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Abstract

In this first paper, we start the analysis of correlation functions of quantum spin chains with
general integrable boundary conditions. We initiate these computations for the open XXX spin
1/2 quantum chains with some unparallel magnetic fields allowing for a spectrum characteri-
zation in terms of homogeneous Baxter like TQ-equations, in the framework of the quantum
separation of variables (SoV). Previous SoV analysis leads to the formula for the scalar products
of the so-called separate states. Here, we solve the remaining fundamental steps allowing for
the computation of correlation functions. In particular, we rederive the ground state density in
the thermodynamic limit thanks to SoV approach, we compute the so-called boundary-bulk de-
composition of boundary separate states and the action of local operators on these separate states
in the case of unparallel boundary magnetic fields. These findings allow us to derive multiple
integral formulae for these correlation functions similar to those previously known for the open
XXX quantum spin chain with parallel magnetic fields.
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1 Introduction

The open integrable quantum spin chains with magnetic fields located at the boundaries [1] have
attracted large scientific attention [1H29]]. They have been used in connection to the studies of clas-
sical stochastic models, as asymmetric simple exlusion models [30], but also to modelling numerous
applications in quantum condensed matter physics, as out-of-equilibrium and transport properties
in the spin chains [31]. Sklyanin [2] has extended to them the quantum inverse scattering method
(QISM) [32H41]], by using the reflection equation introduced by Cherednik [42], in this way intro-
ducing the natural algebraic framework to handle these open spin chains. In this framework, the
so-called boundary matrices, i.e. the scalar solutions of the reflection equation [3}42/43]], allow to
parametrize the magnetic fields at the boundaries of the quantum spin chain. In particular, parallel
boundary magnetic fields along the z-direction correspond to diagonal boundary matrices while the
unparallel cases correspond to non-simultaneously diagonalizable boundary matrices. The open spin
chains associated to both diagonal boundary matrices have been first analyzed by means of coordinate
Bethe ansatz [[1]] while Sklyanin has generalized the algebraic Bethe ansatz (ABA) approach to these
boundary cases in its fundamental work [2].

The cases with non-diagonal boundary matrices have proven themselves to be more involved to
analyze and, until recently, their spectrum has long remained a very challenging problem in quantum
integrability. Let us recall that in [5] a first description of the spectrum of these open XXZ spin
1/2 chains with non-diagonal boundary matrices has been obtained using the fusion procedure [44],
under a special constrain relating the parameters of the two boundary matrices. There, the transfer
matrix spectrum has been described in terms of polynomial solutions of ordinary 7'Q-equation of
Baxter’s type [43]], for the roots of unity points and later in [6] for general value of the inhomogeneity
parameter. This constrainf? is required also for generalized ABA-like constructions of eigenstates
[4.[7,18]], which use Baxter’s gauge transformations [45)/46] to simplify the form of the boundary
matrices.

Only more recently in [26]], on the basis of analytic properties and functional relations satisfied
by the transfer matrices a description of the spectrum of open chains for the unconstrained cases has
been proposed in terms of polynomial solutions of inhomogeneous 7'Q)-equations, i.e. admitting some
extra term. These inhomogeneous 7'Q) -equations have also emerged in the framework of the so-called
modified algebraic Bethe ansatz [[15-17,[19] to deal with unconstrained boundary conditions.

The quantum Separation of Variables (SoV), pioneered by Sklyanin [47H52]] in the QISM frame-
work, was introduced as an alternative to ABA approach for solving models in which a reference
state cannot be identified, as the Toda model. Then, it has been shown to be applicable to a large
class of models [23-25][27H291153H78]] and more recently reintroduced in [79] on the pure basis of
the integrable structure of the models and widely extended even to higher rank cases in [[79H86],
see also [52]55][87,188]] for previous developments. The SoV approaches in their different presen-
tations have the built-in advantage of the completeness of the characterization of eigenvalues and
eigenstates of the models. This method has been used, in particular, for open spin chains with the
most general unconstrained non-diagonal boundary matrices [23H25127,128]. In [29], it has been
proven that the complete SoV characterization of the spectrum of these open chains can be refor-
mulated in terms of polynomial solutions to functional T'Q)-equations of Baxter type that have the
aforementioned inhomogeneous extra term, for the most general unconstrained boundary matrices.
Another advantage of the SoV approaches, of particular relevance for the correlation functions analy-
sis, is the natural and universal emergence of determinant formulae for the scalar products of separate

1t has emerged also in several other approaches leading to description of the spectrum in terms of polynomial solutions
of ordinary 7'Q) equations, as by coordinate Bethe ansatz with elements of matrix product ansatz [11,/12], g-Onsager
algebra [9l[10] etc.



states [25,27,28,65,67—70,72,74,76—78ﬂ. This is a class of states with factorized wave-functions in
the SoV basis which includes the eigenstates of the transfer matrix.

The short recall here presented clarify the progresses achieved about the knowledge of the spec-
trum of these open spin 1/2 quantum chains for general integrable boundary conditions. One should,
however, remark that the study of the ground state in the thermodynamic limit of these models
presents still some open problems for non-diagonal boundary matrices and, in particular, in the un-
constrained cases].

Let us now focus our attention on the study of correlation functions which is the main subject of
the current paper. In this area of research, one should stress that main results for interacting models are
available for the XXX/XXZ spin 1/2 quantum chains or the quantum non-linear Schrédinger model
with periodic boundary conditions. The current state of the art is quite unsatisfactory in connection
to the integrable boundary conditions for which results are so far available.

Indeed, these correlation functions have been computed first for the case of closed chains with pe-
riodic boundary condition, for the zero-temperature cases [104H106]] and non-zero global magnetic
fields [107H113], and subsequently for the temperature cases [114H119]]. Always in this periodic
setting, further developments have led to the analytical study in the thermodynamic limit of long
distances two-point and multi-point correlation functions [120-130] and the numerical study of the
dynamical structure factors [131H133]], accessible experimentally through neutron scattering [[134]).

So far, the main exception to periodic boundary conditions for a closed chain is our computation
of correlation functions in the case of antiperiodic boundary conditions in the SoV framework [135]].
While for XXX and XXZ quantum spin 1/2 chains with open boundaries the only available results on
correlation functions are those derived for zero-temperature in the case of parallel magnetic fields on
the boundary for the XXX chains and of parallel magnetic fields along the z-direction for the XXZ
chains [[13}14,121122]].

Here, we start the analysis of correlation functions of quantum spin chains with general integrable
boundary conditions beyond those so far analyzed. The aim of this paper is to derive correlation
functions for the open XXX spin 1/2 quantum chains under unparallel boundary magnetic fields.
This achievement represents on one side a first access to correlation functions for these more general
boundary conditions and on the other hand is instrumental to introduce some technical ingenuity
which will be then used also in more involved models like open XXZ/XYZ quantum spin 1/2 chains
whose correlation functions will be derived in our forthcoming papers. We develop our analysis in
the framework of the quantum separation of variables (SoV) considering a generic magnetic field in
the first site 1 of the XXX spin 1/2 quantum chain. While, we adjust the magnetic field in the last
site IV of the chain such that it isn’t parallel to the one in site 1 but it allows for an SoV complete
description of the transfer matrix spectrum in terms of homogeneous Baxter like 7'(Q)-equations.

Once the transfer matrix spectral problem is characterized by SoV approach, we derive the fol-
lowing four main steps to compute correlation functions in the SoV framework: i. A decomposition
formula, boundary-bulk decomposition, expressing the so-called boundary separate states (a class of
states containing the transfer matrix eigenstates of the open chain) in term of analogous states gener-
ated by bulk operators, associated to the closed chain. ii. A decomposition formula over the boundary
separate states for the action of local operators on a generic boundary separate state. iii. Simple de-
terminant formulae defining the scalar products between left and right boundary separate states and
their particularization when one of the states is a transfer matrix eigenstate [76]. iv. The density

3This is surely the case for the rank one models and in [89] we have proven it for the higher rank gl(3) case under a
special choice of the conserved charges generating the SoV bases. See also the interesting and recent papers [90,91]] dealing
with the computations of higher rank scalar products in a related SoV framework.

*See, however, [92]] for a numerical analysis of the Bethe roots of these inhomogeneous equations.

SInteresting results on correlation functions related to the hidden Grassmann structure have been derived in [93H103].



distribution of the ground state Bethe’s roots in the thermodynamic limit.

In our current analysis the built-in feature of completeness of the SoV method, both in its original
Sklyanin’s like generalization to open chain [25,27,128] as well as in our new SoV approach [79]
811, plays a fundamental role in the characterization of the ground state in the thermodynamic limit.
Indeed, by using the complete SoV characterization of the transfer matrix spectrum, we can prove the
isospectrality of the transfer matrices under consideration with specific ones with parallel boundary
magnetic fields, in this way recovering the traditional thermodynamic results for the ground state. On
the other hand, in the SoV framework, we have at our disposal the scalar products of the boundary
separate states [74}76.[78].

It is however worth mentioning that, the recent and interesting results on scalar products for
open chains with general boundary conditions [136]] put a basis for the computation of correlation
functions in a generalized/modified Bethe Ansatz framework(.

The paper is arranged in the following sections. In Section 2, we make a brief introduction to the
XXX quantum spin 1/2 chain and to the reflection algebra. In Section 3, we first recall and rework
in the new SoV framework [79//81] the characterization of the transfer matrix spectrum for general
boundary conditions. Then, we setup the boundary conditions for the XXX model that we will use to
determine correlation functions. More precisely, by the SoV approach, we show that we can leave the
magnetic field on site 1 arbitrary while adjusting the one in site N such that they are kept unparallel,
the transfer matrix is proven to be isospectral to one associated to parallel boundary magnetic field and
their spectrum is completely characterized by a homogeneous Baxter’s like T'Q-equation. In Section
4, we derive the boundary-bulk decomposition of the boundary separate states and the action on them
of local operators. In Section 5, we recall and rearrange the known results on the scalar products of
separate states [76]]. In Section 6, we compute the correlation functions in terms of multiple integral
representations. The final section contain some conclusion and outlooks.

