 2.3]. This deep analogy also
stems out from the direct identification of the constants appearing in the various stability
estimates for the 2 equations, compare for instance with .
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A key role is played below by the handcrafted construction of a family of stationary
entropy solutions to [(CL)| with a merely L regularity, that provides the necessary uniform
bounds on the vanishing viscosity limits, see Theorem

The framework we propose is based on these assumption&ﬂ on H:
Smoothness : H ¢ C3(R%;R). (C3)

3X >0:V(z,u) € R

Compact NonHomogeneity : if [ > X then 9, H(z,u) = 0
T 9 - ’

(CNH)

VheR 33U, €R:V(z,u) € R?

Uniform Coercivity : if ‘H(:c,u)‘ < h then |u| < Uy, .

(UC)
for a.e.z € R the set

Weak Genuine NonLinearity : {weR: 92, ,H(x,w)=0} (WGNL)
has empty interior.

However, in all general a priori estimates and qualitative properties, exclusively condi-
tion is used. Here, both [(UC)|and [ WGNL)| are shown to be not necessary to prove
the trace at zero condition [26, Formula (2.2)], the semigroup property, the LllOc continuity
in time and the contraction property [26, Formula (3.1)] in the case of [(CL)}

Condition qualifies the non homogeneity of H and is apparently not common in
the current literature on [(CL)| and [(HJ)} Our approach can be seen as somewhat related
to [16, Section 5|, where the space variable varies on a torus. Remarkably, X plays no
quantitative role: it is required to exist, but its value is irrelevant. Thus, we expect
might possibly be relaxed.

Here, replaces the usual condition sup, ,)cgr2 (—9%,H(z,u)) < +oo, see (L.1), that
was introduced by Kruzkov back in [26, Formula (4.2)] and that has since become standard in
any existence proof. Examplemotivates the necessity to abandon it in the context of
Moreover, this growth condition does not have, apparently, a clear counterpart among the
usual assumptions on Note however that several coercivity conditions appear in the
context of see for instance [4, § 2.4.2]. In particular, in the convex case, directly
ensures L bounds, as shown for instance in [40, Theorem 8.2.2]. Recall that also in [31], [32]
some regularity assumptions on the Hamiltonian are relaxed, but not those requiring a suitable
growth.

When dealing with the convexity of H is a recurrent hypothesis, see for instance [3),
4, [12], 24], since it connects Hamilton—-Jacobi equations to optimal control problems. On
the other hand, convexity is typically not required in basic well-posedness results on scalar
conservation laws, see [15,26]. Here, differently from [3], 4}, 14} 15, [40], no convexity assumption
on the Hamiltonian in is requested and, hence, characteristics are hardly of any help.
Below we adopt which essentially asks that for a.e. x there does not exist any
(non empty) open set where u — H(x,u) is linear, but clearly allows also for infinitely many
inflection points. Thus, for all z in a null set, u — H(x,u) may well be locally affine.

Moreover, we neither pose any strict monotonicity assumptions on H as done, for instance
in [9] where, on the other side, H may well be only piecewise continuous in space and in time.

'In view of |[(CNH)| in |[(UC)|and in [(WGNL)|it is sufficient to consider only z € [-X, X].




The classical reference for the well-posedness of general scalar conservation laws is Kruzkov’s
paper [26]. Kruzkov’s assumptions [20, § 4, p. 230] in the present notation take the form:

H € C}(R%R),
VK e Ry sup lauH(x,uﬂ < 400,
(z,u)ERX[—K,K]
sup ’(%CH(%,OM < 400, sup (—QiuH(:c,u)) < 400 (1.1)
z€R (z,u)€R?

and the initial datum is required to satisfy u, € L>°(R;R). Our assumptions are not contained
in Kruzkov’s hypotheses. On the other hand, clearly, Kruzkov result applies to general balance
laws in several space dimensions.

Example 1.1. Fiz positive constants X, Vi, Vo and let v € C3(R;]0, +00]) be such that v(x) =
Vi for v < =X and v(z) = Vo for x > X. Define H(x,u) := v(z) u (1 —u). Then,
O + Oz H (z,u) = 0 is the Lighthill-Whitham [28] and Richards [35] model for a flow of
vehicles described by their density u along a rectilinear road with mazximal speed smoothly
varying from Va, for x > X, to V1, for x < —X.

This Hamiltonian H satisfies [(C3)H(CNH)H{(UC)H(WGNL)| but does not satisfy the
latter requirement in (|1.1)).

For completeness, we add that a standard truncation argument could be used to extend
Kruzkov result to Example as soon as the initial datum attains values between the
stationary solutions u(t,z) = 0 and u(t,z) = 1. Note however that the a priori estimates
and qualitative properties in § as well as the construction of stationary solutions in §
are in general preliminary to any truncation argument. Technically, it is essentially due to
our adopting that we can avoid truncation arguments. Moreover, such an argument
applies to @but hinders our simultaneous treatment of [(CL)|and [(HJ)| Thus, we provide
an existence proof alternative to that by Kruzkov and explicitly state the correspondence
between [(CL)| and [(HJ)]in § § and §

To our knowledge, only few results in the literature focus on the [(CL)| ++ [(HJ)]| connec-
tion. The homogeneous, = independent, stationary case is considered in the BV case in [25]
(by means of wave front tracking), see also [§, § 6] for the case of fractional equations. An
extension to L™ is in the more recent [I0] (where Dafermos’ [14] theory of generalized char-
acteristics play a key role), see also. The stationary = dependent case is considered in [6]
(using semigroups generated by accretive operators). Here, we deal with the non stationary z
dependent case, relying on vanishing viscosity approximations and on the compensated com-
pactness machinery. In this connection, note that the techniques developed in [31] [32] can
not be directly applied here, due to our need of passing to the limit also in the Hamiltonian.

Remark that in Kruzkov’s paper [26], the latter condition in is essential to obtain
uniform L and BV bounds on the sequence of viscous approximations in the case u, €
L°°(R;R). In our approach, which does not rely on , the L bound on viscous solutions
depends on the fact that u, € WH°(R;R). We thus need to devise new additional bounds,
provided by the stationary solutions to see § which are specific to the non viscous
case, and allow to pass from data in W5 to data in L at the non — viscous level.

In the literature, a recurrent tool in existence proofs for [(CL)|is the (parabolic) Mazimum
Principle, see for instance [22, Theorem B.1, Formula (B.3)] or [23, § 3.2], which provides an



a priori uniform bound on vanishing viscosity approximate solutions, which is an essential
step in passing to the vanishing viscosity limit. More precisely, only in the homogeneous case
where 0, H = 0, the Maximum Principle ensures that

1. vanishing viscosity approximate solutions have a common L* bound, and

2. this bound only depends on the L norm of the initial datum.
In the present — non homogeneous — case, we replace 1. obtaining L bounds on vanishing
approximate solutions by means of a, here suitably adapted, Bernstein method, see [38] § 6]
for a general introduction. This requires a higher regularity of the initial datum and 2. above
is irremediably lost.

However, in the homogeneous case, one also takes advantage of the fact that constants
are stationary solutions, ensuring 2. easily. This fact fails in the non—homogeneous case.
Below, we exhibit (sort of) foliations of R x [U,+oo[ and R x |—oo, —U] (for a sufficiently
large U) consisting of graphs of stationary solutions to each contained in a level curve
of H. Then, solutions to |(CL)| are well known to preserve the ordering [15, Formula (6.2.8)]
and 2. follows. Note that these stationary solutions need to be merely L°°. Therefore, in their
construction, the choice of jumps deserves particular care to ensure that they turn out to be
entropy admissible. In general, the solutions to corresponding to stationary solutions
to may well be non stationary.

The differences between the construction below and the classical one by Kruzkov [26]
arise from the different choices of the assumptions but are not limited to that. Indeed,
the two procedures differ in several key points. In [26], uniform L* “parabolic” bounds on
vanishing viscosity approximate solutions to are obtained and L' compactness follows
from Kolmogorov criterion. Here, the stationary solutions constructed as described above
allow to obtain L> “hyperbolic” bounds directly on the solutions to [(CL)| while it is an
application of the compensated compactness machinery that ensures the existence of a limit,
thanks to our modified (weakened) definition of solution. Under also the kinetic
approach in [29] 33] is likely to allow for analogous results. Moreover, in [26] the term —0, H is
essentially treated as a contribution to the source term. Here, we exploit the conservative form
of thus respecting the analogy between [(CL)| and [(HJ)} Our weakening of Kruzkov
definition, motivated also by our use of compensated compactness, avoids any requirement
on the trace at time 04. It is of interest that this construction actually relies also on a sort
of stability with respect to the flux H, where condition appears essential.

However, continuity in time, not proved in [26], is recovered in weak-+ L3S (R;R) in

Proposition and in Lj _ in Theorem always relying exclusively on condition |(C3)
J

Differently from [7, 41], condition GNL)| plays here no role. Thus, in the present setting,
the trace at 0+ condition [26, Formula (2.2)] can be omitted from the definition of solution
to without any consequence.

Throughout this paper, we alternate considering [(CL)| and |(HJ)| simultaneously gath-
ering step by step results on the two problems. When H does not depend on the space
variable x, [25, Theorem 1.1] and [I0, Proposition 2.3] ensure the equivalence between
and In the space homogeneous case the correspondence between [(CL)| and [(HJ)] is
exploited in [5, [30] and it is particularly effective in the characterization of the initial data
evolving into a given profile at a given time, see [10, 27]. Below, we extend this equivalence to
the = dependent case, while [11] is devoted to the inverse design problem in the z—dependent
case. This correspondence may also suggest new properties ofor proving them in
the present framework, posing the question of an intrinsic proof in more general settings, see
Remark [2:22] As a matter of fact, our original goal was the detailed description of the relation




between [(CL)| and [(HHJ)| but such a correspondence requires the two Cauchy Problems to
be settled in the same framework.

In this paper, results are presented in the paragraphs in Section [2] while all proofs are collected
in the corresponding paragraphs in Section [3]

Paragraph presents the weakened definition of solution to and verifies that it
still ensures uniqueness, the contraction property and continuity in time. Analogous results
for are proved independently. Proofs use neither [[CNH)| nor [(UC)| nor [WGNL)]
and are deferred to § 3.1}

Paragraph where is essential, is devoted to the construction of a family of
stationary entropy solutions to It has no counterpart referred to [(HJ)| it is intrinsic
to The actual construction is in §

Paragraph deals with the vanishing viscosity approximations to and to |(HJ)|
The interplay between the 2 problems is exploited: all proofs, deferred to § are obtained
for only one of the two equations, a quick corollary allowing to pass to the other equation.

Paragraph ensures that vanishing viscosity solutions converge, up to subsequences, in
both cases of [(CL)| and [(HHJ)| The corresponding proofs in § where the case relies
on the compensated compactness method.

Paragraph collects the final results, showing the properties of the semigroups S¢~ and
SHJ generated by [(CL)| and [(HJ)| and detailing how they correspond to each other. The

proofs are in §

2 Main Results

Throughout this work, T' denotes a strictly positive time or +oc.

2.1 Definitions of Solution, Local Contraction and Uniqueness

In this paragraph, we require exclusively on H. No genuine nonlinearity condition is
assumed, not even differently from [7, [41] (that have different goals and motiva-
tions).

Concerning the notion of solution to we modify that in the sense of Kruzkov [26],
Definition 1]. Indeed, in view of the compensated compactness technique used below, we do
not require continuity in time in the sense of [26, Formula (2.2)]. On the contrary, full L
continuity in time is here proved, merely on the basis of

With reference to the following quantity often recurs below, where z,u, k € R:

®(z,u, k) :=sgn(u—k) (H(z,u) — H(z,k)) . (2.1)

Definition 2.1. A function u € L*([0,T] x R;R) is an entropy solution to |(CL)| if for all
non-negative test functions p € CL([0,T[ x R;RT) and for all k € R,

T
/ / (‘u(t,a:) - k" Ot x) + @ (z,u(t,z), k) 33090(25,3:)) dz dt
0 JR
T
_/0 /ngn (u(t, ) — k) 0,H(z, k) p(t,z) dzdt (2.2)

+/R‘uo(x)—k‘g0(0,a:)d$ > 0.



In , the integral term on the last line allows to avoid requiring the existence of the
strong trace at 0+, as required in |26, Definition 1]. Hence, Definition is more amenable
to various limiting procedures. Nevertheless, [26, Definition 1] clearly implies Definition
while Theorem ensures the global in time strong continuity and recovers all properties of
the classical Kruzkov definition, in particular the existence of the strong trace at 0+.

Remark 2.2. Using k > [[u]l o rxrmr) @2d k < —[[t]lpeqorxrz) 0 (2:2) shows that
solutions to[(CL)| in the sense of Definition [2.1] are also distributional solutions, in the sense
that for all test function ¢ € CL([0,T] x R;R)

/OT/R <u(t, z) Op(t,z) + H (z,u(t,z)) (9$90(t,a:)) dx dt + /Ruo(x)go(o,x) dz=0. (23)

We recall what we mean by entropy — entropy flux pair for |(CL)

Definition 2.3. Let H € CY(R%,R). A pair of functions (E,F) with E € Lip (R;R) and
F € Lip (R%;R) is an entropy — entropy flux pair with respect to H if for all x € R and for
a.e u€cR

OuF (z,u) = E'(u) 0, H(z,u) . (2.4)

The classical Kruzkov choice in (2.4) amounts to set, for k € R,

E(u)=|u—k| and F(z,u)=sgn(u—k) (H(z,u)— H(z,k)) . (2.5)
By we can substitute by
F¥(x,u) := E(u) 0,H (x,u) — E(k) 0,H (z, k) — /ku E(v) 02, H(z,v)dv , (2.6)

where k € R, which applies also when E is merely in C°(R;R). As soon as E is Lipschitz
continuous, any pair (E, F') satisfying also satisfy Deﬁnition

We now check that the present Definition keeps ensuring the properties of the original
Kruzkov definition [26], Definition 1]. First, we deal with the choice of the admissible entropies.

Proposition 2.4. Let H satisfy|[(C3)|.

1. Call u a solution to[(CL)| with initial datum u,, according to Definition[2.1 Then, for
any entropy — entropy fluz pair (E, F) with respect to H in the sense of Deﬁnition
if E is convexr and in C'(R;R) then

/OT/]R (E (u(t,z)) dpp(t,z) + F (z,u(t,z)) 8zg0(t,:c)) de dt
_/OT/R (E’ (u(t,z)) OxH (z,u(t,x)) — O F (x,u(t,m))) o(t, ) dxdt (2.7)
+/RE(uo(%)) ¢(0,z)dz >0

for any test function p € CL([0,T[ x R;Ry).

2. If u, € L¥(R;R), u € L*([0,7] x R,R) and (2.7) holds for any entropy — entropy
flux pair (E, F) with respect to H in the sense of Deﬁm’tz’on with E convex and in
C>®(R;R), then u solves[(CL)| in the sense of Definition [2.1]



Note that corresponds to
WE (u(t,z)) + Oy (F (as,u(t,ac))) + E' (u(t,x)) 0,H (z,u(t,z)) — 0, F (z,u(t,x)) <0

in the sense of distributions.
As a first step, we prove that Definition ensures the weak-* L

loc

Proposition 2.5. Let H satisfy |(C3)| Fiz the initial datum u, € L*®(R;R). Assume that
the Cauchy Problem[(CL)| admits the solution u in the sense of Definition[2.1. Then, for all
a,b € R with a < b, setting

(R;R) time continuity.

KCL = 2 sup {‘H(I‘,p)‘ S [avb]u ’p| < ||u”L°°([O,T]><R;R)} : (28)

we have for almost all t,t1,te € [0,T)

/b (u(t, ) — uo(z)) da| < KL g (2.9)

< KO |ty —ty]. (2.10)

b
/ (u(to, ) — u(ty,z)) dx

Even without the nonlinearity condition (WGNL)| we can single out a particular rep-

resentative of any solution, so that we obtain the continuity in time in the (strong) Llloc

topology, the uniqueness of solutions and their stability with respect to initial data for all
times. Indeed, the next theorem shows that (2.9) and (2.10) hold at every time and with the
same K¢, provided at all times suitable representative u.(t,-) is carefully chosen.

Theorem 2.6. Let H satisfy|(C3)|

1. Fix the initial datum u, € L*°(R;R). Assume that the Cauchy Problem |(CL)| admits
the solution u in the sense of Deﬁm’tion on [0,T]. Then, u admits a representative,
say us, such that

(a) For a.e. x € R, u.(0,2) = uo(x).
(b) For all a,b € R with a < b and for all t1,t2 € [0,T]

b
/ (u*(tg,x)—u*(tl,x)) dz| < K€L [ta — t1], (2.11)
with KT defined as in ([2.8).
(¢) For all R € Ry and for allt € [0,T)
R —
lim |ui(t, @) — uy(f, )| dz =0 (2.12)
t—t J_R

2. Fix the initial data ue,v, € L*®(R;R). Assume that the corresponding Cauchy Prob-
lems|[(CL)| admit the solutions u,v in the sense of Definition[2.1] on [0,T]. Define

c = maX{Hu”LOO([O,T]XR;IR)v”UHLOO([O,T]XR;R)}7

2.13
L = sup{|8uH(m,w)‘:xeRand!w|§C}, (2.13)

7



and assume L < +o0o. Then, all representatives u. and v, satisfying Item 1 above are
such that for all t € [0,T] and for all R > 0

R R+Lt
/ |us(t,z) — vi(t, @) dz < / |uo(z) — vo(x)| da (2.14)
—R —R-Lt
R R+Lt
/ [ (t, 2) — va(t,z)] T dz < / [Uo(z) — vo(z)] T da . (2.15)
R —R—-Lt

In particular,
H’U,*(t, ) - ’U*(t, .)HLl(R;R) S ”’LLO - UOHLI(R;R) . (216)
We convene that when (u, —v,) ¢ L'(R;R) the right hand side above is +o0 and (2.16)) holds.

Moreover, by (2.16), if (uo — v,) € L*(R;R), then (u*(¢,-) — v*(¢,-)) € L*(R;R) for all ¢.
Remark that Definition implies that C' < 400 in (2.14). Then, condition |(CNH)| if

assumed, ensures that L is finite.
Turning to the Hamilton—Jacobi equation [(HJ)| recall the apparently entirely different
framework of the standard Crandall-Lions definition of viscosity solutions.

Definition 2.7 ([12, Definition 5.3]). Let U € C°([0,T] x R,R) satisfy U(0) = U,.

(i) U is a subsolution to when for all test functions p € C1(]0,T[ x R;R) and for all
(to,xo) € 10, T[ x R, if U — ¢ has a point of local mazimum at the point (t,,x,), then
at@(tm 1‘0) +H (51307 ax@(tm xo)) <0;

(ii) U is a supersolution to when for all test functions ¢ € C1(]0,T[ x R;R) and for
all (to, o) €10, T[ xR, if U — ¢ has a point of local minimum at the point (t,,x,), then
at@(tm xo) +H (5507 8x30(t0’ 330)) > 0.

