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Abstract

In this first paper, we start the analysis of correlation functions of quantum spin chains with

general integrable boundary conditions. We initiate these computations for the open XXX spin

1/2 quantum chains with some unparallel magnetic fields allowing for a spectrum characteri-

zation in terms of homogeneous Baxter like TQ-equations, in the framework of the quantum

separation of variables (SoV). Previous SoV analysis leads to the formula for the scalar products

of the so-called separate states. Here, we solve the remaining fundamental steps allowing for

the computation of correlation functions. In particular, we rederive the ground state density in

the thermodynamic limit thanks to SoV approach, we compute the so-called boundary-bulk de-

composition of boundary separate states and the action of local operators on these separate states

in the case of unparallel boundary magnetic fields. These findings allow us to derive multiple

integral formulae for these correlation functions similar to those previously known for the open

XXX quantum spin chain with parallel magnetic fields.

1Univ Lyon, Ens de Lyon, Univ Claude Bernard, CNRS, Laboratoire de Physique, F-
69342 Lyon, France; giuliano.niccoli@ens-lyon.fr
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1 Introduction

The open integrable quantum spin chains with magnetic fields located at the boundaries [1] have

attracted large scientific attention [1–29]. They have been used in connection to the studies of clas-

sical stochastic models, as asymmetric simple exlusion models [30], but also to modelling numerous

applications in quantum condensed matter physics, as out-of-equilibrium and transport properties

in the spin chains [31]. Sklyanin [2] has extended to them the quantum inverse scattering method

(QISM) [32–41], by using the reflection equation introduced by Cherednik [42], in this way intro-

ducing the natural algebraic framework to handle these open spin chains. In this framework, the

so-called boundary matrices, i.e. the scalar solutions of the reflection equation [3, 42, 43], allow to

parametrize the magnetic fields at the boundaries of the quantum spin chain. In particular, parallel

boundary magnetic fields along the z-direction correspond to diagonal boundary matrices while the

unparallel cases correspond to non-simultaneously diagonalizable boundary matrices. The open spin

chains associated to both diagonal boundary matrices have been first analyzed by means of coordinate

Bethe ansatz [1] while Sklyanin has generalized the algebraic Bethe ansatz (ABA) approach to these

boundary cases in its fundamental work [2].

The cases with non-diagonal boundary matrices have proven themselves to be more involved to

analyze and, until recently, their spectrum has long remained a very challenging problem in quantum

integrability. Let us recall that in [5] a first description of the spectrum of these open XXZ spin

1/2 chains with non-diagonal boundary matrices has been obtained using the fusion procedure [44],

under a special constrain relating the parameters of the two boundary matrices. There, the transfer

matrix spectrum has been described in terms of polynomial solutions of ordinary T Q-equation of

Baxter’s type [45], for the roots of unity points and later in [6] for general value of the inhomogeneity

parameter. This constraint2 is required also for generalized ABA-like constructions of eigenstates

[4, 7, 8], which use Baxter’s gauge transformations [45, 46] to simplify the form of the boundary

matrices.

Only more recently in [26], on the basis of analytic properties and functional relations satisfied

by the transfer matrices a description of the spectrum of open chains for the unconstrained cases has

been proposed in terms of polynomial solutions of inhomogeneous T Q-equations, i.e. admitting some

extra term. These inhomogeneous T Q -equations have also emerged in the framework of the so-called

modified algebraic Bethe ansatz [15–17, 19] to deal with unconstrained boundary conditions.

The quantum Separation of Variables (SoV), pioneered by Sklyanin [47–52] in the QISM frame-

work, was introduced as an alternative to ABA approach for solving models in which a reference

state cannot be identified, as the Toda model. Then, it has been shown to be applicable to a large

class of models [23–25, 27–29, 53–78] and more recently reintroduced in [79] on the pure basis of

the integrable structure of the models and widely extended even to higher rank cases in [79–86],

see also [52, 55, 87, 88] for previous developments. The SoV approaches in their different presen-

tations have the built-in advantage of the completeness of the characterization of eigenvalues and

eigenstates of the models. This method has been used, in particular, for open spin chains with the

most general unconstrained non-diagonal boundary matrices [23–25, 27, 28]. In [29], it has been

proven that the complete SoV characterization of the spectrum of these open chains can be refor-

mulated in terms of polynomial solutions to functional T Q-equations of Baxter type that have the

aforementioned inhomogeneous extra term, for the most general unconstrained boundary matrices.

Another advantage of the SoV approaches, of particular relevance for the correlation functions analy-

sis, is the natural and universal emergence of determinant formulae for the scalar products of separate

2It has emerged also in several other approaches leading to description of the spectrum in terms of polynomial solutions

of ordinary T Q equations, as by coordinate Bethe ansatz with elements of matrix product ansatz [11, 12], q-Onsager

algebra [9, 10] etc.
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states [25,27,28,65,67–70,72,74,76–78]3. This is a class of states with factorized wave-functions in

the SoV basis which includes the eigenstates of the transfer matrix.

The short recall here presented clarify the progresses achieved about the knowledge of the spec-

trum of these open spin 1/2 quantum chains for general integrable boundary conditions. One should,

however, remark that the study of the ground state in the thermodynamic limit of these models

presents still some open problems for non-diagonal boundary matrices and, in particular, in the un-

constrained cases4.

Let us now focus our attention on the study of correlation functions which is the main subject of

the current paper. In this area of research, one should stress that main results for interacting models are

available for the XXX/XXZ spin 1/2 quantum chains or the quantum non-linear Schrödinger model

with periodic boundary conditions. The current state of the art is quite unsatisfactory in connection

to the integrable boundary conditions for which results are so far available.

Indeed, these correlation functions have been computed first for the case of closed chains with pe-

riodic boundary conditions5 , for the zero-temperature cases [104–106] and non-zero global magnetic

fields [107–113], and subsequently for the temperature cases [114–119]. Always in this periodic

setting, further developments have led to the analytical study in the thermodynamic limit of long

distances two-point and multi-point correlation functions [120–130] and the numerical study of the

dynamical structure factors [131–133], accessible experimentally through neutron scattering [134].

So far, the main exception to periodic boundary conditions for a closed chain is our computation

of correlation functions in the case of antiperiodic boundary conditions in the SoV framework [135].

While for XXX and XXZ quantum spin 1/2 chains with open boundaries the only available results on

correlation functions are those derived for zero-temperature in the case of parallel magnetic fields on

the boundary for the XXX chains and of parallel magnetic fields along the z-direction for the XXZ

chains [13, 14, 21, 22].

Here, we start the analysis of correlation functions of quantum spin chains with general integrable

boundary conditions beyond those so far analyzed. The aim of this paper is to derive correlation

functions for the open XXX spin 1/2 quantum chains under unparallel boundary magnetic fields.

This achievement represents on one side a first access to correlation functions for these more general

boundary conditions and on the other hand is instrumental to introduce some technical ingenuity

which will be then used also in more involved models like open XXZ/XYZ quantum spin 1/2 chains

whose correlation functions will be derived in our forthcoming papers. We develop our analysis in

the framework of the quantum separation of variables (SoV) considering a generic magnetic field in

the first site 1 of the XXX spin 1/2 quantum chain. While, we adjust the magnetic field in the last

site N of the chain such that it isn’t parallel to the one in site 1 but it allows for an SoV complete

description of the transfer matrix spectrum in terms of homogeneous Baxter like T Q-equations.

Once the transfer matrix spectral problem is characterized by SoV approach, we derive the fol-

lowing four main steps to compute correlation functions in the SoV framework: i. A decomposition

formula, boundary-bulk decomposition, expressing the so-called boundary separate states (a class of

states containing the transfer matrix eigenstates of the open chain) in term of analogous states gener-

ated by bulk operators, associated to the closed chain. ii. A decomposition formula over the boundary

separate states for the action of local operators on a generic boundary separate state. iii. Simple de-

terminant formulae defining the scalar products between left and right boundary separate states and

their particularization when one of the states is a transfer matrix eigenstate [76]. iv. The density

3This is surely the case for the rank one models and in [89] we have proven it for the higher rank gl(3) case under a

special choice of the conserved charges generating the SoV bases. See also the interesting and recent papers [90,91] dealing

with the computations of higher rank scalar products in a related SoV framework.
4See, however, [92] for a numerical analysis of the Bethe roots of these inhomogeneous equations.
5Interesting results on correlation functions related to the hidden Grassmann structure have been derived in [93–103].
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distribution of the ground state Bethe’s roots in the thermodynamic limit.

In our current analysis the built-in feature of completeness of the SoV method, both in its original

Sklyanin’s like generalization to open chain [25, 27, 28] as well as in our new SoV approach [79,

81], plays a fundamental role in the characterization of the ground state in the thermodynamic limit.

Indeed, by using the complete SoV characterization of the transfer matrix spectrum, we can prove the

isospectrality of the transfer matrices under consideration with specific ones with parallel boundary

magnetic fields, in this way recovering the traditional thermodynamic results for the ground state. On

the other hand, in the SoV framework, we have at our disposal the scalar products of the boundary

separate states [74, 76, 78].

It is however worth mentioning that, the recent and interesting results on scalar products for

open chains with general boundary conditions6 [136] put a basis for the computation of correlation

functions in a generalized/modified Bethe Ansatz framework7.

The paper is arranged in the following sections. In Section 2, we make a brief introduction to the

XXX quantum spin 1/2 chain and to the reflection algebra. In Section 3, we first recall and rework

in the new SoV framework [79, 81] the characterization of the transfer matrix spectrum for general

boundary conditions. Then, we setup the boundary conditions for the XXX model that we will use to

determine correlation functions. More precisely, by the SoV approach, we show that we can leave the

magnetic field on site 1 arbitrary while adjusting the one in site N such that they are kept unparallel,

the transfer matrix is proven to be isospectral to one associated to parallel boundary magnetic field and

their spectrum is completely characterized by a homogeneous Baxter’s like T Q-equation. In Section

4, we derive the boundary-bulk decomposition of the boundary separate states and the action on them

of local operators. In Section 5, we recall and rearrange the known results on the scalar products of

separate states [76]. In Section 6, we compute the correlation functions in terms of multiple integral

representations. The final section contain some conclusion and outlooks.

2 The open XXX quantum spin 1/2 chain

The Hamiltonian of the open spin-1/2 XXX quantum spin chain with the most general boundary

magnetic fields reads:

H =
N−1∑

i=1

[
σx

i σx
i+1 + σy

i σy
i+1 + σz

i σz
i+1

]
+

η

ζ−

[
σz

1 + 2κ−

(
eτ−σ+

1 + e−τ−σ−
1

)]

+
η

ζ+

[
σz

N + 2κ+

(
eτ+σ+

N + e−τ+σ−
N

)]
. (2.1)

The local spin-1/2 operators (Pauli matrices) σα
i , for α = x, y, z, acts on the local quantum space

Hi ≃ C
2 at site i, η is a fixed arbitrary parameter, and the six complex boundary parameters ζ±, κ±

and τ± parametrize the coupling of the spin operators at site 1 and N with two arbitrary boundary

magnetic fields.

Following the seminal Sklyanin’s paper [2], this Hamiltonian can be obtained as the following

6See [137] and also [138] for the original idea developed first for periodic chains and see also [20] for a first conjecture

on these determinant formulae and [139–141] for previous determinant representations under special boundary constraints.
7One should notice that a priori the scalar products analyzed in [136] are between left C-gauged Bethe like states and

right B-gauged Bethe like states so a priori different w.r.t. to those of our papers [74, 76, 78], which are computed between

left and right separate states. However, the completeness of the spectrum description by SoV approach [81] and the therein

proven simplicity of the transfer matrix spectrum can be used to relate these scalar products once the left C-gauged Bethe

like state is a transfer matrix eigenstate.
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derivative:

H =
2 η1−2N

tr{K+(η/2)} tr{K−(η/2)}

d

dλ
T (λ)

λ=η/2
+ constant, (2.2)

of the one-parameter family of commuting boundary transfer matrices

T (λ) = tr0{K0,+(λ) M0(λ) K0,−(λ) M̂0(λ)}

= tr0 {K+(λ) U−(λ)} = tr0 {K−(λ) U+(λ)} ∈ End(H), (2.3)

on the 2N -dimensional linear space H = ⊗N
n=1Hn, the physical space of states of the Hamiltonian

(2.1), where we have defined the boundary monodromy matrices

U−(λ) = M0(λ) K−(λ) M̂0(λ) =

(
A−(λ) B−(λ)
C−(λ) D−(λ)

)
∈ End(H0 ⊗ H), (2.4)

U t0
+ (λ) = M t0

0 (λ) Kt0
+ (λ) M̂ t0

0 (λ) =

(
A+(λ) C+(λ)
B+(λ) D+(λ)

)
∈ End(H0 ⊗ H). (2.5)

and the bulk monodromy matrices M0(λ) ∈End(H0 ⊗ H) by

M0(λ) = R0N (λ − ξN − η/2) . . . R01(λ − ξ1 − η/2) =

(
A(λ) B(λ)
C(λ) D(λ)

)
, (2.6)

M̂0(λ) = (−1)N σy
0 M t0

0 (−λ) σy
0 = (−1)N

(
D(−λ) B(−λ)
C(−λ) A(−λ)

)
∈ End(H0 ⊗ H), (2.7)

for arbitrary complex parameters ξn, 1 ≤ n ≤ N , the so-called inhomogeneities. Moreover, the

R-matrix of the model,

R(λ) =




λ + η 0 0 0
0 λ η 0
0 η λ 0
0 0 0 λ + η


 ∈ End(C2 ⊗ C

2), (2.8)

is the 6-vertex polynomial solution of the Yang-Baxter equation and the two boundary K-matrices

K−(λ) = K(λ − η/2; ζ−, κ−, τ−), K+(λ) = K(λ + η/2; ζ+, κ+, τ+), (2.9)

with the boundary parameters appearing ζ±, κ±, τ±, coinciding with those of (2.1), are defined in

terms of [3, 43]

K(λ; ζ, κ, τ) =
1

ζ

(
ζ + λ 2κeτ λ

2κe−τ λ ζ − λ

)
, (2.10)

the most general non-diagonal scalar solution K(λ) ∈ End(C2) of the reflection equation [42]:

Rab(λ−µ) Ka(λ) Rab(λ+µ) Kb(µ) = Kb(µ) Rab(λ+µ) Ka(λ) Rab(λ−µ) ∈ End(Ha⊗Hb). (2.11)

Then, the bulk monodromy matrix is solution of the Yang-Baxter equation:

Rab(λ − µ) Ma(λ) Mb(µ) = Mb(µ) Ma(λ) Rab(λ − µ) ∈ End(Ha ⊗ Hb ⊗ H), (2.12)

6



while the two boundary monodromy matrices V−(λ) = U−(λ + η/2) and V+(λ) = U t0
+ (−λ − η/2)

are solutions of the reflection equation:

Rab(λ−µ) Ua(λ) Rab(λ+µ) Ub(µ) = Ub(µ) Rab(λ+µ) Ua(λ) Rab(λ−µ) ∈ End(Ha ⊗Hb ⊗H).

