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Limit of trees with fixed degree sequence

Arthur Blanc-Renaudie∗

June 2, 2022

Abstract

We use a new stick-breaking construction, also introduced independently by Addario-
Berry, Donderwinkel, Maazoun, and Martin in [28], to study uniform rooted trees with fixed
degree sequence D (D-trees). With this construction we prove, under natural conditions of
convergence of the degree sequence, that D-trees converge toward either P-trees or ICRT.
Alongside we upper-bound the height ofD-trees. We deduce similar results concerning P-trees
and ICRT. In passing we confirm a conjecture of Aldous, Miermont, and Pitman [7] stating
that Lévy trees are ICRT with random parameters.

1 Introduction

1.1 Overview of the results

Let {Vi}i∈N be a set of vertices. A rooted tree T have degree sequence (di)1≤i≤s if T has vertices
{Vi}1≤i≤s and for every 1 ≤ i ≤ s, Vi has di children.

The aim of this paper is to study D-trees: uniform rooted trees with fixed degree sequence D.
Notably we show, under natural conditions of convergence of the degree sequence, that D-trees
converge either toward P-trees, or after normalisation by s/

√∑s
i=1 di(di − 1) toward ICRT, for

the Gromov–Prokhorov (GP) topology. Furthermore we show, under a given tightness assumption,
that D-trees also converge toward ICRT for the Gromov–Hausdorff–Prokhorov (GHP) topology.
Alongside we provide a near optimal upper bound for the height of D-trees.

Those results are in direct continuity with the work of Aldous, Camarri, Pitman [8, 19], which
proves that P-trees converge toward ICRT for the GP topology. We also complete their results by
considering the GHP topology, and by proving an upper bound for the height of P-trees and ICRT.

When taken together, those results on D-trees, P-trees and ICRT can be used to study the
different models of trees that are uniform when conditioned to their exact degree sequence (see the
end of the introduction and Section 8.1 for more details).

Finally, this paper is simplified thanks to the results of a companion paper [12], which introduces
and studies a new construction for ICRT. Notably, the probability measure introduced in [12] and
the compactness of ICRT avoid us many computations and topological arguments.

1.2 Overview of the proof

Our approach relies on a new construction for D-trees, which can be seen in three different ways:
as a modification of Aldous–Broder algorithm, as a recursive construction of subtrees spanned by
specific leaves, and as a stick-breaking construction. Our proof is strongly based on those points of
view so let us recall them: (see also Figure 1 for a construction)
∗LPSM, Sorbonne Université, France Email: arthur.blanc-renaudie@sorbonne-universite.fr.
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- (a) Aldous–Broder algorithm: Fix an arbitrary random walk (Ai)i. Start with a single vertex
A1, then recursively add the edge {Ai−1, Ai} when Ai is "new", that is when Ai /∈ {Aj}j<i.
It is well known, since its introduction in [4, 14], that this algorithm yields a random tree.
Along the construction, we add an edge between Ai−1 and a new leaf when Ai is not "new".
By doing so, the number of children of a vertex equals the number of times it is visited.
Moreover we show that if (Ai)i is uniform among allD-tuple, that is tuple such that for every
i ∈ N Vi appears di times, then this algorithm constructs a D-tree.

- (b) Subtrees spanned by specific leaves: Note that the last algorithm, when stopped at the
kth repetition (kth index such that Ai ∈ {Aj}j<i) constructs a subtree spanned by the root
and k leaves. In fact the labels of those k leaves can be fixed in advance: In other words, the
stopped algorithm constructs the subtree of a D-tree spanned by the root and k fixed leaves.
This allows us to study the distance matrix between random leaves, and hence, by definition,
the geometry of a D-tree in a Gromov–Prokhorov sense.

- (c) Aggregation of paths / Stick breaking construction: Note that the previous random walk
(Ai)i starts at the root A1 then follows the minimal path toward the first leaf, then "jumps"
to follow the minimal path between a "repeated" vertex and the second leaf and so on...
Hence, one can see the previous spanning tree between the root and the kth first leaves as
an aggregation of k minimal paths. A better way of understanding this aggregation of paths
is through a stick-breaking construction: First consider (Ai)i as a "line of distinct vertices".
Then recall that there is no edges {Ai−1, Ai} when Ai is not "new", so "cut" those edges.
This gives you a collection of paths or "sticks". Finally identify the vertices which are equal,
or equivalently "glue" the paths at the repeated vertices. So the previous aggregation is fully
understood through the positions of the "cuts" and the positions of the "glue-points".

To sum up, we use a modification of Aldous–Broder algorithm to construct D-trees from some
random tuples. Through a study of repetitions in those tuples, we study this algorithm as a stick-
breaking construction. In particular, we prove the convergence of the "cuts" and the "glue-points".
We then use this convergence to prove the convergence of the subtrees spanned by specific leaves,
which turns out to be exactly what is needed to prove the GP convergence of D-trees.

The idea of using an Aldous–Broder algorithm to study the geometry of a random tree is not
new and goes back to the very study of the CRT by Aldous [5]. It is also used by Aldous, Camarri,
Pitman in [8, 19] to prove that P-trees converge toward ICRT for the GP topology. Here such an
approach is possible thanks to our new construction for D-trees. Furthermore its strong similarity
with P-trees construction explains the similarity between D-trees, P-trees and ICRT.

Finally, we deduce the GHP convergence from the GP and GH convergence (see Lemma 4).
To prove the GH convergence, we prove that, in addition of the convergence of the first branches,
the whole tree is close from its first branches. To do so, we consider a sequence of trees (Tl)l≥0,
corresponding to the different steps of our construction, and we upper bound for a well-chosen
sequence (ln), the sum

∑
n dH(Tln , Tln+1).

We deduce our upper bound for the height of D-trees from the same estimates.

1.3 Historical motivations.

Since the pioneer work of Aldous [5], scaling limits of random discrete trees are at the center of
many studies. The aim of such a study is to find an algorithm to construct a given model, and to
show that, while the number of vertices diverges, the algorithm "converges" (in a suitable sense).
By doing so, one can prove that the corresponding discrete tree converges, after proper scaling,
toward a limit tree constructed from the limit algorithm, in order to study geometric properties
(height, diameter,. . . ) of the discrete tree from the limit tree.

2



The main strength of this approach is to give a universal point of view on several models at the
same time. Indeed, if several models have the same limit, then they all share similar properties.
This approach becomes even stronger when one considers that there may be several constructions
for each model and that each construction may be a way to study all the connected models.

Hence, D-trees, as essential "building blocks", are prime tools for the study of many other
models. Let us briefly present some of the main models connected with D-trees (see also Broutin,
Marckert [17] for some detailed applications of D-trees in the finite variance case).
• Galton–Watson trees and Lévy trees: Since Aldous [6], scaling limit of Galton–Watson trees

have generated a large amount of literature due to the many connections with random walks, Lévy
processes, superprocesses (see Le Gall [30, 29] for an introduction). The most important results
are due to Duquesne Le Gall, [23, 22], who prove that Galton–Watson trees converge toward Lévy
trees and study some geometric properties of Lévy trees (see also Le Gall, Le Jan [32, 31]).

Galton–Watson trees can be seen as D-trees with random degree sequence D. Hence, provided
some preliminary estimates for the degree distribution, our results implies the convergence of many
conditioned Galton–Watson trees (see Section 8.1). We do not prove such estimates, since they are
already proved in most studies. However given the results of [30, 29], we can confirm the conjecture
of Aldous, Miermont, Pitman [7] stating that Lévy trees are ICRT with random parameters. This
explains why Lévy trees [30, 29] and ICRT [12] have similar geometries.

Finally our stick-breaking construction is a new tool for Galton–Watson trees. In particular,
until now, there has been a strong interest in several random objects build from those trees. Such
objects may often be built by following the same construction, hence providing a powerful tool
for their studies. As an example, some forthcoming notes [11] will use our construction to study
height process, Luckasiewikz walk and snake of D-trees and ICRT. The study of those processes
are motivated by random planar maps with fixed degree sequence (see Marzouk [34]).
• Additive coalescent: Coalescent processes arise naturally in many sciences (see Bertoin [10]

or Berestycki [9]). A classical way of studying those processes is to embed them into genealogical
trees. Sadly, in general, little is known on those trees and many questions remain open.

Still, there is one unique model, the additive coalescent, who is far more easier to study than
every other coalescent due to his many properties. The corresponding trees, P-trees (biased by the
root), and their scaling limits, ICRT, are thoroughly studied in [8, 19, 12] and their geometries are
already well understood thanks to their stick breaking constructions.

Despite P-trees may be seen as D-trees with random degree sequence D, studying them as
such makes little sense. Indeed P-trees stick-breaking construction is easier to study than D-trees.
Instead, we provide a new description of P-trees as "degenerate" D-trees. This description gives a
new and fresh point of view on many of the strong "combinatorial" properties of P-trees and ICRT,
and is a powerful tool to prove new ones (see for instance Section 8.2).
•Multiplicative graphs, and the configuration model: Recently, those models of graphs have

interested many computer scientists as natural generalizations of Erdös Renyi graph, which seems
closer to real life network thanks to the "inhomogeneity in their degree distribution" (see e.g. [35]).

Without entering in the details, those models are "graph versions" of P-trees and D-trees.
Notably, one can construct and study those graphs from D-trees and P-trees (see e.g. [16, 15] on
multiplicative graph, and [24, 21, 20] on configuration model). Hence, our results on P-trees and
D-trees should help at improving the current understanding of those graphs, and in particular they
should help at removing the arbitrary and omnipresent randomness in the degree sequence, which
exists only to avoid some technical issues.

Moreover our upper bound for the height of D-trees and P-trees should help at proving upper
bounds for the height of those graphs (see e.g. Safsafi thesis [36]). Such an upper bound has been
one of the main missing ingredients for a precise study of Prim Algorithm in all generality (see e.g.
Addario-Berry, Broutin, Goldschmidt, Miermont [27] for the "Erdös Renyi case").
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Plan of the paper: In Section 2, we present some constructions for D-trees, P-trees and ICRT.
In Section 3 we introduce the different topologies that we are using in this paper (SB, GP, GHP).
Our main results are stated in Section 4. The proof of the main results are carried in Section 5 (SB),
Section 6 (GP), and Section 7 (GHP and height). Finally we discuss some applications of our main
results in Section 8: we prove in Section 8.1 that Lévy trees are ICRT with random parameters, and
we introduce in Section 8.2 a new computation tool for ICRT: the re-rooting principle.

Notations: Throughout the paper, similar variables for D-trees, P-trees, Θ-ICRT share similar
notations. To avoid any ambiguity, the models that we are using and their parameters are indicated
by superscripts Dn, Pn, Θn. We often drop those superscripts when the context is clear.
We use the letter d for both degrees and distances. From the context, it is always clear which one it
refers to.

2 Models and algorithms

2.1 D-trees: the new stick breaking construction

Recall that a sequence (d1, . . . , ds) is a degree sequence of a tree if and only if
∑s

i=1 di = s− 1,
and by convention d1 ≥ d2 · · · ≥ ds. Let ΩD be the set of such sequences.

Let us present our construction for D-tree. For simplicity, we use the next conventions: For
every graph G = (V,E) and edge e = {v1, v2}, G ∪ e denotes the graph (V ∪ {v1, v2}, E ∪ {e}).
We say that a vertex v ∈ G if v ∈ V . Also, for every D ∈ ΩD we let LD1 , LD2 , . . . be the leaves (that
is the vertices Va1 , Va2 . . . with a1 ≤ a2 ≤ . . . and da1 = da2 = · · · = 0).

Algorithm 1. Stick-breaking construction of a D-tree (see Figure 1).
- Let AD = (ADi )1≤i≤s−1 be a uniform D-tuple (tuple such that ∀i ∈ N, Vi appears di times).
- Let TD1 := ({A1}, ∅) then for every 2 ≤ i ≤ s let

TDi :=

{
Ti−1 ∪ {Ai−1, Ai} if Ai /∈ Ti−1.

Ti−1 ∪ {Ai−1, Linf{k,Lk /∈Ti−1}} if Ai ∈ Ti−1 or i = s.

- Let TD denotes the rooted tree (Ts, A1).

V4

V5

V2V3

V1

L1L2

L3

L4L5

L6

Figure 1: Stick breaking construction of a D-tree with D = (1, 2, 1, 3, 3, 0, 0, . . . ) and
(ADi )1≤i≤s−1 = (V4, V5, V2, V5, V3, V4, V5, V4, V1, V2). The exploration starts at V4 then follows
the white-black arrow toward L1, then jumps at V5 to follow the path toward L2 and so on. . .
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Proposition 1. For every D ∈ ΩD, TD is a D-tree.

Proof. See Appendix.

Remarks. (a) Addario-Berry, Donderwinkel, Maazoun, and Martin [28] independently found the
same construction while I was writing the article.
(b) We introduce later a generalisation of Algorithm 1, Algorithm 6, which will be used to simplify
many of our computations.
(c) One might prefer to consider "pure degree sequence": A tree T have pure degree sequence
(di)1≤i≤s if T have vertices (Vi)1≤i≤s, and for every 1 ≤ i ≤ s, Vi have degree di (not di children).
From a tree T with pure degree sequence (d1, . . . , ds) with ds = 1, one can construct a tree with
degree sequence (d1 − 1, . . . , ds−1 − 1) by rooting T at the unique vertex adjacent to Vs and then
removing Vs. This is a well known bijection between tree with pure degree sequence (d1, . . . , ds)
and tree with degree sequence (d1 − 1, . . . , ds−1 − 1). Since this bijection only removes one leaf,
it does not change much the geometry of the tree. So our results on D-trees easily adapt to uniform
trees with fixed pure degree sequence.

As claimed in the introduction 1.2 (d), we are interested in the stick-breaking point of view to
prove the convergence of D-trees. To this end, let us formally define the cuts and the glue points.
Note that there is N :=

∑s
i=1(di − 1)1di≥1 indexes Y1, . . .YN such that Ai ∈ {A1, . . . , Ai−1}.

Also, for every 1 ≤ i ≤ N , let Zi denote the smallest integer z such that Az = AYi . We call
{Yi}1≤i≤N the cuts, and {Zi}1≤i≤N the glue points.

Let us introduce some new tools to study those processes. First, note that the cuts and the glue
points are encoded by "when" and "where" there are some "repetitions" in AD. Therefore, it is
natural to look at the law of Ai conditioned on (Aj)1≤j<i. In particular, since AD is a uniform
D-tuple, note that for every 1 ≤ i ≤ s− 1 and 1 ≤ a ≤ s:

P(Ai = Va|(Aj)1≤j<i) =
da −#{1 ≤ j < i : Aj = Va}

s− i
. (1)

Hence, we have for every j < i ≤ s− 1,

P ((i, j) ∈ {(Yl, Zl)}l∈N| (Ak)1≤k<i) = 1Aj /∈{Ak}1≤k<j
dAj −#{1 ≤ k < i : Ak = Aj}

s− i
. (2)

To fully understand the behavior of the cuts and the glue points, let us rewrite (2). Since we are
mostly interested in the first cuts, note that typically #{1 ≤ k < i : Ak = Aj} = 1 and so we have
the following informal approximation

P ((i, j) ∈ {(Yl, Zl)}l∈N| (Ak)1≤k<i) ≈
µ(j)

s− i
, (3)

where µ is the real measure defined by

µ :=
s−1∑
j=1

δj1Aj /∈{Ak}1≤k<j
(
dAj − 1

)
. (4)

As a result, the cuts and glue points are mostly encoded by this measure µ. Finally to understand
the behavior of µ, let us rewrite (4). Let for every i ∈ N,

Xi := inf{1 ≤ j ≤ s,Aj = Vi}.