(iii) U is a viscosity solution to |(HJ)| if it is both a supersolution and a subsolution.

Definition ensures uniqueness, extending to the present framework classical results, such
as those in [4], 24].

Theorem 2.8. Let H satisfy|(C3)|

1. Fix the initial datum U, € Lip (R;R). Assume the corresponding Cauchy Problem |(HJ)]
admits the function U as solution in the sense of Definition Lipschitz continuous
in space, uniformly in time on [0,T]. Define

K1 = sup { |H(2,p)] - 2 € R, |pl < 10U llgowo.17mim) } - (2.17)
We have for all t1,t2 € [0,T]
U (t2) = Ut) || poo gy < K [t2 — 1.
2. Fiz the initial data U,,V, € Lip (R;R). Assume the corresponding Cauchy Prob-

lems [(HJ)| admit the functions U, respectively V, as subsolution, respectively super-
solution, Lipschitz continuous in space, uniformly in time on [0,T]. Define

¢ = maX{HaxUHLoo([o,T]xR;R)aHaacVHLoo([o,T]xR;R)};

2.18
L = sup{‘@uH(x,p)‘:weR, |p[§C}. (2.18)

8



If L < 400, then, for allt € [0,T], for all R >0

mas (U(t2) = V(62) < | max (Up(a) = Vole)) - (219)

Remark that the Lipschitz continuity assumptions in Item 2 of Theorem precisely mean
that C < 4+00. Requiring also condition then ensures that L is finite.

We underline the evident deep analogy between Theorem referring to the conservation
law @ and Theorem referring to the Hamilton—Jacobi equation The defini-
tions (2.13) and ([2.18) are essentially identical. Note moreover that the factor 2 appearing
in @ and not in is a mandatory consequence of the correspondence between the two
equations formalized in § below.

2.2 A Bounding Family of Stationary Solutions

Essential to get the necessary global in time L° bounds on the solutions to is Theo-
rem In the homogeneous case, a sufficient supply of stationary solutions is immediately
provided by constant functions, which are clearly also entropic. Here, we need to find L
solutions that, first, are entropic and, second, are sufficiently many to ensure the necessary
L bounds, together with the order preserving property in Theorem 2.6

Theorem 2.9. Let H satisfy [(C3)H(CNH)H(UC)H{(WGNL)| Then, for all U > 0, [(CL)]

admits stationary entropy solutions u_,uy € L (R;R), i.e., solutions in the sense of Defini-

tion that satisfy

u_(x) <-=U and wuy(z)>U forae zeR.

The proof begins with a careful construction of piecewise C! stationary entropic solutions by
means of the Implicit Function Theorem and Sard’s Lemma for a particular class of fluxes
whose level sets enjoy suitable geometric properties. Then, compensated compactness allows
to pass to the limit on the fluxes, essentially showing a stability of solutions with respect to
the flux, thus getting back to the general case. In this connection, we recall that already
in I, 2] stationary solutions are assigned a key role in selecting solutions.

In the correspondence between [(CL)| and [(HJ)| the stationary solutions to con-
structed in Theorem have as counterpart viscosity solutions to that may well be
non stationary, see , and are Lipschitz continuous but, in general, not differentiable.

2.3 Vanishing Viscosity Approximations

We now proceed towards existence results both for [(CL)| and for |((HJ)| obtained through
vanishing viscosity approximations, under the assumptions [([C3){(CNH)H{(UC)]| Thus, we
consider the Cauchy problems

Ou + 0. H(z,u) = ¢ 0%,u
{ u(z,0) = up(x) (2.20)
and
oU + H(x,0,U) = ¢ 02,U
{ U(z,0) = Uy(z). (2.21)

As a first step we specify what we mean by classical solutions to (2.20) and to (2.21)).



Definition 2.10. Let I be an open real interval and € > 0. A classical solution to (2.20)) on
10,T[ x I is a function

Vtel]0,T[ the map x> u(t,z) is C*(I;R),

0 T
u € CH[0.T) x I;R) such that Veel the map tr>u(t,z) is C*(]0, T[;R),

(2.22)

satisfying Oyu(t,x)+0,H (z,u(t, ) = € 02, u(t, ) for all (t,z) €10, T[xI and u(0,z) = u,()
forallz € 1.
A classical solution to (2.21]) on ]0,T[ X R is a function

Vte]0,T[ the map x> U(t,x) is C3(I;R),

0 7.
Ue CU[0,T] x I R) such that Veel the map twU(t,z) is C1(]0, T[;R),

(2.23)
satisfying QU (t,x) + H (z,0,U(t,x)) = € 92,U(t,z) for all (t,z) €]0,T[ x I and U(0,z) =
U,(z) for all z € 1.

Note that (2.23) in Definition above requires 3 space derivatives in U, although the
third derivative does not appear in (2.21]).
We now prove that the Cauchy problems (2.20]) and (2.21)) are equivalent.

Theorem 2.11. Call I a non empty open real interval. Let H satisfy|(C3)| and € > 0. Fiz
u, € WH(I;R) and U, € CY(R;R) such that U = u,. Then, the problems (2.20) and (2.21))
are equivalent in the sense that:

(1) Assume u is a classical solution to (2.20) on I in the sense of Definition|2.1(l. Then, for
any x, € I, the map U: [0,T] x I — R defined by

Ul(t,x) := /: u(t, &) dé + /Ot (_H (20, u(T, o)) + € Opu(r, xo)> dr + Us(z)  (2.24)

is the solution to (2.21)) on I in the sense of Definition |2.10,

(2) Assume U is a classical solution to (2.21)) on I in the sense of Definition . Then,
the map u: [0,T] x I — R defined by

u(t,z) := 0, U(t,x)

is a classical solution to (2.20) on I in the sense of Definition|2.10.
We first get a priori estimates on the solutions to (2.21]) and then on those to (2.20).

Theorem 2.12. Let H satisfy |(C3)H(CNH)H(UC)| Choose U, € C(R;R) with U €
Lip (R;R). Then, there exists a constant M such that for any ¢ > 0 sufficiently small,
for any T € Ry and for any classical solution U to defined on [0, T] x R which is also
Lipschitz continuous,

10U [ oo 0,11 xRy + 102U Lo jo.77 xRy < M (2.25)

the case T = +00 s not excluded.
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Corollary 2.13. Let H satisfy|(C3)H(CNH)H(UC)| Choose u, € WH1°(R;R). Then, there
exists a constant M such that for any € > 0 sufficiently small, for any T € Ry and for any
classical solution u to (2.20) defined on [0,T] x R which is also bounded,

HUHLOO([O,T]XR;R) <M, (2.26)
the case T' = +00 s not excluded.

Thanks to Theorem applied with I = R, the proof of Corollary is a direct conse-
quence of Theorem [2.12] and is hence omitted.

Theorem 2.14. Let H satisfy|(C3)| and|(CNH)| Choose an initial datum u, € WH*(R; R).
Then, for all € > 0 sufficiently small, the Cauchy Problem (2.20) admits a classical solution
in the sense of Definition on R defined for allt € R,.

Corollary 2.15. Let H satisfy [(C3)H(CNH)H(UC)|. Choose U, € C°(R;R) with U, €
WL(R;R). Then, for all ¢ > 0 sufficiently small, the Cauchy Problem ([2.21) admits a
classical solution in the sense of Definition[2.10 on R defined for all t € Ry.

Thanks to Theorem applied with I = R, the proof of Corollary is a direct conse-
quence of Theorem and is hence omitted.

2.4 Existence of Vanishing Viscosity Limits

We now deal with the vanishing viscosity limit of the solutions constructed in the previous
Paragraph. Differently from [26], we complete this step in the case of more regular initial
data, i.e., in the case where Theorem [2.12] and Corollary apply.

Theorem 2.16. Let H satisfy|(C3)H(CNH)H(UC)| Choose an initial datum U, € C*(R;R)
with U} € WL (R;R). Let g, be a sequence converging to 0. Then, the sequence U, of the
corresponding classical solutions to on R converges uniformly on all compact subsets
of Ry X R to a function U, € Lip (R4 x R;R) which is a viscosity solution to .

Striving to treat [(CL)| and [(HJ)| in parallel, the next statement mirrors the previous one.

Theorem 2.17. Let H satisfy assumptions [(C3)H(CNH)H(UC)H(WGNL)| Fiz an initial

datum u, € WH°(R;R). Then, the classical solutions u. to (2.20) on R converge pointwise
a.e. in Ry X R to a function u € L (R4 x R;R) which is an entropy solution to |(CL)|

The proof, entirely different from that of Theorem by means of [ WGNL)| relies on
an ad hoc adaptation of classical compensated compactness arguments, see [15, Chapter 17]

or [37, Chapter 9].

2.5 The Limit Semigroups and their Equivalence

Here,we complete all previous steps obtaining the main results, stated in terms of the existence
of the semigroups generated by [(CL)| and [(HHJ)] their properties and their connection.

Theorem 2.18. Let H satisfy |[(C3)H(CNH)H(UC)H(WGNL)| For all T > 0 and for any
initial datum u, € L*°(R;R), there exists a unique entropy solution in L*°([0,T] x R;R), i.e.,
in the sense of Definition to|(CL)| on [0,T]. Moreover, the maximal solution wu:

11



1. is globally defined in time, corresponding to T = 400 in Definition |2.1].
2. is globally bounded, in the sense that v € L*°(R4 x R;R).

There exists a unique semigroup SCT: Ry x L¥(R;R) — L®(R;R) such that for all u,
(t,x) — (SFu,) () solves in the sense of Deﬁm'tion and engjoys the properties:

3.a For all u, € L*(R;R), the map t — StCLuO 1s Lipschitz continuous with respect to the
weak-+ LY (R;R) topology in the sense that there exists a K > 0 such that for all

loc

a,b e R with a <b and for all t1,t2 € Ry

/ (5800 () - (5E%u0)(@)) da

a

< K |ty —tq].

3.b For all u, € L®(R;R), the map t — SC 1w, is continuous with respect to the Ll _(R;R)
topology, in the sense that for all t € Ry and for all R > 0

R
lim ((stcLuO)(x) - (sELuO)(x)‘ dz = 0.

t—t _R

4. For all uy,v, € L®(R;R), define L as in (2.13)). Then, for allt € Ry and for all R > 0,

R+Lt

/_1; ‘(StCLuO)@) - (StCLvo)(l“)‘ dz < / |uo(x) — vo(x)| da .

—R—-Lt

Thanks to KL as defined in (2.8)), can be chosen independent of a and b, resulting
in the K in 3.a. Bounds L and on [[u/[ge(r, xr;r) depending on [[uo|pe g;r) are provided in

the proof, see §

Theorem 2.19. Let H satisfy [(C3)H(CNH)H(UC)H{(WGNL)| For all T > 0 and for any
initial datum U, € Lip (R;R), there exists a unique viscosity solution U € Lip ([0,T] x R; R),

i.e., in the sense of Definition to|(HJ)| on [0, T]. Moreover, the mazimal solution U

1. is globally defined in time, corresponding to T = 400 in Definition[2.7
2. is globally Lipschitz continuous, in the sense that U € Lip (R4 x R;R).

There exists a unique semigroup ST/ : R, x Lip (R;R) — Lip (R;R) such that for all U,
(t,x) — (SHIU,) () solves in the sense of Deﬁm’tion and enjoys the properties:

3. For all U, € Lip (R;R), the map t — S{”Uo 18 Lipschitz continuous in the L°° norm.

4. For allU,,V, € Lip (R;R), define L as in (2.18). Then, for allt € Ry and for all R > 0,

a[<R <(StHJU°)(x) ~ (Si"Vo) (x)> = R L (Us(z) = Vo(a)) -

Theorem 2.20. Let H satisfy assumptions [([C3)H(CNH)H(UC){(WGNL)|. Let the data
u, € L®(R;R) and U, € Lip (R;R) be such that U.(z) = u,(x) for a.e. x € R. Then,

problems [(CL)| and [(HJ)| are equivalent in the sense that for all t € Ry and for a.e. v € R,

(5°%u0) () = 0. (77U, ) () (2.27)
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Remark 2.21. In the same setting of Theorem formally, as a consequence of (2.27)),

for a fixed x, € R, we can write

(50, @) = |

xT

CLU — t x CL’U x T To) . .
(5P a6 = [ (500 (ST u0)w0)) dr + Uola) . (228)

x
o

The latter integral on the right hand side in (2.28)) is meaningful only under further regularity
conditions, such as in the case H is convex in w, which ensures that StCLuO € BV(R;R).

We can rephrase the above relations with the following commutative diagrams.

v, — SHU, v, — S,
‘%ﬁl L @27) I T ]; @23)
Uo — Stc Uo Uy — Stc Uo

Remark 2.22. The correspondence between [(CL)| and [(HJ)| is instrumental in the existence
results. Qualitative properties were independently obtained. However, Theorem |2.18 and
Theorem [2.19 still lack a complete identification, thus suggesting possible improvements. The
correspondence above between solutions to and to actually gives more information
than what s provided by Item 4 in Theorem [2.19. Indeed, Item 4 in Theorem implies

that S;** is non expansive with respect to W, i.e.,

HS{UUO _ sty

WUL1([-R,R];R) < 10— VOHWM([fR—Lt,RJrLt];R) ’

We do not know of a proof of this bound for|(HJ)| independent from [(CL)|

3 Analytical Proofs

Throughout, ]lI denotes the characteristic function of the set I. £ stands for the Lebesgue
measure in R. The positive part of a real number is [z]T := (x + |x]) /2. Throughout, we set
-1 if x<0;

sgnz:=4¢ 0 it z=0; (3.1)
+1 if x>0.

3.1 Definitions of Solution, Local Contraction and Uniqueness

Lemma 3.1. Let E € CYR;R) be conver. For any e,r > 0, there exist n € N; positive
weights wg, w1, . . ., w, € R and points pg,p1,...,pn € R such that setting for all u € R

ww) =Y wilu-pl  sothat (W)=Y wsm(u-p)  (32)
k=0 k=0
we have
Yu € [—r7] ‘E(u) — n(u)‘ <e and }E'(u) — n’(u)| <e. (3.3)
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The expression on the right in (3.2)) is relevant when u = pg. Indeed, it allows to prove
that the bound on the derivatives in (3.3)) holds at every u and not only at a.e. u.

Proof of Lemma Let 6 be a modulus of uniform continuity of E’ on the interval [—r, r]
corresponding to min{e,e/(2r)}, so that

Vay,ag € [-r,r] if |z —ao| <8 then |E'(21) — E'(z2)| < min{e,e/(2r)}.

Choose n in N such that n > 2r/§. Define the points py and the map a: R — R by

o E'(po)  u€]-00,pol;
ppi=-—r+k— fork=0,....,n and «(u):=< E'(pr) U E |k, Prt1) ;
" E'(pn)  u€lpn,+oo].

Note that « is non decreasing, since E' is. Set for u € [—r,7], f(u) := E(—r) + [* a(v)dv
so that the condition on the left in (3.3)) is satisfied by 7, as well as the one on the right for
u # pi. Requiring the weights wy, ..., w, to solve the (n + 1) x (n + 1) linear system

n
>k = pilwr = i(p;)  i=0,...,n.
k=0

ensures that 7 =7 as defined in (3.2)) for u € [a,b]. The matrix of the above system is

0 1 P 3 n |
1 0 1 2 n—1
2% |2 1 0 1 n—2 2r
A=— 3 2 1 0 n—3 ie. aij:;\i—jlfori,jzl,...,n—i—l
n n—1 n—-2 n—-3 -- 0

and straightforward calculations show that its determinant is (—1)" 7 2". Hence, this matrix
is invertible, so that the weights wy, ..., w, are uniquely defined. Moreover, differentiating 7,
we get 7' (pp+) — 7' (px—) = 2wg. Since 77’ is non decreasing, we have that wy > 0. We are
left to prove that the expression for n’ in satisfy also at u = pg. Since wy > 0,
by the choice and by the construction above, we have E'(pg) —e < n'(pr—) < 7'(pr) <
n' (pr+) < E'(pr) + €. Possibly erasing the terms vanishing because wy = 0, the proof is
completed. O

Proof of Proposition (2.4

Claim 1: Proof of Item 1.
Fix a positive € and an entropy — entropy flux pair (£, F') in the sense of Definition

Call n the map constructed in Lemma corresponding to € and 7 = [|u||p R2;R)"

Using , we use the following representative of 1’ and of a flux related to 7, by

' (u) = Zwk sgn(u—pg) and  g(z,u) = Zwk ®(z, u, p) -
k=0 k=1
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Choose a test function ¢ € CL([0, 7] x R;Ry) and let Y be such that spt ¢ C [0, 7] x

By the linearity in the entropy/entropy flux and by the positivity of the weights,

o
IN

T
/ /R (77 (u(t,x)) Op(t,x) +q (:):,u(t, ac)) 833@(7573;)) dr dt

0

gyAp

—i—/Rn(uO(:L‘)) (0, 7) dz

n

wy, sgn (u(t, ) — py) 8IH(x,pk)) o(t,z)dz dt

T

/ (n (u(t,z)) Owp(t,z) + q (z,u(t, z)) é)mcp(t,a:)) da dt

0 JR

T
—/ / (7}/ (u(t,x)) 0,H (z,u(t,x)) — Oaq (x,u(t,x))) o(t,x)dx dt
0 R

1 (to(x)) ¢(0,7)dz
(77 (u(t,z)) Owp(t,z) — 0 (ult,z)) OxH (z,u(t,z)) o(t, x)) dz dt

q (z,u(t,x)) Opp(t, ) + O0uq (z, u(t, z)) lt, x)) dz dt

Y, Y],

(3.4)
(3.5)

(3.6)

Estimate the last three lines separately. To bound (3.4)) use (3.3)) (which holds on all R):

/ / ) Owp(t,z) — E' (u(t, x)) 0-H (z,u(t,z)) go(t,:v)) dz dt

+ (Hat(PHLl(RQ;]R) + [lllL r2;r) HaﬂJHHLOO([—Y,Y]X[fr,r];R)> €

To estimate the term (3.5)), recall that from (2.6

||a’uF - aUQHLO"([—Y,Y]><[—7",7"];]R) <e¢ ||8UH”L°°([—Y,Y]X[—T,T];R) :

Using (2.4), thanks to H € C?(R?; R), write

o) = ae.0)+ [ Ouate.w) dw = aw0)+ [l (w) 2, H (e w) du

Oualan) = Duge0)+ [ rf(w) 02, H(z,w) du
0
so that also using and ( -
T
(BH)] = / / (q(2,0) Bup(t, x) + Bzq(x,0) p(t, ) da dt

/ //U(tx w) Oy H (z,w) dw) dpp(t,x) dzx dt
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+ /OT /R /Ou(t,x) (77’(“’) 02, H (2, w) dw) ot ) dr dt
/OT/R&C (q(z,0) p(t,2)) dz dt

=0
T u(t,z)
+/ / / (E'(w) 0, H (z,w) dw) dy¢p(t, z) dz dt
0 R JO

+ /OT /R /Ouu,x) (E’(w) 9%, H(z,w) dw) oty 7) da dt

HOuH || oo v,y x[—rr)ir) 100l L1 m2 R) ET

8§UH‘
Lo ([-Y,Y]x[-rr;R)

T u(t,z)
= / / / OuF (x,w) Opp(t, z) do dt
0 R JO
T u(t,x)
+/ / / 02 F(x,w)p(t,z) de dt
0 R JO

HOuH oo -y, v x (=i 102llL1 (m2 Ry €7

IN

lellL e ryer

HLOO [ YY]X[ TT];R) ||<’0HL1(]R2,R)57"

— / / (z,u(t,z)) Opp(t, ) + O F (z, u(t, z)) go(t,x)) dx dt

_/0 /Rax (F(-CU?O) go(t,x)) dx dt+H8UH||L°°([—Y,Y]><[—7"7r];R) HaﬁBQDHLl(RQ,R) er

-0
+’ HLoo([ Y,Y]x[—rr]iR)
— / / (z,u(t,z)) Opp(t, ) + O, F (z, u(t, z)) go(t,:n)) dx dt .
Passing to (3.6), use (3.3)) to compute
ED) = [ (1) = B (@) ¢l0.2)do+ [ B (uofa)) o(0.2) ds

< /E uo(z)) (0, ) dz + ||(0, HLl(R;R)E

[l @2 gy €7

Adding the resulting estimates we obtain
/ / ) duplt,) + F (w,ult,x) Doplt, @) da dt
_ / / (' (u(t.2)) 0,H (w,u(t.2)) — 0, F (2 u(t,2) ) o(t, ) do
/Euo £(0,2)de + O(1) ¢

where O(1) depends only on ¢ and on H. The proof of Claim 1 is completed.
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Claim 2: Proof of Item 2.