(2.13)

As shown in [2], the commutativity of the boundary transfer matrices is implied by these reflection

equations as well as the following inversion relation for the boundary monodromy matrix U±(λ),

U±(λ + η/2) U±(−λ + η/2) =
detq U±(λ)

2(λ ± η)
, (2.14)

where detq U±(λ) are the quantum determinants, which are central elements of the corresponding

boundary algebra:

[
detq U±(λ), U±(µ)

]
= 0. (2.15)

They can be expressed as

detq U±(λ) = detqM(λ) detqM(−λ) detqK±(λ), (2.16)

where

detqM(λ) = a(λ + η/2) d(λ − η/2), (2.17)

is the bulk quantum determinant, as well a central element, with

a(λ) ≡
N∏

n=1

(λ − ξn + η/2), d(λ) ≡
N∏

n=1

(λ − ξn − η/2), (2.18)

and

detqK±(λ) = ±2(λ ± η)

(
λ2

ζ̄2
±

− 1

)
, (2.19)

is the quantum determinant of the scalar boundary matrix K±(λ), where we have defined:

ζ̄± = ǫ±
ζ±√

1 + 4κ2
±

, (2.20)

with ǫ± plus or minus one at will. The following fundamental identities relate the transfer matrix at

special values to the quantum determinant:

T (ξa − η/2)T (ξa + η/2) =
detq K±(ξa) detq U∓(ξa)

η2 − 4ξ2
a

, (2.21)

here we also introduce the notation

kn = (ξn + η)/(ξn − η) (2.22)

and the function

Aζ̄+,ζ̄−
(λ) ≡ (−1)N 2λ + η

2λ

(λ − η
2 + ζ̄+)(λ − η

2 + ζ̄−)

ζ̄+ ζ̄−
a(λ) d(−λ), (2.23)

7



which allows for the following explicit writing of the quantum determinant

detq K±(λ) detq U∓(λ)

η2 − 4λ2
= Aζ̄+,ζ̄−

(λ + η/2) Aζ̄+,ζ̄−
(−λ + η/2), (2.24)

that will be used in the following.

It is import to remark that the transfer matrix T (λ) is a polynomial function of degree N + 1 in

the variable λ2 and its leading coefficient is given by,

tN+1 λ2(N+1) Id, with tN+1 =
2

ζ+ζ−
[1 + 4κ+κ− cosh(τ+ − τ−)], (2.25)

and that its value in λ = ±η/2 is central:

T (±η/2) = 2(−1)N detqM(0). (2.26)

Then, we have the following interpolation formula

T (λ) = tN+1uh(λ) + T (η/2)sh(λ) +
N∑

a=1

ra,h(λ)T (ξ(ha)
a ), (2.27)

where

tN+1 =
2

ζ+ζ−
[1 + 4κ+κ− cosh(τ+ − τ−)], (2.28)

ra,h(λ) =
λ2 − (η/2)2

(ξ
(ha)
a )2 − (η/2)2

N∏

b6=a,b=1

λ2 − (ξ
(hb)
b )2

(ξ
(ha)
a )2 − (ξ

(hb)
b )2

, (2.29)

sh(λ) =
N∏

b=1

λ2 − (ξ
(hb)
b )2

(η/2)2 − (ξ
(hb)
b )2

, (2.30)

uh(λ) = (λ2 − (η/2)2)
N∏

b=1

(λ2 − (ξ
(hb)
b )2) , (2.31)

and

ξ
(hb)
b = ξ

(hb)
b + (1 − 2hb)η/2. (2.32)

3 Separation of variable spectrum characterization

In this section, we further develops known results about the transfer matrix spectrum characterization

of the open XXX spin 1/2 quantum chains, with generic integrable boundaries, in the framework of

the recent formulation of the quantum separation of variables (SoV) [79, 81]. This analysis allows

us to give a uniform description of the transfer matrix spectrum independently from the boundary

conditions. More in detail, we write explicitly the left and right SoV basis and the left and right

transfer matrix eigenstates without the need to distinguish between the cases of parallel or unparallel

magnetic fields. Distinction which is instead essential in Sklyanin’s like SoV framework [47, 49, 50],

holding only in the case of unparallel fields8. These SoV results allow us to prove that the transfer

matrices associated to unparallel boundary magnetic fields satisfying one specific boundary condition

are isospectral to those associated to the parallel case. This isospectrality holds up to the relative

Hamiltonians and it is an important fact for the computation of the thermodynamic limit of the ground

state.

8Observation which may lead to the false perception of a dichotomy unparallel case solvable by SoV method and parallel

case by ordinary Algebraic Bethe Ansatz.
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3.1 Discrete SoV spectrum characterization

3.1.1 Covector and vector SoV bases

Here, we complete the construction of the left and right SoV basis in our new SoV approach further

deriving their left/right couplings, i.e. the SoV measure. As a corollary of the Theorem 2.1 of our

paper [81] the following proposition holds:

Proposition 3.1. Let us suppose that the inhomogeneity parameters are generic:

ξj, ξj ± ξk /∈ {0, −η, η}, ∀j, k ∈ {1, . . . , N}, j 6= k, (3.1)

and that the boundary matrices K−(λ) and K+(λ) are not both proportianl to the identity, then

〈h| ≡ 〈S|
N∏

n=1

(
T (ξn − η/2)

Aζ̄+,ζ̄−
(η/2 − ξn)

)1−hn

, h ≡ (h1, . . . , hN ) ∈ {0, 1}N , (3.2)

is a co-vector basis of H for almost any choice of the co-vector 〈S|, of the inhomogeneity parameters

satisfying (3.1) and of the boundary parameters. So, denoted with |R〉 the unique vector satisfying

the following orthogonality conditions:

〈h1, ..., hN |R〉 = δh,0
V̂ (ξ1, . . . , ξN )

V̂ (ξ
(0)
1 , . . . , ξ

(0)
N )

, (3.3)

we have that the following set of vectors:

|h〉 ≡
N∏

n=1

(
T (ξn + η/2)

knAζ̄+,ζ̄−
(η/2 − ξn)

)hn

|R〉, h ∈ {0, 1}N , (3.4)

is a vector basis of H and the two basis are orthogonal with respect to the canonical scalar product

in the spin basis:

〈 h
′ | h 〉 = δh,h′

Nξ

V̂ (ξ
(h1)
1 , . . . , ξ

(hN )
N )

, (3.5)

with

Nξ = V̂ (ξ1, . . . , ξN )
V̂ (ξ

(0)
1 , . . . , ξ

(0)
N )

V̂ (ξ
(1)
1 , . . . , ξ

(1)
N )

. (3.6)

and

V̂ (x1, . . . , xN ) = det
1≤i,j≤N

[
x

2(j−1)
i

]
=
∏

j<k

(x2
k − x2

j ), (3.7)

for the Vandermonde determinant of a N -tuple of square variables (x2
1, . . . , x2

N ).

Proof. The proof that the set of covectors is a basis is detailed in Theorem 2.1 of [81]. We prove the

rest of the proposition just proving the orthogonality conditions (3.5). These conditions are satisfied

by definition by the vector |R〉 so we can prove them by induction. That is, we assume that they hold

for a fixed h such that

N∑

n=1

hn = m, (3.8)

9



and then we prove them for the generic h̄ obtained changing one of the elements of h from zero to 1,

i.e. the m + 1 case. Then, there exists a permutation of {1, ..., N} such that:

hπ(n) = {1 for n ≤ m and 0 for m < n} (3.9)

and we want to prove that for any a ∈ {π(m + 1), ..., π(N)} it holds:

〈 h
′ | h̄ 〉 = δ

h̄,h′

Nξ

V̂ (ξ
(h̄1)
1 , . . . , ξ

(h̄N )
N )

, (3.10)

where:

h̄b = hb ∀b 6= a and h̄a = 1. (3.11)

Let us start proving the orthogonality condition for h′
a = 0, we have that it holds:

〈 h
′|h̄ 〉 = 〈h′

1, ..., h′′
a = 1, ..., h′

N |
T (ξa − η/2)T (ξa + η/2)

kaAζ̄+,ζ̄−
(η/2 − ξa)Aζ̄+,ζ̄−

(η/2 − ξa)
|h〉

=
Aζ̄+,ζ̄−

(η/2 + ξa)

kaAζ̄+,ζ̄−
(η/2 − ξa)

〈h′
1, ..., h′′

a = 1, ..., h′
N |h〉 = 0 (3.12)

where we have used the quantum determinant relation and we get zero by the induction being h such

that it holds ha = 0. Let us now show the orthogonality condition for h′
a = 1 and h

′ 6= h̄, this is the

case if it exists a b 6= a such that h′
b = 1 − hb.

Then, to compute the action of T (ξa + η/2) on 〈 h
′|, we use the following interpolation formula:

T (λ) = tN+1uh′(λ) + T (η/2)sh′(λ) +
N∑

a=1

ra,h′(λ)T (ξ(h′
a)

a ), (3.13)

to get:

〈 h
′|h̄ 〉 = (tN+1uh′(ξa + η/2) + T (η/2)sh′(ξa + η/2))〈 h

′ |h 〉 +
N∑

c=1

rc,h′(ξa + η/2)

×
Aζ̄+,ζ̄−

(η/2 − ξc)

kaAζ̄+,ζ̄−
(η/2 − ξa)

〈 h′
1, ..., h′′

c = 1 − h′
c, ..., h′

N |h 〉, (3.14)

where we have used the simple identity:

〈 h
′|

T (ξ
(h′

c)
c )

kaAζ̄+,ζ̄−
(η/2 − ξa)

=
Aζ̄+,ζ̄−

(η/2 − ξc)

kaAζ̄+,ζ̄−
(η/2 − ξa)

〈 h′
1, ..., h′′

c = h′
c − 1, ..., h′

N |. (3.15)

Then, by the induction we get:

〈 h
′|h̄ 〉 = 0 (3.16)

being

〈 h
′|h 〉 = 0 and 〈 h′

1, ..., h′′
c = 1 − h′

c, ..., h′
N |h 〉 = 0 ∀c 6= a (3.17)

as by definition h′
a = 1 and ha = 0 and

〈 h′
1, ..., h′′

a = 0, ..., h′
N |h 〉 = 0, (3.18)

10



being by definition h′
b = 1 − hb. Let us finally compute the last coupling:

〈 h̄|h̄ 〉 = 〈h̄|
T (ξa + η/2)

kaAζ̄+,ζ̄−
(η/2 − ξa)

|h〉 (3.19)

using once again the interpolation formula for T (ξa − η/2) for h̄ we get:

〈 h̄|h̄ 〉 =
ra,h̄(ξ

(0)
a )

ka
〈h|h〉, (3.20)

as all the others contributions are zero as one can prove following the same steps described above.

From which the formula for the normalization follows. �

3.1.2 Transfer matrix spectrum and their isospectrality

The previous proposition on the SoV bases directly implies the following complete characterization of

the transfer matrix spectrum which represents a completion from the wave-functions to the eigenstates

of the Theorem 2.2 of [81].