2 The open XXX quantum spin 1/2 chain

The Hamiltonian of the open spin-1/2 XXX quantum spin chain with the most general boundary
magnetic fields reads:

H= 3 [Ufa‘fﬂ +olol , + afafﬂ} + (i, [Jf + 2K (67_ of +eT Jl_)}

~

z (o5 + 26 (e ok + 7oy )] 2.1)
The local spin-1/2 operators (Pauli matrices) of*, for &« = x,y, z, acts on the local quantum space
H,; ~ C? at site 4, 1) is a fixed arbitrary parameter, and the six complex boundary parameters (-, r+
and 71 parametrize the coupling of the spin operators at site 1 and [N with two arbitrary boundary
magnetic fields.

Following the seminal Sklyanin’s paper [2]], this Hamiltonian can be obtained as the following

®See [[137]] and also [138]] for the original idea developed first for periodic chains and see also [20] for a first conjecture
on these determinant formulae and [[139H141]] for previous determinant representations under special boundary constraints.

"One should notice that a priori the scalar products analyzed in [136] are between left C-gauged Bethe like states and
right B-gauged Bethe like states so a priori different w.r.t. to those of our papers [[74[761|78], which are computed between
left and right separate states. However, the completeness of the spectrum description by SoV approach [81]] and the therein
proven simplicity of the transfer matrix spectrum can be used to relate these scalar products once the left C-gauged Bethe
like state is a transfer matrix eigenstate.



derivative:
1-2N
H= 21] 4
tr{ K (n/2)} ae{K_(n/2)} dA

of the one-parameter family of commuting boundary transfer matrices

TN + constant, (2.2)
‘ A=n/2

T(N) = tro{ Ko+ (A) Mo(A) Ko, (A) Mo(M\)}
= tro { K+ (A)U-(N)} = tro {K_(N\) U3 (\)} € End(H), (2.3)

on the 2/V-dimensional linear space H = ®2_,H,, the physical space of states of the Hamiltonian
(2.1, where we have defined the boundary monodromy matrices

U = My(\) K (V) Np(2) = ( “é‘—((j)) 5_83 ) € End(Ho ® M), 2.4)
U (N) = M () K0 (\) N2 (\) = < “l;‘:((i)) YCDi((AA)) ) € End(Ho ® H). 2.5)

and the bulk monodromy matrices My(\) €End(Ho ® H) by

Mo(A) = Ron(A = éx = 1/2) .. R\ — &1 — 1/2) = < oo Doy ) , .6

D(-)\) B(-

Mo(A) = (_1)N Ug MSO(_)‘) Jg = (_1)N < C(=)) Ag—j\\;

) €End(Ho @ H), (2.7

for arbitrary complex parameters &,, 1 < n < N, the so-called inhomogeneities. Moreover, the
R-matrix of the model,

A+n 0 0 0
R(\) = 8 2 Z 8 € End(C? @ C?), (2.8)
0 0 0 Atnp

is the 6-vertex polynomial solution of the Yang-Baxter equation and the two boundary K -matrices
K. (AN)=K\N-n/2{_,k_,1_), Ki(AN)=KM\+n/2;C+, k4, 74), (2.9

with the boundary parameters appearing (i, k4, 7+, coinciding with those of (2.1), are defined in
terms of [3,143]]

1 T
KGmr) = < Qi;TAA i“fj ) , (2.10)

the most general non-diagonal scalar solution K (\) € End(C?) of the reflection equation [42]:
Rap(\— 1) Ka(A) Rap+12) K1) = K(11) Rap(\-) Ka(\) Rap(A—p1) € End(Ha2Hy). 2.11)
Then, the bulk monodromy matrix is solution of the Yang-Baxter equation:

Rap(A — p1) Ma(N) My(p) = My () Ma(A) Rap(A — 1) € End(Ha @ Hp ® H), (2.12)



while the two boundary monodromy matrices V_(\) = U_(\ + n/2) and V- (\) = UL (=X —n/2)
are solutions of the reflection equation:

Rap(A— 1) Ua(N) Rap (A + 1) Uy (1) = Up (1) Rap(A+ 1) Ua (X) Rap(A— 1) € End(Ho @ Hy @ H).
(2.13)

As shown in [2]], the commutativity of the boundary transfer matrices is implied by these reflection
equations as well as the following inversion relation for the boundary monodromy matrix Uy (),

Us (4 1/2) Us (<A +n/2) = %jg) .14

where det, U+ (\) are the quantum determinants, which are central elements of the corresponding
boundary algebra:

[detqUs(N),Us(u)] = 0. (2.15)
They can be expressed as

dety Ut (X)) = dety M (X) dety M (—X) dety K4 (M), (2.16)
where

dety M (X) = a(A +n/2) d(A —1/2), (2.17)

is the bulk quantum determinant, as well a central element, with

a()‘) = ()‘ - gn + 77/2)7 d()‘) = ()‘ - gn - 77/2)7 (2-18)
and
)\2
det, K+(\) = £2(\ + 1) (C_2 — 1) , (2.19)
+

is the quantum determinant of the scalar boundary matrix K1 (\), where we have defined:

o Ct
Ci =t
/1 +4k%

with ey plus or minus one at will. The following fundamental identities relate the transfer matrix at
special values to the quantum determinant:

T(&a—n/2)T (a+n/2) = detq Kif?";“z j?; th("c“), (2.21)

(2.20)

here we also introduce the notation

kn = (& +n)/ (& —1n) (2.22)

and the function

S a(\) d(—N), (2.23)



which allows for the following explicit writing of the quantum determinant

dety K4 () detqUx(N)
72— X2 = A<—+7§_()\+77/2) AE+,E—(_A+U/2)’ (2.24)
that will be used in the following.

It is import to remark that the transfer matrix 7 () is a polynomial function of degree N + 1 in
the variable A? and its leading coefficient is given by,

tne PV with v = : C —~ [1+ 4k, k_cosh(ry —7_)], (2.25)
+ —
and that its value in A = +7/2 is central:
T (£n/2) = 2(—1)"det,M(0). (2.26)

Then, we have the following interpolation formula

T(A) = typrun(N) + T(n/2)sn(A Z Tan(A (ha)y, (2.27)
where
tN+1 = ——[1 + 4k K cosh(ty — 7)), (2.28)
e
N2t (M)
Tan(A) = : (2.29)
O T — 2P A @ - (G
N A2 — (é— hb))Q
sn(\) = . : (2.30)
w =11 (n/2)* — (&2
N
un(V) = (A2 = (n/2)%) JTA? - )?) 2.31)
b=1
and
& = ") (1= 2m)n/2. (2.32)

3 Separation of variable spectrum characterization

In this section, we further develops known results about the transfer matrix spectrum characterization
of the open XXX spin 1/2 quantum chains, with generic integrable boundaries, in the framework of
the recent formulation of the quantum separation of variables (SoV) [79,181]. This analysis allows
us to give a uniform description of the transfer matrix spectrum independently from the boundary
conditions. More in detail, we write explicitly the left and right SoV basis and the left and right
transfer matrix eigenstates without the need to distinguish between the cases of parallel or unparallel
magnetic fields. Distinction which is instead essential in Sklyanin’s like SoV framework [47./49]/50],

holding only in the case of unparallel fieldl. These SoV results allow us to prove that the transfer
matrices associated to unparallel boundary magnetic fields satisfying one specific boundary condition
are isospectral to those associated to the parallel case. This isospectrality holds up to the relative
Hamiltonians and it is an important fact for the computation of the thermodynamic limit of the ground
state.

80bservation which may lead to the false perception of a dichotomy unparallel case solvable by SoV method and parallel
case by ordinary Algebraic Bethe Ansatz.



3.1 Discrete SoV spectrum characterization
3.1.1 Covector and vector SoV bases

Here, we complete the construction of the left and right SoV basis in our new SoV approach further
deriving their left/right couplings, i.e. the SoV measure. As a corollary of the Theorem 2.1 of our
paper [81] the following proposition holds:

Proposition 3.1. Let us suppose that the inhomogeneity parameters are generic:

£]a£]i£k¢{0?_nan}’ VJ,kie{l,,N}, J#ka (31)

and that the boundary matrices K_(\) and K (\) are not both proportianl to the identity, then

N 1-hy
<h’ = <S‘ H <Ac—i§f}zn—/2ﬁ/—22n)> , h= (hl, e hN) S {0, 1}N, 3.2)

is a co-vector basis of H for almost any choice of the co-vector (S|, of the inhomogeneity parameters
satisfying [B1)) and of the boundary parameters. So, denoted with |R) the unique vector satisfying
the following orthogonality conditions:

n=1

Vi, ..,
(h1, ..., hy|R) = On0 = <fg) &(VO)) , (3.3)
V(& ... 68)
we have that the following set of vectors:
N hn
T(gn + 77/2) N
h) = R), he{0,1}", 3.4
=11 (knA<‘+,<‘_ 2—gy) I BeO

is a vector basis of H and the two basis are orthogonal with respect to the canonical scalar product
in the spin basis:

N,
! _ €
<h | h> - 5h,h/ = o(h1) (hn) (35)
( ’ YSN )
with
Vv (0)’ o (0)
V(§1 1SN )
and
% _ 2(i-1)7] _ 2.2
V(z1,...,aN) = 1§(z:‘l7(ja’t§N [CEZ } = H(azk T35), (3.7)
i<k
for the Vandermonde determinant of a N-tuple of square variables (z?, . .. ,x%v)

Proof. The proof that the set of covectors is a basis is detailed in Theorem 2.1 of [81]]. We prove the
rest of the proposition just proving the orthogonality conditions (3.5]). These conditions are satisfied
by definition by the vector |R) so we can prove them by induction. That is, we assume that they hold
for a fixed h such that

N
> hn=m, (3.8)
n=1



and then we prove them for the generic h obtained changing one of the elements of h from zero to 1,
i.e. the m + 1 case. Then, there exists a permutation of {1, ..., N'} such that:

hrn) = {1 forn <m and 0form < n} 3.9

and we want to prove that for any a € {m(m + 1),...,m(N)} it holds:
Ne

(h'|h) =65 T, ) (3.10)
where:
hy = hy Vb # a and hg = 1. (3.11)
Let us start proving the orthogonality condition for A}, = 0, we have that it holds:
(W[R) = (B, o B =1, H| T(€a—n/2)T(&a +n/2) h)
koA, ¢ (n/2 = &a)Ag, ¢ (1/2 = &a)
Ag,g (/2 ¥ o) (BB =1, By ) = 0 (3.12)

B kaAC+,<_ (77/2 - ga)

where we have used the quantum determinant relation and we get zero by the induction being h such
that it holds 4, = 0. Let us now show the orthogonality condition for 4/, = 1 and h’ # h, this is the
case if it exists a b # a such that hy = 1 — hy,