(by convention Xi =∞ and δ∞ = 0 when there is no such index) and note that

µ =
s∑
i=1

δXi(di − 1). (5)

So µ can be directly studied through (Xi)1≤i≤s.
Finally we need to rescale D-trees. So let for D ∈ ΩD, (σD)2 :=

∑s
i=1 di(di − 1).
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2.2 P-trees: construction and connection with D-trees

Fix (Dn)n∈N a sequence in ΩD and assume that for every i ∈ N, dDni /sDn → pi as n→∞. Note
that p∞ := 1−

∑∞
i=1 pi ≥ 0. We suppose further that p1 > 0 and let P := (pi)i∈N∪{∞}.

In this regime (ADn)n∈N converges: Let V∞ be an additional vertex and put a metric on
{Vi}i∈N∪{∞} such that Vi → V∞ as i → ∞. One can easily check that (ADn)n∈N converges
weakly toward (APi )i∈N as n→∞ where (APi )i∈N is a family of i.i.d. random variables such that
for every i ∈ N ∪ {∞}, P(AP1 = Vi) = pi.

Hence, intuitively, the steps of Algorithm 1, which are encoded by those tuples, "converge".
Therefore Dn-trees should converge toward the tree TP defined by the "limit algorithm":

Let ΩP be the set of sequence (pi)i∈N∪{∞} in R+ such that
∑∞

i=1 pi + p∞ = 1, p1 > 0 and
p1 ≥ p2 ≥ . . . . For every P ∈ ΩP , the P-tree is the tree constructed as follow:

Algorithm 2. Definition of the P-tree for P ∈ ΩP .
- Let (APi )i∈N be a family of i.i.d. random variables such that for all i ∈ N, P(AP1 = Vi) = pi.
- For every i ∈ N, let BPi = Ai if Ai ∈ N, and let BPi = V∞,i otherwise.
- Let TP1 := ({B1}, ∅) then for every i ≥ 2 let

TPi :=

{
Ti−1 ∪ {Bi−1, Bi} if Bi /∈ Ti−1.

Ti−1 if Bi ∈ Ti−1.
(6)

- Let TP denote the rooted tree (
⋃
n∈N Tn, B1).

Remarks. (a) We choose to delete the leaves {Li}i∈N of TP in (6) to avoid measurability issue.
(b) Note that the infinite vertex V∞ is split into many others. Indeed this vertex "fills the gap"
produced by vertices with small degree. The introduction of V∞ allows us to consider a slightly
more general definition than the one introduced in [19] which requires

∑+∞
i=1 pi = 1.

Finally let us introduce a list of notations similar to those for D-trees. For every P ∈ ΩP :
- Let pP1 , . . . , p

P
∞ ∈ R+ be such that P = (pP1 , . . . , p

P
∞).

- Let sP := max{i ∈ N ∪ {∞}, pi > 0} and let (σP)2 =
∑∞

i=1(pi)
2.

- Let (Y Pi )i∈N be the indexes of repetitions in (Bi)i∈N.
- For i ∈ N, let ZPi := inf{z,Bz = BYi}.
- For i ∈ N, let XPi = inf{j ∈ N, Aj = i}. Then let µP =

∑∞
i=1 piδXi .

2.3 ICRT: construction and connection with D-trees

Fix (Dn)n∈N ∈ ΩN
D and assume that dDn1 /sDn →∞ and that ∀i ∈ N, dDni /σDn → θi as n→∞.

Note that
∑∞

i=1 θ
2
i ≤ 1 and let θ0 := 1−

∑∞
i=1 θ

2
i . Then let Θ := (θi)i∈{0}∪N.

Let us briefly explain why Dn-trees converge in this regime. We stay informal here, and details
are done in Section 5.3. First some quick estimates show that (XDni /σDn)i∈N converge weakly
toward some exponential random variables (XΘ

i )i∈N. By (5), this implies that after proper rescaling
(µDn)n∈N should converges weakly toward some random measure µΘ. Finally, by (3) the cuts and
the glue points are "encoded" by µDn , so they should also converge after rescaling.

Those estimates suggest that Dn-trees should converge after rescaling toward some limit tree.
If one pursue the computation further, then one notice that this tree is in fact the Θ-ICRT.

We now construct the Θ-ICRT. First let us introduce a generic stick breaking construction. It
takes for input two sequences in R+ called cuts y = (yi)i∈N and glue points z = (zi)i∈N, which
satisfy

∀i < j, yi < yj ; yi−→∞ ; ∀i ∈ N, zi ≤ yi,
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zi
Glue

yi+1

yi

Figure 2: A typical step of the stick-breaking construction: the "gluing" of (yi, yi+1] at zi.

and creates an R-tree (loopless geodesic metric space) by recursively "gluing" segment (yi, yi+1] on
position zi (see Figure 5), or rigorously, by constructing a consistent sequence of distances (dn)n∈N
on ([0, yn])n∈N.

Algorithm 3. Generic stick-breaking construction of R-tree.
– Let d0 be the trivial metric on [0, 0].
– For each i ≥ 0 define the metric di+1 on [0, yi+1] such that for each x ≤ y:

di+1(x, y) :=


di(x, y) if x, y ∈ [0, yi]

di(x, zi) + |y − yi| if x ∈ [0, yi], y ∈ (yi, yi+1]

|x− y| if x, y ∈ (yi, yi+1],

where by convention y0 := 0 and z0 := 0.
– Let d be the unique metric on R+ which agrees with di on [0, yi] for each i ∈ N.
– Let SB(y, z) be the completion of (R+, d).

Now, let ΩΘ be the space of sequences (θi)i∈{0}∪N in R+ such that
∑∞

i=0 θ
2
i = 1 and such that

θ1 ≥ θ2 ≥ . . . . For every Θ ∈ ΩΘ, the Θ-ICRT is the random R-tree constructed as follow:

Algorithm 4. Construction of Θ-ICRT (from [12])
- Let (Xi)i∈N be a family of independent exponential random variables of parameter (θi)i∈N.
- Let µ be the measure on R+ defined by µ = θ2

0dx+
∑∞

i=1 δXiθi.
- Let (Yi, Zi)i∈N be a Poisson point process on {(y, z) ∈ R+2 : y ≥ z} of intensity dy × dµ.
- The Θ-ICRT is defined as (T , d) = SB((Yi)i∈N, (Zi)i∈N). (see Algorithm 3)

Remarks. (a) Although one usually excludes the ICRT with θ0 = 0 and
∑∞

i=1 θi <∞, there are
some D-trees which converge toward such ICRT. Furthermore those ICRT may be seen as P-trees
with a modified distance (see section 5.2).
(b) The term θ2

0dx in µθ encompass the fact that some cuts may occur "because" of vertices with
small degree. The case where θ0 = 1 corresponds to the Brownian CRT.

3 Notions of convergence

The reader may wish to simply skim this section on a first reading, referring back to it as needed.

3.1 Stick-breaking topology

Let M denote the set of locally finite positive Borel measure on R+. Let KSB := (R+)3N ×M. For
every Λ ∈ Ω := ΩD ∪ ΩP ∪ ΩΘ let

ΥΛ := ((XΛ
i , Y

Λ
i , Z

Λ
i )i∈N, µ

Λ) ∈ KSB,
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where by convention for D ∈ ΩD, and i > ND, Yi = Zi = +∞.
We say that a sequence (((Xn

i , Y
n
i , Z

n
i )i∈N, µ

n))n∈N converges toward ((Xi, Yi, Zi)i∈N, µ) for
the stick-breaking (SB) topology if and only if

a) For every i ∈ N, Xn
i → Xi, Y n

i → Yi, Zni → Zi.
b) For every i, j ∈ N , 1Xn

i =Znj
→ 1Xi=Zj .

c) µn → µ for the Skorohod topology on M (that is l 7→ µn[0, l] converges toward l 7→ µ[0, l]).
Note that the SB topology on KSB is well defined and that KSB equipped with the SB topology

is a Polish space (separable complete metrisable space) as a product of Polish spaces.

Remark. b) is here to "avoid fusion" between two branching points. Although (b) is not used in this
paper, it is crucial for our study in [11]. The presence of (Xi)i∈N is also motivated by [11].

Finally let us introduce some notations to rescale our trees on KSB. For every λ1, λ2 > 0, and
µ ∈M let (λ1, λ2)µ ∈M such that for every Borel set B,

(λ1, λ2)µ(B) = λ2µ{λ1x, x ∈ B}.

For every λ1, λ2 > 0 and Υ := {(Xi, Yi, Zi)i∈N, µ} ∈ KSB let

(λ1, λ2)Υ := ((λ1Xi, λ1Yi, λ1Zi)i∈N, (λ1, λ2)µ).

Note that for every λ1, λ2 > 0, the map Υ 7→ (f, λ)Υ is continuous and so measurable.

3.2 Gromov–Prokhorov (GP) topology

A measured metric space is a triple (X, d, µ) such that (X, d) is a Polish space and µ is a Borel
probability measure on X . Two such spaces (X, d, µ), (X ′, d′, µ′) are called isometry-equivalent
if and only if there exists an isometry f : X → X ′ such that if f?µ is the image of µ by f then
f?µ = µ′. Let KGP be the set of isometry-equivalent classes of measured metric space. Given a
measured metric space (X, d, µ), we write [X, d, µ] for the isometry-equivalence class of (X, d, µ)
and frequently use the notation X for either (X, d, µ) or [X, d, µ].

We now recall the definition of the Prokhorov’s distance. Consider a metric space (X, d). For
every A ⊂ X and ε > 0 let Aε := {x ∈ X, d(x,A) < ε}. Then given two (Borel) probability
measures µ, ν on X , the Prokhorov distance between µ and ν is defined by

dP (µ, ν) := inf{ ε > 0: µ{A} ≤ ν{Aε} and ν{A} ≤ µ{Aε}, for all Borel set A ⊂ X}.

The Gromov–Prokhorov (GP) distance is an extension of the Prokhorov’s distance: For every
(X, d, µ), (X ′, d′, µ′) ∈ KGP the Gromov–Prokhorov distance between X and X ′ is defined by

dGP((X, d, µ), (X ′, d′, µ′)) := inf
S,φ,φ′

dP (φ?µ, φ
′
?µ
′),

where the infimum is taken over all metric spaces S and isometric embeddings φ : X → S,
φ′ : X ′ → S. dGP is indeed a distance on KGP and (KGP, dGP) is a Polish space (see e.g. [1]).

Remark. For stick breaking construction a natural choice for S is the completion of (R+N, ‖‖1) as
one may simply use one direction for each branch (see Aldous [5] for more details).

We use another convenient characterization of the GP topology which relies on convergence of
distance matrices: For every measured metric space (X, dX , µX) let (xXi )i∈N be a sequence of i.i.d.
random variables of common distribution µX and let MX := (dX(xXi , x

X
j ))(i,j)∈N2 . We have the

following result from [33],

Lemma 2. Let (Xn)n∈N ∈ KN
GP and let X ∈ KGP then Xn−→GP X as n → ∞ if and only if

MXn
converges in distribution toward MX .
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For convenience issue we use the following extension of Lemma 2.

Lemma 3. Let (Xn)n∈N ∈ KN
GP and letX ∈ KGP. Let (yXi )i∈N be a sequence of random variables

on X and let NX := (dX(yXi , y
X
j ))(i,j)∈N2 . If

MXn (d)−→NX and
1

n

n∑
i=1

δyXi
(d)−→µX ,

then Xn−→GP X and thus MX and NX have the same distribution.

Proof. Fix k ≤ m ∈ N. Let (A1, . . . , Ak) be a uniform tuple of k different integers in {1, . . . ,m}.
Since MXn →(d) NX , we have(

dX
n (
xX

n

i , xX
n

j

))
1≤i,j≤k =(d)

(
dX

n
(
xX

n

Ai , x
Xn

Aj

))
1≤i,j≤k

(d)−→
(
dX
(
yXAi , y

X
Aj

))
1≤i,j≤k

.

Now since as m→∞, 1
m

∑m
i=1 δyXi

→ µX , taking m→ +∞ in the above equation yields(
dX

n (
xX

n

i , xX
n

j

))
1≤i,j≤k

(d)−→
(
dX
(
xXi , x

X
j

))
1≤i,j≤k .

Finally, since k is arbitrary, Lemma 2 concludes the proof.

3.3 Gromov–Hausdorff (GH) topology

Let KGH be the set of isometry-equivalent classes of compact metric space. For every metric space
(X, d), we write [X, d] for the isometry-equivalent class of (X, d), and frequently use the notation
X for either (X, d) or [X, d].

For every metric space (X, d), the Hausdorff distance between A,B ⊂ X is given by

dH(A,B) := inf{ε > 0, A ⊂ Bε, B ⊂ Aε}.

The Gromov–Hausdorff distance between (X, d),(X ′, d′) ∈ KGH is given by

dGH((X, d), (X ′, d′)) := inf
S,φ,φ′

(
dH(φ(X), φ′(X ′))

)
,

where the infimum is taken over all metric spaces S and isometric embeddings φ : X → S,
φ′ : X ′ → S. dGH is indeed a distance on KGH and (KGH, dGH) is a Polish space. (see e.g. [1])

3.4 Gromov–Hausdorff–Prokhorov (GHP) topology

Let KGHP ⊂ KGP be the set of isometry-equivalent classes of compact measured metric space. The
Gromov–Hausdorff–Prokhorov distance between (X, d, µ),(X ′, d′, µ′) ∈ KGHP is given by

dGHP((X, d, µ), (X ′, d′, µ′)) := inf
S,φ,φ′

(
dP (φ?µ, φ

′
?µ
′) + dH(φ(X), φ′(X ′))

)
,

where the infimum is taken over all metric spaces S and isometric embeddings φ : X → S,
φ′ : X ′ → S. dGHP is indeed a distance on KGHP and (KGHP, dGHP) is a Polish space. (see [1])

Note that GHP convergence implies GP convergence, then that random variables GHP measur-
able are also GH measurable. For every [X, d, p] ∈ KGHP, let [X, d] denote its natural projection
on KGH. Note that GHP convergence implies GH convergence of the projections on KGH, then that
the projection on KGH is a measurable function. We will need the following statement.

Lemma 4. Let ([Xn, dn, pn])n∈N and [X, d, p] be GHP measurable random variables in KGHP.
Assume that almost surely [X, d, p] have full support. Assume that ([Xn, dn, pn])n∈N converges
weakly toward [X, d, p] in a GP sens, and that ([Xn, dn])n∈N converges weakly toward [X, d] in a
GH sens. Then ([X, d, p])n∈N converges weakly toward [X, d, p] in a GHP sens.

Proof. See Appendix
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3.5 Measurability

We briefly explain why D-trees, P-trees, and Θ-ICRT are measurable for the SB, GP, and GHP
topologies. First D-trees are measurable as discrete random variables. Then, it is easy to prove
from the definitions of X,Y, Z, µ, that P-trees and ICRT are SB measurable. Also, it is proved in
[8, 19] that P-trees and ICRT are GP measurable. Furthermore, P-trees are GHP measurable, since
we restrict to a finite discrete case.

The GHP measurability of compact Θ-ICRT is harder to prove so let us give a sketch of proof.
Let for every l > 0, µΘ

l be the restriction of µΘ to [0, l] and let T Θ
l := ([0, l], dΘ, µΘ

l /µ
Θ[0, l]).

