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Abstract: We present a distributed consensus controller for multi-agent homogeneous nonlinear
systems over directed networks. The systems are assumed to be of second order and the
control design relies on a standard backstepping approach. In that light, the control design
also hinges on the ability to construct a strict Lyapunov function for the multi-agent nonlinear
system interconnected over a directed graph for which the only assumption is that it is
connected. That is, that there exists a directed spanning tree, but there is no requirement of
conservative conditions such as strong or balanced connectivity. To construct a strict Lyapunov
function, we use a generalised Lyapunov equation for the directed-graph Laplacian matrix, which
characterises the spanning-tree-existence condition. Then, we establish exponential stability of
the consensus manifold. In addition, we implement our dynamic consensus controller on a multi-
agent satellite system in the context of attitude synchronisation and demonstrate its efficacy in
numerical simulations.
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1. INTRODUCTION

Collation and synergisation among dynamical systems
participating in an complex interconnected network can
be broadly categorised as either leader- follower or leader-
less consensus. As the name suggests, in leader-follower
consensus, the response of the assigned singular leader
dictates the desired response of the follower agents. If a
directed network is a spanning tree, a singular node that
has no incoming edge can directly or indirectly interact
with all other nodes in the network; this is the leader of
the network. In other cases, a virtual leader is assigned
a priori which can act as a yardstick for the remaining
systems. On the other hand, leaderless consensus is useful
for applications where the nature of the consensus equi-
librium is not as important as the interacting agents be-
having synonymously (Ren, 2009). Leaderless consensus is
advantageous in applications exhibiting swarm behaviour,
such as opinions coagulation in social networks, symbiotic
relationship in biological systems, search and rescue, scien-
tific reconnaissance, security, rendezvous or even attitude
synchronisation of unmanned aerial vehicles, to name a
few. By opting for leaderless configuration, the collected
behaviour is not influenced by a single member and each
agent can act independently to any adverse circumstance
(Rao and Ghose, 2013). In a directed network, this concept
translates into confluence of behaviour of all the agents
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that can transmit information to all the other agents in the
communication topology to form the collective consensus
behaviour.

Backstepping control has been proved to be efficacious
in establishing leader-follower consensus over not only
undirected-graph but also directed-graph networks in con-
catenation with different distributed control methods, such
as finite-time consensus control (Tian et al., 2018; Shahvali
et al., 2018), adaptive fuzzy control (Zhao et al., 2019;
Du et al., 2022), neuro adaptive control (Shahvali et al.,
2020), event triggered adaptive neural network based slid-
ing mode control (Chen et al., 2021), command filtered
approach (Cui et al., 2016), non-smooth backstepping
control (Du et al., 2012) to name a few. The so-called
leader present in the leader-follower consensus scheme in
the context of directed graphs generally implies a virtual
leader or a single root node.

Some of the available works that highlight leaderless
consensus among the participating systems which ren-
dezvous through unilateral connections include event-
triggered approach for general linear (Chen et al., 2022;
Wu et al., 2022) or nonlinear systems (Rehan et al., 2021;
Ahmed et al., 2021; Long et al., 2022), distributed adaptive
approach for general linear systems (Mei et al., 2014; Lv
et al., 2017), (Li and Ding, 2015) or Lipschitz nonlinear dy-
namics (Liu et al., 2016), finite time control among double
integrators (He and Wang, 2017) or second order nonlinear
systems (Wang et al., 2017), matrix decomposition among
linear systems (Zhou et al., 2015).



Distributed adaptive output consensus among systems
with strict feedback structure is covered in (Huang et al.,
2020). Some additional works that cover special cases
include leaderless consensus among discrete time systems
with first and second-order dynamics, as explored in (Kim
et al., 2014), consensus among fractional order single
and double integrator is proposed in (Bai et al., 2018).
However, several of these works rely on communication
topology being strongly connected or balanced, which
easens the control design and analysis at the price of
certain conservatism—cf. (Rehan et al., 2021; Ahmed
et al., 2021; Long et al., 2022; Mei et al., 2014; Lv et al.,
2017; Li and Ding, 2015; Liu et al., 2016). If the Lyapunov
functions used for stability analysis is non-strict then this
brings about the requirement of additional tools such as
La Salle’s invariance principle and Barbălat’s Lemma—cf.
(Chen et al., 2022; Wu et al., 2022). Moreover, some of
the procedures like finite time distributed consensus rely
on non-smooth control—cf. (He and Wang, 2017; Wang
et al., 2017; Bai et al., 2018).

