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Abstract 
A simple and easy-to-handle semi-analytical model able to describe heat transport in heterostructures of 

length varying from the nano to the microscale is presented. It consists in redefining three intrinsic 

parameters: the ballistic thermal conductance, the effective thermal conductivity, and the interface 

thermal conductance by using two temperatures 𝑇+ and 𝑇− distinguishing the phonon populations 

according to the direction of their velocities instead of the standard pseudo-temperature T. The resulting 

model agrees well with the thermal conductance and temperature profiles predicted by advanced Monte 

Carlo simulation in all phonon transport regimes, i.e. diffusive, ballistic, and quasi-ballistic regimes, even 

in the presence of multiple interfaces. It is able to provide new insights into the interpretation of thermal 

properties of complex nanostructures. 

I Introduction 
The standard formalism of heat transport in solids, built in the nineteenth century by Fourier  [1], is essentially 

based on two material properties: the heat capacity and the thermal conductivity. Using quantum mechanics and 

kinetic theory for phonons, the particle-like counterpart of lattice vibrations, Peierls established in 1929  [2] the 

heat theory that is still in use nowadays. By using this complex theoretical framework, the heat transport parameters 

can be computed numerically via ab-initio approaches generally based on Density Functional Theory (DFT)  [3–

7] and are now in a remarkable agreement with experimental data  [8]. In bulk materials, spatial dimensions are, 

by definition, much longer than the mean free path of phonons, and the diffusive heat transport regime that takes 

place is perfectly captured by Fourier’s formalism. In such systems, the energy distributions of phonons remain 

close to their equilibrium state according to the Bose-Einstein statistics.   

These criteria are no longer valid in many recent devices based on nanostructures  [9]. For instance, modern 

transistors are nanometer-long  [10], and materials of interest in thermoelectrics are nanostructured, such as 

superlattices  [11] or stacks of 2D materials  [12,13]. In these systems, the size of which are of the same order of 

magnitude as or even smaller than the phonon mean free path, the phonon transport is out of equilibrium since the 

rate of scattering events encountered by phonons is not sufficient to let them recover their equilibrium distribution. 

Hence, more advanced heat transport formalisms must be considered, requiring generally the use of complex 

numerical simulations. 

Most common numerical approaches are based on Molecular Dynamics  [14,15] that calculates the classical 

trajectories of atoms. This powerful atomistic method is nevertheless limited by the size of the studied systems 

that is typically a few tens of thousands of atoms. Within the concept of phonon particles, other usual semi-classical 

approaches consider the Boltzmann transport equation for phonons (pBTE). This non atomistic formalism 

considers the phonon dispersion and scattering rates as input parameter and can more easily be used to investigate 

systems of various sizes from the nano- to the micro-scale. The particle Monte Carlo technique for solving 

stochastically the pBTE is particularly efficient and does not require any a priori assumption on the shape of the 

phonon distribution function  [16–19]. Other approaches based on the Landauer formalism such as the Green’s 

functions method  [20,21] can deal with wave effects. However, a simple analytical modeling of heat transfer 

based on a set of a few parameters relevant at the nanometer scale remains highly desirable for practical use. 

Accordingly, on the basis of different levels of approximations, several analytical models have been derived in 

order to model the heat flux and the effective conductivity in non-diffusive regimes. Starting from the Boltzmann’s 
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transport equation and after simplifications of the distribution function, “Enhanced Fourier” laws were derived. 

They are based either on truncations of Fourier decompositions [23] [24], on Knudsen number expansion  [25] or 

on spherical harmonic expansion  [26]  [22]. In Chen’s Ballistic-Diffusive Equations  [27] the heat flux is separated 

in its ballistic and diffusive contributions, while Regner et al.  [28] and also Yang and Dames  [29] have 

distinguished the heat fluxes propagating in forward and reverse directions. Likewise, Maassen and 

Lundstrom  [30] have used the local temperatures associated with these oriented thermal fluxes. 

Besides, much attention has been given to the investigation of heat transport across interfaces since the pioneering 

works of Kapitza  [31]. To study the specific case of solid-solid interfaces, Little  [32] adapted the Acoustic 

Mismatch Model (AMM) and later Swartz  [33] developed the Diffusive Mismatch Model (DMM). Even if their 

underlying assumptions seem very different, these two models are based on a Landauer approach that considers 

the transmission of phonons emitted by ideal thermostats. However, though effective for many problems, they 

both lead to the so called virtual interface paradox as they predict a non-zero interface thermal resistance (or a 

finite conductance) in the case of an imaginary fully transparent interface (with a transmission of 1) located inside 

any homogeneous material  [33]. Nevertheless, when considering the standard macroscopic model of resistances 

in series, we should be allowed to add any number of virtual interfaces within a structure, without increasing its 

total thermal resistance. 

To overcome this paradox, the contribution of out of equilibrium phonons has been included by Simons  [34], 

Chen  [35] or Merabia et al.  [36] for instance. From a solution of the Boltzmann transport equation in the linear 

regime (close to equilibrium), they derived a corrective term to modify the usual pseudo temperatures at the 

interface. However, these modified temperatures are generally phonon-mode-dependent  [37], leading to models 

difficult to handle and even unable to correctly capture the fully ballistic transport regime. Maassen and 

Askarpour  [38] used the forward and reverse heat fluxes and their related temperatures to simplify this problem. 