Fix a regularizing kernel p € CX(R;R) such that p > 0, p(0) = 0, sptp C [-1,1],
p(—z) = p(z) for all x € R and [, p = 1. For any positive ¢, let pc(z) = (1/¢) p(z/e). Fix
k € R. Let E and F be as in . Recalling , define

/Iw k| pe(u — w) dw (3.8)

F.(z,u) = E.(u)0,H(z,u) — E:(k) O0,H(z, k) — /E )92, H(z,v)dv . (3.9)

Clearly, E. is C*>, F. is C! and are an entropy entropy flux pair in the sense of Deﬁnition
so that (2.4) holds Moreover, since E.(u) = [p|u—w — k| pe(w)dw, p > 0 and the map
u > |u —w — k| is convex for w € R, for 19 € [0,1] and for ui,us € R we have

E. (Yur + (1 = D)ug) = /R ‘(ﬁul + (1= ug) —w — k’ pe(w) dw
< /R(mul —w— k| + (1= Duz — w— k) po(w) duw
= Y E-(u1) + (1 —9) Ee(ug),

hence E. is convex.
Use (2.7) and fix any test function ¢ € CL([0,T[ x R; R, ):

/ / ) Owp(t, ) + Fr (z,u(t,z)) 8xgo(t,:v)) dz dt (3.10)
_/ / Eé (u(t,z)) OxH (z,ult,z)) — 0 F: (, u(t,az))) o(t,z)drdt (3.11)
/E uo(x)) (0, z)dz (3.12)

Note that (3.8) and (3.9) ensure the uniform convergence on compact sets of E. to F and
of F. to F' as ¢ — 0+. Therefore, it is immediate to pass to the limit ¢ — 0+ in (3.10))

and (3.12). Indeed, with the notation ([2.1)),
T
lim [BI0)] = / / (Ju — K| g + B, u, k) Oup) dardt -

e—0+

lim 1 / ‘uo k‘dx.
€%0+
Consider now (3.11]). Definition (3.9), (2.6) and |(C3)|ensure that 0, F. converges uniformly

on compact sets to 9, F. To deal with the term E, write

u—k +o00
=/R|u—w—k| p€<w>dw=/_w (u—w— k) ps(w)dw—/u_k (u— w — k) pe(w) dw
so that

Bl - | e du - / " pe(w) duw = [ sentu—w=5) potw) du

—00 —k

17



Since pe is even, we have that E. converges pointwise everywhere to E' as ¢ — 0+, with
|E’| < 1. Thus, the Dominated Convergence Theorem [21, Theorem (12.24)] allows to pass

to the limit also in :
T
lim [} = —/0 /R<sgn (u(t,w) —k:) O, H (x,u(t,:c))

e—0+
—sgn (u(t,z) — k) (&cH (z,u(t,x)) — 0. H(, k)))(p(t, x)dxdt

= —/T/sgn (u(t,z) — k) 0,H(z, k) dzdt .
o Jr

Combining the obtained estimates of the limit ¢ — 0+ of the terms (3.10)—(3.11)—(3.12) we
get (12.2)), completing the proof of Claim 2 and of Proposition O

Proof of Proposition We adapt to the present definition of solution the arguments
n [I4, Lemma 3.2]. Therein, a similar result is obtained in a more general setting — the flux
is also time dependent and a source term is present — but solutions are required to admit left
and right traces at each point.

Proof of (2.10). Fix a,b € R with a < b and t1,t2 € Ry with t; < ta. For e €0, (b—a)/2],
choose as ¢ in (2.3) the Lipschitz continuous map ¢.(t, z) := x(t) ¥e(x) where

0 €]—o0, 1] 0 €]—00,a
(t—t1)/e te[tl,t1+e[ ($7(L)/6 € [a, a+8[
Xe(t) =11 €ft1+e,ta—¢f Ye(z) =< 1 €Elat+e,b—¢g[ (3.13)
(toa —1t)/e te[tz—s 2 (b—x)/e zeb—eb
0 € [ta, +o00[ 0 €[b, +ool.

By equality (2.3) in Remark we obtain

L [ it [ [ aea
/ / xutx))Xe()dxdt—/ /ba xu(tm))xe()dxdt = 0.

Recall the Definition (2.8) of K€L, so that the first line above is estimated as follows:

t1+e T
< KOL/ Xe(t)dt (3.14)
0

K¢ ‘tQ —tll.

I
u(t, ) e () dxdt—g/tQE/Ru(t,x) Ve (x) dz dt

IN

To compute the limit as ¢ — 0 of the left hand side in (3.14)), observe first that

U [t (vt -1, @) asar

dx

IN

Hu||Loo([07T]XR;R)/R %(a:) - ]l[mb](l')

< 2e|lullpee(oryxriR)
— 0. (3.15)
e—0
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An entirely similar procedure yields

i/t / (t, ) (1/)5 T) — [ab())dxdt —0

e—0

(3.16)

Recall that v € L°([0,T] x R;R), so that u € L([0,7] x [a,b]; R). By Fubini Theorem [21],
Theorem 21.13], for almost all ¢ € [0, 7], the map x — u(t, ) is in L!([a,b]; R) and the map
t f (t,z)dz isin Ll([O T);R). Thus, if t; and t2 are Lebesgue points [I8, Chapter 1, § 7,
Theorem 1.34] of ¢t — f (t,x)dz, we have

1 [tite b
e/tl /Ru(t’ 2)1, @) dedt — /a u(ty, z) de ;
1 [t b

E/tQE/Ru(t’ x)]l[a,b](x) dzdt — /a u(te, ) dz .

The latter relations, together with the limits and (3.16)), inserted in (3.14) complete

the proof of (2.10] - v

Proof of (2.9). Fix a,b € R with a < b and t € Ry. For ¢ € |0, (b — a)/2[, choose as ¢
in (23) the map . (¢, 2) i= -(t) .(z) where

1 te]—oo,t —¢|
()= (=) tefi-el
0 t e [F, +oo]

and 1. is as in . Repeat a procedure analogous to the one above choosing for t a
Lebesgue point Of the map t — f (t,z)dz. The use of equality (2.3) in Remark allows
to let u, appear explicitly.

The proof of Proposition is completed. U

Proof of Theorem [2.6]
Fix a solution u to [(CL)|in the sense of Definition

Claim 1: v admits a representative u* satisfying (a) and (b) in Item 1.
By (2.9)—(2.10), for all a,b € R with a < b, there exists a negligible set N, C [0,7] such
that (2.10)) holds for all ¢1,t2 € Ry \ N, and (2.9) holds for all £ € Ry \ Ngp. Define

N = U NopU {t € 10,7]: {x eR:|u(t,z)| > Hu|]Loo([07T]XR;R)} is not negligible}
a,beQ: a<b

which is also negligible by the above choice of N, ; and by Fubini Theorem [21, Theorem 21.13].
Note that for all ¢,¢1,t3 € [0,7] \ N and for all a,b € Q, u satisfies and (2.10)).

Fix now a,b € R with @ < b. Choose an increasing sequence a, and a decreasing sequence
b, both of rational numbers such that lim,—,~ @, = a, lim, 4 b, = b and a,, < by,. Then,
f:n (u(t, z) — dx‘ and f (u(to, z) — u(ts,z)) dx‘ are uniformly bounded by the right
hand sides in and in (2.10). The Dominated Convergence Theorem |21, Theorem (12.24)]
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thus applies proving that w satisfies (2.9) and ([2.10) for all ¢,¢1,¢2 € [0,7] \ N and also for
all a,b € R.

Hence, for any real bounded interval I, | [, (u(t2, z) — u(t1, z)) ]lI(a:) dz| < Crlta — 1], for

a constant C7 depending on I. This bound then holds also for all piecewise constant functions
and, by further approximations, we know that for all f € L'(R;R) and for all ¢ > 0, there ex-
ists § > O such that if ¢1,t2 € [0, T\ NV and |t — t1]| < 4, then ‘fR (ulte,z) — u(ty,z)) f(=) dIE‘ <
g, thanks to the boundedness of u(t,-) uniform in ¢ € [0,7]\ N. Hence, u: [0,7] \ N —
L*(R;R) is uniformly continuous with respect to the weak-* LiS (R;R) topology.

Apply now Proposition which is possible since L>°(R;R) is weakly-* complete (as
it follows, for instance, from Banach—Alaoglu Theorem [36, Theorem 3.15] and [36, Theo-
rem 3.18]), and obtain an extension @ of w which is defined on all [0,T], attains values in
L°(R;R) and is contlnuous with respect to the weak-x LS (R;RR) topology.

The bound (| also ensures that lim;_,o4+ 4(t) = u, in the weak-* topology of L>(R;R),
so that u(0) = uo.

Define u*: [0,7] x R — R setting u*(¢t,z) = u(t,z) for all ¢ € [0,7] \ N and choose for
u*(t) a precise representative, see [I8, Chapter 1, § 7, Definition 1.26], of u(t) for t € N.
Claim 1 is proved. v

Fix a strictly convex entropy E € C'(R;R). Choose a corresponding entropy flux F by
means of ([2.4). With reference to (2.7), introduce the function G € L*°(R?; R)

G(t,z) == E' (ui(t,z)) 0. H (z,us(t,z)) — 0 F (2, us(t, z)) (3.17)

Fubini Theorem [21, Theorem 21.13] ensures that for any ¢ € CL(R;R,), the map t
R E (u* (t,x ) Y(z)dr is in L'([0,T];R). Call Py the set of its Lebesgue points [18, Chap-
ter 1, § 7, Theorem 1.34]. Call S the countable dense subset of CL(R;R) constructed in
Proposition Denote for later use

P:= ()P (3.18)

yeS

Note that [0, 7]\ P has zero Lebesgue measure, since S is countable. For all ¢ € CL(R;R),
each ¢t € P is a Lebesgue point of t — [, E (u*(t, :c)) ¥ (x) dz, by Proposition

Claim 2: For all R > 0, limy_o1 sep [ [us(t, 2) — uo(z)| da = 0.
By Item 1 in Proposition for all ¢ € CL([0,T] x R;Ry)

/+0<>/ (us(t, @) Opp(t, ) + F (z,u.(t, x)) Oup(t,z) — G(t, z) p(t, )) dz dt
/E Uo(T 0,z)dz > 0.

For n € N\ {0} and 7 > 0, choose the test function ¢, € CL([0,T] x R;R;) defined by

1 £<0
Onr(t,x) =9 (n(t—7)) Y(r) where 9(€):=< 1—-& £€]0,1] and ¥ € CHR;R,).
0 £>1
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Clearly, wn,T(t,x) = 1 (t)Y(x) for all (t,x) € Ry x R.

+oo  ]—00,7]

Proceed now as in the Proof of Proposition If 7 € Py, then

_/RE (u*(T,w da:—i—// ac us(t, x)) W (z) — G(t7$)¢<x)) de dt

—i—/RE(uO(a:)) Y(xz)dz > 0.

(3.19)

Consider the linear functional G, on CL(R;R) defined by

/E ue(t, z) da:+/ / (2, ua(t, 7)) ¥'(2) — G(t,az)¢(m) da dt
- [ B s

By (3.19), for all 7 € P as defined in (3.18)), we have that G.¢ > 0 for all ¢ € CL(R;R.).
Fix a positive R. Choose a sequence 7, € P with 7, —+> 0. By [18, Chapter 1, § 9,
n—-+0oo

Theorem 1.46], the sequence u,(7,,-) admits a subsequence u,(7,,,-) and, for a.e. z € R, a
Young measure [I8, Chapter 1, § 9, Definition 1.34] v, which is a Borel probability measure

on [f||u*||Lm(R+XR;R), |yu*||Lw(R+XR;R)} such that for all ¢ € CL(|~R, R];R.)

/RE(U*(TM,I)) r)dx —>/ /E ) dvg(w) ¥ (z) da

R k—+oc0

Since Gr¢ > 0 and thanks to the Dominated Convergence Theorem [2I, Theorem (12.24)],
for all 1 € CL([~R, R];R;) we have

[ Ew vt veae < [ E () otas

On the other hand, by Claim 1, u,(z) = [p wdv,(w) for a.e. z € R, so that

[ Bw) ) < B ([ w aatw))

The strict convexity of E yields the equality in Jensen [21], Exercise 30.34] hence for a.e. x € R,
vy is the Dirac delta at u,(x), ensuring the pointwise convergence, up to a subsequence,
see [37, Proposition 9.1.7]. The Dominated Convergence Theorem [2I, Theorem (12.24)], can
be applied since for all ¢ and for a.e.  we have |u.(t,z)| < [[wllgo0 (0,71 x &) @nd implies that

Us (T s )k—> u, in L'([-R, R];R). The choice of the 7, is arbitrary, up to the set P, as is
—+00
the choice of R. Hence Claim 2 is proved. v

Claim 3: For all R > 0 and for all t; € P, im  fo ue(te, @) — ui(ts, )| dz = 0.
to—t1+,t1€EP

By Item 1 in Proposition for all ¢ € CL([0,7T] x R;Ry)
+o0
/ / (ue(t, ) Opp(t, ) + F (z,u.(t, 2)) up(t,z) — G(t, 2) go(t,a:)) dz dt
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—i—/ E (u(t,z)) o(t,z)dz > 0.
R
For € > 0 and ty > t; > 0, choose the test function y. as in (3.13]) and define

Pe(t,x) = xe(t)P(x) with € Ci(RﬂR) )
so that e (t,2)—1 (t) Y(x).

e—0 [t1,t2]

Proceed now as in the Proof of Proposition and as in Claim 2. If ¢1,%9 € P as defined

in , then
_/RE (us(to, z)) t(z)dz + /tth/R (F (z,u.(t, z)) V' (2) — G(t,ar)i/}(w)) dz dt

(3.20)
+/ E (us(t1,2)) ¢(z)dz>0.
R

Proceed now exactly as in the previous Claim 2 to complete the proof of Claim 3. v

Ou+ 0 H(x,u) =0

Claim 4: For all { € P, the map (t,7) — u.(t + t,z) solves (0, 2) = u(F, ) in
the sense of Definition for (t,z) € 0,7 —t] x R.
Define for € > 0
0 £<0 t—f
W) =4 & £€]0,1] and ¢ (t,z) =10 <> Y(t, ) where ¢ € CL[0,T[ x R;Ry).
1 ¢>1 c
Use . as a test function in in Definition Then,
T
0 < / / <|u*(t, x) — k:‘ Ope(t,x) + @ (z,u.(t, z), k) Oﬁaps(t,x)) dz dt
0o Jr
T
—/ / sgn (u.(t,2) — k) 0. H(x,k) @c(t, z) du dt
o Jr
+/ ‘uo(x) - k‘ (0, z)dz
R
T o(t—t
= 9 . (‘u*(t,:v) — k|0 (t, @) + @ (w,us(t, ), k) Optb(t, x)) dx dt
t R
T o(t—t
_/ 9 <E> / sgn (uy(t,z) — k) O, H (z,k) (¢, z) dz dt
t R
1 t+e
+/ / ‘u*(t,x)—k“w(t,x)dwdt
€Jt R
T
= /t /R <‘u*(t, x) — k‘ op(t,z) + @ (z,u(t, ), k) &ﬂb(t,x)) dx dt
T
—/ /sgn (ue(t, ) — k) OpH(z, k) (t,z)dxdt
t JR
+/ ‘u*(f,:v) — k|w(f, x)dx
R
where in the last line above we used Claim 3. Claim 4 is proved. v
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Claim 5: (c) in Item 1 holds.
For any R > 0 define

g = sup{\auﬂ(x,w)(; 2] < R+ 1 and |w| < ||u*\|LN(R+XR:R)} :

Fix t € [0, T and choose t; € [t —1/lg,t]NP, ta € [t1,t1+1/¢,]NP. By Claim 3 and Claim 4,
the maps (t,x) — u.(t1 +t,2) and (t,z) — u.(t2 + ¢, x) solve

Ou~+ 0, H(x,u) =0 (t,z2)€]0, T —t;[ x R
(0, ) = ux(t1, ) r€eR,

O+ 0, H(x,u) =0 (t,z)€]0, T —ta x R
u(0, ) = ux(ta, x) zeR,

also in the sense of [26, Definition 1]. By [26] Theorem 1 and Theorem 3], which we can apply
thanks to [(C3)|, for a.e. s € [0,t; —ta + 1/¢R]

R R+17£RS
/ lus(ta + 5,2) — us(t1 + s,@)|dz < / lus(ta + 5,2) — ui(t1 + s, )| d
—R 7Rfl+fRS

R+1
< / |us (o, ®) — us(tr, )| da
—R—1
< wgr(t2 —t) (3.21)

where we set
R+1

wgr(9) := ess sup / |ui(t, ) — ue(ty, )| do
te[t1,t1+6] / —R—1

and recall that by Claim 3, lims_g1 wr(d) = 0. Combine (3.21]) with Claim 3 to obtain that
for all to,t3 € [tl,tl + 1/53] NP

R
/ |ui(ts, ) — us(ta, )| do < wg (Jts — to])
-R

The above inequality shows that the map

[ti,t1 +1/¢r]NP — Ll([—R, R];R)
t — uy(t,-)

is uniformly continuous. Hence it can be uniquely extended to a continuous map defined on
all of [t1,t1 + 1/¢g]. Since Claim 1 ensures that u, is continuous in the weak-+ LS (R;R)

topology, this extension coincides with u,. Claim 5 follows because t € |t1,t1 + 1/¢g|.