Some strides made regarding leaderless consensus among
agents colluding through directed network using the prin-
ciples of backstepping control are detailed in (Miao and
Chen, 2016; Wang and Gao, 2014). In (Wang and Gao,
2014), each agent is assigned an individual reference sys-
tem and it is ensured that the reference systems can reach
concurrence among themselves using feedback which is
dependent on global information, namely, the minimum
eigenvalue of the Laplacian matrix. In (Miao and Chen,
2016), the leaderless consensus problem is converted into
stabilization problem of edge based state by using edge
Laplacian agreement. Here, the control input design is non-
smooth even in absence of any parameter uncertainties or
disturbances.

In this manuscript, we propose a smooth distributed
backstepping-based controller for leaderless state consen-
sus among second-order nonlinear systems interacting over
directed connected networks. It is assumed that each agent
has nonlinear dynamics transformable into a strict feed-
back form. We establish global exponential stability of the
synchronisation manifold and we provide a constructive
proof, i.e., we provide a strict Lyapunov function.

Then, we apply our proposed control method to solve
a problem of attitude synchronisation among rigid bodies.
Attitude synchronisation refers to application of feedback
control input which ensures that a multitude of 3-D rigid
bodies have same orientation eventually (Sarlette et al.,
2009). Attitude synchronisation is indispensable in for-
mation of satellites. For instance, in the European space
agency sponsored infrared space interferometry based Dar-
win mission, whose objective is to detect exo-planets and
capture images of these astrophysical objects with un-
precedented spatial resolution (Fridlund, 2004), on-orbit
self assembly and satellite swarms for coordinated obser-
vations (Izzo and Pettazzi, 2005).

The remainder of the paper is organised as follows: in
Section 2 we give a detailed problem formulation and recall
some technical statements, fundamental to our analysis,
our the main result is presented in Section 3 and in Section
4 we propose a formation controller for rigid bodies. The
paper is wrapped up with some concluding remarks in
Section 5.

2. SYSTEM DESCRIPTION AND PROBLEM
FORMULATION

We consider N identical nonlinear agents with strict
feedback structure which is given by

ẋ1i = f1(x1i) + g(x1i)x2i, (1a)

ẋ2i = f2(x1i, x2i) + ui, ∀i = {1, · · · , N}, (1b)

where xji ∈ Rn for j = {1, 2}, ui ∈ Rn, f1 : Rn → Rn, f2 :
Rn×Rn → Rn are locally Lipschitz and smooth functions,
and g : Rn → Rn×n is a positive or negative definite matrix
such that g(·) 6= 0. The control objective is to ensure that

lim
t→∞
‖x1i(t)− x1j(t)‖ → 0, (2a)

lim
t→∞
‖x2i(t)− x2j(t)‖ → 0 ∀ j 6= i (2b)

under the standing assumption that the digraph G =
(V, E) is connected, i.e., that it contains a directed span-
ning tree. The strength of a particular unilateral link Eij is
captured by element aij ≥ 0 whereby aij > 0 if jth agent
can transmit information to the ith agent else aij = 0. The
static communication graph can be portrayed concisely by
means of the Laplacian matrix L ∈ RN×N whose elements
are lii =

∑
j∈Ni

aij and lij = −aij∀i 6= j.

For further development, we recall two important state-
ments that hold for connected graphs. The first is a well-
known statement on the properties of the Laplacian matrix
and the second provides a basis to construct strict Lya-
punov functions for multi-agent systems interconnected
over generic directed graphs.

