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We study the enumeration of inversion sequences that avoid pattern 021 and another pattern of length four. We
determine the generating trees for all possible pattern pairs and compute the corresponding generating functions. We
introduce the concept of d-regular generating trees and conjecture that for any 021-avoiding pattern 7, the generating
tree 7 ({021, 7}) is d-regular for some integer d.
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1 Introduction

An integer sequence e = egeq - - - e, is called an inversion sequence of length n if 0 < e; < 4 for each
0 <7 < n. Weuse I, to denote the set of inversion sequences of length n. There is a bijection between
I,, and the set of permutations of length n + 1, denoted by S,,+1. Let 7 be a word of length k over the al-
phabet [k] := {0,1,--- ,k— 1}, we say that an inversion sequence e € I,, contains the pattern 7 if there is
a subsequence of length % in e that has the same relative order with 7; otherwise, we say that e avoids the
pattern 7. For instance, ¢ = 010213 € I avoids the pattern 201 because there is no subsequence e;eye;
of length three in e with j < k < land e, < ¢; < e;. On the other hand, e = 010213 contains the patterns
010 and 0012. For a given pattern 7, we use I,,(7) to denote the set of all T-avoiding inversion sequences
of length n. Similarly, for a given set of patterns B, we set I,(B) = N-cpI,, (7). The first results on the
pattern-avoiding inversion sequences were obtained by Mansour and Shattuck] (2015) and (Corteel et al.
(2016) for the patterns of length three. Later, [Martinez and Savage|(2018) generalized and extended the
notion of pattern-avoidance for the inversion sequences to triples of binary relations that lead to new con-
jectures and open problems. Various other pattern-avoidance conditions such as vincular patterns, pairs
of patterns, and longer patterns are also studied for inversion sequences; for relevant results, see|Auli and
Elizalde| (2021)); Bouvel et al. (2018)); [Beaton et al.| (2019); |Cao et al.| (2019); |Chern| (2023)); \Duncan and
Steingrimsson| (201 1); |Callan et al.[(2023); [Lin/ (2018} 2020); [Mansour and Shattuck! (2022)); Yan and Lin
(2020-2021); ILin and Ful (2021); |[Lin and Yan|(2020) and references therein. In the context of inversion
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sequences, two sets of patterns B and Bs are said to be Wilf equivalent if |L,(B;)| = |I,(Bz2)| for all
n > 0, that is, they have the same counting sequence. Note that there are 13 patterns of length three and
75 of length four up to order isomorphism. |[Hong and Li|(2022) and Yan and Lin| (2020-2021) studied the
Wilf-equivalence classification for inversion sequences avoiding the length-four and pairs of length-three
patterns, respectively. The current results show that pattern-avoiding inversion sequences have rich struc-
tures and provide a unifying framework for many well-known counting sequences. We can highlight some
interesting results as follows: the large Schroder numbers enumerate I,,(021), the odd-indexed Fibonacci
numbers enumerate I,,(012), the Euler up/down numbers enumerate I,,(000), the Bell numbers enumer-
ate I,,(011), and powers of two enumerate I,,(001); see the above references for details. The I,,(021)
counting sequence also satisfies a nice four-term recurrence relation, see [Lin and Kim| (2021). These
results indicate that each case deserves further examination, and there are already some important recent
results in this direction. For instance, [Lin and Kim|(2018)) provided an intriguing bijection that preserves
six set-valued statistics between I,,(021) and (2413, 4213)-avoiding permutations. Inversion sequences
avoiding a pattern of length three and an additional longer pattern is a possible next step for this research
program. In this paper, we study inversion sequences avoiding 021 and another pattern of length four. As
we see in the next sections, the generating tree method combined with the kernel method works nicely
in this case and leads to a complete enumeration of all possible cases. As a summary of the main results
of this paper, we present a list of the generating functions for all cases in Table [l|and the corresponding
counting sequences in Corollary Even though the method works well, some cases are very subtle and
technically demanding. The pattern class I,,(021, 0000) is an example of such a case. It has a long list of
succession rules that require some non-trivial methods to solve the equations for the generating functions
derived from the kernel method; for the details, see Section @ Furthermore, we observe a special struc-
ture in the generating trees corresponding to the inversion sequences avoiding 021 and another pattern
that avoids 021. We formulate this observation in Conjecture The results of the present paper and
the note of Mansour and Y1ldirim/|(2022) provide evidence for the validity of this conjecture. We will use
the algorithmic approach based on generating trees developed in [Kotsireas et al.| (2024) and the kernel
method. Our results mainly follow the following five-step procedure: (i) an educated guess of the rules of
the generating tree based on the algorithm’s output, (ii) verification of the previous step, (iii) translating
the rules of the generating tree into a one-parameter infinite system of equations involving related gen-
erating functions, (iv) using bivariate generating functions and obtaining a finite system of equations, (v)
using kernel method to obtain an expression for the generating function of the pattern class. In most cases,
obtaining a nice closed formula for the enumerating sequence of the class is possible. We will provide the
details of this procedure in the following section. Inversion sequences avoiding multiple patterns look like
a promising research direction. There are still no enumerating formulas for the avoidance sets I,,(100) and
I,,(120), and Wilf-equivalent I,,(201) and I,,(210). The enumeration of the pattern 010 is recently solved
by (Testart| (2022). The generating tree method also has some successful applications for pattern-avoiding
permutations; for earlier and recent results, see Banderier et al.| (2002); Hou and Mansour] (2008)); |West
(1996); Mansour et al.| (2022).

We organized the paper as follows: In Section 2] we outline the details of our procedure that leads to
the main result of this paper and present some examples. In Section[3] we study the generating functions
for all possible pattern pairs of 021 and 7 where 7 is a pattern of length four that avoids 021. Note that
we only need to consider 42 patterns of length four that avoid 021. There are some patterns 7 of length
four that avoids 021 but I,,(021,7) = I,(021) because all inversion sequences begin with letter 0. For
instance, I,,(021,3102) = I,,(021).
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We use (', and M, to denote the Catalan and Motzkin numbers, respectively. Their generating func-
tions are C'(x) = 14142 VQ};M and M (z) = 1L=e=v12w=3c" W For a letter or number s, we use s™ to denote
the string of m s, that is, s = ss- - - s.

—

m times

2 An algorithmic approach based on generating trees

For each class of inversion sequences avoiding a fixed set of patterns, there is a corresponding generating
tree that encodes the elements of the class as its vertices under some specific rules. We refer the reader to
Section 2 of [Kotsireas et al. (2024)) for the details.

We use Zp = U2 (L, (B) to denote the set of all inversion sequences avoiding the pattern set B. The
corresponding generating tree 7 (B) is a rooted, labeled, plane tree whose vertices are the objects of Zp
with the following properties: (i) each element of Zp appears exactly once in the tree; (ii) element of size
n appears at level n in the tree (the root has level 0); (iii) there is a set of succession rules that determine the
number of children and their labels for each vertex. The tree T (B) will be empty if no inversion sequence
of arbitrary length avoids the set B. Otherwise, the root’s label will always be 0, that is, 0 € T (B). From
the root, whose level is zero, we construct the remainder of the tree 7 (B) in a recursive way where the
nt" level of the tree consists exactly the elements of I,,(B) arranged in such a way that the parent of an
inversion sequence egey - - - e, € I,,(B) is the unique inversion sequence egey - -+ e,—1 € I,_1(B). We
obtain the children of egey -+ - e,—1 € I,,_1(B) from the set {ege1 - en_1€n | €, = 0,1,...,n} by
obeying the restrictions of the patterns in B. We arrange the nodes from the left to the right so that if
e = eger---en_1i and € = egey -+ - e,_17 are children of the same parent e; - - - €,,_1, then e appears
on the left of ¢’ if ¢ < j. Based on this initial tree 7 (B), we define an equivalence relation on the set of
the nodes of this tree and obtain a second representation of the tree corresponding to the class Zp which
is more efficient for enumerating purposes. We relabel the vertices of the tree 7 (B) as follows. Define
T (B;e) as the subtree of the inversion sequence e as the root and its descendants in 7 (B). We say that
e is equivalent to €', denoted by e ~ €, if and only if T (B;e) = T (B;e’) (in the sense of plane trees).
Let 7' (B) be the same tree 7 (B) where we replace each node e by the first node e’ € T (B) from top to
bottom and from left to right in 7 (B) such that T (B;e) = T (B;¢’). Clearly, the generating tree 7'(B)
has a root 0, for any B such that 0 ¢ B.