Theorem 3.1. Let the inhomogeneity parameters be generic (3.1) and let the boundary matrices

K−(λ) and K+(λ) not be both proportional to the identity, then, for almost any choice of the bound-

ary parameters, the eigenvalue spectrum ΣT of T (λ) is simple and it coincides with the set of poly-

nomials

t(λ) = tN+1

(
λ2 − (η/2)2

) N∏

b=1

(λ2 − ξ2
b ) + 2(−1)N detqM(0)

N∏

b=1

λ2 − ξ2
b

(η/2)2 − ξ2
b

+
N∑

a=1

4λ2 − η2

4ξ2
a − η2

N∏

b=1
b6=a

λ2 − ξ2
b

ξ2
a − ξ2

b

t(ξa), (3.21)

satisfying the following discrete system of equations

det


 t(ξ

(0)
n ) −Aζ̄+,ζ̄−

(ξ
(0)
n )

−Aζ̄+,ζ̄−
(−ξ

(1)
n ) t(ξ

(1)
n )


 = 0, ∀n ∈ {1, . . . , N}. (3.22)

The following vector and co-vectors

| Ψt 〉 =
∑

h∈{0,1}N

N∏

n=1

Qt(ξ
(hn)
n ) V̂ (ξ

(h1)
1 , . . . , ξ

(hN )
N ) | h 〉, (3.23)

〈 Ψt | =
∑

h∈{0,1}N

N∏

n=1





ξn − η

ξn + η

Aζ̄+,ζ̄−
(ξ

(0)
n )

Aζ̄+,ζ̄−
(−ξ

(1)
n )




hn

Qt(ξ
(hn)
n )


 V̂ (ξ

(h1)
1 , . . . , ξ

(hN )
N ) 〈 h| ,

(3.24)

generate respectively the one-dimensional right and left T (λ)-eigenspaces associated with the eigen-

value t(λ) ∈ ΣT , where the Qt is defined on the discrete set of values ξ
(hn)
n , n ∈ {1, . . . , N}, hn ∈

{0, 1} by

Qt(ξ
(1)
n )

Qt(ξ
(0)
n )

=
t(ξ

(0)
n )

Aζ̄+,ζ̄−
(ξ

(0)
n )

=
Aζ̄+,ζ̄−

(−ξ
(1)
n )

t(ξ
(1)
n )

, n = 1, . . . , N. (3.25)
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Proof. This theorem follows from Theorem 2.2 of [81] and the decomposition of the identity induced

from the previous proposition. �

In the following we will use also the following notations:

gn ≡ gζ̄+,ζ̄−
(ξn) =

(ξn + ζ̄+)(ξn + ζ̄−)

(ξn − ζ̄+)(ξn − ζ̄−)
, (3.26)

and

fn ≡ f(ξn, {ξ}) = −
N∏

a=1
a6=n

(ξn − ξa + η)(ξn + ξa + η)

(ξn − ξa − η)(ξn + ξa − η)
, (3.27)

from which

ξn − η

ξn + η

Aζ̄+,ζ̄−
(ξ

(0)
n )

Aζ̄+,ζ̄−
(−ξ

(1)
n )

= fn gn. (3.28)

The previous theorem allows us to state the following corollary on the isospectrality of transfer ma-

trices associated to different boundary conditions:

Corollary 3.1. Let the inhomogeneity parameters be generic (3.1) let us consider two different sets

of boundary parameters:

(ζ1,±, κ1,±, τ1,±) 6= (ζ2,±, κ2,±, τ2,±) (3.29)

with for both of them the associated boundary matrices are not both proportianl to the identity. Then,

if the following conditions holds:

1 + 4κ1,+κ1,− cosh(τ1,+ − τ1,−)

ζ1,+ζ1,−
=

1 + 4κ2,+κ2,− cosh(τ2,+ − τ2,−)

ζ2,+ζ2,−
, (3.30)

ζ̄2
1,± = ζ̄2

2,±ǫ for a given ǫ = {+, −}, (3.31)

the associated two transfer matrices are isospectral, i.e. there exists an invertible Γ12 ∈ EndH such

that:

T (λ|ζ1,±, κ1,±, τ1,±) = Γ−1
12 T (λ|ζ2,±, κ2,±, τ2,±)Γ12. (3.32)

Moreover, taken the set of boundary parameters (ζ±, κ±, τ±) satisfying the condition:

ωǫ(κ±, τ±) ≡ 1 + 4κ+κ− cosh(τ+ − τ−) − ǫ
√

(1 + 4κ2
+)(1 + 4κ2

−) = 0, (3.33)

for a given ǫ = {+, −}, then the following isospectrality holds:

T (λ|ζ±, κ±, τ±) = Γ−1T (λ|ζ̄±, 0, 0)Γ, (3.34)

where T (λ|ζ̄±, 0, 0) is the transfer matrix associated to diagonal boundary matrices with parameters

ζ̄±.

12



Proof. Here, we have just to remark that the SoV characterization of the transfer matrix spectrum of

the previous theorem implies that the spectrum depends by the boundary parameters only by ζ̄2
± and

by tN+1, so that the identities (3.30)-(3.31) assure that two different sets of boundary parameters

(ζ1,±, κ1,±, τ1,±) and (ζ2,±, κ2,±, τ2,±) share the same values of ζ̄2
± and by tN+1. The completeness

of the transfer matrix spectrum description implies then the isospectrality. Finally, taking diagonal

boundary matrices with parameters ζ̄±, by definition it holds:

tN+1(ζ̄±, 0, 0) =
2

ζ̄+ζ̄−
= tN+1(ζ±, κ±, τ±), (3.35)

under the condition (3.33) and the choice ǫ = ǫ−ǫ+, where ǫ± are the signs that we chose in (2.20),

so that the isospectrality statement follows. �

It is important to stress that this isospectrality goes far beyond that associated with the GL(2)
symmetry of the model, which just implies the isospectrality in the case one can go from the set

of boundary matrices associated to (ζ1,±, κ1,±, τ1,±) to the set associated to (ζ2,±, κ2,±, τ2,±) by a

similarity transformation. One simple example is the isospetrality of the transfer matrix associated

to (ζ−, κ−, τ−) in the site 1 and to (ζ+, κ+, τ+) in the site N and the transfer matrix associated to

(ζ+, κ+, τ+) in the site 1 and to (ζ−, κ−, τ−) in the site N . These two transfer matrices are isospectral

but for general values of the boundary parameters one cannot pass from one set of boundary matrices

to the other by a similarity transformation.

The main example of interest for us now of this beyond GL(2) isospectrality is the case of unpar-

allel boundary magnetic fields which satisfy the condition (3.33). The unparallel boundary magnetic

fields case is equivalent to ask that the boundary matrices are non simultaneously diagonalizable, we

will see that this condition is compatible with (3.33). So that we establish the isospectrality of these

transfer matrices with those with parallel magnetic fields according to (3.34), which we will use in

the computation of the correlation functions. Note that being the parallel boundary magnetic fields

case equivalent to ask that the two boundary matrices are simultaneously diagonalizable, then our

statement of beyond GL(2) isospectrality follows as well as the fact that in general the similarity Γ
in (3.34) is not easy to derive and it is not of tensor product type.

3.2 Functional TQ-equation spectrum characterization

The transfer matrix eigenvalues and eigenstates are characterized in the SoV framework in terms of

the Qt defined on the discrete set of shifted inhomogeneity parameters only. It is possible to show that

this discrete characterization can be reformulated by a functional equation for a Qt function defined

on the whole complex plane C.

In the case of the open XXZ spin-1/2 chain with generic integrable boundary conditions, this was

first proven in [29] under the quite general boundary conditions allowing for the introduction of the

Sklyanin’s like SoV approach. Here, we generalized the results derived for the XXX case in [76]

thanks to the wider SoV approach derived in [81] and further detailed in the previous section.

Theorem 3.2. Let the inhomogeneity parameters be generic (3.1) and let the boundary matrices

K−(λ) and K+(λ) not be both proportional to the identity, then, for almost any choice of the bound-

ary parameters, defined

F (λ) =
2ωǫ(κ±, τ±)

ζ̄−ζ̄+

(
λ2 − (η/2)2

) N∏

b=1

1∏

h=0

(
λ2 − (ξ

(h)
b )2

)
, (3.36)
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with ǫ = ǫ−ǫ+ and ǫ± the signs in (2.20), t(λ) ∈ ΣT iff there exists a unique polynomial Qt(λ) of

the form

Qt(λ) =
q∏

b=1

(
λ2 − λ2

b

)
, λ1, . . . , λq ∈ C \

{
± ξ

(0)
1 , . . . , ±ξ

(0)
N

}
, (3.37)

satisfying

t(λ) Qt(λ) = Aζ̄+,ζ̄−
(λ) Qt(λ − η) + Aζ̄+,ζ̄−

(−λ) Qt(λ + η) + F (λ), (3.38)

or equivalently t(λ) ∈ ΣT iff there exists a unique polynomial Pt(λ) of the form

Pt(λ) =
p∏

b=1

(
λ2 − µ2

b

)
, µ1, . . . , µp ∈ C \

{
± ξ

(0)
1 , . . . , ±ξ

(0)
N

}
, (3.39)

such that

t(λ) Pt(λ) = A−ζ̄+,−ζ̄−
(λ) Pt(λ − η) + A−ζ̄+,−ζ̄−

(−λ) Pt(λ + η) + F (λ), (3.40)

where:

p = q = N if ωǫ(κ±, τ±) 6= 0, p + q = N if ωǫ(κ±, τ±) = 0. (3.41)

Proof. Starting from the SoV discrete characterization derived in the previous section, we can prove

the current theorem just as done in [76], for the Theorem 3.2, 3.3 and Proposition 3.1. �

It is important to remark that differently from the case of the Sklyanin’s like SoV characteri-

zation9, here, on the one hand, we are doing a characterization holding in general both for parallel

and unparallel boundary magnetic fields and, on the other hand, we do not need to implement any

similarity transformation to bring the system in an appropriate form to use Sklyanin’s like SoV char-

acterization. These remarks are very important for the case of the XXZ and XYZ spin chains where

these similarity transformations, required to make Sklyanin’s like SoV applicable, are not of simple

tensor product form but have a non-local form intrinsic of the Baxter’s gauge transformations.

3.3 Bethe ansatz form of separate state and boundary-bulk decomposition

Here, we recall the rewriting in Bethe ansatz form of the SoV characterization of the transfer matrix

eigenstates and separate states of the open XXX quantum chain following [76]. Then, we present the

main result of the section, i.e. the boundary-bulk decomposition of these separate states.

3.3.1 Similarity transformation to triangular cases

We can define the following similarity transformed boundary monodromy matrices:

Ū∓(λ) = W0 ΓW U∓(λ) Γ−1
W W −1

0 =

(
Ā∓(λ) B̄∓(λ)

C̄∓(λ) D̄∓(λ)

)
, (3.42)

where W0 ∈ GL(2,C) acts on the auxiliary space, whereas ΓW ≡ ⊗N
n=1Wn acts on the quantum

space of states. By the GL(2,C) invariance of the R-matrices:

R12(λ) W1 W2 = W2 W1 R12(λ), (3.43)

9See for example Theorem 3.1 of our paper [76] for the open XXX spin chain.
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we have that it holds:

Ū−(λ) = M(λ) K̄−(λ) M̂ (λ), (3.44)

Ū t0
+ (λ) = M t0(λ) K̄t0

+ (λ) M̂ t0(λ), (3.45)

where we have defined:

K̄∓(λ) = W0 K∓(λ) W −1
0 =

(
ā∓(λ) b̄∓(λ)

c̄∓(λ) d̄∓(λ)

)
. (3.46)

The following similarity transformation holds:

T̄ (λ) = ΓW T (λ) Γ−1
W (3.47)

where:

T̄ (λ) = tr0

{
K̄+(λ) M(λ) K̄−(λ) M̂ (λ)

}
. (3.48)

Then, under the following choice:

W ≡ Wǫ+,ǫ−
=




1
−1+ǫ−

√
1+4κ2

−

2κ−e−τ−

1−ǫ+

√
1+4κ2

+

2κ+eτ+ 1


 , (3.49)

for a given (ǫ+, ǫ−) ∈ {−1, 1}2, the boundary matrices take the triangular form

K̄−(λ) = I +
λ + η/2

ζ̄−
(σz + c̄−σ−), K̄+(λ) = I +

λ − η/2

ζ̄+

(σz + b̄+σ+), (3.50)

with

c̄− =
2ǫ−κ−e−τ−

√
1 + 4κ2

−


1 +

(1 + ǫ−

√
1 + 4κ2

−)(1 − ǫ+

√
1 + 4κ2

+)

4κ+κ−eτ+−τ−


 , (3.51)

b̄+ =
2ǫ+κ+eτ+

√
1 + 4κ2

+


1 +

(1 − ǫ−

√
1 + 4κ2

−)(1 + ǫ+

√
1 + 4κ2

+)

4κ+κ−eτ+−τ−


 . (3.52)

The interest in the above similarity transformation is that for b̄+ 6= 0 we can implement the Sklyanin’s

like SoV approach using as generator of the left and right SoV bases the monodromy matrix entry

B̄+(λ) (diagonalizable and with simple spectrum) to solve the spectral problem of the transfer matrix

T̄ (λ). Then, the eigenstates (| t〉,〈 t|) of the original transfer matrix T (λ) can be therefore expressed

in terms of those of the new triangular one (|t̄〉,〈t̄ |) using the tensor product similarity transformation

ΓW , i.e. it holds:

|t〉 = Γ−1
W |t̄〉, 〈t| = 〈t̄| ΓW . (3.53)

Finally, let us remark that the Hamiltonian

H̄ = ΓW HΓ−1
W , (3.54)

associated to the transfer matrix T̄ (λ) reads:

H̄ =
N−1∑

i=1

[
σx

i σx
i+1 + σy

i σy
i+1 + σz

i σz
i+1

]
+

η

ζ̄−

[
σz

1 + c̄−σ−
1

]
+

η

ζ̄+

[
σz

N + b̄+σ+
N

]
. (3.55)
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3.3.2 Unparallel cases isospectral to the parallel ones

Here, we characterize the cases in which the original transfer matrix T (λ), associated to unparallel

boundary magnetic fields, is isospectral to the transfer matrix T̂ (λ) ≡ T (λ|ζ̄±, 0, 0), associated to

parallel along the z-direction boundary magnetic fields, i.e.