One can show that, for every l > 0, T Θ
l is GHP measurable by proving the continuity of SB

(Algorithm 3) from KSB to those subtrees. Then, by Theorems 3.1 and 3.3 of [12], almost surely
(T Θ
l )l∈R+ converges toward T Θ for the GHP topology so T Θ is GHP measurable.

4 Main results

In the whole section (Dn)n∈N, (Pn)n∈N, (Θn)n∈N are fixed sequences in ΩD, ΩP , ΩΘ respectively.
Furthermore we always work under one of the following regimes:

Assumption 1 (Dn ⇒ P). For all i ≥ 1, dDni /sDn → pPi and sDn →∞.

Assumption 2 (Dn ⇒ Θ). For all i ≥ 1, dDni /σDn → θΘ
i and dDn1 /sDn → 0.

Assumption 3 (Pn ⇒ Θ). For all i ≥ 1, pPni /σPn → θΘ
i and pPn1 → 0.

Assumption 4 (Θn ⇒ Θ). For all i ≥ 1, θΘn
i → θΘ

i .

A few words on⇒. In most of the paper⇒ is only used as a notation. However, one can put a
topology on Ω := ΩD ∪ ΩP ∪ ΩΘ such that⇒ corresponds with the notion of convergence on Ω.
Let us briefly explain the main advantages of this approach (see Section 8.1 for more details).

First, one can check that (Ω,⇒) is a Polish space, so one can do probability on this space.
Moreover, one can see our results as continuity results for the function which associate to a set of
parameters a tree. Hence, our results can be used to study trees with random degree distributions.

Furthermore one can check that ΩD is dense, so our results on D-trees implies all the others.

4.1 Convergence of the first branches

Intuitively, the following technical result on Algorithms 1, 2, 4 tells that the first branches converge.
It is absolutely central for this paper (recall Introduction 1.2) and also for the forthcoming [11].

Theorem 5. The following convergences hold weakly for the SB topology (see Section 3.1).
(a) Suppose that Dn ⇒ P , then (1, 1/sDn)ΥDn →WSB ΥP .
(b) Suppose that Dn ⇒ Θ, then (σDn/sDn , 1/σDn)ΥDn →WSB ΥΘ.
(c) Suppose that Pn ⇒ Θ, then (σPn , 1/σPn)ΥPn →WSB ΥΘ.
(d) Suppose that Θn ⇒ Θ, then ΥΘn →WSB ΥΘ.

4.2 Gromov–Prokhorov convergence

First let us specify the measures that we consider. Let Ωp be the set of measures on {Vi}i∈N. We
say that a sequence (pn)n∈N ∈ ΩN

p converges toward p ∈ Ωp iff maxi∈N |pn(Vi) − p(Vi)| → 0.
In the whole paper, for every D ∈ ΩD, pD is a fixed probability measure with support on VD :=
{Vi, 1 ≤ i ≤ sD}. Similarly, for every P ∈ ΩP , pP is a fixed probability measure with support on
VP := {V Pi }i:pi>0. Also, we sometimes let 0 denote the null measure on {Vi}i∈N.
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Then we recall the probability measure on ICRT introduced in [12]. To simplify our expressions,
we write µΘ =∞ when either θΘ

0 > 0 or
∑∞

i=1 θ
Θ
i =∞, (since µΘ =∞ iff a.s. µΘ[0,∞] =∞).

Definition ([12] Theorem 3.1). Let Θ ∈ ΩΘ be such that µΘ = ∞. For every l > 0, let µΘ
l be

the restriction of µΘ on [0, l] and let pΘ
l := µΘ

l /µ
Θ[0, l]. Almost surely there exists a probability

measure pΘ on T Θ such that (pΘ
l )l>0 converges weakly toward pΘ.

Let us now state the main result of this section. In what follows, dD denotes the graph distance
on TD and similarly dP denotes the graph distance on TP .

Theorem 6. The following convergences hold weakly for the GP topology (see Section 3.2).
(a) If Dn ⇒ P and pDn → pP then(

VDn , dDn , pDn
)WGP−→(VP , dP , pP).

(b) If Dn ⇒ Θ, pDn → 0, and µΘ =∞ then(
VDn , (σDn/sDn)dDn , pDn

)WGP−→(T Θ, dΘ, pΘ).

(c) If Pn ⇒ Θ, pPn → 0, and µΘ =∞ then(
VPn , σPndPn , pPn

)WGP−→(T Θ, dΘ, pΘ).

(d) If Θn ⇒ Θ, and µΘ =∞ then

(T Θn , dΘn , pΘn)
WGP−→(T Θ, dΘ, pΘ).

Remarks. • Theorem 6 (a) follows from Theorem 5 (a) since we are considering discrete trees.
• There are several canonical measures on trees: uniform on leaves, uniform on vertices. . . We use
generic measures pDn so that Theorem 6 applies to such a variety of measures.
• If pDn denotes the uniform measure on the leaves of TDn , then Theorem 6 (b) mostly follows
from Theorem 5 (b), Lemma 3 and the weak convergence 1

n

∑n
i=1 δY Θ

i
→ pΘ([12] Proposition 3.2).

To prove the convergence for general pDn we use a coupling between Algorithms 1 and 6.
• In passing, by Lemma 3, we reprove (see [8] Theorem 9) that cut points "are" uniform vertices:
Let Θ ∈ ΩΘ such that µΘ =∞. Let (AΘ

i ) be a family of i.i.d.random variables with law pΘ. Then

(dΘ(Y Θ
i , Y

Θ
j ))i,j∈N =(d) (dΘ(AΘ

i , A
Θ
j ))i,j∈N.

• Results (c) and (d) are already mostly proved by Aldous, Camarri and Pitman in [8, 19]. Our only
contribution to those results is the small extension of the P-tree model.

4.3 Gromov–Hausdorff–Prokhrov convergence

We deduce (see Lemma 4) the GHP convergence, from the GP convergence given by Theorem
6, and the GH convergence. To prove the GH convergence, we use the convergence of the first
branches, and prove that the whole trees are close from their first branches. We already estimated
the distance between the ICRT and its first branches in [12], and we apply similar methods for
D-trees and P-trees. From those estimates, we know when there is convergence, and so state
assumptions to focus only on those cases.

Let us enter the details. We proved in [12] Section 6 the following approximation for ICRT:

dH(T Θ
y , T Θ) ≈

∫ ∞
y

dl

lE[µΘ[0, l]]
, (7)

where for every Θ ∈ ΩΘ and y ∈ R+, T Θ
y = ([0, y], dΘ, pΘ

y ). Hence, since we want the trees to be
close from their first branches, we assume for ICRT that:

11



Assumption 5.

lim
y→+∞

lim sup
n→+∞

∫ +∞

y

dl

lE[µΘn [0, l]]
= 0.

Let us make a similar assumption for P-trees. Here, the previous integral does not converge
since µP [0,∞] =

∑∞
i=1 pi <∞. To solve this issue, we truncate the integral and rely on from the

following generalisation of (7):

dH(T Θ
y , T Θ

y′ ) ≈
∫ y′

y

dl

lE[µΘ[0, l]]
. (8)

The main idea is then to take y′ as large as possible such that the approximation (8) stays "optimal"
and then to estimate dH(Ty′ , T ). For this reason we assume for P-trees that:

Assumption 6. The two following assumptions hold:
(i) For every P ∈ ΩP , let tP := inf

{
l ∈ N, E[µP [0, l]] ≥ 1/2

}
and let µ̄P := (σP , 1/σP)µP

(see Section 3.1 for definition of rescaled measure). We have,

lim
y→+∞

lim sup
n→+∞

∫ σPn tPn

y

dl

lE [µ̄Pn [0, l]]
= 0.

(ii) ln sPn = o
(
1/σPn

)
.

For D-trees, we make similar assumptions with another one for vertices of degree 1. Those
vertices have the particularity of "not adding mass" to µ while "adding length" to TD. This is an
issue, since intuitively, as the construction goes on, adding vertices normally increases µ which
results into having smaller branches.

Assumption 7. The three following assumptions hold :
(i) Let for everyD ∈ ΩD, tD := inf

{
l ∈ N, E[µD[0, l]] ≥ ND/2

}
and µ̄D := (σD/sD, 1/σD)µD.

We have,

lim
y→+∞

lim sup
n→+∞

∫ σDn
sDn

tDn

y

dl

lE [µ̄Dn [0, l]]
= 0.

(ii) ln
(
sDn≥2

)
sDn

NDn
= o

(
sDn

σDn

)
where for every D ∈ ΩD, sD≥2 := #{i ∈ N, dDi ≥ 2}.

(iii) ln(NDn )

ln(sDn/sDn1 )
= o

(
sDn

σDn

)
where for every D ∈ ΩD, sD1 := #{i ∈ N, dDi = 1}.

Remarks. We discuss here the necessity of the different assumptions for the GHP convergence.
• First (i) corresponds to the compactness of ICRT. Although we do not prove it, we are conviced
that (i) is necessary as one can adapt the argument of section 6.3 of [12] to prove that there is no
possible convergence otherwise. In applications tD and tP are hard to compute, however since the
integral "grows slowly" one can often choose much more convenient bounds for the integral.
• Although natural, Assumptions 6 (ii) and 7 (ii) are not necessary as Lemma 22 is sub-optimal.
• Assumption 7 (iii) is optimal: The right hand side is the typical distance between two vertices.
The left hand side is the typical size of the longest paths that are composed of vertices of degree 1.
Hence when those paths are too long Dn-trees can not converge.
• Although (ii) and (iii) of Assumption 7 look similar, they are not equivalent. However, we have
the following implications: If (ii) holds and either sDn1 = O(sDn≥2 ) or NDn = O(sDn≥2 ), then (iii)
holds. If (iii) holds and sDn≥2 = O(sDn1 ) then (ii) holds.
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Theorem 7. The following convergences hold weakly for the GHP-topology.
(a) If Dn ⇒ Θ, pDn → 0, and Assumption 7 is satisfied then(

VDn , (σDn/sDn)dDn , pDn
)WGHP−→ (T Θ, dΘ, pΘ).

(b) If Pn ⇒ Θ, pPn → 0, and Assumption 6 is satisfied then(
VPn , σPndPn , pPn

)WGHP−→ (T Θ, dΘ, pΘ).

(c) If Θn ⇒ Θ, and Assumption 5 is satisfied then

(T Θn , dΘn , pΘn)
WGHP−→ (T Θ, dΘ, pΘ).

Our proof of Theorem 7 follows a method of Aldous [5]. The main idea is to upper bound for a
suitable sequence (kn), the sum

∑
n dH(TYkn , TYkn+1

). To this end note that for every n,

dH(TYkn , TYkn+1
) = max

kn<i≤kn+1

d(Yi, TYkn ),

and that for i > kn,

d(Yi, TYkn ) =(d) d(Ykn+1, TYkn ) = Ykn+1 − Ykn .

The rest of the proof is just a computation using large deviation inequalities and union bounds.
Remark. This method was used in [5] to prove that the Brownian CRT is compact, and by taking
the limit of those bounds one can give an alternative proof for the compactness of ICRT.

4.4 Height of D-trees, P-trees and ICRT

With the same method, we obtain some upper bounds for the height of D-trees, P-trees and ICRT:

Theorem 8. There exists some constants c, C > 0 such that:
(a) For every D ∈ ΩD and x ∈ R+:

P

cσD
sD

H(TD) > x+

∫ σD
sD

tD

1

dl

lE[µ̄D[0, l]]
+

ln(sD≥2)σD

ND
+
σD

sD
ln(ND)

ln
(
sD

sD1

)
 ≤ Ce−cxE[µ̄D[0,x]].

(b) For every P ∈ ΩP and x ∈ R+:

P

(
cσPH(TP) > x+

∫ σP tP

1

dl

lE[µ̄P [0, l]]
+ σP ln(sP)

)
≤ Ce−cxE[µ̄P [0,x]].

(c) For every Θ ∈ ΩΘ and x ∈ R+:

P
(
cH(T Θ) > x+

∫ +∞

x

dl

lE[µΘ[0, l]]

)
≤ Ce−cxE[µΘ[0,x]].

Remarks. • There is a (non matching) lower bound in the case of the ICRT. Indeed, note that
H(T Θ) ≥ Y Θ

1 then that

P(Y Θ
1 ≥ x|µΘ) = e−

∫ x
0 µΘ[0,l]dl ≥ e−xµΘ[0,x],

and then by convexity of l 7→ el,

P(Y Θ
1 ≥ x) ≥ e−xE[µΘ[0,x]].

Although we do not pursue in this direction, one can show similar bounds for D-trees and P-trees.
• The other terms are almost optimal as they correspond to Assumptions 5, 6, 7.
• Addario–Berry, Devroye, Janson [2] and Kortchemski [26] prove similar upper bounds for Galton–
Watson trees and Lévy trees. Also Addario–Berry [3] prove a weaker result on D-trees, which is
similar to our result in the "small"-degree case and simpler to compute.
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5 Convergence of the first branches of D-trees

5.1 Convergence of D-trees toward P-trees: proof of Theorem 5 (a)

Recall Algorithms 1 and 2. Let (Dn)n∈N be a sequence in ΩD and let P ∈ ΩP such that Dn ⇒ P .
We saw in Section 2.2 that in this case (ADn)n∈N converges weakly toward AP as n→∞. Hence,
we may assume that a.s. for every i ∈ N, ADni → APi .

Our goal is to prove that (1, 1/sDn)ΥDn → ΥP for the SB topology defined in Section 3.1.
Since we work with discrete random variables, note that it suffices to show that for every i ∈ N,
XDni → XPi , Y Dni → Y Pi , ZDni → ZPi and that µDn/sDn → µP . First we have for every i ∈ N,

XDni = inf{j ∈ N, ADnj = Vi}−→ inf{j ∈ N, APj = Vi} = XPi .

Then we have for the Skorohod topology: (There is no issue involved with the sum of diracs here
since all atoms lie at integer point.)

1

sDn
µDn =

sDn∑
i=1

δ
XDni

dDni − 1

sDn
sko−→

∞∑
i=1

δXPi
pPi = µP .

We now study the cuts and the glue points which correspond to repetitions in (ADni )1≤i≤sDn−1 .
Here, some extra care is required since the vertex V∞ "is split" into many others in Algorithm 2.
For every i, j, k, n ∈ N, we have

P
(
ADni = ADnj ∈ {Va}a>k

)
=

+∞∑
a=k+1

dDna
(sDn − 1)

(dDna − 1)

(sDn − 2)
≤

+∞∑
a=k+1

1

a2
−→
k→∞

0.

So, we may also assume that for every i, j ∈ N, there exists k ∈ N such that for every n large
enough we do not have ADni = ADnj ∈ {Va}a>k. Or equivalently, for every i, j ∈ N such that
APi = APj = V∞, for every n large enough ADni 6= ADnj . Also, for every i, j ∈ N such that
APi = APj 6= V∞, for every n large enough ADni = ADnj . It directly follows that for every i ∈ N,
Y Dni → Y Pi and ZDni → ZPi . This concludes the proof.

5.2 Preliminaries: D-trees and P-trees can be seen as modifications of ICRT

In this section, we give a rigorous meaning (Lemma 9) to the following informal statement: If one
gives to each edge e of a P-tree a length le, such that (le)e∈TP is a family of i.i.d. exponential
random variables of mean σP , then this P-tree is quasi isometric to an ICRT. Also, although the
connection between D-trees and ICRT is not as simple, we prove a similar statement for D-trees
(Lemma 10), which is key in our proof of Theorem 5 (b).

