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INVERSION SEQUENCES AVOIDING 021 AND ANOTHER PATTERN
OF LENGTH FOUR

TOUFIK MANSOUR AND GOKHAN YILDIRIM

ABSTRACT. We study the enumeration of inversion sequences that avoid the pattern 021 and
another pattern of length four. We determine the generating trees for all possible pattern
pairs and compute the corresponding generating functions. We introduce the concept of d-
regular generating trees and conjecture that for any 021-avoiding pattern 7, the generating
tree T'({021,7}) is d-regular for some integer d.

1. INTRODUCTION

An integer sequence e = egey - - - e, of length n is called an inversion sequence if 0 < e; < i
for each 0 < ¢ < n. We use I,, to denote the set of inversion sequences of length n. There
is a bijection between I,, and the set of permutations of length n + 1, denoted by Sp41.
Let 7 be a word of length k over the alphabet [k] := {0,1,--- ,k — 1}, we say that an
inversion sequence e € I,, contains the pattern 7 if there is a subsequence of length k in e
that has the same relative order with 7; otherwise, we say that e avoids the pattern 7. For
instance, e = 010213 € I5 avoids the pattern 201 because there is no subsequence ejere;
of length three in e with 7 < k < [ and e, < ¢ < ej. On the other hand, e = 010213
contains the patterns 010 and 0012. For a given pattern 7, we use L,(7) to denote the set
of all T-avoiding inversion sequences of length n. Similarly, for a given set of patterns B, we
set I,(B) = Nreply(7). The first results on the pattern-avoiding inversion sequences were
obtained by Mansour and Shattuck [20] and Corteel et.al [8] for the patterns of length three.
Later, Martinez and Savage [24] generalized and extended the notion of pattern-avoidance
for the inversion sequences to triples of binary relations that lead to new conjectures and
open problems. Various other pattern-avoidance conditions such as vincular patterns, pairs
of patterns, and longer patterns are also studied for inversion sequences, for relevant results
see [1,3,4,6,7,16,17,21,27] and references therein. In the context of inversion sequences, two
sets of patterns By and By are said to be Wilf equivalent if |I,,(B1)| = |I,(Bz)]| for all n > 0,
that is, they have the same counting sequence. Note that there are basically 13 patterns of
length three and 75 of length four up to order isomorphism; we use P to denote the set of
patterns of length k. Yan and Lin [27] completed the classification of the Wilf-equivalences for
inversion sequences avoiding pairs of length-three patterns. Hong and Li [10] studied the Wilf
classification for patterns of length four. In this paper, we study inversion sequences avoiding
021 and another pattern of length four. We will use the algorithmic approach based on
generating trees developed by the authors in [23] and the kernel method. Our results mainly
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2 TOUFIK MANSOUR AND GOKHAN YILDIRIM

follow the following five-step procedure: (i) an educated guess of the rules of the generating
tree based on the algorithm output, (ii) verification of the previous step, (iii) translating the
rules of the generating tree into a one-parameter infinite system of equations involving related
generating functions, (iv) using bivariate generating functions and obtaining a finite system of
equations, (v) using kernel method to obtain an expression for the generating function of the
pattern class. In most cases, it is possible to obtain a nice closed formula for the enumerating
sequence of the class. We will provide the details of this procedure in the following section.

The paper is organized as follows. In Section 2, we outline the details of our procedure that
lead to the main result of this paper and present some examples. In Section 3, we study
the generating functions for all possible pattern pairs of 021 and 7 where 7 is a pattern of
length four that avoids 021. There are 33 patterns of length four that avoid 021. The pairs
of patterns 021 and 0000 is one of the most intriguing cases with a long list of succession
rules for the generating tree that requires some special techniques to obtain the corresponding
generating function.
We use C,, and M, to denote the Catalan and Motzkin numbers, respectively. Their gener-
ating functions are C(z) = 1_73;_4“” and M (r) = 1=2=v 1 2e=317 W For a letter or number s,
we use s to denote the string of m s, that is, s"* = ss---s.

—

m times
2. AN ALGORITHMIC APPROACH BASED ON GENERATING TREES

For each class of inversion sequences avoiding a fixed set of patterns, there is a corresponding
generating tree that encodes the elements of the class as on its vertices under some specific
rules. For the details, we refer the reader to Section 2 of [23].

We use Zp = U2 (I, (B) to denote the set of all inversion sequences avoiding the pattern set
B. The corresponding generating tree 7 (B) is a rooted, labeled, plane tree whose vertices
are the objects of Zp with the following properties: (i) each element of Zp appears exactly
once in the tree; (ii) element of size n appears at level n in the tree (the root has level 0); (iii)
there is a set of succession rules that determine the number of children and their labels for
each vertex. The tree T (B) will be empty if there is no inversion sequence of arbitrary length
avoiding the set B. Otherwise, the label of the root will be always 0, that is, 0 € T(B).
From the root, whose level is zero, we construct the remainder of the tree 7(B) in a recursive
way where the n*? level of the tree consists exactly the elements of I,,(B) arranged in such
a way that the parent of an inversion sequence epe; - -- e, € I,(B) is the unique inversion
sequence egpeq - --ep—1 € I,—1(B). We obtain the children of epe; ---e,—1 € I,_1(B) from
the set {epe1 -+ -en—1en | €, =0,1,...,n} by obeying the pattern-avoiding restrictions of the
patterns in B. We arrange the nodes from the left to the right so that if e = egeq ---ep_114
and € = egey - - - e,_1J are children of the same parent ej - - - e,_1, then e appears on the left
of ¢ if i < j. Based on this initial tree 7(B), we define an equivalence relation on the set
of the nodes of this tree and obtain a second representation of the tree corresponding to the
class Zg which is more efficient for enumerated purposes. We relabel the vertices of the tree
T (B) as follows. Define T (B;e) to be the subtree consisting of the inversion sequence e as
the root and its descendants in T (B). We say that e is equivalent to €', denoted by e ~ €', if
and only if T(B;e) = T(B;e€') (in the sense of plan trees). Let 7'(B) be the same tree T (B)
where we replace each node e by the first node ¢’ € T(B) from top to bottom and from left
to right in 7 (B) such that T(B;e) = T(B;e'). Clearly, the generating tree 7'(B) has a root
0, for any B such that 0 ¢ B.
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Let B be any set of patterns and let 7'(B) be the generating tree for the class I,,(B). The
length of a node v € T'(B) is defined to be the number of letters in v and it is denoted by
len(v). For any k > 1, let Dy(B) be the multiset of all nodes of length k at level £ — 1 in
T'(B). For each node v € Dy(B), we denote the multiset of all children of v at level k in
T'(B) by Ni(B;v). A generating tree 7'(B) is said to be d-regular if there exists k > 1 such
that

e the number different nodes in D,.(B) equals d, for all r > k;
e for any v € D,(B) and w € N,(B;v), the number of occurrences of w in N,(B;v)
does not depend on r, whenever r > k.

Clearly, 77(B) is O-regular if and only if the generating tree 7'(B) is finite. Now, we present
an example of d- regular and non-regular trees to illustrate the definition.

Example 2.1. If B = {021,0123}, then the generating tree T'(B) has the following rules

A~ Ut 10mbm—1 b1, by ~> b,QnHCm, ¢~ 2,
where ap, = 0™, by, = 0™1, and ¢ = 012. Note that D1(B) = {a1}, D2(B) = {az2,b1},
Ds(B) = {as,ba, b, ba,c}, and Di(B) = {ag,bg_1,...,bg_1} for all k > 4. Moreover, the
—_—— —/
2k—1 _ 1 times
child a1 of ai, € Dy(B) occurs in Ni(B;ay) exactly once and the child by of b—1 € Dy(B)
occurs exactly twice. Hence, T'(B) is 2-regular.

Let B = {000,0011}. The generating tree T'(B) has the following rules:
am ~ B a1, by~ DR

where ay, = 012---m and b, = a,,0. Note that Dy(B) contains ai—_1 exactly once and by_o
exactly k — 1 times, for all k > 1. Thus, T'(B) is not d-regular for any d.

Based on our results, see Table 1, we have the following conjecture.

Conjecture 2.2. For any 021-avoiding pattern T, the generating tree T'({021,7}) is d-
regular for some d.

