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The existence of a net heat current of conductive thermal waves is demonstrated even in the absence of a mean
temperature gradient. This effect, which we called heat shuttling, is generated by the temperature-dependent
thermal conductivity of materials excited with a thermal excitation periodically modulated in time. We show that
this modulation gives rise to a heat current superimposed on the one generated by the mean temperature gradient,
which enhances the heat transport when the thermal conductivity increases with temperature. By contrast, if the
thermal conductivity decreases as temperature increases, the thermal-wave heat current inverts its direction and
reduces the total heat flux. The reported shutting effect is sensitive to the amplitude of the periodic thermal
excitation, which can facilitate its observation and application to harvest energy from the temperature variations
of the environment.

DOI: 10.1103/PhysRevB.106.L100102

Nonlinear heat conduction determined by a temperature
dependent thermal conductivity is of primary importance to
tailor heat currents driving a wide variety of technologies
[1–3]. This thermal dependence generates an asymmetric ma-
terial response that has been used to develop thermal analogs
of electronic devices, including thermal diodes [4–9], ther-
mal transistors [10,11], thermal logic gates [12], thermal
memories [13], and thermal memristors [14,15]. Based on
the asymmetric transitions of two phase change materials
(PCMs) with thermal conductivities strongly varying in a
narrow interval of temperatures, Shen et al. [16] developed
a temperature-trapping theory and proposed an energy-free
thermostat able to self-maintain a desired constant temper-
ature without consuming energy, regardless of the sizable
changes of its environmental temperature. More recently,
Wang et al. [17] introduced thermoelectric effects in this latter
theory and proposed a negative-energy thermostat capable
of generating electricity with energy-free maintenance of a
constant ambient temperature.

Thermal modulation naturally occurs in many systems due
to the temperature fluctuations of the environment. However,
until now, very few works studied the nonlinear heat transport
under dynamical conditions [18–20]. By exciting a nonlinear
asymmetric lattice with a temperature difference periodically
modulated in time, the appearance of a net heat current was
predicted in absence of an average thermal bias [21–23]. More
recently, by imposing a sinusoidal temperature excitation on
two counter-moving media, Li et al. [1] demonstrated the
antiparity-time symmetry in diffusive systems. This type of
thermal sources has also been applied to generate exotic ef-
fects, such as the reciprocity of thermal diffusion [24], the
configurable phase transitions of a topological material [25],
and the rectification of thermal-wave heat currents [26]. This
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fine tuning of dynamical heat fluxes in idealized microscopic
nonlinear lattices and moving systems is also expected to
be possible with PCMs, whose thermal properties depend
strongly on temperature. In particular, the periodic thermal
excitation of PCMs could lead to net heat fluxes driven by con-
ductive thermal waves, which usually carry a zero mean heat
flux, in materials with constant thermal properties [27]. Even
though these waves are widely applied to determine thermal
properties via standard techniques, such as thermoreflectance
[28], photothermal radiometry [29], 3ω [30], photoacoustics
[13], and resonant cavity [6]; their contribution to the total
heat flux in PCMs has not been explored yet.

In this Letter, we theoretically demonstrate the existence of
the conductive heat shuttling, a net heat current generated by
thermal waves that shows up even in the absence of a mean
temperature gradient. This shuttling effect paves the way to
manage conductive heat currents in nonlinear systems out of
equilibrium.

Let us consider two thermal baths exchanging heat through
conduction in a PCM of length l , due to their temperature
difference Th − Tc + δT (t ) periodically modulated in time
t , as shown in Fig. 1. The thermal conductivity k(T ) and
volumetric heat capacity C(T ) of the PCM depends on its
temperature T , as is the case of VO2, nitinol [7,31], and any
material in a large enough interval of temperatures. Consider-
ing that the surfaces x = 0 and l are uniformly heated up by
the thermal baths, the one-dimensional heat conduction in the
material is characterized by the spatiotemporal distribution of
its temperature T (x, t ) and heat flux q(x, t ) given respectively
by the diffusion equation and Fourier’s law, as follows:

∂

∂x

(
k(T )

∂T
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= C(T )
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, (1a)

q = −k(T )
∂T

∂x
. (1b)
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FIG. 1. Scheme of a PCM supporting the heat conduction be-
tween two thermal baths due to their temperature difference Th −
Tc + δT (t ). Arrows and their amplitudes indicate the propagation
direction and intensity of the thermal waves generated by the periodic
excitation δT (t ) = �T S(t ) with 0 < �T � Th and |S(t )| � 1. The
white line stands for the VO2 thermal conductivity varying from a
high value, near the left hot bath, to a low one close to the right cold
bath.