First let us introduce "length change" on KSB (recall Section 3.1). Let F be the set of increasing
bijection from R+ to R+. For every f ∈ F, λ > 0 and Υ = ((Xi, Yi, Zi)i∈N, µ) ∈ KSB, let

(f, λ)Υ := ((f(Xi), f(Yi), f(Zi))i∈N, λf?µ).

Note that for every f ∈ F, λ > 0, the map Υ 7→ (f, λ)Υ is continuous and so measurable.

Lemma 9. Let P ∈ ΩP , let Θ = (0, p1/σ, p2/σ, . . . ). Note that Θ ∈ ΩΘ. Let {li}i∈N be a
family of i.i.d. exponential random variables of mean σ. Let f ∈ F be such that for every i ≥ 0,
f(σi) =

∑i
k=1 lk. Then (f, 1/σ)ΥP and ΥΘ have the same distribution.

Proof. We omit the proof of Lemma 9 since it would be too similar to the proof of Lemma 10. (See
also Camarri, Pitman [19] Section 4.1 who introduce a similar connection.)

The connection between D-trees and ICRT is not as simple. However we have the following
construction which "replaces" ICRT.
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Algorithm 5. Definition of "the continuum D-tree": Υ̃D.
– Let (X̃i)i∈N be a family of independent exponential random variables of parameter (di/σ)i∈N.
– Let µ̃ be the measure on R+ defined by µ̃ =

∑s
i=1 δX̃i (di − 1) /σ.

– Let (Ŷi, Ẑi)i∈N be a Poisson point process on {(y, z) ∈ R+2 : y ≥ z} of intensity dy × dµ̃.
– For every i ∈ N with di ≥ 1, let UX,i be uniform in {1, . . . , di}.
– For every j ∈ N, let Uj be uniform in {1, . . . , di}\{UX,i} where i is the unique index such

that X̃i = Ẑj . (Uj is well defined since Ẑj is in the support of µ̃, which is {X̃i}i:di>0.)
– Let k1 < · · · < kN be the indexes such that (Zk, Uk) /∈ {(Zj , Uj), j < k}. (There is a.s. N

such indexes sinceN =
∑

i:di>0 di−1 = #{(i, u) ∈ N2 : di > 0, 1 ≤ u ≤ di, u 6= UX,i}.)
– For every 1 ≤ i ≤ N , let Ỹi = Ȳki and let Z̃i = Z̄ki . For every i > N , let Ỹi = Z̃i = +∞.
– Let Υ̃D = ((X̃i, Ỹi, Z̃i)i∈N, µ̃).

The following result is the analog of Lemma 9 for D-trees.

Lemma 10. Let D ∈ ΩD. Let (EDi )1≤i≤sD−1 be a family of independent exponential random
variables of mean (σD/(sD − i))1≤i≤sD−1 and let fD ∈ F such that for every 1 ≤ i ≤ sD − 1,
fD(i) =

∑i
k=1E

D
k . Then (fD, 1/σD)ΥD and Υ̃D have the same distribution.

Proof. Note that it suffices to construct a coupling between Algorithms 1 and 5 such that a.s.
(f(Xi), f(Yi), f(Zi))i∈N = (X̃i, Ỹi, Z̃i)i∈N. To this end we use the same "starting randomness"
for both algorithms:

First let I := {(i, j) ∈ N2, 1 ≤ i ≤ s, 1 ≤ j ≤ di}. For every (i, j) ∈ I , let Pi,j be a Poisson
point process on R+ with rate 1/σ and let Ei,j = minPi,j . For every i ∈ N such that di ≥ 1 let
ki = argmin{Ei,j , 1 ≤ j ≤ di}. Finally let I2 = I\{i, ki}1≤i≤s.

Toward Algorithm 1, sort {(Ei,j , Vi, j)}(i,j)∈I by the first coordinate as (ti, Bi,Ki)1≤i≤s−1.
One can easily check, that (ti)1≤i≤s−1 is independent of (Bi, ki)1≤i≤s−1, that (ti)i∈N have the
same distribution as (f(i))1≤i≤s−1, and that (Bi, ki)1≤i≤s−1 is a uniform permutation of I . We
omit the trivial details. As a result, (ti, Bi)1≤i≤s−1 have the same distribution as (f(i), Ai)1≤i≤s−1.
Therefore we may assume that for every 1 ≤ i ≤ s− 1, (ti, Bi) = (f(i), Ai). It directly follows
that for every i ∈ N such that di ≥ 1,

f(Xi) = f(min{j ∈ N, Aj = Vi}) = min{f(j), Aj = Vi} = min{Ei,k, 1 ≤ k ≤ di} = Ei,ki .
(9)

Then by a similar argument,

{f(Yi), f(Zi)}1≤i≤N = {Ei,j , Ei,ki}(i,j)∈I2 . (10)

Toward Algorithm 5, note that Ei,ki is an exponential random variable of mean di/σ and that
ki is uniform in {1, . . . , di}, hence we may assume that

X̃i = Ei,ki ; UX,i = ki. (11)

Then, note that conditionally on (ki)1≤i≤s and on (Ei,ki)1≤i≤s,
⋃

(i,j)∈I2 Pi,j × {Ei,ki} × {j} is a
Poisson point process on R+3 of intensity∑

(i,j)∈I2

1Ei,ki≤xdx× δEi,ki × δj . (12)

Also note that conditionally on (X̃i)1≤i≤s and on (UX,i)1≤i≤s, {Ŷi, Ẑi, UZ,i}i∈N is also a Poisson
point process with the same intensity as in (12). So we may assume that

{Ŷi, Ẑi, UZ,i}i∈N =
⋃

(i,j)∈I2

Pi,j × {Ei,ki} × {j}. (13)
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Therefore, by "keeping" the first point of each line {y, z, u}y∈R+ in both side and by "deleting" the
last coordinate, we have,

{Ỹi, Z̃i}1≤i≤N = {Ei,j , Ei,ki}(i,j)∈I2 . (14)

Finally by (9) and (11) we have (f(Xi))i∈N = (X̃i)i∈N. Also by (10), (14), and by monotony
of (Yi)i∈N and (Ỹi)i∈N we have (f(Yi), f(Zi))i∈N = (Ỹi, Z̃i)i∈N.

5.3 Convergence of D-trees toward ICRT: proof of Theorem 5 (b)

Fix (Dn)n∈N ∈ ΩN
D and Θ ∈ ΩΘ. We assume that Dn ⇒ Θ, that is dDn1 /sDn → 0 and ∀i ∈ N,

dDni /σDn → θΘ
i , and we prove that (σDn/sDn , 1/σDn)ΥDn → ΥΘ weakly for the SB topology.

To this end, we follow the steps of Algorithm 5 and concludes by using Lemma 10.

Lemma 11. If Dn ⇒ Θ then jointly in distribution for every i ∈ N, X̃Dni → XΘ
i and µ̃Dn → µ.

Proof. The convergence of the variables (X̃Dni )i∈N is immediate from their definitions. Hence
by the Skorohod representation theorem we may assume that almost surely for every i ∈ N,
X̃Dni −→XΘ

i .
We now prove that jointly with the previous convergence, µ̃Dn → µΘ weakly for the Skorohod

topology. To this end, for every D ∈ ΩD and k ∈ N we split x 7→ µ̃D[0, x] into

FD,≤k : x 7→
k∑
i=1

1X̃Di ≤x
(dDi − 1)/σD and FD,>k : x 7→

∞∑
i=k+1

1X̃Di ≤x
(dDi − 1)/σD.

And we show that if (kn)n∈N is a sequence increasing sufficiently slowly to +∞ then for every
x > 0 (a) almost surely FDn,≤kn(x)→

∑∞
i=1 1XΘ

i ≤x
θi and (b) FDn,>kn(x)→ θ2

0x in probability.
Note that provided (c) (µ̃Dn)n∈N is tight for the Skorohod topology, a sum of (a) and (b) yields the
desired result.

Toward (a), recall that for every i ∈ N, a.s. X̃Dni → XΘ
i , and that Dn ⇒ Θ. So if (kn)n∈N

increases sufficiently slowly to +∞ then by bounded convergence for every x ∈ R+ a.s.

FDn,≤kn(x) =

kn∑
i=1

1
X̃Dni ≤x(dDni − 1)/σDn −→

n→∞

∞∑
i=1

1XΘ
i ≤x

θΘ
i .

To prove (b) we use a second moment method. We have for every x ≥ 0,

E
[
FDn,>kn(x)

]
=

∞∑
i=kn+1

dDni − 1

σDn
P
(
X̃Dni ≤ x

)
=

∞∑
i=kn+1

dDni − 1

σDn

(
1− exp

(
x
dDni
σDn

))
.

Then, since kn →∞ and since Dn ⇒ Θ,

E
[
FDn,>kn(x)

]
∼

∞∑
i=kn+1

x
dDni − 1

σDn
dDni
σDn

= x− x
kn∑
i=1

dDni (dDni − 1)

(σDn)2
→ x− x

+∞∑
i=1

θ2
i = xθ2

0,

where the last convergence holds by bounded convergence when (kn)n∈N increases sufficiently
slowly to +∞. Also similarly for every x ≥ 0,

V
[
FDn,>kn(x)

]
≤

+∞∑
i=kn+1

(
dDni − 1

σDn

)2

P
(
X̃Dni ≤ x

)
≤
dDnkn+1

σDn
E
[
FDn,>kn(x)

]
= o(1).
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And (b) follows.
Toward (c), for every 0 ≤ x ≤ y ≤ z, and n ∈ N we have,

∆n(x, y, z) := E
[
|µ̃Dn(y)− µ̃Dn(x)||µ̃Dn(z)− µ̃Dn(y)|

]
= E

[ ∞∑
i=1

1
x<X̃Dni ≤y

dDni − 1

σDn

∞∑
i=1

1
y<X̃Dni ≤z

dDni − 1

σDn

]

=
∑
i 6=j

P
(
x < X̃Dni ≤ y

) dDni − 1

σDn
P
(
y < X̃Dnj ≤ z

) dDnj − 1

σDn

≤

( ∞∑
i=1

P
(
x < X̃Dni ≤ z

) dDni − 1

σDn

)2

. (15)

Then by definition of (X̃Dni )i∈N and by convexity of x 7→ ex,

P(x < X̃Dni ≤ z) = e−d
Dn
i /σDnz − e−d

Dn
i /σDnx ≤ dDni /σDn(z − x).

Hence, by (15) and definition of σDn ,

∆n(x, y, z) ≤

 ∞∑
i,θi=1

dDni
σDn

(z − x)
dDni − 1

σDn

2

= (z − x)2.

Finally since x, y, z are arbitrary (c) follows.

It directly follows from Lemma 11, and the definition of (Ŷ Dni , ẐDni ) (see Algorithm 5), that

Υ̂Dn := ((X̃Dni , Ŷ Dni , ẐDni )i∈N, µ̃
D)

WSB−→
n→∞

ΥΘ. (16)

We omit the trivial details, and refer for instance to Lemma 4.24 (ii’) of Kallenberg [25] for more
precision on convergence of Poisson point process.

The following lemma implies that we can "replace" in (16) (Ŷ Dni , ẐDni )i∈N by (Ỹ Dni , Z̃Dni )i∈N.

Lemma 12. Assume that Dn ⇒ Θ then for every i ∈ N,

P
(
Ŷ Dni = Ỹ Dni and ẐDni = Z̃Dni

)
−→
n→∞

1.

Proof. Let for D ∈ ΩD, mD := inf((Ỹ Di )i∈N\(Ŷ Di )1≤i≤N ). Note that it is enough to show that
for every l ∈ R+, P(mDn > l)→ 1. To this end, we lower bound P(mD > l) for D and l fixed.

First let us recall some notations introduced in the proof of Lemma 10. Let I := {(i, j) ∈
N2, 1 ≤ i ≤ s, 1 ≤ j ≤ di}. For every (i, j) ∈ I , let Pi,j be a Poisson point process on R+ with
rate 1/σ and let Ei,j = minPi,j . For every i such that di ≥ 1 let ki = argmin{Ei,j , 1 ≤ j ≤ di}.
Then let I2 = I\{i, ki}1≤i≤s.

Now, recall that {Ỹi}i∈N\{Ŷi}i∈N =
⋃

(i,j)∈I2{Pi,j\{Ei,j}}. So that by the union bound,

P(m > l) ≤
s∑
i=1

P
(
∃1 ≤ j ≤ di : (i, j) ∈ I2,#(Pi,j ∩ [0, l]) ≥ 2

)
. (17)

To simplify the notation, let
∑

1≤i≤s Si denote the sum above. We split this sum in two according
to "whether di is small or large", and we upper bound each part.
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On the one hand, note that if there exists 1 ≤ j ≤ di such that (i, j) ∈ I2 and #(Pi,j∩[0, l]) ≥ 2
then #(

⋃
1≤j≤di Pi,j ∩ [0, l]) ≥ 3 and di ≥ 2. So that for every 1 ≤ i ≤ s,

Si ≤ P

#

 ⋃
1≤j≤di

Pi,j ∩ [0, l]

 ≥ 3

 = 1− e−ldi/σ
(

1 +
ldi
σ

+
l2d2

i

2σ2

)
≤
(
l
di
σ

)3

,

where the last inequality comes from the fact that for every x ≥ 0, 1− e−x(1 + x+ x2/2) ≤ x3.
Then for every ε > 0,

∑
i,di≤εσ

Si ≤
∑

i,di≤εσ
1di≥2

(
l
di
σ

)3

≤ 2l3ε
∑

i,di≤εσ

di(di − 1)

σ2
≤ 2l3ε. (18)

On the other hand, we have by a similar argument,

Si ≤ diP (#(Pi,1 ∩ [0, l]) ≥ 2) ≤ dil2/σ2,

and when εσ > 1,∑
i,di>εσ

Pi ≤
∑

i,di>εσ

l2
di
σ2
≤

∑
i,di>εσ

l2

εσ − 1

di(di − 1)

σ2
≤ l2

εσ − 1
. (19)

Therefore, summing (18) and (19), we have for every n ∈ N,

P(mDn > l) ≤ 2l3ε+
l2

εσDn − 1
. (20)

Then as n→ +∞, Dn ⇒ Θ so σDn →∞ and the right hand term in (20) converges to 2ε. Since ε
is arbitrary, P(mDn > l)→ 0. Since l is arbitrary, this concludes the proof.

Proof of Theorem 5 (b). Recall for D ∈ ΩD the definitions of fD and {EDi }1≤i<sD introduced
in Lemma 10. First it directly follows from Lemma 12 and equation (16) that weakly for the
SB topology Υ̃Dn → ΥΘ as n → ∞. Furthermore by Lemma 10, (fDn , 1/σDn)ΥDn and Υ̃Dn

have the same distribution. So, by Skorohod representation theorem we may assume that both the
convergence and the equality holds almost surely, hence almost surely

(fDn , 1/σDn)ΥDn → ΥΘ. (21)

Let for n ∈ N, λn := sDn/σDn . For every x ∈ R+ and n ∈ N, we have by definition of fDn

and {EDni }1≤i<sDn ,

E
[
fDn (bλnxc)

]
=

bλnxc∑
i=1

E[EDni ] =

bλnxc∑
i=1

σDn

sDn − i
= bλnxc

σDn

sDn −O(λn)
−→
n→∞

x.