We will use the following procedure to study the generating functions for the sequences
{|1,({021, 7})|}r,>0 where 7 is any pattern of length four that avoids 021.

The five-step Procedure: The main results of this paper are applications of the five-step
procedure that we described briefly in the introduction. We will now outline the details of the
procedure for the pattern set B = {021,1002}. First, we obtain the rules of the generating
tree T'(B) by using the algorithm developed in [23]. We then obtain an explicit formula for
the generating function Fg(z) = 3 <o [In(B)[2""! from the rules of generating tree in a
systematic way that can be programmed in software.

e Step 1- An educated guess for the rules of 7'(B): Based on the output of the
algorithm of [23], we guess that the rules of the generating tree 7’(B) can be described
as follows: the generating tree 7'(B)’s root is denoted by a1, and the succession rules
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are:
Qm ~ aerlbmbmfl -+ by, by, ~ Cmbm+1dmdm71 eedy,
Cm ~ fcm+1€m€m—1 €14, A ~ emdm—l—ldm ce dl;
2
em ~ hemiienm - - e1g, [~ 7
g ~ heig, h ~~ h,

where m > 1, a,,, = 0™, b, = aml, ¢;p = b0, dpy = @12, €, = a,,102, f = 0100,
g = 0103, and h = 01020. We use R to denote the (proposed) set of rules of the tree.

Step 2- Verifying the set of rules for 7'(B): We prove that the proposed set
of rules R hold for any level in the tree. Note that we have to show that when we
add a letter j = 0,1,...,len(v) for the father v of a rule, we obtain a rule in R. For
instance, for the father of the rule h ~~ h, we can add a letter j =0,1,...,5:

— since the inversion sequences avoid B, we see that T'(B;h0) ~ T'(B;h).

— h1 = 010201 contains 021, so Al is not a child of h;

— hj = 010207, j = 2,3,4,5, contains 1002, so hj is not a child of A.
Thus the rule A ~ h holds for 7'(B). Similarly, we can show that the rules R describe
all the rules of 7'(B).

Step 3- From the rules of 7'(B) to a one-parameter infinite system of equa-
tions: For each rule of the type v ~» v(Mv@ ...y in R, we define the generating
function A,(z) as the generating function for the number of nodes at level n in the
subtree T'(B;v) of T'(B), where the root of this subtree is the vertex v that stays
at level 0. Then each rule of the type v ~» vMv® ...y can be translated into an
equation for the generating functions as

¢
Ay(z) =z +=x Z A, ().
i=1

Note that if we have a finite number of rules, then there will be a finite system of
equations. For the above rules, we have

Ap(z) =2 4+ 2Apmi1(x) + By (z) + -+ - + 2By (),
B (z) =2 4+ 2Cp(2) + 2Bmt1(x) + 2Dy (z) + - - + D1 (2),
Cn(z) =+ 2F(x) + 2Cpg1(z) + 2Em(x) + - - + 2 E1(z) + 2G(z),
Dy () =z + xEp(x) + Dy (z) + - -+ + D1 (2),
En(z) =z +zH(x) +xEpnt1(z) + -+ 2B (x) + 2G(x),

F(x) =z + 2zF(x),

G(z) =z +zH(z) + zEi(x) + 2G(x),

H(zx) =x+ zH(z)

where A, (x) = Ag,(x), Bn(z) = A, (x), Cp(x) = A, (x), Dn(z) = Aqg, (),
En(x) = A, (z), F(x) = A¢(z), G(x) = Ay(x), and H(x) = Ap(x).

Step 4- A finite system of equations for bivariate generating functions:
There are many different methods to solve a such system of recurrence relations.

Em



INVERSION SEQUENCES AVOIDING 021 AND ANOTHER PATTERN OF LENGTH FOUR 5

In this paper, we observe that for each set of patterns B = {021,7} with a 021-
avoiding four-letter pattern 7, the system of recurrence relations is linear, and it is
parametrized by one parameter m. We will use bivariate generating functions to
solve the recurrence relations. Consider A,,(x) parametrized by one parameter m,
we define the bi-variate generating function as

A(z,v) = Z Ap ()™ ™2

where s indicates the minimal value of m such that the recurrence for the generating
function A,,(z) holds. From the above recurrence relations, we obtain

Afw,v) = 5 (14 Bl@, ) + - (A(w,v) — Al 0))
B(z,v) = ; - ~(1+ D(x,v)) +2C(x,v) + %(B(:v, v) — B(x,0)),
Cla,v) = 5 - ~(1+ F(2) + E(z,v) + G(x)) + %(C(:c, v) — C(z,0)),
D, v) = © - ~(1+ D(x,v)) +B(,v) + %(D(a:, v) — D(z,0)),
B(a,v) = - ~(1+ H(@) + B(a,0) + G(a)) + %(E(:E, v) — E(,0)),
Fla) = -,
Glr) = TR,
H(x) = < ‘ -

e Step 5- Obtaining the generating function Fp(z) with the kernel method:
To solve a such system, we use the kernel method several times. We apply the

algorithm in [11]. Let vy = 1=v1=4= V21_4x, we consider the equation of E(x,v) with v = vy,

which leads to
1—1—4x

(1—2)(1 -2z ++/1—4x)
Then by setting this into the same equation of E(x,v), we obtain

z(l — 2z — /1 — 4x)
(1—2)(1 -2z ++1—4z)(v2 —v+2x)
For the second step, we take the equation of D(x,v) at limit v = vy, which leads to
(1—22)v/1 -4z — (1 —2)(1 — 4x)

(1—4x)(1 —2) ’
Then by setting this into the same equation of D(z,v), we obtain
(v — 1) (40222 — 6022 — Sva? + 42 + v? + Tvz — 222 — v)
2V —42(l — 2)(v? — v +z)?
N (v —1+2z)(20%x —v% — dvz + 222 +v)
21 —x)(v? —v+x)?

E(z,0) =

E(xz,v) =

D(z,0) =

D(z,v) =
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Similarly, we solve other cases. Let vy = x, for C'(x,v) with v = vy, we first obtain
C(z,0) and then obtain an explicit formula for C(z,v). The case of B(z,v) and
A(z,v) follow with the same v = vy. Hence we obtain

A(z,0) = T 4 LB(m,x),

l—-z 1-—2x

which leads to that the generating function A(z,0) is given by
(1—22)(22% — 4z +1) (222 — 22+ 1)(22°% — 1225 + 252* — 3423 + 2422 — 8z + 1)

202(1 —2)y/I—4dz 202(1 — 2)5(1 — 22) '
Clearly, A(z,0) = A;(z) is the generating function for the number of inversion se-
quences in I, (B).

An explicit formula for the enumerating sequence {|I,,({021,1002})|},>1 follows from the
generating function:

1/2n+4\ 5/2n+2\ 5/2n\ 192 /2j 1,
= _2 2 Z 2" — —(p* —2n3 +11n2 + 14n + 12).
2<n+2> 2<n+1>+2<n>+2z<j + 24(n n® 4+ 11n° 4 14n + 12)

J=0

All other cases are based on similar techniques as described above. For some {021, 7}-avoiding
inversion sequence classes, we observe that finding the root of the kernel requires the solution
of a third or fourth-order polynomial. We will provide the details of the proofs of such cases
in the following sections.

3. FOUR LETTER PATTERNS

In this section, we consider the set of inversion sequences of length n that avoid both 021
and 7, where 7 is any pattern of length four that avoids 021. We summarize our results
in Table 1; the results follow from the procedure discussed in the previous section (for the
Maple file which includes all the computations, we refer the reader to [19]). We obtain exact
formulas for the generating functions

Fioai,r(@) = Y [L,({021,7})]a" .
n>0
Most of them are algebraic of degree at most 6 and only involve the square root of 1 —
4z. We will give all the details of the above procedure for five cases to show how we find
analytic expressions for the generating functions. In Corollary 3.9, we summarize the exact
enumerating formulas for all pattern cases except the ones whose generating functions don’t
lead to a nice closed formula.
Table 1: Succession rules for the generating trees 77 (B) and gen-

erating functions Fp(z) for pattern set B = {021, 7}, where 7 is
any pattern of length four that avoids 021.

