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FACTOR-BALANCED S-ADIC LANGUAGES
LEO POIRIER AND WOLFGANG STEINER

ABSTRACT. A set of words, also called a language, is letter-balanced if the number of occur-
rences of each letter only depends on the length of the word, up to a constant. Similarly, a
language is factor-balanced if the difference of the number of occurrences of any given factor
in words of the same length is bounded. The most prominent example of a letter-balanced
but not factor-balanced language is given by the Thue—Morse sequence. We establish connec-
tions between the two notions, in particular for languages given by substitutions and, more
generally, by sequences of substitutions. We show that the two notions essentially coincide
when the sequence of substitutions is proper. For the example of Thue-Morse-Sturmian
languages, we give a full characterisation of factor-balancedness.

1. INTRODUCTION

The study of balancedness of languages goes back at least to Morse and Hedlund [MH40]
who proved that each block of length n in a Sturmian sequence of slope a has [na| or [na]
occurrences of the letter that has frequency a (and thus [n(1—a«)| or [n(1—a)| occurrences
of the other letter). In other words, the difference between the number of occurrences of
a letter in blocks of the same length is at most 1; we call this property letter-1-balanced,
previously it has often been simply called balanced. More generally, a language is letter-
balanced if the number of occurrences of a letter only depends on the length of a word in
the language, up to an additive constant. We do not only consider the occurrence of letters
but also of longer blocks, and we say that a language is factor-balanced if the number of
occurrences of each block in a word of the language only depends on the length of the word,
up to a constant that can depend on the block. Usually, languages coming from a symbolic
dynamical system (or subshift) are considered; we use the slightly weaker property of being
factorial. For infinite sequences, balancedness is equivalent to bounded symbolic discrepancy,
as studied in [Ada04]. These concepts have applications in operations research, for optimal
routing and scheduling and are related to Fraenkel’s conjecture; see [BCB19| for references.

Some relations between letter-balancedness and factor-balancedness have been studied in
[Ada03), |[Quell], and more recently in [BCB19|. Here, we improve on these results and show
that factor-balancedness is preserved by the application of a substitution. We consider lan-
guages (or subshifts) given by a sequence of substitutions, also called S-adic languages. When
the substitutions are left or right proper, i.e., the image of each letter starts or ends with
the same letter, we show that letter-balancedness (on all levels) implies factor-balancedness;
this was previously known only under the assumption that the substitutions have unimod-
ular incidence matrices [BCBD™21]. A particular case is that of a substitutive shift with a
proper substitution. Here, we cannot remove the assumption of properness, as for example
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the Thue-Morse shift is not factor-balanced [BCB19]; we give a short proof in Section Bl
For non-proper substitutions, we have to require balancedness for all factors of length 2, not
only for letters, in order to get factor-balancedness.

In Section[2] we define most of the notions and give a characterisation of letter-balancedness
in terms of the distance to a frequency vector. The effect of substitutions on balancedness
is studied in Section [Bl Section (] contains our main results, on sequences of substitutions.
Finally, we consider the balancedness of a particular class of S-adic languages in Section [5l

2. BALANCEDNESS

For a finite alphabet A, let A* be the set of finite words over A. A language is a subset
L C A A word v € A" is a factor of w € A* if there exist p,s € A* such that w = puvs;
here, p is a prefix and s is a suffiz of w. We denote the set of factors of w by F(w), and the
set of factors of elements of £ by F(L). A langage L is factorial if (L) = L. The length of
a word w € A* is denoted by |w|, i.e., |w| =n if w € A™. We denote the prefix (resp. suffix)
of length n of a word w by pref , (w) (resp. suff,,(w)). The number of occurrences of a word v
in w, i.e., the number of different decompositions w = pwvs, is denoted by |w|,. A language £
is called C'-balanced w.r.t. v if

[w|, — [w'|,| < C  for all w,w' € L with |w| = |w'].