Lemma 1. Ren and Beard (2005, 2008) If a directed net-
work has a directed spanning tree, then the Laplacian
matrix L = [lij ] ∈ RN×N has a singular zero eigenvalue
and N−1 eigenvalues have strictly positive real part. That
is,

σ1(L) = 0, <{σk(L)} > 0, k = {2, · · · , N}.
On the other hand, the right eigenvector of the zero
eigenvalue is 1N = [1 1 · · · 1]> and the left eigenvector

vl satisfies
∑N

k=1 vlk = 1 and v>l L = 0>N .

Lemma 2. (Panteley et al., 2020) Let us consider a di-
rected graph G of order N containing a spanning tree and
its Laplacian matrix is L ∈ RN×N . Then, for any positive
definite symmetric matrix QL ∈ RN×N and α ∈ R+,
there exists another positive definite symmetric matrix
PL ∈ RN×N such that

PLL+ L>PL = QL − α[PL1Nv
>
l + vl1

>
NPL]. (3)

Now, to analyse the collective behaviour of the multi-
agent system we start by rewriting its dynamics in the
compact form,

ẋ1 = F1(x1) +G(x1)x2, (4a)

ẋ2 = F2(x1, x2) + u, (4b)

where xj =
[
x>j1 · · ·x>jN

]>
for j = {1, 2},

F1(x1) =
[
f1(x11)> · · · f1(x1N )>

]>
,

F2(x1, x2) =
[
f2(x11, x21)> · · · f2(x1N , x2N )>

]>
G(x1) =


g(x11) 0n×n · · ·
0n×n g(x12) · · ·

...
...

0n×n · · · g(x1N )

 .



Then, the collective behaviour of (4) is assessed by two
dynamical systems evolving in orthogonal spaces (Panteley
and Loŕıa, 2017). The first corresponds to a mean-field
dynamics with a state defined, roughly speaking, as a
weighted average defined by the left eigen-vector corre-
sponding to the unique null eigenvalue of the Laplacian.
The second corresponds to the difference between the
individual systems’ states and the mean-field state; this
defines a synchronisation error. That is, we define

x1m =(v>l ⊗ In)x1, e1 = [(IN − 1Nv
>
l )⊗ In]x1,

x2m =(v>l ⊗ In)x2, e2 = [(IN − 1Nv
>
l )⊗ In]x2,

where x1m, x2m ∈ Rn, are the mean-field states and
e1, e2 ∈ RNn, are the synchronisation errors. Then, we say
that the systems are (resp. achieve) in dynamic consensus
if ei = 0 (resp. ei → 0). Indeed, on the synchronisation
manifold

M = {e ∈ R2Nn : e = 0}, (5)

the individual systems behave according to the mean-field
dynamics, given by

ẋ1m =(v>l ⊗ In)[F1(x1) +G(x1)x2],

ẋ2m =(v>l ⊗ In)[F2(x1, x2) + u].

In turn, the dynamics of the synchronisation errors are
given by

ė1 =ΠF1(x1) + ΠG(x1)x2, (6a)

ė2 =ΠF2(x1, x2) + Πu, (6b)

where we introduced the projection matrix

Π := (IN − 1Nv
>
l )⊗ In (7)

for further development.

Thus the synchronisation control design consists in
determining a control law u that stabilises the origin for
(6). To that end, we design a backstepping distributed
controller.

3. BACKSTEPPING CONTROL DESIGN

Under the standing assumption that the digraph is con-
nected, let Lemma 2 generate a symmetric positive-definite
matrix PL such that (3) holds. Then, consider the function
V1 : RNn → R≥0, defined as V1(e1) = e>1 (PL ⊗ In)e1
and which is positive-definite and decrescent. Moreover,
its total derivative along the trajectories of (6a) yields

V̇1(e1) = 2e>1 (PL ⊗ In)ΠF1(x1) + 2e>1 (PL ⊗ In)ew2 , (8)

where ew2 := ΠG(x1)x2 is regarded as a virtual control
input. Indeed, if ew2 = ew2d := −ΠF1(x1)− e1,

