
HAL Id: hal-03870872
https://hal.science/hal-03870872

Preprint submitted on 27 Nov 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Magneto-electric coupling and magnetism in photonic
crystals: A high-order homogenization approach in the

constitutive equations
B. Gralak, Y. Liu, S. Guenneau

To cite this version:
B. Gralak, Y. Liu, S. Guenneau. Magneto-electric coupling and magnetism in photonic crystals: A
high-order homogenization approach in the constitutive equations. 2022. �hal-03870872�

https://hal.science/hal-03870872
https://hal.archives-ouvertes.fr


ARTICLE

Magneto-electric coupling and magnetism in photonic crystals: A

high-order homogenization approach in the constitutive equations.

B. Gralaka, Y. Liub and S. Guenneauc
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Abstract
We extend results of [Liu et al. Proc. Roy. Soc. Lond. A 469, 20130240, 2013] on
artificial magneto-electric coupling and magnetism in moderate contrast dielectric
layered media via high-order homogenization to the three-dimensional setting. For
this, we consider asymptotic expansions in the vector Maxwell system. We then
illustrate effect of magneto-electric coupling with numerical simulations for a lay-
ered system alternating positively and negatively refracting index. We unveil hyper-
bolic behaviour and magneto-electric coupling and derive a sharper estimate for the
anisotropic effective medium in [Ramakrishna et al., J. Mod. Optics, 50, 1419-1430,
2003]. We also revisit the effective medium description of a PT-symmetric layered
structure in [Novitsky, Shalin, Novitsky, Phys. Rev. A 99, 043812, 2019], adding
higher-order approximation orders.
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1. Introduction

There is currently renewed interest in artificial magnetism in high-contrast photonic
crystals, and metamaterials, notably in the quasi-static regime. Artificial bianisotropy
is another very active research area of effective medium theories in periodic structures,
such as arrays of split ring resonators or swiss-rolls. However, it is not widely appreci-
ated that there is even magnetic activity and magneto-electric coupling in low contrast
layered media [2].

A readily accessible asymptotic regime through effective medium theories, much
studied in the literature on multipole expansions, is for low frequency (quasi-static),
or dilute composite, limits. Alternatively if one introduces a small positive parameter
η, say a ratio of the array pitch by the wave wavelength, then so called two-scale
asymptotic expansions can be used to identify leading order homogenized Maxwell’s
equations, and in this way, effective properties are obtained at fixed frequency [3,4],
that involve an artificially anisotropic effective permittivity. In case of high-contrast
in the material parameters, say when a highly-conducting inclusion is surrounded by a
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dielectric matrix, two-scale expansions unveil artificial magnetism [5]. An alternative
route to achieve not only artificial magnetism, but also magneto-electric coupling, is
via high order homogenization as proposed in [2] with a homogenization algorithm
using the transfer matrix formalism. This high-order homogenization algorithm has
been used subsequently in [6–10]. However, the latter route becomes cumbersome with
doubly and triply periodic structures. We thus revert to two-scale expansions, however
with higher order corrections taken into account in the homogenized Maxwell system,
as proposed for the conductivity equation in [11].

2. High-order homogenization of constitutive equations

We consider a finite photonic crystal (PC) that consists of a large number of periodic
cells ηY = [0, η]3, filled with a dielectric medium with permittivity ε(x/η), which is
periodic of period η in the bounded domain Ω (the PC) and which is equal to ε0 in
the unbounded domain outside Ω. As per usual one denotes by ε0µ0 = c−2, where c is
the velocity of light in vacuum. Since we consider a dielectric, non-magnetic medium,
illuminated by a time harmonic wave, the oscillatory electromagnetic field within the
PC (Eη,Hη) satisfies the first two Maxwell’s equations

∇x ×Eη(x) = iωµ0Hη(x) ,
∇x ×Hη(x) = −iωε(x/η)Eη(x) ,

(1)

where ω is the wave angular frequency (rad/s). Taking the divergence of (1), we can
proceed with the following conditions

