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Abstract

We consider disruption detection problems for statistical models with dependent observations given by Markov
chains over a finite time interval in the Bayesian setting for the uniform prior distribution. To do this, using the
methods of optimal stopping, a new optimal sequential detection procedure is constructed that minimizes the average
delay time in the class of sequential procedures with the probabilities of false alarms bounded by some fixed value.
The main difference between the proposed detection procedure and the usual ones is that it is based not on the posterior
probabilities, but on Roberts statistics. This makes it possible to provide optimal detection in a non-asymptotic sense
over a finite time interval without using additional unknown parameters, in contrast to the well-known Bayesian
procedures based on a priori geometric distribution containing an unknown parameter. Then we apply the constructed
procedures to the problem of early detection of the beginning of the spread of the epidemic. To this end we use
two epidemic models: the binomial models proposed in [2] and the models based on the Gaussian approximation
introduced in [9].
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1. Introduction

1.1. Motivations and contributions

The main motivation of this paper is to develop new optimal statistical methods for the early epidemic detection
problems on the basis of the sequential analysis approach proposed by Baron in [[1]]. The main idea of this approach is
that the onset of an epidemic is associated with exceeding a certain threshold of the probability of infection, and the
problem is to detect the tipping point of this probability as early as possible and predict the epidemic before it spreads
massively. To this end usually on uses the the quickest detection methods in times series based on the sequential
analysis (see, e.g., [4, 7, 18, [13] [14] for details and further references). It should be noted, that for such change point
problems one needs to use the statistical models with essentially dependent observations given by Markov processes
(see, for example, [2]). In this paper we study sequential change-point detection problems for such models in Bayesian
setting and our main goal is to develop non-asymptotic optimal detection methods for the Bayesian risks based on the
uniform prior distribution of the change point moment. It should be emphasized, that usually the Bayesian detection
procedure is based on the geometric prior distribution (see, for example, for the i.i.d case in [11] and for general
non i.i.d case in [[15] in the asymptotic setting). Unfortunately, the geometric distribution has an unknown parameter,
which creates significant difficulties in the practical use of such Bayesian procedures. Moreover, note also, that usually
for non i.i.d statistical models the optimality of the Bayesian sequential procedure is shown only in asymptotic setting,
when the probability of the false alarm goes to zero. Therefore, the contribution of this paper consists in two parts.
The first is the non asymptotic setting, i.e. we construct the optimal sequential detection procedure in the class
of sequential procedures with any bounded false alarm probabilities on the finite time interval. The second one we
develop the sequential detection procedures for the uniform prior distribution without additional unknown parameters.

1.2. Main tool

In this paper, we develop new non-asymptotic Bayesian optimal procedures for the quickest detection of the onset
of epidemics in binomial epidemiological models on a finite time interval for the uniform prior distribution. This
problem is studied using optimal stopping methods for homogeneous Markov processes. Based on the method of
stochastic dynamic programming and modified Roberts statistics, we develop Bayesian detection procedures. Note
that such methods provide ample opportunities for practical epidemiological analysis since a uniform (not informative)
distribution over a given finite time interval does not contain any parameters and is the most adequate approach to the
problem of early detection of epidemics in the absence of information about the distribution of the moments of the
beginning of an epidemic. For comparison, we note, as established in [6]], that in the case of non-asymptotic detection
for i.i.d. observations the CUSUM procedures are optimal in the minimax sense. It should also be noted that in [9] it is
established that the CUSUM procedures cannot be used for epidemic binomial models because the Kullback-Leibler
information is zero.

1.3. Organization of the paper

The work is organized as follows. In Section 2] we describe the observation model and formulate the problem,
then in Section [3] develop optimal stopping methods for homogeneous Markov processes. In Section 4 we construct
optimal procedures for detection problems. In Section [5] we apply the developed methods to study the problems of
early detection of epidemics. In Appendix, we provide all the auxiliary tools.