V̇1(e1) = −2e>1 (PL ⊗ In)e1. (9)

Next, we introduce ẽ := ew2 − ew2d, which satisfies

ẽ = Π[G(x1)x2 + F1(x1) + x1] (10)

and, therefore,

˙̃e =Π

[
˙︷ ︷

G(x1)x2 +G(x1)[F2(x1, x2) + u] +[∂F1(x1)

∂x1
+ INn

][
F1(x1) +G(x1)x2

]]
. (11)

Then, consider the control Lyapunov function candidate

V2(e1, ẽ) = e>1 (PL ⊗ In)e1 + γẽ>(PL ⊗ In)ẽ, γ > 0,

which is positive definite and decrescent for all (e1, ẽ) ∈
RNn × RNn. Its total derivative along the trajectories of
(6a)-(11) yields

V̇2(e1, ẽ) = 2e>1 (PL ⊗ In)(ẽ− e1) + 2γẽ>(PL ⊗ In)×

Π

[
˙︷ ︷

G(x1)x2 +G(x1)[F2(x1, x2) + u] +[∂F1(x1)

∂x1
+ INn

][
F1(x1) +G(x1)x2

]]
.

We see that, defining

u = −F2(x1, x2) +G(x1)−1
[
−

˙︷ ︷
G(x1)x2 − [L ⊗ In]ẽ

−
[∂F1(x1)

∂x1
+ INn

][
F1(x1) +G(x1)x2

]]
, (12)

we obtain

V̇2(e1, ẽ) =− 2e>1 [PL ⊗ In]e1 + 2e>1 [PL ⊗ In]ẽ

− γẽ>
(

[PLL+ L>PL]⊗ In
)
ẽ. (13)

Now, after Lemma 2, the last term on the right-hand
side of the previous expression equals to

ẽ>
(

[QL − α(PL1Nv
>
l + vl1

>
NPL)]⊗ In

)
ẽ

for any α > 0 and QL = Q>L > 0. However, upon
expanding the term ((PL1Nv

>
l ) ⊗ In)ẽ, using (7), (10),

v>l 1N = 1, and the properties of the Kronecker product,
we obtain[
(PL1Nv

>
l (IN − 1Nv

>
l ))⊗ In

]
[G(x1)x2 + F1(x1) + x1]

=
[
PL(1Nv

>
l − 1Nv

>
l )⊗ In

]
[G(x1)x2 + F1(x1) + x1] = 0.

We conclude that

V̇2(e1, ẽ) = −2e>1 [PL ⊗ In]e1 + 2e>1 [PL ⊗ In]ẽ

− γẽ>[QL ⊗ In]ẽ. (14)

Using the triangle inequality, we obtain

V̇2(e1, ẽ) ≤ −
[
2pLm −

1

ε

]
|e1|2 −

[
γqLm − εp2LM

]
|ẽ|2, (15)

where ε > 0 and km and kM denote lower and upper-
bounds for z>Kz, for a square matrix K. It is clear that
V̇2 is negative definite for appropriate values of ε and
γ, for any given QL and PL. Thus, from the previous
developments we draw the following statement.

Proposition 3. Consider the multi-agent system (4) in
closed loop with (12), (10), and (7), under the standing
assumption that the underlying graph is directed and
connected. Then, the synchronisation manifold M in (5)
is globally exponentially stable. Therefore, the multi-agent
system (1) achieves dynamic consensus, that is,

lim
t→∞
‖x1i(t)− x1m(t)‖ → 0, lim

t→∞
‖x2i(t)− x2m(t)‖ → 0,

so (2) hold.