Then, to compute the action of 7 (£, + 7/2) on (h’|, we use the following interpolation formula:

T(A) = tnsruw(A) + T (n/2)sw (A) + Z Faw (N T (€M), (3.13)

to get:

N
(W[h) = (tnvsruw (€ +n/2) + T(0/2)sw (& +n0/2)) (W [h) + > rew(Ea +n/2)

=1
kjﬁz;(%; 1)< o =1 — R, .. By, (3.14)
where we have used the simple identity:
(W] T(%:;;)_g = kAﬁC (7(7;32__52) U = B 1 By (3.15)
am (- a C+:€C a
Then, by the induction we get:
(h'lh) =0 (3.16)
being
(h'|h) =0 and (h},...,h =1—h., ...Ky|h)=0 Vec#a (3.17)
as by definition A/, = 1 and h, = 0 and
(h),....hl =0,...hy|h) =0, (3.18)

10



being by definition hj = 1 — hy. Let us finally compute the last coupling:

sy g (Gt n/2)
(BJR) = (B i (3.19)
kaAQf, (n/2 — &)
using once again the interpolation formula for 7 (&, — 1/2) for h we get:
(0)
_ r (&
(BiR) = h ) gy (3.20)
ka
as all the others contributions are zero as one can prove following the same steps described above.
From which the formula for the normalization follows. U

3.1.2 Transfer matrix spectrum and their isospectrality

The previous proposition on the SoV bases directly implies the following complete characterization of
the transfer matrix spectrum which represents a completion from the wave-functions to the eigenstates
of the Theorem 2.2 of [81]].

Theorem 3.1. Let the inhomogeneity parameters be generic and let the boundary matrices
K_(X) and K () not be both proportional to the identity, then, for almost any choice of the bound-
ary parameters, the eigenvalue spectrum Y7 of T () is simple and it coincides with the set of poly-
nomials

) = v (3 <n/2>2) [T0% - )+ 20 %o [T s,
+ 1 b q 1l (n/2)2 — gg
+ Z 4A2 2 H X6 (3.21)

- &
b;éa

satisfying the following discrete system of equations

(0) N (V)
det He) (1) AC+’<<_1)(§n ) =0, Vne{l,...,N} (3.22)
—Aé+7§7(—£n ) t(én )

The following vector and co-vectors

)= Y HQt ey Ve, e n), (3.23)
he{0,1}N n=1
A (E) " o
TR (5 A +7( <1>>) QuE™)| V™, en™) (ul,
he{0,1}N n=1 " e

(3.24)

generate respectively the one-dimensional right and left T (\)-eigenspaces associated with the eigen-
value t(\) € X7, where the Qy is defined on the discrete set of values £§Lh"), ne{l,...,N}, h, €
{0,1} by

Qi) _ O _Ag e = )
Qi) Az, ¢ ( O t(eM)

.....N. (3.25)

11



Proof. This theorem follows from Theorem 2.2 of [81]] and the decomposition of the identity induced
from the previous proposition. U

In the following we will use also the following notations:

(gn + EJr)(gn + E,)

= ) = > =) 3.26
In =90 o) = e T 6 ) (320
and
N
fo = f(6n, {€}) = l:[ —ta J_r niggz i gz f n; (3.27)
oZn
from which
(©0)
b= A ) (3.28)
&n +77AC_+7§—(_§” )

The previous theorem allows us to state the following corollary on the isospectrality of transfer ma-
trices associated to different boundary conditions:

Corollary 3.1. Let the inhomogeneity parameters be generic (3.1)) let us consider two different sets
of boundary parameters:

(Cls B, T14) # (Coty K2t T2 4) (3.29)

with for both of them the associated boundary matrices are not both proportianl to the identity. Then,
if the following conditions holds:

14+ 4k1 K1 —cosh(m 4+ —71,—) 1+ 4kKo 4ko _cosh(roy — 7o)
1) ) 1) ) — ) 1) ) 1) , (3.30)
CL+€C1— C2,4C2,—

Gy =0 o foragivene={+,—}, (3.31)

the associated two transfer matrices are isospectral, i.e. there exists an invertible I'1o € EndH such
that:

TN 4, k14, T14) = T T (N Cot, Kot T2.4)T1o. (3.32)

Moreover, taken the set of boundary parameters ({1, K+, T4 ) satisfying the condition:

we(ke,74) =1+ 4k k_cosh(ry — ) — e\/(l +4r3) (1 +4K%) =0, (3.33)
for a given e = {+, —}, then the following isospectrality holds:
T(A[Ce, iz, m4) = T T (NG, 0,0)T, (3.34)

where T(A]C_i, 0,0) is the transfer matrix associated to diagonal boundary matrices with parameters

G-
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Proof. Here, we have just to remark that the SoV characterization of the transfer matrix spectrum of
the previous theorem implies that the spectrum depends by the boundary parameters only by fi and
by tn41, so that the identities (3.30])-(B3-31) assure that two different sets of boundary parameters
(C1,4,K1,4,71,+) and (C2,+, K2 +, T2 + ) share the same values of fi and by ¢x,1. The completeness
of the transfer matrix spectrum description implies then the isospectrality. Finally, taking diagonal
boundary matrices with parameters (., by definition it holds:

- 2
tN+1(Cx,0,0) = =— =tn1(Ch, kit T2), (3.35)
GG
under the condition (3:33]) and the choice € = e_e,, where €4 are the signs that we chose in (2:20]),
so that the isospectrality statement follows. U

It is important to stress that this isospectrality goes far beyond that associated with the GL(2)
symmetry of the model, which just implies the isospectrality in the case one can go from the set
of boundary matrices associated to (1 4, k1,+,71,+) to the set associated to ({2 +,k2 +,72,+) by a
similarity transformation. One simple example is the isospetrality of the transfer matrix associated
to ((—,k—_,7—) in the site 1 and to ({4, k4, 7+) in the site N and the transfer matrix associated to
({4, k4,74 )inthe site 1 and to ((_, xk—, 7—) in the site V. These two transfer matrices are isospectral
but for general values of the boundary parameters one cannot pass from one set of boundary matrices
to the other by a similarity transformation.

The main example of interest for us now of this beyond G'L(2) isospectrality is the case of unpar-
allel boundary magnetic fields which satisfy the condition (B8.33]). The unparallel boundary magnetic
fields case is equivalent to ask that the boundary matrices are non simultaneously diagonalizable, we
will see that this condition is compatible with (3.33]). So that we establish the isospectrality of these
transfer matrices with those with parallel magnetic fields according to (3.34]), which we will use in
the computation of the correlation functions. Note that being the parallel boundary magnetic fields
case equivalent to ask that the two boundary matrices are simultaneously diagonalizable, then our
statement of beyond G'L(2) isospectrality follows as well as the fact that in general the similarity T’
in (B.34)) is not easy to derive and it is not of tensor product type.

3.2 Functional 7'Q)-equation spectrum characterization

The transfer matrix eigenvalues and eigenstates are characterized in the SoV framework in terms of
the (Q; defined on the discrete set of shifted inhomogeneity parameters only. It is possible to show that
this discrete characterization can be reformulated by a functional equation for a (); function defined
on the whole complex plane C.

In the case of the open XXZ spin-1/2 chain with generic integrable boundary conditions, this was
first proven in [29] under the quite general boundary conditions allowing for the introduction of the
Sklyanin’s like SoV approach. Here, we generalized the results derived for the XXX case in [[76]]
thanks to the wider SoV approach derived in [81] and further detailed in the previous section.

Theorem 3.2. Let the inhomogeneity parameters be generic and let the boundary matrices
K_(X) and K () not be both proportional to the identity, then, for almost any choice of the bound-
ary parameters, defined

N

POy = 2T (2 o) TTTT (32— (67)?) (3.36)

e b—1 h=0
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with € = e_e and ey the signs in (Z20), t(\) € X7 iff there exists a unique polynomial Qi(\) of
the form

QM =1] (A2 - Ag) L AL AeC\ {0 2O (3.37)
b=1
satisfying
tA) Qe(N) = Az, ¢ (M) Qe(A=n) + Az, ¢ (=A) Qe(A+n) + F(N), (3.38)

or equivalently t(\) € X iff there exists a unique polynomial P;(\) of the form

PN =TT (¥ =uF),  womeC\{£&”,... +0}, (3:39)
b=1
such that
tA PN =A_¢ ¢ MBRA=—n)+A_ ¢ (=) P(A+n)+FQ), (3.40)
where:
p=q=N if w(k+,74) #0, p+q=N if we(kt,74)=0. (3.41)

Proof. Starting from the SoV discrete characterization derived in the previous section, we can prove
the current theorem just as done in [76l], for the Theorem 3.2, 3.3 and Proposition 3.1. U

It is important to remark that differently from the case of the Sklyanin’s like SoV characteri-
zatiorE], here, on the one hand, we are doing a characterization holding in general both for parallel
and unparallel boundary magnetic fields and, on the other hand, we do not need to implement any
similarity transformation to bring the system in an appropriate form to use Sklyanin’s like SoV char-
acterization. These remarks are very important for the case of the XXZ and XYZ spin chains where
these similarity transformations, required to make Sklyanin’s like SoV applicable, are not of simple
tensor product form but have a non-local form intrinsic of the Baxter’s gauge transformations.

3.3 Bethe ansatz form of separate state and boundary-bulk decomposition

Here, we recall the rewriting in Bethe ansatz form of the SoV characterization of the transfer matrix
eigenstates and separate states of the open XXX quantum chain following [76]. Then, we present the
main result of the section, i.e. the boundary-bulk decomposition of these separate states.