2. Markov Model

For the disruption detection problem in Markov processes we use the change - point Markov model proposed in
[5. 17, 18]. To this end we assume that our observations are a Markov process (X,,),~o on a probability space (2, ¥, P)
with values in a measurable state (X, B, 1), where u is a o - finite measure on 8. As usual here, to describe the
accessible information to the time moment n > 0 we will use the fields generated by the observations, i.e. 7, = {0, Q}
and ¥, = o{X,,...,X,} for n > 1. Moreover, for any n > 1 we denote the corresponding nth powers of the field 8
by 8, = 8®---® B and we also set B, = 0{U,;,B,}. In this model, we assume that the disruption occurs at some
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integer v > 0, i.e. the random variables (X, )y, and (X,),,,; are homogeneous Markov chain with a transition
densities f*(y|x) and f(y|x) respectively, i.e. forany A € B

P(X,, €AX,=x)= f ffOlxu(dy) for 0<n<v
A

and
P(X,, cAX, =x) = f fOludy) for n>v+1.
A

It should be noted here, that in the case when v > 1 the density of the random vector (X,,...,X,,) in R" for any
1 < n < vis given as

QO3 = [ [F 0D, @1

i=1
ie. forany A € B,

P((X,,....X,)€A) = f qQ .y udy) .. p(dy,) .
A

If v = 0, then for all n > 1 the density is q(y,,...,y,) = [1L, fOily,_1), i.e. forany A € B,

P((X,.....X)€A) = f a0ys- -y, u(dy,) . u(dy,) .
A

Finally, if v < n the density of the random vector (X|, ..., X,,) in R” is defined as

P,psesy,) = ]_[f*(yilyi_l) ]_[ fOilyi) s (2.2)
i=1

i=v+1
i.e. forany A € B,

P((Xl,.--,X,JeA):fpv<y1,...,y,,>u<dy1>...u<dyn>.
A

We denote by P* and P, the probability measures on B,, generated by the distribution families (q@*(y,,...,¥,)),>1
and (p,(y;,-..,¥,)),> respectively. It is clear, that in this case the corresponding Radon-Nikodym density for the
restrictions P*" and P} on B, for v < n has the form

_ dPZ _ P, ¥,) _ ﬁ SOilyiip

- i 2.3)
AP q (V. ey, F Oy

i=v+1

and h,, = 1forv>n.

In this paper we consider the detection problem in the Bayes setting, i.e. we assume that the change-point v is a integer
random variable with the values in 7, = {0, ..., N} and independent on the observations (X, ), . In this paper we use
the uniform prior distribution, i.e.

1
=g =Plv=j)= —— f 0<j<N. 24
=7 v = j) vog for 0<js< 2.4)
We need the Bayesian probability measure on the o - field 7, ® 8., which for any / C 7, and A € B_, defined as
PUIxA) = Z mP(A). 2.5)
i€l

It should be noted here, that, in view of Lemma 8] the posterior probability distribution used for the Bayesian proce-
dures can be calculated for n > 0 as

— R
Uﬂ:P(ySnIﬁ):R _:% s (2.6)
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N
and T, = 3 m;. We remind, that R, is called Roberts statistics (see, for example, in [10]) and
i=n+1

n
where R, = >, m;h
i=0

for n > 1 it can be rewritten as
n—1
Rn =My Z 7 hi,n—l + T, = nan—l + T, (27)
i=0
where n; = n(X;, X;_1), n(v,x) = f(y, )/ f*(y, x) and R = 7,..
To formulate the detection problem we denote by M, the set of all (¥,),~o stopping times with values in 7', for which
Probability of a False Alarm (PFA) is less than some fixed threshold 0 < a < 1, i.e.

Pr<v<a. (2.8)
For any 7 € M, we set the average delay risk as
R() = E@-),, 2.9)

where E is the expectation with respect to the Bayesian measure and (x), = max(x, 0). The detection problem is
to minimise this risk, i.e.
inf R(1). (2.10)
TeM,

To study this problem, we will use the Lagrange multiplier method, i.e. for some fixed A > 0 we consider the following
minimization problem

min (AE(T —v), +P(r < v)) , (2.11)

TeM

where M = M, is the class of all possible (), stopping times with values in 7. As is shown in Appendix

min (1B -v), +Pr <v)=1- max E'G,, (2.12)

n—1
where G, = R, 3, R; and E* is the expectation over the probability P*. Thus, the problem (2.11)) can be represented
as =
maxE*G. . (2.13)
TeM
Our main condition is the following.
C,) The sequence (Z,),.y WithZ, = (R, X,) is homogeneous Markov chain with the values in Z = R x X.

