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Abstract. Industrial storage of granular material using silos is common, however, improved understanding of

silo flow is needed. Various continuum models attempt to describe the velocity of dense granular flow in silos.

Kinematic, and recently, stochastic models, based upon the diffusion of some quantity, perform well when there

is a single orifice, and when the yield criterion is satisfied. However, if system stresses are insufficient to satisfy

the yield criterion, or if there is a second orifice, these models fail to capture the entire flow behaviour. Ad-

vances in granular rheology have allowed a pressure dependent friction law to be defined which can capture the

behaviour of granular silo flow including un-yielded zones, flow-rate independence of fill height, the Beverloo

flow-rate, and various other phenomena. We performed silo discharge experiments in a flat bottomed planar silo

with a single and two adjacent orifices, for two grain types. The velocity was measured using Particle Image

Velocimetry. Results were compared to a mathematical model based on the μ(I) rheology which was shown

to qualitatively capture the observed phenomena including plug-like zones where the yield criterion is not sat-

isfied. These preliminary results strongly encourage future investigations into the effect of friction parameters

and numerical boundary conditions.

1 Introduction

Although granular material has been stored in silo con-

structions for thousands of years [1] it is only in the last

sixty years that significant progress has been made to un-

derstand the physics of silo discharge. The mass flow rate

of grains from slot and circular orifices is well described

using the Beverloo scaling [2, 3], while the velocity field

during silo discharge has been described by kinematic-

type models [4–9], stochastic diffusion models [10, 11],

discrete modelling [12–14], and more recently, by utilising

a pressure dependent viscosity in a Navier-Stokes solver

[15, 16]. Experimental studies on silo flow have been

conducted using 2D imaging techniques such as particle

image velocimetry (PIV) or Lagrangian particle tracking

[4, 17–19]. These studies have shown that the velocity

field near the orifice of a silo is Gaussian-like (which mo-

tivated the use of diffusion-like equations to describe some

granular silo flows) and mainly radial, but further from the

orifice the flow is more plug-like with neighbouring parti-

cles flowing at very similar velocities. Although discrete

models have been shown to capture most of the mentioned

phenomena, the computational overhead is considered too

high for many practical industrial flows, particularly when

the particle size is small and the silo is large. As such,

continuum models have been pursued to model many in-

dustrial granular flows including segregation [20], mixing
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[6, 21], and blending [22]. Kinematic and stochastic based

models describe the Gaussian-like velocity close to the

silo orifice well, yet are not predictive of the flow rate,

but rather take the flow rate as an input parameter (either

explicitly or via a specified velocity far from the orifice).

As such, they are unable to describe the Beverloo scaling

of flow rate with orifice diameter explicitly, or capture the

flow-rate interference of two near-by orifices [23]. It has

also been reported that the "diffusion length" parameter in

kinematic models is a function of the height in the particle

bed [4],which has not been described well by kinematic

models. Additionally, since the yield-criterion is assumed

satisfied everywhere for these two models, they are unable

to describe accurately plug-like flow zones in tall silos.

Conversely, models where the so-called μ(I) rheology [24]

is used to define an artificial viscosity in a Navier-Stokes

code [15, 16, 25] have proven to capture all these observed

phenomena, although comparison to experimental data is

still a work in progress. To this end, we present prelim-

inary results of 2D silo drainage experiments with ama-

ranth grains and mustard seeds and compare the observed

results with those derived using the μ(I) model. The exper-

iments (and numerical tests) are performed with a single

centrally located slot orifice, and with two adjacent ori-

fices.
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Figure 1. A formatted image showing the silo test area during an

experiment with mustard seed and a centrally located exit orifice.