Claim 6 : Item 2 holds.

Let u*, v* be solutions to with data u, and v,, satisfying (c¢) in Item 1, proved in
Claim 5. Then, u* and v* are also solutions to in the sense of [26] Definition 1]. By [26],
Theorem 1 and Theorem 3], which we can apply thanks to we have that if L in
is finite, for all R > 0 and for almost all ¢ € [0, 7] the following estimates hold:

R R+Lt
/ lus(t, ) — v(t,z)|dz < / |uo(z) — vo()| da ;

—R —R-Lt
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R R+Lt
/ (b 2) — v(t, o)z < / o () — vo(2)]* da |

-R —R—-Lt

Use the Lj, . (R; R) continuity to obtain the above inequalities for all ¢ € [0, T, proving Claim 6
and thus completing the proof of Theorem [2.6 U

Proof of Ttem 2 in Theorem We follow the general ideas in [4, Chapter 2]. Fix
7 €10,7T] and R > 0. Define

Q:={(t,z) €[0,7[xR: |z| <R+ L(T —t)} ; (3.22)
with L as in (2.18). Let C be as in (2.18), define H: R x R — R so that

H(z,p) := ‘qi&fc (H(z,q) + Llp — q|) for (z,p) € R x R. (3.23)

Claim 1: H(zx,p) = H(z,p) whenever Ip| < C, with C defined in ({2.18).

For all (z,p) € R x [~C,C], we have H(z,p) < H(z,p). By the Mean Value Theorem,
for all x € R and p1,py € [-C,C], ‘H(:L‘,pl) —H(x,pg)‘ < L|p1 — p2|. For q € [-C,C],
H(z,p) < H(z,q) + L|q — p| and, by the Definition of H, we have H(z,p) < H(z,p),
proving Claim 1. v

Claim 2: For all z € R, the map p — H(z,p) is Lipschitz continuous with Lipschitz
constant L as defined in ([2.18]).
Fix z,p1,p2 € R. By (3.23), for all ¢ € [-C, C], we have

H(x,p1) < H(w,q) + L|p1 —q| < H(z,q) + L|p2 — q| + L |p1 — p2|

so that H (x,p1) —L|p1 — pa| < H(x,q)+L|ps — | implying H (x,p1) — L|p1 — pa| < H(z,p2)
and therefore H(x,p1) — H(z,p2) < L|p1 — p2|. The analogous inequality exchanging p; with
p2 is obtained similarly, proving Claim 2. v

Claim 3: Let C, L be as in (2.18). Then, Formula (3.23) can be rewritten as

H(zx,-C)—L(p+C) ifpe]—oo,—CJ
H(xz,p) =< H(z,p) if pe[-C,C] (3.24)
H(z,C)+ L(p—C) if pe]C,+o0[,

so that H is continuous on R x R. .
First, by (3.23)), note that for p > C, H(x,p) < H(z,C)+ L (p—C), while for g € [-C, C]
the other inequality follows from
H(z,q)+L(p—q) = H(z,q)—H(x,C)+L(C—q)+H(z,C)+L(p—C)
> H(x,C)+L(p-0C)

which, passing to the infimum over ¢, also proves the third line in (3.24)). The first line is
analogous and the middle one follows from Claim 1, completing the proof of Claim 3. v
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Claim 4: Let U, V be as in Item 2 of Theorem Then, they are a subsolution
and a supersolution of d;w + H(x,d,w) = 0 in the sense of Definition

Let ¢ be a C! test function and assume that U — ¢ admits a local maximum at (t,,z,) €
10, T[ x R. Then, for all z in a neighborhood of z,,

U(tm .T) - 90(7507 l‘) < U(th 130) - So(tm -770)

P(to, o) — p(to,z) < Ulto, o) — Ulto, )

@(to, wo) — p(to, ) < Clae — | [By ]
sgn(z, — x)(p fo, x;) — i(to’ z) < C.

Passing to the limits z — z,+, we get ’8x¢(to, xo)’ < C hence, by Claim 1 and using the fact

that U is a subsolution of
0> 9rp(to; o) + H (20, Dup(to, o)) = 8iplto, o) + H (20, 8z, 20)) -
To complete the proof of Claim 4, repeat the same procedure with the supersolution V. v
Choose x € C*(]—o0, R[; R4 ) satisfying
Vz € ]—o0,0] x(2)

=0
Vze]-oo,R[  X'(2)>0 and X(Z)z—?— oo (3:25)
and define, for A > 0,
v: Q=R by y(t,z) = X(\x| 7L(7’77f)) , 596
Ug: Q=R by Ua(t,z) := U(t,x)—:—A’y(t,x). (3:26)

Claim 5: Uy, is a strict subsolution of atw+fl($, O,w) = 0 on () as defined in (3.22)).
Let ¢ € CH4R), (to,7,) € € such that Us — ¢ has a point of maximum at (t,,,).
Then, v € C}(€;R), since by the Definition (3.25) of x, v locally vanishes near x = 0 for

t < 7. The regularity of ¢ combined with that of (¢, z) — p— + A~(t,x), together with
r_

Claim 4, ensures that

A -
7(7_ —) + A0y(to, o) + H (:L’O,Aé?x’y(to,xo) + 8z<p(to,x0)) < 0

Orp(to, To) + H (xoa 0z p(to, :L‘o)) +

8t@<t07$0) +

=t + A0y (to,xo) — AL |0uy(to, )| < 0

where Claim 2 was used. Recall that by (3.26])
atfy(tm xo) = LX, (|xo| —L (T - to)) and ax’}/(to, xO) = Sgn(xo) X, (|x0| - L (T - tO))
so that

I /
- - — T <
3t%0(to, J}O) + H (3307 aoc‘P(th xo)) + AX (|xo’ L (T to)) (L L) + (7_ — to)z <0
=0
. A
H — < 2
at(p<t07x0) —+ (xoa 8$(p(t07 .7]0)) + (7_ _ to)2 — 0 (3 7)
completing the proof of Claim 5. v
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Claim 6: Any convergent subsequence of a maximizing sequence of U4 —V attains
a limit in €.

For all (t,x) € Q,

Ua(t,2) = V(t,) < U(tia) = V(t,2) < U]lpe ) + 1V Il iy < +50
by the compactness of Q and the continuity of U, V. Introduce a maximizing sequence
(tn,zn) € Q, so that Ua(ty,xyn) — V(tn, Tn) = supqg(Ua — V). Up to a subsequence, we
n—-+0o00o
have (t,,z,) — (t,), for a suitable (¢,7) € €.
- n—-+oo
If t = 7, then (3.25)) imply the bound

A
—tn

Ua(tn, zn) = V(tn, 2n) < |Ullpeo@ry + [V Lo ur) — -

that would imply Ux(tn, z,) — V (tn, xn) —> — 00, which is absurd.

n——+o0o

If |z| = R+ L (7 —t), then, by (3.22), we have the bound
Ut 22) = V(b 20) < [0l gy + 1V ey — A7t 72)

that would once again imply Ua(t,,zn) — V(tn, zp) —+> — 00, which is not acceptable,
n—-+00

completing the proof of Claim 6. v
For all e > 0, (t,z) € Q and (s,y) € Q, define

1 My := m{eztx(UA -V)
we(tama 37y) = UA(tv :Z:) - V(Sv y) - ? (1: - y)2 - @ (t - 8)2 and MA,& = Sugz/Jg
QxQ

Claim 7: For all ¢ > 0, there exist points (f.,z.) € Q and (s.,y.) € Q such that

Ve(te, Te, 5c,Ye) = SUPa 0 Pe.
This claim is proved by exactly the same technique used in Claim 6. v

Using Claim 7, for any € > 0 let (¢, ., s-,y-) be a point of maximum in Q x Q of 1., so
that e (tc, xe, 52, 9:) = My,.

Claim 8: lim._,0 Ma. = M4 and lim._o 557 ((zz — y=)? + (t. — 52)?) = 0.
Since Ux(t,x) — V(t,z) = ¢(t,z,t,xz) and Uq < U, we have

1
|2 — 55lte — 85|2

1
Ma < Mae < |Ullpee ) + 1V Lo @r) — Tszm “Yl 5

and therefore

|CC5 - y€|2 + |t5 - 85‘2 < 2 (HU||L°0(§,R) + ||VHL°°(§;R) — MA) 52 —0.

e—0
Let wy be a modulus of continuity of V in (¢,2) on Q and compute:

MA,& = ¢a(t57$aa Saaya) (3'28)

1 1
= UA(taa l‘a) - V(Ssvya) - 2762(5155 - y5)2 - @(ta - 58)2
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< (Ualte,ze) = Vte,ze)) + (V(te, ze) — V(se, ye))
< Mj+wy (’ts — Se| + 2o — ye’) (3.29)

— MA,
e—0

proving the first limit in Claim 8. To prove the second one, refine the computations (3.28))—
(3.29) above as

1
2e2

IN

((:UE - ye)z + (te — 35)2) My — My +wy (|ts - 85’ + ’.1'5 - yeD

IN

wy (‘ta — Se| + |me — ya‘) )

completing the proof of Claim 8. v

Claim 9: {}2 |ze —ye| < C.
For all y close to y., we have

Vete, T, 5e,y) < Velte, e, Se,ye)
V(se9) g (e ) € V(sep) — g — )
Tig(y—ya)(%a—y—ya) < Cly—yel
E% sgn(y — ye) (xe - 2‘%) < C
and Claim 9 follows in the limits y — y.=£. v

Claim 10: maxq (Ua — V) = max|;<g (Ua(0,2) — V(0,2)).
By contradiction, assume that maxg (Us — V) > maxy,<p (Ua(0,x) — V(0,)). Using

Claim 9, we can introduce a sequence &, converging to 0, such that — (e, — Ye,) — D for
En

a suitable p € [~C,C] and so that t.,, — ¢ and ¥, — Z for a suitable (£,7) € Q. By

n—-+o0o n—+o0o

Claim 8, we also have that s., — ¢ and y., — Z. Then,
n—+oo n——+0o0o

‘MA,sn - (UA(t8n7x8n) - V(t5n7 xan))‘

% <(azgn — o)’ + (te, — an)2)

S WV (‘tEn - SEn’ + |x5n - y‘fn‘) + 2
En

— 0
n—-+o0o

so that Ua(te,,xe,) — V(te,,®s,) —> My. Claim 6 implies that (¢,Z) € Q. Since we are

n—+oo
proceeding by contradiction, ¢ > 0 and for all n sufficiently large, also t., > 0, so that

(te,,xe.) € Q and also (s, ,ye,) € €.
Let now n be sufficiently large and consider the maps

(1},33) = UA(t,ﬂS’) - (V(85n7y5n) + %

1 2 1 2
a0 = P b gt 5
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1

1
25n2(

p(ten - 3)2> .

The former one admits a maximum at (t. , ., ), while the latter admits a minimum at
(Sen»Yen). Since Uy is a subsolution and V' is a supersolution, by (3.27) in the proof of
Claim 5 and Claim 4 we have

1

- 1
j(tan - Sgn) + H <x€n7 72(:6571 - yan)) +
n En

(87 y) = V(87 y) - <UA(t€n7 ‘T&‘n) + 'CCEn - y)2 +

A
(7' - tan)Q o

1 ~ 1
e, = 50) + 11 (e Sy om = 02)) 2 0,

ETL n

0;

Take the difference between the last lines above, let n — 400 and we get the contradiction:
A/(1 —t)? <0, proving Claim 10. v

Conclusion. For all (¢,x) € Q, we have Ux(t,z) — V(t,x) < U(t,x) — V(t,x) so that

_ < — :
|zér]1$icLTUA(0,x) V(0,z) < |z‘£]1?z§<LT (Us(z) = Vo())

Hence, using Claim 10, for fixed (¢,z) € €2,

Ua(t,z) = V(t,x) < \m@ﬁ(w (Uo(x) — VO(:U))

A
- < o — Yo I A )
Ut,z) —V(t,x) < \x|g%a—i(LT(U () =V, (ZL‘)) + p— + A~q(t,x)
and in the limit A — 0 we have U(t,z) — V(t,z) < maxj<pir7r (Us(z) — Vo(z)). By the
continuity of U — V, the latter inequality holds for all (¢,2) € Q, completing the proof of
Item 2 in Theorem 2.8 O

Proof of Item 1 in Theorem Fix (s,y) € Ry x R. Define C' = 102U |ly,00 (jo, 77 x R;R)
recall KH7 from (2.17) and set

V:R? R W:R? SR

(t,2) > Uls, )+ K (t—5)+Cla — gl (ts2) = U(s, y)— K (t—5)—Clla — g )
Claim 1: For all z € R, U(s,z) < V(s,z) and V is a supersolution to in the
sense of Definition [2.7 on R2.

The bound U(s,x) < V (s, z) follows from and the Lipschitz continuity of U in z.

Let ¢ € C1(R?%R) and fix (¢,z) € R? such that V — ¢ has a point of minimum at (¢, ).
For all € € R, if |¢] is sufficiently small, then

Vt,z) —(t,x) < V(t+e,z)—p(t+e, )
ot+e,2)—pt,z) < Vit+ez)—V(t,z) = K¢

so that letting ¢ — 0+ we have dyp(t,x) < K7 while letting ¢ — 0— we have dyp(t, ) >
K17 Hence, Oyp(t,z) = K17,
Again for |¢] is sufficiently small,

V(t,x) —p(t,z) < V(t,x+e)—p(t,z+e)
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ot,x+e)—p(t,z) < V(t,z+e)—V(tx)

~

so that letting e — 0+ we have Orp(t,x) < C, while letting ¢ — 0— we have 0, p(t, ) > —C.
Hence, |0,¢(t,z)| < C.
The definition of K#7 ensures that 9y (t,z) + H (x, 0(t,z)) > 0, proving Claim 1. v/

Claim 2: For all x € R, U(s,z) > W(s,x), W is a subsolution to [(HJ)| in the sense
of Definition 2.7 on R2.
The proof of this claim is entirely analogous to that of the previous one. v

Conclusion.
We apply Item 2 in Theorem which was proved above, on [s, +00[ X R to the couples
of subsolution — supersolution (U, V) and (W, U) to get for all (¢,z) € [s,+oo] x R

W(t,xz) <U(t,x) < V(t,z)

and by the arbitrariness of (s,y) we complete the proof of Item 1 in Theorem O

3.2 Existence of Helpful Stationary Solution

Here we prove Theorem which yields, for all U € R, 2 stationary entropic solutions u_
and u4 to|(CL)|such that |uy| > U. We detail the case of u, that of u_ is similar.

Lemma 3.2. Let H satisfy [(C3)H{(CNH)(UC)| Fiz U > 0. There exist H € R, V € R

and real monotone sequences ay, by, with limy,_, o0 an = limy_s 400 by = 0 such that if

1
YV (x,u) € R? H,(z,u):= H(x,u) — apu — 5 bpu? (3.31)

then:
1. For alln € N, for all (z,u) € R%, H,(x,u) = H implies VHy,(z,u) # 0.

(

2. For all (z,u) € R?, H(x,u) = H implies VH(x,u) # 0.

3. For alln €N, for all (z,u) € R?, |u| < U implies |Hy(x,u)| < H and |H(z u)’ < H.

4. For alln €N, for all (z,u) € R?, u >V implies |Hy(z,u)| > H and |H(z,u)| >

5. For alln € N, for all (x,u) € R, H,(x,u)=H and 0y, Hy(x,u)=0 imply 02, H,(z,u)#0
Proof of Lemma By |(UC)| we know that ‘H(:c,u)} w + 0o. We assume that

VzeR lim H(x,u) =400, (3.32)
U—+00

the other case, namely lim,_, o H(z,u) = —o0, is entirely analogous.

Introduce the map G: R? — R? defined by
YV (z,u) € R G(z,u) == <8UH(J:,U) — w02, H(z,u), 83uH(x,u))

and note that, by [(C3)| G € C'(R?; R?).
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Claim 1: There exist increasing sequences a,, and b, converging to 0 such that for
all n € N, (an,by,) is a regular value for G and a, > —1, b, > —1.
This claim directly follows from Sard’s Lemma [39, Chapter II, Theorem 3.1]. v

The assumption (3.31)) allows to introduce

H,(z,u)=nh
P = {hecR:3InecN,3(z,u) € R? such that O, H,(x,u)=0 p , (3.33)
02, Hy(x,u) =0
H(xz,u)=h
. . 2 )
Yy = {hER.EI(x,u)GR such that VH(:c,u):()} (3.34)

H,(z,u)=h
. 2 n 9
u{heR.HneN,H(fE,U)ER such that VHn(x,U):O}‘

Claim 2: ) is negligible and P is countable.
The former statement directly follows from Sard’s Lemma [39, Chapter II, Theorem 3.1].
Fix n € N and define

9, = {(q:,u €R: Oy Hy(x,u) =0 and 92, H,(z,u) = O}

Recall that (ay,by,) is a regular value for G, so we have that Q,, is discrete, hence countable.
As a consequence, also H,,(Q,,) is countable.

This holds for all n € N, hence P = |J,,cy Hr(Qr) is countable, proving Claim 2. v
Define, using [((CNH)|
Hy = sup H(z,u)| = max H(z,u
LT eu)eRx U] H@ W= e B8y (H @]

and note that the set |H1 + U + 3 U?,+oo[ \ (¥ U P) is not empty by Claim 2 and (3.32).
Choose H in this set and with this choice, items and [5| hold by construction.

Claim 3: Item [3] holds.
Fix n € N and (z,u) € R? such that |u| < U. Then,
thanks to Claim 1 ensuring that |a,| <1 and |b,| < 1,

H(x,u)‘ < H; < H. Moreover,

|Hp(z,u)| < [H(z,u)| +U+éU2 §H1+U+%U2 <H

proving Claim 3. v
By|(UC)|, we have a V' € R such that for (z,u) € R?if |u| > V, then |H(x,u)’2H—|—1>FI > 0.

Claim 4: Item |4 holds. Given this choice of V' and assumption , we have that for
u>V, H(z,u) > 0. Fix (z,u) € R? with u > V. We have H(z,u) = |H(z,u)| > H and
since for all n € N, a,, < 0, b, < 0, we also have H,(x,u) > H(x,u) > 0. Claim 4 is proved,
as is Lemma O
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Lemma 3.3. Let H satisfy[(C3)H(CNH)H(UC)| and moreover

VzelR lim H(z,u) =+oc0. (3.35)

U—-+00

IfU, V and H are positive real numbers such that

V (z,u) € R? u € [0,U] = H(z,u) < H, (3.36)
V (z,u) € R u>V = H(x,u) > H, (3.37)
V(z,u) e R*  H(zr,u)=H — VH(z,u)#0, (3.38)
V (z,u) € R &ﬁg: Zi i (I)_I } — 02, H(x,u)#0. (3.39)

Then, there exists a stationary solution uy € L®°(R;R™T), in the sense of Definition to
Opu+ 0, H (z,u) = 0 that satisfies H (z,uy(z)) = H (so that uy attains values in |U, V).