The temperature satisfies the boundary conditions T (0, t ) =
Th + δT (t ) and T (l, t ) = Tc, with δT (t ) being a periodic func-
tion of time with values much smaller than its steady-state
counterpart (|δT (t )| � Th). For this external excitation, the
solution of Eq. 1(a) for the temperature T has the following
general solution

T (x, t ) = ψ (x) + θ (x, t ), (2)

where θ = a0/2 + ∑∞
n=1[an cos(2πnt/τ ) + bn sin(2πnt/τ )]

is a periodic function with period τ and module |θ | � ψ .
The parameters a0(x), an(x), and bn(x) are the usual Fourier’s
coefficients defined for an arbitrary periodic function. As
the steady-state temperature component is defined by ψ in
Eq. (2), we take a0 = 0. Because of the relatively small values
of θ with respect to ψ , the PCM thermal conductivity can
be expanded in power series of θ by means of the Taylor’s
series expansion k(T ) = k(ψ ) + θk′(ψ ) + ..., which in com-
bination with Eq. 1(b) yields:

q = −k
∂ (ψ + θ )

∂x
− k′

(
θ

dψ

dx
+ 1

2

∂θ2

∂x

)
− k′′

2

dψ

dx
θ2, (3)

where k = k(ψ ), k′(ψ ) = dk(ψ )/dψ , k′′(ψ ) =
d2k(ψ )/dψ2, and an approximation up to θ2 was considered.
The average heat flux q̄(x) = τ−1

∫ τ

0 q(x, t )dt over one period
τ is then given by

q̄(x) = −k(ψ )
dψ

dx
− k′(ψ )

2

d θ̄2

dx
− k′′(ψ )

2

dψ

dx
θ̄2, (4)

where θ̄ (x) = a0(x)/2 = 0 was used and

θ̄2 = 1

τ
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0
θ2(x, t )dt = 1

2
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)
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For a temperature-independent thermal conductivity (k =
constant), the net heat flux in Eq. (4) reduces to its steady-state
counterpart (qss = −k(ψ )dψ/dx), as expected. By contrast,
if k does depend on temperature, the periodic excitation δT (t )
generates the following net contribution to the heat flux:

q̄(x) − qss = −1

4

d

dx

[
k′(ψ )

∞∑
n=1

(
a2

n(x) + b2
n(x)

)]
. (6)

The propagation of thermal waves in a PCM therefore gen-
erates a net heat flux driven by the slope of the temperature
dependent thermal conductivity. According to Eq. (6), this
heat current is present even in absence of a net temperature
gradient (Th = Tc = ψ), provided that the average value of
the periodic excitation vanishes ( ¯δT (t ) = �T ¯S(t ) = 0), as
considered in Eq. (4) for x = 0. This latter condition is well
satisfied by the harmonic function S(t ) = cos(ωt ) that is com-
monly used for the generation of thermal waves. For Th =
Tc = ψ , qss = 0 and q̄ ∝ k′(ψ ), which provides an effective
way to control the direction of the heat flux shuttling. If the
thermal conductivity increases with temperature (k′(ψ ) > 0),
the thermal-wave heat flux propagates from the thermal bath
with a modulated temperature to the one with a steady-state
temperature, reversing its direction for k′(ψ ) < 0. As the ther-
mal conductivity of most materials depends on temperature
and the net heat flux of thermal waves is proportional to the
slope of thermal conductivity [see Eq. (6)], this heat shuttling
is generally expected to appear in almost any solid material
and is analogous to the enhanced thermal convection observed
in fluids subjected to temperature gradients periodically mod-
ulated in time [32,33].