Now, we can rewrite the random variables G = (G})y<y defined in (2.12) as

k—1
G, =Uyg) =82 - Z c(Z)), (2.14)
Jj=0

where g(r,x) = r and ¢(r,x) = Ar. Thus, we represented the optimisation problem (2.13)) as the optimal stopping
problem for the Markov chain (Z,),<y-

Remark 1. Note that for the first time such problems were studied [11]] for the independent observations and geomet-
ric prior distribution. In this paper we extend this results for the uniform prior distribution and for the Markov chains

(Xn)OsnsN‘

Remark 2. As to the condition C,) it should be noted that in general the process Z = (Z,),.,<y is not Markovian.
In this paper, we study the problem (2.13) on the basis of the optimal stopping methods developed for the Markov
processes (see, for example, in [[11] and the references therein). As we will see below, for the epidemic models this
condition holds true.



3. Optimal stopping method for Markov chains

In this section we describe the method developed in [I1] to study the problem (2:13), (2:14) for arbitrary Markov
homogeneous chain (Z,)y,.y With the values in some space state (Z,8B,) and for arbitrary functions g and ¢ for
which forallze Z

max E:Ig(Zn)| <oo and max E:|c(Zn)| < o0, 3.D
OsnsN  * O<nsN  *

where E? denotes the expectation under condition that Z, = z. Here we denote by (¥,)<,<y the fields generated by
the chain (Z,)<y- 1-6. FH = {0,Q} and F, = 0{Z,,...,Z,} for 1 < n < N. In this section we study the optimization
problem

sup E2U,(9), (32)
TeM

where the sequence (U, (g))o<,<y is given in (2.14). To this end we use the stochastic dynamic programming method
(see, for example, [11]]). For this we need to study for any 0 < n < N the following problems

$,(8)(@) = supE’U.(g), (3.3)
€T,

where 7, = {tre M : 7<n P*—as.}. It should be noted, that in view of (2.14) for any z € Z we obtain

Sp(8)(@) = g(z) and sy(g)(2) = sup E'U.(g).

To study the problems (3.3), first of all, one needs to find the Bellman equations for this case. To this end, for any
Z — Rfunctions h for which E?|h(Z,)| < co we set the following mapping

Q(h)(2) = max (h(z), T(h)(z) —¢e(z)), z€Z, (34
where the transition operator T(h)(z) = E* h(Z,;). Now we calculate the powers for this operator.

Lemma 1. Forany 1 <n < N and any Z — R function h for which max, ., EZ|h(Z})| < o for any z € Z, the nth
power Q"(h)(z) is well defined and, moreover, there exists a constant U; > 0 for which

n N
QW@ <U;| Y Bz + Y Ele@)l|,  VzeZ. (3.5)

J=0 Jj=0

Proof. We show this lemma by the induction. Indeed, for n = 1 this inequality directly follows the definition (3.4).
Assume now, that this lemma holds true for some fixed 1 < n < N — 1. Now, one needs to show it for n + 1. Let & be
a Z — R function for which max, ., E}|h(Z)| < co. In this case note, that for the function h = Q(h) we can show,
that

max E’|(Z)] < oo (3.6)

1<k<n

Indeed, from the definition (3.4)) it follows, that for any z € Z
1h(2)] < 1h(2)] + T(AD(E) + le(z)] . 3.7

Taking into account here, that the expectation EXT(|h)(Z,) = E |hl(Z,,) for any 1 < k < n we obtain the property
(B-6). Therefore, we can use the upper bound (3.3) for the function 7, i.e.

n N
Q" (@) = 1Q" @I < U | > EJRZ)+ )" B leZ)l| .

J=0 J=0

Therefore, using here the upper bound (3.7)), we obtain the inequality (3.3) for n + 1 which completes the proof. [



Lemma 2. Let h be a Z — R function for which max,.y EX|h(Z,)| < co for all z € Z. Then, forall 1 <n < N and
z€Z
Q" (h)(z) = max (h(2), T(Q"™ (W)(2) - ¢(2)) - (3.8)

Proof. First of all, we note, that in view of Lemma|I] all powers of the mapping Q for the function 4 are well defined
and from the inequality (3-3) it follows, that [T(Q¥(h))(z)] < co forany 1 < k < N — 1 and z € Z. Moreover, using the
definition (3:4) it is easy to deduce that Q*(h)(z) > h(z) and, therefore, T(Q*(h))(z) > T(h)(z), forany 1 <k < N — 1
and z € Z. To prove the representation (3.8) we use the induction method. Indeed, for n = 1, taking into account, that
Q°h) = h, the representation (3.8)) is the definition of the operator Q. According to the induction assume now, that the
property (3.8) holds true for some fixed 2 < n < N —1 and for any z € Z. Therefore, to show this lemma it is sufficient
to establish the property (3.8) for n + 1. To do this, setting h(z) = Q(h)(z) and using the induction assumption, we get