The most relevant temperature difference to consider at a thermal interface remains a current issue  [39]. 

Revisiting the flux framework developed in Refs  [40] and  [38], the present work aims at introducing a simple 

heat transport model based on alternative definitions of effective thermal conductivity, interface thermal 

conductance and ballistic conductance by using two effective (not phonon-mode-dependent) pseudo temperatures 

distinguishing the populations of phonons according to the (positive or negative) direction of their velocity instead 

of the standard pseudo-temperature. Our approach generalizes the common macroscopic parameters of the Fourier 

formalism and extends their validity at the nanoscale (i.e. in the intermediate and ballistic transport regimes), in 

both homogeneous and inhomogeneous systems at steady state. The proposed analytical model is benchmarked 

against advanced Monte Carlo simulations for phonons using full-band 3D models of silicon phonon dispersion 

and phonon-phonon scattering rates  [19].  

II Homogeneous systems 
To begin with, we only consider homogeneous structures, the temperature of which is set on both sides by 

thermostats. Without loss of generality, the hot thermostat is supposed to be on the left end while the cold one is 

on the right end, generating a heat transport in the positive direction of the x axis. 

II.1. Thermal conductivity in diffusive regime 
Within the framework of Fourier’s law, the thermal conductivity 𝜅diffusive in the diffusive regime (i.e. in a system 

much longer than the phonon mean free path) is the proportionality factor between the heat flux density 𝑄 and the 

local temperature gradient along the transport direction 𝑥, i.e. 

𝑄 = −𝜅diffusive

∂𝑇

𝜕𝑥
 

(1) 

According to Peierls’ model the bulk thermal conductivity of a material is expressed as  [36] 

 
 𝜅 =

Ω

(2𝜋)3
∑ ℏ𝜔𝑠 |𝑣𝑠,𝑥| 𝑙𝑠  

𝜕𝑓BE

𝜕𝑇
(𝜔𝑠, 𝑇̅)

𝑠

 
(2) 

where 𝑇̅ refers to the average temperature in the system, and 𝑙𝑠 to the mean free path parameter for a phonon in 

state 𝑠. The quantities s and vs are the angular frequency and velocity in the state s, respectively, while Ω is the 

volume of the considered reciprocal space and fBE is the Bose-Einstein distribution. The summation on the 

reciprocal states is made over all states s of the Brillouin zone. 



3 

 

In the diffusive regime, a local model of 𝑙𝑠 based only on the properties of the material is sufficient, i.e., 

𝑙𝑠,diffusive =
|𝑣𝑠,𝑥|

𝜆𝑠

  

where 𝜆𝑠 is the total scattering rate for a phonon in state 𝑠 within the relaxation time approximation. The diffusive, 

i.e. bulk, conductivity is thus 

 
 𝜅diffusive =

Ω

(2𝜋)3
∑ ℏ𝜔𝑠

|𝑣𝑠,𝑥|
2

𝜆𝑠

𝜕𝑓BE

𝜕𝑇
(𝜔𝑠, 𝑇̅)

𝑠

 
(3) 

However, in non-diffusive regime, this formula is no longer representative of the actual heat transport since the 

effective mean free path is affected by the size of the structure. This is particularly true in a fully ballistic system 

in which the temperature gradient in Eq. 1 vanishes. 

II.2. Thermal conductance in ballistic regime 
In short systems working in ballistic transport regime, i.e. in the absence of phonon scattering, the total thermal 

flux density Q through the device is directly given by the difference of thermal flux densities Qhot and Qcold emitted 

from the external thermostats at temperatures 𝑇hot and 𝑇cold, respectively. Each of the two phonon populations 

injected in the system, i.e. having a positive or negative velocity for Qhot or Qcold, respectively, occupies only one 

half of the total phonon states. Thus, using the Landauer’s formalism with a transmission equal to unity, Q can be 

written as 

𝑄 = 𝑄hot − 𝑄cold =
𝛺

(2𝜋)3 [ ∑ ℏ𝜔𝑠|𝑣𝑠,𝑥|𝑓BE(𝜔𝑠, 𝑇hot)
𝑠

 𝑣𝑠,𝑥>0

− ∑ ℏ𝜔𝑠|𝑣𝑠,𝑥|𝑓BE(𝜔𝑠, 𝑇cold)
𝑠

 𝑣𝑠,𝑥<0

] 

        

 

𝑄 =
1

2

𝛺

(2𝜋)3
∑ ℏ𝜔𝑠|𝑣𝑠,𝑥|(𝑓BE(𝜔𝑠, 𝑇hot) − 𝑓BE(𝜔𝑠, 𝑇cold))

𝑠

 

 

(4) 

For a small temperature difference Δ𝑇contacts = 𝑇hot−𝑇cold, the first order gradient expansion gives 

𝑓
BE

(𝜔𝑠, 𝑇hot) − 𝑓
𝐵𝐸

(𝜔𝑠, 𝑇cold) ≈
𝜕𝑓

BE

𝜕𝑇
Δ𝑇contacts 

Then, the heat flux density may be rewritten by defining a ballistic thermal conductance Gballistic as  

𝑄 =  (
1

2

Ω

(2𝜋)3
∑ ℏ𝜔𝑠|𝑣𝑠,𝑥|

𝜕𝑓BE

𝜕𝑇
𝑠

) Δ𝑇contacts = 𝐺ballistic Δ𝑇contacts 
(5) 

It is worth noting that in a ballistic system  [41,42], the conductance is size independent, but depends only on the 

phonon dispersion. 