The effect of thermal energy harvesting in a dynamical
system without a mean temperature gradient will now be
quantified for VO2, a PCM with a sharp metal-insulator tran-
sition (MIT) spanning from about 340 to 345 K. The thermal
conductivity of VO2 varies between its values at the insulat-
ing (ki = 3.6 Wm−1K−1) and metallic (km = 6 Wm−1K−1)
phases, and its temperature evolution is well described by [7]

k(T ) = ki + km − ki

1 + exp [−β(T − T0)]
, (7)

where β = 1.6 K−1 and T0 = 342.9 K is the VO2 transition
temperature. As k in Eq. (7) increases with T , when the oscil-
lations of the thermal excitation swing up (S > 0), the thermal
conductivity is higher than when they swing down (S < 0).
This thermal conductivity difference provides more facility to
the thermal waves for traveling forward than backward, which
generates a nonzero heat flux. The volumetric heat capacity
of VO2, on the other hand, is given by [34] C = ρ(cD(T ) +
Ldf (T )/dT ), with ρ = 4612 kg m−3 and L = 50.75 kJ kg−1

being its respective density and latent heat, cD(T ) is the Debye
specific heat capacity with T (Debye) = 750 K, and f (T ) is
the volume fraction of the metallic domains of VO2 during its
MIT [34]. As k′(ψ ) is greater than zero and reaches its peak
at ψ = T0, Eq. (6) indicates that the shuttling heat flux prop-
agates from left to right (see Fig. 1) and takes its maximum
value at the VO2 transition temperature. Lower and higher
temperatures weakens the shuttling effect until disappearing it
outside the MIT of VO2 (k′(ψ ) → 0), as shown below. Equa-
tion 1(a) does not have an analytical general solution for these
thermal properties k(T ) and C(T ) plotted in the Supplemental
Material (SM) [35], and therefore its solution will numerically
be obtained by using the finite element method (FEM) via the
software Comsol multiphysics. However, if the modulation
frequency ω of the thermal excitation δT (t ) = �T cos(ωt )
is low enough and/or the length l is sufficiently small, the
transient effects can be neglected (∂T/∂t → 0) and Eq. 1(a)
becomes independent of the heat capacity. For a material with
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constant thermal properties, this quasisteady state regime is
reached for ω � 2k/Cl2 (thermally thin material), as shown
in the SM [35]. Under this thermally-thin condition, the ana-
lytical integration of Eq. 1(a) yields

T − T0 + 1

βλ
ln [1 + Z (T )] = C − q

km
x, (8)

where C is an integration constant, λ = km/(km − ki ), and
Z (T ) = exp[−β(T − T0)]. The evaluation of Eq. (8) at the
PCM surfaces x = 0; l (see Fig. 1) determines both q and
C, which allows expressing the heat flux and temperature
distribution as follows

q = km − ki

βl
ln

[
f (Th + �T cos(ωt ))

f (Tc)

]
, (9a)

f (T ) = [ f (Th + �T cos(ωt ))]1−x/l [ f (Tc)]x/l , (9b)

where f (ξ ) = [1 + Z (ξ )][Z (ξ )]−λ. As a result of the VO2

MIT (km �= ki), q and T exhibit a nonlinear dependence
on the periodic thermal excitation. This strong nonlinear-
ity also holds for the spatial distribution of the temperature
profile. According to Eq. 9(a), the thermal-wave heat flux
q(Th, Th,�T ) = q(Th, Tc,�T ) − q(Th, Tc, 0) is independent
of Tc and is driven by the steady-state temperature compo-
nent Th of the oscillating excitation. For temperatures out of
the MIT, Eq. 9(a) reduces to q = ki[Th − Tc + �T cos(ωt )]/l
for Th + �T ; Tc � T0, and q = km[Th − Tc + �T cos(ωt )]/l
for Th − �T ; Tc � T0, as expected. For both limiting cases,
the temperature recovers its usual linear spatial profile T =
(Th + �T cos(ωt ))(1 − x/l ) + Tcx/l that appears for thermal
waves propagating in thermally thin materials with constant
properties [35]. In these cases, the linear dependence of q
and T on the modulated excitation �T cos(ωt ) cancels out its
contribution to their average values q̄ and T̄ over one period
τ = 2π/ω. It is thus clear that at least one of the temperatures
Th and Tc should be within the MIT to generate the heat flux
shuttling driven by �T . For a given Tc, one can show that the
maximum of q̄ in Eq. 9(a) shows up at Th = T0 that maximizes
k′(Th). In this case, the uppermost heat flux shuttling is given
by [35]