3.3.1 Similarity transformation to triangular cases

We can define the following similarity transformed boundary monodromy matrices:

Uz (A) = WoTw Uz (N Tyt Wyt = ( Z‘j&) ;iji; ) : (3.42)

where W, € GL(2,C) acts on the auxiliary space, whereas I'yy = ®X_, W, acts on the quantum
space of states. By the GL(2, C) invariance of the R-matrices:

Ris(A\) Wi Wa = Wy Wy Ria(N), (3.43)

?See for example Theorem 3.1 of our paper [[76]] for the open XXX spin chain.
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we have that it holds:

U-(X) = M(A) K_(N) M(N), (3.44)

UP(N) = M) K (X) M (), (3.45)
where we have defined:

o _ 1 [ ax(N) be(N)

K:(\) =WoKs(\) Wy = < N AN ) (3.46)
The following similarity transformation holds:

T =Tw T\ Ty} (3.47)
where:

T =t { K (\) M) K- (A\) M(V)} . (3.48)

Then, under the following choice:

—14e_/1+4Kk2%
1 “len/IaRE

— — 2k_e -
W= We+7€— 1_55\/17—_:751 1 ’ (349)
Kte

for a given (e;,e_) € {—1,1}2, the boundary matrices take the triangular form

— A 2 _ AX—n/2 _
R\ =1+ z—"/(az feo) Ry() =14+ 221200 L oh, (3.50)
- +
with

% Kk e T- T4 e /1 4+4r%2)(1 — e4y/1 + 42

e = fhf 1+( A T +) , (3.51)

/1 + 4K2 dkyk_e™+ T

_ T+ 1—e \/14+4r2)(1 + ey /1 +4K2

b, — 2ep ke 14 ( )(T _T+ 1) (3.52)
J1+46% Ay h_eTH T

The interest in the above similarity transformation is that for b, # 0 we can implement the Sklyanin’s
like SoV approach using as generator of the left and right SoV bases the monodromy matrix entry
B ()\) (diagonalizable and with simple spectrum) to solve the spectral problem of the transfer matrix
T (X\). Then, the eigenstates (| t),(t|) of the original transfer matrix 7 (\) can be therefore expressed
in terms of those of the new triangular one (|¢),(Z |) using the tensor product similarity transformation
I'yy, i.e. it holds:

t) =Ty |8), (t| = ({| Tw. (3.53)
Finally, let us remark that the Hamiltonian
H =Ty HT}, (3.54)

associated to the transfer matrix 7 ()\) reads:

N-1
H = Z [Uf‘fz‘mﬂ +ojol + UZ'ZUiZJrl} + [Uf + E—Uf} + L [U]ZV + haﬂ. (3.55)
i—1 ¢ ¢+
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3.3.2 Unparallel cases isospectral to the parallel ones

Here, we characterize the cases in which the original transfer matrix 7 (A), associated to unparallel
boundary magnetic fields, is isospectral to the transfer matrix 7 (\) = 7 (A4, 0, 0), associated to
parallel along the z-direction boundary magnetic fields, i.e.

T =t { KL () M) K- () M (V)] (3.56)
with
K. (\) =1+ A%”/QUZ, K\ =1+ A _5"/202. (3.57)
- -

Let us recall that by construction of the similarity transformation, 7°()\) and 7 () are clearly isospec-
tral. Then, let us now impose the following boundary conditions:

c_ =0, by #0, (3.58)

which keep 7 (\) associated to a properly triangular boundary matrix in site N, i.e. 7()) is properly
associated to unparallel boundary magnetic fields. Then, the following identity:

ere_e THwe e (Kt,T)
Ao J(U+ 467)(1+452)
implies that the condition (3.58]) is equivalent to the following one
We,e (Ke,74) =0, by #0, (3.60)

which by Corollary 3.1l implies the isospectrality of our original transfer matrix 7 (A) (with unpar-
allel boundary magnetic fields) to 7 (\) (with parallel boundary magnetic fields). We can state the
following:

c_by, = (3.59)

Lemma 3.1. Let us fix a couple (ey,e_) € {—1,1}? and let us impose the following boundary
conditions:

2 2 _
o (e—\/14+4K% +1)(e4y/1 4+ 4r% 1), @.61)

4:‘<L+ K_—

e

then for any choice of the boundary parameters such that:
Ky # EK_, (3.62)

our original transfer matrix T (\) has unparallel boundary magnetic fields and it is isospectral to
T (X) with parallel z-oriented boundary magnetic fields. Moreover, taken in € R, then for any choice
of the boundary parameters ((y, k) such that:

il €R, (3.63)
the transfer matrix 7'(A) is self-adjoint. So, the ground state distribution of our original Hamiltonian
H (associated to T (X)) coincides with that of the Hamiltonian

N-1

A ) 7
H= Z [a;’*‘afﬂ +ojol + UfUz‘ZH} + ?Uf + g—UzZv, (3.64)
i=1 _ -

(associated to '7A‘()\) ) and in the thermodynamic limit N — oo it is known to be characterized by the

following distribution on the positive real axis:
i

) =
) sinh 7\’
once we fix n = i and single roots are absent for {_ # 0.

(3.65)
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3.3.3 The Bethe ansatz form of eigenstates and separate states

Let us here present the Bethe ansatz form of the transfer matrix eigenstates following from our SoV
characterization of the spectrum

Proposition 3.2 ([76]). Let the inhomogeneities &1, . .. ,{N be generic @B and under the condition
by # 0, then, for any t(\) € X, the corresponding (unique up to normalization) right and left
T (N)-eigenstates reads:

P q
(t| = (0| ] B+(ua)Tw. [ty =T%" [[ B+(Na)|0), (3.66)
a=1 a=1
where A1, ..., Ay are the roots of the polynomial Q¢(\) and 1, . .., j1, are those of the polynomial

P,(\), solutions of (B.38)) and (B:38)), respectively.

Proof. The Proposition 3.3 and 3.4 of [76] show that the SoV characterization of the eigenvectors is
equivalent to the above Bethe ansatz like formulation. U

Let us observe now that under the condition b, # 0, the results of Section 2.3 of the paper [81],
implies the identities:

(h| =1(+, h|Ty, |h) =rTy} | h+), (3.67)

where | and r are some computable normalization constant and (4, h| and |h,+) are the left and
right eigenstates of B (\). So that we can equivalently use one or the other SoV basis leading to the
same above results.

In separation of variable the so-called separate states read:

N
/(b h
=2 I vE™, ) ), (3.69)
he{0,1}V n=1
for some coefficients th"), n € {1,...,N}, h, € {0,1}. They are a set of states containing as

special elements the transfer matrix eigenvectors and playing a fundamental role in the computation
of correlation functions. Indeed, scalar products of the separate states universally admit [65}167]
determinat representations, shown in [76] for the open XXX case to be equivalent to determinants
generalizing the Slavnov’s determinants [146], results previously known only in the case of parallel
boundary magnetic fields [13.[147]]. Moreover, as we will show in the next section, the action of local
operators on separate states can be efficently rewritten in terms of linear combinations of separate
states in this way allowing to implement the calculation of correlation functions.

Here, we recall that along the same lines of the previous proposition in [[76] we have shown that
also the separate states naturally admit Bethe ansatz representations. In the following we will use the
following representation of separate states:

'I’L/j 3
18) =Ty [ B+(ba) |0), (3.69)
a=1
where
ng
s = [T =2, (3.70)
m=1

which coincides with the separate state |~y ) under the identification

W) = (=1 Bel)b (€0). 371
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3.3.4 Boundary-bulk decomposition of separate states
Here, we compute the boundary-bulk decomposition for the separate states. We observe that it holds:
By (N) =By (\)+D(N)D (=X by (\) (3.72)
where B, () is the operator associated to the diagonal part of K, (\):
Bi(\) = B(A) D (=) as (A) = D(N) B(=A)dy (A, (3.73)
then the next proposition follows:

Proposition 3.3. The following boundary-bulk decomposition of separate states holds:

M M by (Ax) d(Ax)d(=Ax)
By ())|0) =
H ooy =3 3

2 2
a=0 XUY=I) Ay — >‘y
xXNY=0,|Y|=a
o B o
x 30— O —wfHE 00)BOY)0), (3.74)
oy=%

where we have used the short notations Iy = {1,..., M} and

BOY) = [ Bloja): 2% =23 = [ [T (2 - A2), et (3.75)
jeY 1EX jEY
and
R
B 51nh(2)\' +1n) . -
H oA AR) = 1:[ —0jAj m sinh(A; + 0;(C+ —n/2))
" sinh(og\s + o, A\ — 77)' (3.76)

1<r<s<R sinh(osAs + 0 Ar)

Proof. In the following, we use the commutativity of the following three sets of operator families,
B, (\), B, (\) and D ()\). We clearly have the following identity:

M
1 B-0)l Z > S e Y oBa) o), (3.77)
j=1

a=0 XUY=I), oy= =+
xXNY=0,|Y|=a

as a consequence of the boundary-bulk decomposition of the 3. -operator family, the Yang-Baxter
commutation relations between D () and B () and the following identity:

D(M\)]0) =10)d(N). (3.78)

So we are left with the proof that the coefficients take the above defined form. Let us fix a couple of
sets X U Y = I then by using the commutativity we can take the following rewriting:

H By (A\)[0) = By (Ax)B4(Ap)[0), (3.79)

then it is easy to understand that the terms

3 P BO)0) (3.80)

oy=%
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in the state (3.77]) can be generated only by the following term
by (Ax) D (\x) D (=Ax) B4 (Ay)]0) (3.81)

and only by taking the direct action of the operators D(4)\y) on the state:

L0y = > H (Ay )|0), (3.82)
oy=%

where the above boundary-bulk decomposition has been derived in Proposition 3.4 of our paper [13]
and it holds being B () associated to the diagonal part of K (). So all we have to do to compute
the coefficients CX(;)()\) is to compute this direct action on the above state, which, by the Yang-

Baxter commutation relations and the property (8.78)), clearly give:

by (Ax) [D (Ax) D (=) Ipirect action B+ A9)] 0) = by (Ax) d(Ax)d(—Ax)
2 — (A —n)? g ()
x> 22, i})@ H L () B(Ay7)]0),

oy=%

(3.83)

in this way completing our proof. O

4 Action of local operators on boundary separate states

In order to compute correlation functions we have to be able to compute the action of local operators
on transfer matrix eigenstates and so on separate states. The first fundamental step in these computa-
tions is the reconstruction of local operators [[107]] in terms of the bulk generators of the Yang-Baxter
algebra and, in particular, their simplified version derived in [13]. Indeed, thanks to these reconstruc-
tions and the previously derived boundary-bulk decomposition of separate states, these actions can be
computed by using the known Yang-Baxter algebra or SoV representations.

Here, we compute the action of the local and quasi-local operators on separate states associated to
the transfer matrix 7 (), i.e. the one with diagonal K_ ()\) and properly triangular (b, # 0) K ()\)
boundary matrices. These results then translate directly in action of local and quasi-local operators on
separate states associated to the original transfer matrix 7 (). Indeed, the similarity transformation
relating the two transfer matrices is of pure tensor product type and so it transforms local operators in
local operators.