Let B be any set of patterns, and let 7/ (B) be the generating tree for the class I,,(B). The length of a
node v € 7'(B) is defined to be the number of letters in v, and it is denoted by len(v). For any k > 1,
let Dy (B) be the multi-set of all nodes of length k at level £k — 1 in 7' (B). For each node v € Dy(B),
we denote the multi-set of all children of v at level k in 7' (B) by Ny (B;v). A generating tree 7'(B) is
said to be d-regular if there exists k > 1 such that

e the number of different nodes in D,.(B) equals d, for all r > k;

e forany v € D,(B) and w € N,(B;v), the number of occurrences of w in N, (B;v) does not
depend on r, whenever r > k.

T'(B) is O-regular if and only if the generating tree 7' (B) is finite. We present an example of d- regular
and non-regular trees to illustrate the definition. If B = {021, 0123}, then the generating tree 7'(B) has
the following rules

2 2
Ay, am+1bmbm—1 ce bla bm ~r bm+1cm; C~C, (1)
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where a,, = 0™, b,, = 0™1, and ¢ = 012. Note that D;(B)

= {a1}, D2(B) = {a2,b1}, D3(B) =
{as,ba, ba,ba,c}, and Dy(B) = {ak,bg—1,...,bk—1} forall k > 4
—

. Moreover, the child ag; of ax €

2k=1 _ 1 times

Dy(B) occurs in Ni(B; ay) exactly once and the child by, of by_1 € Dy (B) occurs exactly twice. Hence,
T'(B) is 2-regular.

Let B = {000,0011}. The generating tree 7'(B) has the following rules:

Am b?n1+1avrz+17 bm, s bm+27

where a,, = 012---m and b,, = a,,0. Note that Dy (B) contains a_1 exactly once and by_o exactly
k — 1 times, for all k > 1. Thus, 7'(B) is not d-regular for any d.

Based on our results (see Table[I)), we have the following conjecture.

Conjecture 2.1 For any 021-avoiding pattern T, the generating tree T' ({021, 7}) is d-regular for some
d.

We will use the following procedure to study the generating functions for the sequences

{|In({02177—})‘}n20

where T is any pattern of length four that avoids 021.

The five-step Procedure: The main results of this paper are applications of the five-step procedure
described briefly in the introduction. We will now outline the details of the procedure for the pat-
tern set B = {021,1002}. First, we obtain the rules of the generating tree 7'(B) by using the algo-
rithm developed in [Kotsireas et al.| (2024). We then get an explicit formula for the generating function
Fg(z) = 3,0 Lu(B)|z"*! from the rules of generating tree in a systematic way that can be pro-
grammed in software.

e Step 1- An educated guess for the rules of 7'(B): Based on the output of the algorithm of
Kotsireas et al.| (2024), we guess that the rules of the generating tree 7’(B) can be described as
follows: the generating tree 7'(B)’s root is denoted by a1, and the succession rules are:

Ay, am+1bmbm71 e bl, bm ~ C7nbm+1dmdm71 e dl;
Cp meJrlememfl €9, dm 2 emdm+1dm e d17

em ~ hemi1em - - e1g, foQ’

g~ heig, h ~ h,

where m > 1, a,, = 0™, by, = am 1, ¢y = b0, dyy, = 12, €, = 0,102, f = 0100, g = 0103,
and A = 01020. In Kotsireas et al.|(2024), elementary examples show how the algorithm works, so
we refer the reader to it for the details. We use R to denote the (proposed) set of rules of the tree.

e Step 2- Verifying the set of rules for 7' (B): We prove that the proposed set of rules R hold for
any level in the tree. Note that we have to show that when we add a letter j = 0,1, ..., len(v) for
the father v of a rule, we obtain a rule in R. For instance, consider the rule A ~~ h, we can add a
letter ; =0,1,...,5:

— since the inversion sequences avoid B, we see that 7'(B; h0) ~ T'(B; h).
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— h1l = 010201 contains 021, so h1 is not a child of h;
- hj = 010204, j = 2, 3,4, 5, contains 1002, so hj is not a child of h.

Thus the rule i ~ h holds for 77(B). Similarly, we can show that the rules R describe all the rules
of T'(B).

Step 3- From the rules of 7' (B) to a one-parameter infinite system of equations: For each rule
of the type v ~» v(My@) ...y in R, we define the generating function A, (x) as the generating
function for the number of nodes at level n in the subtree 7' (B;v) of T'(B), where the root of this
subtree is the vertex v that stays at level 0. Then each rule of the type v ~» v(Dv®) ... () can be
translated into an equation for the generating functions as

‘
r)=z+z Z Ao ()
j=1

Note that if we have a finite number of rules, then there will be a finite system of equations. For the
above rules, we have

Ap(z) =z+2An11(x) +2Bp(z)+ -+ 2By (z),

B (z) =xz+2Chp(z)+ 2Bpi1(x) + Dp(x) + -+ - + D1 (),
Cn(x) =z+zF(x)+2Cpti(x) +zEp(z) + -+ zE1(x) + 2G(x),
D, (x) =xz+axE,(x)+ a:Dm_H(:E) -+ aD;(x),

E,(z) =z+zH(z)+xFEn(z)+ +xE1(;L‘)+xG(x),

F(z) =xz+42zF(x),

G(z) =z+zH(x)+xFE(x)+2G(x),

H(x) =uxz+xH(x).

where A,,(v) = A, (x), By(x ) Ap,, (2), Cp(z ) Ae, (), Di(x) = Aqg, (2), Ep(z) =

m

Ae, (). F(x) = Ay(x), G(z) = Ag(z), and H(x) = Ay

\/

Step 4- A finite system of equations for bivariate generating functions: There are many different
methods to solve such system of recurrence relations. In this paper, we observe that for each set of
patterns B = {021, 7} with a 021-avoiding four-letter pattern 7, the system of recurrence relations
is linear, and it is parametrized by one parameter m.

We will use bivariate generating functions to solve the recurrence relations. Consider A,,(x)
parametrized by one parameter m, we define the bi-variate generating function as

ZA m@

m>s

where s indicates the minimal value of m such that the recurrence for the generating function
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A, () holds. From the above recurrence relations, we obtain

Az, v) 1+ B(z,v)) + Z(A(z,v) — A(z,0)),

B(z,v) = 1% 1+ D(z,v)) +2C(z,v) + £(B(z,v) — B(z,0)),
C(z,v) =1 +F(z)+E(z,v)+G(x))+ £(C(z,v) — C(x,0)),
D(z,v) = %1+ D(z,v)) +zE(z,v) + £(D(x,v) — D(x,0)),
EEx;v) ==+ H(z) + E(z,v) + G(x)) + 2(E(x,v) — E(x,0)),
F(x = oo

Gle) = HEgne,

H(z) =

e Step 5- Obtaining the generating function Fz () with the kernel method: In order to solve such
system, we use kernel method several times. We apply the algorithm in |[Hou and Mansour| (2008)).
Let vy = 1=v1=dz V21_41', we consider the equation of E(x, v) with v = vg, which leads to

1—+v1—-4x
(1—-2)(1 -2z ++/1—4x)
Then by setting this into the same equation of F(z, v), we obtain
(1 -2z —+/1—4x)
(1—2)(1—2z++v1—4z)(v2—v+2a)
For the second step, we take the equation of D(x,v) at limit v = vg, which leads to

1—22)v1—4x — (1 —2)(1 —4x)
(1—4z)(1 —2) '

E(z,0) =

E(z,v) =

D(z,0) = (

Then by setting this into the same equation of D(x, v), we obtain

D(x U) _ (v=1)(4v*2? —6v iz —8vz® +4a> +u + Tvr—22% —v) + (v=14z)(2v*z—v? —dvz+2z%+v)
’ - 2y/1—4z(1—z)(v2—v+x)? 2(1—z)(v2—v+x)?

