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SOME REMARKS ON SEMI-CLASSICAL ANALYSIS
ON TWO-STEP NILMANIFOLDS

CLOTILDE FERMANIAN KAMMERER, VERONIQUE FISCHER, AND STEVEN FLYNN

ABSTRACT. In this paper, we present recent results about the developement of a semiclassical
approach in the setting of nilpotent Lie groups and nilmanifolds. We focus on two-step nilmanifolds
and exhibit some properties of the weak limits of sequence of densities associated with eigenfunctions
of a sub-Laplacian. We emphasize the influence of the geometry on these properties.

1. INTRODUCTION

1.1. Subelliptic operators and subelliptic estimates. Sub-elliptic operators are an impor-
tant class of operators containing sub-Laplacians - also known as Hormander’s sums of squares
of vector fields [25] that generate the tangent space by iterated commutation. These operators
also appear naturally in stochastic analysis as the Kolmogorov equations of stochastic ordinary
differential equations are described in terms of second order differential operators which are often
sub-Laplacians. In complex geometry, Kohn Laplacian (acting on functions) on Cauchy-Riemann
manifolds also gives an example of sub-elliptic operators. More generally, sub-elliptic operators
appear in contact geometry, thereby having significant place.

One of their specific properties relies on the sub-elliptic estimates proved independently by Roth-
schild and Stein [28] on the one hand, and Fefferman and Phong [12], on the other one. While,
in the elliptic case, if Au € H*(R?), then u € H*"2(R?), the gain of regularity is smaller for a
sub-elliptic operator L = X7 4 --- + XS. Indeed, one then has

Lu € H*(RY) — u e H**?/"(RY)

where r is the mean length to obtain spanning commutators. The Rothschild and Stein proof
in [28] is based on Harmonic analysis on Lie groups, as developed in [20, 28], via a lifting procedure
consisting in the construction of a nilpotent stratified Lie group for which the sub-elliptic operator
is a sub-Laplacian. It is in that spirit that we work here and we are interested in sublaplacians
associated with a special type of manifolds called nilmanifolds, that are naturally attached to a
nilpotent Lie group.

1.2. Analysis on nilmanifolds. In this paper, as is often the case in harmonic analysis, we restrict
our attention to nilpotent Lie groups that are stratified. We will further assume that their step is
two later on.

1.2.1. Stratified Lie groups. A stratified Lie group G is a connected simply connected Lie group
whose (finite dimensional, real) Lie algebra g admits an N-stratification into linear subspaces, i.e.

g=01®gd... with [g,g)]=g14;, 1<i<)
In this case, the group G and its Lie algebra are nilpotent. Their step of nilpotency is the largest
number s € N such that g, is not trivial. In this paper, all the nilpotent Lie groups are assumed
connected and simply connected.
Once a basis X1,..., X, for g has been chosen, we may identify the points (x1,...,2,) € R"

with the points = expg(x1 X1+ +2,X,,) in G via the exponential mapping exp; : g — G. By
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choosing a basis adapted to the stratification, we derive the product law from the Baker-Campbell-
Hausdorff formula. We can also define the (topological vector) spaces C>°(G) and S(G) of smooth
and Schwartz functions on G identified with R™. This induces a Haar measure dx on G which
is invariant under left and right translations and defines Lebesgue spaces on G, together with a
(non-commutative) convolution for functions fi, f2 € S(G) or in L?(G),

(1% fo)() = /G A1) foly-\2)dy, =€ G,

The Lie algebra g is naturally equipped with the family of dilations {é,,r > 0}, 6, : g — g,
defined by 6,X = r*X for every X € gy, £ € N [20]. The associated group dilations derive from

or(expg X) = expa(6,X), r>0, X €g.

In a canonical way, this leads to a notion of homogeneity for functions (measurable functions as
well as distributions) and operators. For instance, the Haar measure is Q)-homogeneous where

Q= Z ¢dim gy
LeN
is called the homogeneous dimension of G. Another example is obtained by identifying the elements
of the Lie algebra g with the left-invariant vector fields on G: we check readily that the elements
of g; are homogeneous differential operators of degree j.

When a scalar product is fixed on the first stratum g; of the Lie algebra g, the group G is said
to be Carnot. The intrinsic sub-Laplacian on G is then the differential operator given by

for any orthonormal basis V1,...,V, of g1. We fix such a basis that will be used in different places
of the paper.

1.2.2. Nilmanifolds. A nilmanifold is the one-sided quotient of a nilpotent Lie group G by a discrete
subgroup I' of G. In this paper, we will choose the left quotient of G and denote it by M = I'\G.
We will consider compact nilmanifolds, or equivalently cocompact subgroups I'. We denote by
x — & the canonical projection which associates to = € G its class modulo I' in M.

Recall that the Haar measure dx on G is unique up to a constant and, once it is fixed, d is the
only G-invariant measure on M satisfying for any function f : G — C, for instance continuous with
compact support,

(1.1) /Gf(:c)d:r:/MZf(yx) di.

vel

We may allow ourselves to write dx for the measure on M when the variable of integration is x € M
and no confusion with the Haar measure is possible.

The canonical projection G — M induces a one-to-one correspondence between the set of func-
tions on M with the set of I'-left periodic functions on G, that is, the set of functions f on G
satisfying

Vee G, VyeTl, f(yx)= f(x).

With a function f defined on M, we associate the I'-left periodic function fg : z — f(&) defined
on G. Conversely, a I'-left periodic function f on G naturally defines a function fys : & — f(z) on
M.
Consider a linear continuous mapping T : S(G) — S§’(G) which is invariant under T in the sense
that
VE € S(G), VyeTl, T(F(y)) = (TF)(v).
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Then it naturally induces [I8] an operator Th; on M via

Tuf = (Tfc)m-

Furthermore, Tys : D(M) — D'(M) is a linear continuous mapping. Note that if 7" is invariant
under G, then it is invariant under I'. For instance, any left-invariant differential operator 7" on G
induces a corresponding differential operator Th; on M.

Let us now assume that G is a Carnot group. The intrinsic sub-Laplacian on M is the operator
Ly induced by Lg on M. It is a differential operator that is essentially self-adjoint on L?(M); we
will keep the same notation for its self-adjoint extension. The spectrum of —ILj; is a discrete and
unbounded subset of [0, +00). Each eigenspace of L has finite dimension. The constant functions
on M form the 0-eigenspace of Ly, see e.g. [18].

1.2.3. Objectives. In this paper, we consider nilpotent Lie groups G of step s = 2 equipped with a
scalar product. They are naturally stratified, (see Section |1.3.1)) and so they will also be Carnot.
We will focus our attention on sequences of eigenfuctions (¢ )ren and eigenvalues (Ej)gen of Ly,
ordered in increasing order and repeated according to multiplicity:

(1.2) — Ly = Exi, Ey<BEy<---<E <., Ey — +o0.

k—o0

We are interested in the measures on M that are limit points of the densities |y (x)|>dz as k tends
to +00. Our result extends to operators

LY, = —La 4+ U(2)

where x — U(z) is a smooth potential on M. Our analysis will be using a semi-classical approach
based on the harmonic analysis on the group G in order to derive invariance properties of these
measures.

1.3. Fourier analysis of step-two groups. Our semi-classical approach is based on the Fourier
theory of the group, as developed in Harmonic analysis (see for example [20] [19]). In the rest of
this paper, we will consider only a nilpotent Lie group G of step two and its associated compact
nilmanifolds M =T'\G.