q̄ − qss = (km − ki )�T

π l

[
1 − π

ln(2) − S(β�T )

β�T

]
, (10a)

S(ξ ) =
∞∑

n=0

(−1)n

n + 1
{I0[(n + 1)ξ ] − L0[(n + 1)ξ ]}, (10b)

where qss = q̄|�T =0, and I0 and L0 are the modified Bessel
and Struve functions, respectively. The heat flux difference
q̄ − qss thus represents the maximum contribution of the ther-
mal waves generated by the periodic excitation with amplitude
�T . In consistence with Eq. (6), this heat shuttling is strongly
driven by k′(T0) = (km − ki )β/4 and shows up even in the
absence of a net temperature gradient (Th = Tc). The function
S(β�T ) < ln(2) monotonically decreases as β�T increases
and therefore the heat shuttling strengthens for higher ampli-
tudes �T and/or steeper MIT (larger β), such that q̄ − qss =
(km − ki )�T/π l for β�T � 1. Furthermore, by taking the
spatial derivative of ln( f (T )) determined by Eq. 9(b), one
can show that the mean heat flux q̄ is related to the average
temperature T̄ by q̄ = −k(T2)∂T̄ /∂x|x=l . This simple relation

FIG. 2. (a) Time evolution of the heat flux and (b) its average
(net) counterpart as a function of the temperature Th = Tc, for three
amplitudes of the periodic excitation. The black line in (a) stands for
the heat flux in a material with constant thermal conductivity (km +
ki )/2 and the dots represent the numerical results obtained with FEM.
Calculations were done for a VO2 layer with l = 1 mm, ω = 0.5
rad/s, and �T = 5 K in (a).

indicates that the shuttling effect in a PCM can be described
like the steady-state heat conduction in a non-PCM with con-
stant and effective thermal conductivity k(T2).

The heat flux oscillations of thermal waves propagating in
VO2 are shown in Fig. 2(a), for three representative tempera-
tures Th = Tc around its transition temperature. For reference,
the black line stands for the heat flux in a non-PCM with
constant thermal conductivity (km + ki )/2. For this latter ma-
terial, q is independent of Th and oscillates around zero with
an amplitude of 2.4 W cm−2. By contrast, q in VO2 oscillates
around a positive value with an amplitude that increases with
Th. These heat flux oscillations predicted by Eq. 9(a) are
well confirmed by the numerical solution of Eq. 1(a) [dots
in Fig. 2(a)] and indicates the presence of a net heat flux q̄
propagating from the left thermal bath to the right one, even
though they share the same average temperature Th = Tc, as
shown in Fig. 2(b). Note that q̄ increases with �T and takes
its highest values at the VO2 transition temperature Th = T0 at
which k′(T ) is maximum, as established by Eq. (6). The high-
est heat flux transported by thermal waves is well described
by Eq. 10(a), whose predictions are shown by the horizontal
dashed lines in Fig. 2(b). A higher or lower temperature Th

yields smaller q̄ values, which confirms the essential temper-
ature dependence of the thermal conductivity to generate the
heat shuttling by thermal waves.

FIG. 3. (a) Time evolution of the temperature difference T̄ − Tc

and (b) its averaged counterpart as a function of position. The refer-
ence black line in (b) stands for the temperature [dashed lines in (a)]
in a material with constant thermal conductivity (km + ki )/2. Dots
represent the FEM calculations done for (Th; Tc ) = (346; 335)K, l =
1 mm, ω = 0.5 rad/s, and �T = 5 K in (a).
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FIG. 4. (a) Time evolution of the heat flux and (b) its averaged
counterpart as a function of the temperature Th > Tc = 335 K for
three amplitudes of the periodic excitation. The dashed lines in
(a) stand for the heat flux in a material with constant thermal conduc-
tivity (km + ki )/2, whose average value is given by the black line in
(b). Dots represent the FEM calculations done for l = 1 mm, ω = 0.5
rad/s and �T = 5 K in (a).