Q" (h)(z) = Q"(h)(z) = max (h(2), TQ"™ (M))(2) - ¢(z))
= max (h(z), T(h)(z) - ¢(z), T(Q"(h))(z) — ¢(2))
= max (h(z), T(Q"(M)(2) - ¢(2)) .
i.e. we get the equality (3.8) for n + 1. Hence, Lemma[2] [
Lemma 3. Forany n >0, for any Z — R function h with max., EX|h(Z,)| < oo and for any z € Z
s,(N(2) < Q"(M(2), 3.9)
where the functions s, (h)(z) are defined in (3.3).

Proof. We will proceed this proof by induction. For n = 0 this is true by the definition, i.e. s,(h)(z) = h(z) for
any Z — R function 4. Assume now, that this lemma holds true for some n > 1. We show it for n + 1. So, let &
be some Z — R function for which max;,.1 EZ|A(Z)| < co. Then, using the upper bound (3.7) for the function

ﬁ(z) = Q(M)(z), we get, that max,, E:lfz(Zk)l < o0, Therefore, according to the induction assumption
5,(N@) < Q"()@) = Q' (@) (3.10)
Letnow 7 € 7. Then, forany z € Z
EU(h) = E (U 10y + U, () 1,)
= E (Us(M) 1y + 1oy U, (1) = EX (Us(W) 1 gy + 1 Up(h))

where the stopping time ¥ = min(7, n) belongs to 7, and

n n

U, =E"(U,, (W|F,) =E" (WZ, )I|F,) - ) eZ)=Th(Z,) - Z c(Z).
i=0 i=0
Therefore, taking into account, that
n—1 n—1
max(U, (h), U, (h)) = max (k(Z,), T(h)(Z,) - ¢(Z,)) - )  e(Z) = Qh)(Z,) - Z c(Z),
i=0 i=0

we get, that
E*U (h) < E* max(U,(h), U. 2(h) =E [h(Z ) — Z c(Z, )] <s (h)(z)

and through the inequality (3.10) we obtain the upper bound (3.9) for n + 1. Hence Lemma[3] O

Now we set
k-1

=Q" ) Z) - > c(Z). (3.11)
i=0

We study the properties of this process.



Lemma 4. The process (3.11)) is such, that Y, = G, and
Y, =max (G, E" (Y, 1F), for 0<k<n-1. (3.12)

Remark 3. Note now that the equations (3:12) are the Bellman equations for the problem (2.13)) and Lemma]means,
that the process (3.11)) is the Snell envelop (Minimal Excessive Functions) (see, for example, [11])).

Note that according to the general optimal stopping theory (see, for example, Theorem 3.2 from [3]]) the solutions for
the problems (33) are given as

7 =min{0<k<n:Y,=G;}=min {0 <k<n: Q”_k(g)(Zk) = g(Zk)} . (3.13)
Now, using Lemma 4] one can show the following result.

Theorem 1. For all n > 1 and z € Z the stopping time (3.13)) is the solution for the problem 2.13), 2:14), i.e.

sup EG, = E!G... (3.14)
T€T, "

Proof. First, we show, that the stopping Snell envelop M, = Y, - is a martingale. Indeed, note that the conditions
(3.1 provide, that max,,,, E*|Y,| < co. Moreover, taking into account, that M,,, = Y. L gy + Ygury Lz 5y and, that

T
n

in view of the definitions (3.TT)) and (3.13)) the conditional expectation E*(Y,,,|%;) = ¥, on the set {k < 7"}, we obtain
E M [F) = Yo Lo gy + Lo g BT (Ve |F30) = Vo gy + Vi Loy = Vipe = My

Therefore, M, = E: M,, ie. ¥, = EY,.. Note that, from (3.I1) and (3.13) we obtain, that ¥, = Q"(g)(z) and

Y. =G.,1ie. Q"™ (g)(z) = EXG. <sup , EG, =5,02). Thus, Lemmaimplies

s,(z) = sup EXG, = Q"(¢)(2) = E.G .
€T, "

and we get Theorem([]] O

Remark 4. It should be noted, that Theorem |I| can be shown through the induction method (see, for example, the
proof of Theorem 3.2 from [3]]) or Theorem 1 in Chapter 2 from [11]].
4. Optimal sequential detection procedure