1.3.1. Step-two groups. As G is step two, the derived algebra 3 := [g, g] lies in the centre of g.
Moreover, denoting by v a complement of 3, we have the decomposition:

g=0D3;.
Note that 3 = [0, 0] and that this decomposition yields a stratification of g with g; = v, g2 = 3.
Hence G is naturally stratified with dilations given by 0.(V + Z) = eV 4 £2Z where ¢ > 0,
V ev, Z € 3. Its topological dimension is n = dim v + dim 3 while the homogeneous dimension is

@ = dimv + 2dim 3. We also assume that a scalar product has been fixed on g, and that v is an
orthogonal complement of j.

1.3.2. The dual set. The dual set G of G is the set of the equivalence classes of the irreducible
unitary representations of G. We will often allow ourselves to identify a class of such representations
with one of its representatives. Since G is a nilpotent Lie group, its dual is the disjoint union of
the (classes of unitary irreducible) representations of dimension one and of infinite dimension:

G =G UG, Gi:={class ofm, dimm =1}, Go :={class of 7, dim7 = oo}.

As G is step two, (A?l and (A?oo can be described in a relatively simple manner.
(i) The (classes of unitary irreducible) one-dimensional representations are parametrized by the
elements w € v* of the dual of v and consists of the characters

™ (x) =V z=expa(V+2), Vevo, Zes;
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(ii) The (classes of unitary irreducible) infinite dimensional representations are parametrised by
a non-zero element A € 3* \ {0} of the dual of 3 and another parameter v € v* which we now
describe. For any A € 3*, we consider the skew-symmetric bilinear form on v defined by

(1.3) YU,V ev, BOMUV):=[UV].

We denote by ty the radical of B()). The other parameter v will be in the dual ¢ of this radical.

Using the scalar product on g, we can construct the representation 7 for each A € 3*\ {0} and
v €t} as follows. First, we will allow ourselves to keep the same notation for the skew-symmetric
form B(A) and the corresponding skew-symmetric linear map on v. Hence t) = ker B(\). As B(\)
is skew symmetric, we find an orthonormal basis of b

dimo — k
(P)...P)Q)....QLR)....R))  with &=k =dimuty, d:d,\::%,

where the matrix of B()\) takes the block form
Oga D) Ogp
(1.4) —D(A) 044 Oax
Ok.,a Ok,a Ok
Here D()) is a diagonal matrix with positive diagonal entries depending on A. Note that t) =
Span (Ri\, ey Rﬁ) and we decompose v as

b=py+qy+ty where py:=Span(P},...,P}) qx == Span (Q7,...,Q3).

One may assume that the above basis for v depends continuously on .
The representation 7™ acts on L?(py) via

15 @) = A PO )y (poyle 1 P). se 2, gep

where x is written as = expg(P+Q + R+ Z) with P € py, Q €qy, Ret), Z €3 If v =0, we
will use the shorthand 70 = 7.

With the representations described in (i) and (ii) above, the dual set of G is: G = G1 UG with
Gy = {class of 7, w € v*} and Go = {class of 7", A €3*\ {0}, v € t}.

This can be justified in this case with the von Neumann theorem characterising the representations

of the Heisenberg groups. Equivalently, we can also use the orbit method which states that there

is a one-to-one correspondence between m € G and the co-adjoint orbits g*/G. The advantage

of the orbit method is that the Kirillov map g*/G — G is a homeomorphism [7], giving us easy

information on the topology of subsets of G. Furthermore, one can check that the co-adjoint action
of G on g* = v* @ 3* leaves the 3*-component invariant. Hence, we can describe the co-adjoint orbit
of any v+ X € g* = v* ®3* by choosing the unique representative as the linear form w = v if A =0,
and A +v with v € v} if A # 0. Via the Kirillov map, they correspond respectively to 7¢ and T,

1.3.3. The subsets 2, and Ag. As a set, 3™ \ {0} decomposes as the disjoint union of
Qp:={Ae3"\ {0} : dimry=£k}, keN.

Observe that €5 = () when k > dim v and also when k = dim v because if k) = dim v then t) = v*,
thus By = 0 and A = 0. We denote by kg the smallest & € N such that Q; # 0; roughly speaking,
this is the set of A € 3* for which B()) is of smallest kernel. We have

3"\ {0} = Ugg<k<dimo Q-
We can describe Uy as the set of A € 3*\ {0} such that all the minors of B(\) (viewed
as a matrix in the basis that we have fixed) of order < dimv — & cancel, and € as the subset of

Ugr>k formed by the X's such that at least one minor of order = dim v — & does not vanish. Since
4



B(A) is linear in A\, Up>,€ is an algebraic variety, and €, is an open subset of it. Moreover, if
Qp # 0 then U5 Qe is an algebraic subvariety with dim Upss Qs < dim Upr>5 €. Consequently,
(1, is an open subset of Uy/>; 2 and it is either empty or dense in Up/>4 Q4.

We can decompose each ), into further subsets, according to the multiplicity of the eigenvalues of
B(\) viewed as a matrix in a canonical basis. Here, we will be only considering the case k = ko and
denote by Ag the set of A € €y, for which B(\) has the maximal number of distinct eigenvalues.
Recall that, by the Cauchy residue formula, the multiplicity of a zero zy of a polynomial p(z)

P'(2)
z—zo|=r p(2)
maximal multiplicities implies that the multiplicities of the eigenvalues of B(\)? for A € Ag are
locally constant and that the subset Ag is open in €,. Moreover, by the implicit function theorem,
the eigenvalues of B()\)? can be written locally as smooth functions (even algebraic expressions) of
A € Ap. Similar properties hold for each subset of €2, with fewer constraints on the multiplicities,
implying that Ag is dense in .

dz for r small enough. Applying this to det(B(\)? — z) in the case of

is equal to 3§|

The Heisenberg groups correspond to the case when dim 3 = 1 while the Heisenberg-type groups
are exactly the step-two nilpotent groups G for which B(\)?2 = —|\|?I,. Heisenberg-type groups and
their nilmanifolds have an H-type foliation as in [4], and so do the groups G and their nilmanifolds
when, more generally, every B(A), A € 3*\ {0}, has a trivial radical vty = {0}. Geometrically,
these nilmanifolds are contact manifolds when the radicals are all trivial and dimj = 1, and they
are quasi-contact manifolds when the radicals may not be trivial. The analysis of the properties
of weak limits of densities of eigenvalues of the sub-Laplacian for contact manifolds was studied
in [10] and for quasi-contact manifold of dimension four with radical generically of dimension one
was studied in [29].

As the co-adjoint action is trivial on the 3*-component, the sets €2 may be viewed as the unions
of the co-adjoint orbits of v+ A € g* = v* @ 3* with A € Q, or our chosen representatives for those
co-orbits:

(1.6) Qe ~{(\,v) €3" x0*, A€ Qp, ver)l,
and therefore identified via Kirillov’s map with the following subset of G
Q. ~ {71' =7 € G\OO, AEQ, v E ti}

We also proceed similarly for Ag. As subsets of CA}OO, they enjoy the same topological properties;
for instance, {2, which is an open dense subset of G .

1.3.4. The Fourier transform. Let f € L*(G), the Fourier transform of f is the field of operators
F(f) = {Fm) s He =+ Heym € G) - given by Flm) = [ flajn(a)da,
G

for any (continuous unitary) representation 7 of G.
The unitary dual GG is a standard Borel space, and there exists a unique positive Borel measure p
on G such that for any continuous function f : G — C with compact support we have

1@z = [ 1T sy

The measure p is called the Plancherel measure and the formula above the Plancherel formula.