Similarly,

V[fDn(bλnxc)] =

bλnxc∑
i=1

V[Ei] =

bλnxc∑
i=1

(
σD

sD − i

)2

−→ 0.

Therefore x 7→ fDn(λnx) converges in distribution for ‖ · ‖∞ toward the identity on any interval.
Then by Skorohod representation theorem we may assume that this convergence holds almost
surely. The convergence (1/λn, 1/σ

Dn)ΥDn →SB ΥΘ then follows from (21) and a deterministic
topological verification.
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6 Gromov–Prokhorov convergence of D-trees

6.1 Preliminary: vertices with small degree behaves like leaves

Recall that, by Lemma 3, to prove the GP convergence, it suffices to prove that the distance matrix
between random vertices converges. To do so, we introduce a generalisation of Algorithm 1 which
constructs sequentially the subtree spanned by the root and W1, . . . ,Wi where W = {Wi}1≤i≤sD
is an arbitrary permutation of VD. Then, we couple it with Algorithm 1 to show that whenever
W1,W2, . . . have "small" degree, then those subtrees are close from the subtrees spanned by the
first leaves (see Lemma 14). This agrees with the intuition that vertices with small degree behave
like leaves. Naturally, this is also true for random vertices, which typically are distinct and have
small degree.

Algorithm 6. General stick-breaking construction of D-tree.
- Let AD = (A1, . . . , As−1) be a uniform D-tuple.
- Let TD,W1 := ({A1}, ∅) then for every 2 ≤ i ≤ s let

TD,Wi :=

{
Ti−1 ∪ {Ai−1, Ai} if Ai /∈ Ti−1,

Ti−1 ∪ {Ai−1,Winf{k,Wk /∈Ti−1}} if Ai ∈ Ti−1 or i = s.

- Let TD,W denote the rooted tree (Ts, A1).

Remark. If for every 1 ≤ i ≤ N + 1, Wi = Li then Algorithm 1 and Algorithm 6 follow the exact
same steps, hence TD,W = TD.

Proposition 13. For every D ∈ ΩD, and W permutation of VD, TD,W is a D-tree.

Proof. See Appendix.

Before stating the main result of this section, let us define the relabelling operation. For every
graph G = (V,E) and bijection f : V → V ′, let f(G) := (V ′, {{f(x), f(y)}}{x,y}∈E).

Lemma 14. Let D ∈ ΩD and W = {Wi}1≤i≤sD be a permutation of VD. Let 1 ≤ k ≤ ND and
let fk : VD → VD be a bijection such that:

∀1 ≤ i ≤ k fk(Wi) = Li ; ∀V /∈ {Wi}1≤i≤k ∪ {Li}1≤i≤k fk(V ) = V.

Then for every 1 ≤ l ≤ sD, (where by convention for i ∈ N, dDVi := dDi )

P
(
fk

(
TD,W
Y Dk

)
6= TD

Y Dk

)
≤ P(Y Dk > l) + l

(
dDW1

+ . . . dDWk

)
/(sD − 1).

Proof. Note that fk(TWYk ) = TYk whenever {Wi}1≤i≤k ∩ {A1, . . . , AYk} = ∅, since in this case,
up to relabelling, Algorithm 1 and Algorithm 6 follow the exact same steps. Therefore:

P
(
fk(T

W
Yk

) 6= TYk
)
≤ P(Yk > l) + P({Wi}1≤i≤k ∩ {A1, . . . , Al} 6= ∅),

≤ P(Yk > l) +
l∑

i=1

k∑
j=1

P(Ai = Wj),

= P(Yk > l) + l (dW1 + . . . dWk
) /(s− 1).
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6.2 Convergence of D-trees toward ICRT: proof of Theorem 6 (b)

To simplify the notations we write for D ∈ ΩD, λD := sD/σD.
First recall the assumptions of Theorem 6 (b): Dn ⇒ Θ, pDn → 0, and µΘ =∞. In this case

we have by Theorem 5 (b) the following joint convergence in distribution,

((Y Dni /λDn)i∈N, (Z
Dn
i /λDn)i∈N)

W−→((Y Θ
i )i∈N, (Z

Θ
i )i∈N). (22)

Moreover, note that the distance between the leaves of a tree constructed by stick breaking is
"entirely determined" by the positions of the cuts and the glue points. More precisely, for every
i < j ∈ N, there exists a measurable function gi,j : R+2j 7→ R+ such that for every n ∈ N large
enough (such that there is at least j leaves) and Θ ∈ ΩΘ:

(dDn/λDn)(LDni , LDnj ) = gi,j((Y
Dn
k /λDn)1≤k≤j , (Z

Dn
k /λDn)1≤k≤j),

and
dΘ(Y Θ

i , Y
Θ
j ) = gi,j((Y

Θ
k )1≤k≤j , (Z

Θ
k )1≤k≤j).

Therefore, by (22) we have the following joint convergence in distribution:

((dDn/λDn)(LDni , LDnj ))i,j∈N
W−→(dΘ(Y Θ

i , Y
Θ
j )i,j∈N). (23)

Now for every n ∈ N let (WDni )i∈N be a family of i.i.d. random variables with law pDn . Recall
by Lemma 2 and by [12] Proposition 3.2 (see Section 4.2) that it suffices to prove that

((dDn/λDn)(WDni ,WDnj ))i,j∈N
W−→(dΘ(Y Θ

i , Y
Θ
j ))i,j∈N. (24)

To this end we use the coupling introduced in Section 6.1 to derive (24) from (23).
Beforehand, note that for every n ∈ N, (WDni )i∈N is not a permutation of VDn so we can not

directly apply Lemma 14. However, since pDn → 0 we have for every i, j ∈ N, P(Wi = Wj)→ 0.
Hence, there exists a family (W̃Dn)n∈N = ((W̃Dni )1≤i≤sDn )n∈N of random permutations of VDn
such that for every i ∈ N, P(WDni = W̃Dni )→ 0.

We now apply Lemma 14 to those permutations: We have for every n, k ∈ N and l ∈ R+,

P
(
fDnk

(
TDn,W̃

Dn

Y Dnk

)
6= TDn

Y Dnk

)
≤ P

(
Y Dnk > λDn l

)
+ E

[
λDn l

sDn − 1

(
dDn
W̃Dn1

+ · · ·+ dDn
W̃Dnk

)]
,

where fDnk is the relabelling function defined in Lemma 14. Moreover note that the last term
converges to 0. Indeed since pDn → 0, for every i ∈ N, dDn

W̃Dni
/σDn → 0 in probability. And by

bounded convergence the last also convergence holds in expectation since dDn1 /σDn → θ1 <∞.
Therefore for every k, l fixed,

lim sup
n→∞

P
(
fDnk

(
TDn,W̃

Dn

Y Dnk

)
6= TDn

Y Dnk

)
≤ lim sup

n→∞
P
(
Y Dnk > λDn l

)
.

Therefore, since l is arbitrary and since by Theorem 5 (b) λDnY Dnk → Y Θ
k weakly as n→∞,

lim sup
n→∞

P
(
fDnk

(
TDn,W̃

Dn

Y Dnk

)
6= TDn

Y Dnk

)
= 0. (25)

Finally, since relabelling does not change the distance in the tree,

dTV

(
(dDn(LDni , LDnj ))i,j≤k, (d

Dn(W̃Dni , W̃Dnj ))i,j≤k

)
→ 0,

where dTV stands for the total variation distance. Therefore since ∀i ∈ N, P(WDni = W̃Dni )→ 0,

dTV

(
(dDn(LDni , LDnj ))i,j≤k, (d

Dn(WDni ,WDnj ))i,j≤k

)
→ 0. (26)

And finally, (24) directly follows from (23) and (26). This concludes the proof.
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7 Gromov–Hausdorff–Prokhorov convergence and height of D-trees

7.1 Preliminaries: purely technical results on µ and µ̃

The reader can safely skim this section on a first reading and refer back to it when needed.
We want to estimate µ since it "dictates" the stick breaking construction. However µ is hard to

estimate as a sum of dependent random variables. For this reason, we estimate instead µ̃ introduced
in Algorithm 5, and we use in the next sections Lemma 10 to "replace" µ by µ̃ when needed.

Lemma 15. For every D ∈ ΩD and l ∈ R+,

P
(
µ̃D[0, l] ≤ E[µ̃D[0, l]]/2

)
≤ e−lE[µ̃D[0,l]]/4.

Proof. Recall that (X̃i)i∈N is a family of independent exponential random variables of parameter
(di/σ)i∈N, and that µ̃ =

∑s
i=1 δX̃i (di − 1) /σ. So for every 1 ≤ i ≤ s, P(X̃i ≤ l) = 1− e−ldi/σ,

and hence µ̃[0, l]− E[µ̃[0, l]] can be written as a sum of independent centered random variables:

µ̃[0, l]− E[µ̃[0, l]] =
s∑
i=1

Mi where for 1 ≤ i ≤ s Mi :=
(
1X̃i≤l − 1 + e−ldi/σ

)
(di − 1)/σ.

We now compute some exponential moments. First for every i such that di ≥ 2,

E
[
exp

(
−l di
di − 1

Mi

)]
= exp

(
−(ldi/σ)e−ldi/σ

)(
P(X̃i ≤ l) + P(X̃i > l)eldi/σ

)
= exp

(
−(ldi/σ)e−ldi/σ

)(
1− e−ldi/σ + e−ldi/σeldi/σ

)
= exp

(
−(ldi/σ)e−ldi/σ + log

(
2− e−ldi/σ

))
.

Then since for every x ≥ 0, −xe−x + log(2− e−x) ≤ x(1− e−x)/4,

E
[
exp

(
−l di
di − 1

Mi

)]
≤ exp

(
(ldi/σ)(1− e−ldi/σ)/4

)
.

So by concavity of t→ t(di−1)/di on R+,

E [exp (−lMi)] ≤ exp

(
l
di − 1

σ
(1− e−ldi/σ)/4

)
.

Therefore, since Mi = 0 when di ≤ 1, multiplying over all i such that di ≥ 2 we get,

E [exp (−l (µ̃[0, l]− E [µ̃[0, l]]))] ≤ exp (lE [µ̃[0, l]] /4) .

Finally the desired result follows from a simple application of Markov’s inequality.

We now upper bound some "numbers of cuts". More precisely, for every 0 ≤ m ≤ N/σ let

Xm := inf{l ∈ R+,E[µ̃[0, l]] ≤ m} and let ξm := min{i ∈ N, µ̃[0, Ỹi] > m}. (27)

It is easy to check that l→ E[µ̃[0,m]] is a continuous and strictly increasing function of m so that
for every 0 ≤ m ≤ N/σ, E[µ̃[0,Xm]] = m. Moreover, we have the following upper bound on ξm:

Lemma 16. For every 0 ≤ m ≤ N/(2σ),

P (ξm ≥ 3X2mm+ 1) ≤ 2e−X2mm/2.
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Proof. First by Lemma 15 µ̃[0,X2m] ≤ m with probability at most e−X2mm/2. In the following we
work conditionally on µ̃ and assume that this event does not hold.

Note that ξm − 1 = max{i, µ̃[0, Ỹi] ≤ m} ≤ max{i, µ̃[0, Ŷi] ≤ m}. Also since conditionally
on µ̃, {Ŷi}i∈N is a Poisson point process on R+ with intensity µ̃[0, l]dl, max{i, µ[0, Ŷi] ≤ lσ}
is a Poisson random variable with mean

∫ α
0 µ̃[0, t]dt where α := max{a ∈ R+, µ̃[0, a] ≤ m}.

Therefore since by our assumption α ≤ X2m and since µ̃[0, α) ≤ m, ξm − 1 is bounded by a
Poisson random variable of mean X2mm. Finally the result follows from some basic concentration
inequalities for Poisson random variables (see e.g. [13] p.23).

Lemma 17. The following assertions holds:
(a) For every 0 ≤ m ≤ N/(16σ), X2m ≤ σ/8.
(b) For every x ≥ 0, E[µ̃[0, x]] ≤ x. Hence, for every 0 ≤ m < N/σ, m ≤ Xm.
(c) For every x ≥ 1/2, E[µ̃[0, x]] ≥ 1/6.

Proof. Toward (a), simply note that x 7→ E[µ̃[0, x]] is increasing and that

E
[
µ̃
[
0,
σ

8

]]
=

s∑
i=1

di − 1

σ

(
1− e−

di
8

)
≥
(

1− e−
2
8

) s∑
i=1

di − 1

σ
1di≥2 =

(
1− e−

2
8

) N
σ
≥ 2m.

Similarly for (b), note that

E[µ̃[0, x]] =
s∑
i=1

di − 1

σ

(
1− e−di

x
σ

)
≤

s∑
i=1

(di − 1)(di)x

σ2
= x.

Finally for (c), since for every 0 ≤ x ≤ 1, 1− e−x ≥ x/3, note that

E[µ̃[0, 1/2]] =
s∑
i=1

di − 1

σ

(
1− e−

di
2σ

)
≥

s∑
i=1

(di − 1)(di)

6σ2
=

1

6
.

Lemma 18. Recall that µ̄ is the real measure on R+ such that for every l > 0, µ
D

σD

[
0, s

D

σD
l
]
. For

every l ∈ R+, we have E[µ̄[0, l]] ≤ 2E[µ̃[0, l]].

Proof. Fix l ∈ R+. Since µ =
∑s

i=1 δXi(di − 1) =
∑s

i=1 δinf{1≤j≤s,Aj=Vi}(di − 1) and since
µ̃ =

∑s
i=1 δX̃i (di − 1) /σ, we have by (1) and linearity of the expectation,

E[µ̄[0, l]] =
s∑
i=1

(
1− P

(
A1, . . . , Ab sl

σ
c 6= Vi

)) di − 1

σ
=

s∑
i=1

1−
b sl
σ
c∏

j=1

(
1− di

s− j

) di − 1

σ
,

and

E[µ̃[0, l]] =
s∑
i=1

(
1− e−l

di
σ

) di − 1

σ
.

On the one hand, if l > σ/2 then:

E[µ̃[0, l]] =
s∑
i=1

(
1− e−l

di
σ

) di − 1

σ
≥

s∑
i=1

(
1− e−1/2

) di − 1

σ
≥ 1

2

s∑
i=1

di − 1

σ
≥ 1

2
E[µ̄[0, l]].

On the other hand, if l ≤ σ/2 then, by convexity of x 7→ ex, for every 1 ≤ i ≤ s:

1−
b sl
σ
c∏

i=1

(
1− di

s− j

)
≤ 1−

(
1− 2

di
s

)bsl/σc
≤ 1− e2dil/σ ≤ 2(1− e−dil/σ).

Hence by summing over all 1 ≤ i ≤ σ, we get E[µ̄[0, l]] ≤ 2E[µ̃[0, l]].
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We now prove several results that will be used to prove Theorem 7 (a).

Lemma 19. Let (Dn)n∈N ∈ ΩN
D and Θ ∈ ΩΘ. We have the following assertions:

(a) If Dn ⇒ Θ, then for every x ∈ R+, E[µ̃Dn [0, x]]→ E[µΘ[0, x]].
(b) If Dn ⇒ Θ and Assumption 7 is satisfied, then µΘ =∞.
(c) If Dn ⇒ Θ and Assumption 7 is satisfied, then the Θ-ICRT is almost surely compact.