4.1 Action of the quasi-local operator (),, (%)

Let us recall that the first nontrivial correlation functions for the open quantum spin chains are the one
point functions, i.e. the ground state average of a local spin operators, which measure the correlation
with the boundaries. Following, the presentation of [[14], we first compute the action of the quasi-local
operator:

HE11—|—/<;E22 [TAE”) +xDE™) TTAEM) +DED)), @
a=1 a=1 a=1

which gives access to the one-point function of the local operator:
m =14 2[(0xQm(K)) st — (OxQmy1(K)) 1] - (4.2)
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Here, we use the implicit multiplication notation introduced in (B.75) and the following further nota-
tions:

RZ(gnyr |£’y_ |:ua+ lfa_) = R(£’y+ |£’y_ |,Ua+ o )Sﬁ (£v+ |Ma+ )s (4.3)

where:

(o e )T(E1680)

R(£’Y+|£’Y— |:ua+|,ua_) = 0 (4.4)
(& 0y o) f (HaE5))
T—y+
r(xly) = a(@)f (o). flaly) = — (45)
and Sy (&, |pta,, ) is defined by
(0)
a — Mo, +1 v
Sr ) = + det e 4.6
n (G o) H € I1 Moa kevejeas OF (46)
a>b >b
a,beyy a,beay
with the n X n matrix M " defined by:
Pt~ 1) Fsl€X))
N = r(6 Ing) = wr (|67 51 T @)
e R ke —y) £ 1)
and
r(zly) = U . 4.8)

(z—y)z—-y+n)
Then, the following proposition holds:

Proposition 4.1. The action of the following local operators on boundary separate states read:

I(m,M)

Q;B-F(MIM)‘(”: Z Z Ry (&rs 165 [Bacy [Ha )B—l—(lu'oz U§ )‘0> 4.9)

n=0 I]V]:a+Ua_,CM+ﬂCV_—®
Im=y4 Uy_ vy Ny—=0
Ivl=lay|=n

where we have defined l(m, R) = min(m, R),

'ua ) R o
RZ(gwr ‘577 ‘:uour |t ) Z +) n(§w+ ’éhwf ’Ma+ | £ pa_), (4.10)
=% (2%

and HB+ (5,(&)) stays for the coeﬁﬁcien 3.26) with o, = (1,..,1) while we have defined pi,, =
{O-i:ui Vi e O“r} and tpo_ = fio_ U (_:ua_ )

Proof. We use first the boundary-bulk decomposition of the separate states given in the previous
section, so that it holds:

Q% B (11,)]0) Z > by (MX)?(NX)S(—NX) S g — () — )]

a=0 XUY—=Iy Hx — Ky oy—=%
xXNY=0,|Y|=a
x Het (ny) (@ B(5)]0)) @.11)

!"Note that these are the only nonzero coefficients in such arguments.
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Now, we use the known action of the operator %, on a generic bulk state, as derived in Proposition
4.1 of [14], to write:

l(m,a)
QB =YY R B ug,)l0), (4.12)
n=0 Y=Y, U)_
€1 =8 Uy

7+ [=V+|=n

then by expanding the coefficients, we get:

o +1
2 (o) 27 7B+ K (o)) (o) £’Y+ + :U’( : -1
(e = (y” = n)"1H ) () By (§ya |6y Ly 1y ) W (4.13)
ity
B
o o H-+
= S5(¢ ,M(o))a(”ga)) ,u%L — (MSM) n)?* p §7+ §vp =&+ (03’+)('uy+)
n\SY+ Y, a(&y,) M%/, - N§)+ :“y, — 5%2 §vp — & HB+ (5’(793)
5 o o B
x ﬁ[ = () =Ml = (W5 = PHG (€D Upy). (4.14)
Vi TS
We are then free to split the sum over oy = =+ in sum over oy, = & and 0y_ = = and reverse the
order of the sum in the following way:
b () dlua () 'S
Qm B+ HIy )10) Z Z Z Z
a=0 XUY=Iy MX MJ/ n=0 Y=),Uy_
xXNY=0,|Y|=a ﬁlm:§7+U5w_
Iy 1=Y4|=n
(9) )
0 mane o XD (" RN
Py — (ke Sp(&yplm
Uy;i[ X ( Yy ) ] ('Y+| Vi )a(£7+) (£7+)
o o 0 0)2
y w3 — ) =0, e wqul) -0 i €
R A G ) (R
o B
x { STk = W) =G L, (€ Uy )BED Uy o>} (4.15)
oy_ ==
and we can, moreover, multiply each term for:
02 2 #(1)2
L Bk P Bk (4.16)

1)2 0)2’
e e
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so that the previous expansion take the following form:

l(m,a)

7 (
by (pa) d(px)d(—pix)
Q B+ Ky |0 Z Z 2 (0) 2 Z Z
a=0 XUY=I Uy — ('y+ N)L) n=0 Y=Y, UY_
xXnY=0,|Y|=a Ey =67 UEy_

[+ [=V+|=n

{ >2 e = (&0 Uy = )PHG e (€0 Uy )BE Ui >|o>}

oy_ ==
g (b 057 =2 oy 25 iy U22)
oy, =+ (MXUMJL)Z_M%J_F STV a(£v+) HB+(£7+)

(02
><£’Y+ &+ ,Uy+ 5% (a U py )2 5(5} 4.17)

S — & 1) =& (pr U py)
Let us now remark that the factor associated to the sum over oy, depends only by the variable on the

sets Y, Y. = Y_UAX,~y_ and 74, i.e. it does not distinguish between 1y and py_ so that we are
free to rewrite our result as it follows:

1(m, M) 2 - (MS}O) - 77)2 B i a(,u(a))
QB ( wry,)|0) = Z Z { Z Y 5 _+2 SS(S%L’M;()}_B)%
n=0 y+Uy__I]u O’y+::|: Iu’5}7 MyJF a(£7+)

glm:£’7+U£’Y_

7+ =Y+ ]=n

B
Hr o -n
oy )W) e e ) — Dt - ) {MZ S

0 o
HB+( SH)) Sy — & ( ) §'y+ ﬂy fw a=0  xuy_=y_
XNY_=0,|Y_|=a

B ) dpdi) 5~ a0 MG ey (6D Uy

iy — (Y Upy ) oy e
B uuy7)|o>}. (4.18)

From which we get our result just remarking the identities:

RE& & iy Iy )= “37_(/‘32—77)25,{(5 ‘(o))a(uﬁ) (If:h)(ﬂﬂ)
n\Sv ISyvo IRV 1Ky ) = 3 (& |1y,
oy, =+ Hy_ T Hyy " a(gg‘i)) HB+( gg))
(0)2

« §ve =& + 77#34 5’Y+ ”y T+

(4.19)
B T
and
= by (nx) d(px)d(—px)
By (&, Upgp )|0) =" > =
T - a=0 XUy7:y7 MQX - (5’()2) U luy—)2
XNY_=0,|Y-|=a
<0 i = ED U —m)HG L, € Uy )BED UE[0), @20
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as all the terms which correspond to a choice of iy C {:l:&(,g) Udpyp } with e N 5»(&) # () are zero
being d(ji)d(—jizx) = 0. O

4.2 Action of local operators

Here, we present the action of a basis of local operators at the generic site m of the chain on the
boundary separate states associated to the transfer matrix 7 (\). In order, to do so we introduce some
further notations:

a (1)
n7(kal + piy—{ay V&5,
Ry Gy lr oy lalia ) = >0 el 2 By} Vern)
0a+70'a:i (Mg §m+1) ( m+1’ iILLIN_{a} Ué.fm)
B B
H"OZ(NaJr)H o (1a)

HB+ () HB+ (1))

R(&y 60 |18, | £ pra_ ) S22 (60 115, 113, (4.21)

~ 2Dga, =+ Hot (o ) R(Ey |65 |1, | % o) Sy (64, 11E,)
Rn (§7+ ‘g’Y— ‘:U'Our ‘:U'Oéf) = B B (0) ) s
H +(£’Y+)H +(5m+1) T(Emat| £ oy UEL)

4.22)
and
R |6 oy paliplia) = D R(E & 10T, | + pa ) ST (& 18, 15 117)
oa+,oa,0p=i
B B B - o
a2 (o ) Ha () oy i) 7 (ug| 4 sty gy O ELDT (5] & st U €5,
0 0 0 1)\’
B+ (€N HB(E ) (ug — € DEQ ) — 18+ mTED | £ iy —gay UED)
(4.23)
where
©
— Moy 7
ST = + det M 4.24
" H gab H Hba k€7+3€a+ gk > ( )
a>b a>b
a,bevy a,beay
with the n x n matrix M?* defined by:
oy — 3y U aling) £l U e
M = (& 1) - (1—5j,N+1)T(ujI££°) |*{” ¥ j) O, (425)
Hiltar—{j} © Fa) f(£50 U & I1g)
¢© ) f (Bay —5311) f (u;!fs(o) fr?)ﬂ)
=7(&, " [pg) — (1= 05 N+1)7 (1516 ) (4.26)

Py —{j} Y Ha U fip|5) (:u’]|£’()2) U £m+1

iltay—5y U tta U tip) £(e80 U0 1uy)
4.27)

f(
f(
f(
Fwilta,—) £ U e )

(0)
£( )
flp

= r(0|1j) — (1 — 8 n41)r wfs(“))

Then, the following proposition holds:
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Proposition 4.2. The action of the following local operators on boundary separate states read.:

B M (m,M)
m+1B+ :U'IM Z Z Z R%Q(S%L’g“/f’/iavL’Ma’Ma*)
a=1 n=0 I]\,1+1=CM+UCV_U{G},

{a}N (a4 Ua_)=0,a4Na_=0
Im=y4Uy— v+ Ny-=0
[v+1=lay|=n

% By (pta_ UED)0), (4.28)
- I(m,M)
T 1 B (iny,)10) = > Ry (S l&q- ttay [pa)

n=0 Iy jpi1=a4Ua_,aiNa_=0
I =4 Uy— v+ Ny—=0
[v+]=lay|=n

x By (pa_ UED)0), (4.29)
and
M M+11(m,M
i1 B (11, )| 0) ZZ Z > Rf (&, 165 ey [ ttal pl it )
a=1 p=1 n=0 Inrp1=ap Ua_U{a}U{p},
p#a {a,p}N(arUa_)=0,a4Na_=0