Similarly, we solve other cases. Let vy = z, for C(x,v) with v = vy, we first obtain C(x,0) and
then obtain an explicit formula for C'(x,v). The case of B(z,v) and A(x,v) follow with the same

v = vg. Hence we obtain

T T
+
l1—-x 1—=z

A(x,0) = B(z,x),
which leads to that the generating function A(z, 0) is given by

(1—22)(22% — 4z +1) (22% — 2z + 1)(22° — 1225 + 252% — 3423 4 2422 — 8z + 1)

222(1 — x)v/1 — 4 222(1 — x)3(1 — 2x) '
Clearly, A(xz,0) = A;(x) is the generating function for the number of inversion sequences in

L.(B).
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An explicit formula for the enumerating sequence {|I,, ({021, 1002})|},,>1 follows from the generating
function:

n—1 .
1/2n+4 5(2n+2 5 /2n 1 2j 1 4 3 2
= _Z — 75 P ALJ— —2 11 14 12).
2(”+2> 2(n+1>+2<n>+2 <j>+ 24(n o "+ Ldn + 12)

Jj=0

All other cases are based on similar techniques as described above. For some {021, 7}-avoiding in-
version sequence classes, we observe that finding the root of the kernel requires the solution of a third or
fourth-order polynomial. We will provide the details of the proofs of such cases in the following sections.

3 Four letter patterns

In this section, we consider the set of inversion sequences of length n that avoid both 021 and 7, where 7
is any pattern of length four that avoids 021. We summarize our results in Table [T} the results follow from
the procedure discussed in the previous section (for the Maple file which includes all the computations,
we refer the reader to|Mansour| (2022b))). We obtain exact formulas for the generating functions

F{0217T}(x) = Z |In({02177'})|$n+1
n>0

Most of them are algebraic of degree at most 6 and only involve the square root of 1 — 4z. We will
give all the details of the above procedure for five cases to show how we find analytic expressions for the
generating functions. In Corollary [3.9] we summarize the exact enumerating formulas for all pattern cases
except the ones whose generating functions don’t lead to a nice closed formula.

Tab. 1: Succession rules for the generating trees 7 (B) and generating functions Fg () for pattern
set B = {021, 7}, where T is any pattern of length four that avoids 021.

Beginning of Table|l|
No. | 7 d | Rulesof 7' ({021, 1) Fro21,73(x)
1 0000 6 Theorem|3.11| Theorem|3.11|
2 0001 2 ag ~> boci, b ~~earf,e~e, f~egf,g~ ehaif
h o~ eh, i~ hi, G ~> €bmamam—1 - a1 f
b~ €2 hami1am - a1 f, em ~» GmdmCmCm_1 - c1,
A, ~ b Cmt1Cm - - 2
Qm = 0212 ... (m — 1)2m, by = amm
5 4_,3,6,2
em = 01222 ... (m — 1)%m, dm = cmm 92% — 62— 234522 dz41
2.7:2(é+:r,)%1—.723 13—2.7:—23.7:2
e =000, f = 002, g = 0022, h = 00111,% = 0111 T TTE S e
3 0010 2 ai ~ a2b1, ay ~> Am+41Am -+ A2C
b ~ @mp2bmy1bm, b1, €~ aze
am = 0™, by, =01, ¢ = 002 ﬁ
4 00IT | 2 | a1 ~ a2b1,b1 ~~ azbabi, am ~> amti1am - - azc
3 2
b ~ @mt2bm41a@mam—1 - - a2c, € ~ asc W
Am = 0™, by, = 01, ¢ = 002 T e
5 0012 2 a1 ~ a2b1, b1 ~> a3babi, am ~> ami1c’
b ~* Gmp2bmy1c™, ¢~ c s . )
am = 0™, by, = 01™, ¢ = 001 z (22 -5z Isz —4x+1)
(1—=z)*(1—2x)
6 0100 3 Am ~ A 10mbm—1 - 01, by ~> Cmbmt10m -+ - D1
Cm ~* Cm41Cm -+ - C1d,d ~ c1d
am = 0", by = aml, ¢ = b0,d = 0103
0110 3 Am ~ Am+10mbm—1 b1, 0 ~> Cn by 1bm - - D1
Cm ~* Cm41Cm - - C1d, d ~> c1d ,
1—3a 1—3x)(1—a
Qm = 0™, b = aml, m = bm1,d = 0113 St Goseidow)
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Continuation of Table|l]

Rules of 77 ({021, 1)

Froz1,r} (@)

0101
0111

NN

Am ~ a"rlni»lbmbmfl coo b1, by~ A 1bmgp1bm - - by
Am =0", by = aml

Theorem[3.2]

0102

Am ~ A+ 10mbm—1 b1, 00 ~ dbmp1CmCm—_1 - C1
Cm ~> €Cm4+1Cm - " C1

am = 0", by = aml, ¢y = bn2,d =010,e = 0120

420 122542404 2743 41922 7041
2z(1—2xz)(1—x)%

0112

Am ~ Gm410mbm—1 01, 0m ~ 410 - D1,

C ~ C

am =0, by = aml,c =011

1—do+522—4z3 —(1—2)2/1—4z
22 (1—22)(1—x)

0120
0122

w

2
Ay~ Q101 - by, by~ bm+1c1 ce e Cm
Cm ~> €1 Cmt1
am = 0", by = aml, cm = bm2

1-2 1
2(17$)( 140 D)

0123

2 m 2
A~ Amg1bmbm—1 - b1, bm ~ by, e e C

am =0, b, = aml,c =012

z(1—7z4+2122 3023 +222% —825)
(1—2)3(1—2x)3

1000

Am ~> 4101 b by~ D1 DyiCm

Cm ~* C1 " Cm41AmE, dpm ~ dy - "d7n+1fg
e~ efcr, f~difg, g~ fg

am = 0", by = aml, ¢y = b0, dm = ¢, 0

e = 0103, f = 01003, g = 01004

1100

Am ~ Gm4+101 - D, Oy ~> b1 - D p1Cm
Cm ~* €1 Cmt1dme, dm ~> d1 - dmi1fg
e~ efer, f~>difg. g~ fg

am =0", by = aml, o =bml,dm = cm0

e =0113, f = 01103, g = 01104

(1—z)(1—2x)2

223
+ 225 —560% 47823 — 442241121
223 /T—4z>

1001
1011

w W

A~ Q4101 - b, by~ by -
Cm ~ Qmiy2b1 - bmgi1Cmy1
am = 0", by = aml, cm = by

b1

1101

Am ~ Amy1b1 - b, Oy~ by -
Cm ~ @m42b1 - bmyp1Cmyt
Ay, =0, by, = am 1, ¢py = by, 1

b1

Theoremm

1002

Am ~> Gm4+10mbm—1 D1,

bm ~ Cmbmy1dmdm—1 -+ d1

Cm ~ fCmi1€mem—1---€19, d2m ~s e dmp1dy - - dy
em ~> hemipiem - -e1g, f~ f

g~ heig,h ~ h

am = 0", b, = aml, ¢y = b, 0
A = am 12, ey, = a1, 102, f = 0100
g = 0103, h = 01020

(1—2z) (222 —4z41)
202 (1—x)/1—4x
_ 2?2(2¢%—2241)(222 —122425)
2(1—x)5%(1—2z)
(222 —22+1) (3423 — 2422 8z —1)
222 (1—x)5(1—2x)

+

1010

Am ~ Gm4101 b, by~ Cr b1 D

Cm ~ Cm41dmby - bmg1,dpy ~> dy - dppref
e~ dief, f~ef

am =0", by = aml, cm = bn0,dy, = cml

e = 01013, f = 01014

1110

A ~> a7n+1b1 “bm, b~ Cmby1 - b'm+1

Cm ~ Cm41dmb1 - bmg1, dm ~ di s dmyief
e~ dief, f~ef

am = 0", by = aml, cm = bml,dm = cm1

e=01113, f = 01114

Theorem[3.3|

20

1012

A > am+1b'mbm71 <o b1, by~ anb1n+1b7n co by
Cm ~ dCmt1bmt1bm -+ b1, d ~ d*
am = 0", by = aml, ¢y = b,,0,d = 0101

Theorem |3_5|

21

1020
1022

[SNey

Am ~* Q11 - b, by~ Cbpp1dy - - - di,
Cm ~ Copy1€1 - €m—1fg, dm ~ emdr - dimga
€m ~> €1 emi1fg, [~ fg, 9~ eifg

am = 0", by = aml, ¢y = b0, dy, = b2

em = dm0, f = 0103, g = 0102

2—152+34x2 — 2223
223 (1—x)v/I—4x
+ 2244423 —1622+112—2
223 (1—x)