It is called C-balanced for length n if it is C-balanced for all v € A™. We often omit the C' and
say that a language is balanced for length n if it is C-balanced for length n for some C' > 0.
Instead of “(C-)balanced for length 17, we also say letter-(C'-)balanced; other papers use
the term “balanced” instead of letter-1-balanced or instead of letter-balanced, and a letter-
balanced language is sometimes called “finitely balanced”. A language is factor-(C'-)balanced
if it is (C-)balanced for all lengths n > 1. Note that factor-C-balancedness is a strong
property that is satisfied for certain Sturmian languages [EV02], but we do not study this
property here. We are only interested in factor-balancedness, which means that for each n
there exists C), such that £ is C),-balanced for length n; equivalently, for each v € F(L) there
exists C, such that £ is C,-balanced w.r.t. v. (Note that |w|, =0 for all w € L, v ¢ F(L).)
We first show that balancedness for length n is the same as balancedness for lengths up to n.

Lemma 2.1. If a language is balanced for length n, then it is balanced for all lengths k < n.

Proof. Let £L C A* be C-balanced for length n, k < n. For all v € A*, w € A*, we have
wly = 3 s anr [W]os+[suff_1(w)]y, thus |Jw],—|w'],| < (#A)"FC+n—1forw’ € Al O

We will also use the following characterisation of letter-balancedness in terms of distance
from the line defined by a frequency vector, cf. [BT02] [Ada03].

Proposition 2.2. Let L C A* be an infinite letter-C'-balanced factorial language. Then there
exists a (frequency) vector (fq)aca such that ||w|, — folw]] < C foralla € A, w € L.

Proof. Since [0, 1]#4 is compact, there exists a vector (f,)ses and a sequence of words v, € £
such that lim,,_, |v,| = 0o and lim,, o |vn|a/|vn| = fo for all @ € A. For arbitrary but fixed
w € L, set k, = ||va|/|w]], and decompose v, = Uy 1+ Vp ke, Unkn+1 With |v, ;| = |w| for all
1 <i < k,. Since v,; € L, L is letter-C-balanced, and |v, x, +1| < |w|, we obtain that

| & w2 ko]
<10 W]+ | [vn.ila — |w]a] §W+—C
i=1 n

|vn| lw
|Un |Un‘
2

[Unla — T |Wla

|w]

fulo - Fele | = 4
‘ ||
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for all a € A. Letting n — oo, this gives that ||w|, — fa|w|| < C. O

Lemma 2.3. Let L C A* and (fy)aca such that ||w|, — folw|| < C for alla € A, w € L.
Then L is letter-(2C')-balanced.

Proof. We have ||w|,| —|w'|a] < [Jw]o— folw]||+]|falw] — fo|w'|| < 2C for all w,w' € L, a € A,
such that |w| = |w'|. O

3. SUBSTITUTIONS

In this section, we study how the application of a substitution influences balancedness.
Here, a substitution o is a morphism from A* to B*, with the operation of concatenation,
i.e., o(vw) = o(v)o(w) for all v,w € A*. We use the notation

lofl = max|o(@)], () :=min|o(a)],

and call a substitution non-erasing if all images of letters are non-empty, i.e., (o) > 1. It is
left (resp. right) proper when all letter images start (resp. end) with the same letter.
To show that substitutions preserve balancedness, we use the following lemma.

Lemma 3.1. Let L C A* be a letter-C'-balanced factorial language and o : A* — B* a
substitution. Then, for all w,w’ € F(o(L)) with |w| = |w'|, there exist x,2' 2,7 € B*,
y,y' € L, such that

w=zo(y)z v =20y), [yl=y], max{lzz] |22 |} < (2+C#A)|o]| - 2.
Proof. Since w,w’ € F(o(L)) and L is factorial, we can write w = x o(v) v and w = 2’ (v") v/
with v,v" € L, u,v,z,2’ € A* such that |u|,|u/],|z|,|z'| < [|o||. Assume w.l.o.g. that

lo| < ||, let y = v, v = y's" with |¢/| = |y|, 2 = u, 2/ = o(s')u'. Since L is factorial, we
have y,y’ € L. Since L is letter-C-balanced, we have
o)l = lo@)I] < D lo(@]lyla = [¥/lo] < (#A) C lo],
acA
thus
22| = [w'| = |o(y)] < Jw| = o)+ #A) Clloll < 2(|lofl = 1) + (#A) Cllo]l.
Therefore, w = x o(y) z and w' = 2/ o(y’) 2’ satisfy all the required properties. O

Proposition 3.2. Let L C A* be a factorial language and o : A* — B* a substitution. If L
is letter-balanced, then F(o(L)) is letter-balanced.