Now we apply the sequential procedure (3.13) to the problem (Z.11). In this case for any A > 0 this moment has
the following form

t =min{k>0: QY QR X) =R} . 4.1)

where g(r, x) = r, the process (R;)y<;<y is defined in (Z77) with ;= 1/(N + 1) for 0 £ j < N and, moreover, the
mapping (3.4) for any r € R, and x € X is defined as

Q,(h)(r, x) = max (h(r, x), T(h)(r,x) = Ar) and T(h)(r,x) = E h(R},X;). 4.2)
Here Ej,x(-) =E* (IR, = r, X, = x). First, we have to study the properties of the stopping times @.1).
Lemma 5. The family (t)),, is a.s. decreasing, i.e. t; <t a.s. for 1; > 4, > 0.
- 1 0
Theorem 2. Assume, that there exist 0 < A, < oo such that for 0 < @ < 1
P, <v)=a. (4.3)
Then the stopping time (1)) with A = A, is a solution of the problem (2.10)), i.e.
Et: —v), = inf E(t—v),. 4.4
(t, =), = inf E-n), (4.4)

7



Proof. First of all, note that the stopping time (@.1]) is equal to N for 2 = 0, i.e. t; = N. Indeed, in this case

JG, %)
X S, %)

and , = 1/(N + 1). Therefore, Q,(g) = g + 7. Note now here, that from (3.8) we obtain, that the nth power of the
mapping Q, can be represented as

T@Q)(rnx)=E R =rE (n|Xg=x)+m, =r [ o 0udy) + 7, = rf J,0u(dy) + 7, =1+,
X

Qj(9) = max (g, T(Q; ' (2))) -

Using this representation and the induction method, we can show that Qj(g) = g + nx, forany n > 1,ie. t; = N as.
and, therefore, in view of Lemma A, > 0for @ > 0. Moreover, for any T € M, we obtain, that

— 1 — —
E(r-v), > — (1E@=v), +Pr <v)-a).

Now, applying here Theoremwith n = N to the sequence (G})yy defined in (2.14) and using the definition of 4,,,
we obtain, that

— 1 — — —

Er-v), > — (/laE(t; —v), + P <v)- a) =Kt ),
i.e. this implies (#-4) and, hence, Theorem[2] I
Now we study the condition @.3). To this end note, that the function

N-1
F(/l):ﬁ(tj<v)=NilzP*(tZsm). 4.5)
m=0

Now we set
Ag={120: QY(®)m,.Xp) > 7.} and A, =sup(d>0 : Q\(g)m..Xy) > ). (4.6)

Lemma 6. The set A is an interval, i.e. Ay =[0,4,,,.[and0< 24, <1

> ““max

Note here, that from LemmaE] it follows, that the function F is increasing, i.e. F(4,) > F(4,) for 4, > 4, > 0 and,
that F(0) = 0. Moreover, Lemma@implies, that F(1) = N/(N + 1) forall 4 > 4,,,.. So, to avoid the trivial solutions
for the problem (2.10) we assume, that 0 < @ < N/(N + 1). Therefore, the equation @3] for 0 < A < 4,,,, can be
represented as

F1) =«. @.7

Now we study this function.
Lemma 7. The function F(-) is continuous on A,,.

Remark 5. It should be noted, that if the function F is continuous, then this equation has a solution A, for any
0 < a < N/(N + 1). If there are many roots we choose any.

5. Epidemy detection problem

In this paper we study the epidemiological statistical models proposed in [2]. Denoting the number of susceptible
people at the time n by X, and the last time moment before the epidemics beginning by v assume, that (X, ),_,, and
(X,,),>, are homogeneous Markov processes with the values in the finite space (X, 1), X = {0, ..., D}, where D € N is
the number of susceptible people at the initial time n = 0. Moreover, in this case we set u{0} = ... = u{D} = 1. In this
model, the conditional X, |X,_; densities for n < v and for n > v are defined respectively as

F10h0) = (;‘)w*)”(l —60,0 1, and fOlx) = (;‘)ex-y(l T 5.1)

8



where 0 < 6, < 6 < 1. It should be noted that, for any X — R function U we get

EUX,....X,)= > Uky...k)q, K, k), (5.2)

where "
* - & k[— -
qQ kys e k) = ﬂ ok k) = ﬂ( - ‘)(9*)’91 K1 -0y o and ko =D.
=1 =1 t
Moreover, note, that the process (X,),-; can be represented as the Galton-Watson process (see, for example, in [12]),
i.e. setting X, = D forn > 1