Proof. Toward (a), we have have by bounded convergence, provided some justifications,

E[µ̃Dn [0, x]] = x+

s∑
i=1

dDni − 1

σDn

(
1− e−xd

Dn
i /σDn − x

dDni
σDn

)
,

→ x+

∞∑
i=1

θi(1− e−xθi − xθi) = E[µΘ[0, x]]. (28)

So it remains to justify (28). We have for every n ∈ N and i ∈ N such that dDni ≥ 2,(
dDni
σDn

)2

≤ 2
dDni (dDni − 1)

(σDn)2
≤ 2

1
i

∑i
j=1 d

Dn
j (dDnj − 1)

(σDn)2
≤ 2

i
.

So for every n ∈ N and i ∈ N, since for every 0 ≤ y ≤
√

2, ey − 1− x ≤ y2,

dDni − 1

σDn

(
1− e−xd

Dn
i /σDn − x

dDni
σDn

)
≤
dDni − 1

σDn

(
dDni
σDn

)2

≤ 23/2

i3/2
.

And the convergence in (28) follows.
We now prove (b) and (c). First by Assumption 7 (ii), σDn = o(NDn). Then, by Lemmas 18

and 17 (b), for every n ∈ N, x ≥ 0,

E
[
µDn

[
0, (sDn/σDn)x

]]
= σDnE

[
µ̄Dn [0, x]

]
≤ 2xσDn = o(NDn).

So, writing for every D ∈ ΩD, tD := inf
{
l ∈ N, E[µD[0, l]] ≥ ND/2

}
, we have for every x > 0

and n ∈ N large enough,

E[µDn [0, tDn ]] > E
[
µDn

[
0, (sDn/σDn)x

]]
.

Thus, (σDn/sDn)tDn →∞.
Moreover, since for every n ∈ N, x 7→ E[µ̃Dn [0, x]] is increasing, we have by (a) and by

bounded convergence, for every 0 ≤ x ≤ y,∫ y

x

dl

lE [µ̃Dn [0, l]]
→
∫ y

x

dl

lE [µΘ[0, l]]
.

Hence, by Lemma 18 and since (σDn/sDn)tDn →∞, we have for every x ≥ 0,

lim inf
n→∞

∫ σDn
sDn

tDn

x

dl

lE [µ̄Dn [0, l]]
≥ lim inf

n→∞

∫ σDn
sDn

tDn

x

dl

2lE [µ̃Dn [0, l]]
≥ 1

2

∫ ∞
x

dl

lE [µΘ[0, l]]
.

It directly follows from Assumption 7 (i) that
∫∞ dl

lE[µΘ[0,l]]
< ∞. Therefore, µΘ = ∞, and by

[12] Theorem 3.3 the Θ-ICRT is a.s. compact.
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7.2 Height of D-trees: Proof of Theorem 8 (a)

Fix D ∈ ΩD and x ∈ R+. Our proof of Theorem 8 (a) is based on the following inequality

H(T ) ≤ H(TYj0 ) +
K−1∑
j=0

dH(TYji , TYji+1
) + dH(TYjK , T ), (29)

where 0 ≤ j0 ≤ · · · ≤ jK ≤ N and K ∈ N are well chosen. We will detail this choice later.
Beforehand, let us introduce some notations that will simplify many expressions. First let for

every i ≤ j ∈ N,
∆(i, j) := dH(TYi , TYj ). (30)

Then for every i ∈ N, let:

∆(0, i) := H(TYi) ; ∆(i, 2≥) := max
1≤a≤s,di≥2

d(TYi , Va) ; ∆(2≥,∞) := max
1≤b≤s

d({Va}1≤a≤s,da≥2, Vb).

So (29) can be rewritten with those notations, and by splitting the last term in two, as:

H(T ) ≤ ∆(0, j0) +

K−1∑
j=0

∆(ji, ji+1) + ∆(jK , 2
≥) + ∆(2≥,∞). (31)

Also recall from (27) the definitions of Xm and ξm. Define (Ei)1≤i≤s−1 and f as in Lemma 10.
By Lemma 10 we may assume and will for the rest of the section that a.s. (fD, 1/σD)ΥD = Υ̃D.
In particular, for every 0 ≤ m ≤ N/σ,

ξm = min{i ∈ N, µ[0, Yi] > σm}. (32)

The rest of the section is organized as follows: We upper bound each of the four terms of (31)
then we sum the upper bounds to prove Theorem 8 (a).

First we have the following upper bound on ∆(0, i) ≤ Yi:

Lemma 20. For every 0 ≤ m ≤ N/(2σ) such that X2m ≤ σ/8,

P
(
Yξm > 3

s

σ
X2m + 2

)
≤ 5e−mX2m/2.

Proof. Let α := inf{i ∈ N, µ[0, i] > σm}. Let us upper bound α and then Yξm − α. First since
(fD, 1/σD)ΥD = Υ̃D we have α = inf{i ∈ N, µ̃[0, f(i)] > m}. So by monotony of x 7→ µ̃[0, x]
and by Lemma 15,

P(X2m ≤ f(αm − 1)) ≤ P(µ̃[0,X2m] ≤ m) ≤ e−mX2m/2. (33)

Then, by definition f is increasing and for every 1 ≤ i ≤ s, f(i) =
∑i

k=1E
D
k so,

P ((f(α− 1) < X2m) ∩ (α ≥ 2(s/σ)X2m + 2)) ≤ P (f (2(s/σ)X2m + 1) < X2m)

≤ P

( d2(s/σ)X2me∑
i=1

Ei < X2m

)
. (34)

Furthermore, since {Ei} is a family of independent exponential random variables of mean greater
than σ/s, we have by classical results on the Gamma distributions (see e.g. [13] Section 2.4),

P

( d2(s/σ)X2me∑
i=1

Ei < X2m

)
≤ e−(s/(2σ)X2m).
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Therefore, since m ≤ N/(8σ) ≤ s/(8σ) we have by (33) and (34),

P (α ≥ 2(s/σ)X2m + 2) ≤ 2e−mX2m/2. (35)

Now let us upper bound Yξm − α. Note from (32) that Yξm is the first index of repetition in
{Ai}1≤i≤s−1 after α, and that α is a stopping time for {Ai}1≤i≤s−1. So by (1), conditionally on
{Ai}1≤i≤α, Yξm−α is bounded by a geometric random variable of parameter (µ[0, α]− ξm+1)/s.
Hence,

P (Yξm − α ≥ (s/σ)X2m| {Ai}1≤i≤α) ≤ exp (−X2m(µ[0, α]− ξm + 1)/σ) . (36)

Furthermore by definition of α, by X2m ≤ σ/8, and by Lemma 16,

P (µ[0, α]− ξm + 1 ≤ σm/2) ≤ P (ξm ≥ σm/2 + 1) ≤ P (ξm ≥ 3mXm + 1) ≤ 2e−mX2m/2.

So by (36),

P (Yξm − α ≥ (s/σ)X2m) ≤ P (µ[0, α]− ξm − 1 ≤ σm/2) + e−mX2m/2 ≤ 3e−mX2m/2.

Finally summing the above equation with (35) yields the desired inequality.

Lemma 21. We have the following upper bounds on ∆(j, k):
(a) For every 1 ≤ j < k ≤ N , and t > 0,

P
(

∆(j, k) ≥ t| {Ai}1≤i≤Yj
)
≤ (k − j)e−t(µ[0,j]−j)/s.

(b) For every 0 ≤ m ≤ N/(2σ) such that X2m ≤ σ/8 and t > 0,

P
(
∆(ξm/2, ξm) > t

)
≤ 2e−X2mm/2 + 3X2mme

−t(σm)/(8s).

Proof. Toward (a), note that ∆(j, k) = maxj<i≤k d(Li, TYj ) where (Li)1≤i≤N are the different
leaves in VD that are used in Algorithm 1. Also by symmetry of the leaves, for every j < i ≤ k

d(Li, TYj ) =(d) d(Li+1, TYj ) = Yj+1 − Yj . (37)

Hence, for every t ∈ R+

P
(

∆(j, k) ≥ t| {Ai}1≤i≤Yj
)
≤ (k − j)P(Yj+1 − Yj ≥ t).

On the other hand, Yj+1 is by definition the first repetition in {Ai}1≤i≤s−1 after Yi, so by (2)
Yj+1 − Yj is bounded by a geometric random variable of parameter (µ[0, j]− j)/s and (a) follows.

Toward (b), note that ∆(ξm/2, ξm) = 0 if ξm/2 = ξm. So, by union bound, and by Lemma 16,

P
(
∆(ξm/2, ξm) > t

)
≤ P (ξm ≥ 3X2mm+ 1) + P

(
(∆(ξm/2, 3X2mm+ 1) > t) ∩ (ξm/2 ≤ 3X2mm)

)
≤ 2e−X2mm/2 + P

(
(∆(ξm/2, 3X2mm+ 1) > t) ∩ (ξm/2 ≤ 3X2mm)

)
.

Furthermore by (a), since ξm/2 is a stopping time for (Ai)1≤i≤σ,

P
(
(∆(ξm/2, 3X2mm+ 1) > t) ∩ (ξm/2 ≤ 3X2mm)

)
≤ 3X2mmE

[
exp

(
−t
µ[0, Yξm/2 ]− 3X2mm

s

)]
.

So, since by (32) a.s. µ[0, Yξm/2 ] ≥ σm/2, and since X2m ≤ σ/8,

P
(
(∆(ξm/2, 3X2mm+ 1) > t) ∩ (ξm/2 ≤ 3X2mm)

)
≤ 3X2mme

−t(σm)/(8s).

This concludes the proof.

25



Lemma 22. We have the following upper bounds on ∆(j, 2≥):
(a) For every 1 ≤ j ≤ N and t > 0,

P
(
∆(j, 2≥) > t

)
≤ s≥2e

−t(µ[0,Yj ]−j)/s.

(b) For every 0 ≤ m ≤ N/(2σ) such that X2m ≤ σ/8 and t > 0,

P
(
∆(ξm, 2

≥) > t
)
≤ 2e−X2mm/2 + s≥2e

−t(σm)/(8s).

Proof. Toward (a), it is enough to prove that for every a such that da ≥ 2 and 1 ≤ j ≤ N ,

P
(
d
(
Va, TYj

)
> t
∣∣ {Ai}1≤i≤Yj) ≤ e−t(µ[0,Yj ]−j)/s. (38)

To this end, let us use Algorithm 6. Let W = (Wi)1≤i≤s be any permutation of VD such that for
every 1 ≤ i ≤ j, Wi = Li and such that Wj+1 = Va. Note that Algorithm 1 and Algorithm 6
follow the exact same steps until Yj so a.s. TYj = TWYj . Thus since T and TW are both D-trees,

d(Va, TYj ) =(d) dW (Va, T
W
Yj ).

Also note that
dW (Va, T

W
Yj ) ≤ (Yj+1 − Yj) (39)

since one of the two following cases must happen:
• Either Va /∈ (Ai)1≤i≤Yj+1 and then Algorithm 1 and Algorithm 6 follow the exact same steps

until Yj+1−1. And at the next step Lj+1 is "relabelled" Va. So dW (Va, T
W
Yj

) = (Yj+1−Yj).
• Or Va ∈ (Ai)1≤i≤Yj+1 , and then Algorithm 1 and Algorithm 6 follow the exact same steps

until i := inf{k ∈ N, Ak = Va} ≤ Yj+1. So dW (Va, T
W
Yj

) = max(i− Yj , 0) ≤ Yj+1 − Yj .
Therefore (39) holds, and (38) follows from Lemma 21.

The proof of (b) is similar to the proof of Lemma 21 (b). We omit the details.

Lemma 23. If s ≥ 2 then for every t ≥ 0,

P
(

∆(2≥,∞) > 3 + t
s

σ
+

ln(N)

ln ((s− 1)/s1)

)
≤ e−tN/σ.

Proof. First, note that ∆(2≥,∞) corresponds to the length of the largest path whose vertices have
degree 0 or 1. Furthermore, since those paths cannot contain any glue point,

∆(2≥,∞) ≤ 2 + max{(j − i), 1 ≤ i ≤ j ≤ s− 1, (VAi+1 , VAi+2 , . . . , VAj ) ⊂ V1}.

where V1 is the set of vertices with di = 1. Then by a simple union bound, for every t ∈ N,

P
(
∆(2≥,∞) ≥ 2 + t

)
≤

s−t−1∑
i=1

P (VAi /∈ V1, Vi+1, . . . , Vi+t ∈ V1)

=
s−t−1∑
i=1

s− 1− s1

s− 1

s1

s− 2

s1 − 1

s− 3
. . .

s1 − t+ 1

s− t− 1

= (s− 1− s1)
s1

s− 1

s1 − 1

s− 2
. . .

s1 − t+ 1

s− t
≤ 2N

(
s1

s− 1

)t
,

where we use for the last inequality the fact that (s− 1− s1) = N + s≥2 ≤ 2N and s1 ≤ s− 1.
Thus, by monotony of t 7→ P(∆(2≥,∞) ≥ t), we have for every t > 0,

P
(
∆(2≥,∞) > 3 + t

)
≤ 2N

(
s1

s− 1

)t
.
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Therefore,

P := P
(

∆(2≥,∞) > 3 + t
s

σ
+

ln(N)

ln ((s− 1)/s1)

)
≤ 2

(
s1

s− 1

)t(s/σ)

.

Finally, since for every x, y ≥ 0, xy ≤ e−(1−x)y, and since s = (N + 1) + s1 + s≥2,

P ≤ 2e−t(s/σ)(1−s1/(s−1)) ≤ 2e−t(s/σ)(N/(s−1)) ≤ 2e−tN/σ.

Proof of Theorem 8 (a). Fix x ≥ 0. Recall that we want to use (31) to upper bound H(T ).
Beforehand, let us make some assumptions to exclude some trivial but annoying cases: Since C

can be chosen arbitrary large in Theorem 8 (a), we may assume, without loss of generality, that
xE[µ̄[0, x]] ≥ 200. This assumption together with Lemmas 17 (b), and 18 imply that x ≥ 10.
Similarly, we may assume s ≥ 10. Also we may assume N ≥ 2, since otherwise σ = 0 and the
result is trivial in this case. Finally we may assume x ≤ σ/8, since otherwise the result is trivial
with c = 1/8 because H(T ) ≤ s.

We now treat the general case. Let m := 1
2E[µ̃[0, x]] then let K := inf{k ∈ N, 2k+1m > N

8σ}.
To simplify the forthcoming computations, let for every i ∈ N, αi := 2imX2i+1m. Note that
X2m = x ≤ σ/8 and that for every 1 ≤ i ≤ K, 2im ≤ N

8σ so by Lemma 17 (a) X2i+1m ≤ σ/8.
Hence, we have by Lemmas 20, 21 (b), 22 (b), 23 respectively, for every 0 ≤ i < K:

P
(

∆(0, ξm) > 3
s

σ
x+ 1

)
≤ 5e−α0/2, (40)

P
(

∆(ξ2im, ξ2i+1m) >
s

σ

(
2

ln(24αi)

2im
+

x

2i/2

))
≤ 2e−αi/2 + e−2i/2−4xm, (41)

P
(

∆(ξ2Km, 2
≥) >

s

σ

(
2

ln(s≥2)

2Km
+

x

2K/2

))
≤ 2e−αK/2 + e−2K/2−4xm, (42)

P
(

∆(2≥,∞) > 3 +
s

σ
x+

ln(N)

ln ((s− 1)/s1)

)
≤ e−xN/σ. (43)

Now let

A := 3
s

σ
x+1+

K−1∑
i=0

s

σ

(
2

ln(24αi)

2im
+

x

2i/2

)
+
s

σ

(
2

ln(s≥2)

2Km
+

x

2K/2

)
+3+

s

σ
x+

ln(N)

ln ((s− 1)/s1)
,

and let

B := 5e−α0/2 +
K∑
i=0

(
2e−αi/2 + e−2i/2−4xm

)
+ e−xN/σ.