∇x ·
[
µ0Hη(x)

]
= 0 and ∇x ·

[
ε(x/η)Eη(x)

]
= 0 (2)

We assume the same asymptotic expansions of the electric and magnetic oscillatory
fields Eη and Hη as in [3]

Eη(x) = E0(x,x/η) +

N∑
i=1

ηiEi(x,x/η) +O(ηN ) (3)

and

Hη(x) = H0(x,x/η) +

N∑
i=1

ηiHi(x,x/η) +O(ηN ) (4)

One notes that Ei and Hi are periodic of period η in the second variable and besides
from that Eη and Hη should be of finite energy on every compact set, and satisfy some
outgoing wave condition, so that the diffraction problem of a plane wave illuminating
the PC be well posed (existence and uniqueness of the solution) for each η. We refer
to [3,4] for such questions.

Let us adopt the following notations:

Fη(x) =

[
Eη(x)
Hη(x)

]
= F0(x,x/η) +

N∑
i=1

ηiFi(x,x/η) +O(ηN ) (5)
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with

Fi(x,x/η) =

[
Ei(x,x/η)
Hi(x,x/η)

]
for i = 0, 1, . . . , N , (6)

and

Mx =

[
0 i ε−1

0 ∇x×
−i µ−1

0 ∇x× 0

]
, V (x/η) = −ωε(x/η)− ε0

ε0

[
1 0
0 0

]
. (7)

Then, the Maxwell’s equations (1) can be written as

ωFη(x) = Mx Fη(x) + V (x/η)Fη(x) . (8)

Rescaling the differential operator Mx as Mx + η−1My and plugging the asymptotic
expansion (5) in the Maxwell’s equations (8) and further collecting terms of factors of
same powers of η, we get a hierarchy of equations in powers of η with, at the leading
order in η−1,

My F0(x,y) = 0 (9)

and, at the next orders,

η0 : ωF0(x,y) = MxF0(x,y) +MyF1(x,y) + V (y)F0(x,y) ,

η1 : ωF1(x,y) = MxF1(x,y) +MyF2(x,y) + V (y)F1(x,y) ,

η2 : ωF2(x,y) = MxF2(x,y) +MyF3(x,y) + V (y)F2(x,y) ,

. . .

ηi : ωFi(x,y) = MxFi(x,y) +MyFi+1(x,y) + V (y)Fi(x,y) .

(10)

Applying the mean operator
〈
·
〉

over the periodic cell Y = [0, 1]3, and invoking the
generalized Stokes’ theorem applied over Y (a torus, so a manifold without boundary),
this set of equations (10) above imply

η0 : ω
〈
F0(x,y)

〉
= Mx

〈
F0(x,y)

〉
+
〈
V (y)F0(x,y)

〉
,

η1 : ω
〈
F1(x,y)

〉
= Mx

〈
F1(x,y)

〉
+
〈
V (y)F1(x,y)

〉
,

η2 : ω
〈
F2(x,y)

〉
= Mx

〈
F2(x,y)

〉
+
〈
V (y)F2(x,y)

〉
,

. . .

ηi : ω
〈
Fi(x,y)

〉
= Mx

〈
Fi(x,y)

〉
+
〈
V (y)Fi(x,y)

〉
.

(11)

These last equations provide the different orders of the homogenized Maxwell’s equa-
tions.