/ /

Proof. Suppose that £ is C-letter-balanced, and let w = zo(y) z, w' = 2’ o(y’) 2’ be as in
Lemma 3.1l Then, for all b € B,

[lwly = [w'ls] < [lzzly = 2"2'lo| + [l ()]s — 1o (y)]s]

<2+ C#A) ol =2+ [lyla = || lo(@)ly < 2(1+ C#A) o] = 2. O

a€A

To study balancedness for length n, we use the n-coding of a word a,ay---ay € AV,
N > 0, which is the word over the alphabet A™ defined by

") = (araz -+ ap)(a2as -+ Gps1) ** (AN-np1AN—py2 -+ ay) € (A")V 7
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if N > n, the empty word if N < n. Note that |w|, = |w™|, for all v € A™; in particular,
a language £ is C-balanced for length n if and only if {w™ : w € L} is letter-C-balanced
(over the alphabet A™).

Proposition 3.3. Let L C A* be a factorial language that is balanced for lengthn, o: A* — B*
a substitution, and v € B* a (possibly empty) word that is a prefix of o(a)u for alla € A or a
suffix of uo(a) for alla € A. Then F(o(L)) is balanced for length min, ¢ pqan—1 |o(w)|4|u|+1.
In particular,

o F(o(L)) is balanced for length n if o is non-erasing,
o F(o(L)) is balanced for length n+1 if o is left or right proper.

Proof. Let L C A*, 0 : A* — B*, u € B* be as in the statement of the lemma, 1 < m <
min,epnan—1 |o(w)|+|u|+1. Assume w.lo.g. that u is a prefix of o(a)u for all @ € A, the
suffix case being symmetric. We define a substitution ¢ : (A" N L)* — (B™)* by setting

(m)

6(aras -+ ay) = (o(ar)pref,,_;(co(as- - a,)u)) fora;---a, € A"NL.

(Here, the alphabet is A" N L). Then we have, for all w € L,
(3.1) (a(w)u)(m) = &(w(")) (a(suffn_l(w))u)(m).

Let C,, be such that £ is C),-balanced for length n. By Lemma 21 £ is letter-C;-balanced
for some Cy > 0. Let w,w' € F(o(L)) with |w| = |w'|, and write w = x o (y) z, w’' = 2’ o (y') 2’
as in Lemma Bl By (B, we have

(wu)(m) = (:L’ prefm_l(a(y)u))(m) &(y(”)) (U(suﬁn_l(y))z)u) (m),

Using a similar decomposition for (wu)™), we obtain for v € B™ that

[lwl, = [w'],] < max {Jaz], |2'2'|} + (n = Dllo| + D [lyle— Iyl [5(2)],
teAnNL

< ((#4) C1+2)llo]l = 2+ (n = Dllol + F#A)" " Culall.

Here, we have used that |w|, = |w™)|,, that £ is C,-balanced for length n, and that
|6(ay-+-ay)| = |o(ar)| for ay---a, € A" N L. This proves that F(o(L)) is balanced for
length min,ecrnan—1 |o(w)|+]u|+1. If o is non-erasing, then |o(w)| > n —1 for all w € A",
thus F(o(L)) is balanced for length n. If ¢ is left or right proper, then o is non-erasing and
|lu| > 1, thus F(o(L)) is balanced for length n+1. O

Theorem 3.4. Let L C A* be a factorial language and o : A* — B* a substitution. If L 1is
factor-balanced, then F(o(L)) is factor-balanced.

Proof. For non-erasing o, the theorem is a direct consequence of Proposition B3l If F(o (L))
is finite, then it is also factor-balanced. If F(o(L)) is infinite, then there exists a € A
such that |o(a)] > 1 and {|w|, : w € L} is unbounded. If L is letter-C-balanced, then
Proposition gives some f, > 0 such that |w|, > f,|w| — C and thus |o(w)| > f,|w| - C
for all w € L. By Proposition B.3] balancedness of £ for length n implies balancedness of
F(o(L)) for length f, (n—1)—C+1. Note that f, > 0 since |w|, < fi|w| + C and |w|, is
unbounded. Therefore, factor-balancedness of £ implies that of F(o(L)). O
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Sometimes it is also possible to infer letter-balancedness of £ from that of F(c(L)). Here,
the incidence matriz of a substitution o : A* — B* is

MO’ = (|0’(CI,) |b)b€B,a€A-

Proposition 3.5. Let L C A* be a factorial language, o : A* — B* a substitution with
invertible incidence matrix M. If F(o(L)) is letter-balanced, then L is letter-balanced.