23

1023

Am ~ Gm4+10mbm—1 D1,
bm ~ cmbmyi1dmdm_1---d1




Inversion sequences avoiding 021 and another pattern of length four 9

Continuation of Table|l]
No. | 7 d | Rulesof 77 ({021, 7) Floz21,-} (%)
Cm ~ Cfn+1 fm+1, dm ~ emdmt1dm -+ di
€m ~ €m+1f7n+2s [~ f2

am =0", by = aml, cm = bn0,dpy, = am12

_ (222 —22+41)/I—dz
2z(1—x)2(1—22)

1629 — 7628421227 —34226
em = dm0, f = 0102 B syt
e = 0110, f = 0113, g = 01120 3742528624 +1512° —5322 +112—1

2z (1—x)5(1—22)3

26 TI02 [ 4 | am ~ Gm+10mbm—1 - 01, bm ~> Omi1bm -~ - D1Cm
cm ~ eCmp1dmdm—1 - dif,dm ~> gdmip1dm - - dy
ewez,fwgdlf,gwg

_om _ _ _ —4254312% 462343002 9241
am = 0", by = aml, cm = byl dm = 2 e N

_ _ _ _ 425152543524 402342522 8241
e = 0110, f = 0113, g = 01120 pen a2

28 1120 4 Am ~ Gm+10mbm—1 b1, 00 ~> by 10y - - b1Cm
Cm ~* oy 1 Am i1+ d1, dm ~> dimg1di - die,

e~ die
2
G = 0™ by = Gl o = bl dpn = 2, = 0113 | GrmDVITrEser—detl
39 | 1200 | 4 | @m = Gmibi - bmibm = boiici - om
Cm ~> dmC1 - Cm41,dm ~> di - dmyre, e~ die
am = 0™ by = aml. Con = b2, dm = cm0, € = 01204
1220 | 4 | @m ~> @mi1b1 - b, bm ~> b €1 Cm
Cm ~ dmc1 - Cmi1,dm ~ d1 - -dmy1e, e~ die
_ _ _ _ _ 2223 2922 4102—1 (1—5z)(1—2x)
am = 0", by = aml, cm = b2, dpm = cm?2,e = 01224 21(171; =5 T w40
30 1202 | 4 | @m ~ Gmi1bmbm_1 - b1.bm ~> bo 1 CmCm_1--C1
Cm ~ Ay Cmg1Cm * €1y A~ dy1dp, -+ - dy
G = 0", by = aml, Cm = b2, dm = cm0 Theorem|[3.7]
31 1203 [ 4 | @m ~ Gmi1bmbm—1--b1,bm ~> b 1 CmCm_1--C1
Cm ~ Cmy1dmdm—1 - die,dm ~> dmy1dm - - dif (122)
— 2T

2 —_—
ewe f f 2(1—x)2/I—4z .
_ 16287627 418825 —2702°

20-0)%(1—22)°

— _ 24624 1452345322 — 112041
e = 0120, f = 01230 — 2125022

am = 0", by, = aml, ¢ = bn2,dm = cm4

32 1220 [ 4 | @m ~ Gmi1bmbm_1 - b1, bm ~> b 1 CmCm_1 - C1
Cm ~ dmCm+41Cm * €1, dm ~ dmt1dm - - - die,
e~ die
_am _ _ _ _ (1—2a)(1—5z) 2203 —29224102—1
am = 0", by = aml, ¢ = bm2,dpy, = cm2, e = 01224 S2(i—4n) + re(lom) Jia 3
33 1230 | 4 | @m ~ Gmi1bmbm_1 - b1.bm ~> bo 1 CmCm_1---C1

2

Cm ~ Crpy1dmdm—1 - di,dm ~> dmy1dm - dy

z(3—162+2622 —162° — (1—2z+222)/T—4z)
2(1—=2)2(1—2z)(1—4x)

Am = 0", b = am1, cm = bm2,dm = cm3

End of Table|l|

Theorem 3.1 Let B € {{021,1001},{021,1011},{021,1101}}. Then, the generating function Fg(x)
satisfies Fp(z) = (1 + Fp(x))*(1 + F&(x)). Moreover, for all n > 1,

L3]
1 n+1\/2n+2
L,(B)| = E .
Ln(B)| n+1 ( J )(n—2j>

J=0

Proof: By the generating tree succession rules for 77 ({021, 1001}), 77({021, 1011}), and 7'({021, 1101})
in Table[T] it follows that for all =,
F{02171001}($) = F{021,1011}(93) = F{021,1101}($)-

Define A,,(z), By (z), and Cy, () to be the generating functions for the number of nodes at level n in
77({021,1001}; ar), T'({021,1001}; by, ), and 7' ({021, 1001}; ¢y, ), respectively, where its root stays
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at level 0. Then

Ap(xz) =x+zAnp(r) +2Bi(x) + -+ 2By (2),
B, (x) =x+2Chy(x)+xBi(x)+ -+ + xBpmy1(z),
Cn(z) =x+zAnt2(z)+2Bi(z)+ -+ 2Bni1(x) + 2Chi1(x).

Define G (x,v) = 3, 51 Gm(z)v™ ! forall G € {A, B,C}. Then the above recurrences can be written
as

A(Z,’U) = 131, +%(A(’JC,”U) 7A1(£L'))+ﬁB(x,”U),
B(z,v) =% +2C(z,v) + % B(x,v) + £(B(x,v) — Bi(x)),
Clz,v) =75 + 2(Ax,v) — A1(2) —vAz(z)) + 1% B(w,v)

+2(B(z,v) + C(x,v) — Bi(z) — C1(x)).
By finding A(z, v) from the first equation and C'(x, v) from the second equation, we obtain that the second
equation can be written as
T B Y)
2
= 2 A () + I B (1) — (As(a) + O (o) 4 (RN

—o z(1—v)(v—2x)

Let vy, va, v3,v4 be the four roots of K (v) = v — 203z + 20222 + (z — v)3 = 0 as functions of z, where
(here i2 = —1)

U1 :x+x%+§x§+%x2+§%x%+%x%+no,

vy = — 1+§/§ix% — 1_§/§ix% + 222 — 41(1;1\/§i)x% - 349(ig6ﬁi)x% + 223 4
vy =a—1=YBigd  14¥SigE | 2,2 41(1§1ﬁi)x% - 349(1;6‘/§i)x% + 223 4
vy =1—2—21% 623 —21a* —822° — ... .

By taking v = v;, j = 1, 2, 3, we obtain

Uy () + T B ) — (Ag(a) + Cy (o) + 0 )

=0.
T — v, v, z(1 —v;)(v; — x)

Solving this system for A; (z), Bi(x), and Az (x) + C(x), we obtain
10203 (1 + 22) + (v1 +v2 + v3)(1 — 2)2? + 2* — (Vive + V1v3 + Vovs)T
22(1 —v1)(1 — v2)(1 — v3) '
Note that v; +vo+v3+v4 = 1427, v1v2v3v4 = 22, and v4(v1 +v2+v3)+v3 (V1 +02)+v9v1 = (3+22).

Thus, v3(vy + v2) + vovy = (3 + 22) — v4(1 + 22 — v4). Hence, the generating function A; can be
written as

A=

22(2? + 1) —x(2® + 2+ 2)vg + (2% + 2 + D)o — v}

A =
! (v — 2203 + (222 + z)vy — 23)

By using a computer programming, we can express v4 in terms of A;. Given that K (v4) = 0, we find that
the generating function A; satisfies A; = (1 + A;)?(1 + A?2). By the Lagrange inversion formula, we
complete the proof. ]

From Table[I] we see that the patterns 0101 and 0111 when paired with 021 have the same generating
trees. Our next result enumerates these pattern pairs.
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Theorem 3.2 The generating functions F(o21,0101} (%) and Fioo1,0111}(x) are given by f(x), where

(o) = —2Ei@)

= i Moreover, for alln > 1,

n+1

IL,({021,0101})] = |L,({021,0111})| = Y % (Z " 1) (2" 2 Z)

‘ 1—1
=1

Proof: By the generating tree succession rules for 77({021,0101}) and 77({021,0111}) in Table (I} we
have

Fo21,01013 () = Fo21,0111} (%)
By translating the rules of the generating tree 7'({021, 0101}) to generating function, we obtain

Az,v) = 7% + 2(A(z,v) — A(z,0)) + 1% B(z,v),

B(z,v) =15 + Z(A(z,v) — A(z,0)) + %Ua(x,v) — B(x,0)) + 12 B(x,0).