Proof. For the system (6a)-(11) in closed loop with
(12), (15) holds. The right-hand side of this inequality is
negative definite if, for any given QL and corresponding
PL,

ε >
1

2pLm

, γ >
εp2LM

qLm

. (16)

Since V2 is positive definite and radially unbounded, it
follows that {(e1, ẽ) = (0, 0)} is globally exponentially
stable. On the other hand, note that e1 = 0 implies that
x1 = (1N ⊗ x1m), so, from (10) and using e1 = Πx1,



it follows that (e1, ẽ) = (0, 0) implies that Π[G(x1)x2 +
F1(x1)] = 0. On the other hand,

ΠF1(x1) =Π

 f1(x11)
...

f1(x1N )

 = Π

f1(x1m)
...

f1(x1m)


= [(IN − 1Nv

>
l )⊗ In][1N ⊗ f1(x1m)]

= 0Nn,

so Π[G(x1)x2+F1(x1)] = 0 is equivalent to ΠG(x1)x2 = 0.
In turn, the latter is equivalent to

ΠG(x1)x2 = Π

g(x11) 0n×n · · ·
...

· · · 0n×n g(x1N )

x2
= Π

g(x1m) 0n×n · · ·
...

· · · 0n×n g(x1m)

x2
=Π(IN ⊗ g(x1m))x2 = [(IN − 1Nv

>
l )⊗ g(x1m)]x2 = 0

⇐⇒ [IN ⊗ g(x1m)]e2 = 0

⇐⇒ e2 = 0.

The last equation holds true as g(·) is either a positive or
negative definite matrix as per the given assumption.
The statement follows. �

4. ATTITUDE SYNCHRONISATION OF RIGID
BODIES

We consider now a multi-agent network in which each
node consists of a rigid body—cf. Tsiotras (1996); Shus-
ter et al. (1993). We are primarily concerned with syn-
chronising the attitude (orientation) of such a network
of spacecraft modelled as rigid bodies. This is critical
in several space applications such as Earth observation
(EO) (Folta et al., 2002; Neeck et al., 2005), terrestrial
planet finder (TPF) (Lawson, 2001), space telescope as-
sembly (STA), stellar imager (SI) and synthetic aperture
imaging (SAI) (Kang and Sparks, 2002). This is primarily
motivated by reduced size of each spacecraft and increased
robustness in a multi-spacecraft formation. Euler’s pa-
rameters are typically used to describe the rigid body
rotation about an inertial (Earth Centered Inertial) axis.
The frame rotating with the rigid body is called the ‘body-
fixed frame’. The Euler’s parameters can be uniquely re-
duced to any set of three parameters by using a suitable
transformation. The Rodrigues parameters are one such
commonly used set with the transformation from Euler’s
parameters briefly recounted below as per the details given
in Schaub et al. (1996).

Let Θ be the principal rotation angle and n̂ be the
normal unit vector. Then, the Euler’s parameters are

σ0 = cos

(
Θ

2

)
, σk = n̂ sin

(
Θ

2

)
, k ∈ {1, 2, 3} (17)

σ>σ = σ2
0 + σ2

1 + σ2
2 + σ2

3 = 1, (18)

where σ = [σ0 σ1 σ2 σ3]
>

. The Euler’s parameters σk
have to conform to the holonomic constraint as given in
(18) which quite naturally describes a three dimensional
unit sphere in R4. The transformation from the Euler’s
parameters to the Rodrigues parameters are defined as

ρk =
σk
σ0
, k = 1, 2, 3. (19)

It is important to note that the Rodrigues parameters
encounter a singularity at σ0 = 0 which corresponds to
a principal rotation angle, Θ = ±180. In the multi-agent
setting considered for simulations with five rigid bodies
in a network, the kinematics equations in terms of the

Rodrigues parameters ρi = [ρ1i ρ2i ρ3i]
>
, i ∈ {1, · · · , 5},

which represents the attitude of the i-th rigid body, are
given by

ρ̇i = (I3 + ρ×i + ρiρ
>
i )ωi, (20)

where ωi ∈ R3 is angular velocity of the i-th rigid body in a
body-fixed frame. Then, the Euler’s equations of rotational
motion are

Jω̇i = −(ω×i Jωi) + ui, i = {1, · · · , 5}, (21)

where J ∈ R3×3, such that J = J> > 0, represents the
moment of inertia for the rigid body, ui ∈ R3 is the input
torque, and for a vector a ∈ R3, a× represents the vector
cross product. The input torque u is usually produced
by external actuators such as gas jets in the spacecraft
context.
In compact form, (20)-(21) can be written as