II.3. Hemispherical temperatures  
The concept of temperature, strongly related to the equilibrium Bose-Einstein statistics of phonons, is ill-defined 

in non-diffusive heat transport regimes because the distribution of phonons may be far from equilibrium. It is 

however still convenient to propose another definition of the temperature since this quantity is mandatory in the 

widely used previous equations. Usually, a pseudo temperature T is defined as the temperature leading to the same 

phonon energy density as the actual energy density  [19], but using an equilibrium distribution of phonons at this 

temperature T. This definition matches the standard definition of the temperature in systems at equilibrium but 

naturally extends it in system where strong out of equilibrium conditions occur.  

To properly define the effective conductivity or to treat the case of heat transport through interfaces, we have to 

separate the phonon distribution in two parts: one related to the “forward” phonons having a positive velocity 

component along the direction of the main heat flux, and another related to the remaining “backward” phonons 

having a negative velocity  [30].  
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Like other pseudo temperatures relevant under equilibrium as well as out of equilibrium conditions, the 

“hemispherical” temperatures T+ and T- are defined from the actual energy density, but only from the density 

related to the phonon population with positive and negative velocity, respectively. Finally, T+ and T- are defined 

as the parameters satisfying the following relationship: 

𝐸+/−(𝑇+/−) =
Ω

(2𝜋)3
∑ ℏ𝜔𝑠𝑓BE(𝜔𝑠, 𝑇+/−)

𝑠
𝑣𝑠>0 / 𝑣𝑠<0

 
(6) 

where E+/- stands for the actual energy density of the forward/backward phonons. At equilibrium all the previous 

pseudo temperatures are equal (T+=T-=T) and correspond to the usual temperature definition. 

In the present work, the use of this pseudo temperature T is systematically replaced by the use of hemispherical 

temperatures T+ and T-. In what follows, two distinct temperature differences are used for any homogeneous 

section. The first one, called Tcontacts, is the difference of temperature between incoming phonons onto this section 

(i.e. between phonons at the left boundary with a positive velocity and phonons at the right boundary with a 

negative velocity). For a section of length L, we thus have: Tcontacts = T+(x = 0) – T- (x = L). It should be emphasized 

that in the case of perfect thermostats, i.e. that act as perfect black-body emitters (and also as ideal absorbers), 

Tcontacts is directly the temperature difference of the thermostats but differs from the common pseudo-temperature 

difference T(x = 0) – T (x = L). Thus, the hemispherical temperatures are easier to manage experimentally than the 

pseudo temperature T even if it seems counter-intuitive. 

The second temperature difference is a local one called Tlocal defined at any position x as the difference between 

the hemispherical temperatures: Tlocal (x) = T+(x) – T- (x). 

II.4. Effective thermal conductivity 
To bridge the gap between diffusive and ballistic heat transport regimes, we propose to use an effective thermal 

conductivity  𝜅effective (called apparent conductivity in  [40]) that is not defined from the temperature gradient but 

by using the hemispherical temperature difference between the incoming phonons on each sides of the section, i.e. 

the temperature difference Δ𝑇contacts as defined above. In a system of length 𝐿 between the thermostats, we thus 

define  𝜅effective  as  

By using this definition, 𝜅effective and 𝜅diffusive (see Eq. 1) are equivalent in the diffusive regime, i.e. in systems 

much longer than the mean free path of phonons.  

In a ballistic system where the temperature gradient vanishes, a ballistic thermal conductivity 𝜅ballistic cannot be 

defined from the usual definition of Eq. 1. However, combining Eq. 5 and Eq. 7 gives 

𝜅ballistic =
Ω

(2𝜋)3
∑ ℏ𝜔𝑠  |𝑣𝑠,𝑥|  

𝐿

2
 
𝜕𝑓BE

𝜕𝑇
(𝜔𝑠, 𝑇̅)

𝑠

= 𝐿 𝐺ballistic 
(8) 

Interestingly, performing a term-to-term identification of the mean free path between Eq. 8 obtained by using a 

Landauer’s formalism and Eq. 2 obtained by using a Boltzmann’s formalism, we obtain 𝑙𝑠,ballistic =
𝐿

2
. Indeed, in 

ballistic regime, the mean free path only depends on the device length. The ballistic thermal conductivity is thus 

proportional to the distance between the thermostats 𝐿. The factor of 
1

2
 comes from that in the ballistic conductivity 

Gballistic calculated within the Landauer’s formalism only one half of phonon states are considered (see  [43]). A 

physical interpretation of this mathematical result 𝑙𝑠,ballistic =
𝐿

2
 is that the average distance the phonons (uniformly 

distributed in the device) have to cover along the transport direction before colliding with a thermostat is actually 
𝐿

2
, not 𝐿. 

The simplest approach to the effective thermal conductivity in the intermediate transport regime, i.e. between the 

diffusive and the ballistic ones, depending on both the material properties and the structure, is provided by the 

following non-spectral Matthiessen rule 

 
𝑄 = 𝜅effective

Δ𝑇contacts

𝐿
  

(7) 



5 

 

 1

𝜅effective,non−spectral

=
1

𝜅ballistic

+
1

𝜅diffusive

 

 

(9) 

To get a more accurate estimation of the effective conductivity, a spectral Matthiessen summation for the mean 

free path must be applied. Additionally, the spectral mean free path should also depend on the device geometry. 

