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QUEUEING MODELS WITH SERVICE SPEED ADAPTATIONS AT ARRIVAL
INSTANTS OF AN EXTERNAL OBSERVER

R. NÚÑEZ-QUEIJA, B.J. PRABHU, AND J.A.C. RESING

1. INTRODUCTION

Motivated by dynamic speed scaling, which enables a balance between performance and
energy consumption, we got interested in queues in which the server can work at different
service speeds and in which the speed of the server can only be changed at arrival instants
of an external observer. In the past several works dealt with models in which these type
of service speed adaptations occurred. Bekker, Boxma and Resing [1] studied an M/M/1
queue with a two-stage service rule. Whenever the amount of work in the system is below
a threshold the server wants to work at low service speed, otherwise the server wants to
work at high service speed. However, speed adaptations can only occur at Poisson instants.
The amount of work in the system could either be measured by the number of customers
or by the total workload in the system. Later on, the work was extended to the M/G/1
workload process, and to Lévy processes in Bekker, Boxma and Resing [2]. Here we look
at the model in which the server can not only work at two different service speeds but at
infinitely many server speeds. When there are j customers in the system, the server wants
to work at speed j.

2. MODEL DESCRIPTION

Consider a single-server queue to which arrivals occur according to a Poisson process
of rate λ . Each arrival requires an exponentially distributed service time with parameter
µ . The speed of the server can be dynamically assigned values in the set {0,1,2, . . .}.
Adjustments to the speed can be made only at control instants which are assumed to occur
according to an independent Poisson process of rate ν . At a control instant, the speed of the
server is set equal to the number of customers observed at that instant. Between any two
consecutive control instants, the speed of the server can not be changed. Let Q(t) denote
the number of customers in the system at time t and S(t) = Q(τt), with τt the last control
instant at or before time t. S(t) can be interpreted as the speed of the server at time t. The
process (Q(t),S(t))t≥0 is a Markov process with transition rates

(1) (Q(t),S(t))→

 (Q(t)+1,S(t)) with rate λ ;
(Q(t)−1,S(t)) with rate µS(t);
(Q(t),Q(t)) with rate ν .

Customer arrivals and service completions lead to jumps to neighbouring states, arrivals of
the observer lead to jumps to states on the diagonal of the positive quadrant.

J.A.C. Resing is the corresponding author.
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3. PROBLEM STATEMENT

For arbitrary ρ = λ/µ the system will be stable. Denote with π(i, j) = limt→∞ P(Q(t) =
i,S(t) = j) the steady-state probabilities of the two-dimensional Markov process and let

(2) P(x,y) = ∑
i≥0, j≥0

π(i, j)xiy j

be the corresponding joint probability generating function. From the balance equations
one can obtain the following proposition.

Proposition 1. P(x,y) is the solution of the functional equation

(3) (ν +λ (1− x))P(x,y)+µy
(

1− 1
x

)
∂

∂y
[P(x,y)−P(0,y)] = νP(xy,1).

Main problem: What is the solution of functional equation (3)? In particular, our focus is
on characterizing the steady-state distribution for some asymptotic regimes.

4. DISCUSSION

It is easily seen for this model that the marginal steady-state distributions of the pro-
cesses Q(t) and S(t) are the same (i.e., P(y,1) = P(1,y)). Furthermore, given that the
server works at speed j, the number of customers in the system behaves as the number
of customers in an M/M/1 queue with arrival rate λ , service rate jµ and in which, after
exponentially distributed times with parameter ν , the number of customers in the system
is set equal to j again. Let p j(`) be the stationary conditional probability of having ` cus-
tomers in the system when the service rate is jµ and let f j(z) be the generating function of
this stationary conditional distribution. Furthermore, define

(4) β j(ν) =
λ + jµ +ν−

√
(λ + jµ +ν)2−4λ ( jµ)

2λ

Proposition 2. For the generating function f j(z) we have

f0(z) =
ν

ν +λ (1− z)
(5)

f j(z) =
νβ̃ j(ν)∑

∞
k=0 ck, jzk

λ (1− β̃ j(ν)z)
, j = 1,2, . . . ,(6)

where

β̃ j(ν) =
λβ j(ν)

jµ
,(7)

ck, j =


(1−β j(ν))

−1β j(ν)
j k = 0;

β j(ν)
j−k k = 1, . . . , j;

0 k > j.
(8)

Proposition 2 might be helpful in the proof of the conjecture below.

Asymptotics for ν → ∞ and ν → 0
If ν → ∞, then P(x,y)→ eρ(xy−1). In this case π(i, j)→ 0 for i 6= j and the processes

Q(t) and S(t) will, simultaneously, behave as an ordinary M/M/∞ system.
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For ν → 0, due to the increasing lengths of periods in which the service rate is smaller
than the arrival rate, we have to consider the scaled pair of random variables (νQ(t),νS(t)).
Define P̂ν(x,y)=P(xν ,yν) to be the joint probability generating function of the steady state
distribution of this scaled pair of random variables and let P̂(x,y) := limν→0 P̂ν(x,y). Then
we conjecture that

(9) P̂(x,y) =
1
2

1
1−λ log(x)

+
1
2

1
1−λ log(y)

.

This means that as ν→ 0 the probability mass of the joint process concentrates around the
two axes. On each of these two axes the scaled stationary process behaves like an expo-
nentially distributed random variable of rate λ−1. The coefficients 1/2 in (9) correspond
to the proportion of time spent by the process on each of the two axes.

For future work, it is interesting to allow the rate ν of the control process to depend upon
the state of the system. For example, a higher backlog may require a higher frequency of
observations.

REFERENCES

[1] R. Bekker, O. J. Boxma, and J. A. C. Resing. Queues with service speed adaptations. Statistica Neerlandica,
62:441–457, 2008.

[2] R. Bekker, O. J. Boxma, and J. A. C. Resing. Levy processes with adaptable exponents. Advances in Applied
Probability, 41:177–205, 2009.
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