Before applying this mean operator
〈
·
〉

over the periodic cell Y = [0, 1]3, the
homogenization procedure requires to derive the expression of the components Fi(x,y)
of Fη(x,x/η). For the leading order, this derivation starts with the equations (9) and
(10) for the transverse part and, for the longitudinal part, with the equations deduced
from (2), see the sections 5.1 in the annex for details.
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For the leading order, the equation (9) and the equation deduced from (2) show that
the electric and magnetic components E0(x,y) and H0(x,y) are uncoupled. However,
it is stressed that, for the next orders, the equations (10) shows that the transverse
parts of the electric and magnetic components Ei(x,y) and Hi(x,y) are generated by
source-terms Hi−1(x,y) and Ei−1(x,y). Therefore, we have formally that

Ei = W ee
i Ei−1 +W eh

i Hi−1 ,

Hi = W he
i Ei−1 +W hh

i Hi−1 .
(12)

According to the homogenized Maxwell’s equations (11), the effective parameters de-
scribing the interaction between the electromagnetic field and the media are given at
each order by 〈

V (y)Fi(x,y)
〉
, (13)

and the different orders of the homogenized electric displacement field and magnetic
inductance are given by: 〈[

ω − V (y)
]
Fi(x,y)

〉
. (14)

Hence, from the formal expressions (12), it appears that, the equation above is remi-
niscent of the structure of a constitutive equation for an effective bianisotropic medium
as in [2,14,15]

Dhom(x) = εhomEhom(x) + ΞhomHhom(x) ,

Bhom(x) = µhomHhom(x) + tΞhomEhom(x) ,
(15)

where Dhom and Bhom are homogenized electric displacement field and magnetic in-
ductance, Ξhom and its symmetric tΞhom are rank-2 tensors of magnetic-electric cou-
pling. Notice that, at the first order, the magnetic field H1(x,y) is the solution to this
equations for its transverse and longitudinal parts [12]

∇y ×∇y ×H1(x,y) = −iω∇y × ε(y)E0(x,y) , ∇y ·H1(x,y) = 0 (16)

since H0(x,y) = H0(x) =
〈
H0

〉
(x) (see section 5.2 in the annex). The component

H1(x,y) is thus generated by the solely source term E0(x,y), which means that the
effective constitutive equation for Bhom(x) reduces to a term driven by Ehom(x). As
a consequence, µhom remains the vacuum permeability µ0 at the order 1, and the
effective permeability µhom differs from µ0 only from the order 2. This is in agreement
with the results stated in [2], where the effective magneto-electric coupling is obtained
from order 1 and then the effective magnetism from order 2.

3. Illustrative application : the layered case

Derivation of the homogenized parameters in the layered case is quite straightforward,
a detailed derivation can be found in [2,6]. The interested reader can find details on
how to compute V(0) in (31), a complete derivation of the leading order expression for
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the homogenized permittivity (34) in [16], and for higher-order expressions we refer to
[13].

1x

2x 3x   h

Figure 1. Schematic diagram of a layered Poor Man’s lens, the permittivities of two dielectrics are ε+ and

ε−, the thicknesses of two layers are the same.

3.1. Hyperbolicity and optical activity in the Poor Man’s lens

We apply the above HOH to a layered Poor Man’s lens [17], shown in Fig.1, which
consists of an alternation of two dielectrics with permittivity equal to ε1/ε0(= +1)
and ε2/ε0(= −1), and filling fraction are f1(= 1/2) and f2(= 1/2) respectively.

The zeroth order approximation provides us with the same expressions as the clas-
sical homogenization

ε‖ = ε⊥ = ε1f1 + ε2f2 = 0 ,

ε−1
3 = ε−1

1 f1 + ε−1
2 f2 = 0 ,

µ‖ = µ⊥ = µ3 = µ0 .

(17)

If we move forward to the first order approximation, the permittivity and permeability
are the same as in Eq.(17), while we obtain the magneto-electric coupling as follows

K⊥ =
ωh

2
µ0(ε1 − ε2)f1f2 =

ωh

4c2
,

K‖ =
ωh

2
µ0(ε1 − ε2)f1f2

[
1− k2

ω2

ε1 + ε2

µ0ε1ε2

]
=
ωh

4c2
.