For instance, for a single homogeneous system (i.e. a nanofilm in cross-plane configuration), the spectral mean 

free path of state 𝑠 writes  [19] 

1

𝑙𝑠,spectral

=
1

 𝑙𝑠,ballistic

+
1

𝑙𝑠,diffusive

 =
𝜆𝑠 + 2

|𝑣𝑠,𝑥|
𝐿

|𝑣𝑠,𝑥|
 

(10) 

Different effective thermal conductivities (defined in Eq. 2) are plotted in Figure 1 for silicon nanofilms in cross 

plane configuration, as a function of their length 𝐿. The non-spectral (cf. Eq. 9) and spectral (cf. Eq. 10) effective 

thermal conductivities are compared to the results of Monte Carlo simulation (MC) using directly Eq. 7. The MC 

simulator used here has been detailed in  [19]. As expected, all models converge asymptotically to the ballistic and 

diffusive limits. However, the predictions of the simple non-spectral Matthiessen approximation (Eq.9) differ from 

the MC results in the intermediate regime, up to 60% at 𝐿 = 200nm. The spectral model results (Eq. 10, solid blue 

line) agree with the MC ones in the full range of 𝐿  [44] with a relative error lower than 1%. Hence, in a 

homogeneous system, considering the spectral evolution of the mean free path provides a significant improvement 

of the quantitative prediction of keff in the intermediate transport regime. 

 

 

 Figure 1: Thermal conductivities of silicon nanofilms in cross-plane configuration as a function of the device 

length predicted from: the ballistic model (short dashed line, Eq. 8), the diffusive model (long dashed line, Eq. 

3), Monte Carlo (MC) simulations (green crosses), the non-spectral Matthiessen approximation (red dashed 

line, Eq. 9), the spectral Matthiessen approximation (blue line, Eq. 10). T=300 K. 

II.5. Central relationships 
At any point x, by using the local hemispherical temperatures T+ and T- defined above, the heat flux density can 

be separated into its forward and backward parts, leading to 
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𝑄 = 𝑄|𝑣𝑥>0 − 𝑄|𝑣𝑥<0 =
1

2

Ω
(2𝜋)3

∑ ℏ𝜔𝑠|𝑣𝑠,𝑥| (𝑓𝐵𝐸(𝜔𝑠, 𝑇+(𝑥)) − 𝑓𝐵𝐸(𝜔𝑠, 𝑇−(𝑥)))

𝑠

 
(11) 

For a small temperature difference Δ𝑇local(𝑥), the first order gradient expansion gives 

𝑓𝐵𝐸(𝜔𝑠, 𝑇+) − 𝑓𝐵𝐸(𝜔𝑤 , 𝑇−) ≈
𝜕𝑓𝐵𝐸

𝜕𝑇
(𝑇+ − 𝑇−) =

𝜕𝑓𝐵𝐸

𝜕𝑇
Δ𝑇local(𝑥) 

The heat flux density in Eq. 11 can thus be rewritten as (see also  [45]): 

𝑄 =  
1

2

Ω

(2𝜋)3
∑ ℏ𝜔𝑠|𝑣𝑠|

𝜕𝑓𝐵𝐸

𝜕𝑇
𝑠

 Δ𝑇local(𝑥) = 𝐺ballistic Δ𝑇local 
(12) 

This formula is remarkable in the sense that for any homogeneous system, regardless of the transport regime, the 

heat flux density is written as the product of the ballistic thermal conductance of the material (defined in Eq. 5 and 

only requiring the prior knowledge of the phonon dispersion) and the local difference of hemispherical 

temperatures  [30]. Hence, in steady-state regime, Tlocal is uniform (except at interfaces, as investigated in what 

follows).  

By applying the conservation of the heat flux to combine Eq. 7 and Eq. 12, we obtain the second central relationship 

between the local and contact temperature differences as 

Δ𝑇local = Δ𝑇contacts

𝜅effective

𝐿 𝐺ballistic
 

 

 (13) 

Hence, in the case of a diffusive transport regime in which the phonon distribution remains close to equilibrium, 

we have 𝜅effective ≈ 𝜅diffusive ≪ 𝜅ballistic = 𝐿 𝐺ballistic, leading to 𝛥𝑇local = 0 and 𝑇+ = 𝑇− = 𝑇. At equilibrium, 

all pseudo temperature definitions converge to the standard one. In the opposite case that is the ballistic transport 

regime, 𝜅effective ≈ 𝜅ballistic = 𝐿 𝐺ballistic and thus Δ𝑇local = Δ𝑇contacts, i.e. the temperature gradients vanish: for 

any position x, T+(x) = T+(0) and T-(x) = T-(L). 

It must be emphasized that Eq. 12 and its consequences, for instance on, Eq. 13, are the key points of the present 

work. Indeed, its outcomes are relevant not only in the case of a homogeneous system but especially in the case of 

heterostructures as it is discussed in the next section.  

III Heterogeneous systems 
More complex structures such as junctions and superlattices can be studied by introducing a model of solid-solid 

interface. 

III.1. Interface thermal conductance based on hemispherical temperatures 
At each interface between two materials, a thermal boundary conductance 𝐺𝐼  is expressed as 

where Δ𝑇std
𝐼  is the temperature drop at the interface. As discussed in the previous section, the proper definition of 

temperature to be used here is a crucial issue [35].  