For instance, in the case of step-two groups, the Plancherel measure is given by du(7r/\’” ) =

cpdet(D(A)) dA\dv, for a known constant ¢y > 0 [I1, 27]; note that it is supported on the sub-

sets (U, or even Ag of @Oo defined in Section I@

The Plancherel formula extends the group Fourier transform unitarily to functions f € L?(G):

their Fourier transforms are then a Hilbert-Schmidt fields of operators satisfying the Plancherel
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formula. The group Fourier transform also extends readily to classes of distributions, for instance
the distributions with compact support and the distributions whose associated right convolution
operators are bounded on L2(G). If T is the associated operator, we denote by T' or m(T) = T'()
the associated field of operators with

F(Tf)(m) =n(T)o Ff(r), VfeSG).
In particular, the group Fourier transform extends to left-invariant differential operators.

The considerations above are known for any nilpotent Lie group, and let us consider the case of
step-two groups. The group Fourier transform of f € L!(G) gives a scalar number at 7 = 7 and a
bounded operator on H, ., = L?(p*) for 7 = 7. It is easy to compute that for the 1-dimensional
representation, we have 7 (—L¢g) = |w|?. In the remainder of the paper, we will use the notation
m(L) and L= {r(L),r € G} and omit the index G in this context. The case of representations of
infinite dimension is more involved. The following is known in great generality [19]:

(1) Lg and w(L) for m € G are essentially self-adjoint on L?(G) and H,.; we keep the same
notation for tlleir self-adjoint extensions. Hence they both admit spectral decompositions.

(2) For each m € G'\ {15}, the spectrum sp(7(—L)) of 7(—L) is discrete and lies in (0, c0) and
each eigenspace is finite dimensional, while for 7 = 15, 7(IL) = 0.

(3) Consider the spectral decomposition P¢, ( > 0, of —Lg, i.e. —Lg = fooo ¢dP¢. For each

e G\ {15}, the group Fourier transform 7(P¢) of the projections P; are orthogonal
projections of H,. Furthermore, they yield a spectral decomposition of —LL: w(—L) =
2 ¢esp(m(-1y) ST (EC).
In the step-two case, some of the properties above are easy to see. Indeed, denoting by
n; =n;(A),1 <j <d, with the convention 0 < 7 (A) < ... <n4(A),
the positive entries of D(\) = diag(m, ..., nq), we readily compute

(L.7) PP = /1 (N0, and QD) = iy (Vg

and deduce from the additional observation 7" (R}) = ivy, 1 <1 < k.
(L) = HO) + o

where H()) is the operator on H) given by

HN) = Y ni(N(=0¢ +&).

1<j<d

which is up to multiplicative factors the harmonic oscillator of L?(R%). Recall that Hermite func-
tions give an orthonormal basis of eigenfunctions of H(\) with eigenvalues

(1.8) (e, A) = > (2a;+ m(N),  aeN,
1<j<d

see Section Hence, the spectrum of 7% (—L) is sp(7**(~L)) = {{(a, A) + |[v|*, a € N4},
giving in this special case Property above. Furthermore, the spectral projections 7r)"”(]P’C) onto
the eigenspaces of H(\) are either zero or orthogonal projections onto subspaces generated by
Hermite functions.

The properties above hold for any A € 3*\ {0}. Restricting to Ag, each ;(\) is a smooth function
of A € Ay since the njz’s are the eigenvalues of B()\)? which are diagonalisable linear morphisms
with eigenvalues of constant multiplicities depending smoothly on A. Therefore, ((a, A) in

also depends smoothly on A in Ag.
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1.4. Main result. Let z — U(z) be a smooth potential on M. Let ("lﬂ}g)kel\f be a sequence of
eigenfunctions of —LLY, = —Lj; + U according to

(1.9) — Ly = EJui, keN.

Without loss of generality, we may assume EE > 0 for all & € N (if not, we modify U by a constant).

Let o be a weak limit of the density |4} (z)|?dx, then ¢ decompose according to the structure of G
and each of the elements of this decomposition enjoys its own invariances. These invariances are
expressed in terms of the elements w, A and v characterizing the points of G. We will need the
following notation to state the result.

(a) For each A € 3* and v € 3, we associate
v RN = l/lRi\—f—-"-l-VkRg € 1y,

where the v;’s are the coordinates of v in the dual of the orthonormal basis (R}, -, Rz), ie.
v=u1(R})*+...+vg(R})*. This definition is independent of the choice of the orthonormal
basis (R}, -+, Rp) for ty.

(b) In the same spirit, for any w € v*, we associate

w-Vi=wVi 4wV €,

where the w;’s are the coordinates of w in the dual of an orthonormal basis (Vi,---,V,):
w=uwV"+...+w,VS. Here, ¢ = dimv. This definition is independent of the choice of
the orthonormal basis (V1,---, V) for v.

(c) If kg = 0 and A € A, each eigenvalue ¢ = ((a, A) in (I.8)) of 7*(IL) depends smoothly on A
in Ag. The vector in 3 corresponding to the gradient at A is denoted by

Viag(a, A) = Vag €35.

Theorem 1.1 ([I5, 17, [16]). Let (¢ )ken be a sequence of eigenfunctions of —LY, = —Ly + U
according to (L.9). Then a weak limit o of the density |y (x)|2dx decomposes as

(1.10) e=0"+¢

with

(1) o°(z) = / ¢ (xz,dw) where the measure s is invariant by the flow
U*

(r,w) = (Exp(sw- V)z,w), seR

dimbv—1

(2) & (x) = Z / Yi(x, d\, dv) with the identification (1.6)) for Q, with each measure
k=0 ()\,V)Eﬂk
Yi(x, A\, v) being supported in M x Q. where it is invariant under the flow given by

(z,(\v)) — (Bxp(sv- RNz, (\,v)), scR.
urthermore, in the case when g , omitting v = 0,
(3) Furth h hen Qg # 0 g 0

Yo(z,A) = Z ’Y(()a) (z,A),

aeN

with each measure 1¢ Aoy(()a) being supported on M x Ay where it is invariant under the flow
given by
(.1', )‘) — (EXp(S V,\C(a, A))Jf, )‘)7 s € R.
7



In the case of the groups of Heisenberg type, n;(A) = |A| for all j, so Ag = Qo = 3* \ {0} and
dimv/2
(1.11) Val(a,\) = 27 Z (2a; + 1), where Z* 1= |A|71\Y,
j=1
and A\* € 3 corresponds to A by duality via the scalar product. We therefore recover with Theo-
rem [1.1| the results of the first two authors in [15].

Theorem is a consequence of Theorem below. It is based on a microlocal approach and
the measures v that appear in the statement above are microlocal objects that can be compared
with the semi-classical measures introduced in the 90s in the Euclidean context in [24, 21, 22], 23].
The difference here is that the semi-classical calculus we use is based on the Harmonic analysis of
the group G and on the Fourier transform introduced via representation theory as presented above.
This setting has been introduced in [19] in a microlocal context where no specific semi-classical
scale ¢ is specified. It uses a pseudo-differential calculus with operator-valued symbols that can be
composed with the Fourier transform of the functions (that are also operator-valued).

The construction of a pseudodifferential calculus on groups is an old question from the 1980s
[30, 5l 6, 9] that have known recent developments with an abstract point of view from the theory
of algebra of operators in [31], B2, B3], and with a PDEs approach in [19] [ I3] with applications
in control theory and observability [17]

We conclude this section with some comments about Theorem [I.Il It is noticeable that there
Is coexistence of two kinds of behaviour, with a splitting of the measure 7 corresponding to the
different types of elements of G. In the context of the Heisenberg group, Ag = Q¢ # 0 and V,( is
colinear to Z* (see ) and this is linked to the wave aspect of the sub-Laplacian in this group
pointed out in [3] 8, 10, 2]. On other nilpotent Lie groups where Qy = ), the other vector fields
involved, v - R*, are more of Schrédinger’s type.