(18)

where k2 = k·k and k is the two-dimensional component of the three-dimensional wave
vector k after projection in the plane (x1, x2). Note that the magnetoelectric coupling
parameter is isotropic at this order, since K⊥ = K‖ in this very specific sign-shifting
configuration where ε1 = −ε2. Further, considering the second order approximation,
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the effective permittivity and permeability expressions are [2]

ε‖ = ε1f1 + ε2f2 +
ω2h2

6
µ0f1f2(ε1 − ε2)(ε1f1 − ε2f2)

(
1− k2

ω2

ε1 + ε2

µ0ε1ε2

)
=
ω2h2

12c2
ε0 ,

ε⊥ = ε1f1 + ε2f2 +
ω2h2

6
µ0f1f2(ε1 − ε2)(ε1f1 − ε2f2) =

ω2h2

12c2
ε0 ,

ε3
−1 = ε−1

1 f1 + ε−1
2 f2 −

ω2h2

6
µ0f1f2(ε1 − ε2)(

f1

ε1
− f2

ε2
)

(
1− k2

ω2

ε1 + ε2

µ0ε1ε2

)
= −ω

2h2

12c2
ε0 ,

µ‖ = µ0 −
ω2h2

6
µ2

0f1f2(ε1 − ε2)(f1 − f2) = µ0 ,

µ⊥ = µ0 −
ω2h2

6
µ2

0f1f2(ε1 − ε2)(f1 − f2)

(
1− k2

ω2

ε1 + ε2

µ0ε1ε2

)
= µ0 ,

µ3
−1 = µ−1

0 +
ω2h2

6
f1f2(ε1 − ε2)(f1 − f2) = µ−1

0 .

(19)
We note that our effective medium is highly anisotropic when ω tends to 0 but, unlike
for the static limit studied in [18], it is also hyperbolic since the ε3 component takes
negative values. This hyperbolic behaviour can be supported by the following argu-
ment. Let ε1 = ε0 and ε2 = −ε0(1− δ), with 0 < δ � 1. Then it is straightforward to
check that, at the zeroth order,

ε‖ = ε⊥ = ε1f1 + ε2f2 = ε0f1 − ε0(1− δ)f2 = ε0δf2 ,

ε−1
3 = ε−1

0 f1 − ε−1
0 (1− δ)−1f2 ≈ −ε−1

0 δf2 ,
(20)

which shows that both perturbative corrections, with respect to small frequencies (19)
and to small deviation from the sign shifting (20), lead to a hyperbolic behaviour of the
multilayered Poor Man’s lens. Moreover, our modelling is different at the first-order
correction (18) since it brings some magnetoelectric coupling that is not accounted
for in the effective medium model derived in [18]. This first order correction is not
surprising since it has been known for over a decade that truncation of photonic
crystals matters in their effective properties [19–23]. Finally, we also notice that there
is no effective magnetism, just like in [18].

As a numerical illustration performed with Matlab, let us consider again the mul-
tilayered Poor Man’s len, the total number of the unit layers is N = 20; the pa-
rameters of the two layers constituting each unit layer are ε1/ε0 = 1, µ1/µ0 = 1,
ε2/ε0 = −1 + 0.0001 ∗ i, µ2/µ0 = 1, a small absorption being introduced to ensure
the convergence in Matlab. Note that the p- and s-polarized incident waves coincide
under a normal incidence (k = 0), i.e. tp = ts = t. Now we would like to com-
pare the transmission properties of the stack and its effective medium obtained by
the above homogenization method. The transfer matrix method in [2] is introduced
to compute the transmission coefficients as a function of the normalized frequency
ωh/(2πc) ≡ η, Fig. 2 shows both the transmission curve of the stack (solid line) and
that of the effective medium (dashed line) at the 2nd order approximation with param-
eters in Eqs.(17)-(19). The ordinate in the figures is the real part of the transmission
coefficient, while the abscissa is the normalized frequency η. We stress that, in this
section, the non-dimensional parameter η is the normalized frequency ωh/(2πc), and
it is thus different than the parameter η used in the section 2 (that was related to
a non-dimensional length); however, in both cases, the homogenization is studied for
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vanishing parameter η.
It can be observed in Fig. 2 that the transmission curve of the effective homogeneous

medium at the second order approximation (dashed line) fits well with the curve of
the stack (solid line) at the normalized frequencies η lower than 0.4. With a higher
order approximation, an improved agreement between the transmission curves of the
stack and its effective medium can be achieved, see [2].

re
al

(
)t

 0i  

Figure 2. Transmission curves of the multilayered stack (solid line) and effective medium at 2nd order (dashed
line) approximation.The permittivities of the two dielectric layers are ε1/ε0 = 1, ε2/ε0 = −1 + 0.0001 ∗ i,
respectively.