Finding A(x, v) from the first equation and substituting it into the second equation, we obtain

B(z,v) = 1fv + % (w(vA(w,O)Ei-lliB;()ﬂ(U;@;)A(w70)+v) _ A(x,O))

+5(B(z,v) = B(x,0)) + 155 B(x,v).
The kernel of this equation is given by K (v) = v3_(I—Eﬁvj)?f,(fgf)v_ﬁ~ The equation K (v) has three

roots, that is, K (v;) = 0 for j = 1,2, 3, where
21 — 4z — 222 1 2 — 122 + 622 — 723 (25 + )7 r+1
= — X  COS | — arccos 3 + + .
3 2V/1 — dx — 222 3 3

3
By taking either v = v; or v = vy into the equation, we get a system of equations. Solving this system
for A(z,0) and B(z,0), we obtain

Uj

x4+ Dvvg — x(v1 + v2)x
(1 —wv1)(1 —vg)

Note that v; + vy + v3 = 1 4+ x and v,v9v3 = 2, we have

A(z,0) = (

1+ z)vs + (1 + )
v3 — zvg + 22 '

A(z,0) = v —

Since K (v3) = 0, we have that A(x,0) satisfies the equation

_z(1+ A(x,0))
Az, 0) = 1—z(1+ A(z,0))2

By the Lagrange inversion formula, we obtain

o SEH (e

i>1 5>0

which, by comparing coefficient of ", we complete the proof. a
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Theorem 3.3 Let B € {{021,1010}, {021, 1110}}. Then,

Fp(z) = 1:; (1+ gg;)

with
P(z) = as(l r)((x—1)V1 —4z—3z+1)+((1—2)*V1 — 4o —2? +42x—1)vz —2(v/1 — 4o +1)v3,
Q) =22z - 1)(V1 -4z —22+1) — 2z((x — 1)V/1 — 4o — 22 + 3z — 1)vz — (1 — 4o + 222 +
(1- 2x)\/1 — 4x)vd,
where vs is defined in ().

Proof: By the generating tree succession rules for 77({021,1010}) and 77({021,1110}) in Table 1} we
have

Fio21,10103 (%) = Flo21,11103 (7).
Define A, (x), Bm (), Cr(x), E(x), and F'(x) to be the generating functions for the number of nodes at
level n > 0 in 77({021,1010}; a,,), 77({021,1010}; by,), 7' ({021,1010}; ¢4, ), 77 ({021, 1010}; do,),
77({021,1010}; €), and 7' ({021,1010}; f), respectively, where its root stays at level 0. Then

An(z) =z+zAnp1(x)+2Bi(z)+ - + 2B, (x),
) =xz+x2Chp(z)+xBi(x)+ -+ xBni1(2),
Cm(z) =z+2Chi1(x)+ 2Dy (x) +2B1(x) + -+ + 2By (),

Dy (x) =xz+aDi(x)+ -+ xDpy1(x) + 2E(x) + 2F(x),
E(x) =z+aDi(z)+zE(z)+ zF(z),
F(z) =z+aE(z)+aF(x).

Define G(z,v) = ., 5, Gm(z)v™ ! for all G € {A,B,C,D}. Then the above recurrence can be
written as B

A(I,’U) = 1fv +%(A I,U)—Al(lf))—F 1—v ( €z, )a
B(:E,U) = 1fv + xC(x,v) + 1va(:E,U) + (B( ) (x))v
Clz,v) =15+ 2(C(z,v) — Ci(x)) + xD ,0) + (x,v) + £(B(z,v) — Bi(x)),
D(xz,v) =15 + 3(D(x,v) — Di(z)) + 15 D(z, ) 5 (E(z) + F(x)),
E(x) =z +aDy(z) + 2E(z) + 2F (),
F(x) =z +2E(z)+ zF(x).
By taking v = 1=v1=4¢ V21_49”, the last three equations lead to
Dl(.’L‘) _ (22— 1)@-&-2"5 —4x+1
E(l‘) _ (x— 1)m 3@-&-1
F(.’ﬂ) — 1— 2xgm

By finding C(x, v) from the third equation, then substituting it into the second equation, we obtain

v3—(vzdv—x)(v—1)
((1 -:)(z)v) bl ) ( 2z4+1)vy/1—1
_ z(vztv—z v —v—2T v T
- v('u a:) Bl( ) ( ) 2(1) z)(v2—v+tz)
(271 22 —v3r—6v3z +2vx +7J 15022 4+6ve —22° — 2v274v:1:+v)
2(v2—v+z)(1—v)(v—1x)
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Let vy, v2, v be the four roots of v3 — (vz + v — x)(v — z) = 0 as functions of z,

2vV1 — 4o — 222 1 2 — 12z + 622 — 723 (25 + m x+1
vj = ———————— €08 | ~ arccos 3 + + . 2)
3 3 2V1 — 4z — 222 3 3

By taking v = v;, j = 1, 2, we obtain

z(vjz+v;—x) B
— X
v; (vj—x) 1(z) +
+(21)5’:62—v?m—ﬁv?mz+2vj13+v§?+5v]2x+6vj12—213—21)]2—41)]'m+1}j)
2(vi —vj+o)(1-v;)(v; —=)

_ (vjz—v;j—2a+1)v; T4z
(@) = =5 e+

=0.

Solving this system for By (z) and C(x), we have explicit formulas for By (z) and C}(x):

z(22%(2? — 22+ 2) + z(z — 2)(VI — 4z — 22 + 3)v3
—(z — 1)(v/T =4z — 22 + 3)v3) (2 — 3 + /1 — 4x)

Bi(z) = 2(x% — 2z + 2)(2%(x — 1) (V1 — 4z — 22 + 1) ’
—2x((x — 1)1 — 4o — 2® + 32 — 1)vs + (4o — 22% — 1+ 2z — 1)v/1 — 4z)v3)
Ci(z) = z((142)vI—dz+z—1—a(vI—dz+1)vz+(vVI—dz+1)v3)
2?(1 —x)(v/1— 42 — 22+ 1) +2z((z — 1)1 — 4o — 2 + 3z — 1)v3

+(1 — 4z + 222 4+ (1 — 22)v/1 — 4x)v3
Hence, by the equation of B(x,v), we obtain an explicit formula for B(z,v). In particular, we have
B(x,z) = R(x). Therefore, by equation of A(x,v) with v = z, we have that A;(x) = % +

12— B(x, ), which completes the proof. O

Remark 3.4 By the proof of Theoremand using that v = vz is a root of v3 — (v +v—x)(v—2) = 0,
we get that [ = F{o21,1010} () satisfies

2(2% — 625 + 192* — 3223 + 2722 — 9z + 1)

+(z — 1)(62° — 2825 + 58x* — 5723 + 3522 — 10z + 1) f

+2(1525 — 76x° 4+ 1592* — 17023 + 9422 — 232 + 2) f2

+2(2028 — 8425 + 1392* — 11723 + 5022 — 11z + 1) 3 + 23(152* — 4623 + 5022 — 212 + 3) f*
+2°(62% — 10z + 3) f> + 27 f6 = 0.

Theorem 3.5 The generating function Fyoz1 10123 () is given by

((82° =32 4+ )3 + (=22° 4 22 — 1)z + 22" — 22° + )
(1—2)(1 —22)(v3 — vax + 22)

)

_ 2V1-4x—2x? 4;15 2x2 1 2712w+6z277$3 s x+1 __ _ _ 2 _ ..
where vz = cos 3 arccos (72m3 +3)+t5 = 1—x—2x is a root of

— (1 +2)v? +x(2+:1:)v—:17 = 0.