2 Experimental method and results

Our experimental system is a flat bottomed rectangular silo

constructed from perspex on all sides. The silo has width

200mm, depth 15mm and height 350mm, and has a groove

near the bottom where we can control the orifice size, ge-

ometry, and spacing. The silo is filled with either amaranth

grains or mustard seeds and the flow is initiated using a

sliding bar mechanism. The flow is recorded using a high-

speed camera at 340 frames per second (with the exception

of the "Single slot: Amaranthus experiment", which was

recorded at 500 FPS), and the resulting images are passed

through a particle image velocimetry software, PIVLab

[26, 27], to obtain velocity vectors. The experiments are

performed once with a single centrally located rectangular

slot orifice, and once with adjacent orifices separated by

a distance of 80mm. The amaranth grains were approxi-

mately 1mm in diameter, each orifice had a width of 8mm.

For the mustard seeds, which were approximately 2mm in

diameter, the slot orifices were 14mm in width. One im-

age of the flowing mustard seed is shown in Figure 1. Not

visible in the figure is a larger filling silo above the ex-

perimental zone which keeps refilling the lower test silo.

Figure 2 displays resultant velocities of the four exper-

iments (two particle types, two orifice geometries). Plot-

ted in the figure is the norm of the velocity vector at five

different heights above the exit orifice/s. Apparent in the

figures is that close to the orifice the velocity appears to

be Gaussian-like, in agreement with other studies. How-

ever, further from the orifice, the velocity in the center of

the silo is rather in-variant in the horizontal direction and

plug-like. This is particularly evident in the double slot

amaranth experiment, where the velocity far from the ori-

fice is constant between two wall shear zones. It also ap-

pears that one effect of adding two adjacent orifices is to

bring the plug flow zone closer to the orifice since, for

both particle types, the flow 110mm above the orifice is

Gaussian-like in the single slot case, but more plug-like in

the double slot case. Additionally, there is slip flow at the

silo walls for the mustard seeds, but no flow at the walls

was visible for the amaranth grains.

3 Numerical model and results

Recent experiments to measure the rheology of dense

granular flow [24] allow us to model the bulk friction of

granular materials using the following expression

μ(I) = μ1 +
μ2 − μ1

I0

I + 1

where μ1 and μ2 are the lower and upper limits of friction,

I0 is the inertial number when the friction is half way be-

tween μ1 and μ2, and I is the granular inertial number, a

function of the particle diameter, d, shear rate, γ̇, particle

density, ρp, and confining pressure, P;

I =
d|γ̇| √ρp√

P
,

By assuming that the volume fraction changes are small,

that the deviatoric stress tensor aligns with the strain rate

tensor, Jop [28] defined an effective granular viscosity as

η(|γ̇|, P) = μ(I)P/|γ̇|. (1)

We note that the yield using Equation 1 is a Drucker-

Prager criterion; material will not shear unless the shear

stress is greater than the friction multiplied by the pres-

sure. This effective viscosity has been successfully im-

plemented in a Navier-Stokes solver (Gerris Flow Solver

[25]) to model dense granular flow in various geometries

[15, 16, 29] including silo flow. In these works the viscos-

ity was regularised using the following relation (which we

also utilise in this work)

η = min
(
μ(I)P

D2

, ηmax

)
,

where D2 is the second invariant of the strain rate tensor.It

was shown [15, 16] that such a model could account for

the Beverloo scaling of the flow rate as a function of orifice

width, and the behaviour was well matched with contact-

dynamics simulations.

In this investigation, a 2D model was solved using a

similar method as in literature [15, 16]. We do not model

the flow as a two-fluid flow (that is, we do not investigate

the free-surface evolution), but rather, make the assump-

tion that the silo is continuously full and the top of the

system is at atmospheric pressure. This procedure allows
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Figure 2. Experimental velocity curves at various heights above the silo orifice for single and two adjacent slot orifices (separated by

80mm), for two particle types, amaranth grains and mustard seeds.

friction at the side walls to be accounted for, but neglects

the friction on the front (viewing side) and back of the silo

walls. Although this is expected to have an effect, as a first

investigation we neglect this aspect of the flow. The angle

of repose of mustard seeds was found to be approximately

29.5◦. Therefore, as an initial test of the friction param-

eters, we chose μ1 = tan(29.5) degrees. The values of I0

and μ2 were chosen to be I0 = 0.05 and μ2 − μ1 = 0.25.