Proof. If F(o(L)) is letter-C-balanced, then Proposition 2.2] gives a vector (f;)pep such that
llo(w)]p — folo(w)]| < C forallbe B, we L. Since M, is invertible, we can set (f,)aca 1=
M (o AS 000 = e [10la 0@, we obtain that | e [o(@)s (], — [w]f1)] <
C for all b € B, w € L. Then the invertibility of M, implies that there exists C’ such that
l|w|a—fllw]| < C"forallw € L, a € A. Hence, by Lemmal[23] L is letter-(2C")-balanced. [

4. S-ADIC LANGUAGES
Now, we consider sequences of substitutions o = (o%)r>0, 0% : Aj, — Aj. We set
Olfn) = 0% O Opq1 O -+ + O Op_1,

for n > k > 0; then oy, is a substitution from A} to Aj. The language of o at level k is
defined by

£k = {we A} : we F(opn(A4,)) for infinitely many n > k},

and L, = EE? ). In other papers, the requirement for infinitely many n > k is replaced by
“some n > k”; this can change the language only if a letter of A,, does not occur in ,,. Our
definition ensures that

'F(U[k,n)(ﬁff))) = EEf’ foralln >k > 0.

A sequence of substitutions (o)k>0 is everywhere growing if limy_, (o k) = 0o. It is
left (resp. right) proper when for each k > 0 there exists n > k such that oy, is left
(resp. right) proper. The following theorem was proved in [BCBD™21, Corollary 5.5] for
unimodular incidence matrices, i.e., |[det M,, | =1 for all £ > 0.

Theorem 4.1. Let o be a left or right proper sequence of substitutions. If £ is letter-
balanced for infinitely many k, then Ly is factor-balanced.

Proof. Assume that £%) is letter-balanced for infinitely many k, which implies that it is
letter-balanced for all k£ by Proposition B.2l Since o is left or right proper, there exist
0= ko < ki < ky < --- such that oy, x,,,) is left or right proper for all ¢ > 0. Therefore, by
Proposition B3l L, is balanced for all lengths n > 1. U

The following corollary is the particular case of Theorem [l with constant sequence o =
(0,0,...) for some substitution o : A* — A*; we write ¢™ for (0, 0,...). The language of a
substitution is L, := L, (and consists of those w € A* that are in F(¢"(A)) infinitely often).

Corollary 4.2. Let 0 : A* — A* be a substitution such that o* is left or right proper for
some k > 1. If L, s letter-balanced, then L, is factor-balanced.

For invertible incidence matrices, letter-balancedness at level 0 implies letter-balancedness

at all levels by Proposition [3.5] which gives the following corollary of Theorem [4.1l
5



Corollary 4.3. Let o = (0x)r>0 be a left or right proper sequence of substitutions with invert-
ible incidence matrizv M, for all k > 0. If Ly is letter-balanced, then Ly is factor-balanced.

If o is not proper, then we need balancedness for length 2 to infer factor-balancedness.

Theorem 4.4. Let o be an everywhere growing sequence of substitutions such that £ s
balanced for length 2 for infinitely many k. Then L, is factor-balanced.

Proof. By Proposition 3.3, balancedness of LY for length 2 implies balancedness of L, for
length (oo,x)) +1. Since o is everywhere growing, this implies that £, is factor-balanced. [

For primitive substitutions o, a sufficient condition for balancedness for length n of L, is
given in [Ada03, Theorem 22|, and it indicates that balancedness for length 2 and factor-
balancedness are closely related; see also [Quel0l Section 5.4.3]. We prove that balancedness
for length 2 implies factor-balancedness for most substitutions.

Corollary 4.5. Let 0 : A* — A* be an everywhere growing substitution. If L, is balanced
for length 2, then L, is factor-balanced.

We remark that, in Theorem [l Corollary 3] and Theorem 4.4 factor-balancedness
holds not only for £, but for all Efyk ), k> 0.