So that by (31), and (40)+(41)+(42)+(43),

P(H(T ) ≥ A) ≤ B, (44)

and it only remains to upper bound A and B.
Toward upper bounding B, note that x 7→ E[µ̃[0, x]] is increasing, so x 7→ Xx is increasing,

and thus for every 0 ≤ i ≤ K − 1,

αi = 2imX2i+1m ≥ 2i(mX2m) = 2iα0.

Then by definition of m, xm = X2mm = α0, and by assumption, xE[µ̄[0, x]] ≥ 200, so by Lemma
18, α0 = xE[µ̃[0, x]]/2 ≥ 50. Hence, by standard comparisons with geometric sums,

K∑
i=0

(
2e−αi/2 + e−2i/2−4xm

)
≤

K∑
i=0

1

2i

(
2e−α0/2 + e−α0/16

)
≤ 90e−α0/16.
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Furthermore note that, α0 = xE[µ̃[0, x]]/2 ≤ xE[µ̃[0,∞]]/2 = xN/(2σ). So e−xN/σ ≤ e−α0/16

and

B = 5e−α0/2 +
K∑
i=0

(
2e−αi/2 + e−2i/2−4xm

)
+ e−xN/σ ≤ 100e−α0/16.

Therefore, by Lemma 18,
B ≤ 100e−xE[µ̄[0,x]]/32. (45)

We now upper bound A. First, some straightforward inequalities using x ≥ 10, s ≤ σ,
s ≥ s1 + 2 (by N ≥ 2), 2K+1m > N/(8σ) and s ≥ 10 gives:

A ≤ 100
s

σ

(
x+

σ

s

ln(N)

ln (s/s1)
+
σ

N
ln(s≥2)

)
+ 2

s

σ

K−1∑
i=0

ln(24αi)

2im
. (46)

Then it remains to upper bound
∑K−1

i=0
ln(48αi)

2im
. To this end, we may assume that K ≥ 1 since

otherwise the sum is null. It directly follows that 2Km ≤ N/(8σ). Moreover, we have by Lemma
17 (b) and since for every 1 ≤ i ≤ s, αi ≥ 50,

K−1∑
i=0

ln(48αi)

2im
≤ 2

K−1∑
i=0

ln(αi)

2im
= 2

K−1∑
i=0

ln(X2i+1m2im)

2im
≤ 4

K−1∑
i=0

ln(X2i+1m)

2im
. (47)

Next, we compare the last sum with the integral that appears in Theorem 8 (a):∫ X
m2K

X2m

dl

lE[µ̃[0, l]]
=

K−1∑
i=1

∫ Xm2i+1

Xm2i

dl

lE[µ̃[0, l]]

≥
K−1∑
i=1

∫ Xm2i+1

Xm2i

dl

lm2i+1

=
K−1∑
i=1

ln(X2i+1m)− ln(X2im)

2i+1m

≥
K−1∑
i=1

ln(X2i+1m)

2i+2m
− ln(X2m)

m
.

So by (47), and since x = X2m ≥ 10 and m ≥ 1/6 (by Lemma 17 (c)),

K−1∑
i=0

ln(48αi)

2im
≤ 16

∫ X
m2K

x

dl

lE[µ̃[0, l]]
+ 4

ln(x)

m
≤ 16

∫ X
m2K

x

dl

lE[µ̃[0, l]]
+ 24x.

Hence, by Lemma 18,

K−1∑
i=0

ln(48αi)

2im
≤ 32

∫ X
m2K

x

dl

lE[µ̄[0, l]]
+ 24x. (48)

Now let t := inf {l ∈ N, E[µ[0, l]] ≥ N/2}. Note that t ≥ (s/σ)Xm2K ≥ 1, since 2Km ≤ N
8σ and

since by Lemma 18,

E
[
µ
[
0,
s

σ
Xm2K

]]
= σE[µ̄[0,Xm2K ]] ≤ 2σE[µ̃[0,Xm2K ]] = m2K+1 ≤ N/4.
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Therefore by (48) and x ≥ 1,

K−1∑
i=0

ln(48αi)

2im
≤ 32

∫ tσ/s

1

dl

lE[µ̄[0, l]]
+ 24x. (49)

Finally (46) and (49) gives,

A ≤ 200
s

σ

(
x+

σ

N
ln(s≥2) +

∫ tσ/s

1

dl

lE[µ̄[0, l]]
+
σ

N

ln(N)

ln (s/s1)

)
, (50)

To sum up, (50), (45) and (44) yield together the desired inequality.

7.3 GHP convergence of D-trees: Proof of Theorem 7 (a)

Recall the assumptions of Theorem 7 (a): Dn ⇒ Θ, pDn → 0, and Assumption 7. Note from
Lemma 19 (b) that µΘ =∞. Recall that in this case by Theorem 6 (b), the following convergence
holds weakly in a GP sens:(

VDn , (σDn/sDn)dDn , pDn
)
−→(T Θ, dΘ, pΘ). (51)

We need to prove that (51) also holds in a GHP sens. To do so, by Lemma 4, and since pΘ have a.s.
support TΘ (see [12] Theorem 3.1), it is enough to prove that (51) holds in a GH sens. To this end,
the main idea is to show that (i) the first branches of Dn-trees converge in a GH sens, and that (ii)
Dn-trees are close from their first branches.

Toward (i), it is straightforward to check from Theorem 5 (b) that we have for every k ∈ N,(
TDn
Y Dnk

, (σDn/sDn)dDn , pDn
)

WGH−→
(
T Θ
Y Θ
k
, dΘ, pΘ

)
. (52)

Indeed, one can construct both D-trees and ICRT in (R+)N using a dimension for each branches
(see Aldous [5]), and since by Theorem 5 (b) the cuts and glue points converge, it directly follows
that the subtrees obtained from the first branches converge. We omit the straightforward details.

Toward (ii), we adapt the proof of Theorem 8 (a) to prove the following lemma:

Lemma 24. For every ε > 0,

lim
k→∞

lim sup
n→+∞

P
(
σDn

sDn
dH

(
TDn
Y Dnk

, TDn
)
> ε

)
= 0.

Before proving Lemma 24, let us explain why it implies together with (52), Theorem 7 (a).

Proof of Theorem 7 (a). Fix ε > 0. Let k ∈ N. By the Skorohod representation theorem, we may
assume that the convergence (52) holds a.s. for the GH topology.

Then, by Lemma 24, if k ∈ N is large enough, we have for every n ∈ N large enough,

P
(
σDn

sDn
dH

(
TDn
Y Dnk

, TDn
)
> ε

)
≤ ε.

Also, since by Lemma 19 (c) the Θ-ICRT is a.s. compact, if k ∈ N is large enough,

P
(
dH

(
T Θ
Y Θ
k
, T Θ

)
> ε
)
≤ ε.

Thus, given the a.s. GH convergence in (52), if k ∈ N is large enough, we have for every n ∈ N
large enough,

P
(
dGH

((
TDn , (σDn/sDn)dDn , pDn

)
,
(
T Θ, dΘ, pΘ

))
> 2ε

)
≤ 2ε.

Finally, since ε > 0 is arbitrary, Theorem 7 (a) follows.
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Our goal for the rest of the section is to prove Lemma 24. First, let us introduce some notations.
For every D ∈ ΩD let

>D :=
σD

ND
ln(sD≥2) +

∫ tDσD/sD

1

dl

lE[µ̄D[0, l]]
+
σD

ND
ln(ND)

ln
(
sD/sD1

) .
And for every D ∈ ΩD, x > 0 let

LDx := Y Di where i := min{j ∈ N, µ[0, Yj ] > σE[µ̃[0, x]]/2}. (53)

By adapting the proof of Theorem 8 (a) we get the following result.

Lemma 25. Fix D ∈ ΩD. Let x ≥ t > 0. If x ≥ 10, s ≥ 10, N ≥ 2, x ≤ σ/8, and
tE[µ̃[0, x]] > 200 then

P
(
dH(TLx , T ) > 3 + 200

s

σ
(t+ >)

)
≤ 200e−tE[µ̃[0,x]]/32 + e−tN/σ.

Proof. We keep the same notations as in the proof of Theorem 8 (a). Notably, dH(TLx , T ) =
∆(ξm,∞). First by Lemmas, 21 (b), 22 (b), 23 respectively, we have for every 0 ≤ i ≤ K − 1,

P
(

∆(ξ2im, ξ2i+1m) >
s

σ

(
2

ln(24αi)

2im
+

t

2i/2

))
≤ 2e−αi/2 + e−2i/2−4tm.

P
(

∆(ξ2Km, 2
≥) >

s

σ

(
2

ln(s≥2)

2Km
+

t

2K/2

))
≤ 2e−αK/2 + e−2K/2−4tm.

P
(

∆(2≥,∞) > 3 +
s

σ
t+

ln(N)

ln ((s− 1)/s1)

)
≤ e−tN/σ.

Then note that

dH(TLx , T ) = ∆(ξm,∞) ≤
K−1∑
i=0

∆(ξ2im, ξ2i+1m) + ∆(ξ2Km, 2
≥) + ∆(2≥,∞),

so we can upper bound and conclude as in the proof of Theorem 8 (a). We omit the details.

We then deduce Lemma 24 from Lemma 25.

Proof of Lemma 24: Fix t > 0. Fix x ∈ R+ such that x ≥ 10, x ≥ t and tE[µΘ[0, x]] > 200.
Note that for every n large enough, sDn ≥ 10, NDn ≥ 2, and x ≤ σDn/8. By Lemma 19 (a), we
have we have for every n large enough tµ̃Dn [0, x] > 200. Therefore, by Lemma 25, for every n
large enough,

P
(
dH

(
TDn
LDnx

, TDn
)
> 3 + 200

sDn

σDn

(
t+ >Dn

))
≤200e−tE[µ̃Dn [0,x]]/32 + e−tN

Dn/σDn . (54)

Then by Assumption 7, we have >Dn → 0. Also since Dn ⇒ Θ, we have sDn/σDn →∞ and by
Assumption 7 (b), we have NDn/σDn →∞. So by (54) and Lemma 19 (a),

lim sup
n→∞

P
(
dH

(
TDn
LDnx

, TDn
)
> 300

sDn

σDn
t

)
≤ 200e−tE[µΘ[0,x]]/32. (55)

Furthermore it directly follows from Theorem 5 (b) that (σ
Dn

sDn
LDnx )n∈N converges weakly, and that

for every k ∈ N σDn

sDn
Y Dnk → Y Dnk weakly as n→∞. Thus, since a.s. Y Θ

k →∞ (see [12]),

lim
k→∞

lim sup
n→∞

P(LDn < Y Dnk ) = 0. (56)
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Thus, by (55) and (56),

lim
k→∞

lim sup
n→∞

P
(
dH

(
TDnYk , T

Dn
)
> 300

sDn

σDn
t

)
≤ 200e−tE[µΘ[0,x]]/32.

Finally, since E[µΘ[0,∞]] =∞, taking x→∞ in (7.3) yields the desired results.

8 Additional remarks

8.1 The space Ω := ΩD ∪ ΩP ∪ ΩΘ, its topology and applications

The aim of this section is twofold: explain why our main results on D-trees imply our main results
on P-trees and ICRT, and prove that Lévy trees are ICRT with random parameters.

To this end, let us define on Ω a topology coherent with Assumptions 1, 2, 3, 4. For every
D ∈ ΩD and i ∈ N, let θDi := dDi /σ

D and let mD := σD/sD. For every P ∈ ΩP and i ∈ N, let
θPi := pPi /σ

P , NP :=∞ and let mP := σP . For every Θ ∈ ΩΘ, let NΘ :=∞ and let mΘ := 0.
For every sequence {Λn}n∈N in Ω and Λ ∈ Ω, we say that Λn →Ω Λ if and only if NΛn → ∞,
mΛn → mΛ, and for every i ∈ N, θΛn

i → θΛ
i .

Lemma 26. For every (Dn) ∈ ΩN
D, (Pn) ∈ ΩN

P , (Θn) ∈ ΩN
Θ, P ∈ ΩP , Θ ∈ ΩΘ, we have:

(a) Dn ⇒ P ⇐⇒ Dn →Ω P .
(b) Dn ⇒ Θ ⇐⇒ Dn →Ω Θ.
(c) Pn ⇒ Θ ⇐⇒ Pn →Ω Θ.
(d) Θn ⇒ Θ ⇐⇒ Θn →Ω Θ.
(e) ΩD is dense on Ω.

Proof. Toward (a), if Dn →Ω P then for every i ∈ N, dDni /sDn = θDni mDn → θPi m
P = pi. Also,

since NDn →∞, sDn →∞. Hence, Dn ⇒ P .
On the other hand, if Dn ⇒ P , then it directly follows from Fubini’s Theorem that

(mD)2 = (σD/sD)2 =
∞∑
i=1

(dDni )(dDni − 1)

(sDn)2
−→

∞∑
i=1

p2
i = (σP)2 = (mP)2.

It then follows that for every i ∈ N,

θDni = (dDni /sDn)/mDn −→(pPi )/mP = θPi .

Also since dDn1 →∞, we have NDn →∞. So Dn →Ω P .
The proof of (b), (c), (d) is similar. We omit the details.
Toward (e). Let us show that ΩP is included in Ω̄D, the adherence of ΩD. Fix P ∈ ΩP .

Let (Dn)n∈N ∈ ΩN
D such that sDn ∼ n and such that for every i ∈ N and n ∈ N large enough,

di = bpinc. Note that Dn ⇒ P . Hence, since P is arbitrary ΩP ⊂ Ω̄D. Similarly, ΩΘ ⊂ Ω̄D.

Let us rewrite Theorem 5 using→Ω, to deduce Theorem 5 (c) (d) from Theorem 5 (a) (b). First,
for every D ∈ ΩD, let PDSB denote the distribution of (σD/sD, 1/σD)ΥD in KSB (see Section 3.1).
For every P ∈ ΩP , let PPSB denote the distribution of (σP , 1/σP)ΥP . For every Θ ∈ ΩΘ, let PΘ

SB
denote the distribution of ΥΘ. Theorem 5 is equivalent to the following lemma.

Lemma 27 (Theorem 5). The map Λ→ PΛ
SB is continuous for the weak SB topology.

Proof. The result directly follows from the density of ΩD and Theorem 5 (a), (b).
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Similarly let us rewrite Theorem 6. Let ΩD,p be the set of couple (D, p) such that D ∈ ΩD
and p is a probability measure with support on VD. Let ΩP,p be the set of couple (P, p) such that
P ∈ ΩP and p is a probability measure with support on VP . Let ΩΘ,p be the set of couples (Θ, p)
such that Θ ∈ ΩΘ, µΘ =∞ and p is the null measure on {Vi}i∈N. Let ΩΛ,p := ΩD,p∪ΩP,p∪ΩΘ,p.
Recall that Ωp denotes the set of probability measure on {Vi}i∈N, and note that ΩΛ,p ⊂ Ω×Ωp. So
we may equip ΩΛ,p with the product topology.