The common procedure uses the standard pseudo temperature, which is calculated from the full distribution of 

phonons on each side of the interface located at a given position 𝑥𝐼as follows 

When using this equation, the choice of the value of 𝛿𝑥 may be an issue. For instance, in Ref. [36] the phonon 

mean free path is used to defined 𝛿𝑥 but it is complex to implement, due in particular to the fact that the mean free 

path has a significant spectral dependence.  

However, the use of hemispherical temperatures is more consistent with the initial definition of the interface 

thermal conductance from  [33], since it only includes the phonons that actually interact with the interface. Thus, 

we propose in this work an original definition of the thermal boundary conductance 𝐺𝐼  using T+ and T- to define 

the temperature drop at interface. It yields:  

 𝑄 =  𝐺𝐼  Δ𝑇std
𝐼  (14) 

 Δ𝑇std
𝐼 = 𝑇(𝑥𝐼 − 𝛿𝑥) − 𝑇(𝑥𝐼 + 𝛿𝑥) 

 

(15) 
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𝐺𝐼 =
𝑄

Δ𝑇local
𝐼   

where ϵ is an infinitely short distance. 

One advantages of the formulation based on 𝛥𝑇local
𝐼  for extracting the interface conductance is that it naturally 

models virtual interfaces (without requiring new variable ingredient such as the value of 𝛿𝑥 in Eq. 15). Another 

important advantage is that for a transparent interface, i.e. having a transmission equal to unity, located anywhere 

inside a material, we have Δ𝑇local
𝐼 = ΔTlocal = 𝑇+ − 𝑇− and the related interface thermal conductance is 

𝐺𝐼 = 𝐺ballistic (cf. Eq 12) that corresponds to the maximum value of conductance. In contrast, the paradox 

corrected formulation of 𝐺𝐼  based on 𝛥𝑇std
𝐼 , yields a temperature difference of 0 K at a transparent interface since 

the standard pseudo-temperature must be continuous in a homogeneous system. Thus, an (unphysical) infinite 

conductance (better than in the ballistic case), i.e. a zero resistance, is obtained. Finally, the use of 𝛥𝑇std
𝐼 leads to 

another (weak) virtual interface paradox as a virtual interface is expected to be ballistic. 

III.2. Interface modeling: Simple case of homojunction 
To compare the two previous definitions of 𝐺𝐼 , homojunctions made of two identical silicon films of various 

lengths separated by a rough, i.e. fully diffusive, interface have been investigated. The transmission coefficient of 

each phonon colliding with this diffusive interface 𝑡𝑠 is ½ according to the Diffusive Mismatch Model  [33]. It 

should be mentioned that the type of interface modeling (here DMM) is not a key point here as in this simple 

system (diffusive homojunction), the value of 0.5 for the transmission is standard in almost all approaches. Besides, 

in all our MC simulations (here and in the following parts) the thermostats are modeled as perfect black-body 

emitters and also as ideal absorbers, i.e. all phonons with the relevant velocity (e.g. with a positive velocity for 

phonon in the left thermostat) are emitted from the thermostat and injected in the device while phonons in contact 

reaching a boundary with the a thermostat disappear from the simulation. Thus, no size effect is expected due to 

influence of the thermostats, as shown in Ref [46]. 

By using this transmission coefficient, this interface has been implemented in our Monte Carlo simulator for 

phonons  [19] from which we can straightforwardly calculate the temperatures T, T+ and T- (whatever the transport 

regime), the flux and thus the different forms of the interface thermal conductance according to their definition.  

a) b) 

 
 

 

Figure 2: In diffusive Si/Si junctions: a) temperature profiles T (black), T+ (red) and T- (blue) for a system of 

length 𝐿 = 100nm calculated by a Monte Carlo simulation, b) interface thermal conductance as a function of 

the device length, calculated from the analytical formula (blue dashed line) and Monte Carlo (MC) results using 

Eq. 15 i.e. 𝛥𝑇std
𝐼  (red crosses) and Eq. 16 i.e. 𝛥𝑇local

𝐼 = 𝑇+ − 𝑇− (black crosses) 

Figure 2.a) shows the temperature profiles of the pseudo temperature 𝑇 (black), and the hemispherical temperatures 

𝑇+ (red) and 𝑇− (blue) along the transport direction 𝑥 in a junction of length 𝐿 = 100 nm. The thermostat 

temperatures are 𝑇hot = 302 K and 𝑇cold = 298 K.  

with 

 
Δ𝑇local

𝐼 = 𝑇+(𝑥𝐼 − 𝜖) − 𝑇−(𝑥𝐼 + 𝜖) 

 

(16) 
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At each contact, a temperature jump of the pseudo-temperature T is clearly visible in the MC results. In contrast 

the hemispherical temperatures T+ and T- are continuous (no jump) near the hot and cold thermostats, respectively. 

However, the temperature jumps of T- and T+ near the hot and cold thermostats, respectively, are higher than for 

T. It should be emphasized that, as the heat flux is uniform and in accordance with Eq. 12, the difference between 

the two local hemispherical temperatures ΔTlocal in each part of the junction is also uniform. 

The temperature differences at the interface are different, as 𝛥𝑇std
𝐼  = 1 K (using the shortest available 𝛿𝑥 in Eq. 