Im=y+Uy— sy Ny—=0
[+ [=lot [=n

x By (pa_ UED)]0), (4.30)

where we have defined pipr+1 = Em+1-

Proof. The proof of this proposition is done exactly along the same lines of the previous one, we
have to use the boundary-bulk decomposition of the boundary separate states and then using the bulk
formulae of Proposition 4.2 of our paper [14] for the action of these local operators on bulk states is
computed. O

These formulae allows the computation of all one-point functions and we can use them to derive
the action of a monomial of two local operators, for example one at the site 1 and one at the generic
site m of the chain, here we present one instance of this:

Corollary 4.1. The previous proposition implies the following form of the right action of O'i’—erO'l_ on
an arbitrary separate state:

M M+1m-—
01y m01 1 B (ur,)|0) Z Z Z Z By (pa UéO) U£§?)| 0)
a=1 p=1 n=0 I]\/1+1=C|{+UCM_U{CL}U{p},
p#a {atUa_}n{a,p}=0,a4+Na_=0

{27"7m}:7+uﬁ/— 77+07—:®
Iv+l=lay|=n

X Rgi(&‘g%r‘gvf‘:umr‘,ua‘,up‘,uozf)a (4.31)
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where:

B B B

- Hol (pay ) Hoy (t1a) Hoy' (1)
le_ (£1|£7+|£'Y—|1UJCV+|AUJ0,|,U/p|,UJa_) == B+ (0; 0 B p(o) p
2 e e e

m

0a+70'a70'p:

R(&y & |1 | & pa )SiE (& g, |G g )0
T % pa_ Upg, ) (1 — € DED) — ug +n)
o Tl £ iy gy Y EN T (1| % 1y oy YEL)
T(E] £ iy (o) UED)

, (4.32)

and pipr+1 = Emt1-

4.3 Action of the quasi-local generators of elementary blocks

. LM el . .
Let us present now the action of the basis [] Ejj 7 of quasi-local operators from site one to the
Jj=1
generic site m of the chain on the boundary separate states associated to the the transfer matrix 7 ().

m ol
Following the exposition of our previous paper [13]], for any element [] E;]’EJ of this basis, we can

j=1
introduce the following sets of integers:
liptpeqi,....sp, Withig <ij for0 <k < h <s, (4.33)
{ip}pefst,... stsys Withiy > i fors <k <h <s+s, (4.34)

defined by the conditions &; = 1iff j € {ip}yecqoi1,.s4sy and € = 2iff j € {ip},eqr,... s3- Then,
we can formulate the following proposition:

oy . . . m £ '7€l' . .
Proposition 4.3. Tuken the generic element of the quasi-local basis |] Ej] 7, then its action on a

j=1
boundary separate state reads:
el = —
15 B (ur)0) = 3 F (uren) B trygois,, I0). (4.35)
J=1 Bs+s’
here, we have defined 14 := 57(311_j forj € {1,...,m}, the sum run over all the possible sets of
integers By = {b1,...,bs1 s} whose elements satisfy the conditions
bp€{1,...,M}\{b1,...,bp_1} f0r0<p§8, (4.36)
bped{l,....M+m+1—ip} \{b1,....0p-1} fors<p<s+¢, '
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and the coefficient reads:

B (0) o o
a(pd ) Hoy (pa,) (&5 — 1Z,) Hp;b;
B ) = 3 ) o o) (218, iy

0 0 1 o
oizs a(€®)) HB(ED)) (€8) — pg,) 1<icizors Moy TN
o H ('Ti"'
((ua+ tepta. — m)(ED )) (b )
x 11
e=+

v T Efa H jEoy
1 o
(g, + o )Y vepn ) )icar I (45)

jeay—{i}

s ]FH 1(ué‘p -£Y) ot ;FH 1(520) = pg, + 1)
X 7;’;+ o II 7Zp+m o . (4.37)
=1 I (kg — &) p=sti I (& —#)
k;:zp k':’lp
k#£N+m+1—b,,

The sum is over all oy, € {+,—} for h € a, and we have defined pg = o for j € Bsys, with
oj=1ifj> M, and

- = {M +m+1- j}jEBS+S/O{M+1,...,M+m}a T+ = {1, cee am} \77, (438)
ay = Bopo N{L... . M}bao ={1,..., M} \ ay. (4.39)

Proof. Here, we have to use the boundary-bulk decomposition of the boundary separate states and
then we have to use the following formula:

m /
£5,6"
II EJJ ]B(/’LI]W)’ O> = E : ‘7:55+s/ (MIJVI«Hn)B(MIJVPFm\Bers’)‘ 0 >’ (4.40)
j:1 Bs+s’

for these actions on bulk states, where the coefficient Fg, reads:

M

’ o+ 0
) sﬁ kl;ll(mch n) . _51(%3 b,

0 M 1
a(é-}A;) j=1 1 ko, KIy — 5},,3 1<i<j<m Hbib; +n
1

a(pg

]:55+5/ (N1M+m) =

k=
k#b;

m m

. HH(Mbp —&+n) g . H+1(§k — Hb, +1)
=1 =17
x [ —%m 11 L , (4.41)
=1 II (e, — &)  p=st+l I1 (& — )
k=ip k=ip
k#AN+m4-1-by

as proven in Proposition 5.1 of our paper [[13]]. The proof of this proposition is done exactly along the
same lines of the Proposition 4,11 O

S Scalar products of separate states

Here, we present the scalar products of boundary separate states with the transfer matrix eigenstates
directly in the framework for which we want to compute correlation functions, i.e. for the case

c_ =0, by #0, 5.1
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where our original transfer matrix 7 (\) is associated to unparallel boundary magnetic fields and it is
isospectral to the transfer matrix 7’(A) associated to parallel boundary magnetic fields. Here, we first
rewrite the known scalar products results, derived in our previous paper [76] on the XXX antiperiodic
chain, and then we analyze them in the thermodynamic limit for the case of the ground state thanks
to the knowledge of its density root distribution achieved thanks to the derived isospectrality.

5.1 The scalar product of separate states with transfer matrix eigenstates

In order to compute correlation functions, we have to be able to compute the following type of ratios
of scalar products of separate states with the transfer matrix eigenstates:

(7] B4 (v U 1a) 0)
(T1B+(u1,)[0)

where (|(= (t|T'};) is the unique (up normalization) eigencovector of 7 ()\) associated to the
eigenvalue ¢(\) solving with Q;()\), A?-polynomial of degree ¢ and roots \?,. .. ,)\2, the homoge-
neous version

tA) Qe(N) = Az, ¢ (M) Qe(A—m) + Az, ¢ (=A) Qe(A+m) (53)
of the Baxter T'Q-equation (3.38). Denoted jiz,,, = vy U fiq With

, witha C Iy, v C Iy, 5.2)

fla = pa, fora € {1,...,p}, fptq =iy, forae {p+1,...,p+n}, (5.4)
v ={7,..., ]} and a = {ay, ..., oy }, then the following proposition holds:
Proposition 5.1. Let the inhomogeneity parameters &1, . . . ,En be generic (3.1),

c_ =0, by #0, (5.5

and let t(\) be a generic T -eigenvalue and (t| the associated unique (up normalization) T -
eigencovector, then, the following representations hold:

(£] B (vy U pa)|0)
(£1By (11,)[0)
(#]By(vy Upa)[0) _ T((Ct +C)/n+N—(g+p+n)) Qu(vy)(4p3 — )
(£1By(111,)[0) D((C+C)/m+N-29 (&2 —1)Qulus)

% V(Mﬁ) ,u% B Mg{ detpin St(AIqup_m)
V(vy) v2—p%  dety Si(Ar,lu1,)

=0, ifp+n<g, (5.6)

s fp+n=>q, (5.7

where we have defined the set § = I\« and, if p+mn > g, the (p + n) x (p + n) square matrix
St(A1,|wi,,.,,) is defined by:

6t(wl)/8)\k lfk S q,
St( A1 w0 )ik = , o (5.8)
al%lp Zee{Jr,f}EAg},g’_(_ewi) Qéo:(z:i;n) (wl_ + eg)z(k q)-1 ifk>q.
Then, the following identity holds
t|B N i1B N
(F1Be (o, Up)l0) _ (F1Beloy Upall0) 59)

(B4 (p1,)[0) (1B (p1,)|0)

where (f | is the unique (up normalization) eigencovector associated to the eigenvalue t(\) of the

transfer matrix T (\) defined in (356).
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Proof. This proposition is a direct corollary of Theorem 4.2 of our previous paper [76], we have
just to use the formula (4.59) there to compute this ratio. Note that we do not need to specify the
normalization of the eigencovector (| as it appear to numerator and denominator simultaneously.
The second part of the proposition is then a corollary on the Slavnov’s type formulae [146] for the
scalar products of Bethe’s like states [13.147]]. In particular, we can use the formula (4.9) of Theorem
4.1 of our paper [13]] to compute the following ratio and derive the identity:

(1] By (vy Upa)|0) _ e (#] By (vy Upta)|0)
(1B (ur,)|0) T {H1By (g, )10)

(5.10)
g

The above proposition also point out that the scalar products for the model associated to the
diagonal boundary matrices K (A) and K1 (\) and those associated to the diagonal K (\) = K_())
and triangular K| (\) # K () boundary matrices do not coincide for p +n > ¢ being in general:

(7] B+ (v, U 1a) 0)
(T1B+(u1,)|0)

Here, our main results will be to prove that if ¢(\) is the ground state for the Hamiltonian associated
to 7(\) these scalar products for A 1, = K1, g0 to zero quickly enough to make their contribution
to correlation functions zero in the thermodynamic and homogeneous limit. More precisely, the
following result holds:

#0 for p+n>q. (5.11)

Proposition 5.2. Let the inhomogeneity parameters &1, . .. ,En be generic (3.1),
c_ =0, by #0, (5.12)

and let us fix t(\) (T -eigenvalue) and Qi(\) (associated solution of the homogeneous Baxter’s
equation (3.3))) such that the Q¢-roots { 1, } are distributed on the positive real axis according to the
ground state density:

i

pA) = (5.13)
in the thermodynamic limits, then in this limit it holds:
(1B (" UAI0)
A =0, ifp+n<gq, 5.14
(PB4 ()0 prnea e
(11 B (€Y Ury)0) (p)y
At = o(1/NaP)), > q, 5.15
TB. Oy AT g o
if g-p finite in the thermodynamic limit, and finally if p +n = q:
(T84 (€ U2)[0) _ A (& + ) y(@”s ki e) Tg) A3 - N2
(t1B+(Ar,)[0) VN yOs i G TED) P a2
(1) (0)
p()‘ﬁl - 5% ) - p()‘ﬂl + 5% ) n
X dgt ON O, +o(1/N"™), (5.16)

where, we have defined
(s {0} Ce) = a(p) d(—p) (n+ ¢ —n/2) (n+ ¢ —n/2)Qu(p — 1) (5.17)
and 3 = {1, ..., Bn} = I\
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Proof. Thanks to the previous proposition we already know the validity of the statement for p+n < ¢
while for p + n = ¢ this can be proven exactly along the same lines with which we derived it in the
Bethe ansatz framework, see Section 4.4 of our previous paper [13]]. So we are left with the proof in
the case n +p > q.