Acknowledgements. The authors acknowledges the support of the Leverhulme Trust via Research
Project Grant 2020-037. The first author thank Cyril Letrouit for inspiring discussions.

2. NONCOMMUTATIVE SEMI-CLASSICAL SETTING
2.1. Semi-classical pseudodifferential operators. We consider the set Ajg of fields of operators

{o(z,7) € L(Hqy), (x,7) € M x G} such that

o, 7) = Frip(m) = /G o (2) ()" d,

where z — £,(+) is in C>°(M, S(G)). We call the function k, the convolution kernel associated with
the symbol o. In the spirit of the works [2], [19], and when ¢ < 1 is a semi-classical parameter, the
e-quantization of the symbols o € Ay is given by

Opg(a)f(x):/tr (w(a;)a(x,g.w)f(n)) du(r), feS(M), =e M.

G

Here, ¢ - 7 denotes the class in G of the irreducible representation z — 7 (d.z). Setting
ra(2) = € Pha(d-12),

the e-quantization then obeys to

@) Onofe) = [ el Wiy =Y [ sy ialdy. JeSOM), e

G ~er yeM

As in the case of groups (see [14]), the family (Op.(c)).-, is a bounded family in £(L*(M)):
8



Proposition 2.1. There exists C' > 0 such that for all 0 € Ag and € > 0,

10b.(0) | ez an) <l/“sup|n$<zﬂdz-
G xeM

Proof. By Young’s convolution inequality

If* w2y )2 < |l Sél]\%|H;(7')’”Ll(M)”fHL2(M)7

with || SUA%IKZ(V-)IIIU(M):&‘Q/ sup Iﬁz(e_lwy)ldy:/ sup |k (y)|dy.
TE

M zeM vy~ IM xzeM
Therefore, using (2.1]), we deduce
10D (0) fllz2(ary < D IF * K5 (v) 2
vyel’
<Mmm2/ wwaw%wmm/wmey

~el
]

Besides, this semi-classical pseudodifferential calculus enjoys symbolic calculus (see Proposi-
tion 3.6 in [I4] in the case of groups and Proposition 2.2 in [17] for the extension to nilmanifolds).

2.2. Semi-classical measures. Let us first introduce our notion of operator-valued measures
introduced in the earlier papers of the first two authors. We will use the same notation as in those
paper, even if it means using the Greek letter I" for the trace-class operators I'(x, 7). We think that
there is no possible confusion with our current notation for the co-compact discrete subgroup I
of GG, and thus will allow this small conflict of notation

We consider pairs (I',) consisting in a positive Radon measure v on M x G and a measurable
field over (z,7) € M x G of trace-class operators I'(x,m) on H, satisfying

/ Tr |T(x, m)| dy(z, m) < oo.
MxG

We equip the set of such pairs with the equivalence relation (T',v) ~ (I',+’) given by the existence
of a measurable function f: M x G — C such that

v =fy and I = 7', v—a.e.

We denote by M, (M x @) the set of equivalence classes for this relation and by I'dy the class
of the pair (I',v). If T' > 0, then we say that the operator valued measure I'd7y is positive, and
we denote by M7 (M x @) the set of the positive operator-valued measures on M X G. They
characterize bounded families in L?(M) according to the following theorem.

Proposition 2.2 ([14, [15]). Let (¢°)->0 be a bounded family in L?(M). There exist a subsequence
e — 0 as k — oo, and an operator-valued measure T'dy € M} (M x G) satisfying

Vo € Ao, (Op,, (0)0, %) — Tr(o(x,m)I'(z,m)) dy(z, 7).
k—oo Jprx@

Continuing with the setting of the statement above, we say then that the operator-valued measure
I'dy is a semi-classical measure of (¢°)c~¢ at the scale e. A given family (¢°).>0 may have several
semi-classical measures, depending on different subsequences (ex)ren. The knowledge of all these
families indicates the obstruction to strong convergence in L?(M) of the family (¥%).~0.

9



The scale € is particularly interesting for analyzing the oscillations of a family (¢).~¢ that
satisfies weighted Sobolev estimates such as

(2.2) 35,C >0, Ve >0, [[(—e®Lar)29% | r2an < C-
Indeed, one can then link the weak limits of the energy densities with the semi-classical measures:

Proposition 2.3 ([15]). Assume (1°)c>0 satisfies (2.2)) and that I'dry is a semi-classical measure
of (V%)eso for the subsequence (ex)ken. Then for all ¢ € C*°(M),

(2.3) limsup/ ¢($)|¢€’“(t,x)|2da::/ O(x)Tr (I'(x, 7)) dy(z, 7).
k=400 JM MxG

2.3. Application to quantum limits. Let us now come back to the sequence of eigen-

functions (1f )ken of the sub-Laplacian operator —LY, = —Ljs + U(z) for a compact nilmanifod

M = T'\G whose underlying group G is step two. Denoting by EE the associated sequence of

eignevalue; we set

er = (B~
we obtain a semi-classical scale such that the sequence (w}g)keN is eg-oscillating. Thus any weak
limit ¢ of the energy density |¢f(z)*dx is the marginal of a semi-classical measure I'dy of the
family (w}g) ren according to ([2.3). Therefore, the properties of the semi-classical measures of the
sequence (T/’E)kGN will reflect on any weak limit of the energy density.

We now omit the index k£ € N and focus on the semi-classical measures of a family of normalized
functions (1)°)s>0 that satisfy

(2.4) — 2L y° = o,
where U € C*°(M) is a potential on M.
As G is a nilpotent Lie group, the elements of M, (M x G) split into two parts

T'dy = 1M><(§1Fd7 + 1,6 . Tdy

In particular, on M x él, we may assume I' = 1, while on M x @oo, the trace-class operator
[(x, ™) acts on H,av = L?(py) in the case of a step two group G.
We can already observe that the decomposition in Theorem 1.1 u is due to the split above:

the measure ¢" is the restriction of I'dy to M x Gl, Whlle the restriction to M x Goo yields a more
involved measure ¢*. The invariance then comes from the theorem below. In this statement, we

will allow ourselves to use the identifications (see Sections m and |1.3.3)):

~

G1 ~v* and Gy ~ I_I}im}gD L.
Theorem 2.4. Let (1)°)e>0 be a family of normalized functions satisfying (2.4) and T'dy one of its
semi-classical measures. Then we have the following properties:
(i) Localization:
7(L)(z,7) = T(z, m)m(L) = =T (z, ), v(z, ) a.e.
which implies
(1) The scalar measure 1, &~ on M x Gy is supported in {(z,7%) € M x Gy, |w| = 1}.
(2) Setting I'¢ :=1,, & P.T foieach ¢ >0, we have I'(z,7) = 3¢ cop(m(—1y) Tc(@,7) ior
y-almost every (x,m) € M X Goo. Moreover, it satisfies (T'¢dy = Tcdy in M, (M xG).
In other words, ( =1 on the support of the measure Tr(I'¢(x,m))y(x, 7).

(ii) Invariance:
10



(1) The scalar measure 1,/xa,7 is tnwariant under the flow
(x,m) — (Exp(sw - V)z,7¥), seR.
(2) (a) For each ¢ > 0, the operator valued measure I'¢cdy = lMxéoo@CFdV 18 supported

m M x éoo where it is invariant under the flow
(z,7™") — (Exp(sv - RNz, 7M), s€R.

(b) Assume Qg # (0. For each ¢ > 0 parametrized smoothly by X\, the operator valued
measure 1y p L cdry is supported on M x Ay where it is invariant under the flow

(z,7) — (Bxp(sVaQ)z, 1), s€R.