Proof: By translating the rules of the generating tree 7'({021, 1012}) in Table[I]to generating functions,
we have

A(I’,U) = 1= + %(A(:L‘ U) A(lE,O)) + 1fUB($,U),

B(z,v) = f +xC(x,v) + £(B(z,v) — B(x,0)) + % B(z,v),

C((m,)v) =iz 2(C(x,v) = C(2,0)) + % D(x) + £(B(z,v) — B(z,0)) + 1% B(z,v),
D(x = 1—I21'
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Finding C(x, v) from the third equation and substituting its expression into the second equation, we obtain

B(xz,v) =15+ q= L)(1 ) (1+1 St
+”5(B(£U v) = B(x,0)) + 1% B(x, )
The kernel of this equation is given by K (v) = ”3_(“('16)_”1)2)4(':_(1;?)”_‘"”2, The equation K (v) = 0 has
three roots, that is, K (v;) = 0 for j = 1,2, 3, where

2v1 — 4z — 222 1 2 — 122 + 622 — 723 (25 + )7 r+1
————————cos | —arccos 3 + + .
3 /1 — dx — 222 3 3

3
By taking either v = v; or v = vy into the equation, we get a system of equations. Solving this system
for B(x,0) and C(z,0), we obtain

v (B(z,v) — B(x,0) — C(z,0)) + B(x, v))

Uj:

o (z—1)%v1v
B(I,O) - x(l 2z)(1— 1)11)(21 va)?
222 —1)v vz 1 1tv2) 4227 —
C(z,0) = G 1}2(—‘;%(251?)?Cl xvl))((vl +U1}2))+ e

Note that v, + vy + v3 = 1 4+ z and v,v9v3 = 2, we have

(322 — 3z + 1)v3 + (=223 + 22 — 1)vg + 22* — 222 + 2)
(1—2)(1 —22)(v3 — vz + 2?) ’

A(z,0) = —
as claimed. O

Remark 3.6 By the proof of Theorem and using that v = vs is a root of v3 —v?x +va? —v? + vz —
22 =0, we get that f = Fro21,1012} (%) satisfies

(222 — 22 + 1) (2% — 22° + 132* — 2423 + 1922 — Tz + 1)
+(1—22)(1 — z)(2" — 2% + 242° — 512* + 502% — 272% + 8z — 1) f
+x(z3 4+ 622 — 62+ 2)(1 — 22)2(1 — 2)2f2 + 2(1 — 22)3(1 — 2)3f3 = 0.

Theorem 3.7 The generating function Fyoz1 12023 () is given by

2(2(1 — 3z)v3 — (1 — 62%)v3 + z(1 + z)(1 — 32))
(1—2)(1 —6z)(v3 — zvs + 2?) ’

2V1—-4x—222 4;c 2x2 1 2—12z4+6x>—723 s z4+1 1 . 2 _ ..
where v3 = cos (3 arccos (72m3 +3)+5=1-z—-22 is a root of

v — (1 + z)v? +a:(x+2) v—2a?=0.

Proof: By translating the rules of the generating tree 77 ({021, 1202}) in Table to generating functions,
we have

A(z,v) -+ 2(A(z,v) — A( z,0)) + 1% B(z,v),

B(z,v) = 1;U + %:C(z,v) + 2 L (B(z,v) — B(z,0)),

Clz,v) =15+ 2(C(z,v) = C(x,0)) + 1%,C(x,v) + zD(x,v),

D(z,v) 1fv + 1= C0(x,v) + 2(C(x,v) + D(x,v) — C(z,0) — D(x,0)).
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Finding D(z,v) from the fourth equation and substituting its expression into the third equation, we obtain

Cla,v) = 151+ C2,v)) + gy (v = 1)(C(,0) + D(,0)) + C(,v) +v)
+%(C(x,v) — C(z,0)).

The kernel of this equation is given by K (v) = US_(1+(:?1)?;;C(—::2(§;$)U_$2' The equation K (v) = 0 has
three roots, namely, K (v;) = 0 for j = 1,2, 3, where

2v/1 — dx — 222 1 2 — 12z + 622 — 723 25+ )m z+1
vj = ——————— cos | - arccos |+ + .
3 3 2V/1 — 4z — 222 3 3

By taking either v = vy or v = vy into the equation, we get a system of equations. Solving this system
for B(x,0) and C(z,0), we obtain

cld = "G 511)7;(21 "o s)
14z)vi—2)((14z)ve—x
D(z,0) = 2= ) (v

Thus, by expressions of C(z,0) and D(z,0), we have explicit formulas for C'(z,v) and D(z,v).
Hence, by considering the equation of B(x,v) with v = 2z, we obtain

(1+ 3x)v1vg — 3x(vy +v2) + @
(1—=62)(1 —v1)(1—wy)

B(z,0) =

which, by using this expression and C(z, v), we obtain an explicit formula for B(x,v).
By considering the equation of A(z,v) with v = x, we obtain

A(x,0) =15+ —B(x x)
_ (1 230 622 )v1ve—22(1—3z) (v1 v )+x(1— 4a:)
- (1—z)(1—62)(1—v1)(1—v2)

Note that v; + vy + v3 = 1 + = and v1vev3 = 22, we have

2(2(1 — 3x)v3 — (1 — 62%)v3 — (1 + 2)(1 — 3z))
(1—2)(1 — 62)(v3 — vz + 22?) ’

Az,0) =
as claimed. a
Remark 3.8 By the proof of Theorem[3.7\and using that vs is a root of
v3 — (vz+v—x)(v—2) =0,

we get that f = F{g21,1202} () satisfies

22202 — 22 +1) — (1 — 2)(82% — 3z + 1)f + (122 — 1)(1 — 2)? f2 + (1 — 62)(1 — x)®f3 = 0.
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Before we study the pair of 021 and 0000 in Section3.1] we present the following corollary that states
explicit formulas for |I,,({021, 7)| where 7 is any 021-avoiding four-letter pattern except three cases,

1110,1012 and 1202. For these three patterns, we could not succeed to find explicit formulas.

The

formulas follow from determining the coefficient of the term z™ in the generating functions Fyp21 73 (z),
where we omit the details.

Corollary 3.9 Foralln > 0,

IL,({021,0001})|

L, ({021, 0010}
|1, ({021,0011}
|1, ({021, 0012}
|1, ({021, 0100}
I,({021,0101}
I,({021,0102}
I,({021,0112}
L,,({021,0120}
Ly(
Ly(

.({021,0123}

|
|
|
|
|
|
|
|
|
»({021,1000})]

)
)
)
)
| )
| )
| )
| )
| )
| )

|L,,({021,1001})|
|L,,({021,1002})|
|L,,({021,1020})|

L, ({021, 1023})|

L, ({021, 1102})|

IL,({021,1120})]
|L,,({021,1200})|

|1, ({021, 1203})|

I1,,({021,1220})|
IL,({021,1230})]

_ (4n— 25)( H"

n(n+1)—
4

+Zn+1((4y 39)( 1) _|_

= ()

n+1
= Cpy2 + 1- ijo ij
(n+1)(2n+7n424)
6

= |1,,({021,0110})| =
= |L,({021,0111})| = 3"

2n+3 _

2n+1

(n+1) (n +2n+12)

1 3n+4

.7 + 2 - $3j+2) Mn+lfj7

_ 3’
n®4n+6

8(2n+3)(2n+5) ,
n+1 l( n )(2n+2—j)

J=1 7 ’

(o)

j—1
1+Zn+1

Jj—1

= n+1—2"+1+1+z,02" icy,

__|I ({021,0122})| = §(
2" 1(n? —3n+4) +

_ n®+2n*+23n°4+46n>+120n+48

|1, ({021, 1100})|

2n+2) 1 n
n+1
n(n+1) _1

2

3(n T 1) (nF2)(n+3)(n+4)
L, ({021 1011})|::\In({021,1101}ﬂ

+2n+1 _

_n+1z

5 (s

) -

(““) (5):

5 () 3

(%)

2 2uj=1

3

(),

i) 35550 ()

2—14(71 +2n3 + 11n? + 34n + 36),
II,,({021,1022})|

= () - 20 + 5

% (

2:++24> -3

n+1
2 7=0

+1
=270 (ﬁl_J_Uaﬁlj

(%) -

+n(3n +22n +129n+398) 21 (n2 — 3n — 52) + 24,

1
2

) S B + () + R

HE e ()

4 n 2n+4
- ~ 2(2n+3) (n+2 )’
= |1,,({021,1220})]
= 2(7;42) (27«7:12) + ZJ =0 ) (25 + 1)( ) — 4",
:gfm-+n Qn—m&+ﬂnl(2—ﬂn+%)——
+5 () =3 2750 1>(2Zi? )
= 8:‘2) Crid) =4 + 255+ (%),

(24"+U+§j (3

()

Remark 3.10 The first ten terms of the counting sequences of 1,({021,0010}),

I,({021,0011}),
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I,({021,0101}), I,,({021,0120}), I,({021,0123}), 1,,({021,1120}) match with AO0O0984, A279557,
A106228, A279561, A116757, A319028 in OEIS, respectively.