Furthermore, considering an oblique incidence with θi = 30◦ in p-polarization, as
well as s-polarization, the transmission curves of the stack and its effective medium are
depicted in Fig. 3. The asymptotic approximation at the second order is in good agree-
ment up to the normalized frequency 0.5 in s-polarization and 0.3 in p-polarisation.
Notice that this numerical example confirms the hyperbolic feature of the Poor Man’s
lens at low frequencies.

re
al

(
)

st

 030i  

(a) s-polarization

re
al

(
)

pt

 030i  

(b) p-polarization

Figure 3. Transmission curves of the multilayered stack (solid line) and effective medium at second order
approximation (dashed line) as a function of the normalized frequency η = ωh/(2πc) under an oblique incidence

with θi = 30◦: (a) s-polarization; (b) p-polarization. The permittivities of the two layers are ε1/ε0 = 1,

ε2/ε0 = −1 + 0.0001 ∗ i, respectively.
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Figure 4. Geometry of a finite P-T symmetric multilayered structure, the unit cell consists of two dielectrics

with balanced loss and gain, i.e. εL and εG, the thicknesses of two layers are the same, the total number of

layers is 2N.

3.2. The P-T symmetric layered case

We turn to a second application of the high order homogenization in the configuration
the P-T symmetric system studied in [8]. Fig.4 shows the considered P-T symmetric
multilayered structure, which is a periodic structure with balanced loss and gain,
i.e. the permittivities of the two component layers are εL = ε′ + iε′′, εG = ε′ − iε′′
with the same value of loss and gain coefficients. Same HOH method is applied to
such a P-T multilayered structure, the expressions of effective parameters for classical
approximation are

ε‖ = ε⊥ = ε1f1 + ε2f2 = ε′ ,

ε−1
3 = ε−1

1 f1 + ε−1
2 f2 = ε′(ε′2 + ε′′2)−1 ,

µ‖ = µ⊥ = µ3 = µ0 .

(21)

while for the homogeneous medium at 1st order approximation, the entries of the
magneto-electric coupling tensor are (in normal incidence)

K⊥ = K‖ =
ωh

2
µ0(ε1 − ε2)f1f2 = i

ωh

4
µ0ε
′′ . (22)

When we consider the second order approximation, we obtain

ε‖ = ε⊥ = ε1f1 + ε2f2 +
ω2h2

6
µ0f1f2(ε1 − ε2)(ε1f1 − ε2f2) = ε′ − ω2h2

12
µ0ε
′′2 ,

ε3
−1 = ε−1

1 f1 + ε−1
2 f2 −

ω2h2

6
µ0f1f2(ε1 − ε2)(

f1

ε1
− f2

ε2
) =

(
ε′ − ω2h2

12
µ0ε
′′2
)

1

ε′2 + ε′′2
,

µ‖ = µ⊥ = µ0 −
ω2h2

6
µ2

0f1f2(ε1 − ε2)(f1 − f2) = µ0 ,

µ3
−1 = µ−1

0 +
ω2h2

6
f1f2(ε1 − ε2)(f1 − f2) = µ−1

0 .

(23)
For the next orders, we refer to [2].