T̂ (λ) = tr0

{
K̂+(λ) M(λ) K̂−(λ) M̂ (λ)

}
, (3.56)

with

K̂−(λ) = I +
λ + η/2

ζ̄−
σz, K̂+(λ) = I +

λ − η/2

ζ̄+

σz. (3.57)

Let us recall that by construction of the similarity transformation, T (λ) and T̄ (λ) are clearly isospec-

tral. Then, let us now impose the following boundary conditions:

c̄− = 0, b̄+ 6= 0, (3.58)

which keep T̄ (λ) associated to a properly triangular boundary matrix in site N , i.e. T (λ) is properly

associated to unparallel boundary magnetic fields. Then, the following identity:

c̄−b̄+ =
ǫ+ǫ−eτ−−τ+ωǫ+ǫ−

(κ±, τ±)

4κ+κ−

√
(1 + 4κ2

+)(1 + 4κ2
−)

, (3.59)

implies that the condition (3.58) is equivalent to the following one

ωǫ+ǫ−
(κ±, τ±) = 0, b̄+ 6= 0, (3.60)

which by Corollary 3.1 implies the isospectrality of our original transfer matrix T (λ) (with unpar-

allel boundary magnetic fields) to T̂ (λ) (with parallel boundary magnetic fields). We can state the

following:

Lemma 3.1. Let us fix a couple (ǫ+, ǫ−) ∈ {−1, 1}2 and let us impose the following boundary

conditions:

eτ+ = eτ−

(ǫ−

√
1 + 4κ2

− + 1)(ǫ+

√
1 + 4κ2

+ − 1)

4κ+κ−
, (3.61)

then for any choice of the boundary parameters such that:

κ+ 6= ±κ−, (3.62)

our original transfer matrix T (λ) has unparallel boundary magnetic fields and it is isospectral to

T̂ (λ) with parallel z-oriented boundary magnetic fields. Moreover, taken iη ∈ R, then for any choice

of the boundary parameters (ζ±, κ±) such that:

iζ̄± ∈ R, (3.63)

the transfer matrix T̂ (λ) is self-adjoint. So, the ground state distribution of our original Hamiltonian

H (associated to T (λ)) coincides with that of the Hamiltonian

Ĥ =
N−1∑

i=1

[
σx

i σx
i+1 + σy

i σy
i+1 + σz

i σz
i+1

]
+

i

ζ̄−
σz

1 +
i

ζ̄+

σz
N , (3.64)

(associated to T̂ (λ)) and in the thermodynamic limit N → ∞ it is known to be characterized by the

following distribution on the positive real axis:

ρ(λ) =
i

sinh πλ
, (3.65)

once we fix η = i and single roots are absent for ζ− 6= 0.
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3.3.3 The Bethe ansatz form of eigenstates and separate states

Let us here present the Bethe ansatz form of the transfer matrix eigenstates following from our SoV

characterization of the spectrum

Proposition 3.2 ( [76]). Let the inhomogeneities ξ1, . . . , ξN be generic (3.1) and under the condition

b̄+ 6= 0, then, for any t(λ) ∈ ΣT , the corresponding (unique up to normalization) right and left

T (λ)-eigenstates reads:

〈 t| = 〈 0 |
p∏

a=1

B̄+(µa) ΓW , | t〉 = Γ−1
W

q∏

a=1

B̄+(λa) | 0〉, (3.66)

where λ1, . . . , λq are the roots of the polynomial Qt(λ) and µ1, . . . , µp are those of the polynomial

Pt(λ), solutions of (3.38) and (3.38), respectively.

Proof. The Proposition 3.3 and 3.4 of [76] show that the SoV characterization of the eigenvectors is

equivalent to the above Bethe ansatz like formulation. �

Let us observe now that under the condition b̄+ 6= 0, the results of Section 2.3 of the paper [81],

implies the identities:

〈 h| = l 〈+, h|ΓW , |h〉 = r Γ−1
W | h,+〉, (3.67)

where l and r are some computable normalization constant and 〈+, h| and | h,+〉 are the left and

right eigenstates of B̄+(λ). So that we can equivalently use one or the other SoV basis leading to the

same above results.

In separation of variable the so-called separate states read:

| γ 〉 =
∑

h∈{0,1}N

N∏

n=1

γ(hn)
n V̂ (ξ

(h1)
1 , . . . , ξ

(hN )
N ) | h 〉, (3.68)

for some coefficients γ
(hn)
n , n ∈ {1, . . . , N}, hn ∈ {0, 1}. They are a set of states containing as

special elements the transfer matrix eigenvectors and playing a fundamental role in the computation

of correlation functions. Indeed, scalar products of the separate states universally admit [65, 67]

determinat representations, shown in [76] for the open XXX case to be equivalent to determinants

generalizing the Slavnov’s determinants [146], results previously known only in the case of parallel

boundary magnetic fields [13,147]. Moreover, as we will show in the next section, the action of local

operators on separate states can be efficently rewritten in terms of linear combinations of separate

states in this way allowing to implement the calculation of correlation functions.

Here, we recall that along the same lines of the previous proposition in [76] we have shown that

also the separate states naturally admit Bethe ansatz representations. In the following we will use the

following representation of separate states:

| β 〉 = Γ−1
W

nβ∏

a=1

B̄+(ba) | 0 〉, (3.69)

where

β(λ) =

nβ∏

m=1

(λ2 − b2
m), (3.70)

which coincides with the separate state | γ 〉 under the identification

γ(hn)
n = (−1)N β(ξ(hn)

n )b̄+(ξ(hn)
n ). (3.71)
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3.3.4 Boundary-bulk decomposition of separate states

Here, we compute the boundary-bulk decomposition for the separate states. We observe that it holds:

B̄+ (λ) = B̂+ (λ) + D (λ) D (−λ) b̄+ (λ) (3.72)

where B̂+ (λ) is the operator associated to the diagonal part of K̄+ (λ):

B̄+ (λ) = B (λ) D (−λ) ā+ (λ) − D (λ) B (−λ) d̄+ (λ) , (3.73)

then the next proposition follows:

Proposition 3.3. The following boundary-bulk decomposition of separate states holds:

M∏

j=1

B+(λj)| 0 〉 =
M∑

a=0

∑

X ∪Y=IM

X ∩Y=∅,|Y|=a

b̄+ (λX ) d(λX )d(−λX )

λ2
X − λ2

Y

×
∑

σY =±

[λ2
X − (λ

(σ)
Y − η)2]H

B+

(σY )(λY)B(λ
(σ)
Y )| 0 〉, (3.74)

where we have used the short notations IM = {1, ..., M} and

B(λ
(σ)
Y ) =

∏

j∈Y

B(σjλj), λ2
X − λ2

Y =
∏

i∈X

∏

j∈Y

(λ2
i − λ2

j ), etc (3.75)

and

H
B+

(σ1,...,σR)(λ1, ..., λR) =
R∏

j=1

d(−σjλj)
sinh(2λj + η)

sinh(2λj)
sinh(λj + σj(ζ̄+ − η/2))

×
∏

1≤r<s≤R

sinh(σsλs + σrλr − η)

sinh(σsλs + σrλr)
. (3.76)

Proof. In the following, we use the commutativity of the following three sets of operator families,

B̄+ (λ), B̂+ (λ) and D (λ). We clearly have the following identity:

M∏

j=1

B̄+(λj)| 0 〉 =
M∑

a=0

∑

X ∪Y=IM

X ∩Y=∅,|Y|=a

∑

σY =±

CX
(σ)
,Y (λ)B(λ

(σ)
Y )| 0 〉, (3.77)

as a consequence of the boundary-bulk decomposition of the B̄+-operator family, the Yang-Baxter

commutation relations between D (λ) and B (λ) and the following identity:

D (λ) | 0 〉 = | 0 〉d(λ). (3.78)

So we are left with the proof that the coefficients take the above defined form. Let us fix a couple of

sets X ∪ Y = IM then by using the commutativity we can take the following rewriting:

M∏

j=1

B̄+(λj)| 0 〉 = B̄+(λX )B̄+(λY)| 0 〉, (3.79)

then it is easy to understand that the terms

∑

σY=±

CX
(σ)
,Y (λ)B(λ

(σ)
Y )| 0 〉 (3.80)
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in the state (3.77) can be generated only by the following term

b̄+ (λX ) D (λX ) D (−λX ) B̂+(λY)| 0 〉 (3.81)

and only by taking the direct action of the operators D(±λX ) on the state:

B̂+(λY)| 0 〉 =
∑

σY =±

H
B+

(σY )(λY)B(λ
(σ)
Y )| 0 〉, (3.82)

where the above boundary-bulk decomposition has been derived in Proposition 3.4 of our paper [13]

and it holds being B̂+ (λ) associated to the diagonal part of K̄+ (λ). So all we have to do to compute

the coefficients CX
(σ)
,Y (λ) is to compute this direct action on the above state, which, by the Yang-

Baxter commutation relations and the property (3.78), clearly give:

b̄+ (λX ) [D (λX ) D (−λX )]Direct actionB̂+(λY)| 0 〉 = b̄+ (λX ) d(λX )d(−λX )

×
∑

σY=±

λ2
X − (λ

(σ)
Y − η)2

λ2
X − λ2

Y

H
B+

(σY )(λY)B(λ
(σ)
Y )| 0 〉,

(3.83)

in this way completing our proof. �

4 Action of local operators on boundary separate states

In order to compute correlation functions we have to be able to compute the action of local operators

on transfer matrix eigenstates and so on separate states. The first fundamental step in these computa-

tions is the reconstruction of local operators [107] in terms of the bulk generators of the Yang-Baxter

algebra and, in particular, their simplified version derived in [13]. Indeed, thanks to these reconstruc-

tions and the previously derived boundary-bulk decomposition of separate states, these actions can be

computed by using the known Yang-Baxter algebra or SoV representations.

Here, we compute the action of the local and quasi-local operators on separate states associated to

the transfer matrix T̄ (λ), i.e. the one with diagonal K̄−(λ) and properly triangular (b̄+ 6= 0) K̄+(λ)
boundary matrices. These results then translate directly in action of local and quasi-local operators on

separate states associated to the original transfer matrix T (λ). Indeed, the similarity transformation

relating the two transfer matrices is of pure tensor product type and so it transforms local operators in

local operators.

4.1 Action of the quasi-local operator Qm(κ)

Let us recall that the first nontrivial correlation functions for the open quantum spin chains are the one

point functions, i.e. the ground state average of a local spin operators, which measure the correlation

with the boundaries. Following, the presentation of [14], we first compute the action of the quasi-local

operator:

Qm(κ) =
m∏

a=1

(E11
a + κE22

a ) =
m∏

a=1

(A(ξ(0)
a ) + κD(ξ(0)

a ))
m∏

a=1

(A(ξ(1)
a ) + D(ξ(1)

a )), (4.1)

which gives access to the one-point function of the local operator:

σz
m = 1 + 2 [(∂κQm(κ))κ=1 − (∂κQm+1(κ))κ=1] . (4.2)
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Here, we use the implicit multiplication notation introduced in (3.75) and the following further nota-

tions:

Rκ
n(ξγ+ |ξγ−

|µα+ |µα−
) = R(ξγ+ |ξγ−

|µα+ |µα−
)S̄κ

n(ξγ+ |µα+), (4.3)

where:

R(ξγ+ |ξγ−
|µα+ |µα−

) =
τ(µα+ |µα−

)τ(ξ
(0)
γ− |ξ

(0)
γ+ )

τ(ξ
(0)
γ+∪γ−

|µα+)f(µα−
|ξ

(0)
γ+ )

, (4.4)

τ(x|y) = a(x)f(y|x), f(x|y) =
x − y + η

x − y
, (4.5)

and S̄κ
n(ξγ+ |µα+) is defined by

S̄κ
n(ξγ+ |µα+) =

ξ
(0)
γ+ − µα+ + η
∏

a>b
a,b∈γ+

ξab
∏

a>b
a,b∈α+

µba
det

k∈γ+,j∈α+

M̄κ
jk , (4.6)

with the n × n matrix Mκ defined by:

M̄κ
jk = r(ξ

(0)
k |µj) − κr(µj |ξ

(0)
k )

f(µα+−{j}|µj)

f(µj |µα+−{j})

f(µj|ξ
(0)
γ+ )

f(ξ
(0)
γ+ |µj)

, (4.7)

and

r(x|y) =
η

(x − y)(x − y + η)
. (4.8)

Then, the following proposition holds:

Proposition 4.1. The action of the following local operators on boundary separate states read:

Qκ
mB̄+(µIM

)| 0 〉 =

l(m,M)∑

n=0

∑

IM =α+∪α−,α+∩α−=∅
Im=γ+∪γ−,γ+∩γ−=∅

|γ+|=|α+|=n

Rκ
n(ξγ+ |ξγ−

|µα+ |µα−
)B̄+(µα−

∪ξ(0)
γ+

)| 0 〉, (4.9)

where we have defined l(m, R) = min(m, R),

Rκ
n(ξγ+ |ξγ−

|µα+ |µα−
) =

∑

σα+ =±

H
B+
σα+

(µα+)

HB+(ξ
(0)
γ+ )

Rκ
n(ξγ+ |ξγ−

|µσ
α+

| ± µα−
), (4.10)

and HB+(ξ
(0)
γ+ ) stays for the coefficient10 (3.76) with σγ+ = (1, .., 1) while we have defined µσ

α+
≡

{σiµi ∀i ∈ α+} and ±µα−
≡ µα−

∪ (−µα−
).