Xn = Sn,X,H and Sn,m = Z 'fn,i ’ (53)
i=1
where (€, )1 <p<n,»1 18 1.1.d. sequence Bernoulli’s random variables with P(§,; = 1) = 1-9, and 9, = 6,1, +01,.,
Note, that in this case the function 7 defined in (2.7) has the form
nQ,x) = (K1)X_y (Kz)y 1(x2y; s (5.4)

where k; = 0/6, and k, = (1 = 6)/(1 - 0,).
Proposition 1. For the process (5.3) and the uniform prior distribution 2.4)) the condition C,) holds true.

We have to find now the transition mapping T defined in (3.4)). To this end, using the difference equation (2.7 and the
definition (5.3) we can obtain directly, that for any bounded R, XX — R function 2 and forany z = (r,x) e R, xX —» R

T(h)(z) = E* (R, X)) |Ry = 1, Xy = x) = E h(S | .. 2), (5.5)
where Z(y, 7) = h((k)*™ (k) r + m,,y) and wr, = 1/(N + 1). Therefore, for any z = (r, x) € R, x X this mapping can
be calculated as

X

TR = Y h(j.2) (j) 00 (1 =0, = > h(w) 7 ) r+ 7, j)( )(@)“‘f') (1-6y. (5.6)
j=0

X
J=0 /

Thus, to calculate the optimal stopping time t) defined in (#.T) one needs to calculate all values (Qflv ’”(g)(Zn))O N
<n<

for the process (Z, = (R,,, X,))o<,<y and the R, X X — R function g(z) = g(r, x) = r. Note, that in this case in view
of the property (3-8) we obtain forany 1 <m < N

"(9)(2) = max (r, T(Q} ™ (9)(2) — Ar) . (5.7)

From here it follows, that forany 0 <m < N — 1
* : -J . —1-j
[t <m}= {022‘3" (QV @R x)-R)) = 0} = {0‘5‘5‘; (TQ (@R, X) - (1 + DR,) < o} :
where R, = 7, and X,, = D. Therefore, using the distribution (5.2), we obtain, that for ] <m < N — 1

Pt <m) = Upakys k) @ ks k) (5.8)
(kysok, JEX™

m

where ky = D, U, (k. ..., k,) = 1{ and

min,_ ., (Q) ()& )—r;)=0}

1 J
rf:N+1Z

=0 [=t+

J

K=k K
(VAR (CYAD TNeae
1
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We remind, that by the definition ]_[lj= , = 1 for k > j. Therefore, the function (.5 can be represented as

N-1
1 *
F() = 5 ivon.on | + D Uik k) 4k k).
m=1 (ky,....k, )eX™

Note, that P*(t; > 0) = 1 for 4 € A, i.e. for such 4

N-1
F(/l)zz Z 1{mmlsism(ny/(g)(r‘f’kj)_r‘l_)zo}qfn(kl,...,km). (5.9)

m=1 (ky,....k, )eX™

It should be noted, that in view of Lemma 7] this function is right continuous, therefore, to study the equation (@.7) for
O<a<N/N+1)weset

A, =infl0<A<,,, : FQ)>al. (5.10)

max

It is clear, that if there exist a solution of the equation (7)), then A,, is the solution also, i.e. F(1,) = 0 and we can
take 2" = A,. Note here, that forany 1 </ <N

r min r; <R < maxr;:=r

0<j<nN 7/ 0<j<N

.11

min max °

where r; is defined in (5.8). Note now also, that
Q@ x)=max(r,(1 -Dr+n)=1-Dr+n,>r

forO0<A<nm/r,, andr,, <r<r,, .

show that forany2 <m < N,r,, <r<r

> tmin = max

Therefore, through the induction method, using the equality (5.7), we can
and x € X

Q) x) > r. (5.12)

From here we obtain, that F(1) = 0 forany 0 < 1 < &, /r,
for A > &, /r,, and 1 <m < N, ie. A, < /v, < oo and, therefore, 1, < co. Indeed, in practice the values of
the observations X,, are sufficiently large, i.e., D — oo. In this case the calculation of this function will take a lot
too long to complete. So, to overcome this difficulty we propose to pass to epidemic model introduced in [9]] which is

based on the Gaussian approximation of the model (5.3), i.e. we can represent the (5.3) as

i.e Tla > (. In the same way, we can show Q;”(g)(r, xX)=r

max?>

X

n—1
X, = (=X, + Y €, - 1+0),
j=1

where ) = 6 and 6" in the post-change and pre-change modes, respectively. Using the Gaussian approximation for the
last sum for sufficiently large values of X, _,