Fig. 5 shows the comparison of transmission for the multilayer and for the effective
medium up to the seventh order in the P-T symmetry configuration proposed in [8].
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Figure 5. Transmission curves of PT-symmetric multilayer and the effective medium at 0th, 1st, 2nd, 3rd

and 7th orders approximation as a function of ε′′/ε0. The permittivities of the two dielectric layers are ε1/ε0 =
2 + iε′′/ε0, ε2/ε0 = 2− iε′′/ε0, respectively. The period thickness (a) d=100nm and (b) d=200nm. A normal

incident wave with λ = 1.55µm is considered, the multilayered structure consists of N=20 slabs.

The results are in good agreement and demonstrate the validity of the present high
order homogenization in this P-T symmetry configuration. In particular, the seventh
order bring a significative improvement of the approximation for values of ε′′/ε0 below
20 for d = 100nm and below 6 for d = 200nm.

4. Conclusion

In this paper, we introduced a high-order homogenization for the Maxwell’s equations,
devoted to constitutive equations of periodic dielectric media. We have shown that at
leading order, one simply achieves some anisotropic permittivity. However, at the first
order some magneto-electric coupling occurs as the homogenized constitutive equation
has the structure of that for a bianisotropic medium. At the second order some ar-
tificial magnetism occurs. Interestingly, if one would consider some periodic medium
with spatially varying permittivity and permeability, the proposed algorithm would be
slightly modified as in (24) the equations at order η−1 would lead to a leading order
asymptotic expansion of the form H0(x,y) =

〈
H0

〉
(x) +∇y[V(y) ·

〈
H0

〉
(x)], and the

same annex problem as (31) and some anisotropic permeability would be achieved
at leading order as in (34). The homogenized Maxwell system at leading order was
already derived for spatially varying permittivity and permeability using asymptotic
expansions of the electric and magnetic fields (3)-(4) at first order in all four Maxwell’s
equations (1)-(2) [4] and in the curlcurl Helmholtz operator by substituting the second
equation into the first one in (1) thus working with the magnetic field unknown [24].
However, our derivation is based on higher-order terms in the asymptotic expansions of
the Maxwell’s equations (1)-(2), and a series of ansatz at higher orders for the electric
and magnetic field unknowns allows to identify higher order homogenized effective pa-
rameters. If one proceeds with the high-order homogenization in the constitutive laws
when both permittivity and permeability are heterogeneous, magneto-electric coupling
occurs at first order as in the present case. We then recall the effective parameters for a
layered structure at second order approximation already derived in [2], which has been
reproduced with the exact same derivation in [7]. We retrieve the numerical results of
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[8] for a P-T symmetric layered structure at second order approximation, and show
improved results at seventh order. We also apply the high-order homogenization to
a layered medium alternating layers of identical thickness with positive and negative
permittivity (known as the layered Poor Man’s lens) and at leading order we retrieve
the effective medium permittivity in [18]. However, we find that some magneto-electric
coupling occurs at the first order and, at second order, there is no magnetic activity.
Thus the layered Poor Man’s lens behaves effectively as a chiral medium with extreme
effective permittivity, and moreover it is shown to be hyperbolic.

Our approach is different from that in [25] which considers some high-order ho-
mogenization for the electromagnetic problem based on a dynamic correction encap-
sulated in the boundary conditions at the interface between the homogenized stack
and surrounding medium. Other works on improved effective medium approximation
of layered media include [7,26–29].
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5. Annex: Asymptotics in Maxwell’s equations

5.1. Homogenized permittivity at leading order

Rescaling the differential operator ∇x as ∇x + η−1∇y and plugging the asymptotic
expansions (3) and (4) in the Maxwell’s equations (1) and the resulting conditions
(2), and further collecting terms of factors of same powers of η, we get a hierarchy of
equations in powers of η with, at the leading order in η−1,

∇y ×E0(x,y) = 0 ,

∇y ×H0(x,y) = 0 ,

∇y ·
[
ε(y)E0(x,y)

]
= 0 ,

∇y ·H0(x,y) = 0 ;

(24)

and, at the next order in η0:

∇x ×E0(x,y) +∇y ×E1(x,y) = iωµ0H0(x,y) ,

∇x ×H0(x,y) +∇y ×H1(x,y) = −iωε(y)E0(x,y) ,

∇x ·
[
ε(y)E0(x,y)

]
+∇y ·

[
ε(y)E1(x,y)

]
= 0 ,

∇x ·H0(x,y) +∇y ·H1(x,y) = 0 .