Figures 3(a) and 3(b) show the respective time variations of
the temperature difference T − Tc and the spatial distribution
of its averaged counterpart, for Th = 346 K and Tc = 335 K
spanning over the VO2 MIT. Note that the amplitude of the
temperature oscillations reduces as they travel away from the
left thermal bath that generates them, as expected. The ana-
lytical predictions of Eq. 9(b) exhibit an accurate agreement
with their corresponding numerical ones (dots) and show that
temperature in VO2 is generally higher than that (dashed lines)
in a non-PCM with constant thermal conductivity (km + ki )/2.
This temperature increase tends to vanish at positions (x =
0.1l and 0.9l) near the thermal baths as a result of their tem-
peratures outside of the MIT. For intermediate positions, on
the other hand, the temperature difference tends to increase,
which yields an average temperature T̄ (blue line) that is
nonlinear and higher than the linear one (black line) obtained
with a non-PCM, as shown in Fig. 3(b). This deviation from
the linear profile represents the fingerprint of the temperature
dependent thermal conductivity and is not so different that
the corresponding one retrieved under steady-state conditions
(�T = 0). The propagation of thermal waves in a PCM there-
fore has a limited impact on its average temperature profile, as
assumed in Eq. (3) (θ � ψ).

The heat flux and its time average over one period are
shown in Figs. 4(a) and 4(b), as functions of time and

temperature Th > Tc = 335 K, respectively. In contrast to the
heat flux obtained for Th = Tc [see Fig. 2(a)], q now oscillates
through positive values only that are generally smaller than the
corresponding ones determined for a non-PCM with constant
thermal conductivity. These q values increase with Th are well
confirmed by the numerical FEM simulations (dots), and yield
an average heat flux q̄ increasing with the modulated temper-
ature amplitude �T . The deviation from the linear profile of q̄
obtained for a non-PCM (black line) reaches its maximum at
the temperature Th = T0 maximizing k′(Th), as expected. This
nonlinear behavior is driven by the steady-state component
qss = q̄|�T =0 of q̄, as it reduces for higher amplitudes �T
driving the propagation of thermal waves. The net contribu-
tion q̄ − qss of these waves increases with �T and is exactly
given by the heat flux shown in Fig. 2(b) for Th = Tc. The heat

shuttling is thus independent of Tc, as established by Eq. 9(a),
and could be observed for a high enough �T � 1 K.

Even though the thermal-wave heat flux reported in this
Letter has been obtained with a single modulation frequency,
we anticipate that this shuttling effect can also be achieved
with thermal baths set at temperatures oscillating with equal or
different frequencies and amplitudes. These parameters repre-
sent effective degrees of freedom to tailor the thermal-wave
heat flux, as the heat conduction in a PCM is nonlinear and
therefore the superposition principle does not apply. Consid-
ering the wide applications of thermal waves for detecting
thermal phenomena, this customization of the heat shuttling
is expected to open new possibilities to tailor and apply not
only the temperature field of thermal waves [6,13,28–30], but
also their heat flux profile.

In summary, we have demonstrated the existence of a net
heat flux driven by thermal waves propagating along a mate-
rial excited with a temperature difference modulated in time.
This heat shuttling is caused by the temperature dependence
of the thermal conductivity, its magnitude increases with the
slope of the thermal conductivity, and exists even in the ab-
sence of an average temperature gradient. In the presence
of a net temperature difference, the heat shuttling enables to
amplify or reduce steady-state heat currents when the sign of
the thermal conductivity slope is positive or negative, respec-
tively. The high sensitivity of the reported shuttling effect to
the amplitude of the periodic thermal excitation is expected
to facilitate its observation and application to harvest energy
from external temperature variations.
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