15) is two times smaller than 𝛥𝑇local
𝐼  = 2 K. These two quantities lead to the different interface thermal 

conductances plotted in Figure 2.b). The interface thermal conductances obtained by using 𝛥𝑇std
𝐼  and 𝛥𝑇local

𝐼 , 

respectively, are plotted in red and black crosses, respectively. For comparison, the results provided by the standard 

analytical formula that can be found in Ref. [46], considered as a reference in this simple case, are indicated by a 

blue dashed line. Remarkably, the results obtained from the use of the 𝛥𝑇local
𝐼  temperature difference reproduce 

the analytical DMM results for all device lengths. In contrast, the use of 𝛥𝑇std
𝐼  (red crosses) leads to values up to 

two times higher than the analytical results in short devices and gives rise to an unexpected length-dependence in 

long devices. Similar results have been obtained in  [39]. 

Using the parameters defined above, considering only Δ𝑇local and Δ𝑇contact and thus adopting a Landauer point of 

view, a comprehensive and easily tractable analytical model of thermal transport in heterostructures is presented 

in the next section.   

III.3. Analytical model of thermal transport in heterostructures  
Typical profiles of temperatures T, T+ and T- in a heterojunction are plotted in Figure 3. The temperature 

differences introduced in the previous section, Δ𝑇contact and Δ𝑇local, are defined on both halves of the structure, 

and distinguished by superscript 𝐿 (resp. 𝑅) for the left (resp. right) part. Notably, Δ𝑇contact
𝐿  is now the difference 

between the temperature of the hot thermostat and the temperature of right-coming phonons from the left side of 

the interface, while Δ𝑇contact
𝑅  is the difference between the temperature of left-coming phonons from the right side 

of the interface and the temperature of the cold thermostat. The temperature drop at the interface is Δ𝑇𝐼 = Δ𝑇local
𝐼 . 

Then, the total temperature difference between the left thermostat at a temperature 𝑇hot and the right thermostat at 

a temperature 𝑇cold can be decomposed as  

 𝑇hot − 𝑇cold = Δ𝑇contact
𝐿 − Δ𝑇local

𝐿 + ΔT𝑙𝑜𝑐𝑎𝑙
𝐼 − Δ𝑇local

𝑅 + Δ𝑇contact
𝑅  

 

(18) 
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Figure 3: Typical profiles of the average temperature T (black), and the hemispherical temperatures T+ (red) 

and T- (blue) in a heterojunction. Diamonds show the temperature of the hot (red) and cold (blue) thermostats. 

Δ𝑇contact
𝐿  and Δ𝑇contact

𝑅  are the temperature differences between the phonons incoming respectively in the left 

and right part. Δ𝑇local
𝐿  and Δ𝑇local

𝑅  are the temperature differences between the hemispherical temperatures, 

respectively in the left and right part. Δ𝑇𝐼  is the difference between hemispherical temperatures across the 

interface. 

Since the thermal flux is conserved throughout the structure, using the Eqs. 12, 13 and 14 we obtain 

Finally, the total conductance of the heterojunction 𝐺total is expressed as a function of the interface conductance 

𝐺𝐼 , the effective conductivities of the involved materials and also their ballistic conductance, i.e. 

The previous model must be compared to the basic model of the three resistances in series, i.e. those of the left 

and right parts plus those of the interface, which gives 

 
𝐺std

total = [
𝐿𝐿

𝜅diffusive
𝐿 +

1

𝐺𝐼
+

𝐿𝑅

𝜅diffusive
𝑅 ]

−1

 
(21) 

   

 
 𝑄 =

𝜅effective
𝐿/𝑅

𝐿𝐿/𝑅 Δ𝑇contact
𝐿/𝑅

= 𝐺𝐼 . Δ𝑇𝐼 = 𝐺ballistic
𝐿/𝑅

. Δ𝑇local
𝐿/𝑅

  

 

(19) 

𝐺total =
𝑄

𝑇hot − 𝑇cold

= [
𝐿𝐿

𝜅effective
𝐿 −

1

𝐺ballistic
𝐿 +

1

𝐺𝐼
−

1

𝐺ballistic
𝑅 +

𝐿𝑅

𝜅effective
𝑅 ]

−1

 

 

(20) 
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Figure 4: Total thermal conductance of diffusive Si/Si junctions versus length from MC simulations (crosses) 

and several analytical models (lines). Model A (green) is our proposed model in Eq. 20. Model B (red) is the 

standard model of resistances in series in Eq. 21. Model C (blue) is a modification of Model B, replacing the 

diffusive conductivities with the effective conductivities. T = 300 K. 

In the case of the diffusive Si/Si homojunction (with temperature profiles shown in Figure 2), the total conductance 

provided by three analytical models is plotted in Figure 4 and compared with their numerical Monte Carlo 

counterpart. Model A (green line) is our new approach (cf. Eq. 20) including the semi-analytical effective 

conductivities from Eq. 10 (i.e. considering the spectral Mathiessen-like summation of the mean free path). Model 

B (red line) corresponds to the classical approach with three thermal resistances in series (see Eq. 21). Model C is 

the naïve model based on a modified version of Eq. 21 where the semi-analytical effective conductivities 𝜅effective
𝐿/𝑅

 

from Eq. 10 are used instead of the diffusive conductivities 𝜅diffusive
𝐿/𝑅

. 