5. THUE-MORSE-STURMIAN LANGUAGES

We conclude the paper by studying a special class of sequences of substitutions that occurs
naturally in [Ste20, [KSZ22]. A language L, o € {L, M, R}, with substitutions

L:0—0, M : 0~ 01, R: 0~ 01,
1~ 10, 1~ 10, 11,

is Thue—Morse-Sturmian if o is primitive. Recall that a sequence of substitutions (o,),>0
is primitive if, for each k > 0, there exists n > k such that |0y, .)(a)|, > 1 for all @ € A,
b € By; in the case of o € {L, M, R}, this means that o does not end with the constant
sequence L™ or R*. However, the following results also hold for non-primitive sequences.

Proposition 5.1. For all o € {L, M, R}*, L, is letter-2-balanced.

Proof. For o = (0y)k>0 € {L, M, R} \ {L, R}*, let n > 1 be minimal such that o, = M.
We claim that F(op,)({01,10}*)) is letter-2-balanced. Indeed, we have 0(y,)(01) = 0lw
and 0y0,)(10) = 10w for some w € {0,1}*. (This property is trivial for op,,) and can be
shown inductively for oy, 0 < k < n, since oy, € {L, R}.) Let v,v" € F(op0,n)({01,10}*))
with |[v] = |[V/|. If |v| > |w|+3 then we can write v = pus, v = p'u's’ such that |u|p =
u'lo = |wlo+1, |uly = [u']y = [w]i+1 and ps,p's’ € F(opn)({01,10}7)). Since [ps| = [p's'|
and |pslo — [p's'lo = [v|o — |V'|o, it is sufficient to consider |v| < |w|4+2. If |v| < |w|+1,
then v, v € F(op,n)({01}*)), and it is well known that this language is letter-1-balanced; see
[Lot02, Chapter 2]. For |v| = |w|+2, we have |v]g = |w|o+1 or v € {0w0, 1wl}. Therefore,
F(070,,({01,10}*)) and thus L, are letter-2-balanced.

Let now o € {L, R}*. If o contains infinitely many L’s and R’s, then £, is Sturmian and
thus letter-2-balanced; see e.g. [Lot02, Chapter 2]. Since L"(0)=0, L"(1) =10", R™(0) =01",
R™(1)=1, for all n>0, the languages Ly~ and Lr~ are also letter-1-balanced. Finally, if
0, =1L, 0, =Rforall k >n,oro, =R, o, =L for all k > n, then L, = F(0p0,)({01}")),
which is again letter-1-balanced. U
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For a characterisation of factor-balancedness of Thue-Morse-Sturmian languages, we need
the following lemma in order to show that applying any composition of substitutions L, M, R
to the Thue-Morse language, which is not factor-balanced, does not create a factor-balanced
language. More precisely, we show for o € {L, M, R}* that o(011) occurs only trivially in
o(w), w € Lyr~. Here, {L, M, R}* is the set of compositions of substitutions in L, M, R.

Lemma 5.2. Let o € {L, M, R}*, a,b € {0,1}, p,s,v € {0,1}*, k > 1, such that
o(avb) = po(01%) s,

p is a strict prefiv of o(a) and s is a strict suffiz of o(b). Then avb = 01% (and p, s are empty)
or avb = 1% (and s is empty).

Proof. The statement is clearly true when o is the identity. For ¢ = 09 o0y 0 -0 gy,
o; € {L, M, R}, we prove the statement by induction on n.
Let first o,, = L. Then we have

oo,n)(L(avb)) = popn)(0(10)") s and 11 ¢ F(L(avb)).

If p is a strict prefix of oy ,)(a), in particular if @ = 0, then o7y ,)(av'b’) = p oy, (01) s’ for a

prefix av't’ of L(avb) and a strict suffix s of o7y ,,)(0'). By the induction hypothesis and since

11 ¢ F(L(av't')), this implies that p is empty. Since o ,)(0) starts with 0 and o7 ,,)(1) starts

with 1, we obtain that L(avb) = 0(10)" and thus avb = 01". If a = 1 and p = 079 ,,)(1) P/, then

070,0)(00'") = p'0jg 5y (01) " for a prefix 100'0" of L(1vb) and a strict suffix s" of o ) (V). Now,

the induction hypothesis implies that p’ is empty, thus L(avd) = (10)"™, i.e., avhb = 1"+,
Let now o0,, = M. Then we have

o) (M(avd)) = pojon)(01(10)") s and 111 & F(M(avb)).