While these parameters are not measured, we found that

they are reasonable approximations. We are pursuing ex-

perimental determination of the friction parameters using

a set-up similar to Fall et al. [30]. The particle and bulk

densities were given as, ρp = 1250kg/m3, ρb = 675kg/m3

and the particle diameter, d = 2mm. On the left and right

walls the horizontal velocity was set to zero, and a Navier

slip condition was applied for the vertical velocity with

slip length 0.5d = 1mm. On the free surface and at the ori-

fice the pressure was set to zero to simulate atmospheric

conditions above and below the silo. The normal deriva-

tives of the velocity components were set to zero above

and below the silo. Solids with a no-slip condition were

added near the orifice to model the position of the single

and double orifice configurations.

Figure 3 displays velocity norm curves for the numer-

ical mustard seed model to be compared with those of

Figure 2. Near the orifice the Gaussian-like character of

the flow is recovered, and the values of the speed are very

close. Far from the orifice the flow is plug-like (although,

the regularisation used slightly curves this zone). The ad-

dition of a second orifice has the effect of enlarging the

plug-flow zone. In the figure, the red curve at 61mm above

the orifice is Gaussian-like in the single slot case, but plug-

like in the double slot case. This was also seen in the ex-

perimental results of Figure 2 and indicates that the plug-

like zone has extended closer to the bottom of the silo.

Such results could be important to predict mixing in silo

flows.

Qualitatively the behaviour is similar, yet is not per-

fect. The numerical model is more diffusive as we move

further above the orifice. Far from the orifice the flowing

zones are wider (and the shear zones where the velocity is

changing rapidly less wide) in the numerical model than

experimentally observed. In the numerical model the two

orifices interact more strongly than was seen in the exper-

iment. For example, in the center of the silo, at x = 0.1m,

the interaction between the two orifices appears to be min-

imal in the experimental case as the velocity is almost zero

at this location (for y = 26mm, profiles near the bottom of

the silo). However in the numerical model this velocity

is clearly non-zero, hence the interaction between the two

orifices is still influencing the silo discharge. The slip ve-

locity in the experiment was also seen to be larger than

was predicted by the numerical model. This was particu-

larly evident far from the orifice. Nevertheless, given that

the friction of the front wall is neglected, and the rheolog-

ical parameters and slip length at this stage remain best

guesses, the results are encouraging. Once the friction pa-

rameters have been measured for our grains we plan to

repeat the numerical tests with and without front wall fric-

tion.

4 Discussion

We have presented a first attempt to compare experi-

mentally derived velocity fields using particle image ve-

locimetry analysis, to results of a numerical model with

a pressure-dependent viscosity, based upon the μ(I) gran-

ular rheology. We have shown that the numerical model
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Figure 3. Numerical velocity curves generated using approxi-

mate parameters for mustard seed.

based on the μ(I) model is able to qualitatively capture the

observed flow profiles in the silo, but the model is some-

what diffusive. The accurate resolution of plug-flow and

Gaussian-like flow zones is critical to predict mixing, seg-

regation, and residence time distributions precisely. Errors

in the predicted velocity field will lead to errors in these

measures and ultimately lessen the predictive capability

of the model. This is particularly important in industries

where quality control of granular flow is essential, such as

the pharmaceutical and food industries. As such, further

work is needed to accurately measure the flow parameters

of the grains for the μ(I) model. The effect of friction on

the front wall also needs to be investigated, as does other

real-world effects such as cohesion between grain (perhaps

generated by a high humidity environment).

However, we are encouraged by the preliminary be-

haviour of the model. With approximate parameters and

several simplifications we have been able to reproduce

many of the experimentally observed features of the flow.

In conclusion, the μ(I) model shows much promise to

model industrial-scale granular flow and help in the under-

standing of granular flow phenomena.
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