Let us observe that we can write the result of the previous proposition for the case n + p > g as
it follows:

(FIB(E€P U 0)  AgAy (£7+?7) EV L) Tg) A3 =22

EBAI0) e APy Dl e e -
DG+ C)/m+N—(g+ p + 1) detur, Mi(Ar, |61 UA)
T((Ch + )/ +N=29 dety Ni(rr,)

(5.18)

where AV is the matrix related to the Gaudin norml'] and the (n+p) x (n+p) matrix My (A, |£»(yo) UAa)
has the following representation

1,1 1,2
MM 67 U Na) = ( Mﬂ% ] M@A,/%X") ) (5.19)
(n+p—q)xp (nt+p—q)xn
where

MEY = N, i<q,k<p,

MG = i[r(a, €0) = 100, —ED), i< q k<,

MED = (\D)T + (\O)T it —ak<p,

MG =&, i<n+p—qk<n, (5.20)

with (A, €) defined in (A.8]). Let us now rewrite this ratio of determinants as a single determinant:

detyp Mi(Ar, €5 U Ag)

dety NiOw) = det Wi(A, 49U Aa), (5.21)
where
1,2
WiAL €D UA,) = ( V@% xgzié ) (5.22)
where I, is the p X p identity matrix and WQ(CQXZ) are matrices of size x X y, defined by:
Wi = W me] i<pk<n,
wiat =, i<q—pk<p,
WY =MmE0 g—p+1<i<nk<p,
W& = [N _1M(172):|p+i,k , i<q—pk<n, (5.23)
MG = gL, i<n+p—qk<n. (5.24)

See formula (4.29) of [13]] for its explicit expression.
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Let us recall now that from the analysis of the ground state and the discussion in Section 4.4 of
our previous paper [13]], we have that it holds:

O (0) .
[N—lM(“)} _ Pa = &) p(Aai+§%)+0(ﬁ) ifi<qg—pk<n (525

ik 2N p(Aa,)
so that we can write:
det Wi €9 UN) = det AGRIPWNE (5.26)

with S/ = W22 — WD W{:2) the n x n matrices of elements defined by the following formulae
up o(1/N) terms:

,_ pOs = &) = pOs +EY)

Wk = 28 p(%3)
AN i WMD) i i<i<ndp-gk<p 62D
=1 ’
: 2i-1 21\ plha; = &5)) = P, + €5
_521 1 Z< )\((Xla) + )\&Oa) > ;g V& (&7 Tk ) (528)
2 (bw) ™+ () SN 0]

Now, let us observe that p = |« is of the same order of ¢ by assumption, i.e. it goes to infinity
for N going to infinity and we can write:

p 2i—1 2i-1\ p(Aa;, — 5(1)) — p(Aa; + 5(0))
S ()" ()™ e e

a=1

S () ) D

and these sums are finite for any 5 > 1. Here, we just compute the one associated to 7 = 1. Let us
first notice that it holds:

()\(1) n )\(0)) pPA—=ED) = pA+€9) _ )\ pA+i/2-&) = p(A+i/2+¢)

p(A) p(A)
. (A+1i/2-¢) o PAF1/24+8) o PAF1/2 =€)
:(A+z/2)p——()\—1/2)—+()\—z/2)—
p(\) p(N) p(N)
p(N) '
B oA p(oAH’/?—&r)J_ o i p(ok—i/2—£)0
_;( A+1i/2) oM a;:( A —1i/2) oV (5.31)

where we have used the parity and periodicity proprieties of p()), i.e.

p(=A) = —p(N), p(A£i)=—p(}), (5.32)
to get the identities:

_()\_i/g)% —(—)\+z'/2)p(_)\;(__i§_£) (5.33)
(A —ifg)lAT220) foéﬁ =8~ _(oigfii2=0) _ng —¢) (5.34)
—(A+ i/2)% = (=A— i/z)p(_Ap:ﬁ =9 (5.35)
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Now, we can use the following identity holding in the thermodynamic limit:

1 [e.9]
2 (N Zlaf (o)) ) e Z / o F(oN)p(N\)d\ = / FOV) p(A)d, (5.36)
o= 7 %
to get in this limit
ii)\p()\l+i/2_£%) (>\1+Z/2+£% Z 0072/2 N E, )N, (5.37)
Ni= l p(\r) Novs —~ 700%2/2 Tk '

which can be computed by the Residue Theorem. Indeed, we can write:

co+i/2 co—i/2 R+i/2
/ AN, £ )dA — / A& JdN = lim / AN, €, )dA (5.38)
—o0o+i/2 —o0—1/2 —R+i/2
R—i/2 —R+i/2 R+i/2
- / AN €, )N + / MM €, )d / Ap(A, &, )dA (5.39)
—R—i/2 —R—i/2 R—i/2
= “2imResMNN )| =2, (5.40)

for [Im(&r, )| < 1/2. Indeed, observing that it holds

|sinhm(A—&,, )2 = cosh 2R — cos m(z + 4§y, ) S (cosh27R) — 1
Yk 5 > 5

. Voe[-1/2,1/2] (5.41)

for A\ = +R+ix € [£R —i/2,£R + i/2], we get the estimates:

Ap(A, dA| < sup Ap(A, < , (5.42)
R/,/2 P &) AE[+R—i/2,+R+i/2] ApA, &)l <2 [(cosh27R) — ])
which imply
—R+i/2 R+if2
i / Ap(A, €, )N — / Ap(A, &, )dA| = 0. (5.43)
—R—i/2 R—i/2
So that we get our result:
p(A\ +1/2 — ka)—p()\l—l-i/Q-i-g%)}
Z N { O 2 (5.44)

which proves that the line S _ptik goes to zero for i = 1 in the thermodynamic limit and so the
proposition is proven. 0
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6 Correlation functions

In the following we first develop the analysis of the correlation functions in the case of diagonal
K_(\) and upper triangular K, (), by imposing

c_ =0, by #0, 6.1)

then hereon when we refer to the transfer matrix 7 (), it is associated to these boundary conditions,
as well as the associated Hamiltonian reads:

N-1
H= Z [Ug:aimﬂ + Uf”iyﬂ + UfUz‘ZH} + Eigf + Ei [U]Zv + b+0ﬂ . (6.2)
=1 — +

We have proven the isospectrality of the transfer matrix 7 ()\) and Hamiltonian H, associated to
unparallel boundary magnetic fields, with the transfer matrix 7 (A) and Hamiltonian

-1
H =" [ofot, + ool +ofoi| + =-0f + 2-0k, 6.3)
=1 — +

associated to parallel boundary magnetic fields along the z-direction. Then, in the next section, we
show that in the thermodynamic limit they share the same zero-temperature correlation functions.
While in a subsequent section, these results are used to state the results for correlation functions of
the original open chain with the following transfer matrix and Hamiltonian:

T\) =Ty T(WTw, H =Ty HTy, (6.4)

with 'y, defined in Section[3.3.11

6.1 The case of diagonal and triangular boundary matrices
The following theorem holds:

Theorem 6.1. Let us assume that the following boundary conditions are satisfied:

c_ =0, by #0, (6.5)
and let us take the following reality conditions:

n=i, i+ €R

then, in the thermodynamic limit, all the zero-temperature correlation functions relative to the Hamil-
tonian (6.2]) with unparallel magnetic fields coincide with the correlation functions (associated to the
same quasi-local operator) relative to the Hamiltonian (6.3)) with parallel magnetic fields along the
z-direction.

Proof. In order to prove the theorem it is enough to prove it for the correlation functions of a basis of
quasi-local operators, so that to prove it we can use the so-called elementary blocks, i.e. the ground
state average of the basis of monomial of elementary matrices:

(@ 11 BBy (\,)10)
]:

(t1B+(Ar,)[0)

(6.6)
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Let us observe that the following commutation relations hold:
m €5.e; m €5,€; N
[H E;"7.S.] =0, H E;7, for S, = ZJ;, (6.7)
j=1 j=1 j=1

where the parity 6. . is associated to the integer s + s” defined in Section &3] by:
Ocr =m — (s+5), (6.8)

and by the Proposition 4.3 we have that on the finite lattice it holds:

(@ 11 BB (\,)|0)
j:

’ Yy S S g B O ug)|o)
(t|B+(Ar,)]0) bi=1  bs=lboi=1 b =1 Pogo 200t (t|B4(A,)|0)
(6.9)
where By 1y = {b1, ... bero s Mgy = EL_for j € {1,...,m},
a_ = Iq\aJra Q4 :/88+S/ mIq’ T+ = {L"'am}\r}/*? (610)
V- = {N+m+1-j}jes, n(N+1,.. . Ntm}: (6.11)

and the coefficients F, E . (Af,4. ) are defined as in Proposition 4.3 We can use now the results on

s/

the scalar products of Proposition 5.2]to state that:

(@ 11 BBy (\,)10)
]:

— =0 for 6, . <0, (6.12)
(t1B+(Ar,)|0) -
already on the finite chains, being
1By (A UEMN 0
B+ (Ao UE)I0) _ for 0. . < 0, (6.13)

(t1B+(A1,)|0)

as |a—| + |y4| < g, for any compatible choice of a_ and v, with 6, .» < 0.
In the case 6. .» = 0, here we have just to point out that from Proposition 4.3] it follows that the

. LM el . = o
action of an elementary monomial 1_[1 Ejj ? on the eigenstate B, (A7,)|0) of transfer matrix 7 (\)
]:

has identical form of the action of the same monomial on the eigenstate 5 (\ 1,)| 0) of transfer matrix
7'(A) This observation implies that for 6. .- = 0 the elementary blocks associated to the Hamiltonian
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H and H coincidence already for the finite chains, due to the following chain of identity:

aft s ison L,
(11B+(Ar,)|0) :blzl”‘z
({184 (A UEL

(1B (\r)

q q q

=> >

bi=1 bs=1b

A t(A uego) 6.15)

(t|3+()\1q)| 0)

(tl H E;’" ]5’+(>\1 )10)
= ) (6.16)
(#1B+(Ar,)[0)

where we have used that by the Proposition the following scalar products coincide:

(1B (Mo UEN[0) _ (EBy (A UED)|0)
(t1B+(A1,)]0) ({1B+(A,)10)

Let us stress that up to here we have shown that the the elementary blocks associated to the Hamilto-
nian H and H coincidence already for the finite chains both for ¢, .- < 0 and for 0. ., = 0.