(25)
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The first two lines of the equation above imply:

∇y ×∇y ×E1(x,y) = −∇y ×∇x ×E0(x,y) ,

∇y ×∇y ×H1(x,y) = −iω∇y × ε(y)E0(x,y) .
(26)

and the last two lines imply:

∇y ·
[
ε(y)E1(x,y)

]
= −∇x ·

[
ε(y)E0(x,y)

]
,

∇y ·H1(x,y) = −∇x ·H0(x,y) .
(27)

Applying the mean operator
〈
·
〉

over the periodic cell Y = [0, 1]3, and invoking the
generalized Stokes’ theorem applied over Y (a torus, so a manifold without boundary),
the first two lines in the set of equations (25) of order η0 above imply

∇x ×
〈
E0(x,y)

〉
= iωµ0

〈
H0(x,y)

〉
,

∇x ×
〈
H0(x,y)

〉
= −iω

〈
ε(y)E0(x,y)

〉
.

(28)

The third line in equation (24) provides us with the homogenized permittivity simply
by assuming the leading order term of the asymptotic expansion (3) has the following
form [3]

E0(x,y) =
〈
E0

〉
(x) +∇yV

(0)(y) ·
〈
E0

〉
(x) (29)

This form obviously fulfills the partial differential equation given by the first line in
(24), since the composition of the curl operator ∇y× with ∇y vanishes and plugging
it in the third eqaution of (24) leads to the annex problem [3]

∇y ·
(
ε(y)

[〈
E0

〉
(x) +∇yV

(0)(y) ·
〈
E0

〉
(x)
])

= 0 (30)

or equivalently

∇y ·
(
ε(y)

[
ei +∇yV

(0)
i (y)

])
= 0 , i = 1, 2, 3 , (31)

where
〈
·
〉

denotes the mean operator over the periodic cell Y = [0, 1]3 and V(0) is

a rank-1 tensor such that
〈
V(0)

〉
= 0 and and {e1, e2, e3} is the canonical basis in

Euclidean space R3.
We now apply the mean operator to the third line in the equation (25) of order η0:

∇x ·
〈
ε(y)E0(x,y)

〉
+
〈
∇y ·

[
ε(y)E1(x,y)

]〉
= 0 , (32)

where, thanks to the divergence theorem, the second term reduces to the integral over
the boundary ∂Y of the unit cell Y ,

∫
∂Y εE1 ·nds. Furthermore, noting that E1(x,y)

is periodic over Y and the normal n is anti-periodic, this term vanishes. Using the
ansatz (29), we get

∇x ·
(〈
ε(y)

[
I +∇yV

(0)
]〉
·
〈
E0

〉
(x)
)

= 0 (33)
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which provides the homogenized equation for the electric field at order 0, with effective
rank-2 anisotropic permittivity tensor with coefficients

ε
(0)
hom,ij =

〈
ε(y)

[
δij +

∂V
(0)
i

∂yj

]〉
, i = 1, 2, 3 , (34)

where δij is the Kronecker symbol.
As for the leading order term of the asymptotic expansion (4), it is given by

H0(x,y) =
〈
H0

〉
(x) , (35)

since, from (24), ∇y ×H0(x,y) = 0 and ∇y ·H0(x,y) = 0.
We note that from (28) and (33) we get the homogenized Maxwell’s equations at

the leading order:

∇x ×E
(0)
hom = iωµ0H

(0)
hom(x) ,

∇x ×H
(0)
hom(x) = −iωε(0)

homE
(0)
hom ,

(36)

with

E
(0)
hom(x) =

〈
E0

〉
(x) ,

H
(0)
hom(x) =

〈
H0

〉
(x) .