If p is a strict prefix of ojg,)(a), then o)y (av'’) = pojo,)(011) s', hence p is empty, and
avb = 01". If @ = 1 and p = o) (1) P/, then we obtain that avb = 1"*'. If « = 0 and
P = 00, (0) P, then oy ) (10'V) = p'o1o.)(011) s', hence p' is empty, which contradicts that
oj0,n)(1) and o) (0) start with different letters.

Finally, let o, = R. Then we have

i) (R(avb)) = popy(01") s and 172 ¢ F(R(avb)).

If p is a strict prefix of oy n)(a), then R(avb) = 01"*!, thus avb = 01". Otherwise, we have
a =0 and p = o)) (0)p, thus o)) (10'V) = p'oj,(01"*1) s, hence p’ is empty, which
contradicts that oy ,)(1) and oy ,)(0) start with different letters. O

Theorem 5.3. Let 0 = (0k)r>0 € {L, M, R}>*°. Then L, is factor-balanced if and only if
or # M for infinitely many k.

Proof. By Proposition [B.1], L% is letter-balanced for all k > 0. If o does not end with M,
then it is right proper. If o also does not end with L> or R*, then it is everywhere growing,
and we can apply Theorem [l If o ends with LR> or RL>, then we have seen in the proof
of Proposition G.dlthat £, = F(o({01}*)) for some o € {L, M, R}*, which is factor-balanced.
The case of L~ and Lr~ is similar.

Consider now o ending with M. We first give a short direct proof that the Thue-Morse

language Ly is not balanced for length 2; a more general proof was given in [BCB19]. To
7



this end, define recursively words wy,, w], € Ly~ of length (4"+2)/3 by
wy = 00, M?*(won_1) = 0wz, 0, M?(way,) = 1wany1 1,
wh =01, M?*(wh, ;) =wh, 01, M?(wh,) = wh, ; 10.
Then we have (w;)® = (00), (w})® = (01),
M3 ((wa-1)®) (01)(11) = (01) (wan) ), M3 ((w20)®) (10)(00) = (10) (wan1)?,
M3 ((why—1)®) (10) = (w),,)®?, M3 ((wh,)®) (01) = (whr)®,
with the substitution

M s (0.1 = (o ()

—
—

Using the abelianizations

|’LU|()0 0010

_ | lwlo _ (1 1 01
52(10) = |w|10 ) MMQ = (|M2(Cd)|ab)ab,cde{00,01,1o,11} 1101 1!

w1 01 00

we obtain that
Oy (wa,) = M3y, €a(wan1) + £a(11), La(wani1) = My, £a(way,) + £2(00),
£ (wy,,) = My, o (why, 1) + £5(10), Lo(why, 1) = Miy, €o(w5,) + £2(00).
The right eigenvectors of My, (to the eigenvalues 2, —1,0, 1) are

1 1 1 1
2 —1 0 —1
Vo = 2 , V1 -1 , Vo O , V1 1 )
1 1 —1 -1
thus
42 — 1 2n 1 42n — 1 2n 1
£y (w2y) = 18 Vo + ?V—1 - §V0 and ‘62(wén) = 18 Vo — Fv_l - §V07

hence £y(ws,) — £o(wh,) =nv_q, ie.,
|wan]o0 — \wén\oo = |w§n|01 — [wanlor = \wén\lo — wan |10 = |wan |11 — |w§n|11 =n.

To finish the proof of the theorem, we have to show that F(o(Ljs~)) is not factor-balanced
for all o € {L, M, R}*. Since 111 ¢ Ly, Lemma 5.2 implies that |o(w)|s(011) = |w|o11 for
all w € L=, and we clearly have 0 < |w|;; — |w|p11 < 1. Therefore, we have

}|0(w)|a(011) - |<7(w')|a(011)‘ > ‘|w|11 - |w'|11} -1

for all w,w’ € Ly~. Since |w|1; — |w'|11 is unbounded for w,w’ € Ly~ with |w| = |w'], it is
also unbounded when we restrict to w, w’ with |w|o = |w'|o (and |w|; = |w]}). Then we have
lo(w)| = |o(w")], thus o(Lys~) is not balanced for length |o(011)]. O

We remark that, by Proposition B3, F(o o L(Ly~)) is balanced for length |o(0)| + 1
for any substitution . On the other hand, we have seen in the proof of Theorem that

F (o o L(Ly)) is not balanced for length |¢(01010)| for any substitution o € {L, M, R}*.
8
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