Note that the flow invariances may be different for various ¢ in Part (2) (b). This was already

observed on the groups of Heisenberg type where g = Ag = 3* \ {0} ~ Guo (sec [I5} [I7]). The
invariance of Point (2)(a) is empty in that case since the flow map of (2)(a) reduces to identity on
Q.

Theorem [2.4] implies Theorem [1.1] through the identification that has been mentioned above:

o' (z) = /en* dy(x, ) and A(x) = /e@' Tr(I'(x, m))dy(x, 7).

2.4. Main ideas of the proof. Theorem [2.4is inspired by the results [I4} [I7] where the group G
was assumed to be of Heisenberg type. We follow here the ideas developed in these papers and
extend them to general two-step groups. We explain below the main elements of the proof that
rely on technical lemmata that are discussed in Section [4]

One can notice that, formally,

(2.5) — &Ly = —Op.(n(L)) +£*Op. (),

which implies that the term involving the potential U is of lower order than the operator e2L;;
itself. For both the proof of the localisation results and the invariance ones, we start from some
relations coming from the (1%).>0 being eigenfunctions of the subLaplacian. We then use symbolic
calculus as developed in [I4] [I7] to analyse these algebraic relations and compute precisely the
symbols involved in the calculus. Finally, passing to the limit ¢ — 0, we investigate what the
resulting equations mean for the semi-classical measure. We restrict ourselves to the zone @1 or
@ by using symbol belonging to the von Neumann algebra generated by Ag. Another important
ingredient of the proof consists in analyzing the different behavior of symbols that commute with
L and those who don’t. These technical points are developed in Section |4

(i) Localization. Let o € Ag. By the definition of the family (¢°).~0, we have (by equation (2.4))
(Ope(a)(_gzLH]\JJwa)v ¢E> L2(M) = (Opfs(J)wE: _€2LE]\JJ¢E) = (OPE(U)W, zﬂ‘E)LQ(M)

L2(M)

By passing to the limit and using (2.5)), the definition of the semi-classical measures as in Propo-
sition and the properties of the calculus [14, [I7], give that any semi-classical measure I'dy of
(1%)e>0 satisfies

(2.6) / Tr(o(x, m)m(L)I (2, m)) d’)/(l‘,ﬂ'):/ Tr(r(L)o(z, 7)I(x,m)) dy(x, 7)
MxG MxG

:/ Tr(o(x,m)I'(x, 7)) dy(x, 7).
MxG

This readily implies the first localization property in (i). The rest of (i) follows as we can now

apply ([2.6) not only to symbols ¢ in Ag, but also in the von Neumann algebra generated by A, in
11



particular to 1 MxG, O and to 1 Mx.L 0> See Lernma Furthermore, ([2.6)) shows the commutation
of I with L so also with the spectral projectors @C for ¢ > 0. Therefore, with the notation of Section

our classical measure I'dy is in M, (M X é)@), the subspace of semi-classical measures that
commute with .. Hence, by the analysis in Section we only need to consider symbols o in By
which is the space of the symbols in Ay that commutes with L.

(ii) Invariance. We now take advantage of the fact that for all o € Ay,

(2.7) (10p-0), L3 v7) L, =0

Setting 7(V') -V := Z?Zl m(V})V; for any orthonormal basis of Vi, ..., V, of v, a computation gives
for o € Ay,

1 1
(2.8) E[OPE(U), —e’Ly] = —EOPE([U, m(L)]) +20p.(7(V) - Vo) + £ Op,(Lo) + ¢[Op. (o), U(z)].

For symbols o € By (which then commute with ]I:), the term in 1 in the right-hand side vanishes
and we deduce by passing to the limit that any semi-classical measure I'dy of (1)°).~¢ satisfies

(2.9) Vo € By, /MXéTr (m(V)-Vo(x,m)T'(x,7))dy(z,7) = 0.

Let us prove Part (2)(a). As for Part (1), we can apply this to the elements 1, & o and to
1,/.a..0 of the von Neumann algebra generated by By, see Lemma We obtain first that (2.9))

holds with integration over M x Gy; Part (ii)(1) then follows from this and Corollary Then,
we obtain that (2.9) holds with integration on M X G. This yields

(210) 0= /an Tr (7r(V> . VU(%‘, W)F({B, 7T)) d’y(a:, 7T)
- /an >, Te(@®)(x(V) V() oz, )T (x,m) dy(w, ),

°° ¢esp(m(L)
since 3 gy (rr) T(Pe) is the identity operator on Hy and 7(P¢) = 7(P¢)? commutes with o(z,T)
and I'(z, 7). Furthermore, for 7 = 7V, it follows from Section 4| (see (4.4))
¥ >0, w(P)(m(P) - PYm(B) =0,  w(P)(n(Q) QM) (Be) = 0.
Hence (2.10) becomes

Vo € By, / o Tr (1/ . R)‘a(m,ﬂ’\’”)l“(x, 7T/\’”)) d’}/(l‘,ﬂ)\’u) =0.
MxGso

This implies Part (ii)(2)(a) by Proposition as I'dy 1is in the set M, (M x @)(E) of operator-
valued measures that commute with L.

Let us prove Part (2)(b). We now assume €y # (). Indeed, on €, the analysis above does not
yield anything since v - R* = 0 on €y. We will need the following observation:

Lemma 2.5. If 0 € Ay and n € S(3*), then the symbol on given by (on)(z, 7)) = o(z, 7*")n(\)
is in Ag. If o € By then on € By.

Proof. If k;(y) is the kernel of o, then we check readily that (yy,y;) = (k2 (o, ) *; ]—?177)(%) is the
kernel of on. The rest follows. ]
12



By Lemma if o1 € By and if n € S(3*) is supported in the dense open subset Qg of 3* \ {0},
then o := o7 is supported in M x €y. Moreover, by Lemma there exists a symbol T'o € Ay
such that

m(V)-Vo=[To,n(—L)].
Therefore, using the additional fact
[Op(T),U(z)] = O(e) in L(L*(M)),
the equation (2.8) gives
1 1
~ (Op.(7(V) - Va )b, 4 oy = = (Ob(To, m(=L))6, ¥°) ooy

1
= - (10p.(T0), —£”LiJv", W)Lz(M) = 2(Op.((m(V) - V) 0 To)u", %) 2 ary + O(e)-
By , the first term of the right-hand side is 0 and we have
1
~ (Op.(n(V) - Vo, 0°) paqar) = =2 (Opo(r(V) - V) 0 To)#, 6%) 2oy, + OLC).

Plugging this expression of (Op,(7(V) - VO')¢E71/JE)L2(M) in (2.8) and using one more time (2.7)),
we finally get
2 g
O(e) = z (Ope(m(V) - Vo), ¥%) 2y + (Opo(Lo) v, ¥%) 12y

= (Ope (=47 (V) - Vo To + Lo)y%, 4%) 1o (ayy -

We now pass to the limit € — 0 and transform the latter equation according to the equality
—A4n(V)-VoTo+Lo =i Z V)\CU@C.
CESp]]A_,

induced by Corollary [£.8 and the fact that o € By. We are left with

Z / Tr (V)\C a(x,ﬂ’\)l“c(x,ﬂ’\)) dy(z,7) =0,
~ MXQO
¢eSplLL
and the relation holds for all 0 = o1n with o1 € By and n € S(3*) supported in the dense open
set )g. This concludes the proof.

3. (GEOMETRIC INVARIANCE
In this section, we address the geometric invariance of the objects that we have introduced above.