Proof. We use first the boundary-bulk decomposition of the separate states given in the previous

section, so that it holds:

Qκ
mB̄+(µIM

)| 0 〉 =
M∑

a=0

∑

X ∪Y=IM

X ∩Y=∅,|Y|=a

b̄+ (µX ) d(µX )d(−µX )

µ2
X − µ2

Y

∑

σY =±

[µ2
X − (µ

(σ)
Y − η)2]

× H
B+

(σY )(µY)
(
Qκ

mB(µ
(σ)
Y )| 0 〉

)
, (4.11)

10Note that these are the only nonzero coefficients in such arguments.
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Now, we use the known action of the operator Qκ
m on a generic bulk state, as derived in Proposition

4.1 of [14], to write:

Qκ
mB(µ

(σ)
Y )| 0 〉 =

l(m,a)∑

n=0

∑

Y=Y+∪Y−

ξIm =ξγ+ ∪ξγ−

|γ+|=|Y+|=n

Rκ
n(ξγ+ |ξγ−

|µ
(σ)
Y+

|µ
(σ)
Y−

)B(µ
(σ)
Y−

∪ ξγ+)| 0 〉, (4.12)

then by expanding the coefficients, we get:

[µ2
X − (µ

(σ)
Y − η)2]H

B+

(σY )(µY)Rκ
n(ξγ+ |ξγ−

|µ
(σ)
Y+

|µ
(σ)
Y−

) ×


ξ

(0)
γ+ + µ

(σ)
Y−

− η

ξ
(0)
γ+ + µ

(σ)
Y−




±1

(4.13)

= S̄κ
n(ξγ+ |µ

(σ)
Y+

)
a(µ

(σ)
Y+

)

a(ξγ+)

µ2
Y−

− (µ
(σ)
Y+

− η)2

µ2
Y−

− µ2
Y+

µ2
Y−

− ξ
(0)2
γ+

µ2
Y−

− ξ
(1)
γ+

2

ξγ+ − ξγ−
+ η

ξγ+ − ξγ−

H
B+

(σ
Y+

)(µY+)

HB+(ξ
(0)
γ+ )

×
µ

(σ)
Y+

− ξ
(0)
γ+

µ
(σ)
Y+

− ξ
(1)
γ+

[µ2
X − (µ

(σ)
Y+

− η)2][µ2
X − (µ

(σ)
Y−

− η)2]H
B+

(1γ+ ∪σ
Y−

)(ξ
(0)
γ+

∪ µY−
). (4.14)

We are then free to split the sum over σY = ± in sum over σY+ = ± and σY−
= ± and reverse the

order of the sum in the following way:

Qκ
mB̄+(µIM

)| 0 〉 =
M∑

a=0

∑

X ∪Y=IM

X ∩Y=∅,|Y|=a

b̄+ (µX ) d(µX )d(−µX )

µ2
X − µ2

Y

l(m,a)∑

n=0

∑

Y=Y+∪Y−

ξIm =ξγ+ ∪ξγ−

|γ+|=|Y+|=n




∑

σY+
=±

[µ2
X − (µ

(σ)
Y+

− η)2]S̄κ
n(ξγ+ |µ

(σ)
Y+

)
a(µ

(σ)
Y+

)

a(ξγ+)

H
B+

(σ
Y+

)(µY+)

HB+(ξγ+)

×
µ2

Y−
− (µ

(σ)
Y+

− η)2

µ2
Y−

− µ2
Y+

ξγ+ − ξγ−
+ η

ξγ+ − ξγ−

µ
(σ)
Y+

− ξ
(0)
γ+

µ
(σ)
Y+

− ξ
(1)
γ+





µ2
Y−

− ξ
(0)2
γ+

µ2
Y−

− ξ
(1)
γ+

2

×





∑

σY−
=±

[µ2
X − (µ

(σ)
Y−

− η)2]H
B+

(1γ+ ∪σ
Y−

)(ξ
(0)
γ+

∪ µY−
)B(ξ(0)

γ+
∪ µ

(σ)
Y−

)| 0 〉



 , (4.15)

and we can, moreover, multiply each term for:

1 =
µ2

X − ξ
(0)2
γ+

µ2
X − ξ

(1)2
γ+

µ2
X − ξ

(1)2
γ+

µ2
X − ξ

(0)2
γ+

, (4.16)
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so that the previous expansion take the following form:

Qκ
mB̄+(µIM

)| 0 〉 =
M∑

a=0

∑

X ∪Y=IM

X ∩Y=∅,|Y|=a

b̄+ (µX ) d(µX )d(−µX )

µ2
X − (ξ

(0)
γ+ ∪ µY−

)2

l(m,a)∑

n=0

∑

Y=Y+∪Y−

ξIm =ξγ+ ∪ξγ−

|γ+|=|Y+|=n



∑

σY−
=±

[µ2
X − (ξ(1)

γ+
∪ (µ

(σ)
Y−

− η))2]H
B+

(1γ+ ∪σ
Y−

)(ξ
(0)
γ+

∪ µY−
)B(ξ(0)

γ+
∪ µ

(σ)
Y−

)| 0 〉









∑

σY+
=±

(µX ∪ µY−
)2 − (µ

(σ)
Y+

− η)2

(µX ∪ µY−
)2 − µ2

Y+

S̄κ
n(ξγ+ |µ

(σ)
Y+

)
a(µ

(σ)
Y+

)

a(ξγ+)

H
B+

(σ
Y+

)(µY+)

HB+(ξγ+)

×
ξγ+ − ξγ−

+ η

ξγ+ − ξγ−

µ
(σ)
Y+

− ξ
(0)
γ+

µ
(σ)
Y+

− ξ
(1)
γ+

(µX ∪ µY−
)2 − ξ

(0)2
γ+

(µX ∪ µY−
)2 − ξ

(1)2
γ+



 . (4.17)

Let us now remark that the factor associated to the sum over σY+ depends only by the variable on the

sets Y+, Ȳ− = Y− ∪ X , γ− and γ+, i.e. it does not distinguish between µX and µY−
so that we are

free to rewrite our result as it follows:

Qκ
mB̄+(µIM

)| 0 〉 =

l(m,M)∑

n=0

∑

Y+∪Ȳ−=IM

ξIm =ξγ+ ∪ξγ−

|γ+|=|Y+|=n





∑

σY+
=±

µ2
Ȳ−

− (µ
(σ)
Y+

− η)2

µ2
Ȳ−

− µ2
Y+

S̄κ
n(ξγ+ |µ

(σ)
Y+

)
a(µ

(σ)
Y+

)

a(ξ
(0)
γ+ )

×
H

B+

(σ
Y+

)(µY+)

HB+(ξ
(0)
γ+ )

ξγ+ − ξγ−
+ η

ξγ+ − ξγ−

µ
(σ)
Y+

− ξ
(0)
γ+

µ
(σ)
Y+

− ξ
(1)
γ+

µ2
Ȳ−

− ξ
(0)2
γ+

µ2
Ȳ−

− ξ
(1)2
γ+





{
M−n∑

a=0

∑

X ∪Y−=Ȳ−

X ∩Y−=∅,|Y−|=a

×
b̄+ (µX ) d(µX )d(−µX )

µ2
X − (ξ

(0)
γ+ ∪ µY−

)2

∑

σY−
=±

[µ2
X − (ξ(1)

γ+
∪ (µ

(σ)
Y−

− η))2]H
B+

(1γ+ ∪σ
Y−

)(ξ
(0)
γ+

∪ µY−
)

B(ξ(0)
γ+

∪ µ
(σ)
Y−

)| 0 〉
}

. (4.18)

From which we get our result just remarking the identities:

Rκ
n(ξγ+ |ξγ−

|µY+ |µȲ−
) =

∑

σY+
=±

µ2
Ȳ−

− (µ
(σ)
Y+

− η)2

µ2
Ȳ−

− µ2
Y+

S̄κ
n(ξγ+ |µ

(σ)
Y+

)
a(µ

(σ)
Y+

)

a(ξ
(0)
γ+ )

H
B+

(σ
Y+

)(µY+)

HB+(ξ
(0)
γ+ )

×
ξγ+ − ξγ−

+ η

ξγ+ − ξγ−

µ
(σ)
Y+

− ξ
(0)
γ+

µ
(σ)
Y+

− ξ
(1)
γ+

µ2
Ȳ−

− ξ
(0)2
γ+

µ2
Ȳ−

− ξ
(1)2
γ+

(4.19)

and

B̄+(ξγ+ ∪ µȲ−
)| 0 〉 =

M−n∑

a=0

∑

X ∪Y−=Ȳ−

X ∩Y−=∅,|Y−|=a

b̄+ (µX ) d(µX )d(−µX )

µ2
X − (ξ

(0)
γ+ ∪ µY−

)2

×
∑

σY−
=±

[µ2
X − (ξ(1)

γ+
∪ (µ

(σ)
Y−

− η))2]H
B+

(1γ+ ∪σ
Y−

)(ξ
(0)
γ+

∪ µY−
)B(ξ(0)

γ+
∪ µ

(σ)
Y−

)| 0 〉, (4.20)
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as all the terms which correspond to a choice of µ̄X ⊂ {±ξ
(0)
γ+ ∪ ±µȲ−

} with µ̄X ∩ ξ
(0)
γ+ 6= ∅ are zero

being d(µ̄X )d(−µ̄X ) = 0. �

4.2 Action of local operators

Here, we present the action of a basis of local operators at the generic site m of the chain on the

boundary separate states associated to the transfer matrix T̄ (λ). In order, to do so we introduce some

further notations:

R2,2
n (ξγ+ |ξγ−

|µα+ |µa|µα−
) =

∑

σα+ ,σa=±

ητ(µσ
a | ± µIN −{a} ∪ ξ

(1)
Im

)

(µσ
a − ξ

(1)
m+1)τ(ξ

(0)
m+1| ± µIN −{a} ∪ ξ

(1)
Im

)

×
H

B+
σα+

(µα+)H
B+
σa (µa)

HB+(ξ
(0)
γ+ )HB+(ξ

(0)
m+1)

R(ξγ+ |ξγ−
|µσ

α+
| ± µα−

)S2,2
n (ξγ+ |µσ

α+
|µσ

a), (4.21)

R−
n (ξγ+ |ξγ−

|µα+ |µα−
) =

∑
σα+ =± H

B+
σα+

(µα+)R(ξγ+ |ξγ−
|µσ

α+
| ± µα−

)S−
n (ξγ+ |µσ

α+
)

HB+(ξ
(0)
γ+ )HB+(ξ

(0)
m+1)τ(ξ

(0)
m+1| ± µIN

∪ ξ
(1)
Im

)
,

(4.22)

and

R+
n (ξγ+ |ξγ−

|µα+ |µa|µp|µα−
) =

∑

σα+ ,σa,σp=±

R(ξγ+ |ξγ−
|µσ

α+
| ± µα−

)S+
n (ξγ+ |µσ

α+
|µσ

a |µσ
p )

×
H

B+
σα+

(µα+)H
B+
σa (µa)H

B+
σp (µp)

HB+(ξ
(0)
γ+ )HB+(ξ

(0)
m+1)

η2τ(µσ
a | ± µIN −{a} ∪ ξ

(1)
Im

)τ(µσ
p | ± µIN+1−{a,p} ∪ ξ

(1)
Im

)

(µσ
a − ξ

(1)
m+1)(ξ

(0)
m+1 − µσ

p + η)τ(ξ
(0)
m+1| ± µIN −{a} ∪ ξ

(1)
Im

)
,

(4.23)

where

Sx
n =

ξ
(0)
γ+ − µα+ + η
∏

a>b
a,b∈γ+

ξab
∏

a>b
a,b∈α+

µba
det

k∈γ+,j∈α+

Mx
jk , (4.24)

with the n × n matrix Mx defined by:

M2,2
jk = r(ξ

(0)
k |µj) − (1 − δj,N+1)r(µj |ξ

(0)
k )

f(µα+−{j} ∪ µa|µj)

f(µj |µα+−{j} ∪ µa)

f(µj|ξ
(0)
γ+ ∪ ξ

(0)
m+1)

f(ξ
(0)
γ+ ∪ ξ

(0)
m+1|µj)

, (4.25)

M−
jk = r(ξ

(0)
k |µj) − (1 − δj,N+1)r(µj |ξ

(0)
k )

f(µα+−{j}|µj)

f(µj |µα+−{j})

f(µj|ξ
(0)
γ+ ∪ ξ

(0)
m+1)

f(ξ
(0)
γ+ ∪ ξ

(0)
m+1|µj)

, (4.26)

M+
jk = r(ξ

(0)
k |µj) − (1 − δj,N+1)r(µj |ξ

(0)
k )

f(µα+−{j} ∪ µa ∪ µp|µj)

f(µj |µα+−{j} ∪ µa ∪ µp)

f(µj|ξ
(0)
γ+ ∪ ξ

(0)
m+1)

f(ξ
(0)
γ+ ∪ ξ

(0)
m+1|µj)

.

(4.27)

Then, the following proposition holds:

23



Proposition 4.2. The action of the following local operators on boundary separate states read:

E2,2
m+1B̄+(µIM

)| 0 〉 =
M∑

a=1

l(m,M)∑

n=0

∑

IM+1=α+∪α−∪{a},
{a}∩(α+∪α−)=∅,α+∩α−=∅

Im=γ+∪γ−,γ+∩γ−=∅
|γ+|=|α+|=n

R2,2
n (ξγ+ |ξγ−

|µα+ |µa|µα−
)

× B̄+(µα−
∪ ξ(0)

γ+
)| 0 〉, (4.28)

σ−
m+1B̄+(µIM

)| 0 〉 =

l(m,M)∑

n=0

∑

IM+1=α+∪α−,α+∩α−=∅
Im=γ+∪γ−,γ+∩γ−=∅

|γ+|=|α+|=n

R−
n (ξγ+ |ξγ−

|µα+ |µα−
)

× B̄+(µα−
∪ ξ(0)

γ+
)| 0 〉, (4.29)

and

σ+
m+1B̄+(µIM

)| 0 〉 =
M∑

a=1

M+1∑

p=1
p 6=a

l(m,M)∑

n=0

∑

IM+1=α+∪α−∪{a}∪{p},
{a,p}∩(α+∪α−)=∅,α+∩α−=∅

Im=γ+∪γ−,γ+∩γ−=∅
|γ+|=|α+|=n

R+
n (ξγ+ |ξγ−

|µα+ |µa|µp|µα−
)

× B̄+(µα−
∪ ξ(0)

γ+
)| 0 〉, (4.30)

where we have defined µM+1 = ξm+1.

Proof. The proof of this proposition is done exactly along the same lines of the previous one, we

have to use the boundary-bulk decomposition of the boundary separate states and then using the bulk

formulae of Proposition 4.2 of our paper [14] for the action of these local operators on bulk states is

computed. �

These formulae allows the computation of all one-point functions and we can use them to derive

the action of a monomial of two local operators, for example one at the site 1 and one at the generic

site m of the chain, here we present one instance of this:

Corollary 4.1. The previous proposition implies the following form of the right action of σ+
1+mσ−

1 on

an arbitrary separate state:

σ+
1+mσ−

1 B̄+(µIM
)| 0 〉 =

M∑

a=1

M+1∑

p=1
p 6=a

m−1∑

n=0

∑

IM+1=α+∪α−∪{a}∪{p},
{α+∪α−}∩{a,p}=∅,α+∩α−=∅

{2,..,m}=γ+∪γ−,γ+∩γ−=∅
|γ+|=|α+|=n

B̄+(µα−
∪ ξ

(0)
1 ∪ ξ(0)

γ+
)| 0 〉

× R+−
n (ξ1|ξγ+ |ξγ−

|µα+ |µa|µp|µα−
), (4.31)
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where:

R+−
n (ξ1|ξγ+ |ξγ−

|µα+ |µa|µp|µα−
) =

∑

σα+ ,σa,σp=±

H
B+
σα+

(µα+)H
B+
σa (µa)H

B+
σp (µp)

HB+(ξ
(0)
1 ∪ ξ

(0)
γ+ )HB+(ξ

(0)
m+1)

×
R(ξγ+ |ξγ−

|µσ
α+

| ± µα−
)S+

n (ξγ+ |µσ
α+

|µσ
a |µσ

p )η2

τ(ξ
(0)
1 | ± µα−

∪ µσ
α+

)(µσ
a − ξ

(1)
m+1)(ξ

(0)
m+1 − µσ

p + η)

×
τ(µσ

a | ± µIM −{a} ∪ ξ
(1)
Im

)τ(µσ
p | ± µIM+1−{a,p} ∪ ξ

(1)
Im

)

τ(ξ
(0)
m+1| ± µIM−{a} ∪ ξ

(1)
Im

)
, (4.32)

and µM+1 = ξm+1.