Beginning of Table 1
No. [ 7 d | Rules of T7({021, 1) Fio21,-1 ()
1 0000 | 6 | Theorem 3.10 Theorem 3.10
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Continuation of Table 1

Rules of 77({021, 7)

F{OQl,T}(x)

0001

DN &

ag ~ bocy, bg ~ eai f,e~e, f~egf,
g ~ ehay f

h ~ eh, i~ hi, G ~ €D AmGm_1 -1 f

b ~ egham+1am T a1f7
Cm ~ q‘mdmcmcmfl s C,
dm ~ 7'bmcm+lcm e

0212 12 _
am = 0212+ (m — 1)?*m, by, = amm
em =01222... (m —1)?m, d,,, = cuym

e =000, f = 002, g = 0022, h = 00111,
i = 0111

9x576z4713+5z274m+1
222 (14+z)(1—x)3vV1—2x—3z2
+2m6—6z +x +3m3—4z2+3m—1
222 (14z)(1—x)3

0010

a1 ~ agby, G ~ Ay 1Gy, -+ - a2C
bm ~ am+2bm+1bm o b17 C ~> ascC
am = 0™, b, = 01™, ¢ =002

0011

ay ~ azby, by ~ azbaby,
Ay, ~ Q41+ * - A2C

bm ~ am+2bm+1amam71 s agC, €~ agc

am = 0™, by, = 01™, ¢ = 002

223 +22% —4z+1
2z2(1—=x)
(1—22)/1—4z

T 222(1—x)

0012

aj; ~ agbl, b1 ~ a3b2b1, Ay ~ achm
b ~ Qpy2bm1€™, ¢ ~ 2
am = 0™, b, = 01™, ¢ = 001

37(2.’1)4 —5x°3+8z2 —4x+1)
(1—2)*(1—2x)

0100

Ay, ~ am+1bmbm—1 ce bl,

bm ~ Cmberlbm e bl

Cm ~ Cm41Cm -+ - C1d, d ~~ c1d

am = 0™ by = a1, ¢y = b0, d = 0103

0110

Am, am—i—lbmbm—l <Dy,
bm ~ Cmberlbm Tt bl
Cm ~ Cm1Cm - - C1d, d ~> c1d

Am = 0™, by, = am1, ¢ = bynl, d = 0113

(1-32)>  (1-3z)(1-=)
2x2\/1—4x 222

0101
0111

Ay, ~ aerlbmbmfl e bl,

by, ~ am—f—lbm-i-lbm ceeby
A = 0", by, = a1

Theorem 3.2

0102

Ay, am+1bmbm—1 ce bl,
bm ~ dberlCmcmfl e Cl

Cm ~7 €Cm41Cm - * C1

am = 0™, by, = a1, ¢, = 0,2, d = 010,
e = 0120

42% —122°+242* — 2723 +192% —Tx+1

2z(1—2x)(1—x)*
_ Vl-4zx
2z(l1—x)

0112

Ay~ am+1bmbm71 te bl,
b ~ cbyg1bp, - b1, ¢~ C
am = 0™, by, = a1, c =011

2

1—4a+5z%—4z® —(1—2)%/1—4x
2z(1—2x)(1—x)

10

0120
0122

[o%

2
Am ~ aerlbl e bm7 bm ~ bm+1cl o Cmy
Cm ~ C1 " Cm41
am = 0", by, = a1, cpy = b2

1—2z 1
2(1—m)( 1—dw 1)

11

0123

2
A~ am+1bmbm—1 te bl, bm ~ bm+1cm,

CWC2

am = 0™, by = a1, c =012

z(1—7x+212%—302> +222* —8x°)

(1—z)3(1—2x)3

12

1000

A~ am—i—lbl e bm7 bm ~ bl e bm+lcm
Cpy ¥ Cp v v Cm+1drnea dm ~ dl ce dm+1fg
ewefe, f~difg g~ fg
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Continuation of Table 1

No. [ 7 Rules of 77({021, 1) Fro21,1(2)
am = 0", by = a1, ¢ = 0,0, diy = €,0
e = 0103, f = 01003, g = 01004
1100 Am wam+1b1~~bm, bm Wb1~«bm+1cm
Cm ~> C1 - Cerldmea dm ~ dl e derlfg
ew6f617fwdlfg7gwfg 5
A = 0™, by, = aml, ¢y = by, dp = 0 7(1_95)2(;3_233)
5 4 3 2
- e = 0113, f = 01103, g = 01104 R
1011 Am wam+1b1~~bm, bm wcmb1~~bm+1
Cm ~ am+2b1 et bm+lcm+1
am:()ma bm:am ,Cm:bmO
1101 A wam+1b1~--bm, bm 'V“)Cmbl'“berl
Cm ~ am+2b1 ce bm+lcm+1
am = 0", by, = a1, ¢y = byl Theorem 3.1
14 1002 Ay ~ am+1bmbm,1 e bl,
bm ~r Cmbm—i-ldmdm—l et dl
Cm ~ fCmi1€mem—1--- €19,
dm ~r emderldm et dl
em ~ hemiiem - -e1g, f~ f2
g~ herg, h ~ h
m 1—-22)(2z% —4z+1
A = 0™, by, = am1, ¢y = b0 (1=22)(2z"—4z+1) hj(l)%z) fL) ]
dy = am12, ey = a,102, f = 0100 B )
g = 0103, h = 01020 G2 e 24y tbr-l)
15 1010 Ay, am+1b1 s bm, bm ~> Cmbl ce bm+1
Cmp, Cm+1dmb1 e bm+17
dm ~ d1 . '-dm+16
e~ dief, f~ef
am = 0™, by, = a1, ¢y = b0, dyy = ¢l
e = 01013, f = 01014
1110 A wam+1b1~--bm, bm Wcmbl'“berl
Cmp, ™ cm—i—ldmbl to bm+17
A~ dy -+ - dpyref
e~ dief, f~ef
Am = 0™, by = a1, ¢y = b1, diy = ci 1
e=01113, f = 01114 Theorem 3.3
20 1012 Qg am+1bmbm_1 te bl,
m Cmbm+1bm by
Cm ~ dcm+1bm+1bm U b17 d ~ d2
A = 0™, by, = a1, ¢y = 0,0, d = 0101 Theorem 3.5
21 1020
1022 Ay ~ am+1b1 s bm7
b ~ Cmbmyrdy - dp
Cm ~ CB1€1 €m_1fg,
dpy ~ epdy - - dm+1
€m ~ €1 emy1fg, [~ fg, 9~ eifg .
am = 0™, by = am1, e = b0, dppy = by 2 —2;;§(ﬁ+_?;‘15 22z
em = dn0, | = 0103, g = 0102 R —
23 1023 Qg am+1bmbm_1 te bl,

bm ~ an,bm+1drizdm—1 cee dl
Cm ™ cm+lfm+2a d’m M gmdm-‘rldm o dl
em ~ emy1 f2, f s f

am = 0™, b, = a1, ¢ = 0,0, dpyy = @12

(222 —2x41)/1—4x
2z(1—x)2(1—2x)
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Continuation of Table 1