3.1. Nilmanifolds as filtered manifolds. A stratified Lie group G carries a natural filtration on
its Lie algebra given by

b1 Cha C--- Chy =g=1T.G, with hj=g1®--Dgj.
One can view the nilmanifold M as a filtered manifold with associated filtration of subbundles
(3.1) HyCH;C---CH,=T;M, z€G, [H H]CcH 1<i+j<r,

given by H; =dnprodL;(h;). Here mp : G — M = T'\G is the quotient map and L, : G — G is the
left-translation. In fact, G induces a left-invariant stratification by the subbundles dnr o dy, (g;) of
T M in the obvious way, but such a stratification will not respect the Lie bracket of vector fields on
M unless one restricts to left-invariant vector fields. What’s more, we will see that the semi-classical
calculus only depends on the filtration, and not on the stratification or the metric.

When G is step 2, we have h; = v and ho = g. In this case, the data of the filtration on G is
almost the same as a stratification except that one forgets the second stratum go = 3. On M, the
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filtration is given by a single step 2 bracket generating subbundle H' C T M without a preferred
complement.

3.2. Filtration preserving maps. Let U be an open subset of M and ® : U — M a smooth map
on M. We introduce two definitions.

Definition 3.1. (1) The smooth map & is said to preserve the filtration at & € U when
d;® (H}) C Hpgzyr i=1,...,m
(2) The map ® is Pansu differentiable at the point & when for any z € G,
(3.2) lim 0.1 (®(3) ' 0(i6.2)) = lim 0.1 (®3(3:2)) = PD3®(2).

(3) The map ® is uniformly Pansu differentiable on U if it is Pansu differentiable at every point
in U, and the limit (3.2) holds locally uniformly on U x G.

Remark 3.2. Taking U C M to be a sufficiently small neighborhood of & € M, we may consider
U as a neighborhood of x € G and lift ® to a smooth map ¢ : U C G — G. Then the above
definition is equivalent to saying ®¢ is Pansu differentiable (resp. uniformly Pansu differentiable)
at x € G (resp. on U x G).

On a neighborhood U C M sufficiently small to identify with a neighborhood in G, the notions
of Pansu differentiability and filtration preservation are related via the following result [16]:

Theorem 3.3 ([16]). The map ® is uniformly Pansu differentiable on U if and only if ® preserves
the filtration at every point x € U.

This result relates a morally algebraic property, Pansu differentiability, to a geometric property
of being filtration-preserving. Consequently, the diffeomorphisms ® we consider in the sequel are
uniformly Pansu differentiable, and the transformation of pseudodifferential operators by the pull-
back associated with ® will involve the Pansu derivative of ®. This leads us to employ the osculating
Lie group and Lie algebra bundles in the next section.

3.3. Schwartz Vertical Densities. For a filtered manifold M, the osculating Lie algebra bundle
&M (and the osculatig Lie group bundle GM := exp(GM)), defined in [16], play the role of the
tangent bundle. When M = T'\G, with the filtration the fibers of &M and GM, are all
isomorphic to g and G respectively. In particular, we have canonical identifications

BM =M xg and GM = M x G.

The Haar measure on each fibers Gz M is given by d;z = dz and the dual sets by @xM =G.

To any semi-classical pseudodifferential operator on a compact nilmanifold M = I'\G, its convo-
lution kernel x may be viewed as an element of C*>°(M,S(G)). However, this is not the right space
for the general case of filtered manifolds. Indeed, Theorem together with Equation below
will imply that as a pseudodifferential operator transforms under diffeomorphisms on M preserving
the filtration, its associated convolution kernel transforms like a density on the osculating group
bundle. We show that it is natural to view the convolution kernels « as elements of the bundle of
Schwartz vertical densities on GM, rather than functions in C*°(M,S(G)). We briefly elaborate
below.

Let V(GM) be the vertical bundle of GM, that is, the kernel of the map GM — M. Let
|A|V(GM) be the bundle of vertical densities, that is, the bundle over GM whose fibers are den-
sities in the vertical spaces. Let S(GM) = [];c3 S(GzM) be the Fréchet vector bundle over
M whose fibers are Schwartz class functions. Furthermore, let S(GM, |A|V) be the Fréchet bun-
dle over M whose fibers are Schwartz class densities on the vertical space. As in [16], denote
by T'c (S (GM,|A|V)), the space of its smooth compactly supported sections, which we call the
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Schwartz vertical densities. After making a choice of Haar measure on G, this space is identified
with C*°(M,S(G)).

Indeed, by left-invariance, we identify the fibers of V(GM) with the Lie algebra g and fibers of
|A|V(GM) with |Alg, the set of densities on the Lie algebra:
(3.3) V(GM)= (M x G) xg, whence |AV(GM)= (M xG) x|Alg.
The above trivializations give the identification

Fe(S(GM,|AY)) = C=(M, S(G, [Alg))

And a choice of Haar measure on G gives S(G, |Alg) = S(G).

For a choice of Haar measure dz on G, which in turn gives a Haar system {d;z} on GM through
(3.3)), the identifications of vertical Schwartz densities with functions is given explicitly by

k€T, (8 (GM, ’A’V)) T K = %idiz, Ki € S(G;EM)

The symbols o € Ay are defined as the images of the elements k € T'.(S(GM,|A|V)) by the
fiberwise Fourier transform:

(3.4) T o(d,m) = / Fa(2)m(2)*dsz, 7€ GaM.
2€Gz M

Since our convolution kernels are densities, the integral (3.4)) is independent of the choice of Haar
measure.

3.4. Semi-classical pseudodifferential calculus and filtration diffeomorphisms. We keep
the notations of the preceding section except we suppose ® : U C M — M is a diffeomorphism
onto its image. Let Jp be the Jacobian of ®. We associate with &

(i) a unitary transformation Up of L?(U) induced by ®
Up(f) = Je/*fo®, fe LXU),
(ii) a map Ze on the space of Schwartz vertical densities that extends to an isometry of
LY(JAV(GM))
(Zor)z(2) == Jo(7) Ko(z)(PD®(2)), Y(z,2) €U x G.
We are interested in the properties of the operator Uy oOp, (o) oly ! in particular in the asymptotics
in € of its semi-classical pseudodifferential symbol. The structure of the latter and the way it can

be deduced from o will give information of the geometric nature of the objects. Indeed, ® induces
several geometric transformations:

(i) @ induces a map on representations
Ge. /| UxG — oU)xG
| (z,m) — (®(z),70 (PD,®)" )
(ii) The generalized canonical transformation G® induces a pull-back on symbols
(G®)*o(z, ) := o(CB(x,7)).

The maps G® and Ty are intertwined by the group Fourier Transform: If o(x,m) = ky(m) for all
€U CM and m € G, M, then for any filtration preserving differmorphism ® : U — M

(3.5) (G®)*o(x,m) = I/q>\l€x(ﬂ'), zeUCM, meG=G,M.

These two maps are involved in the description of the first term of the expansion of the semi-classical
symbol of the operator Uy o Op,(c) o Uy ':
15



Theorem 3.4 ([16]). Assume that ® is filtration preserving on U. Then in L(L*(U)),
U o Op,.(0) oUy' = Op, ((@@)*a) + O(e).

Remark 3.5. Theorem establishes the geometric invariance of the semi-classical calculus by
filtration preserving differmorphisms ®. In particular, ® does not need to preserve the action of G
on M, or even preserve the gradation.

The results of this section suggest that the semi-classical symbols we defined in Section [2.1 ought
to be the natural generalization of symbols for arbitrary filtered manifolds. So defined, the semi-
classical symbols are invariant under generalized canonical transformations of GM associated to
differmorphisms preserving the filtration on M.

4. TECHNICAL TOOLS

This section is devoted to several technical results used in the proof of Theorem
4.1. Some C*-algebras and their properties.