X
l n-1
< D€ - 1+0)~ NO.03). of=0(1-0),
n-1 j=1
we obtain the following model
X, =(1-9)X,_, +o0,VIX,_/I1{,, X,=D, (5.13)

where 9, = 0,1,,.,,+61,,.,,,0, =0y and ({,),s; areiid. N(0, 1) random variables. We assume here, that 6, +6 < 1.
In this case, the space (X,B,u) is X = R, = R\ {0}, B8 = B(R,) is the Borel field and y is the Lebesgue measure
on B(R,). It should be noted, that to avoid large values for the process we normalise it over the initial value, i.e. we

10



pass from the original observations (X)), to the to the process X, =X,/ D),~o which obeys the same equation with
X, = 1. Obviously,

. 1 a’(y, x) 1 a’(y, x)
£ Ol = ——— expl- b oand  fGl) = expl- 22, (5.14)
oy V27| 2 oy V27X 2
where (1-6) Lo
a,(y,x) = y-U -5 and a(y,x) = u
oy VA oy Vil
From here we obtain, that the function (2.7)) can be represented as
Oy, a’(y,x)  a’(y,x)
N, x) = — expl——>— ~ ). (5.15)
oy 2 2
It should be noted, that the operator (5.3) can be represented as
T(h)(z) = E* (h(R}, X,)|R X ) ! f h(y,z) expl 50, X)}d (5.16)
7) = , =rnXy=x)= ——— ,2) exp{— , :
SRS PARAN) 0 7y N o p 3 y

where E(y, 2) = h(n(y,x)r + m,,y) and 7, = 1/(N + 1). Note here, that in this case for any X — R function U

E'UX,,....X,) = f Ulxy,....x,) q’*n(xl,...,xm)dxl,...,dxm, (5.17)
where x, = D and

- 1 (X, %)

. T 1
qm(xl’ e "xm) = lL:l[ f (xtlxt—l) = (0'9 m)m E[ |xL_l|m/2 eXP{— )

Therefore, the function @ is defined as

2

-1

ﬂ*l{Q;v(g)(ﬂ*’D) ) Lm Upa(xps - x,) Q0 (x5, x,)dxg, ., dx, (5.18)
1

F() =

3
I

where the functions U, , are defined in (5:8) withr; = 7, ¥/ T1)_,,, n(x;, x,_,) and x, = D.
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A. Appendix

A.l. Posterior distributions _
Lemma 8. The posterior probabilities v, = P(v < n|F,) are given in (2.6).

Proof. Let £, be some random bounded variable measurable with respect to #,. Then using the definition (2.3)) and
(2:3), we obtain, that

Eé ., = anEjfn =E an by =ERE,,

where R, is defined in (2.6). Therefore, taklng into account that 3"
equals to

=07 h;, = R,+m, we obtain that the last expectation

* T Rn
E'Ré, =B~

and we obtain the equality (2.6). Hence Lemma[§] O
11



A.2. Proof of the equality 2.12))

First we show that the optimization problem (Z.IT)) can be represented as

min (AE(T —v), +P(r < v)) =1-maxEV,, (A.1)
TeM TeM
n-1
where V, = v, — 4 Y v,. To this end note, that (7 — ZT ! 1, ;- Therefore,
i=0
N-1 N-1 _ 1
E(T V), = Z El {j<7} V<j = 1 j<T V<_] Uj.
=0 j=0 Jj=0

Therefore, taking into account, that P <) = EUT we obtain the equality (A.I). Moreover, for any bounded 7,
measurable random variable &, from (2.6) we obtain

N
EU ‘f Z 7T; El n‘f = E* < nUn Zﬂi hi,n = E*‘fnvn(Rn + 7_Tn) = E*‘fan .
i=0

Therefore,
= N N-1
EV, =Ev, - AE ) v;= > Ev,1;_, -1 > Bl
i=0 n=0 i=0
N N-1 7-1
= > BRI, - 1) Bl R =F [RT -1) R|=EG,.