No. | 7 Rules of 77({021, 1) Froo1,-1 ()
162° — 7625 +212x" —3422°
em = dp0, f = 0102 - 2@(1—x+)5(1—2x 3
e = 0110, f = 0113, g = 01120 e o T
b b xr —T —
26 1102 Ay, ~ am+1bmbm_1 te bl,
b ~ bm+1bm <obiem
Cm eCerldmdmfl T dlfa
Ay ~ gdm+1dm ce dlf
e~ e [ gdif,g~g
_nm _ _ _ —42°4+312* —462° 43022 —92+1
am = 0™, by = a1, ¢y = b1, dy = 2 522 (1212 (1 =22y T—dn
e = 0110, f = 0113, g = 01120 — el ol e e e e )
28 1120 Ay am+1bmbm_1 cee bl,
bm ~ bm+1bm T blcm
Cm an_i_ldmdm—l e dl,
dm ~ dm+1dm s dle, €~ d16
am - Om bm — a;ml Cm - bml dm - Cm2 (Sz_l) 1_141‘2_5m2_5$+1
e = 0113 (-t
29 ] 1200 A~ Q101+ Dy by~ b3 01 O
Cm ™ dmcl * Cm+1, dm e dl e dm+le7
e~ die
Ay = 0m7 bm = am]-7 Cm = bm27 dm = cm07
e = 01204
1220 U, ~ Q101 -+ Oy by ~> D2 1C1 - Oy
Cm dmcl © o Cm+1, dm e dl T dm+1€7
e~ die
—_om _ — _ 2223 2922110z —1 (1-5z)(1—2x)
o gy s e = b2 = 2, | S G e T 0
30 1202 Qpm, ~ Qg 10mb—1 -+ - b1,
b ~ bgn_t,_lcmcm—l cerC1
Cp ™ dmCerlcm crrC1,y
dm ~ dm+1dm o dl
am = 0™, by, = a1, ¢y = b2, diy = ¢,,0 | Theorem 3.7
31 1203 Ay, am+1bmbm_1 ce bl,
by ~ bfnﬂcmcm,l -
Cm ~ Cerldmdmfl U d1€7
dm ~ dm-l—ldm"'dlf ( |
2 1—2x
e~e, f f 20-a)PVids
_ _ _ _ 162° — 7627 +188x% —2702°
= 0™, by = aml, ¢y = bm27 A, = c4 - 2(17w)+5(172w)3
e = 0120 f — 01230 _246m47(145x;5~(k5312;3111+1
) 2(1—xz)°(1—2x
32 1220 Qg > am+1bmbm,1 te bl,
by ~ bfn+1cmcm_1 -
Cpy dmcm—i-lcm G
dm ~ dpmy1dy, - - die, e ~ dje
_m _ _ _ (1—2x)(1-52) 2222 —292°4+10x—1
277;6102221 b’rn - a”l’TLl) Cm = bm27 d’m - cm27 2:v(1—4w) + 2w(17w)\/m3
33 1230 A, ~ QG 10mbm—1 -+ b1,

2
b ~ by 1CmCm—1" " C1
2
Cm Cm+1dmdm—1 ce d17
dm ~ dm+1dm e dl

am = 0™, by, = aml, ¢ = b2, diy = €03

x(3—162+262> —162° —(1—2z+2x%)/1—4z)

2(1—x)2(1—2z)(1—4x)

End of Table 1
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Theorem 3.1. Let B € {{021,1001},{021,1011},{021,1101}}. Then, the generating func-
tion Fp(z) satisfies Fp(x) = x(1 + Fp(x))?(1 + F3(z)). Moreover, for alln > 1,

]

n+1\/2n+2
2\ ) \n—-2)

Proof. By the generating tree succession rules for 77({021,1001}), 77({021,1011}), and
77({021,1101}) in Table 1, it follows that for all z,

,i
|3

=
E
|
S
+ | =
—
(]

<

Fo21,10013(%) = Fyo21,10113(2) = Fyo21,11013 ().
Define A,,(z), Bp(z), and Cp,(z) to be the generating functions for the number of nodes
at level n in 77({021,1001}; ay,), 7'({021,1001}; by,), and 77({021,1001}; ¢y, ), respectively,
where its root stays at level 0. Then
Ap(z) =2+ 2Amy1(x) + Bi(z) + - - - + B (),
By (z) =2+ 2Cp(z) + 2B1(x) + - -+ + 2By (),
m(T) =+ xAmio(x) + 2Bi(x) + -+ + 2Bpy1(x) + 2Cpg1 ().

Define G(z,v) = 3, o1 Gm(x)v™™! for all G € {A, B,C}. Then the above recurrences can
be written as -

A(z,v) = : i ” + %(A(a:,v) — Ay(z)) + %UB(ZE,U),
B(z,v) = & + 2C(x,v) + liivB(:n,v) + %(B(:E, v) — By(z)),
Cla,v) = - f —+ j—Q(A(:L“,v) — Ay(z) — vAs(x)) + ﬁB(;ﬂ, v)

+ 2(Blew) + Clav) - Bi(w) - ().

By finding A(z,v) from the first equation and C(x,v) from the second equation, we obtain
that the second equation can be written as

vt — 2032 + 20222 + (2 — v)3
vr2(1 —v)(z —v) B(@,v)
—v— v +v—2z)(v—x)+2?
= M)+ T B () (As(e) + Cr (@) + ( 2(1 _U))((U _;ﬁ

Let v1,v2,v3,v4 be the four roots of K (v) = v — 2v3z + 20222 + (z — v)3 = 0 as functions of
x, where (here i = —1)

+%+2§+2 2+82%+349§+
vl = X —X —X —X —X
! 3 3 81 243 ’

1+ +/3i 1 —+/3i 2 41(1 4 /3i 349(1 — V/3i
US:m_1—\/§z$%_1+\/§z$g+gx2_41(1—\/§z)$g_349(1+\/§z)x§+2x3+m’
2 3 3 81 486

vw=1—2—22%—62%—21z* —822° —--- .
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By taking v = v;, j = 1,2, 3, we obtain

v; T —vj — VT (viz +vj — z)(v; — x) + 2*
A —B — (A C
)+ T (1) — (Aa(o) + i) + (T
by solving this system for A;(x), Bi(z), and As(x) 4+ Ci(x), we obtain

v102v3(1 + 22) + (v1 + vo +v3)(1 — 2)2? + 2* — (v1vg + viv3 + Vovs3)T
22(1 —v1)(1 —v2)(1 — v3) )
Note that vy +ve +v34+vs = 1422, viv9v3v4 = 22, and vy (vy +ve +v3) +v3(vy +v2) + Vo] =
(3 + 2x). Thus, vs(vy + va) + vov; = (3 + 2x) — va(l + 22 — vy4). Hence, the generating
function Ay can be written as
2?2+ 1) —z(@® + 2+ 2ug+ (22 + 2+ 1)v? — o3
z(v] — 2203 + (222 + z)vg — 23) ‘

=0

Ay =

2
Ay =20

By using a computer programming, we can express v4 in terms of Ay, and by the fact that
K(v4) = 0, we see that the generating function A; satisfies A; = x(1 + A1)%(1 + A2). By
Lagrange inversion formula, we complete the proof. O

From Table 1, we see that the patterns 0101 and 0111 when paired with 021 have the same
generating trees. Our next result enumerates these pattern pairs.

Theorem 3.2. The generating functions Fioa1 01013 (%) and Fio1 0111y (%) are given by f(z),

where f(x) = % Moreover, for alln > 1,

n+1

IL,({021,0101})| = [L,({021,0111})| = > % (Z " 1) (2”:_21_ Z)

i=1
Proof. By the generating tree succession rules for 77({021,0101}) and 77({021,0111}) in
Table 1, we have
Flo21,01013 (2) = Frop1,01113 ().

By translating the rules of the generating tree 77({021,0101}) to generating function, we
obtain

T x x
A(.T,’U) T 1_v + ;(A(.%‘,’L)) - A(HZ,O)) + mB(l‘,’U),
B(w,0) = 7=+ ~(A(w,v) = A(2,0)) + ~(B(x,v) = B(x,0)) + —— B(=,0)
z,v) =7+ _(Alz,v x, —(B(z,v x, T B v).
Finding A(x, v) from the first equation and substituting it into the second equation, we obtain
oz z (x(vA(z,0) + vB(z,v) — A(z,0) + v)
B(z,v) = —v+v< 0= v)w—2) A(z,0)
T T
+ ;(B(:c,v) — B(z,0)) + T UB(m,v).

The kernel of this equation is given by K(v) = Ugf(ltf)_vj)zrf_(zrf)viﬁ

has three roots, that is, K(v;) = 0 for j = 0,1, 2, where

21 — 4w — 222 1 2 — 122 + 622 — 723 (25 + D r+1
COS | = arccos 3 + .
3 2V1 — 4z — 222 3 3

. The equation K (v)

v = 3
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By taking either v = v or v = vy into the equation, we get a system of equations. By solving
this system for A(x,0) and B(z,0), we obtain

x4+ 1)vivg — x(v) + vo)z
(1 —wv1)(1 —v9)

Note that v; + vy + v3 = 1 + 2 and vivov3 = x2, we have

A(z,0) = (

—(1+x)vs+2(1+ x)

2

A(z,0) =
(2,0) = v; — xv3 + 2

Since K (v3) = 0, we have that A(z,0) satisfies the equation

z(1+ A(z,0))
1—2(1+ A(z,0))?