4.1.1. The von Neumann algebra L°(M x G). A measurable symbol o = {o(z,7) : (x,7) € M x @}
is said to be bounded when there exists a constant C' > 0 such that for dxdu(n)-almost all (z,7) €
M x G, we have ||o(z,7)||%, < C. We denote by H0||LOO(MX@) the smallest of such constant C' > 0

and by L>(M x G) the space of bounded measurable symbols. We check readily that || - || Lo (MxE)

is a norm on L (M x G) which is a C*-algebra. We will later use the fact that it is a von Neumann
algebra.

4.1.2. The C*-algebra A and its topological dual. Clearly, Agy is a subspace of L°°(M X CA}) Its
closure denoted by A for the norm || - HLOO (MxG) 1S 8 sub-C*-algebra of L (M x G) Its topological

dual A* is isomorphic to the Banach space of operator-valued measures M, (M X G) via
Moy(M x G) 3 Tdy — lrgy € A", lray (o) = Tr(o(z,m)I'(x,m)) dy(z, ).
MxG

Moreover, the isomorphism is isometric:
Hel‘d'y”A* = HFd’YHMOU(Mxé)a where |’Fd7”Mov = /M aTr’F(an” dy(z, ),
X
and the positive linear functionals on A are the ¢ = {rg,’s with I'dy > 0.

4.1.3. The C* algebra B and its topological dual. Let By be the subspace of Ag of symbols com-
muting with L. Clearly By contains all the symbols of the form a(z)y(L), a € C®(M), ¢ € S(R),
by Hulanicki’s theorem (see [26]):

Theorem 4.1 (Hulanicki). The convolution kernel of a spectral multiplier 1»(Lg) of Lg for a
Schwartz function ¢ € S(R) is Schwartz on G.

We denote by B the closure of By for the norm ||-|; (vx)- Property (2) of L recalled in Section

implies that B is the subspace of A of symbols commuting with every ]@C, ¢ > 0. We check
readily that B is a sub-C*-algebra of A and that By = Ay N B. The next statement identifies the
topological dual of B:
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Proposition 4.2. Via I'dy — frqy|s, the topological dual B* of B is isomorphic with the closed

subspace Moy, (M X é)@) of operator valued measures I'dy € M g, (M X é) such that the operator I'
commutes with P¢ for all ¢ > 0, in the sense that

V¢ >0 7(Pe)l(z,7) =[x, m)n(Pe)  for v — almost all (x,7) € M x G.

Proof. Step 0. We observe that if two pairs (I',y) and (I'1,7;) are equivalent and one of them
satisfies the commutative condition with P¢ for all ¢ > 0, then so does the other. Hence, M, (M x

@)(E) is a well defined subset of M, (M xG). One checks that it is a closed subspace of M, (M x G).

Step 1. Let ¢ € B*. By the Hahn-Banach theorem, this functional extends to (e A* ie. Z|B =/.
Denote by I'dy € M, (M x é) the corresponding operator-valued measure: (= lrgy. Now set

Iy(z,7) = Z (P (z, m)m(Pe).

¢esp(n (L))

The operator-valued measure I';1d7 is a well defined element of M., (M x é) satisfying the condition

of commutativity with L so Tdy € Myyp(M X @)(H:). Let us show that it coincides with frg, on B.
Let o € B. Since Y e (rry) T(P¢) is the identity operator on Hr, we have

brar (o) = /MCESNZW(M)% (o(a, ™) (@, ™) (B)) dy(a, m)

= Y Tr(o(z,m)w(P)T (2, m)m(Pe)) dy(x, 7),)
/ MXG ¢ cop(m(L)—

since m(P¢) = 7(P¢)? commutes with o(z, 7). We recognise £r,4,(c) on the right-hand side. We
have obtained that any ¢ € B* may be written as the restriction to B of fr 4, for some I'1dy €

Mow(M x G)©).,

In other words, we have proved that I'dy — frg,|s maps M, (M x @)(HA‘) onto B*. This map is
continuous and linear. It remains to show that it is injective.

Side step. Let us open a parenthesis. The von Neumann algebra L*°(M X é) is a C* algebra
containing A and we denote by v/N A the von Neumann algebra generated by A. This means that
vN A is the closure of A for the strong operator topology in L>(M x G). We are going to use this
von Neumann algebra by considering the natural unique extension of £ = {14, € A* to a continuous
linear functional on the von Neumann algebra vN A of A.

Since B C A, we also have vNB C vN A where vNB denotes the von Neumann algebra generated
by B. Moreover, vINB is the subspace of the symbols o € vN.A commuting with P¢ dxdy(m)-almost
everywhere for every , { > 0.

Finally, we observe that for ( > 0 and o € A, the symbol ﬂ(@c)aw(@c) is in vNA. Indeed, using
Hulanicki’s theorem (Theorem together with S(G) * S(G) C S(G), we obtain that if o € Ay
then for any 1, ¥s € S(R), the symbol by (L)oys (L) is in Ag. Taking limits for suitable sequences
of o,11, 19 implies that the symbol ﬂ(@g)aﬁ(@c) is in vNA for any o € A.

Step 2. Let us now consider I'dy € M,,(M x @) @ such that ¢ := {r4, vanishes on B. We want
to show ¢ = 0. We extend ¢ to a functional L on v/N.A. This functional vanishes on vNB. We set

Le(o) ;:/ Tr (o, W) m(BOT (@, 1) dy(z,7), ¢ >0,
MxG .
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We check readily that ¢ + L¢(o) defines a complex measure on [0,00) with total mass that is
—+ . .
smaller or equal to ||U”Loo(MX§)||Fd7”Mov- Moreover, {(0) = [;" L¢(0) since > cesp(n(ry T(P¢) s
the identity operator on H;.
Using }P’g = P¢ and the commutation of I' with w(IP¢) dv-a.e., together with trace property, we
obtain

Ld@=[%éﬂM@@d%ﬂﬂﬂﬁ@m»MWWFJAMMMWJWWM

with 7(P¢)o(x, m)m(Pe) € vNB. Arguing as above (in the side step), we deduce L¢ = 0, whence
L =0 and ¢ = 0. This implies the injectivity of I'dy — frqy|5 on M, (M x CA})(H‘). O

The proof above has an important consequence regarding the restriction of symbols to M x @1,
a notion we now explain.
4.1.4. Restriction of symbols to M x G1. The restriction O"anl of o € A with kernel k,(y), to
M x G is given by

e (00) = 007) = Fo [ alei2)ds(@), (o) € M x "
3

having identified @1 with v*. Moreover, we can therefore identify
'A|Mx61 = {0’|M><@1,0' e A}
with a sub-space of Co(M x v*). In fact, we can show

Lemma 4.3. We have Co(M x v*) = Al,, & .

Proof. Any element of Co(M x v*) may be viewed as a limit for the supremum norm on M X p*
of fn/@gj )(w) for a sequence of kernels x9) € C>®°(M,S(v)). We then consider the sequence of
symbols oj(z,7) = ﬂ(/sg;j)n) with n € S(3) satisfying F;n(0) = fﬁn(Z)dz = 1. We check readily

that o]/, 5, (z,w) = ]:n/igj)(w). O

For a subspace S of A, we denote by
S|M><@1 = {U|MX@1’U S S}
the resulting subspace in Al, . &, The proof of Lemma shows that if S denotes the closure of
S in the C*-algebra A, then S’Mxél is the closure of S‘Mxél in Co(M x v*), that is, given by the
supremum norm on M x v*. Hence 5’|MX§1 C Alyvé,

We will need the following property regarding the restriction of the symbols in Ag and By to
M x (G its proof relies on the proof of Proposition

Corollary 4.4. The following commutative C* algebras coincide:

BO|MX§1 - B|M><@1 = AO|M><@1 = A|M><a1 = CO(M X U*)’

Proof. Clearly, BO|Mx@1 = Bly.a, C "Zt0|M><@1 = Al = Co(M x v*). It remains to show the
converse inequality.