Proof of Lemma In the construction below we refer to Figure [3.1

Figure 3.1: Left, the level set H(x,u) = H, with 4 denoting the regions where H (z,u) = H.
Right, the dashed line is the graph of u,: the diamonds indicate the positions of the points
that, along the x axis, constitute the set X defined in (3.40)).

Claim 1: There exists u; > 0 such that H(X,u;) = H and 0,H (X, u;) > 0.
Define
U:={uelU-+ocl: forallve[Uu] H(zv)<H}.

Clearly, U € U and V is an upper bound of . Define u; := supU. By H(X,u) =

H
and 0, H(X,u1) > 0. By (3.38), VH (X, u1) # 0 while |[(CNH)| ensures that 0, H (X, u;) = 0.
Hence, 0, H(X,u1) > 0, proving Claim 1. v

Call 7, : R x R — R the canonical projection 7, (x,u) = x. Introduce the set (correspond-
ing to the diamonds in Figure right)

X = R\{zeR: ifueRy issuch that H(z,u) = H then 0, H (z,u) # 0} (3.40)
= g ({(x,u) €ER xR, : H(z,u) = H and 0, H(z,u) = 0}) .
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Claim 2: X is finite.

The set {(z,u) € R x Ry: H(z,u) = H and 0, H (x,u) = 0} is closed by contained
n [—X,X] x [U,V] by the choice of H and consists of isolated points (apply the Inverse
Function Theorem to (z,u) — (H(z,u) — H,0,H(z,u)) and then use and (3.39)).
Hence, it is finite and so is its projection on the x axis. The proof of Clalm 2 follows v

Define y, := inf ) where, denoting co(A) the convex hull of A and using the notation ([2.1)),

Ju piecewise C!, u: [y, X] — R, such that
) ux) =u
Y:=qye€[-X, X]: (ii) H (z,u(z)) = H for all z € [y, X] . (3.41)
(7i7) Oy, H(m,u(m ) >0 for all z € [y, X]
(iv)Va € [y, X] Vk € co{u(z ),u(m—i—)} ® (z,u(z—),k) >0
Above, u piecewise C! on [y, X] means that that there exist finitely many pairwise disjoint
open intervals I, such that [y, X] = (J I, u, € C°(I;;R) and ujf, € C'(Iy;R).

Claim 3: y,. € ).

The Implicit Function Theorem and Claim 1 ensure that ) contains a left neighborhood
of X, so that ) # (). Moreover, Y C [—X, X], so that y, = inf ) is finite.

If X = (0, define § := X. Otherwise, note that there exists § € ) such that § <
min(X N ]ys, X]), since X is finite by Claim 2 and by the properties of the infimum. In both
cases, there exists a map w satisfying (i), (ii), (#4i) and (iv) in defined on [y, X]. An
application of the Implicit Function Theorem, since |y., y] N X = (), allows to extend u down
to yu so that v, 7 is C!. Hence, 3, € Y, proving Claim 3. v

Call uy the map corresponding to y. € ) as defined in (3.41) and set u, 1= w4 (y«).

Claim 4: y, = —X

Assume y, > —X. Then, consider first the case 0,H (y«, us) # 0. The Implicit Function
Theorem ensures that u, can be extended toward left in a C! way (so that the properties
defining ) remain trivially satisfied), contradicting the above construction.

Consider now the case 9, H (y«,us) = 0. Again, the Implicit Function Theorem and the
assumptions ensure the existence of ¢ > 0 and of a function ¥ such that H(y,v) = H
with y € Jy, —€,ys +¢] and v € Ju, — €, u, + €] is equivalent to y = J(v). Direct computations
show that y, = J(us), 0 = ¢'(u,) and, by (3.39), ¥”(us) # 0. Moreover, y = 9 (u(y)) for
y > y«. Hence, 9" (uy) > 0.

There exists e, > 0 such that for all u € Ju, — ey, ux + 4] \ {us}, F(u) > y.. Hence, for all
U € JUus — €4, Us + &4, if u # uy then H(y.,u) # H.

Case 1:  Suppose that H(y.,u) < H for all u € Ju,, us + &4].
Introduce B
Vi= {UG [, +00[: YV € [us,u]  H(ys,v) §H} . (3.42)

V # 0 since [uy, ux + e[ € V. By (3.37), V is bounded above by V and we can introduce

vy 1= sup V, which is finite. Note that for u near to v,

H(ys,u) < H for u < v, H(y.,vi) = H H(yx,u) > H for u > v,
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showing that v, is neither an isolated point of maximum nor an isolated point of minimum
of u — H(y.,u). By (3.39), it then follows that 9, H (ys,vs) # 0 and, hence, 9, H (ys, vs) > 0.
Apply now the Implicit Function Theorem on the level set H(z,u) = H in a neighborhood of
(Yx, vx), Obtaining a map u = 1(x) defined on |y, — 7, y« + n[. Define

ub : [y*_777X] - R*

b(@)  welys —n,
v {um) v € [y, X]

Clearly, u’ is piecewise C'. Moreover, it satisfies (4), (%) and (4ii) because u, and v (thanks to
the definition of v, as the supremum of V) satisfy them. Concerning (iv): if y < y., simply note
that 1 is C'; for y > y., uy satisfies () and at y = y, we have u”(ys4) = s, ©°(ys—) = vs
and by the definition of vs, v, > wu, and for all k € Ju,, vi[ by , H(ys, k) < H = H(ys, vs).
This implies y. —n € Y , which contradicts the choice y, := inf ).

Case 2:  Otherwise, since u — H(y«,u) is continuous, a connectedness argument en-
sures that H (y.,u) > H for all u € Jus, us + £4].
We have 0, H (y«, us) = 0, so 82, H (y., us) > 0 and by (3.39), 02, H (y«,us) > 0. Thus, for all
U € |uy — €4, us], H(ys,u) > H. We now proceed as in the case above. Introduce

V::{ue[o,u*]ZV’UE[U,U*] H(y*7v)2g}

V # 0 since Juy — ey, u] € V. By (3.36), V is bounded below by U and we can introduce
v = inf V, which is finite. Note that for u near to v,

H(ys,u) < H for u < v, H(ys,ve) = H H(ys,u) > H for u > v,

showing that v, is neither an isolated point of maximum nor an isolated point of minimum
of u— H(y«,u). By , it then follows that 9, H (yx, v«) # 0 and, hence, 0, H (y«, v«) > 0.
Apply now the Implicit Function Theorem on the level set H(x,u) = H in a neighborhood of
(Yx, vx), obtaining a map x +— 1 (z) defined on |y, — 1, ¥« + n[. Define

W [y —n,X] — R*

. = {w) T € [Ye — 1, ysl

uy(z) €[y, X|
Clearly, u” is piecewise C'. Moreover, it clearly satisfies (i), (i) and (iii) because u, and
1 satisfy them. Concerning (iv): for y < ., ¥ is Cl; for y > ., u, satisfies (iv) and at
Yy = yx we have ub(yﬁ—) = Uy, ub(y*—) = v, and by the definition of v, v4 < us and for all
k € Jus, vi|, H(ys, k) > H= H(ys,vs). This implies y. —n € ), which contradicts the choice
Yy« := inf ). Claim 4 is proved v

Conclusion.
First, extend u4 on |—oo, —X] setting it to be constant and, separately, on [X, +oo[ also
setting it to be constant. Note that u is of class C! both on a neighborhood of —X and on a

neighborhood of X, since by [((CNH)| 0, H(+X,u) = 0 for all u and thanks to (i) in (3.41)).
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Then, we verify that u; is a Kruzkov (stationary) solution in the sense Definition
(Recall the notation introduced in (2.1). Let k € R, ¢ € C}:([O, T[] x R;Ry) and define:

+o0
A= / ‘u+ — k| Oyp(t,z) dz dt ;

(z,uy(z
/ngn(Jr() k) 0,H(z,k)dz o(t, z); f‘u_l’_ — k| ¢(0,2)dx .

) k) Owp(t, x) da

We show that A + f0+°° (B(t) + C(t)) dt + D > 0 considering the different terms separately.

+oo
A= /R |ug () — k}/o Orp(t,z)dt doe = —/R lug () — k| (0,2) dz = —D.

Call p1,p2,...,pn (with p; < piy1) the points of jump in x — u,(z), they are finitely many
by the Definition (3.41)) of ) and that of u,. For later use, let pg := —X and pp+1 = X.

We know that uy € CH(|ps, pi+1l;

R) N CO([ps, pir1];R) for i = 0,...,n. Consider the case x

different from all py,...,p, and, using [26, Lemma 3], compute

d
@q) (z,uy(z), k) =

02® (z,us (), k) + 0u® (z,us (), k) Opuy(x)

sgn (uq(z) — k) (@CH (z,uy(z)) — 0, H (, k))

+sgn (uy(z) — k) 0,H (2, ut(x)) Opus(z)
—sgn (uq(z) — k) 0.H (z, k) (3.43)

since, by the definition of uy, H (z,u4(z)) = H. Fix t € Ry and compute:

— 00

D1 n—l
B(t) = / P (2, uq(2), k) Opp(t, z) da + Z/ P (z,uq(2), k) Opp(t, z) da
i=1 7P

= @ (o)) plton) - [

£<I> (z,us(2), k) @(t, ) do

— 00

+Z( Pit1, Uy (Pit1—), k) o(t, piv1) — @ (pis ur (pit), k) s@(t,pi))

n—1

pz+1d
DY

=1

(z,uy(z), k) (t,z) dz

+ood

& (pu, s (put), k) ot ) — / L& (2,0 (2), ) ot 2) da

n

dx

n

= > (fI) (Pis s (pi=), k) — @ (pi, g (pi+), k‘)) (t, pi)

=1

+/ngn (uy(z) — k) OH (z,k) p(t,z) dz [by (3.43)]

= > (q’ (pis uy (pi—), k) — @ (Pi,u+(pi+)vk)) o(t,pi) — C(1).

i=1
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We thus obtain
+oo 400 M
A—i—/o (B(t)+ C(t))dt+D = /0 ; (‘1) (pirur(pi—), k) — @ (piau+(Pi+),k)) o(t,pi)dt

and we compute the generic i-th term of the latter sum as

@ (piau—i-(pi_)?k) - (p,;,u+(p2-+),k) (3'44)
= sgn (uy(pi—) — k) (H—H(pi,k)) —sgn (uy(pit+) — k) (H— H(pi, k))

where we used H (ac,u+(:u)) = H for all z. Clearly, if k & co {u+ (pi—), u+(pz-+)}, the latter
term vanishes. Assume k € co {uq(p;—),us(pi+)}. Then, property (iv) in ensures
that sgn (uy(pi—) — k) (H — H(pi,k)) > 0. On the other hand, being k between u (p;—)
and uy (pi+), sgn (us(pi+) — k) = —sgn (uy(pi—) — k), so that the difference is non
negative and so is the test function .

The proof of Lemma is completed. ]

Lemma 3.4. Let H satisfy[(C3)H(CNH)H(UC)| and moreover
VzelR lim H(z,u) =—00. (3.45)

U—>-+00

Let U and V be positive real numbers and H be negative such that

VY (z,u) € R u € [0,U] = H(x,u) > H, (3.46)
V (z,u) € R u>V — H(z,u) < H, (3.47)
V(z,u) € R? H(x,u)=H == VH(z,u) #0, (3.48)
V (z,u) € R? auggz 3 z (])-{ } — 02 H(x,u)#0. (3.49)

Then, there exist a stationary solution uy € L®(R;R™) to dyu+ 0 H(x,u) = 0 in the sense
of Definition that satisfies H (z,uy(z)) = H.

When is replaced by , the above procedure can be repeated with essentially
only technical modifications. We list below the various steps, omitting the details. We stress
that it is critical that the case below be treated “from left to right”, i.e., from —X to X,
corresponding, with the terminology of the previous proof, to y. = sup ).

Proof of Lemma (3.4, Referring to the proof of Lemma [3.3] we only describe below the

necessary modifications when ([3.45)) substitutes (3.35).

Claim 1 is modified to: There exists a real u; > 0 such that H(—X,u;) = H and
OH(—X,up) <0.
Introduce the set

X = R\{zeR: ifueRy issuch that H(z,u) = H then 0, H (z,u) # 0}
= Tz ({(l’,u)GRXR+2H([L’7U):H—and auH(.'L',U):O})
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Claim 2 is modified to: X is finite.
Define y, = sup YV, where, using the notation ({2.1)),

Ju piecewise C!, u: [-X,y] — R, such that
(1) w(=X)=u
YV:=qye[-X,X]: (ii) H(z,u(z)) = H for all z € [-X, ]

(i7i) O, H (a: u(z)) <0 for all z € [ X, y]
(iv) Vo € [-X,y] Vk € co{u(z—),u(z+)} @ (z,u(z—),k) >0

Claim 3 is modified to: gy, € ).
Claim 4 is modified to: y, = X.

Conclusion. No change in necessary. ([l

Lemma 3.5. Let H € C?(R%;R) and hold. Let u be a stationary solution to
in the sense of Definition . Then, for any C* entropy — entropy flux pair (E,F), in the
sense of Definition [2.3, with E convez, the entropy production distribution

P:xw— —0, (F (z,u(m))) — F' (u(z)) 0:H (z,u(x)) + 0o F (z,u(x)) (3.50)

s a positive measure and satisfies for all r € Ry

/_rdP(CU) = F (=r,u(=r)) = F (r,u(r)) +/

T T

r

(E/ (uw(®)) 0,H (z,u(x)) — 0, F (m,u(m))) dz .

By Proposition since u is stationary, the proof of Lemma consists in integrating ((3.50))
against test functions that approximate the characteristic function of [—r, r].

Proof of Theorem Apply Lemmato obtain H, V and the sequence of Hamiltonians
H,. Both Lemma and Lemma can be applied to each H,, U, V, H and ensure the
existence of a stationary solution wu, to dyu + 9, Hy,(x,u) = 0 in the sense of Definition
for each n. Moreover, H, (m, un(a;)) = H and u,, attains values in |U, V.

Since: an, b, € [—1, 1], both sequences vanish, and hold, we get

H, — H in C3Rx[UV]LR). (3.51)

n—-+o0o
Given an entropy E € C?(R;R), we can introduce by means of (2.6] the corresponding flux
/ E'(v) 0y Hy(z,v) dv (3.52)

= F(z,u) — an (E(u) — E(0)) — by, E(u)u+ by, /Ou E(v)dv
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Claim 1: For any R > 0 and for any convex entropy EF € C?(R;R), define F,
by (3.52). Then, { Oz (Fu(-yup)) i n e N} is relatively compact in H™!([- R, R]; R).

We apply [37, Lemma 9.2.1], which we adapt here to the present (stationary) situation.
By , using Proposition straightforward computations yield:

Oy (Fo(z,un(2))) = v (@) — pn(a) (3.53)
where
vp(z) 1= —E' (un(z)) 0xHy (2, un(2)) + 0o Fy (@, un(x))
pn(x) == —WF (un(x)) — 0, (Fn (:1:, un(x))) — E'(un(ac)) 0. H, (x, un(x)) + 0. F, (x, un(x)) .

The family (up) isin L*°([0, T1x[—R, R]; [U, V), thus the family (v,,) is bounded in L>°([0, T x
[—R, R];R) by [(C3)hnd it is also bounded in M([0,T] x [-X, X];R). The family (u,) is

bounded in M(]0, ] [-X, X];R) by Lemma Clearly, {896 (Fu(un)) re € ]0,&?*[} is
bounded in W1 ([—~R, R];R). Thus, Murat Lemma [37, Lemma 9.2.1] completes the proof
of Claim 1. v

By [18, Chapter 1, § 9, Theorem 1.46], the sequence (u,) admits a subsequence, which we
keep denoting (uy,), and, for a.e. x € R, a Young measure [I8, Chapter 1, § 9, Definition 1.34]
vz, which is a Borel probability measure on [U, V] and such that

[ ([ st vatw)) (o) a

lim g (un(2)) o(x)dz = /

n—-+4o00o R

for any g € CO(R;R) and for any ¢ € L'(R;R). Clearly, we also obtain that for any ¢ €
L1([0,T] x R;R), we have

ngr—&r—loo/ / un(z)) p(t, z dtdw—/ /(/ ) dvg(w )) o(t,z)dtdx . (3.54)

Claim 2: For any G € C°(R%R) such that G(z,u) = G(—X,u) for all x € |—oc0, —X]
and G(z,u) = G(X,u) for all z € [X, +oo],

Erf / /Gxun tacdtdac—/ /(/wa dvy( )><p(t,x)dtdac.

Recall that u,, € L*(R;[U,V]). By Stone-Weierstrass Theorem [21, Corollary 7.31] for
every § > 0 there exist a v € N and functions fi,...,f, € C([-X,X]|;R), g1,...,9, €
CO([U, V];R) such that

sup G(z,w) — ng(x) ge(w)| < 0. (3.55)
(x’w)e[fva]X[UvV} /=1

Since G satisfies (CNH)| for £ =1,...,v, introducing the functions

fo(=X) forx<—-X
fe(w) = ¢ filx) for z € [-X, X]
fo(X) for x> X

37



we can extend the latter statement (3.55)) to

sup G(z,w) <94.
(z,w)eERX[U,V] g

Recall that the support of v, is included in [U, V] for a.e. z. Then,

//G;run tmdtdx—//(/wadux ))@(t,x)dtdx
//( z, un(@ Z f() (u (m)))go(t,:c)dtdx

IN

//Rng (z)) o(t,z)dtdz

{=1

_/OT/R (/szg w) dvg (w )) o(t,x)dt dz

(=1

/ /(/ —G(z,w) + f( ) ge(w )dvx(w)> o(t,z) dt d

< 26 lellpqoryxrm) + D
=1

T _
[ <ge (o) = [ aew) dum<w>) (fola) (¢, 2)) d da

and each term in the latter sum above converges to 0 by (3.54)), since each f; ¢ is in L([0, 7] x
R;R). Passing to the limsup and using the arbitrariness of §, Claim 2 is proved. v

Claim 3: For any G,, € C°(R%*R) with G,,(z,u) = G,(—X,u) for all z € ]|—oc0, —X] and
Gn(z,u) = Gp(X,u) for all x € [X,+o0[, such that G,, converges to G uniformly on
x U, V],

ngrfoo/ /G 2, un(2)) o(t, ) dtdx—/ /(/wa ) dua( ))go(t,:z:)dtdx. (3.56)

The above assumptions ensure that GG satisfies the hypotheses of Claim 2. Therefore,

[ [ {eremir ([ i)

/ / (z,un(x)) o(t,z) — G (z,un(z)) @(t,x)) dtdz

< 2, un(2)) o(t, ) — (/R Gz, w) dz/a;(w)>> dt dz
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< Gn = Gllus (e x, x1x[uvR) 1PllL(o,11xR:R)

J1 s oo

where we used (3.51) and Claim 2, completing the proof of Claim 3. v

n%+oo

Claim 4: For any entropy E € C?(R;R), there exists a set Qg C R such that R\ Qg
is negligible and for all x € Qp

/R (wF(z,w) — E(w) H(z,w)) dvy(w)

= /Rwdyx(w)/RF(a; w) dvy (w /E ) dvg(w /Ha: w) dvg(w)

where F' is an entropy flux corresponding to F with respect to H, according to
Definition 2.3l
Consider the vector fields

Vi(t,x) == [Hn (Zcﬁfj(m))] Wa(t,z) :=

and assume preliminarily that E is convex. Call F;, the flux corresponding to E with respect
to H,, as defined by .