Note that by Lagrange inversion formula, we obtain

- E i)

i>1 j>0

A(z,0) =

which, by comparing coefficient of ", we complete the proof. O

Theorem 3.3. Let B € {{021,1010},{021,1110}}. Then,

T T
F -

with R(x) = P(x)/Q(x) where
P(z) =2(1—-2)((z—1)v1 — 4z —32+1)+((1-2)*V/1 — dz—2?+4z—1)v3—x(v/1 — dz+1)v3,
Q(r) = 2%(x — 1)(vV/1 —4x — 22 + 1) — 2:1;((x — D1 —dx — 22 + 3z — 1)1) (1 — 4z +

2 2 2v/1-4z—2z2 2—12x+6x2—7a° +1 _
22° + (1 — 2z)y/1 — 4z)vs and v3 = 5 22 cos <3 arccos ( \/%ﬁ > %) e =
) =0.

1 —x— 222 —--- is one of the roots of the equation v3 — (ve+v—2x)(v—2u

Proof. By the generating tree succession rules for 77({021,1010}) and 77({021,1110}) in
Table 1, we have

Fro21,1010) (%) = Flo21,11103 (2)-

Define A, (z), Bn(x), Cn(z), E(z), and F(x) to be the generating functions for the num-
ber of nodes at level n > 0 in 77({021,1010}; a,,), 7'({021,1010}; b,,), 7' ({021,1010}; ¢1,),
7'({021,1010}; dp,), T7({021,1010};€), and T7'({021,1010}; f), respectively, where its root
stays at level 0. Then

Ap () =2+ 2Ams1(z) + B1(x) + - + 2B (2),
By (z) =2 4+ 2Cp(z) + 2B1(x) + - - - + v Bpmy1(x),
Cn(z) =+ 2Cpy1(x) + Dy () + 2B1(x) + - - - + 2By (),
Dy (x) =z +axDi(x)+ -+ xDpyi1(x) + 2E(z) + 2 F(x),
E(x) =z +aD1(x) + zE(z) + F(x),
F(x) =z +xE(x) + zF(x).
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Define G(z,v) = Y, <1 Gm(z)v™™! for all G € {A, B,C, D}. Then the above recurrence can
be written as -

x x x
Alz,v) = 7— ot ;(A(l'av) — A (2)) + EB(%U),
x x x
B(z,v) = T + zC(z,v) + 1va(J:,v) + E(B(x,v) — By(2)),
Cla,v) = 77— + =(C(w,v) = C1(x)) + 2D, v) + 1 Bla,v) + = (B(,v) - Bu(a)),
x x T x
Dla,v) = 2+ Z(D(a,) ~ Di(e)) + 1o Dl 0) + 1 (B(w) + F(a),
E(x) =x+xDi(x) + zE(z) + 2 F(x),
F(zx) =2+ xE(x) + oF(z).
By taking v = 1_V21_4m, the last three equations lead to
Di(x) = (22 — 1)1 — 4o + 222 — 4o + 1
1\T) = 203 )
) (r—1)yIT—dz—3z+1
T = 212 ’
Fz) = 1—-2z—-+1-4x

2x

By finding C'(x, v) from the third equation, then substituting it into the second equation, we
obtain

v® — (vz+v—2)(v—2)

v(1 —v)(z —v) Blw,v)
_z(vr +v—x) . LQ x_(vx—v—2x+1)v\/l—4x
 w(v—1x) B )+$_UC'1( ) 2w —z)(v?2 —v+x)

(20322 — V37 — 60v%2?% + 2023 + v3 + 5022 + 6va? — 223 — 202 — dvx + )
22 —v+2)(1—v)(v—2x) '

Let vy, v9,v3 be the four roots of v — (vz + v — x)(v — z) = 0 as functions of z,

21 — 4x — 222 1 2 — 122 + 622 — 723 (25 + )7 r+1
vj = cos | - arccos 3 + .
3 3 2V/1 — 4z — 222 3 3
By taking v = v;, j = 1,2, we obtain
z(vjr +v; —x z? vjz —v; — 2z + 1)v;/1 — 4a
( J J )Bl($) 4 C1($) _ ( J J 5 ) J
vj(v; — ) T —vj 2(vj — z)(v; — v + )

(21}?332 - v;’x - 61}?3:2 + 2vj2° + v? + 5’UJ2-£L‘ + 6vja? — 223 — 21)]2- — dvjz + vj)

2(vF —vj +)(1 = v))(v; — x)
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by solving this system for Bj(z) and C}(x), we have explicit formulas for B;(x) and Ci(x):

z(22%(2% — 22 + 2) + z(z — 2)(V/1 — 4o — 22 + 3)v3
—(z —1)(v/1 -4z — 22 4 3)v3)(2x — 3+ /1 — 4x)

Bie) = 2(2% — 22+ 2)(22(x — 1)(vI—4dz — 2z + 1) ’
—2z((x — 1)v/1 — 4o — 2% + 3z — 1)vs + (4o — 222 — 1 + (22 — 1)\/1 — 42)v3)
() = (1+2)V1—dz+2—1—2(v/1—4z+ V)vg + (V1 — 4z + 1)v3)

22(1—2)(V1—4z — 22+ 1)+ 22((z — 1)y/1 — 4z — 22 + 32 — 1)v3
+(1 — 4z + 222 + (1 — 22)V/1 — 4z)v3
Hence, by the equation of B(z,v), we obtain explicit formula for B(z,v). In particular,
we have B(z,z) = R(x). Therefore, by equation of A(z,v) with v = =z, we have that
Ai(z) = 1% + 1% B(x, z), which completes the proof. O

Remark 3.4. By the proof of Theorem 3.3 and using that v = vs is a root of v — (vx +v —
r)(v—x) =0, we get that f = Fio1,1010y(®) satisfies
x(2% — 62° + 192 — 3223 + 2722 — 92 + 1)
+ (2 — 1)(625 — 282° + 58z — 572 4 3522 — 102 + 1) f
+ 2(152°% — 762° 4+ 1592* — 1702° + 9422 — 23z + 2) f2
+ (2025 — 842° + 1392 — 1172 4 502 — 112 + 1) 2 + 22 (152 — 4623 + 5022 — 212 + 3) f*
+ 2°(62% — 10z + 3) f° + 27 0 = 0.
Theorem 3.5. The generating function Figg1,1012)(2) is given by
(322 — 3z + 1)v3 + (=223 + 22 — 1)v3 + 22% — 222 + 1)
(1 —2)(1 —2z)(v? — v3x + 22)
where vy = @cos(larccos<w> —1—3) +2H =1 —222—... isa

3 2v/1—dz—222"° 3 3
root of v3 — (1 + z)v? + (2 + z)v — 22 = 0.

I

Proof. By translating the rules of the generating tree 77({021,1012}) in Table 1 to generating
functions, we have

Alz,v) = —2— + Z(Alz,v) — A(z,0)) + ILB(:C,U),

1—v v —v

B(,v) = 1— +C(2,v) + ~(B(a,v) = B(x,0)) + —B(a,v),

T i ” + %(C(w,v) — C(z,0)) + 1 i UD(:L') + %(B(:z:,v) — B(z,0)) + liivB(w,U),
x

1—2x

Finding C(z,v) from the third equation and substituting its expression into the second equa-

tion, we obtain

C(x,v) =

D(z) =

z x? z 1-w
B(z,v) = 1_@—1— T <1+1_2x+ ” (B(a:,’u)—B(:z;,O)—C(x,O))—i—B(x,v))

+ %(B(SC,’U) — B(z,0)) + ﬁB(%U%
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The kernel of this equation is given by K (v) = vg_(lthU;)Tffin = The equation K (v) =0

has three roots, that is, K(v;) =0 for j = 1,2, 3, where

1 — 4z — 222 1 2 — 12z + 622 — 723 (25 + ) r+1
v = COS | — arccos 3 + .
3 3 2V1 — 4z — 222 3 3

By taking either v = v or v = vy into the equation, we get a system of equations. By solving
this system for B(z,0) and C(z,0), we obtain

(z —1)%v1v9
(1 —22)(1 —v1)(1 —vg)’
(222 — Vv + (1 — 2 — 22) (v + v2) + 22° — 22
22(1 —2z)(1 — v1)(1 — vo) '

B(z,0) =

C(z,0) =

Note that v; + vy + v3 = 1 + 2 and vivavs = x2, we have

(322 — 3z + 1)v2 + (=223 + 22 — 1)vg + 22% — 222 + 7)

Az, 0) = - (1-2)(1 - 22)(e3 — v3a + ?) |

as claimed. 0

Remark 3.6. By the proof of Theorem 3.5 and using that v = v3 is a root of v3 — v?x +
vo? —v? 4 2ur — 22 = 0, we get that [ = Froo1,1012) (%) satisfies

(20 — 22 4+ 1) (2% — 225 + 132% — 2423 + 1922 — Tz + 1)

+ (1 —22)(1 — 2)(2" — 2® 4 2425 — 512% + 5003 — 2722 + 82 — 1)f

+ 2(2® 4 62% — 62 4+ 2)(1 — 22)*(1 — 2)? % + 2(1 — 22)*(1 — 2)3 3 = 0.