Let ¢ be a continuous linear functional on Co(M x v*). This is given by integration against a
complex Radon measure ~;. Consider the operator-valued measure I'dy € M., (M x @) defined by
1 Aoonh =0 and 1MX@1Fd7 = 71, that is,

MxG
frar() = [ ol ) dnlw), o€
M xv*
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We observe that I' commutes with ]/P\’C, ¢ > 0. Hence, if £ =0 on B‘Mxél then frqy = 0 on B and

therefore also on A by Proposition or rather Step 2 of its proof; this implies I'dy = 0 thus
71 =0 and £ = 0. By the Hahn-Banach theorem, this shows that B[, & = Co(M x v*). O

4.1.5. Some elements of yNA and vINB. We will need the following properties:

Lemma 4.5. Ifo € Ag then 1/x6,0 and 1 o are invNA. Similarly, ifo € By then1,, & o

and 1MX@000 are in vINB.

MX@OO

Proof. We consider on as in Lemma [2.5{ with a sequence of functions n € S(3*) satisfying n(0) =1
and with support shrinking to {0}. We check readily that if o € A then the limit of these on for
the strong operator topology will be 1, a.° which is therefore in vINA. It will also be the case
for lMx@ooU =0 — lMxéla‘ The case of By follows. ]

4.2. The lowering and raising operators associated with H(\).

4.2.1. Preliminaries. Before proving several useful identities, we introduce some notations. If 7y, mo
are two representations of g, and A : v — v is a linear morphism, then we set

(Am (V) - me(V) = ZAj,km(Vk) @ m2(V;) € Hay @ Hry
.k
where (A, 1) is the matrix representing A in the orthonormal basis (V;). We can check that this is
independent of the orthonormal basis (V). If the context is clear, we may allow ourselves to omit
the notation for the tensor product ® and may swap the order in the tensor product.
With A = id,, 71 being the regular representation of g on L?(M) and 7y = 7 € CA}, this yields
the super-operator V - w(V') acting on Ag. If we restrict this to M x él, ie. my=7Y € @1, this

defines w - V acting on C®(M, S(v*)) ~ -AO\MXél-

4.2.2. Technical computations. Here, we assume that k& = 0 and consider A € €y. Following
Appendix B in [15], instead of the basis Pj’\, Q?, 1 < j <d, we will use the fields

1 ) —A\ 1 .
(@ Wro L o) aa W dedei),

Direct computations show using equation (|1.7)), 7T(Pj)‘> = /nj(A)0; and 7['(@;‘) = iy/n;(N)&;, so

we obtain
P = V0o ) ad )= Y, g

In particular, these new fields coincide up to normalisation with the lowering and raising operators
of the harmonic oscillators (—852]_ + 532) Consequently, the family of Hermite functions (hq)qend

gi\/en by
ha(é gd) = h (5 ) h (é ) \)Vhe['e h (5) — (7)71'652 d
geeey a1 e llay d)s n nﬂ,\/» dE

(€€), neN,

is an orthonormal basis of L2 ) that satisfies:

—\ Im:(\
w/ ha 1; WA(Wj)ha:— Tbé)\/aj+1hoé+1j.
Here, 1; denotes the multl—lndex with j-th coordinate 1 and 0 elsewhere. We also have extended

the notation hy to a € Z% with h, = 0 if « ¢ N?. We then deduce easily

(4.3) WA(W}),M(—L)]:znj(x)wk(wj) and [ﬁ(Wﬁ),M(—L)}:—2nj(A)WA(Wj).
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(4.2) AMWMha =




and that both the operators IP’CW(W/\)PC and Pcﬂ'(W )IP)C are zero. Consequently, we also have
(44)  Ber(PMB =0 and Ber(Q)Be =0, VA €57\ {0}, Vj € {1,--- ,d}, V¢ € R,
Following the ideas and notation from Section we define the operator
T = %(B(A)_IV V), Ae D,

acting on the space of symbols in Ag restricted to M x g. This may also be viewed as acting on
the space of symbols in Ay which are supported in M x y. The properties above imply:

Lemma 4.6. (1) For any o € Ay, we have on M x Q:
[To,m(—-L)] =n(V) - Vo
(2) For any A\ € Qo and ¢ > 0, using the shorthand 7(P¢) for idp2q) ® m(P¢), we have
d

1 1
TR (V- (V) o T) M (Be) = 1L — 2>~ (20, + DIP}, Q) (Bo).
j=1
Proof. Since P)‘ W] + Wj)‘, and Q]A. = %(W;\ — Wj)‘), we deduce for 7 =7, A € Qy,
d

Vor(v) =23 (Wrn(W)) + ij(wj)) .

1
As B(A )Q’\—m()\) A and B(\) P} N = _'r]j()\)Q‘;\ we obtain

N\I\D

d
A =\
. 3 (W) = i),
"y j=1
By (4.3)), we check readily Part (1).
For Part (2), we may assume that 7*(P¢) # 0, that is, ¢ is in the spectrum of the harmonic
oscillator 7*(IL), or in other words ¢ = 2= (M) (2¢ + 1) for some a € N¢. For any such index «

and for an arbitrary vector w; € S(G), by the computations above and (#.2), we see with 7 = 7

T(P)(V - 7(V)) o (BN 'V - m(V))wi @ ha

d
(BOV)-7(V) = 3 (=Pre(@)) + @n(P))) =

:jznjjw(Pg)(Wﬁw(le)JrW T(W)) (Wha(W) = WAn(W)))wi @ ha

2 =X T
=23 (W ey +1) = W)W ) wi © ha.

We can simplify each term in the sum above with:

WiWMNa; +1) - WAW o = i((Pf)z +(Q)) - %(2aj + D[P, Q.

Part (2) follows O

We recall that the maps A — 7;(\), j = 1,...,d, are smooth in Ag. Moreover, if A\g € Ag, one
can choose the vectors Pj)‘, Q;‘, 7 =1,...,d, so that they depend smoothly on A in a neighborhood
of A\g. We then have the following result.

Lemma 4.7. Let Pj)‘, Qg\, j=1,...,d, be smooth eigenvectors in an open subset U of U. Then we
have
[P}, Q)] = Van;(\) €3, j=1,...,d, XeA,.
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Proof of Lemma[{.7. The differentiation of the equality B ()\)Q? = nj()\)PjA with respect to A gives

VX €3 BN)Q)+ BN -VAQ) =X - Van; (NP} +1,(\) X - VAP

Taking the scalar product with Pj)‘ and using B(\)! = —B(\) with —B()\)Pj)‘ = nj()\)Qj‘, we obtain:

(BN)Q}, P +nj(N(N - VaQ},Q7) = X - Van;(\(PY, PY) +mj(M(N - VAP, PY).

Now, (QE\, Q;‘) =1= (Pj)‘, PJ/\) Differentiating this with respect to A yields (\ - V)\Q;‘, Q;‘) =0=

(

. VAP]-)‘, Pj‘), and we have for all ' € 3*

(BIN)Q},P)) =X - Van;(A).

Since the left-hand side is equal to X’ ([Q;‘, PJ)‘]) by definition of B()\'), the conclusion follows. [

The two lemmata above imply readily:

Corollary 4.8. Using ( = ((a,\) = Z?Zl n;(A)(2a; + 1), we deduce that for the choice of or-
thonormal basis of Lemma[.7, we have

1]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
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(19]

1

@) (V-7 (V) o T) e (Be) = 1

)
L—- .
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