Counterintuitively, model C is very disappointing as it strongly underestimates the conductance and cannot capture 

the ballistic regime. The use of effective thermal conductivities is not a sufficient ingredient to accurately describe 

the out-of-equilibrium regime. Model B is more satisfactory, except in the intermediate regime where it 

overestimates by over 50% the MC results. Model A, our proposed model, is in agreement with the MC simulation 

with errors less than 5% over the entire length range, i.e. in all transport regimes. 

The semi-analytical approach of Eq. 21 can be extended in the case of multiple interfaces. Indeed, the total thermal 

conductance 𝐺𝑡𝑜𝑡𝑎𝑙  in a heterostructure made of N homogeneous materials (of length Li, with effective thermal 

conductivity 𝜅𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒
𝑖 .) is obtained by mixing Eqs. 2 and 4. By noting 𝐺𝐼

𝑖,𝑖+1
 the thermal conductance of the 

interface between materials i and materials i+1, we finally obtain:   

𝐺𝑡𝑜𝑡𝑎𝑙 =
𝑄

𝑇ℎ𝑜𝑡 − 𝑇ℎ𝑜𝑙𝑑

=
𝜅𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒

𝑡𝑜𝑡𝑎𝑙

∑ 𝐿𝑖𝑖

= [∑
𝐿𝑖

𝜅𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒
𝑖

𝑁

𝑖=1

+ ∑(−
1

𝐺𝑏𝑎𝑙𝑙𝑖𝑠𝑡𝑖𝑐
𝑖

+
1

𝐺𝐼
𝑖,𝑖+1

−
1

𝐺𝑏𝑎𝑙𝑙𝑖𝑠𝑡𝑖𝑐
𝑖+1

)

𝑁−1

𝑖=1

]

−1

 

(22) 

 

 

 

In this general expression, the difference with the common resistances in series approach is even more clear and 

due to the contribution of the ballistic conductance in each side of the interface. 

As examples of systems with multiple interfaces, double Si/Ge heterojunctions (with two Si/Ge interfaces) are 

studied and compared to a simple Si/Ge heterostructures. In simple heterojunctions the Si/Ge interface is located 
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in the middle of the heterojunction (i.e. at 𝑥 = 𝐿 2⁄ ). In double heterojunctions the interfaces are at positions 𝑥 =

𝐿 3 ⁄ and 𝑥 = 2𝐿 3⁄ . Two sequences of materials are investigated, i.e. Si/Ge/Si and Ge/Si/Ge. In Figure 5, the total 

conductances for simple and double heterostructures of different lengths are plotted. The lines are related to 

analytical results computed by using Eq. 22 where the values of 𝜅𝑒𝑓𝑓𝑒𝑡𝑖𝑣𝑒  and 𝐺𝑏𝑎𝑙𝑙𝑖𝑠𝑡𝑖𝑐 in Si and Ge are obtained 

via Eq. 2 with mean free path of Eqs. 10 and 8, respectively, both requiring only the prior knowledge of the phonon 

dispersion and the diffusive mean free path in Ge and Si. Symbols are results provided by our MC simulation using 

DMM transmission coefficients [48]. The presented semi-analytical results remarkably reproduced the numerical 

results from the nano to microscale. The models A and C used in Figure 4 provide much less relevant results (not 

shown), in particular in the intermediate regime.  

 

Figure 5: Total thermal conductance of the Si/Ge simple and double heterostructures: Monte Carlo results vs. 

semi-analytical model of Eq. 22. T = 300 K. 

IV Discussion 
The presented formalism is based on only three parameters: the effective conductivity 𝜅effective, the ballistic 

conductance 𝐺ballistic and the interface thermal conductance 𝐺𝐼 . All these parameters are material dependent and 

𝜅effective is also geometry dependent. They can be computed semi-analytically from the phonon dispersion and the 

phonon scattering rates. The definition of these parameters is based on the two hemispherical temperatures T+ and 

T- that take the role of the pseudo temperature T in the standard heat transport model. It thus offers the advantage 

that the boundary temperatures of T+ or T- strictly match the temperature of the corresponding contact thermostat 

in all transport regimes. All the temperature jumps at internal interface as well at the boundaries are related to T+ 

and T-, instead of T in standard models. Moreover, each temperature jump is associated with the presence of Gballistic 

terms either in the equation of the effective conductivity 𝜅effective (Eq. 23) or in the equation of the total 

conductance Gtotal (Eq. 22). 

Our approach is not limited to the use of the DMM for the interface conductance Gint. By principle, any type of 

Gint estimate can be used as input in our approach. The full band version of the DMM is considered in this work 

because it is, to our knowledge, the most accurate method to semi-analytically calculate interface thermal 

conductances at room temperature. 

In this article, all types of phonon transport regimes, from fully ballistic to diffusive, are studied. Both the 

temperature and the length of the device influence the nature of transport in the device. Since temperature also has 

an impact on the equilibrium distribution function and not just on the transport regime, we have chosen to focus 

first on the effect of the length of the device. The results presented were obtained around 300 K with a thermostat 

temperature bias of up to 10 K. However, as the parameters of our model are temperature dependent, a wide 

temperature range from ultra-low to very high temperatures remains to be investigated. 
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This model assumes that hemispherical phonon distributions stay close to equilibrium hemispherical distributions, 

so that the related temperatures are meaningful. This assumption is perfectly valid in the two extreme cases that 

are the diffusive and ballistic regimes. In the intermediate regime, our approach seems reasonable as it reproduces 

the Monte Carlo results that give the exact phonon distributions in the case of “semi-transparent” interfaces. 