Fix an arbitrary R > 0. In the present stationary situation, V-V,, vanishes. Moreover,
by Claim 1, V A W, lies in a relatively compact subset of H~'([0, 7] x [-R, R];R). By the
div—curl Lemma [I5, Theorem 17.2.1], we have

lim (V- W,) :( lim Vn> < lim Wn> . (3.58)
n—+o0 n—+00 n—+00

More precisely, applying to the sequences Gy (z,u) = uwF,(z,u) — E(u) Hy(z,u),
Gn(z,u) = u, Gp(z,u) = Hy(x,u), Gp(z,u) = Fy(v,u) and Gyp(z,u) = E(z,u), the fol-
lowing limits hold in the sense of distributions over [0,7] x [—R, R|, the functions being
understood in L2([0,T] x [~ R, R];R), so that their products are in L'([0, 7] x [~ R, R];R):

(3.57)

—E (z,un(z))

lim (V- Wo): (L) o /R (w F(z, w) — E(w) H(z, w)) dvy(w)

n—-+00
. . f w dvg (w)
ngrfoovn(t, z) o (t,x) — [fR Rx ) dym(w)]

lim Wn(t,ﬂj) : (t,x) — fR T, w dyx(w) ]

n—-+o0o

— Jg E(w) dvg(w)

where F is an entropy flux correspondmg to F with respect to H. Since R is arbltrary,
equality (3 ensures that (3.57)) is proved in the case of a convex entropy for all (t,x) € Qg,
for a set QE such that ([0, T] X R) \ Qg is negligible.

39



Note that equality is independent of time and ([0, 7] x R) \ Qg is negligible, hence
we may assume that holds for all z € Qp, where R\ QF is negligible. Claim 4 is proved
in the case of a convex entropy.

Assume now that F is not necessarily convex. Then, we can introduce two convex functions
E,,E_ of class C?(R;R) such that

VweR El(w) := max{E"(w),0}

E'(w) = max{-E"(w),0y 4 Fw)i=Eiw)—E-(w)

These functions are not uniquely defined, since adding/subtracting affine functions of w does
not alter the validity of the latter requirements. Repeating the argument above, for all
r € Qp, NQE_, equality holds also for the not necessarily convex entropy FE, the set
R\ (g, NQg_) being negligible. Claim 4 is proved. v

Call £ the countable set of all polynomials with rational coefficients and define

Q:= (). (3.59)
Ee&

Claim 5: The set () is such that R\ € is negligible and for all £ € C°(R;R) and for
all z € Q, equality holds, where FF* is given by , for any k € R..

For any F € £ and for all x € 0, by Claim 4 equality holds, R\  being negligible.

Let now E € C°(R;R) be fixed. By the classical Stone-Weierstrass Theorem [2T), Corol-
lary 7.31], there exists a sequence E,, in £ converging to E uniformly on [U, V]. Clearly, the
sequence of fluxes F* corresponding to F,, defined by converges to the flux F*, also
defined by (2.6). Since holds in Q for each pair (E,, F¥), it also holds for (E, F¥). By
the arbitrariness of E/, Claim 5 is proved. v

Define for all z € R
u(zx) == / w dvg(w) . (3.60)
R

Claim 6: With reference to (3.59) and (3.60), for all z € €,

/R H(z,w) dvo(w) = H (2, u(x)) . (3.61)

Set for £ € Q, E(w) = ’w - u(§)’ so that by Definition FUO(z,w) := sgn (w — u())
(H(x,w) - H (:n,u(ﬁ))), see also (2.6)). By Claim 5, using (2.1]), we get that for all z € Q

/R (wcb (2, w,u(€)) — H(z,w) |w - u(g)\) v (w)
= (o) [ @ (owu(©) duaw) [ How)dvafw) [ o= u(©)]dva(w)

Rearranging the terms, one gets

/ [(w — u(:v)) i) (m,w,u(&)) — H(z,w) |w — u(:f)” dv, (w)
R
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. /R H(aw) duy (w) /R 10— (&) dva(w)

Choose © = &, use (2.1)) to get (fR H(¢, w) dvg(w) — H (§,u(§))> Jg |w = w(&)| dve(w) = 0.
Either the first factor vanishes, or v¢ is Dirac delta at w(£). In both cases, using (3.60) and
the arbitrariness of £, Claim 6 is proved. v

Claim 7: The sequence u, converges to u, as defined in , a.e. in R.

(The content of this step is heavily inspired by [23, Section 5.4]).
From Claim 5 and from in Claim 6 we obtain that for all z € (), as defined in ,
and for all E € CY(R;R)

/ [(w — u(x)) F(z,w) — (H(x, w) — H (=, u(x))) E(w)] dvp(w) =0  (3.62)
R

where F' is as in (2.6)), for any k. For a.e. x € R, v, is a probability measure and the maps
w — w—u(z), w— H(z,w) — H (z,u(x)) are sufficiently regular to ensure that the set
functions

oz (S) ::/ (w—u(z)) dvy(w) and  B.(S) = / (H(:U,w) - H (x,u(:v))) dvg (w)
S S
(S being any Borel set) are finite Radon measures. Hence, the two maps

Ay (v) = ag(]—o0,v])  and  Bg(v) := By(]—00,v]) (3.63)

are in BV(R;R). Since sptv, C [U, V], then A,(v) and B;(v) vanish for v < U and attain a
constant value for v > V. Moreover, implies that a;(R) = 0 while in Claim 6
implies that 8;(R) = 0. Therefore, for all z € R, both A, and B, are supported in [U, V].
An integration by parts, see [20, Theorem B] (in particular the remark at the bottom of [20,
p. 422]), then ensures that from equality we can deduce

/A 8F$wdw—/B ) E'(w) dw

and therefore

[ B'(w) 0uH (2. 0) 4 dw—/E ) duw

In the above equality, E can be any C' function, E’ can be any continuous function, hence
OwH (z,w) Az(w) = By(w) for a.e. (z,w) eR xR. (3.64)
Furthermore, we have that
(H(m,w) ~H (x,u(x))) Ap(w) = (w—u(z)) Bo(w)  for ae. (v,w) ERxR. (3.65)

Indeed, the two sides have the same distributional derivative in w by (3.64)) and (3.63]), while
they clearly coincide when w = u(x). Inserting (3.64]) in (3.65]), we have

(H(x,w) —H (w,u(m))) Az(w) = (w — u(z)) OwH (z,w) Az(w)
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Call [a,b] the minimal (with respect to set inclusion) interval containing the support of v,
and assume by contradiction that a < b. Note that A;(w) # 0 for w € ]a, b[. Indeed, by the
definition of A,(w) and since v, is non negative, the map w — A,(w) vanishes for w < a,
weakly decreases for w € ]a,u(z)[, weakly increases for w € Ju(x),b[, and then vanishes for
w > b. The minimality of [a,b] ensures that A, is non zero in both a right neighborhood of
a and a left neighborhood of b. Simplifying, we thus obtain

<H(a;, w) — H (=, u(a;))) = (w—u(z)) OuwH(z,w) forall w € Ja,b[ and for a.e. z € R.

The latter equality contradicts ((WGNL)| unless a = b, ensuring that, for a.e. z € R, v, is a
Dirac measure, which in turn implies pointwise convergence up to a subsequence by (3.54)),
see [37, Proposition 9.1.7]. Claim 7 is proved. v

Conclusion.

By Claim 7, up to a subsequence, we have the pointwise a.e. convergence u, — u as
n — +oo. The L™ bound uy,(z) € [U,V] for a.e. x € R allows to use the Dominated
Convergence Theorem [21, Theorem (12.24)] in (2.7). By Proposition we get that u is
a weak entropy stationary solution (Definition attaining values between U and V. This
accomplishes the construction of u,, that of u_ is entirely similar. The proof of Theorem
is completed. ]

3.3 Vanishing Viscosity Approximations

Proof of Theorem Let u be a classical solution to (2.20) on I. Clearly, U as defined
by (22.24) satisfies (2.23)), simple computations yield U (0, z) = U,(x) and

U (t, ) + H (z,0,U(t, x))

— /x Opu(t, &) d€ — H (zo, u(t, o)) + € Opult, zo) + H (z,u(t, z))

= [ (0B (€ t,9) + 020t ©) A€ —H (st ) +e Deutt, o HH (r,ut,)

= —H (z,u(t,z)) + H (zo,u(t, o)) + € Opult, x) — £ Dpu(t, z,)
—-H (xo,u(t, xo)) +edyu(t,x,) + H (:L“,u(t, x))
= ¢92,U(t,x),

thus U is a classical solution to (2.21)) on I, proving Item . Verifying [tem is immediate,
completing the proof of Theorem [2.11 O

Lemma 3.6. Fiz T,e > 0. Let H satisfy[(C3)| and [[CNH)|. Assume there exist bounded
classical solutions u™ on ]—oo, —X|[ and u™ on |X,+oo[ to (2.20). Then, setting Qy =
({0} x J—o0, =X]) U ([0, T] x {=X}) and Q% = ({0} x [X, +o0[) U ([0, T] x {X}),

SUPq ‘ui‘ = max|Sup;<_x ‘UO(@‘a SUPie(o,T7] ‘U(ta _X)‘} ; (3.66)
Supq ¢ ‘uﬂ = max {Sup,>x ’uo(x)‘, SUDPte(0,7] ’u(t,X)‘} .
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Proof of Lemma We consider only the case of maxima of u* in [X, +oc[, the same
procedure applies to v~ in |—oo, — X[, while straightforward sign changes apply to the case
of a minimum. We follow the general lines of [22, Theorem B.1] and [23], Chapter III].

For n €]0, 1], define

vy [0, T]x[X,4o00] — R

(t , x) — u(tvx)_n(Qé‘t—f-%(nx)Q)_ (3.67)

By the boundedness assumption on u*, it follows that v, attains its global maximum at a
point (t,,z,) € [0,T] x [X,+oo[. Three possible cases are in order.

Case 1: ¢, =0 and z, > X.
For all (¢,z) € [0,T] x [X, +oo[ we have

1
Uﬁ(tax) < Un(tm 3377) = UT](Ov 3377) = u(van) - 5 773 .7)772 < U(O,J?n) < g;lgu(oaf)

so that

u(t,z) =vy(t,x) +n <2z—:t + ;(nac)2> < gggu(O,f) +n (26t + ;(77:6)2> . v (3.68)

Case 2: t, € [0,7] and z, = X.
For all (¢,z) € [0,T] x [X, +oo[ we have

1
{82 < vty ) = vty X) =ty ) =1 (2604 5 01X ) < (e, X) < s (s, X)
T€|(0,

so that

u(t,z) =vy(t,z) +n (28t+ % (7’]56)2> < sup u(r,X)+n <25t—|— % (nx)2) . v (3.69)
T7€[0,T

Case 3: t, €10,7] and z, > X.
Then, by the choice of (t,,xy), Opvy(ty, xn) > 0, Opvy(ty, ;) = 0 and 92, v, (ty, zy) <

0. Equivalently, dyu(t,,x,) > 2en, uulty,zn) = 3z, and 02, u(t,,z,) < n3. Hence,
using ((CNH)| 0, H (zy, u(ty, z,)) = 0 and

<8tu + 0, (H(z,u)) —¢ Oixu)

[t=ty,x=2y

= Oty vy) + 0uH (zp,ulty, 7)) + OuH (2y, ulty, 7)) Opulty, xy) — € Dogulty, z,)

> 2en+ 0uH (2, u(ty, z,)) n’ x, —en’

> 2en—n |a:77‘ sup ‘auH(acn,v)‘ —en’. (3.70)

[vl<Ilull oo (0,77 x] X, + 0o [sR)

To obtain a strictly positive lower bound for the right hand side (3.70)), recall that v, (t,, z,) >
vy(X,0) which, together with (3.67)), implies that

L 31 2 L 352 1 59
57 [aal* < ulty, @) = w(X,0) = 26ty + 5 1° X2 < 2l o176 ooy + 570 X
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whence

2 || < \/4 [l o0 (0,77 x [ 400[R) T 17 X2 (3.711)
Use now (3.71)) in (3.70) and |((CNH)| to obtain

(8tu + 0:H(z,u) —¢ 8:3:;:“)

[t=ty,z=x

> 2en—n? \/4HuHLoo([oyT}X]X,JFOO[;R)+773X2 sup |0,H (X, )| —en?
[vI<I[ullLoo (0,17 x) x4+ 00 R)
showing that (8tu + 0. H(x,u) — 58§xu)|t_t vy > 0 for all sufficiently small n > 0. This
/]
contradicts the choice of u, hence Case 3 is not to be considered. v
From ([3.68)) and (3.69)), we thus obtain that for all (¢,z) € [0,T] x [X, +oo[ and 1 € ]0, 1],

£>X r€[0,T] 2

1
u(t, z) < max {sup u(0,€), sup u(T,X)} +7 <2€t + (nx)2> .
Passing to the limit 7 — 0, we complete the proof of Lemma [3.6] O

Corollary 3.7. Fiz T,e > 0. Let[(C3)| and [[CNH)| hold. Choose a bounded initial datum
u, € CO(R;R). Assume there exists a bounded classical solution u to (2.20) on R. Then,

, sup ‘u(t,aﬁ)‘} )

sup  |u(t,z)| = max {sup |uo()
z€R 0.T)x [~ X,X]

(t,z)€[0,T]xR

Proof. Define u™, respectively u~, the restriction of u to [0,7] x ]—oo, —X|[, respectively
[0,T] x | X, +oo[. Apply Lemma to complete the proof. O

Corollary 3.8. Fiz T,e > 0. Let H satisfy [(C3)| and [[CNH)| Choose an initial datum
U, € CYR;R). Assume there exists a classical solution U to (2.21)) on R which is also
Lipschitz continuous. Then,

sup }(%;U(t, x)| = max ¢ sup |U)(z)], sup }8IU(t, x)| .
(t,z)€[0,T] xR z€R (t,2)€[0,T)x [— X, X]
Proof. By Theorem [2.11] with I = R, it is sufficient to apply Corollary [3.7] to 9,U. O

Proof of Theorem Define the € independent quantity

A= U | oyt sup [H(E D) (3.72)
|€1<X
|p‘S”U</’HL°°
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Claim 1: The following bound on 9;U holds uniformly in e&:

10U | oo (0,7 xRsm) < A - (3.73)

The function ¢ := 0;U is a classical solution to the linear parabolic Cauchy Problem

Orp + OuH (2,0,U) Opp = € 02,0
©(0,2) =0 U(0,z) .

The standard comparison principle, see e.g. [I7, Theorem 8, § 7.1.4], ensure for ¢ € [0, 7] the
bound ¢(t, z) € [infeer ¢(0,8), supger ¢(0, )] and, equivalently,

o U(t,z) € [inf 0,U(0,&),sup 9,U(0,&)] for all (¢t,z) € [0,T] x R. (3.74)
€ER €CR

Introduce
Yt o [0,T]xR — R (3.75)
(t,x) — Uo(x) £ At.

so that (0, z) = U/(x). Moreover, since ¢ € ]0, 1],

Ot +H (2, 0,0 )~ 02,0 = A+H (2,U}(x)) —eUY(x) > A+H (2,U}(x)) | ()| 20
O™ +-H (2, 0,0 )~ 02, = — A+ H (w,U}()) — UL (x) < —A+H (2, U () +[UZ ()| <0

proving by (3.72]) that ¢, respectively ¢~ is a supersolution, respectively a subsolution
to (2.21)), so that the standard comparison principle for regular functions, see for instance [34,
Proposition 52.6], yields ¢~ < U < ¢*. By (3.75), —A < 1 (U(t,z) — Uo(z)) < A and in
the limit ¢ — 0+ we obtain HatU(O)HLOO(R;R) < A which, together with (3.74) completes the
proof of Claim 1. v

Claim 2: For all n € C*(R;R) with ” > 0, define w(t,z) := 7 (0,U (¢, z)). If arg maxw #
(, then for any (t*,z*) € argmaxw with t* > 0,

U(t*,$*))2 - n (8$U(t*,.%'*>)

1—¢ 77l/ (81/_(](1:*’ JJ*))

(1 (x*,@xU(t*,x*))>2 <@ 0, H (a*,0,U(t",a")) . (3.76)

Since U is a solution to (2.21)) in the sense of Definition we can compute:

dw(t,z) = 1 (8:U(t,z)) QA U(t, x)
dw(t,x) = 1 (0,U(t ) 02Ut x)

R2wt,z) = 0 (0.U(tx)) (ang(t, :c)>2 o (0.U(tx)) 3,,U(t )
duw(t,z) = e <8§xw(t, ) =" (0.U(t, z)) (8§xU(t,x)>2>
—n' (8,U(t, @) 0,H (z,0,U(t, x)) — OuH (2, 0,U(t, %)) Opw(t, )
where we used to get to the last equality. Therefore,

Ow(t,x) + OuH (2, 0,U(t,2)) Opw(t,z) — £ 9% w(t, x)
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= (.U (t2)) 0H (2, 0,U(t,2)) — én" (0.U(t,2)) (80 (t,2) + H (2,001 x)))2

Use the inequality (a + b)? > (1 — a)a® + (1 - é) b%, that holds for a,b € R and o > 0 with
a=0,U(t,z), b=H (z,0,U(t,z)) and a = 1/(1 — €) to get, by the convexity hypothesis on 7,

Ow(t,z) + 0uH (z,0,U(t,x)) Opw(t,z) — € O2w(t, )
< — (&U(t, ac)) 0. H (x,@xU(t, x))

—én” (0:U(t, ) (—16_8 (U (t,2))* += (H (xvaxU(t°x)))2> '

Compute the above terms at (t*, z*), where d,w(t*, 2*) = 0, S (t*, 2*) > 0 and 02, w(t*, z*) <
0 to obtain (3.76)). Claim 2 is proved. v

Claim 3: There exists a constant B such that for all £ € ]0,1/2[ and for all T € R,

10:Ull Lo (jo,11xRiR) < B- (3.77)

By means of a function

re CHR;R), reven, r'(v)>0forveRy and r(v)> sup |0,H(z,u)|. (3.78)

zeR
ul<[v|
define the maps 9 and n on all R so that
V' (v) =v (1 +7(v)) .
{ 9(0) = 0 and n(v) :==expI(v). (3.79)

Note that 1 is even, hence also 1 is. We also have

n'(v) = V'(v) expd(v)
') = ()" +9"w) exp(v)

Hence, n satisfies the assumptions of Claim 2. By Corollary we have 2 cases.

and  ¥'(v)=1+7r@)+ovr'(v)>1. (3.80)

Case 1: sup(; ,)c(0,7]xR |0:U (t,2)| > sup,eg |US(2)|.