4.3 Action of the quasi-local generators of elementary blocks

Let us present now the action of the basis
m∏

j=1
E

εj ,ε′
j

j of quasi-local operators from site one to the

generic site m of the chain on the boundary separate states associated to the the transfer matrix T̄ (λ).

Following the exposition of our previous paper [13], for any element
m∏

j=1
E

εj ,ε′
j

j of this basis, we can

introduce the following sets of integers:

{ip}p∈{1,...,s}, with ik < ih for 0 < k < h ≤ s, (4.33)

{ip}p∈{s+1,...,s+s′}, with ik > ih for s < k < h ≤ s + s′, (4.34)

defined by the conditions εj = 1 iff j ∈ {ip}p∈{s+1,...,s+s′} and ε′
j = 2 iff j ∈ {ip}p∈{1,...,s}. Then,

we can formulate the following proposition:

Proposition 4.3. Taken the generic element of the quasi-local basis
m∏

j=1
E

εj ,ε′
j

j , then its action on a

boundary separate state reads:

m∏

j=1

E
εj ,ε′

j

j B̄+(µIM
)| 0 〉 =

∑

βs+s′

F+
βs+s′

(µIM+m
)B̄+(µIM+m\βs+s′

)| 0 〉, (4.35)

here, we have defined µM+j := ξ
(0)
m+1−j for j ∈ {1, . . . , m}, the sum run over all the possible sets of

integers βs+s′ = {b1, . . . , bs+s′} whose elements satisfy the conditions

{
bp ∈ {1, . . . , M} \ {b1, . . . , bp−1} for 0 < p ≤ s,

bp ∈ {1, . . . , M + m + 1 − ip} \ {b1, . . . , bp−1} for s < p ≤ s + s′,
(4.36)
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and the coefficient reads:

F+
βs+s′

(µIM+m
) =

∑

σα+ =±

a(µσ
βs+s′

)

a(ξ
(0)
IM

)

H
B+
σα+

(µα+)

HB+(ξ
(0)
γ+ )

(ξ
(0)
γ+ − µσ

α+
)

(ξ
(1)
γ+ − µσ

α+
)

∏

1≤i<j≤s+s′

µσ
bibj

µσ
bibj

+ η

×
∏

ǫ=±


(µσ

α+
+ ǫµα−

− η)(ξ
(0)
γ+ + εµα−

)

(µσ
α+

+ ǫµα−
)(ξ

(1)
γ+ + εµα−

)



∏

i∈α+

∏
j∈α+

(µσ
ji + η)

∏
j∈α+−{i}

(µσ
ji)

×
s∏

p=1

m∏
k=ip+1

(µσ
bp

− ξ
(1)
k )

m∏
k=ip

(µσ
bp

− ξ
(0)
k )

s+s′∏

p=s+1

m∏
k=ip+1

(ξ
(0)
k − µσ

bp
+ η)

m∏
k=ip

k 6=N+m+1−bp

(ξ
(0)
k − µσ

bp
)

. (4.37)

The sum is over all σh ∈ {+, −} for h ∈ α+ and we have defined µσ
j := σjµj for j ∈ βs+s′ , with

σj = 1 if j > M , and

γ− = {M + m + 1 − j}j∈βs+s′∩{M+1,...,M+m}, γ+ = {1, . . . , m} \ γ−, (4.38)

α+ = βs+s′ ∩ {1, . . . , M}, α− = {1, . . . , M} \ α+. (4.39)

Proof. Here, we have to use the boundary-bulk decomposition of the boundary separate states and

then we have to use the following formula:

m∏

j=1

E
εj ,ε′

j

j B(µIM
)| 0 〉 =

∑

βs+s′

Fβs+s′ (µIM+m
)B(µIM+m\βs+s′

)| 0 〉, (4.40)

for these actions on bulk states, where the coefficient Fβm
reads:

Fβs+s′ (µIM+m
) =

a(µσ
βs+s′

)

a(ξ
(0)
IM

)

s+s′∏

j=1

M∏
k=1

(µk bj
+ η)

M∏
k=1
k 6=bj

µk bj

µIM
− ξ

(0)
Im

µIM
− ξ

(1)
Im

∏

1≤i<j≤m

µbi bj

µbi bj
+ η

×
s∏

p=1

m∏
k=ip+1

(µbp
− ξk + η)

m∏
k=ip

(µbp
− ξk)

s+s′∏

p=s+1

m∏
k=ip+1

(ξk − µbp
+ η)

m∏
k=ip

k 6=N+m+1−bp

(ξk − µbp
)
, (4.41)

as proven in Proposition 5.1 of our paper [13]. The proof of this proposition is done exactly along the

same lines of the Proposition 4.1, �

5 Scalar products of separate states

Here, we present the scalar products of boundary separate states with the transfer matrix eigenstates

directly in the framework for which we want to compute correlation functions, i.e. for the case

c̄− = 0, b̄+ 6= 0, (5.1)
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where our original transfer matrix T (λ) is associated to unparallel boundary magnetic fields and it is

isospectral to the transfer matrix T̂ (λ) associated to parallel boundary magnetic fields. Here, we first

rewrite the known scalar products results, derived in our previous paper [76] on the XXX antiperiodic

chain, and then we analyze them in the thermodynamic limit for the case of the ground state thanks

to the knowledge of its density root distribution achieved thanks to the derived isospectrality.

5.1 The scalar product of separate states with transfer matrix eigenstates

In order to compute correlation functions, we have to be able to compute the following type of ratios

of scalar products of separate states with the transfer matrix eigenstates:

〈 t̄ | B̄+(υγ ∪ µα)| 0 〉

〈 t̄ |B̄+(µIq)|0 〉
, with α ⊂ Iq, γ ⊂ Im, (5.2)

where 〈 t̄ |(= 〈 t | Γ−1
W ) is the unique (up normalization) eigencovector of T̄ (λ) associated to the

eigenvalue t(λ) solving with Qt(λ), λ2-polynomial of degree q and roots λ2
1, . . . , λ2

q , the homoge-

neous version

t(λ) Qt(λ) = Aζ̄+,ζ̄−
(λ) Qt(λ − η) + Aζ̄+,ζ̄−

(−λ) Qt(λ + η) (5.3)

of the Baxter T Q-equation (3.38). Denoted µ̄Ip+n
= υγ ∪ µα with

µ̄a = µαa for a ∈ {1, ..., p}, µ̄p+a = µγa for a ∈ {p + 1, ..., p + n}, (5.4)

γ = {γ1, ..., γn} and α = {α1, ..., αp}, then the following proposition holds:

Proposition 5.1. Let the inhomogeneity parameters ξ1, . . . , ξN be generic (3.1),

c̄− = 0, b̄+ 6= 0, (5.5)

and let t(λ) be a generic T̄ -eigenvalue and 〈 t̄ | the associated unique (up normalization) T̄ -

eigencovector , then, the following representations hold:

〈 t̄ | B̄+(υγ ∪ µα)| 0 〉

〈 t̄ |B̄+(µIq)|0 〉
= 0, if p + n < q, (5.6)

〈 t̄ | B̄+(υγ ∪ µα)| 0 〉

〈 t̄ |B̄+(µIq)|0 〉
=

Γ((ζ̄+ + ζ̄−)/η +N −(q+ p + n))

Γ((ζ̄+ + ζ̄−)/η +N −2q)

Qt(υγ)(4µ2
β − η2)

(4υ2
γ − η2)Qt(µβ)

×
V̂ (µβ)

V̂ (υγ)

µ2
β − µ2

α

υ2
γ − µ2

α

detp+n St(λIq |µ̄Ip+n
)

detq St(λIq |µIq)
, if p + n ≥ q, (5.7)

where we have defined the set β = Iq\α and, if p + n ≥ q, the (p + n) × (p + n) square matrix

St(λIq |ωIp+n
) is defined by:

St(λIq |ωIp+n
)i,k =





∂ t(ωi)/∂λk if k ≤ q,

∑
ǫ∈{+,−}ǫ Aζ̄+,ζ̄−

(−ǫωi)
Qt(ωi+ǫη)

Qt(ωi)

(
ωi + ǫη

2

)2(k−q)−1
if k > q.

(5.8)

Then, the following identity holds

〈 t̄ | B̄+(υγ ∪ µα)| 0 〉

〈 t̄ |B̄+(µIq)|0 〉
=

〈 t̂ | B̂+(υγ ∪ µα)| 0 〉

〈 t̂ |B̂+(µIq )|0 〉
, if p + n ≤ q, (5.9)

where 〈 t̂ | is the unique (up normalization) eigencovector associated to the eigenvalue t(λ) of the

transfer matrix T̂ (λ) defined in (3.56).
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Proof. This proposition is a direct corollary of Theorem 4.2 of our previous paper [76], we have

just to use the formula (4.59) there to compute this ratio. Note that we do not need to specify the

normalization of the eigencovector 〈 t̄ | as it appear to numerator and denominator simultaneously.

The second part of the proposition is then a corollary on the Slavnov’s type formulae [146] for the

scalar products of Bethe’s like states [13,147]. In particular, we can use the formula (4.9) of Theorem

4.1 of our paper [13] to compute the following ratio and derive the identity:

〈 t̂ | B̂+(υγ ∪ µα)| 0 〉

〈 t̂ |B̂+(µIq)|0 〉
= δq,M+n

〈 t̄ | B̄+(υγ ∪ µα)| 0 〉

〈 t̄ |B̄+(µIq)|0 〉
. (5.10)

�

The above proposition also point out that the scalar products for the model associated to the

diagonal boundary matrices K̂−(λ) and K̂+(λ) and those associated to the diagonal K̄−(λ) = K̂−(λ)
and triangular K̄+(λ) 6= K̂+(λ) boundary matrices do not coincide for p + n > q being in general:

〈 t̄ | B̄+(υγ ∪ µα)| 0 〉

〈 t̄ |B̄+(µIq)|0 〉
6= 0 for p + n > q. (5.11)

Here, our main results will be to prove that if t(λ) is the ground state for the Hamiltonian associated

to T̄ (λ) these scalar products for λIq = µIq go to zero quickly enough to make their contribution

to correlation functions zero in the thermodynamic and homogeneous limit. More precisely, the

following result holds:

Proposition 5.2. Let the inhomogeneity parameters ξ1, . . . , ξN be generic (3.1),

c̄− = 0, b̄+ 6= 0, (5.12)

and let us fix t(λ) (T̄ -eigenvalue) and Qt(λ) (associated solution of the homogeneous Baxter’s

equation (5.3)) such that the Qt-roots {λIq } are distributed on the positive real axis according to the

ground state density:

ρ(λ) =
i

sinh πλ
, (5.13)

in the thermodynamic limits, then in this limit it holds:

〈 t̄ | B̄+(ξ
(0)
γ ∪ λα)| 0 〉

〈 t̄ |B̄+(λIq )|0 〉
= 0, if p + n < q, (5.14)

〈 t̄ | B̄+(ξ
(0)
γ ∪ λα)| 0 〉

〈 t̄ |B̄+(λIq )|0 〉
= o(1/N (q−p)), if p + n > q, (5.15)

if q-p finite in the thermodynamic limit, and finally if p + n = q:

〈 t̄ | B̄+(ξ
(0)
γ ∪ λα)| 0 〉

〈 t̄ |B̄+(λIq )|0 〉
=

λβ λ
(1)
β (ξγ + η) y(ξ

(0)
γ ; {λIq }; ζ̄±)

ξγξ
(0)
γ λ

(0)
β y(λβ ; {λIq }; ζ̄±)

V̂ (λβ)

V̂ (ξ
(0)
γ )

λ2
β − λ2

α

ξ
(0)2
γ − λ2

α

× det
n

[
ρ(λβl

− ξ
(1)
γk

) − ρ(λβl
+ ξ

(0)
γk

)

2Nρ(λβl
)

]
+ o(1/Nn), (5.16)

where, we have defined

y(µ; {λ}; ζ̄±) = a(µ) d(−µ) (µ + ζ̄+ − η/2) (µ + ζ̄− − η/2)Qt(µ − η) (5.17)

and β = {β1, ..., βn} = Iq\α.
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Proof. Thanks to the previous proposition we already know the validity of the statement for p+n < q
while for p + n = q this can be proven exactly along the same lines with which we derived it in the

Bethe ansatz framework, see Section 4.4 of our previous paper [13]. So we are left with the proof in

the case n + p > q.