Instead, in the remaining case ¢, . > 0, we will show that these elementary blocks coincide in
the thermodynamic limit as for the finite chains it holds:

q

+m qg+m
Z Z s+s Iq+m)
+1=

1 bs+s

1bs

10)

)

14

0) (6.14)
+m qg+m

2 e 2 T Qi)
s+1—

1 bs+s

for 0. . = 0. (6.17)

@ 1 BB (0,)]0) - o
ol t|BL(Ay U 0
0. heing 1B+ 0 LED)0)

T8 (A1) 0) {8 (\1,)[0)

as |a_| + |y4| > ¢, for any compatible choice of a_ and 4 with 6, ., > 0, while it may hold

=0 6.0 >0, (6.18)

AR 8000 8,0, uedio)
UEREYSITY | 1B+ ()10)

Then, in the current case we have to show the coincidence just in the thermodynamic limit, i.e.

£0. (6.19)

(t] H E" ]5’+(/\1 )10)

lim —2=1 =0 forf.. >0. (6.20)
N—o0 (t|B(Ag,)]0) o

In order to prove this we reorder the sums in these elementary block as it follows:

<t‘ H E e ]B+()\Iq)‘0> s+s' g qg+m qg+m

]_<t|8+<xzq>|o> Y Y Y Y Y FLGn)

9=s b1=1 bg= 1bg+1 q+1 bs+s/:q+1

(HB: (e UED)|0)
(1B (Ar,)[0)

(6.21)
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now in the thermodynamic limit the ¢ diverges as N, so that for any fixed s < g < s + s’ the sums

q q
>y (6.22)
bi=1 bg=1

leads to a finite g multiple integrals in the thermodynamic limit provided the integrand is of order
O(1/N9), while the other sums contribute to order 1 to the thermodynamic limit. It is now enough to
recall that in Proposition [5.2] we have shown

(HB (M UED)0)

A o(1/NE=1=1-D) if Ja_| 4+ 14| > g,
{18, ()] 0)

to conclude that these sums goes to zero and to prove our statement. O

In the thermodynamic and homogeneous limit, then, these elementary blocks can be computed as
done in our previous paper [13], leading to the following multiple integral representations:

q,

(tITTjZ “I) st P S d\; m d)\
<t|t> = 3,01 A / H / I =
“o0 J=1 —co—i J=s+1

H (Ap +i/2)mFie=L(\, —i/2)m~ ﬁ (Ap +i/2)mFie=L(\, + 3i/2)m
cosh?™ (7)) cosh?™ (7))

p=s+1
sinh (7 \g;) sinh (W)\kz) " sinh (7))

I1 5

i Q=) +i) e +i/24+C)

where the {4, } have been defined in (Z4.33)-(Z34]).

X

(6.23)

6.2 Non-diagonal case isospectral to the diagonal and triangular one

Let us consider here our original open XXX spin 1/2 quantum chain with non-diagonal and non-
commutative boundary matrices K1 (), satisfying the following boundary condition:

2 2 _
o (e—\/1+4r% +1)(exy/1+4r5 — 1)

e T , (6.24)
fix a couple (e, e_) € {—1,1}2, with otherwise general boundary parameters

Ky # tR_, (6.25)
satisfying the following reality condition:

=1, iCt, i€ € R, (6.26)

then by the Lemma [3.1]its transfer matrix 7 (\) and Hamiltonian H, defined in (2.3]) and (2.1]), are
isospectral to the transfer matrix ’7A’()\) and Hamiltonian H, both self-adjoint, respectively. While,
by tensor product similarity transformation I'yy-, 7 (\) and H reduce to the transfer matrix 7 (\) and
Hamiltonian H.
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Then these similarity transformations and the previous Theorem allow us to compute the
correlation functions/elementary blocks in the original model associated to the non-diagonal and non-
commuting K1 (\) boundary matrices as simple linear combinations of those of the model associated
to the K4 (\) ones.

More in detail, the gauge transformation can be explicitly written, only in terms of the K_(\)
boundary parameters, as it follows:

1 —14+/1+4k2

_ 2 _ —T_
W= 1—/1+4r2% i i ’ 627)
2k_e’ —

and so defined

m

El(:{rim,m),...,(.sm,slm)}) = FWEl(gLEl76/1)7m7(6m76/m)})F17V1 — H Evc(bea,sfl)’ (6.28)
a=1
with:
Efs) = W EF W, (6.29)

the generic m-site elementary block in the original model

(t] 1B |e)

<E1(£7g€1,51)7"'7(5m75m)})>ND = J= <t ’t> , (6.30)
coincides with
<E|FWE1(7{77(1€176’1),...,(€m,€;n)})ra/1|t—> _ <tA|FWE1(7{H(51,e’l),...,(sm,sgn)})ra}|£>
{t]t) (|2
_ <E1(7{772€176’1),...,(€m,€/m)})>D’ (6.31)

i.e. asum of up to 22™ elementary blocks of the open XXX spin 1/2 chain with K +(\) diagonal
boundary matrices. Let us write explicitly these decompositions of the one-point and two-point cor-
relation functions of the original model in terms of those of the diagonal one:

Corollary 6.1. The following one-point functions of the original model:

262 (B 1+4r2 —1

(B V)N = + E?)p, (6.32)
1+ 4k2 — /1 +4k2 2./1 + 4k2
(E@Y)yp = ——TmD <Jm>D7 (B np = m= 6.33)
/14 4k2 e™ /1 + 4k2
9 (22) 1+4x2 — 1
(B2 = — 2B )p EGD)p, (6.34)

1+4k2 — /1 +4K2 i 2,/1 + 4k2

admit the above representations in terms of the nonzero one-point functions of the diagonal model, so
that the magnetization profile reads:

z <UVZn>D (6.35)

m>ND = T
1+ 4k2

(o



Moreover, for the following two-point functions we hav:

(oi0711)D 4r? ((U:—["_UTZ+1>D + <01_‘7;L+1>D)

Yo7 = 6.36
(0104 1)ND 1+ 4r2 ) ; (6.36)
2 Z -z 4 + - 1—|—4I€2_ -1
_ k2 (oio}, 1)D 262 (07 0ppi1)D -
(01 Opmg1)ND = 1 4’”5 + 7L + (o700 1)Ds
+ 4R 14+ 4k2 — /1 +4k2 1+ 4k2
(6.37)
2/ 2 2 4/ — + 1+4k2 —1
- K2 (007, 41)D 2k (07 0,,01)D + -
(0F Opmi1)ND = + + (07 O pmi1)D-
" 1+ 4k 1+4k2 — /1 4+ 4K2 1+ 4x2 "
(6.38)

Itis worth commenting that the elementary blocks of correlation functions can be used as a basis to
decompose any correlation function in terms of them. From this point of view the natural elementary
block basis to be used in our original open XXX spin 1/2 quantum chain with non-diagonal and non-
commuting boundary matrices K4 () satisfying (6.24)) and the reality conditions (6.26]) is defined
in the following:

Corollary 6.2. Let us define the following quasi-local operators:
’ ’ , , mo ,
El(:{riahﬁ)p..,(.smﬁm)}) _ F;I}El(:{r;m761)7...,(6m76m)})rw — H Ec(bea,sa)’ (6.39)
a=1

where:

EFefa) = wolgasayy,. (6.40)

a
Then the following identities holds:

(e me)y o g nen)) (6.41)

which, in particular means, that the non-zero elementary blocks are only those associated to the

S({Ee) s (emael)})

Erm commuting with:

N
E.=)Y a;, (6.42)
a=1
with

ol +26_(eof +e 0o,)

\/1+ 4k

12Here, we have written only the standard three two point functions but the other possible five are also easily written as
linear combinations.

o2 = Wl EFsW, =

a

(6.43)
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7 Conclusion

We have shown that the correlation functions for the open XXX spin 1/2 chain with unparallel bound-
ary magnetic fields are written as linear combination of those of the open XXX spin 1/2 chain with
parallel boundary magnetic fields, whose multiple integral formulae were derived in [131[14].

The main technical novelties here developed are the computations of the boundary-bulk decom-
position of the boundary separate states together with the computation of the action of local operators
on separate states for these open XXX quantum chains with unparallel magnetic fields. Let us com-
ment that the boundary-bulk decomposition of boundary separate states is required as we have at our
disposal only a reconstruction of local operators in terms of generators of the Yang-Baxter algebra
and not in terms of the boundary generators of the reflection algebra [13,[14]]. Then, the boundary-
bulk decomposition allows us to compute the action of local operators over boundary separate states
by acting on analogue bulk states. Here, the main difficulty is to rearrange this action as a linear
combination of purely boundary separate states. Note that while the solution of these fundamental
steps to correlation functions are here solved for the XXX open spin 1/2 quantum chains, they pro-
vide some exemplified versions of what will be required in the analysis of correlation functions of the
XXZ/XYZ quantum spin 1/2 chains, where we will derive them by using the gauged generators of
the Yang-Baxter algebra and reflection algebra.

Let us comment that the results of Section 6.1 provide a proof of the physical expectation that
correlation functions of a quasi-local operator, on finite number of sites, should coincide in the ther-
modynamic limit for two open chains that share the same boundary magnetic fields on the site 1. In
fact, we have proven it here in the special constrained case, for which the two open chains share the
same boundary matrix in site 1 but one diagonal and the other triangular in the site N. It is worth
commenting that the main technical reason for our choice to compute correlation functions under
this constrain (allowing for an homogeneous 7'Q)-equation formulation of the transfer matrix spec-
trum) is due to the reduced knowledge of the thermodynamic limit of the ground state for the most
general unconstrained non-diagonal boundary matrices. To achieve the full control of this ground
state distribution can then make possible the computation of correlation functions in this most general
unconstrained case and will be of central interest for future research in the open chain framework.
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