(37)

5.2. Effective parameters at higher orders

Let us now proceed with the next terms E1(x,y) and H1(x,y) in the expansion of
the fields (3) and (4). The equation (25) shows that each of these first-order term
is the solution to a linear equation with two forcing terms generated by the zero-
order components E0(x,y) and H0(x,y). Hence the first order introduces a coupling
between the electric and magnetic fields.

Let us now proceed with the terms of order η1 following the equation (25) in a
hierarchy of equations in powers of η. We can see that all terms Hi are divergence
free, so all the effective properties will come from ∇ · (ε−1E) = 0. More precisely,

∇x ×E1(x,y) +∇y ×E2(x,y) = iωµ0H1(x,y) ,

∇x ×H1(x,y) +∇y ×H2(x,y) = −iωε(y)E1(x,y) ,

∇x ·
[
ε(y)E1(x,y)

]
+∇y ·

[
ε(y)E2(x,y)

]
= 0 ,

∇x ·H1(x,y) +∇y ·H2(x,y) = 0 .

(38)

Applying the mean operator
〈
·
〉

over the periodic cell Y = [0, 1]3, and invoking the
generalized Stokes’ theorem applied over Y (a torus, so a manifold without boundary),
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the first two lines in the set of equations (38) of order η1 above imply

∇x ×
〈
E1(x,y)

〉
= iωµ0

〈
H1(x,y)

〉
,

∇x ×
〈
H1(x,y)

〉
= −iω

〈
ε(y)E1(x,y)

〉
.

(39)

Applying the mean operator
〈
·
〉

over the periodic cell Y = [0, 1]3, and making use
of the divergence theorem applied over Y , the last two lines in the set of equations
(38) of order η1 imply

∇x ·
〈
ε(y)E1(x,y)

〉
= 0 ,

∇x ·
〈
H1(x,y)

〉
= 0 ,

(40)

and, in addition with the leading order, lead to

∇x ·
〈
ε(y)

[
E0(x,y) + ηE1(x,y)

]〉
= 0 ,

∇x ·
〈
µ0

[
H0(x,y) + ηH1(x,y)

]〉
= 0 .

(41)

These two equations are the starting point to derive the effective constitutive equations
at the order η1. Indeed, using that H0(x,y) =

〈
H0

〉
(x) is independent of the variable

y, we have ∇x ·H0(x,y) = ∇x ·
〈
H0

〉
(x) = 0 and ∇y ×∇x ×H0(x,y) = ∇y ×∇x ×〈

H0

〉
(x) = 0. Therefore, the second and fourth lines of equation (25) imply

∇y ×∇y ×H1(x,y) = −iω∇y × [ε(y)E0(x,y)] ,

∇y ·H1(x,y) = 0 .
(42)

From the first line in (43) and (29)

∇y ×∇y ×H1(x,y) = −iω∇y × [ε(y)
(〈
E0

〉
(x) +∇yV

(0)(y) ·
〈
E0

〉
(x)
)
]

= −iω∇yε(y)×
〈
E0

〉
(x)

(43)

We can write

H1(x,y) =
〈
H1

〉
(x) + W1(y)×

〈
E0

〉
(x) (44)

where W1(y) is a rank-1 tensor solution of

∇y ×∇y ×W1(y) = −iω∇yε(y) (45)

We note that since ∇y ·H1(x,y) = 0, one has that ∇y · (W1(y)×
〈
E0

〉
(x)) = 0.

Similarly, the first and third lines of equation (25) imply

∇y ×∇y ×E1(x,y) = −∇y ×∇x ×E0(x,y) ,

∇y ·
[
ε(y)E1(x,y)

]
= −ε(y)∇x ·

[
E0(x,y)

]
,

(46)

since ∇y ×H0(x,y) = ∇y ×H0(x) = 0 and the expression for E1(x,y) ensues.

14