Moreover, in the proposed analytical model, the use of these hemispherical temperatures appears straightforward 

and for instance more convenient than the ballistic and diffusive temperatures defined in Ref. 35 at each face of 

an interface. Nevertheless, it should be mentioned that the presented framework of a two-flux approach is strongly 

related to a 1D transport problem and its ability to be generalized to systems where 2D transport effects may occur 

remains an open issue.  

The presented model naturally eliminates the virtual interface paradox thanks to the concept of ballistic thermal 

conductance. However, as early as 1959, Little  [32] defined the interface thermal conductance of a virtual 

interface, or any interface with perfect transmission, as equal to the thermal conductance of a mean-free-path-long 

section of the material. This was conceptually equivalent to the ballistic thermal conductance: in both cases, each 

phonon undergoes one single phonon-phonon scattering event.  

In addition, we would like to emphasize that in the case of a constant temperature gradient 𝛻𝑇 in a homogeneous 

structure, a parameter 𝜅effective,∇T obtained by using the local temperature gradient 𝛻𝑇 can be defined and related 

to our effective thermal conductivity 𝜅effective (defined in Eq. 9) as 

𝜅effective,∇T = −
𝑄

∇T
= [

1

𝜅effective

−
1

𝐿. 𝐺ballistic

]
−1

 
(23) 

Apart from its divergence at the ballistic limit as the temperature gradient vanishes, 𝜅effective,∇T could be used to 

derive an expression equivalent to Eq. 20. However, a formalism based on 𝜅effective,∇T (i.e. on the local temperature 

gradient) is less appealing as a linear profile of temperatures is assumed, which may be relatively inaccurate in the 

intermediate regime as shown for instance in Fig 6.a of Ref  [40], and a specific ballistic conductance term would 

have to be added at each contact, as done in Ref.  [38]. 

Remarkably, introducing the non-spectral Matthiessen approximation for the effective conductivities, i.e. using 

𝜅effective in the approximation of Eq 9, in our model of the total conductance (Eq. 20) simply yields the formula 

obtained when considering three thermal resistances in series (i.e. Eq. 21). Indeed, the non-spectral approach for 

𝜅effective leads to annihilation (or perfect compensation) of the terms containing the ballistic conductance. Thus, a 

formula containing only the resistances of the left and right films (defined by using the standard diffusive thermal 

conductivity 𝜅diffusive in Eqs. 1 and 2 instead of 𝜅effective) plus the interface resistance is recovered. Astonishingly, 

our model shows that the Fourier approach (just based on 𝜅diffusive) remains relevant in the case of heterostructure 

in all transport regimes. Improving the accuracy of the model in the intermediate transport regime requires the full 

spectral approach of 𝜅effective as well as the addition of the ballistic conductance contributions in the thermal 

interface conductance. 

Finally, we believe that our formalism, simple to handle, can be useful for the community as it clearly brings to 

light the role of the ballistic conductance and its contribution to heat transport in nanostructures. It also provides a 

very convenient set of parameters separating clearly the contributions of materials (Gballistic, 𝜅effective), geometry 

(𝜅effective) and interfaces (GI). The definitions of effective thermal conductivity and interface conductance based 

on hemispherical temperatures can be easily used in many simulation frameworks of thermal transport such as 

Molecular Dynamics. In parallel, the experimental evaluations of these parameters in nanostructures could provide 

new insights into the heat transport at the nanoscale.  

V Conclusion 
A change of point of view in thermal modeling by redefining all the thermal parameters (conductivity and interface 

conductance) by using only the two hemispherical temperatures 𝑇+ and 𝑇− distinguishing the phonon populations 

according to the direction of their velocities have been proposed. It leads to a simple and comprehensive model 

able to accurately describe the heat transfer through heterostructures in all phonon transport regimes.  

First, in homogeneous materials, we used the concept of effective conductivity which is relevant in all transport 

regimes. In ballistic regime, it becomes the ballistic conductance. These conductivities are related to a non-local 

temperature differences and are geometry dependent unlike the Fourier thermal conductivity. Second, the interface 

thermal conductance was defined by using the hemispherical temperatures. It appears to be an appealing solution 
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to make the interface thermal conductance modeling consistent with Monte Carlo simulation. When combining 

these three concepts, the historic virtual interface paradox is elegantly solved. 

Finally, a comprehensive analytical framework has been derived using the central relationship between the heat 

flux and the local hemispherical temperature difference 𝑄 = 𝐺ballistic (𝑇+ − 𝑇−) which allows us to do without 

the standard temperature. This framework extends the validity range of previous models while it only requires a 

set of three parameters: the effective conductivity 𝜅effective, the ballistic conductance 𝐺ballistic and the interface 

thermal conductance 𝐺𝐼 . These parameters can be computed semi-analytically from the phonon dispersion, the 

phonon scattering rates and the geometry of the structure. The resulting model can accurately reproduce results of 

numerical Monte Carlo simulations in diffusive Si/Si junctions and Si/Ge heterostructures in all transport regimes, 

i.e. ballistic, diffusive, and intermediate ones.  

This versatile and easy to use approach should be particularly suitable to investigate numerically or experimentally 

heat transfer in various kinds of complex nanostructures. 
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