Then, for every (D, p) ∈ ΩD,p, let PD,pGP denote the distribution of (VD, (σD/sD)dD, p) in
ΩΛ,p. For every (P, p) ∈ ΩP,p, let PP,pGP denotes the distribution of ({BPi }i∈N, σPdP , p). For every
(Θ, p) ∈ ΩΘ,p, let PΘ,p

GP denotes the distribution of (T Θ, dΘ, pΘ).
Theorem 6 is equivalent to the following lemma.

Lemma 28 (Theorem 6). The map (Λ, p)→ PΛ,p
GP is continuous for the weak GP topology.

Proof. First, since ΩD is dense on Ω, it is straightforward to check that ΩD,p is dense on ΩΛ,p. The
result then follows from Theorem 6 (a), (b).

We now provides some direct applications of our main results to trees with random degree
sequence, and notably Galton-Watson trees. First, note that Lemma 26 implies that Ω is a Polish
space. Similarly note that, ΩΛ,p is also a Polish space. Then, by classical results on Polish spaces,
and by Lemmas 26, 27, 28 we have the following lemma.

Lemma 29. Let ΩP be the set of random variables on (Ω,→Ω), and let ΩP
Λ,p be the set of random

variables on ΩΓ,p. We have the following assertions:
(a) If (Xn)n∈N is a sequence in (ΩP) which converges weakly toward X ∈ ΩP then PXn

SB
converges weakly toward PXSB for the SB topology.

(b) If (Xn, pn)n∈N is a sequence in (ΩP
Λ,p) which converges weakly toward (X, p) ∈ ΩP

Λ,p then

PX
n,p

GP converges weakly toward PX,pGP for the GP topology.

Proof. Since Ω and ΩΛ,p are Polish spaces, (a) directly from Lemma 27, and (b) directly follows
from Lemma 28. We omit the straightforward details.

Remarks. • Le Gall and Duquesne [23, 22] prove that in some specific cases the degree distribution
of Galton-Watson converge (in order to study their Luckasiewickz walk). In those cases, by Lemma
29 (a), (b), Galton-Watson trees converge toward a "mix" of ICRT.
• Furthermore, Le Gall and Duquesne [23, 22] also proves that Lévy trees appears as GP limits of
Galton-Watson trees. Thus, by unicity of the limits, and by Lemma 29 (b), this proves that Lévy
trees "are" ICRT with random parameters.
• Finally, although the GP topology is far more popular than the new SB topology, (a) can be used
to study Galton-Watson trees in the condensation cases, in which there is no GP convergence.

To conclude the section, we briefly explain how to adapt the proof of Theorem 7 (a) and
Theorem 8 (a) to prove Theorem 7 (b) (c) and Theorem 8 (b) (c). Those results cannot be proved
directly by the topological argument introduced in this section. However, they can be proved by
adapting the proof in Section 7 by using Algorithm 4 instead of using Algorithm 5. The proof goes
the same way with several simplifications, up to two arguments. To avoid doing the same work
twice, let us briefly focus on those argument and omit the details for the rest of the proof.

The first one lies in the proof of Lemma 21 (a) where we explicitly used the symmetry of the
leaves of D-trees to prove (37). The second lies in the proof of Lemma 22 (a) where we used the
Algorithm 6 to prove (38). Instead of using such arguments for P-trees and ICRT, one can use
the density of ΩD on Ω and take the limits of (37) and (38) by using Theorem 5 to prove similar
equations.
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8.2 Re-rooting principle for ICRT

We present here the foundations of a powerful computation tool for ICRT: the re-rooting principle.
Although, it is not used in this paper, it will be extensively used in a forthcoming paper [11]. It is
suitably explained here since it requires a slight modification of Theorem 5 (b) and of its proof.

The main idea is that the ICRT is "invariant under re-rooting". To be more precise, for every
k ∈ N, let the ICRT rooted at Xk be the ICRT "conditioned" on having Xk = 0. More rigorously,
let the ICRT rooted at Xk be the tree defined by letting Xk = 0 in the first line of Algorithm 4
instead of its normal value, and then by defining every other variables the same way. By "invariance
under re-rooting of the ICRT", we mean every equality in distribution between the ICRT and the
re-rooted ICRT. To prove such an equality, a natural approach is to simply use invariance under
re-rooting in the discrete setting and then to take the limit.

To this end, we can not use our previous results on D-trees as D-trees are not invariant under
re-rooting. Indeed, the "graph structure" of a D-tree conditioned on its roots depends on its root.
For this reason, let us briefly adapt some of our main results to trees with pure degree sequence.

Recall that a tree T have pure degree sequence (di)1≤i≤s if and only if T have vertices (Vi)1≤i≤s,
and for every 1 ≤ i ≤ s, Vi have degree di (not di children). For every D ∈ ΩD, a pure D-tree
is a uniform tree with pure degree sequence (dD1 + 1, . . . , dD

sD
+ 1, 1). We have the following

construction for pure D-tree:

Algorithm 7. Stick-breaking construction of a pure D-tree rooted at Vk.
- Let AD,k = (AD,ki )0≤i≤s−1 := (Vk, A

D
1 , A

D
2 , . . . A

D
s−1).

- Let TD0 := ({A0}, ∅) then for every 1 ≤ i ≤ s let

TDi :=

{
Ti−1 ∪ {Ai−1, Ai} if Ai /∈ Ti−1.

Ti−1 ∪ {Ai−1, Linf{k,Lk /∈Ti−1}} if Ai ∈ Ti−1 or i = s.

- Let TD,k denote the rooted tree (Ts, Vk).

Lemma 30. For every D ∈ ΩD and 1 ≤ k ≤ s, TD,k is a pure D-tree rooted at Vk.

Proof. Note that a pure D-tree rooted at Vk is a (d1, . . . , dk−1, dk + 1, dk+1, . . . , ds, 1) = D′-tree
conditioned on having root Vk. The result then follows from Algorithm 1 and Proposition 1.

Let us define a list of notations for pure D-tree rooted at Vk similar to those for D-trees: For
every 1 ≤ i ≤ s let (XD,ki ) = inf{0 ≤ j ≤ s−1, AD,kj = Vi}. Then let µD,k =

∑s
i=1 δXi(di−1).

Let (Y D,ki )1≤i≤ND+1 be the indexes of repetitions in (AD,k)0≤k≤s−1. Then for 1 ≤ i ≤ ND + 1,
let ZD,ki denotes the smallest integer z such that AD,kz = A

Y D,ki
. By convention, for i > ND + 1

let Y D,ki = ZD,ki = +∞. And finally let ΥD,ki = ((XD,ki , Y D,ki , ZD,ki )i∈N, µ
D,k).

We use the superscript D, k to indicate that we work with pure D-tree rooted at Vk. Also, to
distinguish re-rooted ICRT from ICRT, we use the superscript Θ, k for the variables defined for the
Θ-ICRT "conditioned" on having Xk = 0.

We have the following generalisation of Theorem 5 (b) for pure D-tree rooted at Vk.

Proposition 31. Let (Dn)n∈N ∈ ΩN
D and let (kn)n∈N ∈ NN such that for every n ∈ N, kn ≤ sDn .

The following convergences hold weakly for the SB topology (see Section 3.1)
(a) If Dn ⇒ Θ and kn →∞, then (σDn/sDn , 1/σDn)ΥDn,kn →WSB ΥΘ.
(b) If Dn ⇒ Θ and kn → k, then (σDn/sDn , 1/σDn)ΥDn,kn →WSB ΥΘ,k.

Proof. One can directly adapt the proof of Theorem 5 (b) by letting in Algorithm 5 X̃kn := 0
instead of its normal value. We omit the details as nothing else fundamentally changes.
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Let us now give a quick example of the re-rooting principle using Proposition 31.

Lemma 32. Let Θ ∈ ΩΘ such that µΘ = ∞, and let k ∈ N. Assume that a.s. there exists a
probability measure pD,k on T Θ,k such that 1

n

∑n
i=1 δY Θ,k

i
→ pΘ,k, then we have the following

equality in distribution for the Gromov–Prokhorov topology:

(T Θ, dΘ, pΘ) =(d) (T Θ,k, dΘ,k, pΘ,k).

Proof. First by Lemma 26 there exists (Dn)n∈N ∈ ΩN
D such that Dn ⇒ Θ. We may furthermore

assume that that for every n ∈ N, sDn ≥ k. Then recall that for every D ∈ ΩD, (LDi )i≤ND denotes
the leaves of VD. Also for every D ∈ ΩD and i ≤ sD let dD,i denotes the graph distance on TD,i.

Now, by Proposition 31 (a) we have the following convergence in distribution (see e.g. Section
6.2 where we detail this implication for D-trees),

(dDn,s
Dn

(LDni , LDnj ))i,j∈N
(d)−→(dΘ(Y Θ

i , Y
Θ
j ))i,j∈N.

Similarly by Proposition 31 (b),

(dDn,k(LDni , LDnj ))i,j∈N
(d)−→(dΘ,k(Y Θ,k

i , Y Θ,k
j ))i,j∈N.

Then, since the matrix distance is invariant under re-rooting, we have for every n ∈ N,

(dDn,s
Dn

(LDni , LDnj ))i,j≤NDn =(d) (dDn,k(LDni , LDnj ))i,j≤NDn .

Therefore,
(dΘ(Y Θ

i , Y
Θ
j ))i,j∈N =(d) (dΘ,k(Y Θ,k

i , Y Θ,k
j ))i,j∈N. (57)

Finally the assumption of the lemma together with Lemma 3 yield the desired result.

Remark. The assumption of Lemma 32 can be proved by adapting the proof Theorem 3.1 and
Proposition 3.2 of [12]. However, it would require far too much work to be done here properly.

Acknowledgment Thanks are due to Nicolas Broutin for many interesting conversations and
advices on this paper, and notably for having asking for an upper bound for the height of D-trees.
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A Appendix

A.1 Proof that Algorithm 1 and Algorithm 6 sample D-trees

Proof of Proposition 1. Fix D ∈ ΩD. For every D-tuple A let (TAi )1≤i≤s and TA be the graphs
constructed by Algorithm 1 from entry (D, A). We prove that A 7→ TA is a bijection between
D-tuple and tree with degree sequence D.

First, for every D-tuple A, note by induction that for every 1 ≤ i ≤ s, TAi is connected.
Furthermore a quick enumeration shows that for every 1 ≤ i ≤ s, Vi have di children in TA. Hence,
TA is a tree with degree sequence D.

Next it is well known that there are s!
d1!...ds!

trees with degree sequence D and that there are also
s!

d1!...ds!
D-tuples. Hence, it is enough to prove that the map A 7→ TA is injective.

Let A be a D-tuple. Then for every 1 ≤ i < sD − 1 let ki := inf{k ∈ N, Lk /∈ TAi }. Note that
A1 is the root of TA, and that for every 1 ≤ i < sD − 1 the following assertions hold:
• If Lki is not a child of Ai then Ai+1 is a child of Ai and the edge (Ai, Ai+1) "disconnects"

the root from Lki .
• If Lki is a child of Ai then Ai+1 is the vertex in {A1, . . . , Ai} which is the closest to Lki+1.

As a result given TA and (A1, . . . , Ai), the vertex Ai+1 is entirely determined. Hence, the map
A 7→ TA is injective.
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Proof of Proposition 13. The proof is similar to the proof of Proposition 1. So we keep similar
notations and skip some details to focus on the points which really differ.

Fix D ∈ ΩD, and fix W = {Wi}1≤i≤sD an arbitrary permutation of VD. For every D-tuple A,
let (TAi )1≤i≤s and TA be the graphs constructed by Algorithm 6 from entry (D,W,A). We prove
that A 7→ TA is a bijection between D-tuple and tree with degree sequence D.

First for similar reasons, for every D-tuple A, TA is a tree with degree sequence D. So it is
enough to prove that the map A 7→ TA is injective.

Let A be a D-tuple. Then for every 1 ≤ i < sD − 1 let ki := inf{k ∈ N,Wk /∈ TAi }. Note
that A1 is the root of TA, and that for every 1 ≤ i < sD − 1 the following assertions holds.
• If Wki is not a child of Ai then Ai+1 is a child of Ai and the edge (Ai, Ai+1) "disconnects"

the root from Wki .
• If Wki is a child of Ai then either Ai+1 = Wki or Ai+1 ∈ TAi . In both cases, Ai+1 is the

vertex in TAi ∪ {Wki} which is the closest to Wki+1
.

In the second assertion, note that ki+1 = inf{k ∈ N,Wk /∈ TAi ∪ {Wi}} does not depend on the
choice of Ai+1. As a result given TA and (A1, . . . , Ai), the vertex Ai+1 is entirely determined.
Hence, the map A 7→ TA is injective.

A.2 GP and GH convergence imply GHP convergence: Proof of Lemma 4

Beforehand, let us introduce the covering numbers. For every metric space (X, d), and ε > 0 let
Nε(X, d) be the minimal number of closed balls of radius ε to cover X . Note that if (X, d) and
(X ′, d′) are isometric spaces then for every ε > 0, Nε(X, d) = Nε(X ′, d′), hence for every ε > 0,
Nε is well defined on KGH. Furthermore, for every ε > 0 Nε is a measurable function on KGH.

Now, let ((Xn, dn, pn))n∈N and (X, d, p) be random measured metric spaces defined as in
Lemma 4. That is, ([Xn, dn, pn])n∈N and [X, d, p] are GHP measurable, [Xn, dn, pn] →WGP

[X, d, p], [Xn, dn, pn] →WGH [X, d], and p have a.s. support X . It directly follows from the GH
convergence that:

(i) The diameter of [Xn, dn] converges weakly as n→∞ toward the diameter of [X, d].
(ii) For every ε > 0, (Nε[Xn, dn])n∈N is tight (see Burago Burago Ivanov [18] Section 7.4).

Hence, by [1] Theorem 2.4, ([Xn, dn, pn])n∈N is tight in a GHP sens.
Now, let [X ′, d′, p′] be a GHP subsequential limit of ([Xn, dn, pn])n∈N. It is enough to show

that necessarily [X, d, p] =(d,GHP) [X ′, d′, p′].
On the one hand, since [Xn, dn] →WGH [X, d, p] and [Xn, dn, pn] →WGHP [X, d, p] along a

suitable sequence, we have [X, d] =(d,GH) [X ′, d′]. Hence, we have

∀ε > 0, Nε([X, d]) =(d) Nε([X ′, d′]). (58)

On the other hand, since [Xn, dn, pn] →WGP [X, d, p] and [Xn, dn, pn] →WGHP [X, d, p]
along a suitable sequence, we have [X, d, p] =(d,GP) [X ′, d′, p′]. So, we may assume that a.s.
dGP([X, d, p], [X ′, d′, p′]) = 0. So, by definition of the GP topology, a.s. there exists a metric space
S and isometric embeddings φ : X → S, φ′ : X ′ → S′ such that dP (φ?p, φ

′
?p
′) = 0, and thus

φ?p = φ′?p
′. Hence, if supp denotes the support of a measure, a.s. φ(supp(p)) = φ′(supp(p′)).

Therefore, since a.s. supp(p) = X , we have a.s.

∀ε > 0, Nε(X) = Nε(supp(p)) = Nε(supp(p′)) ≤ Nε(X ′). (59)

Finally, note that (58) and (59) implies together that a.s. supp(p′) = X ′. Thus, since a.s.
X = supp(p) and φ(p) = φ(p′), we have a.s. φ(X) = φ′(X ′). Thus, since a.s. φ(p) = φ(p′) and
φ(X) = φ′(X ′), we have a.s. dGHP(X,X ′) = 0.
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