3.1 Case B={021,0000}

In this section, we study the pair of patterns 021 and 0000. The generating tree 7’({021,0000}) has a
long list of succession rules and the solution to the equations for the generating functions requires some
technical steps. By applying our algorithm, we found that the generating tree 7'({021,0000}) has the
following set of rules. The root has the label 0 and the succession rules are the following:

0~ 02,01,

01 ~ 021,012, 01,

021 ~- 031,0%12,021, 022,

012 ~ 0212, 013, a121(2), 01,

032 ~~ 0322,032, 033,

0212 ~~ 0312,0213, a921(2), 021, 0%2,
013 ~ 0213, a131(2), a121(2), 01,
0322 ~» 0323,031,032,033,

0213 ~~

such that for all m > 2,

ai21(m) ~ aga1(m), aiz2(m), arz1(m), - ,a121(2),a131(m — 1), - ,a131(2), 01,
ai22(m) ~» agaa(m), aizz(m), arzi(m), - ,a131(2), a121(m), - - - ,a121(2), 01,
aiz3(m) ~ agez(m), aigr(m + 1), - ,a121(2), a1z1(m), - - - ,a131(2),01,

11131(771) ~ 0231(771), alsz(m) a121(m), s ,a121(2), (1131(771), e ,a131(2), 01,

aizz(m) ~ agsa(m), aizz(m), arz1(m + 1), - ,a121(2), a1z1(m), - - ,a131(2),01,
aizz(m) ~» agzz(m),a1z1(m + 1), ,a121(2), arz1(m +1),--- ,a131(2), 01,

a221(m) ~ aza1(m), azea(m), ase1(m), - -+, a221(2),ass1(m — 1), -+, ass1(2),0%1,0%2
as22(m) ~ azaa(m), asaz(m), azor1(m), -+, as21(2), azzi(m), -+, azs1(2),0%1,0%2
azaz(m) ~ agaz(m), azo1(m+ 1), -+, a21(2),a231(m), -+, a231(2), 0%1,0%2,
a231(m) ~ a331(m)7 a232(m) 0221(m), s ,0221(2), a231(m), T ,a231(2), 021, 022,
aza(m) ~ asza(m), asss(m), ass1(m+1), -+, a201(2),a1(m), -, ass1(2),0%1,0%2,
assz(m) ~ assz(m),azo1(m+ 1), ,a21(2),a231(m+ 1), ,a231(2),0%1, 0%2,
a321(m) ~ a322(m), asa1 (m), e ,a321(2), a331(m — 1), cee ,CL331(2)7 031, 032, 033,
a322(m) ~ a323(m) a321(m)7 e ,a321(2), a331(m), te ,0331(2), 0317 032, 0337
azoz(m) ~ aga1(m+1), -+, az1(2), azz1(m), -+ ,as31(2),0%1,032,033,

C1331(77”0) ~ a352(m) a321( ) %21(2),61331(7”), T 70331(2), 0317032»0337
asza(m) ~ aszz(m), assr(m+1),- -+, as21(2), agz1(m), -+, ass1(2), 031,032,033,
as33s (m) ~5 (331 (m + 1) a321(m + 1) ,a321(2), a331(m), s ,a331(2), 0317 032, 033.

0313, as31(2), az21(2), 01, 0%2,
031% ~» as31(2), asz21(2), 01,032,033,

0% ~ 03,021,022,

0% ~ 031,0%2,0°3,

022 ~+ 032,0%22, 022,

031 ~ 0%12,0%1, 032, 033,

033 ~ 0332,0%3,

0222 ~ 0322, 0223, 021, 0%2,

0212 ~~ 0313, a321(2), 031,032,023,
0232 ~ 03,032,033,

0223 ~ 0323, a901(2),0%1,0%2,
0323 ~ a321(2),0%1, 032,033

where a;ji(m) = 0913 - (m — 2)%(m — 1)mF forallm > 2,1 < i,k < 3andj = 2,3.
Define
A, = A, (z) = >, >o(number of nodes at level n in 77(B; )zt
Aijr(v) = Aijr(z;0) = 32,50 (number of nodes at level n in T(B; a;jx(m)))a™+v™ 2.
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Then, by translating each rule of the generating tree 7'(B), we obtain the following sets of equations (we

group them into three sets of equations):
System S1:

Ayp =z + xAe0 + zAo1,
Aot x4+ xAoo1 + xAo11 + zAo1,

Aogor =z + zAooo1 + £Ao011 + Aoo1 + xAoo2,

Ao11 =z + zAo011 + zAo111 + ©A121(0) + 2 Ao1,
Aooo2 = = + xAo0o22 + TAo0002 + TAo003,
Aoo11 =z + xAo0011 + TAo0111 + £A221(0)

+xAgo1 + zAoo2,

Aoiir =+ xzAoo111 + 2(A131(0) + A121(0)) 4 x Ao,

Aooo22 = = + xzAooo222 + £Ao001 + A2 + T Aooos,
Aoo11n =z + zAooo111 + £(A231(0) + A221(0))
+xAgor + xzAoo2,
Aooo111 = = + x(A331(0) + A321(0)) + zAoo01
+xAooo2 + £ Aooos,

Aoo = 2 + zAooo + xAoo1 + xAoo2,

Aooo = x + Aooo1 + xAooo2 + £ Aooo03,

Aoo2 = x + zAooo2 + rAoo22 + xAooz,

Aooor = « + £ Aoo011 + Aooo1 + xAooo2 + £ Aooos,
Aoooz = « + £ Ao0033 + T Aooos,

Aoo22 = = + £ Aoo022 + Aoo222 + TAoo1 + xAoo2,

Aooo11 = = + zAooo111 + £A321(0) + zAooo1
+xAoooz + Ao003,

Aooozz = « + Ao + Aooo2 + xAooos,

Aooz22 = T 4 xAo00222 + £A221(0) + zAg01
+xAooz,

Aooo222 = © + ©A321(0) + 2 Aooo1 + xAooo2
+xA0003,

(A121(v) + vA131(v) + Ao1),

— (A131(v) + A121(v) + Ao1),
(A131( ) + A121(v) + Aor),

v) + Z(A13 (U) + 121(’0) A131(0) — A121(0))

(A221(v) + vA231(v) + Aoo1 + Aooz2),
(A231(v) + A221(v) + Ago1 + Aooz),
(A231(v) + A221(v) + Ago1 + Aooz),
v) + £(A231(v) 4 A221(v) — A231(0) — A221(0))

v) + 1= (A321( ) + vAss1(v) + Aooor + Aooo2 + Aooos),
) (A331( ) + Asz21(v) + Aooo1 + Aoooz + Aooos),
)+ 1 z —(Az31(v) + Asz21(v) 4+ Aooor + Aoooz + Aooos),

System S2:

Agi(v) = (v) + zA122(v) + 15
Ai22 (71) = 2(’1)) + $A123(’U) —|— z
Azi(v) = 1 + zA231(v) + zA132(v) + 1=
A133(U) = ( 1

+ _v(A131( v) + A1z ( )+ Ao1),
Ago1(v) = (v) + ZEA222(1/) + 13;
Az (v) 2(v) + zA23(v) + 15
Assi(v) = (v) + 2 A2s2(v) + 15
Azss(v) =1 33(

+155 (A231(v) + A221( ) + Agor + Aooz),
A321(U) = (
Asz22(v) (v) + 1%
A331 (’U) = (’U
Aszz(v) = 1_ 2(Azz1(v) + A321(U) — As31(0) — A321(0))

+1= (A321( ) 4+ As31(v) + Aooo1 + Aoooz + Aooos),

and
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System S3:
Ai23(v) = f + xA223(v) + %(Am(v) — A121(0)) + ﬁ—U(Am(v) + A1z31(v) + Aor), 3)
Ain(v) = 7o 4 2 Aza(v) + A1 () + T Arz (0) + = (Ar2i (v) = A1z (0))

+17(A131(U) + Aot1), “
A3 (v) f + xAs23(v) + %(Agzl(v) — A21(0)) + 1fiv(Aggl (v) 4+ A231(v) + Aogor + Aoo2)(5)
Aza(v) = 77— + wAn(v) + 2z (v) + = (Ao (0) = A2z (0))

+E(A221(U) + A231(v) 4 Aoo1 + Aoo2), (6)
Asalv) =1 f — + Z(As (v) = As21(0)) + T (As21 (v) + Asan (v) + Aooor + Aoooa + Avoos), (7)
Asza(v) = f + xAs33(v) + %(A?m( v) — A321(0))