Theorem 3.7. The generating function Fgz1,1202) (x) is given by
2(2(1 — 37)v3 — (1 — 622)vs + (1 + z)(1 — 3x))
(1—2)(1 - 6z)(v3 — zvs + 22) ’

/1—4r—921r2 _ 2_m7.3 .
where v3 = 2 1=Az=227 43””6 227 cos %arccos 2-12eibe -T2 ) )+ Lfgl =1-z—-222—--- isa
2v/1—4x—222

root of v3 — (14 z)v? + x(z + 2)v — 22 = 0.

Proof. By translating the rules of the generating tree 77({021,1202}) in Table 1 to generating
functions, we have

Awy0) = 5 - — + %(A(J:,v) — A(z,0)) + %B(x,v},
B(z,v) = ] f ” + 1 f vC(x,v) + 2%:(B(a:,v) — B(z,0)),
Cla,v) = § u -+ %(C(w, v) — C(z,0)) + ﬁc@,v) + 2D(z,v),

D(z,v) = + %C(x, V) + %(C(x, v) + D(z,v) — C(x,0) — D(x,0)).
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Finding D(z,v) from the fourth equation and substituting its expression into the third equa-
tion, we obtain
2
x x
(14 C(a, .z
l—v( +Clv) + (1—v)(v—2x)

+ %(C(x, v) — C(z,0)).

C(x,v) = ((v—1)(C(z,0) + D(z,0)) + C(x,v) + v)

The kernel of this equation is given by K (v) = i O ) i Cnnc) iy} S equation K (v) =0

(1—v)(v—z)v
has three roots, namely, K(vj) =0 for j = 1,2, 3, where
1 —4x — 222 1 2 — 122 + 622 — 723 (25 + r+1
v = cos | = arccos 3 + .
3 3 2V/1 — 4z — 222 3 3

By taking either v = v1 or v = vy into the equation, we get a system of equations. By solving
this system for B(z,0) and C(z,0), we obtain

C(z,0) = i Ull)(Ql —.
D(x,0) = — (L+2)or —2)((L+2)vy — 2)

22(1 —v1)(1 — v2)
Thus, by expressions of C'(x,0) and D(z,0), we have explicit formulas for C(x,v) and D(z,v).
Hence, by considering the equation of B(x,v) with v = 2z, we obtain

(1 +3z)vive — 3x(v1 +v2) +
(1 —=6z)(1 —v1)(1 —wva)

which, by using this expression and C(x,v), we obtain an explicit formula for B(z,v).

B(x,0) =

By considering the equation of A(x,v) with v = z, we obtain

Az, 0) = — &

1—x+1—x

(1 — 2z — 62%)v1ve — 22(1 — 32) (v + v2) + (1 — 4x2)
(1—2)(1=6z)(1—v1)(1—wv2) '
2

B(z,x)

Note that vy + v2 +v3 = 1 + 2 and vivovg = x*, we have
z(2(1 — 3z)v3 — (1 — 62%)v3 — x(1 + 2)(1 — 3x))
(1—2)(1 — 62)(vi — vsz + 22) ’

as claimed. O

A(z,0) =

Remark 3.8. By the proof of Theorem 3.7 and using that vz is a root of v3 — (v + v —
r)(v— ) =0, we get that f = Fo1,1202y (%) satisfies

22(22% =224+ 1) —x(1 —2)(82? =3z + 1) f + 2(122 — 1)(1 — 2)?f2 + (1 — 62)(1 — z)> f3 = 0.

Before we study the pair of 021 and 0000 in Section3.1, we present the following corollary
that states explicit formulas for |I,,({021, 7)| where 7 is any 021-avoiding four-letter pattern
except three cases, 1110,1012 and 1202. For these three patterns, we could not succeed to
find a nice explicit formulas. The formulas follow from determining the coefficient of the term
z" in the generating functions Fypa 7} (x), where we omit the details.
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Corollary 3.9. For alln > 0,

T

32 4 32

({021,0001})| = (4n — 25)(—=1)" n(n+1)—1+i3n+4

n+1
47 — 39 1. o1 L,
+Z <) + 132 -7+ 37 323]+2> My,

IL,({021,0010})| = (2:)

I
I

T

I

({021,0012})| =

n+1
IL,({021,0011})| = Cpya + 1> Cj,
§=0
2n+3_(n+1)(2n2+7n+24)_3
6 b
n?+n+6 2n+ 6
2({021,0100})| = |I,,({021,0110})| =
d NI =1( bl 8(2n+3)(2n+5)<n+3>
n+1 .
1/ n n+2—1
2({021,0101})] = [L,({021,0111})| = > = , :
(oot = ot o =32 (") ()
n+1
" (n+1)(n2+2n+12 ha
2({021,0102})] = 2"+ — . ZCJ,

n
I1,({021,0112})] = Cpyq — 2" 414> 27770y,

I
I

I

1/2 o + 4 m+2\ 1
I,,({021,1002})| = (n+6> 2<"+>+g(n+>+2

I

I,({021,0120})| = |L,({021,0122})| = ;<2n * 2) - %Z (2‘7>

2(1021,0123})| = 2" 1 (n? — 3n + 4) + =
2(£021,1000})| = |L,({021,1100})|

=0

0P 420t 4+ 23n° + 46n* + 1200 + 48 <2n>
o 2n+ 1) (n+2)(n+3)(n+4) n)’

2({021,1001})| = |L,,({021,1011})| = |L,({021,1101})]

L3]

1 22: n+1\ (2n+2
_n+1,:0 J n—2j5/)

™M=

2j
n+2 n+1 J

n+3

Il
o

J

1
2mtl — —(n* 203 4 11n% + 34n + 36),

24(

2({021,1020})| = |L,({021,1022}))

17
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_(248) 13 (2 46) 21 (243 1% 27\ 1
S \n+4 2\ n+3 2 \n+2 245\ J 2’

=0

n+1
IT,({021,1023})] = Y "(2/F! = j = 1)Crpa1j
§=0
3n3 +22n2 + 1290 + 398
MG RQI n+398) L on-10m2 _gn 59) 4 24,
1/2n+6\ 21 /2n+4 2n +2\ (n+1)2
L,({021,1102})| = = - = R |
1n({021, bl 2<n+3) 4(n+2>+<n+1>+ 2 +
Ry 2 4 6 — 2j
=Y (2772 35 +8
+2;( ‘7+)<n—|—3—j>
n 2n+4
L,({021,1120})] =4" - —
L (G021, 1120p) = 47 = g o (2,
L, ({021,1200})| = [T,,({021,1220})|
n+4 [2n+2) 2 2j
=" 2j +1 — 4
2(n+2)<n+1)Jrjz_:o(‘JJr )<j ’
n+1l 35 5 n—1;, 2 19
1/2n+2\ 1<% 2n 42— 2j
i _Z i1
+2(n+1) 2;(3 Wonvi-j )
n+4/2n+1 n 2j
L,({021,1220})| = — 4 2j +1
L (o2, 1220p) = 2 (% 7T +j§(”><j>’
1 G 2n + 2 — 2j
I,({021,1230})| = =(2-4" 4+ 1 L _ gl .
Loz, 1280)) = 5047 ) + G -2 (% 1

7j=1

3.1. Case B = {021,0000}. In this section, we study the pair of patterns 021 and 0000.
The generating tree 77({021,0000}) has a long list of succession rules and the solution to
the equations for the generating functions requires some technical steps. By applying our
algorithm, we found that the generating tree 77({021,0000}) has the following set of rules.
The root has the label 0 and the succession rules are the following:

0~ 02,01, 0% ~ 03,0%1, 022,

01 ~ 0%1,01%,01, 0% ~ 031,032,023,

021 ~ 0%1,0%12,0%1, 0%2, 022 ~~ 032,022, 0%2,

012 ~ 0212,013, a121(2), 01, 031 ~ 0%12,0%1, 032,033,
032 ~ 0322,0%2, 033, 033 ~~ 0332,0%3,

0212 ~ 031%,0%13, 4991 (2), 0%1, 0%2, 0222 ~ 0322,0%23,0%1, 0%2,

013 ~ 0213, a131(2), a121(2), 01, 0312 ~ 0313, a321(2), 01,032,033,
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0322 ~ 0323,0%1, 032,033,
0217 ~ 0°1%, ag31(2), aga1 (2), 071, 0°2,
0°1% ~» ag31(2), asn (2),0°1,0°2,0°3,
such that for all m > 2,
ai22(Mm) ~> a222(Mm

@123(1M) ~= a223\M

3

a131{m) ~> a231

a132(M) ~= 4232

a133(m) ~ as33 1),---

@221(M) ~> a321

a222(M) ~> 4322

a223(M) ~> 4323

a232(1m) ~~ a332

az33(m) ~ ass3 m+1),---

a321(M) ~~ 4322

asz22(1m) ~> a323

3
+
=

asz23(1m) ~> asai
azz1(m) ~» asza(m), aga1(m), - - -

azzz(m) ~» aszz(m), aga1(m+1),- -

(m) (
(m) (
(m) (
(m) (
(m) (
(m) (
(m) (
(m) (
a231(m) ~ a331(m
(m) (
(m) (
(m) (
(m) (
(m) (
(m) (
(m) (
(m) (

aszz(m) ~» aszi(m +1),as1(m+1),---

where a;jx(m) = 0713 - - (m —
Define
A=A (x) =
n>0
Aiji(v)

n>0

,a121(2), a131(m — 1), -+
-, 0131(2), a121(m), - - -
©,0121(2), ar31(m), - --
©,a121(2), a131(m), - -
m),aja1(m+1),---
,0121(2), a131(m + 1), - -
©,a221(2), agz1(m — 1), -+
©,a221(2), azz1(m), - -
©,a221(2), azzi(m), - -
©,a221(2), azz1(m), - -
m), assr (m+ 1), - -
,a221(2),ag31(m + 1), -
-, a321(2), azz(m — 1), - -
-, a321(2), azzr(m), - -
-, a321(2), azzr(m), - -
,a321(2), agz1(m), - -

,a321(2), agzi(m), - - -

0332 ~ 02,032,033,
0223 ~ 0323, a901(2), 0°1, 022,
0323 ~ a321(2), 031,032,033

,a131(2),01,
,a121(2),01,
,a131(2),01,

,a131(2),01,

,a121(2), a131(m), - - - ,a131(2), 01,
,a131(2),01,
,az31(2),0%1,0%2,
,az31(2),0%1,0%2,
,az31(2),0%1,0%2,
,az31(2),0%1,0%2,
,0921(2), ag31(m), -+, ag31(2), 021,022,
,a231(2), 071,072,
,as31(2),0%1,0%2,033,
,a331(2),0%1,0%2,0%3,
,azs1(2),0%1,032, 033,
,az31(2),0%1,0%2,0%3,
,a331(2),0%1,0%2,0°3,

az01(2), ass1(m), -+, as31(2),0°1,0%2,0°3.

2)3(m — 1)PmF for all m > 2,1 <4,k <3 and j = 2,3.
Z(number of nodes at level n in 77(B;r))z" ",

= Ajji(z;0) = Z(number of nodes at level n in T'(B;a;ji(m)))a" o™ 2.

Then, by translating each rule of the generating tree 7"(B), we obtain the following sets of
equations (we group them into three sets of equations):

System S1:
Ao =z + xAoo + zAo1,
Ag1 = x + xAoo1 + Ao11 + xAo1,
Apo1 = x + zApoo1 + zAoo11 + A1 + zAo02,
Ao11 =z +xAgo11 + zAo111 + 2A121(0) + zAo1,
Aoooz = z + xAo0022 + TAo002 + T A0003,
Aoo11 = = + xAgoo11 + zAoo111 + 2A221(0)

Aoo = = + zAoo0 + Ao01 + Ao02,

Aooo = = + xAooo1 + TAo002 + A0003,

Aoo2 = = + xAoo02 + ©Aoo22 + T Ao02,

Aopoor = x + xAooo11 + £Aoo01 + £Ao002 + £A0003,
Agooz = x + 2A00033 + £Ag003,

Apo22 = x + xAgoo22 + TAo0222 + Ao01 + TAo02,
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+ xApo1 + Aoo2,
Ap111 =z + xAoo111 + 2(A131(0) + A121(0)) + A1,  Aooo11 = x + xAooo111 + £A321(0) + zAoo01
+ xApo02 + £Ao003,

Aooo22 = = + xAgoo222 + Aooo1 + £Aooo2 + £Ao003, Apoosz = z + zApoo + TAooo2 + A0003,
Apo111 = = + 2 Aooo111 + ©(A231(0) + A221(0)) Apo222 = = + xAgoo222 + xA221(0) + xAg01
+ zAgo1 + zAoo2, + zApo2,
Apoo111 = = + 2(A331(0) + A321(0)) + xAooo1 Apoo222 = = + 2A321(0) + £ Ao001 + T Ao002
+ zAooo2 + £A0003, + 2A0003,

System S2:

Ar21(v) = ﬁ + zA221(v) + zA122(v) + %(Aul(v) +vA131 () + Aor),
A122(v) = fxv + ©A222(v) 4+ zA123(v) + ﬁ(ﬁhm(v) 4 Apa1(v) + Aot),
A131(v) = % + xA231(v) + wA132(v) + ﬁ(Algl(’u) + A1 (v) + Aor),
Aizz(v) = % +xA233(v) + %(Altil('l)) + A121(v) — A131(0) — A121(0))

+ 1%671(14131(1)) + A121(v) + Ao1),
Az21(v) = ﬁ + 2 A321(v) + zA222(v) + %(x‘bm(v) + 0 Aos (1) + Aoor + Aooa).
A222(v) = fxv + xA322(v) + wA223(v) + ﬁ(ﬁlzm(v) + A221(v) + Aoo1 + Aoo2),
Agz1(v) = % + 2 A331(v) + 2 A232(v) + ﬁ(ﬁlzm(v) + Ago1(v) 4+ Aoor + Ago2),
A233(v) = % + xA333(v) + %(Az:;l('u) + Azo1 (v) — Asg1(0) — Asa1(0))

+ 1fwv(Az:n(v) + Ago1(v) 4+ Aoor + Ago2),
Agz21(v) = % +xAz22(v) + %(A:’)QI(U) + vA331(v) + Agoo1 + Aoooz + Aooos),
Asaz(v) = fxv + 2 A323(v) + ﬁ(ABBI(”U) + As21(v) + Aooo1 + Aoooz + Ac0o3),
Asz1(v) = % + zAsz32(v) + ﬁ(ASLH(’U) + As21(v) + Aooo1 + Aoooz + A0003),
Aszzz(v) = % + %(ASSI(U) + Aso1(v) — As31(0) — Aszp1(0))

+ va(zﬁhm(v) + Asz1(v) + Agoo1 + Aoooz + Aooos,

and
System S3:

(81)  Aws(v) = 7 ades () (A1) — A1 (0)) + T (Arn(v) + Ausa (v) + o),
A (v) = T + oAz (0) + 21 (0) + T A2 (0) + = (A121(v) — A121(0))

(3.2) + T (A1 () + Ann),

(3.3)  Ags(v) = ﬁ + 2 As3(v) + %(Am(v) — Ag21(0)) + %(Am(v) + Ags1 (1) + Aoor + Aooz),

T
v

Azza(v) = % + xA332(v) + xA233(v) + %(A221(U) — A221(0))

X
(3.4) + E(A221(v) + A231(v) + Aoo1 + Aoo2),

T

T X
(3.5) A3za3(v) = + ;(ASQI('U) — A321(0)) + E(AZQI('U) + Az31(v) + Aooor + Aoooz + Aooos),

1—v
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A3za(v) = % + xAs33(v) + %(A321(U) — A321(0))

—v

X
(3.6) + m(x‘hm(v) + A3z31(v) + Aooo1 + Aoooz + Aooos-

In order to find the generating function Ag = Fyga1,0000} (), we have to solve a system that is
obtained from S1-S2-S3. Since the expressions are too long to present here, we only describe
the algorithm that leads to an explicit formula for Ag. For a Maple worksheet file for finding
Ay, we refer the reader to [18].