n=0 i=0 i=0
Hence the equality @.12). O
A.3. Proof of Proposition[]
To show this proposition, it suffices to check for any bounded R x X — R function &

E*(hZ)\Z,,....Z, ) =E" (WZ)|Z,_,) ,
ie. forany a, e R, b, € X, 1 <i < n— 1, one needs to show, that
E* (W(Z)|Z, = (a;,b)),....Z, ;= (a,,b, ) =E " (WZ)|Z,_, = (a, ;,b, ) . (A.2)

Indeed, using the definition (2.7)), we obtain, that the first expectation in (A.2) equals to
E*(H,X,)|Z, = (a;,b)),....Z,_, =(a,_;,b, ),

where H, (x) = h(n(x,b,_a,_, + n,) and the function is defined in @ Moreover, taking into account, the

definition (5.3)), we obtain that E* (H X)1Z, = (a.by),....Z,_, = (a,.;,b, ) = E"H,(S,, ). Similarly, we can

deduce that E* (hzylz,, =@a,,b, ) =EH(S nb, ) which implies the property (A.2). Hence Proposmonl
O

A.4. Proof of Lemma

We show this lemma by the back induction method. First note, that from the definition (3.1T) and taking into account
that by the convention Zj;lo =0wegetY, =G,. Letnow I <m < n— 1. Note, that from (3.T1) and (3.8) one can
deduce, that

L =Q((Z, ) = Y e(Z)
i=0

12



m=2

ax (8(Z,,-), TQ" ™ (@N(Z,,) = Z,-)) = Y, c(Z,)

i=0

m—1
= max [Gm_l TQ" ™ (@)(Z,) - Y. c(Z)
i=0

Moreover, in view of the definition of the transition mapping T in (3.4) and taking into account, that (Z;))..,, is
homogeneous Markov chain and denotingz = Z,,_,, we obtain that for any R, X X — R function A

T(h)(Z,_ ) = Eh(Z) = E(zZ)\Z, ;) =EhZ)|F,_ ) -
Therefore, this implies, that
m=1 m—1
T(Q(n_m)(g))(zm—l) - Z C(Zi) =E [Q(n_m)(g)(zm) - Z C(Zi) ' 7:m—l] =E (Ym | \7:;11—1)
i=0 i=0
m—-1 —

and we obtain that ¥,,_, = max (G,,_, , E(Y,,|%,._,)). Hence Lemmafl] [

A.5. Proof of Lemmal3]
First, we show, that for any nonnegative R, x R — R, function A, for any integer n > 1, any r € R, and x € X the

family (Q;(h)(r, x))bo defined in (@.2) is decreasing, i.e.

Q; (W(r,x) < Q) (W(r,x) for A, >4y >0. (A.3)

Indeed, the definition (@.2) implies the inequality (A.3) for n = 1. Then, for n > 2 using the induction method this
inequality can be obtained from the definition (3.8). [

A.6. Proof Lemmalf]

First we note, that the function Q;V (g)(m,, X)) is decreasing and continuous in A. Therefore, if A, belongs to A, , then
A € Ay forany 0 < A < 4,. Taking into account, that QON ©)(m,, X, = g(n,,Xy) + Nn,_ = (1 + N)r, and that

lim Qf (8)(r,, Xo) = Qg (). Xy)

we can conclude, that the exists 4; > 0 for which Qilv Q. Xy) > m,,ie. A > A; > 0. Moreover, note that for
1

max —

A = 1 we obtain that Q,(g)(r, x) = r for any r > &, and x € X. Furthermore, by induction through the property (4.6)
we can conclude that Q’;‘(g)(r, x)=rforanyr>n,andxe Xandm >2. [
A.7. Proof of Lemmal7]
First, note, that similarly to (5.9) for A € A, the function (5.18) can be represented as
=
— — p* ; N-j _ —
F) = —— Z{ F, (1) and F (1)=P (lrsnjgl (Q} (@R, X)-R)) = o) . (A4)

Taking into account here the representation (5.7)), we obtain, that forany 2 <m < N —1and 1 € A,

F, (1) =P (131131 (Q} (R, X)-R)) = o) =P ( min £,y ;_ (R X)) < 0) :

1<j<m

where £, ,(r, x) = T(Q’;(g))(r, x) — (1 + r. Note, that the function £, ,(r, x) is continuous and is decreasing in view of
Lemma@in A>0,r>0and x € X. Therefore, it is right continuous. O
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