T (A321( ) + Azz1(v) + Aooor + Aoooz + Aooos). (®)

In order to find the generating function A9 = F'{o21,0000} (z), we have to solve a system that is obtained
from S1-S2-S3. Since the expressions are too long to present here, we only describe the algorithm that
leads to an explicit formula for Ay. For a Maple worksheet file for finding Ay, we refer the reader to
Mansour| (2022al).
Step 1: We use System S2 to find formulas for Aj21(v), A122(v), A131(v), A133(v), Aga1(v), Agea(v),
A231(1}), A233(’U), A321(U), Aggg(’l}), A331(U), and A333(U) in terms of A123(’U), A123(0), A132(’U),
A132(0), Az3(v), A223(0), Az32(v), A232(0), As23(v), A323(0), Ass2(v), and Azz2(0). We denote
these set of expressions by E1.
Step 2: By substituting expressions of E1 into all equations of System S3, and then using Gauss elimina-
tion method with respect to the six variables A123(v), A132(v), Aa23(v), A232(v), Asa3(v), and Azza(v),
we obtain System NS3.
Step 3: Define

K@) =2%+2*(x — 2)v + (1 — 2z — 2?)v? — o>
The equation A3z (v) in System NS3 is given by

K(0)Aszo(v) = WA?»?S( 0)+ & 20 +a® +0? + 2vz—v)z® Ass(0)

1-2x
+12 21( + Agoo1 + Aoooz + Aooo3)- 9
We use kernel method to solve this equation. Note that the roots of K (v) = 0 are given by
 _ 2v/42T 2234222 a1 1 16z6—12x5+27x4—10x3+18x2—12x+2) Qﬂ)
vj 3 cos (3 arccos ( W/ ST BT + 5
1—2$+w2
+==5",

where j = 0,1, 2. Note that the first terms in the power series (in the variable /) of v; are given by

Vo :1—233—962—296 —336 — 8z° —22x — 6227 — 18228 —548:E + -
3

_ z 21 839 18733 .
v, =x°—x2 + x 8582 + 425 —128562 + 1128 — To34 L —|—31x —

Vg =X —|—x2—|—3x4+ xz + 4z +§§gx7+11x +1180723f:r7 + 3127 + -

)
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Note that there are two relations for these three roots
Vo + V1 + V2 = 1— 22— 22 and vgv1 v =25, (10)

By taking either v = v1 or v = vy into (E), we obtain a system of two equations with variables A323(0)
and A332(0). Solving the system and using (10), we obtain

(1 + Agoor + Aoooz + Agoos) (vo(1 — 2z — 2?) — vf — 2?)

Aszs(0) = x2vg (22 4+ vg)

and
x(1 + Aooo1 + Aooo2 + Aooos)

Asa2(0) = z2vo (22 + vg)

By substituting expressions of A323(0) and A332(0) into equations of Asa3(v) and Assa(v) of NS3 and
solving for A3o3(v) and Asse(v), we obtain

A (’U) — (2®—22° —2%— (22 —22%+3x—1)v— (2> —2+1)v?) (1+A0001 +A0002+A0003)
523 5 4 4 2 2K (v) 2 2
(293672CE°+3:E 7:E3+(I +6x 75264’1)1}7(1’ 73I+1)’U )(1+A0001+A0002+A0003)’U0
24K (v)
_ (25 —z*+2® — (2> —3z+1)v+(1—z)v?) (1+Aooo1 +Aoooz +Aooos) v
6 4 3 3 2 2" K (v) 2y, 2
Aspo(v) = (2°—23"+22° — (22" — 22" —2z+1)v+(1—2")v") (14+Aooo1 +Aoooz+Aooos)
592 5 4 3,2 2 ek (v) 2
(29:"72w —2x°+x 7(493 74w+1)v+(172w)v )(1+A0001+A0002+A0003)’U0
42 2 @ K (v) 2
(" =2+ (1-2z)v—v")(1+Ag001 +Ao002 +A0003) V5
z3 K (v) :

Step 4: We will not present the exact expressions because most of them are quite long. For the next step,
we consider the equation of Aszs(v) in System NS3. After using the expressions of Agagz(v), Az23(0),
Assa(v), and As32(0), we obtain an equation of the form

K (v)?Asz2(v) = a(v) + B(v) Aaz2(0) + v(v) A223(0),
which leads to
2K (v) K (v) Ags2(v) + K2 (v) Abge(v) = o (v) + B(v) A232(0) + 7' (v) A223(0),

where f’(v) denotes the derivative of f with respect to v. By substituting either v = vy or v = wvs,
we obtain a system of two equations with the variables As32(0) and Aso3(0). Solving this system and
using (I0), we obtain explicit formulas for As32(0) and A323(0) in terms of the root vy and 2. Then, by
substituting expressions of A323(0), A332(0), A223(0), A232(0), Az23(v), and Asz2(v) into the equations
of Aga3(v) and Aasz(v) of NS3 and solving for Agas(v) and Agsz(v), we derive explicit formulas for
Aso3(v) and Agzo(v) in terms of the root vy and v, .

Step 5: Now, we consider the equation of A;32(v) in System NS3. After using the expressions of Agag(v),
Aggg(O), Asso (U), Asss (O), Aogos (U), Aoos (0), Aoso (’U), and Aasso (0), we obtain an equation of the form

K (v)? A132(v) = a(v) + B(v) A132(0) + 7(v) A125(0),
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which leads to
(K?(v)A132(v))" = o' (v) + B (v) A132(0) + 7" (v) A123(0).

By substituting either v = v; or v = w9, we obtain a system of two equations with the variables A;32(0)
and A123(0). Solving this system and using (I0), we obtain explicit formulas for A;32(0) and A;23(0)
in terms of the root vy and z. Then, by substituting expressions of Az23(0), A332(0), A223(0), A232(0),
Ai3o (O), A123(0), Asoz (’U), Aszo (U), A223(1}), and As3o (’U) into the equations of Aqo3 (’U) and Ai39 (’U) of
NS3 and solving for Aj23(v) and A132(v), we derive explicit formulas for Ajo3(v) and Aj32(v) in terms
of the root vy and v, x.

All the explicit expressions of these generating functions can be found in the following Maple work-
sheet Mansour| (2022a)).
Step 6: Up to now, we have explicit formulas for the generating functions A, (v) (also for A,(0)), for
all » € {123,132,223,232, 323, 332}. By the expressions of E1, we get explicit formulas for all A, (v)
which leads to explicit expressions for A,.(0), where r = ijk and 1 < i,k < 3and j = 1,2.
Step 7: At the last step, we solve System S1 by using expressions A,.(0) from the previous step. In
particular, we obtain an explicit formula for Ay.

Theorem 3.11 The generating function Fio21,0000} () is given by

25622456027 4+1322547922° +168x* +2352° — 11522 — 312410
22 (1623 48z2+11x—4)2
(2562° —5762% —44027 —13062° —1042° —852* 43352 +1822 —622+10)vo
+ 25 (16x3+8z2+11x—4)2
(2562° +1122° —4522° — 1982 — 19123 4+562> +422—10)v?
+ 2% (1623 +8224+11x—4)2
=2 + 222 + 623 + 21z* + 782° 4+ 29625 + 112627 + 428528 + 1628122 4+ 61690210

+233078x ! 4 878164212 + 3299936213 + 1237032021 + - - - .

The computations used in Steps 1-7 are programmed in Mansour| (2022a)).

4 Concluding remarks

Tablepresents the generating trees for all the cases I,,({021, 7}) whenever 7 is a four-letter pattern that
avoids 021. Moreover, the table includes the explicit formulas for the corresponding generating functions
Fro21,71 (7). We see that Conjecture holds for length-four patterns. Our method successfully solves
the case 0000, but we are curious whether there is a more straightforward solution for it or not.

There are 106 patterns of length five that avoid 021. We applied our algorithm to each class and found
that the Conjecture [2.1] holds for 021-avoiding five-letter patterns. More precisely, we determined the
generating trees and obtained explicit formulas for the generating functions Fyg21 -} () whenever 7 is a
five-letter pattern that avoids 021. Since the computations are too long, especially for the following four
cases 7 = 00000, 00001, 00011, 00012, we decided not to present them here. But the explicit formulas of
the generating functions for five-letter pattern cases are available inMansour and Yildirim|(2022).
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