ρ̇ = blkdiag
i∈{1,··· ,5}

{R(ρi)}ω = R(ρ)ω (22a)

(I5 ⊗ J)ω̇ = − blkdiag
i∈{1,··· ,5}

col(ω×i Jωi) + u (22b)

where R(ρi) = I3 + ρ×i + ρiρ
>
i , ρ = [ρ1 ρ2 ρ3 ρ4 ρ5]

>
,

ω = [ω1 ω2 ω3 ω4 ω5]
>

, u = [u1 u2 u3 u4 u5]
>

. Indeed
the control objective in this setup is to ensure lim

t→∞
‖ρi(t)−

ρim(t)‖ = 0 and subsequently lim
t→∞
‖ωi(t) − ωim(t)‖ =

0 ∀ i = {1, · · · , 5} such that ρim(t), ωim(t) are the
corresponding mean field values given by ρim = (v>l ⊗I3)ρ
and ωim = (v>l ⊗ I3)ω. Comparing (20)-(21) to (1) yields

x1i := ρi, x2i := ωi, f1(x1i) := 03, g(x1i) := R(ρi),

f2(x1, x2) := −ω×i Jωi. (23)

Then, based on derived feedback control input (12), the
control torque that needs to be applied to each of the agent
is given by

ui =(ω×i Jωi) + JR(ρi)
−1
[
− Ṙ(ρi)ωi −R(ρi)ωi

− Σj∈Ni
aij
(
(R(ρi)ωi + ρi)− (R(ρj)ωj + ρj)

)]
.

(24)

The interaction graph between the agents is represented
by the graph in Figure 1.

1

2 3

5 4

L =


1 0 0 −1 0
−1 1 0 0 0
−1 0 1 0 0
0 0 −1 1 0
0 0 0 −1 1

 .

Fig. 1. Connected digraph and its corresponding Laplacian

Arbitrary and distinct initial conditions are assigned to
the five agents. As per the given graph, the first, third,
and fourth agents can transmit information to all the



other nodes in the graph. Indeed, the eigenvector vl in

this specific case is given by

[
1

3
0

1

3

1

3
0

]>
.
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Fig. 2. Consensus among five agents with rigid body
dynamics.
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Fig. 3. Control torque applied to the interconnected rigid
bodies.

The simulation result can be seen in Figures 2 and 3
above. It can be seen that the ρi, ωi, ∀i ∈ {1, · · · , 5}
for each of the agents reaches the mean-field value which
is given by ρm = 1

3 (ρ1 + ρ3 + ρ4) and ωm = 1
3 (ω1 +

ω3 + ω4) respectively. In the first subplot of Figure 2, the
bold red, purple and navy blue plots represents the mean-
field values specifically for ρ1i, ρ2i, ρ3i ∀i ∈ {1, · · · , 5}
respectively. In the second subplot of Figure 2, the angular
velocity ω converges to zero as the attitude of individual
rigid bodies synchronises with the other agents. Figure 3
displays the behaviour of the control torque applied to the
interconnected system which complements the conclusion
drawn from Figure 2.

5. CONCLUSION

We proposed a Lyapunov-based distributed controller
for leaderless consensus of second-order nonlinear systems.
The control design relies on the classical backstepping
method. The difficulty involved in multi-agent systems is
the construction of a strict Lyapunov function. Yet, our
results apply to generic connected directed graphs. The
efficacy of the method was demonstrated by designing an
attitude synchronisation controller for multi-agent rigid-
bodies. For simplicity, in this paper the controller relies on

a feedback-linearizing inner control loop, but we believe
that the procedure may be used to design less stringent
controllers, such as passivity-based. Also, the fact that
a strict Lyapunov function is explicitly computed, sets
the basis for further research on robust consensus control
with respect to external disturbances, measurement noise,
sensor attacks, etc. These topics are subject of future
research.
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