Let us observe that we can write the result of the previous proposition for the case n + p > q as

it follows:

〈 t̄ | B̄+(ξ
(0)
γ ∪ λα)| 0 〉

〈 t̄ |B̄+(λIq )|0 〉
=

λβ λ
(1)
β (ξγ + η) y(ξ

(0)
γ ; {λIq }; ζ̄±)

ξγξ
(0)
γ λ

(0)
β y(λβ ; {λIq }; ζ̄±)

V̂ (λβ)

V̂ (ξ
(0)
γ )

λ2
β − λ2

α

ξ
(0)2
γ − λ2

α

×
Γ((ζ̄+ + ζ̄−)/η +N −(q+ p + n))

Γ((ζ̄+ + ζ̄−)/η +N −2q)

detn+p Mt(λIq |ξ
(0)
γ ∪ λα)

detq Nt(λIq)
,

(5.18)

where Nt is the matrix related to the Gaudin norm11 and the (n+p)×(n+p) matrix Mt(λIq |ξ
(0)
γ ∪λα)

has the following representation

Mt(λIq |ξ(0)
γ ∪ λα) =


 M

(1,1)
q×p M

(1,2)
q×n

M
(2,1)
(n+p−q)×p M

(2,2)
(n+p−q)×n


 (5.19)

where

M
(1,1)
i,k = Ni,k, i ≤ q, k ≤ p,

M
(1,2)
i,k = i[r(λαi

, ξ(0)
γk

) − r(λαi
, −ξ(1)

γk
)], i ≤ q, k ≤ n,

M
(2,1)
i,k =

(
λ(1)

αk

)2i−1
+
(
λ(0)

αk

)2i−1
, i ≤ n + p − q, k ≤ p,

M
(2,2)
i,k = ξ2j−1

γk
, i ≤ n + p − q, k ≤ n, (5.20)

with r(λ, ξ) defined in (4.8). Let us now rewrite this ratio of determinants as a single determinant:

detn+p Mt(λIq |ξ
(0)
γ ∪ λα)

detq Nt(λIq)
= det

M+n
Wt(λIq |ξ(0)

γ ∪ λα), (5.21)

where

Wt(λIq |ξ(0)
γ ∪ λα) =

(
Ip×p W

(1,2)
p×n

W
(2,1)
n×p W

(2,2)
n×n

)
(5.22)

where Ip×p is the p × p identity matrix and W
(a,b)
x×y are matrices of size x × y, defined by:

W
(1,2)
i,k =

[
N −1M(1,2)

]
i,k

, i ≤ p, k ≤ n,

W
(2,1)
i,k = 0, i ≤ q − p, k ≤ p,

W
(2,1)
i,k = M

(2,1)
i−(q−p),k, q − p + 1 ≤ i ≤ n, k ≤ p,

W
(2,2)
i,k =

[
N −1M(1,2)

]
p+i,k

, i ≤ q − p, k ≤ n, (5.23)

M
(2,2)
i,k = ξ2i−1

γk
, i ≤ n + p − q, k ≤ n. (5.24)

11See formula (4.29) of [13] for its explicit expression.
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Let us recall now that from the analysis of the ground state and the discussion in Section 4.4 of

our previous paper [13], we have that it holds:

[
N −1M(1,2)

]
i,k

=
ρ(λαi

− ξ
(1)
γk

) − ρ(λαi
+ ξ

(0)
γk

)

2N ρ(λαi
)

+ o

(
1

N

)
if i ≤ q − p, k ≤ n (5.25)

so that we can write:

det
M+n

Wt(λIq |ξ(0)
γ ∪ λα) = det

n
S ′

t(ξ
(0)
γ , λα), (5.26)

with S ′
t = W(2,2) − W(2,1)W(1,2) the n × n matrices of elements defined by the following formulae

up o(1/N) terms:

S ′
i,k =

ρ(λβi
− ξ

(1)
γk

) − ρ(λβi
+ ξ

(0)
γk

)

2N ρ(λβi
)

if i ≤ q − p, k ≤ n,

S ′
q−p+i,k = ξ2i−1

γk
−

p∑

l=1

W
(2,1)
i,l

[
N −1M(1,2)

]
l,k

if 1 ≤ i ≤ n + p − q, k ≤ p, (5.27)

= ξ2i−1
γk

−
p∑

a=1

((
λ(1)

αa

)2i−1
+
(
λ(0)

αa

)2i−1
)

ρ(λαi
− ξ

(1)
γk ) − ρ(λαi

+ ξ
(0)
γk )

2N ρ(λαi
)

. (5.28)

Now, let us observe that p = |α| is of the same order of q by assumption, i.e. it goes to infinity

for N going to infinity and we can write:

p∑

a=1

((
λ(1)

αa

)2i−1
+
(
λ(0)

αa

)2i−1
)

ρ(λαi
− ξ

(1)
γk

) − ρ(λαi
+ ξ

(0)
γk

)

2N ρ(λαi
)

=
q∑

l=1

((
λ

(1)
l

)2j−1
+
(
λ

(0)
l

)2j−1
)

ρ(λl − ξ
(1)
γk

) − ρ(λl + ξ
(0)
γk

)

2N ρ(λl)
+ o(1/N). (5.29)

and these sums are finite for any j ≥ 1. Here, we just compute the one associated to j = 1. Let us

first notice that it holds:

(
λ(1) + λ(0)

) ρ(λ − ξ(1)) − ρ(λ + ξ(0))

ρ(λ)
= 2λ

ρ(λ + i/2 − ξ) − ρ(λ + i/2 + ξ)

ρ(λ)

= (λ + i/2)
ρ(λ + i/2 − ξ)

ρ(λ)
− (λ − i/2)

ρ(λ + i/2 + ξ)

ρ(λ)
+ (λ − i/2)

ρ(λ + i/2 − ξ)

ρ(λ)

− (λ + i/2)
ρ(λ + i/2 + ξ)

ρ(λ)
(5.30)

=
∑

σ=±

(σλ + i/2)
ρ(σλ + i/2 − ξπ)

ρ(σλ)
σ −

∑

σ = ±

(σλ − i/2)
ρ(σλ − i/2 − ξ)

ρ(σλ)
σ (5.31)

where we have used the parity and periodicity proprieties of ρ(λ), i.e.

ρ(−λ) = −ρ(λ), ρ(λ ± i) = −ρ(λ), (5.32)

to get the identities:

−(λ − i/2)
ρ(λ + i/2 + ξ)

ρ(λ)
= −(−λ + i/2)

ρ(−λ + i/2 − ξ)

ρ(−λ)
(5.33)

(λ − i/2)
ρ(λ + i/2 − ξ)

ρ(λ)
= −(λ − i/2)

ρ(λ − i/2 − ξ)

ρ(λ)
(5.34)

−(λ + i/2)
ρ(λ + i/2 + ξ)

ρ(λ)
= (−λ − i/2)

ρ(−λ − i/2 − ξ)

ρ(−λ)
. (5.35)
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Now, we can use the following identity holding in the thermodynamic limit:

∑

σ=±


 1

N

q∑

j=1

σf(σλj)


 −→

N→∞

∑

σ=±

∞∫

0

σ f(σλ)ρ(λ)dλ =

∞∫

−∞

f(λ) ρ(λ)dλ, (5.36)

to get in this limit

1

N

q∑

l=1

λl
ρ(λl + i/2 − ξγk

) − ρ(λl + i/2 + ξγk
)

ρ(λl)
−→

N→∞

∑

σ=±

σ

2

∞+σi/2∫

−∞+σi/2

λρ(λ, ξγk
)dλ, (5.37)

which can be computed by the Residue Theorem. Indeed, we can write:

∞+i/2∫

−∞+i/2

λρ(λ, ξγk
)dλ −

∞−i/2∫

−∞−i/2

λρ(λ, ξγk
)dλ = lim

R→+∞




R+i/2∫

−R+i/2

λρ(λ, ξγk
)dλ (5.38)

−

R−i/2∫

−R−i/2

λρ(λ, ξγk
)dλ +

−R+i/2∫

−R−i/2

λρ(λ, ξγk
)dλ −

R+i/2∫

R−i/2

λρ(λ, ξγk
)dλ


 (5.39)

= −2iπ Resλρ(λ, ξγk
)

λ=ξ
= 2ξγk

, (5.40)

for |Im(ξπk
)| ≤ 1/2. Indeed, observing that it holds

| sinh π(λ−ξγk
)|2 =

cosh 2πR − cos π(x + iξγk
)

2
≥

(cosh 2πR) − 1

2
, ∀x ∈ [−1/2, 1/2] (5.41)

for λ = ±R + ix ∈ [±R − i/2, ±R + i/2], we get the estimates:

∣∣∣∣∣∣∣

±R+i/2∫

±R−i/2

λρ(λ, ξγk
)dλ

∣∣∣∣∣∣∣
≤ sup

λ∈[±R−i/2,±R+i/2]
|λρ(λ, ξγk

)| ≤

(
4R2 + 1

2 [(cosh 2πR) − 1]

)1/2

, (5.42)

which imply

lim
R→+∞




−R+i/2∫

−R−i/2

λρ(λ, ξγk
)dλ −

R+i/2∫

R−i/2

λρ(λ, ξγk
)dλ


 = 0. (5.43)

So that we get our result:

1

N

M0∑

l=1

λl

[
ρ(λl + i/2 − ξγk

) − ρ(λl + i/2 + ξγk
)

ρ(λl)

]
−→

N→∞
ξγk

, (5.44)

which proves that the line S ′
q−p+i,k goes to zero for i = 1 in the thermodynamic limit and so the

proposition is proven. �
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6 Correlation functions

In the following we first develop the analysis of the correlation functions in the case of diagonal

K̄−(λ) and upper triangular K̄+(λ), by imposing

c̄− = 0, b̄+ 6= 0, (6.1)

then hereon when we refer to the transfer matrix T̄ (λ), it is associated to these boundary conditions,

as well as the associated Hamiltonian reads:

H̄ =
N−1∑

i=1

[
σx

i σx
i+1 + σy

i σy
i+1 + σz

i σz
i+1

]
+

η

ζ̄−
σz

1 +
η

ζ̄+

[
σz

N + b̄+σ+
N

]
. (6.2)

We have proven the isospectrality of the transfer matrix T̄ (λ) and Hamiltonian H̄ , associated to

unparallel boundary magnetic fields, with the transfer matrix T̂ (λ) and Hamiltonian

Ĥ =
N−1∑

i=1

[
σx

i σx
i+1 + σy

i σy
i+1 + σz

i σz
i+1

]
+

η

ζ̄−
σz

1 +
η

ζ̄+

σz
N , (6.3)

associated to parallel boundary magnetic fields along the z-direction. Then, in the next section, we

show that in the thermodynamic limit they share the same zero-temperature correlation functions.

While in a subsequent section, these results are used to state the results for correlation functions of

the original open chain with the following transfer matrix and Hamiltonian:

T (λ) = Γ−1
W T̄ (λ)ΓW , H̄ = Γ−1

W H̄ΓW , (6.4)

with ΓW defined in Section 3.3.1.

6.1 The case of diagonal and triangular boundary matrices

The following theorem holds:

Theorem 6.1. Let us assume that the following boundary conditions are satisfied:

c̄− = 0, b̄+ 6= 0, (6.5)

and let us take the following reality conditions:

η = i, iζ̄± ∈ R

then, in the thermodynamic limit, all the zero-temperature correlation functions relative to the Hamil-

tonian (6.2) with unparallel magnetic fields coincide with the correlation functions (associated to the

same quasi-local operator) relative to the Hamiltonian (6.3) with parallel magnetic fields along the

z-direction.

Proof. In order to prove the theorem it is enough to prove it for the correlation functions of a basis of

quasi-local operators, so that to prove it we can use the so-called elementary blocks, i.e. the ground

state average of the basis of monomial of elementary matrices:

〈t̄|
m∏

j=1
E

εj ,ε′
j

j B̄+(λIq )| 0 〉

〈t̄|B̄+(λIq )| 0 〉
. (6.6)
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Let us observe that the following commutation relations hold:

[
m∏

j=1

E
εj ,ε′

j

j , Sz] = θε,ε′

m∏

j=1

E
εj ,ε′

j

j , for Sz =
N∑

j=1

σz
j , (6.7)

where the parity θε,ε′ is associated to the integer s + s′ defined in Section 4.3 by:

θε,ε′ = m − (s + s′), (6.8)

and by the Proposition 4.3, we have that on the finite lattice it holds:

〈t̄|
m∏

j=1
E

εj ,ε′
j

j B̄+(λIq)| 0 〉

〈t̄|B̄+(λIq )| 0 〉
=

q∑

b1=1

. . .
q∑

bs=1

q+m∑

bs+1=1

. . .
q+m∑

bs+s′ =1

F+
βs+s′

(λIq+m
)
〈t|B̄+(λα−

∪ ξ
(0)
γ+ )| 0 〉

〈t|B̄+(λIq)| 0 〉
,

(6.9)

where βs+s′ = {b1, . . . , bs+s′}, λq+j := ξ
(0)
m+1−j for j ∈ {1, . . . , m},

α− = Iq\α+, α+ = βs+s′ ∩ Iq, γ+ = {1, . . . , m} \ γ−, (6.10)

γ− = {N + m + 1 − j}j∈βs+s′ ∩{N+1,...,N+m}, (6.11)

and the coefficients F+
βs+s′

(λIq+m
) are defined as in Proposition 4.3. We can use now the results on

the scalar products of Proposition 5.2 to state that:

〈t̄|
m∏

j=1
E

εj ,ε′
j

j B̄+(λIq )| 0 〉

〈t̄|B̄+(λIq )| 0 〉
= 0 for θε,ε′ < 0, (6.12)

already on the finite chains, being

〈t̄|B̄+(λα−
∪ ξ

(0)
γ+ )| 0 〉

〈t̄|B̄+(λIq)| 0 〉
= 0 for θε,ε′ < 0, (6.13)

as |α−| + |γ+| < q, for any compatible choice of α− and γ+ with θε,ε′ < 0.