Then, by Corollary and [(C3)]

sup o, U(t,x)| = sup o, U(t,x)| = max oU(t, ).
(t,x)E[O,T}XR‘ U )‘ (t,x)e[O,T}x[fX,X]‘ U )‘ (t,:v)e[O,T]X[fX,X]‘ U )‘

Hence, arg max|y r)xg [0-U| is non empty. If (t*,2%) € argmaxy 1« [0:U|, then t* > 0.
Moreover, 7 is convex and even, so that (t*,z*) is also a point of maximum of w, as defined

in Claim 2.
By Claim 1, Claim 2 and (3.78)—(3.79)—(3.80)), setting v* = 0,U(t*, z*) and, for ¢ < 1/2,

v 2 A2 N 19/(’0*) o u*
(H( ’ )) = 1—¢ (ﬁ/(v*))2+§//(v*)amH( v7)
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V' (v”)

< 242+ r(v*
(9(v))* + 9 (v*) )
< ooas [v*] (1 +7(v*)) r(v*)2
1+ (v* (1 + T‘(U*)))
< 24%+ | (1Lt 7o) 2
1+ (U* (1 + r(v*)))
1 for |v*|>1
< 24%+ { (1 +7"(1))2 for |v*|<1

and the latter bound above is uniform in € and 7', so that we obtained (H (:U"‘,v*))2 <
2A? + max {1, (1+ r(l))Z} <247+ (1+ r(l))2. Proceed as follows:

0=V (" a)| SU o By [(TO)]
|0:U(t,2)| <U A (1 () [By the choice of (t*, z*)]

Claim 3 is proved in Case 1 with

Bl (3.81)
Case 2: sup(; z)c(0,7]xR |8xU(t, yc)’ = SUP,cRr ’Ué($)|
By the Definition (3.72) of A, we have ’H (z, U(’)(x))‘ <AL \/2142 + (1+ 7"(1))2 for any

x € R. Thus, by [((UC)|and by the Definition (3.81) of B, we have that }Ué(a:)‘ < B for any
z € R. Hence, finally, sup( ,)co,r)xr |0:U(t,x)| = sup,eg |U(z)| < B, proving Claim 3 also
in Case 2 and completing the proof of Theorem ]

Recall, see e.g. [23] § 3.2], for € € |0, 1] the heat kernel and its basic properties

HE : R+ xR — iR fR ’]—[8(1‘/7 g;) dr = 1 ;
( e~ /(4e) (3.82)
,T) Jincl Jg |0:He(t, z) | dz = 1/\/7rst :

Below, we obtain the well-posedness of the parabolic approximations (2.20)) and (2.21), first
in the Conservation Law case.

Proof of Theorem Throughout this proof, we keep ¢ fixed and omit it.

Claim 1: Problem (2.20) admits a local solution in the sense of Definition .
Let T be positive and introduce the linear map F: V — V where

YV = QveCY0,T] xR): sup ‘v(t,@ — (H(t) * uo) (SC)‘ < 1}
(t,2)€[0,T] xR
t

(3.83)
(Fo)(t,z) = (’HE(t) * uo) (x) —/0 /Rax’HE(t —r,x—&) H (f,v(T,ﬁ)) dédr .
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We now choose T' so that the Banach Fixed Point Theorem can be applied. Clearly, V is
closed. It is also invariant with respect to F. Indeed, using (3.82]) one proves the continuity

of Fv and the estimate

IN

(Fo)(ta) = (He(t) % o) ()

I

t
//|617-[E(t—7',x—§)‘d§d7 sup
0o Jr

l€]<X

OM(t = 7.2 =€) H (¢v(r,©))| dedr

IN

H (&, w)

[w|<1+|uoll 00 ;R)

t
1
_ / dr  sup  H(Ew)
0 VTET lg1<Xx
[w|<1+|uollp,00 ;r)
2
= VT sup H(& w).
Ve l¢1<Xx

[w]| <1+ |00 (m;R)

Entirely similar estimates show that F is Lipschitz continuous:
|[(Fua)(t,z) — (For)(t, )]

/t/ ‘(%’He(t—T,x—f)”H(ﬁ,vz(T,f)) —H(&,vl(r,f))‘dng
0o Jr

IN

IN

2
VT su OuH (&, w V2 — V1|1 00 (R.RY -
N IE\SI;( | (€ )‘ [ve — vy, (R;R)

[w]| <1+ uo || 00 (m;R)
Choosing T positive and such that

2vT sup H(,w)<1 and 2vT sup ‘OuH(g,w)‘ <

VTE le|<x - Ve le|<x

<1+l oo e folst e e

DN |

an application of Banach Fixed Point Theorem ensures the existence of a map u

. (3.84)

€ V such

that u = Fu, so that u solves (2.20)), see for instance [22, Theorem B.1 and Lemma B.3] for

a similar case. Claim 1 is proved.

v

Below, we exploit the fact that (3.84)) actually depends on u, only through its L> norm.

Claim 2: Problem (2.20) admits a global solution.

Introduce

Tr, :=sup {7 > 0: (2.20) admits a solution in the sense of Definition 210 on ]0,7[} .

By Claim 1, we know that T}, is well defined and that 7, > T as defined in (3.84)).

We prove

that T,,, = 400 assuming that 7}, < +o0o. Let C be the constant given by Corollary [2.13]
which can be applied since u, is actually required Lipschitz continuous. Fix 7 > 0 so that

Y

21 2T
sup H(w) <1 and sup O H (&, w)| <
VT E ¢eRlw|<CH+1 ’ ’ VT E ¢eRlw|<CH+1 ‘ ! ’

N |
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and note that T,, > 7 by Step 1. Set 7, = T), — 7/2, so that 7, € ]O,Tm[. By the
choice of T}, there exists a solution u to (2.20)) in the sense of Definition on |0, 7, X R
and by Corollary [2.13 n [ullgoe((0,mm]xriR) < C- Applying Claim 1, since @ — u(7m, ) €
C?(R; R) N L>®°(R; R), we can construct a solution u, in the sense of Definition m to

{ O + 0, H(x,v) = ¢ 02,0

(T, ) = (T, ) -

The concatenation

w(t, z) = u(t,z) if 0<t<m,
) we(tx) if T <t< T+ T

of classical solutions to ([2.20]) is, by construction, C! in time. This implies that w solves ([2.20)
in the sense of Definition on ]0,T,, + 7/2[ x R, which contradicts the definition of T,,,
completing the proof of Theorem [2.14 O

3.4 Passing to the Limit

Proof of Theorem Passing to the convergence of vanishing viscosity approximations,
the case of Hamilton—Jacobi equation is standard.

The existence of Uy, (for sufficiently large n) follows from Corollary[2.15] The bound
in Theorem ensures that Ascoli-Arzela Theorem [17, § C.7] can be applied on every
compact subset of R. x R. Use a diagonal argument to obtain U, as the limit of a conver-
gent subsequence. Clearly, U, is Lipschitz continuous with the Lipschitz constant provided
by . Proving that U, satisfies Definition is classical, we refer for instance to [4]
Chapter 2] or [17 Chapter 10].

By Theorem [2.8] U, is independent of the particular subsequence, hence the whole se-
quence Ug, converges to U,. O

Proof of Theorem

Claim 1: The map ¢+ / ,u. is bounded in L} (R} x R;R).
We now prove that for every positive T' and R there is a constant Cr g such that

H\/Eal’uaHLQ([O,T]x[fR,R];R) < Crr.
For all ¢ € CL(R;R) and for all ¢ € ]0, T[, by (2.20) we have

/Otus t:n)d:n—l—s/@ustw)@xcp(t x) dx
/ A (H (ZL‘ ue(t, m))) o(t,x) do .
R
Choose p(t, z) = us(t, ) Yp(x)? where v € CX(R;R), Gip(x) = 1 for = € [ R, ], () =
0 whenever |z| > R+ 1 and [¢(z)| < 2 for all z € R. By direct computations, using

also ([2.20)), from (3.85)) we get:
L et i) s+ [ (V20 et ) vn())
R R

(3.85)

2dt
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= E/R(Ug(t,l') 1/13%(58))2(196—/]1{63; (H (m,ug(t,x))) ue(t, x) wr*(x) do

so that, integrating also over ¢ on [0,7] and using the definition of ¥g, we have

(Hﬁa‘”us L2([0,T]x [~ RR]R)>2

[ (V2 ety vt

= 5 [ Gty vn@)? e - ) [ (emoyon) e [ [ ) v aar
/ / (z, ue(t 1:))) ue(t, ) Yp2(x) de dt

< \|uO||L2(M) +8e M- / / (r.ue(t,2))) we(to2) (@) do dt, (3.86)

IN

where M is as in (2.26)) from Corollary To bound the latter term, introduce the function

ue (t,x)
f(t,z) = / v Oy H (z,v)dv
0

defined for (¢,x) € [0, 7] x R. Note that by Corollary

M
‘f(t,m)‘ < / |v| sup }auH(ﬁ,w)‘ dv < M? sup ‘(%H({,w)} . (3.87)
M {|<R+1 |€|<R+1
ful<M ol<M

Moreover,

ue (t,z)
Ouf(t ) = ue(t,x) OuH (z,uc(t,x)) Opuc(t,z) +/ v 02, H(z,v) dv
0
e (t,z)

= 0, (H (:U,ug(t,:n))) us(t, @) — O, H (z,us(t, ) us(t, :1:)—1—/0 v 02, H(x,v)dv
hence

ue (¢,x)
Ox (H (z, ug(t,x))) us(t,z) = 0, H (2, uc(t, 2)) uc(t, ) —/0 v 02, H(z,v) dv+ 0, f(t,z) .

Multiply by ¥p?(x), integrate over [0,T] x R and take the absolute value:

(z,us(t :L'))) u(t, x) g% (x) de dt

/8 H (z,uc(t, @) us(t,z) YR2(z) dx dt

ue (t,x)

T
v 02, H (x,v) dv g*(x) dzdt| + /Omf(t,x)wRQ(:U)dxdt
R
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R+1
/ / sup ’8 H(¢ v {Mda:dt (3.88)

R—1 [¢|<R+1
[v|<M
R+1
/ / / v| sup |0 H(f,v)‘dvdxdt (3.89)
lE|<R+1
lv|<M
R+1

f(t,x)pgr*(z) dz dt|, (3.90)

where M is as in Corollary The two summands on the lines (3.88)—(3.89) are both
independent of . Concerning (3.90) above, integrate by parts and use (3.87)) to obtain

R+1
f(t,z) g% (x) dzdt

R+1
|t 2) a0 ¢ ()| dadt

IN

R+1
< 2TM? sup [9.H(E w) / (@) W) de
|¢|<R+1 —h-1
ol <M

which, again, is a quantity independent of both ¢ and u.. The latter bound inserted together
with (3.88) in (3.86) provides the desired L (Ri x R;R) bound. Claim 1 is proved. v

Claim 2: For any T, R > 0 and for any entropy E € C%(R;R), let F' be a flux satis-
fying (2.4). Then, the set {atE(us) + 0, (F(-ug)) e € ]O,s*[} is relatively compact
in H-1([0,7] x [-R, R];R).

This Claim essentially amounts to an application of Murat Lemma [37, Lemma 9.2.1],

which we adapt here to the present situation.
Using ([2.20)), straightforward computations yield:

OE (us(t,z)) + O, (F (x, ue(t, x))) = ve(t,z) + we(t, ) (3.91)
where
ve(t,z) = 0e(t, @) + 0e(t, 2)
be(t,x) = O F (w,uc(t,x)) — E' (ue(t,z)) OnH (ue(t,z))
bt x) = e B (uc(t,x)) (Qpuc(t,z))?
we(t,z) = e, (E (ug(t,ﬂv))> (t,z)

We now verify the following 3 assumptions to apply Murat Lemma [37, Lemma 9.2.1]:

(1): {@E(ug) + 0, (F(-ue)) e € ]0,5*[} is bounded in W=1°([0,T] x [~ R, R]; R),
Indeed, by Corollary by the regularity of E and by (2.4)), the ranges of both ¢ —

E(ug) and of € — F(-,u.) are bounded in L*°([0,7] x R;R). Use the definition of weak
derivative to complete the proof of (1).
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(2): {v-: € €]0,e.[} bounded in the set of Radon measures M([0,7] x [~R, R]); R),

Indeed, Corollary[2.13|shows that the range of € — 9, is bounded in L*°([0, T] x [— R, R]; R)
uniformly in . Hence, the range of ¢ ~ 9. is bounded in L([0,T] x [-R, R];R), which
implies the required boundedness in M([0,T] x [-R, R]); R). Claim 1 ensures that the range
of £ — £ (0u:)? is bounded in L'([0,T] x [~R, R];R). This, together with the boundedness
in L™ ensured by Corollary proves that the range of € — o, is bounded in M([0,T] x
[—R, R];R).

(3): {w:: e €]0,e.[} relatively compact in H™([0,T] x [-R, R];R),
Indeed, by the C? regularity of E, we have ‘5 Oz (E(ua))‘ = e E'(ue) v/€|0zus| which
converges to 0 in L ([0, 7] x R;R) as ¢ — 0 by Corollary and by Claim 1 above. Hence,

loc
the range of € +— w, is relatively compact in H=([0, 7] x [~ R, R];R)
Murat Lemma [37, Lemma 9.2.1] thus applies and Claim 2 is proved. v
Introduce an arbitrary sequence &, converging to 0. By [18, Chapter 1, § 9, Theorem 1.46],
we know there exists a Young measure [18, Chapter 1, § 9, Definition 1.34] 14 , corresponding
to a subsequence ¢, , meaning that for each (¢,z) € [0,7] x R, 14, is a Borel probability

measure on R such that for any g € C°(R;R) and for any ¢ € L([0,7] x R;R), we have

Jlim /0 ! /R 0 (tey, (t.2)) o(t, )t dz = /0 ' /R ( /R g(w) dyt,x(w)> ot ) dids . (3.92)

Remark 3.9. Following a standard habit, to simplify the notation, in the sequel we write &
for ey, € = 0 for £ — 400 and, correspondingly, refer to u. as to a sequence.

As usual, we assume that ¢ is sufficiently small, say € € ]0,e,[ for a suitable , > 0.

Claim 3: For any G € CYR?R) such that G(z,u) = G(—X,u), for all (z,u) €
|00, —X] x R and G(z,u) = G(X,u) for all (z,u) € [X,+oo[ x R and for any ¢ €
L'([0,T] x R;R),

gi_% /OT/RG (z,uc(t,2)) o(t,z) dtdz = /OT/R (/R G(z,w) dI/t@(w)) o(t,z)dtdx .

By Corollary the sequence u. attains values in [—M, M|, with M as in (2.26). By
Stone—Weierstrass Theorem [2I], Corollary 7.31] for every § > 0 there exist an integer m and
functions fi,..., fm € CO([=X, X]|;R), g1, ..., 9m € C°([~M, M];R) such that

sup H(z,w) — ng(ac) ge(w)| < 0. (3.93)
(z,w)e[-X,X]x[-M,M] —1

By [(CNH)| introducing for ¢ = 1,...,m the functions

fo(=X) forz<—-X
Fy(w) =< fo(x) for x € [- X, X]
fo(X) for x > X
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we can extend the latter statement (3.93)) to
m
sup H(z,w) =Y Fy(x) ge(w)| < 4.
=1

(z,w)ERX[—M,M]

Hence, for any ¢ € L'([0,T] x R;R)

/OT /RH (z,us(t, @) p(t, x) dt do — /OT/R</R H(z,w) dyt,x(w)> o(t, ) dt de

/ / (z,uc(t,z)) — ZFg(x) ge (us(t,z)) | o(t,z)dt d
(=1

IN

[ S ) st
// /R;Ff w) dvg e (w) | ¢(t,2) dt dz
+/OT/R/R _H(Lw)-i-iFg(x)ge(w) vya(w) o(t, z) dt de

< 20|l [OT ]xR;R)

+Z <gz ue(t, x) /ge(w) th,a;(w)) (Fy(z) o(t, x)) dt dx

where, to get to the last inequality, we used the inclusion spt vy, C [-M, M]. Moreover, each
term in the latter sum above converges to 0 by (3.92), since each Fy ¢ is in L*([0,7] x R; R).
Then, Claim 3 is proved. v

Claim 4: For any entropy E € C%(R;R), there exists a set 2z C R, x R such that
(Ry x R) \ Qp is negligible and for all (¢,z) € Qp

/R (wF(z,w) — E(w) H(z,w)) dvg(w)

= [ wdnalw) [ Py dua(o) ~ [ Bw)duaw) [ Hw) o)

where I is any entropy flux corresponding to £ with respect to H, according to
Definition [2.3l
(The content of this step closely follows Claim 5 in the proof of Theorem [2.9)).

Consider the vector fields

(3.94)

ue(t, x)

Ve(t,x) = [H (a:,ug(t,x))] and We(t,x) =

F (m,us(t, 1:))
—E (z,uc(t,z))
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where E is in C?(R;R) and F is a corresponding flux defined by (2.4). By Claim 2, V-V,
and V A W. lie in sets that are relatively compact in H=1([0, 7] x [~ R, R]; R), for any R > 0.
By the div—curl Lemma [15, Theorem 17.2.1], we have

lim (V2 - W) = (lim V) - (lim W2) (395)
the limits in the right hand side are understood in the weak L?([0, T] x [~ R, R]; R) sense, while
the limit in the left hand side and the equality are understood in the sense of distribution.

Moreover, since both sides of (3.95) are in L'([0,7T] x [~ R, R];R), equality (3.95) also holds
in L'([0, 7] x [~ R, R];R). At the same time, using (3.92)) we have

lin(l](VE We): (t,x) — / (w F(z,w) — E(w) H(z,w)) dvg g (w) ,
e— R

, _ f. wdytx( )
i%%(t,x) : () — [fR R ];

H(z,w)dv »(w)

;I_I}(l) We(t7$) : (t’ .CC) = fR th:c w)

Jg F (2, w) dvg z(w) ] '

Hence, we may now intend ([3.94) as an equality between representatives of L!([0,T] x
[—R, R];R) functions. Call Qf the set of points where (3.95) holds. By the arbitrariness
of R, the complement of 2 is negligible. Claim 4 is proved. v

Call now & the countable set of all polynomials with rational coefficients and define

=) Q. (3.96)

Ec&

Then, for any E € £ and for all (¢,z) € ©, (3.94) holds and the set ([0, 7] xR)\ € is negligible.

Claim 5: For all £ € C°(R;R) and for all (¢,z) € Q, equality holds, where
F = F* is given by , for any k € R.

For any F € £ and for all (¢,z) € Q, holds, the set ([0,7] x R) \ €2 being negligible.