Step 1: We use System S2 to find formulas for Aj91(v), A122(v), A131(v), A133(v), A221(v),
Ag22(v), A231(v), Aa3z(v), Asa1(v), Az22(v), Asz1(v), and Azzz(v) in terms of Ay23(v), A123(0),
A132(v), A132(0), Aa23(v), A223(0), A232(v), A232(0), Az23(v), A323(0), Ass2(v), and Asz32(0).
We denote this set of expressions by E1.

Step 2: By substituting expressions of E1 into all equations of System S3, and then using
Gauss elimination method with respect to the six variables A123(v), A132(v), A223(v), Aasa(v),
Asos(v), and Asse(v), we obtain System NS3.
Step 3: Define

K@) =%+ 2%(x — 2)v + (1 — 22 — 2%)v? — 0>,
The equation Ass2(v) in System NS3 is given by

v+ 22 — Do =224 + 23 + 02 + v — v)2
K (v)Asz2(v) = ( = 23:) As23(0) + ( 1 —2s ) As32(0)
2
(3.7) + (14 Aooor + Aooo2 + Aoo3)-

1-2z
We use the kernel method to solve this equation. Note that the roots of K (v) = 0 are given
by
24zt — 223 + 222 — 4z + 1 1 1628 — 1225 + 2724 — 1023 + 1822 — 122 4 2 275\ 1 —2x+2?
v = cos | — arccos 3 + = |+—
3 3 24zt — 223 + 222 —4dx + 1 3 3

where j = 0,1,2. Note that the first terms in the power series (in the variable y/z) of v; are
given by
vo=1—2z — 22 — 223 — 32* — 82° — 2225 — 6227 — 1822% — 54827 + ... |

18733 13 -
1024x2 + 31z’ — -+

3, 21 839 18733
v=a a4 gat 4 Spak s 4 e 4 11a0 4

Note that there are two relations for these three roots

3 21 839
Ul:$3—x%+§$4—§x%+4(1}5—1728x%+ 1;6_

1 7
2 +3lz' +---

(3.8) v+vi+ve=1-2x— z? and VoU1V2 = 25,

By taking either v = v; or v = vy into (3.7), we obtain a system of two equations with
variables Aga3(0) and As32(0). By solving the system and using (3.8), we obtain

(1 + Aooor + Aooo2 + Aooos) (vo(1 — 2z — 2?) — U(% —2?)

As(0) = z2vp(2? 4 vp)

and
x(1 + Agoor + Aooo2 + Aooo3)

z2vp (22 4 vo)

A3z32(0) =
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By substituting expressions of As23(0) and Ass2(0) into equations of Ages(v) and Asse(v) of
NS3 and solving for Ass3(v) and Assa(v), we obtain

(28 — 22% — 23 — (223 — 222 + 3z — 1)v — (22 — 2 + 1)v?)(1 + Aooo1 + Aoooz + Ao003)

A =
() zK(v)
(22 — 225 4 32" — 2% 4 (2" 4 62° — 52 + 1)v — (¢ — 3z 4 1)v°)(1 + Agoo1 + Aoooz + Aooos)vo
z* K (v)
_ (x® — xt a2 — (2 =3z 4+ v + (1 — x)v2)(1 + Agoo1 + Aooo2 + AOOOS)U(QJ
z*K(v)
Aas (’U) = (336 — 274 + 223 — (23)3 — 222 — 92 + 1)U + (1 — 7;2)1)2)(1 + Agoo1 + Aoooz + AOOOS)
332 )
(22° — 22" — 227 + 2% — (42® — 4o+ 1)v + (1 — 22)v?) (1 + Agoor + Aoooz + Aooos)vo
23K (v)
(x4 — x2 + (1 - 2:)3)’[) — Uz)(l + AOOOI + A0002 + A0003)U3

23K (v)

Step 4: We will not the presentation exact expressions because most of them are quite long.
For the next step, we consider the equation of Assa(v) in System NS3. After using the
expressions of Asa3(v), A323(0), Ass2(v), and Assz2(0), we obtain an equation of the form

K (v)?Agz2(v) = a(v) + B(v) A2s2(0) + 7(v) A223(0),
which leads to
2K (v) K’ (v) Az3a(v) + K*(v) Ay (v) = o/ (v) + B’ (v) A232(0) + 7' (v) A223(0),

where f’(v) denotes the derivative of f with respect to v. By substituting either v = u; or
v = ug, we obtain a system of two equations with the variables Aa32(0) and Ag93(0). By
solving this system and using (3.8), we obtain explicit formulas for As32(0) and A223(0) in
terms of the root vy and x. Then, by substituting expressions of Ag3(0), A332(0), A223(0),
Ag32(0), Asa3(v), and Assa(v) into the equations of Agez(v) and Agge(v) of NS3 and solving
for Ages(v) and Aaza(v), we derive explicit formulas for Ages(v) and Agse(v) in terms of the
root vy and v, x.

Step 5: Now, we consider the equation of Aj32(v) in System NS3. After using the expressions
of Az23(v), A323(0), As32(v), A332(0), A203(v), A223(0), A232(v), and Az32(0), we obtain an
equation of the form

K (v)? A132(v) = a(v) + B(v) A132(0) + 7(v) A123(0),
which leads to
(K®(v)A132(v))" = o (v) + 8" (v) A132(0) + 7" (v) A123(0).

By substituting either v = u; or v = us, we obtain a system of two equations with the
variables A132(0) and A123(0). By solving this system and using (3.8), we obtain explicit
formulas for A132(0) and Aj23(0) in terms of the root vy and z. Then, by substituting
expressions of A323(0), A332(0), A223(0), A232(0), A132(0), A125(0), Az3(v), Azz2(v), A223(v),
and A3z (v) into the equations of Aje3(v) and Aj32(v) of NS3 and solving for Ajs3(v) and
A132(v), we derive explicit formulas for Aj93(v) and Ajz2(v) in terms of the root vy and v, x.

All the explicit expressions of these generating functions can be found in the following Maple
worksheet [18].
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Step 6: Up to now, we have explicit formulas for the generating functions A,(v) (also for
A (0)), for all r € {123,132,223,232,323,332}. By the expressions of E1, we get explicit
formulas for all A,(v) which leads to explicit expressions for A,(0), where r = ijk and
1<ik<3andj=1,2.

Step 7: At the last step, we solve System S1 by using expressions A,.(0) from the previous
step. In particular, we obtain an explicit formula for Ayg.

Theorem 3.10. The generating function Fiog o000} () is given by

25627 + 56027 4 1322% + 79225 4 1682* + 23523 — 11522 — 312 + 10
B 22(1623 + 8x2 + 11z — 4)?
N (25627 — 5762 — 44027 — 130625 — 10425 — 852* + 33523 + 1822 — 62z + 10)vy
x®(1623 + 8x2 + 11z — 4)?
N (2562% + 11226 — 45225 — 1982% — 19123 + 5622 + 422 — 10)v3
x%(1623 + 8z2 + 11z — 4)?
=z + 222 + 623 + 21zt + 7827 + 2962° + 112627 + 42852° + 162812° + 61690z1°
+ 2330782 + 87816422 + 329993623 4 123703202 + - - - .

The computations used in Steps 1-7 are programmed in [18].

4. CONCLUDING REMARKS

Table 1 presents the generating trees for all the cases I,({021,7}) whenever 7 is a four-
letter pattern that avoids 021. Moreover, the table includes the explicit formulas for the
corresponding generating functions Fyga; -1(7). We see that Conjecture 2.2 holds for length-
four patterns.

There are 106 patterns of length five that avoid 021. We applied our algorithm to each class
and found that the Conjecture 2.2 holds for 021-avoiding five-letter patterns. More precisely,
we determined the generating trees and obtained explicit formulas for the generating functions
Fro21,7 (z) whenever 7 is a five-letter pattern that avoids 021. Since the computations are
too long, especially for the following four cases 7 = 00000, 00001, 00011,00012, we decided
not to present them here. But the explicit formulas of the generating functions for five-letter
pattern cases are available in [22].
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