In the case θε,ε′ = 0, here we have just to point out that from Proposition 4.3, it follows that the

action of an elementary monomial
m∏

j=1
E

εj ,ε′
j

j on the eigenstate B̄+(λIq)| 0 〉 of transfer matrix T̄ (λ)

has identical form of the action of the same monomial on the eigenstate B̂+(λIq)| 0 〉 of transfer matrix

T̂ (λ). This observation implies that for θε,ε′ = 0 the elementary blocks associated to the Hamiltonian
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H̄ and Ĥ coincidence already for the finite chains, due to the following chain of identity:

〈t̄|
m∏

j=1
E

εj ,ε′
j

j B̄+(λIq )| 0 〉

〈t̄|B̄+(λIq )| 0 〉
=

q∑

b1=1

. . .
q∑

bs=1

q+m∑

bs+1=1

. . .
q+m∑

bs+s′=1

F+
βs+s′

(λIq+m
)

×
〈t̄|B̄+(λα−

∪ ξ
(0)
γ+ )| 0 〉

〈t̄|B̄+(λIq )| 0 〉
(6.14)

=
q∑

b1=1

. . .
q∑

bs=1

q+m∑

bs+1=1

. . .
q+m∑

bs+s′=1

F+
βs+s′

(λIq+m
)

×
〈t̂|B̂+(λα−

∪ ξ
(0)
γ+ )| 0 〉

〈t̂|B̂+(λIq )| 0 〉
(6.15)

=

〈t̂|
m∏

j=1
E

εj ,ε′
j

j B̂+(λIq)| 0 〉

〈t̂|B̂+(λIq )| 0 〉
, (6.16)

where we have used that by the Proposition 5.2 the following scalar products coincide:

〈t̄|B̄+(λα−
∪ ξ

(0)
γ+ )| 0 〉

〈t̄|B̄+(λIq)| 0 〉
=

〈t̂|B̂+(λα−
∪ ξ

(0)
γ+ )| 0 〉

〈t̂|B̂+(λIq )| 0 〉
for θε,ε′ = 0. (6.17)

Let us stress that up to here we have shown that the the elementary blocks associated to the Hamilto-

nian H̄ and Ĥ coincidence already for the finite chains both for θε,ε′ < 0 and for θε,ε′ = 0.

Instead, in the remaining case θε,ε′ > 0, we will show that these elementary blocks coincide in

the thermodynamic limit as for the finite chains it holds:

〈t̂|
m∏

j=1
E

εj ,ε′
j

j B̂+(λIq )| 0 〉

〈t̂|B̂+(λIq )| 0 〉
= 0, being

〈t̂|B̂+(λα−
∪ ξ

(0)
γ+ )| 0 〉

〈t̂|B̂+(λIq )| 0 〉
= 0 θε,ε′ > 0, (6.18)

as |α−| + |γ+| > q, for any compatible choice of α− and γ+ with θε,ε′ > 0, while it may hold

〈t̄|
m∏

j=1
E

εj ,ε′
j

j B̄+(λIq )| 0 〉

〈t̄|B̄+(λIq )| 0 〉
6= 0, being

〈t̄|B̄+(λα−
∪ ξ

(0)
γ+ )| 0 〉

〈t̄|B̄+(λIq )| 0 〉
6= 0. (6.19)

Then, in the current case we have to show the coincidence just in the thermodynamic limit, i.e.

lim
N→∞

〈t̄|
m∏

j=1
E

εj ,ε′
j

j B̄+(λIq )| 0 〉

〈t̄|B̄+(λIq)| 0 〉
= 0 for θε,ε′ > 0. (6.20)

In order to prove this we reorder the sums in these elementary block as it follows:

〈t̄|
m∏

j=1
E

εj ,ε′
j

j B̄+(λIq )| 0 〉

〈t̄|B̄+(λIq )| 0 〉
=

s+s′∑

g=s

q∑

b1=1

. . .
q∑

bg=1

q+m∑

bg+1=q+1

. . .
q+m∑

bs+s′=q+1

F+
βs+s′

(λIq+m
)

×
〈t|B̄+(λα−

∪ ξ
(0)
γ+ )| 0 〉

〈t|B̄+(λIq )| 0 〉
, (6.21)
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now in the thermodynamic limit the q diverges as N , so that for any fixed s ≤ g ≤ s + s′ the sums

q∑

b1=1

. . .
q∑

bg=1

(6.22)

leads to a finite g multiple integrals in the thermodynamic limit provided the integrand is of order

O(1/Ng), while the other sums contribute to order 1 to the thermodynamic limit. It is now enough to

recall that in Proposition 5.2 we have shown

〈t̄|B̄+(λα−
∪ ξ

(0)
γ+ )| 0 〉

〈t̄|B̄+(λIq)| 0 〉
= o(1/N (g=q−|α−|)), if |α−| + |γ+| > q,

to conclude that these sums goes to zero and to prove our statement. �

In the thermodynamic and homogeneous limit, then, these elementary blocks can be computed as

done in our previous paper [13], leading to the following multiple integral representations:

〈t̄|
∏m

j=1 E
εj ,ε′

j

j |t̄〉

〈t̄|t̄〉
= δθε,ε′ ,0(−1)m−s+

m(m−1)
2 ζ̄m

− πm(m+1)

∞∫

−∞

s∏

j=1

dλj

2

∞−i∫

−∞−i

m∏

j=s+1

dλj

2

×
s∏

p=1

(λp + i/2)m+ip−1(λp − i/2)m−ip

cosh2m (πλp)

m∏

p=s+1

(λp + i/2)m+ip−1(λp + 3i/2)m−ip

cosh2m (πλp)

×
∏

k<l

sinh (πλkl) sinh
(
πλ̄kl

)

(λkl − i) (λ̄kl + i)

m∏

k=1

sinh (πλk)

λk + i/2 + ζ̄−
, (6.23)

where the {ip} have been defined in (4.33)-(4.34).

6.2 Non-diagonal case isospectral to the diagonal and triangular one

Let us consider here our original open XXX spin 1/2 quantum chain with non-diagonal and non-

commutative boundary matrices K±(λ), satisfying the following boundary condition:

eτ+ = eτ−

(ǫ−

√
1 + 4κ2

− + 1)(ǫ+

√
1 + 4κ2

+ − 1)

4κ+κ−
, (6.24)

fix a couple (ǫ+, ǫ−) ∈ {−1, 1}2, with otherwise general boundary parameters

κ+ 6= ±κ−, (6.25)

satisfying the following reality condition:

η = i, iζ̄±, iξa ∈ R, (6.26)

then by the Lemma 3.1 its transfer matrix T (λ) and Hamiltonian H , defined in (2.3) and (2.1), are

isospectral to the transfer matrix T̂ (λ) and Hamiltonian Ĥ , both self-adjoint, respectively. While,

by tensor product similarity transformation ΓW , T (λ) and H reduce to the transfer matrix T̄ (λ) and

Hamiltonian H̄ .
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Then these similarity transformations and the previous Theorem 6.1 allow us to compute the

correlation functions/elementary blocks in the original model associated to the non-diagonal and non-

commuting K±(λ) boundary matrices as simple linear combinations of those of the model associated

to the K̄±(λ) ones.

More in detail, the gauge transformation can be explicitly written, only in terms of the K−(λ)
boundary parameters, as it follows:

W =




1
−1+

√
1+4κ2

−

2κ−e−τ−

1−
√

1+4κ2
−

2κ−eτ− 1


 , (6.27)

and so defined

Ě
({(ε1,ε′

1),...,(εm,ε′
m)})

1,m ≡ ΓW E
({(ε1,ε′

1),...,(εm,ε′
m)})

1,m Γ−1
W =

m∏

a=1

Ě(εa,ε′
a)

a , (6.28)

with:

Ě(εa,ε′
a)

a = WaE(εa,ε′
a)

a W −1
a , (6.29)

the generic m-site elementary block in the original model

〈E
({(ε1,ε′

1),...,(εm,ε′
m)})

1,m 〉ND ≡

〈 t |
n∏

j=1
E

(εa,ε′
a)

j |t 〉

〈t |t〉
, (6.30)

coincides with

〈 t̄ |ΓW E
({(ε1,ε′

1),...,(εm,ε′
m)})

1,m Γ−1
W |t̄ 〉

〈t̄ |t̄〉
=

〈 t̂ |ΓW E
({(ε1,ε′

1),...,(εm,ε′
m)})

1,m Γ−1
W |t̂ 〉

〈t̂ |t̂〉

≡ 〈Ě
({(ε1,ε′

1),...,(εm,ε′
m)})

1,m 〉D, (6.31)

i.e. a sum of up to 22m elementary blocks of the open XXX spin 1/2 chain with K̂±(λ) diagonal

boundary matrices. Let us write explicitly these decompositions of the one-point and two-point cor-

relation functions of the original model in terms of those of the diagonal one:

Corollary 6.1. The following one-point functions of the original model:

〈E(1,1)
m 〉ND =

2κ2
−〈E

(1,1)
m 〉D

1 + 4κ2
− −

√
1 + 4κ2

−

+

√
1 + 4κ2

− − 1

2
√

1 + 4κ2
−

〈E(2,2)
m 〉D, (6.32)

〈E(2,1)
m 〉ND =

eτ−κ−〈σz
m〉D√

1 + 4κ2
−

, 〈E(1,2)
m 〉ND =

κ−〈σz
m〉D

eτ−

√
1 + 4κ2

−

, (6.33)

〈E(2,2)
m 〉ND =

2κ2
−〈E

(2,2)
m 〉D

1 + 4κ2
− −

√
1 + 4κ2

−

+

√
1 + 4κ2

− − 1

2
√

1 + 4κ2
−

〈E(1,1)
m 〉D, (6.34)

admit the above representations in terms of the nonzero one-point functions of the diagonal model, so

that the magnetization profile reads:

〈σz
m〉ND =

〈σz
m〉D√

1 + 4κ2
−

. (6.35)
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Moreover, for the following two-point functions we have12:

〈σz
1σz

m+1〉ND =
〈σz

1σz
m+1〉D

1 + 4κ2
−

+
4κ2

−

(
〈σ+

1 σ−
m+1〉D + 〈σ−

1 σ+
m+1〉D

)

1 + 4κ2
−

, (6.36)

〈σ−
1 σ+

m+1〉ND =
κ2

−〈σz
1σz

m+1〉D

1 + 4κ2
−

+
2κ4

−〈σ+
1 σ−

m+1〉D

1 + 4κ2
− −

√
1 + 4κ2

−

+

√
1 + 4κ2

− − 1
√

1 + 4κ2
−

〈σ−
1 σ+

m+1〉D,

(6.37)

〈σ+
1 σ−

m+1〉ND =
κ2

−〈σz
1σz

m+1〉D

1 + 4κ2
−

+
2κ4

−〈σ−
1 σ+

m+1〉D

1 + 4κ2
− −

√
1 + 4κ2

−

+

√
1 + 4κ2

− − 1
√

1 + 4κ2
−

〈σ+
1 σ−

m+1〉D.

(6.38)

It is worth commenting that the elementary blocks of correlation functions can be used as a basis to

decompose any correlation function in terms of them. From this point of view the natural elementary

block basis to be used in our original open XXX spin 1/2 quantum chain with non-diagonal and non-

commuting boundary matrices K±(λ) satisfying (6.24) and the reality conditions (6.26) is defined

in the following:

Corollary 6.2. Let us define the following quasi-local operators:

Ē
({(ε1,ε′

1),...,(εm,ε′
m)})

1,m = Γ−1
W E

({(ε1,ε′
1),...,(εm,ε′

m)})
1,m ΓW =

m∏

a=1

Ē(εa,ε′
a)

a , (6.39)

where:

Ē(εa,ε′
a)

a = W −1
a E(εa,ε′

a)
a Wa. (6.40)

Then the following identities holds:

〈Ē
({(ε1,ε′

1),...,(εm,ε′
m)})

1,m 〉ND = 〈E
({(ε1,ε′

1),...,(εm,ε′
m)})

1,m 〉D, (6.41)

which, in particular means, that the non-zero elementary blocks are only those associated to the

Ē
({(ε1,ε′

1),...,(εm,ε′
m)})

1,m commuting with:

Ēz =
N∑

a=1

σ̄z
a, (6.42)

with

σ̄z
a = W −1

a E(εa,ε′
a)

a Wa =
σz

a + 2κ−(eτ−σ+
a + e−τ−σ−

a )√
1 + 4κ2

−

. (6.43)

12Here, we have written only the standard three two point functions but the other possible five are also easily written as

linear combinations.
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7 Conclusion

We have shown that the correlation functions for the open XXX spin 1/2 chain with unparallel bound-

ary magnetic fields are written as linear combination of those of the open XXX spin 1/2 chain with

parallel boundary magnetic fields, whose multiple integral formulae were derived in [13, 14].

The main technical novelties here developed are the computations of the boundary-bulk decom-

position of the boundary separate states together with the computation of the action of local operators

on separate states for these open XXX quantum chains with unparallel magnetic fields. Let us com-

ment that the boundary-bulk decomposition of boundary separate states is required as we have at our

disposal only a reconstruction of local operators in terms of generators of the Yang-Baxter algebra

and not in terms of the boundary generators of the reflection algebra [13, 14]. Then, the boundary-

bulk decomposition allows us to compute the action of local operators over boundary separate states

by acting on analogue bulk states. Here, the main difficulty is to rearrange this action as a linear

combination of purely boundary separate states. Note that while the solution of these fundamental

steps to correlation functions are here solved for the XXX open spin 1/2 quantum chains, they pro-

vide some exemplified versions of what will be required in the analysis of correlation functions of the

XXZ/XYZ quantum spin 1/2 chains, where we will derive them by using the gauged generators of

the Yang-Baxter algebra and reflection algebra.

Let us comment that the results of Section 6.1 provide a proof of the physical expectation that

correlation functions of a quasi-local operator, on finite number of sites, should coincide in the ther-

modynamic limit for two open chains that share the same boundary magnetic fields on the site 1. In

fact, we have proven it here in the special constrained case, for which the two open chains share the

same boundary matrix in site 1 but one diagonal and the other triangular in the site N . It is worth

commenting that the main technical reason for our choice to compute correlation functions under

this constrain (allowing for an homogeneous T Q-equation formulation of the transfer matrix spec-

trum) is due to the reduced knowledge of the thermodynamic limit of the ground state for the most

general unconstrained non-diagonal boundary matrices. To achieve the full control of this ground

state distribution can then make possible the computation of correlation functions in this most general

unconstrained case and will be of central interest for future research in the open chain framework.
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