Let now E € CO(R;R) be fixed. By the classical Stone-Weierstrass Theorem [21, Corol-
lary 7.31], there exists a sequence E,, in £ converging to E uniformly on [—M, M|, with M as
in . Clearly, the sequence of fluxes F* corresponding to F,, defined by converges
uniformly to the flux F*, also defined by . Since holds in € for each pair (E,, F¥),
repeating the same argument as in the proof of Claim 3, one proves that it also holds for
(E, F*). By the arbitrariness of E, Claim 5 is proved. v

Define the limit

u(t,z) = / w dyg . (w) (3.97)
R
Claim 6: With reference to (3.96) and (3.97), for all (¢,z) € €,

/RH(x,w) dvy g (w) = H (z, u(t, z)) (3.98)
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Fix (, §) € Q, set E(w) := |w — u(r,§)| so that by Fum0) (z,w) == sgn (w — u(7, €))

(H (z,w) — H (z,u(r,€) )) Inserting these expressions in (3.94)) and using (3.97)), we get that
for all (¢, ) €

/]R <w sgn (w — u(T, f)) (H (z,w)—H (x,u(7’,§))> — H(z,w) }w — u(T, f)‘) dvg 2 (w)
= u(t,x) /ngn (w —u(r,8)) (H (x,w)— H (x,u(T,f))) dvg 2 (w)
—/RH(:U,w) dvg o (w) /R lw — u(7,5)| dvg o (w)
Move the first term in the left hand side above to the right hand side to obtain
/ (w — u(t,:r)) sgn (w — u(T,f)) (H (x,w)— H (:c, u(T, f))) dvg 2 (w)
R
— / H(z,w) ‘w — U(T,f)‘ dvg 5 (w)
R

_ /R H(a, ) dvia (w) /R [w — u(7, )] v (w)

Choosing (t,z) = (7,£), there is a cancellation between the first two lines above, resulting in

(/RH (& w) dvrg(w) —H (&uhé))) /R [ = u(r,€)| dvye(w) = 0.

Hence, either the first factor vanishes, or v, ¢ is Dirac delta at u(7,&). In both cases, Claim 6
is proved. v

Claim 7: Up to a subsequence, the sequence u. converges to u, defined in ,

a.e. in () defined in (3.96).

(This step, similarly to Claim 7 in the proof of Theorem is inspired by [23, Section 5.4]).
Recall from Claim 6. From using Claim 5, we get that for (¢,z) € Q,

/ [(w —u(t,z)) Fz,w) — (H(a:, w) — H (z, u(t,x))) E(w)] dvg g (w) =0. (3.99)
R

For a.e. (t,x) € [0,T] X R, 14, is a probability measure, the maps w — (w — u(t, z)) F(z,w)
and w — (H(:c, w) — H (z, u(t, x))) E(w) are sufficiently regular to ensure that the functions

a4 (5) ::/S(w—u(t, z))dypg(w)  and B (S) = /S (H(a:,w)—H (ac,u(t,x))) dvg o (w)

(S being any Borel set) meet the requirements in the definition of finite Radon measures.
Hence, the two maps

Atz (v) = arg(Joo,v])  and  Big(v) := Bt x(]oo, v]) (3.100)

are in BV(R;R). Since sptv; , C [-M, M], then A; »(v) and By, (v) vanish for v < —M and
attain a constant value for v > M. Moreover, (2.14) implies that a;,(R) = 0 while (3.98)
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in Claim 6 implies that 5;,(R) = 0. Therefore, for all (¢,x) € €, both A, and By, are
supported in [-M, M]. An integration by parts, see |20, Theorem B]| (in particular the
remark at the bottom of [20, p. 422]), then ensures that from equality (3.99) we can deduce

[ Avetw) 2P @) duw = [ Bruw) B'w) du

By means of (2.4) we then have
/ E'(w) 0y H (z,w) At z(w) dw = / FE'(w) By z(w) dw .
R R

The above equality holds for any continuous function E’, hence for all (¢,z) € Q

OwH (x,w) At z(w) = By z(w) for a.e. w e R. (3.101)

A direct computation shows that <H(a;, w)—H (a;, u(t,x))) Ao (w) = (w — u(t, x)) B 2 (w)
since the two sides have the same distributional derivative in w by (3.101) and the defini-
tions (3.100)) of A¢ ., By . Inserting (3.101)) in the last equality, we have

(H(x,w) - H (a:,u(t,x))) Apz(w) = (w—u(t,z)) OpH(z,w) Agz(w) for ae. weR.

Call [a,b] the minimal (with respect to set inclusion) interval containing the support of v; .
Note that A, (w) # 0 for w € |a,b[. Indeed, by the definition of A;,(w) and since vy, is
non negative, the map w — A; ;(w) vanishes for w < a, weakly decreases for w € Ja, u(t, z)|,
weakly increases for w € |u(t, z), b[ and vanishes for w > b. At the same time, the minimality
of [a, b] ensures that A, is non zero in both a right neighborhood of @ and a left neighborhood
of b. Simplifying, we thus obtain

H(z,w) — H (z,u(t,z)) = (w—u(t,z)) O,H(z,w) forall w e ]a,b[,

and differentiating this equality with respect to w we contradict unless a = b,
which in turn ensures that, for a.e. (t,z) € [0,T] x R, 1, is a Dirac measure. We thus
have the pointwise a.e. convergence, up to a subsequence, of the vanishing viscosity solutions,
see [37, Proposition 9.1.7]. Claim 7 is proved. v

Claim 8: u solves [(CL)| in the sense of Definition
Let (E, F) be an entropy — entropy flux pair in the sense of Definition with E of class
C? and convex. Using (2.20)), thanks to the regularity of u., simple computations give

NE(us) + 0y (F(m,ue)) + E' (us) 0pH (z,ue) — 0 F (7, ue) = e,02, E(uz) — en E” (ue) (Ozue)?
so that by the convexity of
WE(us) + 0y (F(w,uc)) + E'(us) OpH (w,us) — 0, F (%, u) < €002, E(ue) . (3.102)

Fix a test function ¢ € C?(R?; R, ), multiply both sides in (3.102) by ¢ and integrate to get
T
/ / (E (us(t,z)) Opp(t,x) + F (z,ue(t, z)) &ﬂp(@:ﬂ)) dz dt
o JRr
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/ / (ue(t,z)) 0.H (z,uc(t,x)) — O, F (:U,us(t,x))> o(t,x)dxdt
—f-/RE(uo(x)) ©(0,z) dz

T
> —z—:/ /E(ug) 9%, o(t, x)dzdt .
0 R

By (2.26]), we have the L>° boundedness of u. uniformly in €. Using Claim 7 and the Dom-
inated Convergence Theorem [2I, Theorem (12.24)] we obtain (2.7 for any test function

¢ € C2(R?%;R,). A standard approximation argument allows to relax ([2.7)) to any test func-
tion ¢ € CL(R?;R,). The proof of Claim 8 follows by Item 2 in Proposition v

Conclusion

By Claim 8, u solves in the sense of Definition and thus its uniqueness follows
from Theorem Recall that the sequence ¢,, prior to the simplification in the notation
in Remark is an arbitrary sequence converging to 0. Above, we proved that there exists
a subsequence &,,, such that the corresponding subsequence Ue,, converges to a limit w,
independent of the choice of the initial sequence ,. The arbitrariness of the choice of ¢,
ensures that u., now understood as a continuous family, converges to u.

The proof of Theorem is completed. ]

An alternative approach allowing to pass from weak to strong convergence might be
adapted from [19] Items 2 and 3 in the proof of Theorem 4.1].

3.5 Properties of the Limit Semigroups

Proof of Theorem [2.18l Theorem 2.17] ensures the existence of a solution in the sense of
Definition globally in time, for all initial data in WH*°(R; ]R) proving 1. and 2. for such
data. The uniqueness of this solution follows from estimate in Theorem [2.6) .

Define pointwise (S&%u,)(z) := u*(t,z), where u* is as in Theorem . We thus have
the existence of a map S¢ defined on Ry x W1°(R;R) attaining values in (a precise rep-
resentative in) L (R;R), satisfying 3.a and 3.b for all u, € WH®°(R;R) and 4. for all
Uo, Vo € WH(R; R), thanks to Theorem

Fix an initial datum w, in L*(R;R). Use Theorem [2.9| to find two stationary solutions @
and @ such that for all z € R,

u(z) +1< _HUOHLOO(R;R) < up(x) < HUOHLOO(]R;R) <afz) —1.

Take a sequence u? € WI>®(R;R) converging to u, in L]  (R;R) and such that u?(z) €
[i(x),u(x)] for all z € R.

By the contraction property , for all t € Ry, StCLuZ is a Cauchy sequence in
LL _(R;R). Define SfFu, as this limit and note that also shows that S’ does not
depend on the choice of the sequence (ul?).

Nevertheless, by ([2.15)), for all ¢t € Ry, (SCLu?)(z) € [a(z), 4(z)] for a.e. x € R, so that
(t,x) — (SETu,)(x) is in L¥(R, x R;R).

Moreover, (t,z) — (SETul)(x) is a converging sequence in L (R x R;R). Up to the ex-
traction of a subsequence, we have that the sequence (¢, ) — (SEFu”)(x) converges pointwise
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a.e. to (t,z) — (S“Tu,)(x). Since we have the L>® bound (SEEul)(z) € [u(x), a(x)] we can
pass to the limit in (2.2)), apply the Dominated Convergence Theorem [21, Theorem (12.24)]
and obtain that (t,2) — (S u,)(z) solves in the sense of Definition

By this construction, we immediately have that the map u(t, z) := (S“Fu,)(z) satisfies 1.
and 2., while S¢L satisfies 3.a and 4..

Fix u, € L*°(R;R). Applying again Theorem we see that the map (¢, 7) — (S& u,) ()
admits a representative that satisfies 3.b. Since ST satisfies 3.a, we can conclude that for all
t € R, and for a.e. z € R that (S“%u,)(x) equals this representative. Hence, S¢! satisfies 3.b.

To complete the proof, note that S¢’ is a semigroup, thanks to the uniqueness and

L}, .(R;R) continuity proved in Theorem [2.6 and since SCL (L*(R;R)) € L™(R; R). O

loc

Proof of Theorem [2.19. Define for later use
D= {W € CY(R;R): W' € Wl’oo(]R;]R{)} .

Fix U, € D. Then, Theorem ensures the existence of a solution U to in the sense
of Definition globally defined in time, satisfying 1. and 2. for these data. The uniqueness
of this solution follows from in Theorem

Define now, for all U, € D,

(SETU ) (x) == U(t, x).

Note that Theorem [2.16| also proves 3., while 4. is a consequence of Item 2 in Theorem [2.8
Note that SH7 is not a semigroup on D, since a priori D is not invariant.
Below, we use the semigroup S“* as defined in Theorem m

Claim: For all U, € D, set u, = U.. Then, (SF u,)(z) = 0,(SH’U,)(z) for a.e. (t,z) €
[0, 7] x R.

Let U, € D and set u, = U), so that u, € WH®°(R;R). For any ¢ > 0, call u. the
classical solution to as provided by Theorem and U that of as provided
by Corollary By Theorem we have u. = 0,U.. Choose a sequence &, positive and
vanishing to 0. Theorem[2.16|ensures that (¢, z) — U., (¢, z) converges, as n — 400,to (¢, z) —
(SH7U,)(x) uniformly on compact sets. Similarly, Theorem (which uses (WGNL))
ensures that (t,x) + wu., (t,z) converges pointwise a.e. to (t,x) ~ (SF u,)(z). Hence, in
distributional sense, (SETu,)(z) = 9, (SH7U,)(x) and therefore this equality also holds a.e. in
R4 x R, proving the Claim. v

Fix an initial datum U, in Lip (R;R). Use Theorem to find two stationary solutions
@ and 4 to [((HJ)|such that for all z € R,

u(x)+1< |0, < Ul(x) < ||U] <a(x)—1. (3.103)

HLOO(R;R) HLOO(R;R)

Take a sequence U] € D converging to U, in LS (R;R) and such that (U})(x) € [a(x), u(z)]
for a.e. x € R. Moreover, for a.e. x € R,

By (StH J (Ug)) (r) = (SEL(Ug)') (z)  [by the Claim above]
€ |u(x),u(z)] [by and Theorem [2.9] .
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Define C 1= max{||ﬂ||Loo(R;R), HﬁHLOO(R;R)}’ so that for all ¢ € Ry and for all n € N,

o, SH (un

) <C. (3.104)

Loo(R;R) —

Similarly to (2.18)), define
L:= sup{|8xH(x,W)‘: reR, W< C’} .
By Item 2 in Theorem [2.8] we have for all R > 0 and all ¢ € Ry,

max | (57707 (2) = (SP7U) (@) < max [U (@) - U (a)]
|z|<R |z|<R+Lt

hence (¢, 2)—(SHIUM)(x) is a Cauchy sequence in LS (R4 xR; R). Extend S/ to Lip (R; R)
by SHIU, = limy_s 00 SH/U? and note that, by (3.104), ‘&S{”Uo oy S O Tort € R

This extension S satisfies 4. by Item 2 in Theorem Moreover, [12, Theorem 1.2]
ensures that (t,7) — (SH/U,)(x) is a solution to in the sense of Definition As
a consequence, 1., 2. and the existence of the maximal solution follow. Its uniqueness is

guaranteed by Item 2 in Theorem The uniform bound ) 0,517, Loo (RR)

that the set Lip (R; R) is invariant, so that S¥/: R, xLip (R; R) — Lip (R;R) is a semigroup.
Since Item 1 in Theorem implies Item 3, the proof of Theorem [2.19]is completed. [

<C proves

Proof of Theorem Consider first the case u, € WL (R;R), so that U, € C}(R;R).
For any € > 0, call u. the classical solution to as provided by Theorem and U, that
of as provided by Corollary By Theorem we have u. = 9,U;. Choose a se-
quence &, positive and vanishing to 0. Theorem ensures that (¢, z) — U, (t,x) converges
to (t,r) + (SH/U,)(x) uniformly on compact sets. Similarly, Theorem ensures that
(t,x) +— ue, (t,r) converges pointwise a.e. to (t,x) — (SFTu,)(z). Hence, in distributional
sense, (STuy)(x) = 0, (SH’U,)(x) and therefore this equality also holds a.e. in Ry x R. This
proves in the case u, € WL (R; R).

Let now u, € L*®(R;R). Choose a sequence u? € Wh(R;R) converging to u, in
Li,.(R;R). Define UZ(z) = [ ul(¢)dE. Then, by Theorem (which uses ,
also (t,x) = (SCTul)(z) converges to (t,x) — (S¢Tu,)(x) in L (R;R). Similarly, (¢,z)
(SHIU™) (x) converges to (t,z) — (SH'U,)(x) by in Theorem uniformly on com-
pact sets. In particular, both sequences converge in distributional sense, proving in the
general case, thanks to the uniqueness of entropy solutions to |(CL)| (Theorem and of
viscosity solutions to [(HJ)| (Theorem [2.19). O

A Appendix

The next results are somewhat classical and we provide their proofs for completeness.

Proposition A.1 (Extension Theorem in Locally Convex Spaces). Let X be a locally convex
sequentially complete topological vector space. Fix f: A — X with A CR. If f is uniformly
continuous, then there exists a unique continuous map f: A — X satisfying f14 = f.
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Proof. A sequence z,, in X is a Cauchy sequence if for every neighborhood U of the origin
in X, there exists a v € N such that if n,m € N with m,n > v, then z,, — x,, € U. Moreover,
f uniformly continuous means that for every neighborhood U of the origin in X, there exists
a 6 > 0 such that if ¢;,t2 € A are such that |ta — 1] < 9, then f(t2) — f(t1) € U.

Let t, € Z\ A. Then, there exists a sequence t, in A such that lim, , o t, = t,. Let U
be a neighborhood of the origin in X. By the uniform continuity of f, there exists an ¢ > 0
such that f(t") — f(#') € U whenever |t —t'| < e. Thus, there exists a v € N such that if
n,m € N with m,n > v, then |t,, — t,,| < € and hence f(t,,) — f(tn) € U, proving that f(t,)
is a Cauchy sequence converging to, say, . € X. Define f(t,) = x..

Any other sequence t], in A converging to t, is such that the sequence defined by 79, = ¢,
and 79,41 = t, is a Cauchy sequence and the argument above ensures that lim, 1 f(7,) =
T4, proving that f is well defined.

To prove the continuity of f, let t, be now a sequence in A converging to t.. Then,
there exists a sequence 7, in A such that |7, — t,,| < 1/n. The argument above ensures that
lim,, s 400 f(7) = f(t+), so that by the uniform continuity of f and the definition of f we also
have lim,, 1o f(t,) = f(t.), ensuring the sequential continuity of f.

Fix an open neighborhood U of 0 in X and apply [36, Theorem 1.10] with K = {0} and
C = X \ U to obtain an open neighborhood V" of 0 such that (K + V)N (C + V) = 0. Since
V =K+ V and C +V is open, then VN (C + V) = (. At the same time C C (C + V), thus
V C U. By the uniform continuity of f, there exists a positive § such that for all ¢;,t5 € A
with [ta —t1] < &, we have (f(t2) — f(t1)) € V. The sequential closedness of V and the
sequential continuity of f proved above ensures that for all t1,ty € A with |ts —t1| < J, we

have (?(tg) — ?(tﬁ) € V C U, completing the proof. O

Proposition A.2 (The set C! is separable.). There exists a countable set S C CL(R;R) with
the following property: for any ¢ € CL(R;R) there exists a compact set KK C R such that for
all € > 0 there exists a map o € S satisfying spto € K and |lo — | i gy < €

Proof. For n € N\ {0}, call ¥,, a function in C*°(RR;R) such that

x € [—n,n| = Up(z)=1,

x€[-n—1,-n] = VY,(z) €[0,1] and ¥, (z) € [0, 2]
x € [n,n+1] = VYy(z) €[0,1] and ¥, () € [-2,0]
ze€R\[-n—1,n+1] = I,(x)=0.

For every polynomial p with rational coefficients, define

Xapl@) = 0n(a) [ C 0,6 p(€) de |

Clearly, xnp € CL(R;R) and the set of all such ¥y, , is countable. It is also dense in CL(R;R).
Indeed, choose ¢ € CL(R;R) so that sptp C [-n,n]. By Stone-Weierstrass Theorem [21],
Corollary 7.31], for every € > 0 there exists a polynomial p with rational coefficients such that
SUDgpt o, ‘p —¢'| < e/(6n+6). Then, set K = [-n —1,n+ 1] and estimate

(@) — Dn(2) / 9,(6) p(€) d¢

—00

|o(2) = Xnp(z)| =
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0 xR\ [-n—1,n+1],
- { /3 xze[-n—1,n+1]; (A1)
F )= Xopl@)] < [@) = ala) D) pla)| + |050) [ 0al€) () a6
= (@)’ [¢@)— p@)] + |0a) [ 0u(©pl0) de
0 zeR\ [-n—1,n+1],
< e/3 ze[-n,n|,

e x€[-n—1,-nlUn,n+1].

To obtain the bound in the latter line above in the case € Jn, n+1], note that [ 9,(£) p(¢) d€ =
Xn.p(n) and ¢(n) = 0. Hence, using (A.1)), for z € [n,n + 1], we have

(9n(@)) ¢'(@) = p@)]| < g
%wﬁmmMM'g%w[wmmm+%w/mmwﬁ
- 3 + 6n+6"’
completing the proof. O
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