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STABILIZATION OF THE DAMPED PLATE EQUATION

JEROME LE ROUSSEAU AND EMMANUEL WEND-BENEDO ZONGO
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UNDER GENERAL BOUNDARY CONDITIONS

ABSTRACT. We consider a damped plate equation on a smooth open
bounded subset of R?, or a smooth compact manifold with bound-
ary, along with general boundary operators fulfilling the Lopatinskii-
Sapiro condition. The damping term acts on a internal region with-
out imposing a geometrical condition. We derive a resolvent estimate
for the generator of associated semigroup that yields a logarithmic
decay of the energy of the solution to the plate equation. The re-
solvent estimate is a consequence of a Carleman inequality obtained
for the bi-Laplace operator involving a spectral parameter under the
considered boundary conditions. The derivation goes first through
microlocal estimates, then local estimates, and finally a global esti-
mate.
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dition; resolvent estimate.

AMS 2020 subject classification: 35B45; 35J30; 35J40; 74K20; 93D15.

CONTENTS

Introduction

Stabilization and control of Schrodinger and plate equations

Method
On Carleman estimates
Geometrical setting
Main results
Some open questions
Outline
Some notation
Pseudo-differential calculus
Pseudo-differential operators with a large a parameter
Tangential pseudo-differential operators

Date: November 22, 2022.
Acknowledgment: The authors wish to thank two anonymous reviewers that pro-

vided usefull corrections and remarks that improved the readability of the article.

1

12



2

JEROME LE ROUSSEAU AND EMMANUEL WEND-BENEDO ZONGO

2.3.  Function norms

2.4. Differential quadratic forms

2.5.  Symbols and operators with an additional large parameter
3. Lopatinskii-Sapiro boundary conditions for elliptic operator
3.1.  Some examples

3.2.  Case of the bi-Laplace operator

3.3. Formulation in normal geodesic coordinates

3.4. Stability of the Lopatinskii-Sapiro condition

3.5.  Examples of boundary operators yielding symmetry

4. Lopatinskii-Sapiro condition for the conjugated bi-Laplacian
4.1. Lopatinskii-Sapiro condition and root positions

4.2.  Root configuration for each factor

4.3. Proof of Proposition 4.2

4.4. Local stability of the algebraic conditions

4.5.  Symbol positivity at the boundary

5. Boundary norm estimate under Lopatinskii-Sapiro condition
5.1. A microlocal estimate

5.2.  Proof of Proposition 5.1

6. Microlocal estimates for second-order factors

6.1. Sub-ellipticity

6.2. Lopatinskii-Sapiro condition for the second-order factors
6.3. Microlocal estimates

7. Local Carleman estimate for the fourth-order operator

7.1. A first estimate

7.2. Final estimate

8. Global Carleman estimate and observability

8.1. A global Carleman estimate

8.2.  Observability inequality

9. Solutions to the damped plate equations

9.1. The unbounded bi-Laplace operator

9.2. The plate semigroup generator

9.3. Strong and weak solutions to the damped plate equation
10. Resolvent estimates and applications to stabilization

10.1.  Resolvent estimate

10.2. Stabilization result

Appendix A. Some technical results and proofs

A.1. A perfect elliptic estimate

A.2. Basic resolvent estimation

A.3. Basic estimation for the resolvent set

References

13
14
17
17
18
18
19
20
21
24
26
27
29
31
33
34
35
38
40
42
44
45
57
57
60
61
61
62
63
64
66
68
70
70
71
72
72
72
73
74



1. INTRODUCTION

Let 2 be a bounded connected open subset in R, or a smooth bounded
connected d-dimensional manifold, with smooth boundary 0f2, where we
consider a damped plate equation

02y + Ay + a(x)dy = 0 (t,r) e Ry x Q,
Biyr, xo0 = Bayr, xo0 =0, (1.1)
Y=o = 4", 0= =y",

where @ > 0 and where B; and By denote two boundary differential
operators. The damping property is provided by +a(z)0; thus referred
as the damping term. As introduced below A? is the bi-Laplace operator,
that is, the square of the Laplace operator. Here, it is associated with a
smooth metric g to be introduced below; it is thus rather the bi-Laplace-
Beltrami operator. This equation appears in models for the description of
mechanical vibrations of thin domains. The two boundary operators are
of order k;, j = 1,2 respectively, yet at most of order 3 in the direction
normal to the boundary. They are chosen such that the two following
properties are fulfilled:

(1) the Lopatinskii-Sapiro boundary condition holds (this condition
is fully described in what follows);

(2) along with the homogeneous boundary conditions given above the
bi-Laplace operator is self-adjoint and nonnegative. This guaran-
tees the conservation of the energy of the solution in the case of
a damping free equation, that is, if o = 0.

We are concerned with the decay of the energy of the solution in the case
« is not identically zero. We shall prove that the damping term yields a
stabilization property: the energy decays to zero as time ¢t — oo and we
shall prove that the decay rate is at least logarithmic.

1.1. Stabilization and control of Schrodinger and plate equa-
tions. In the case of the “hinged” boundary conditions

Yr+xo0 = AYr+xan = 0,

the plate equation can be written as the product of two schrodinger equa-
tion since 0?y+A?%y = (—id;+A)(id;+A). As observed by Lebeau in [37]
this allows one to transfer a control result obtained for the Schrodinger
equation to the plates equations. In particular, Lebeau proved that con-
trolability can be obtained for both equations if the control region fulfills
the celebrated Rauch-Taylor condition, often coined GCC for geometrical
control condition [6,12]. The GCC expresses that all rays of geometrical
optics reach the control region. Yet, the GCC condition is not a necessary
condition as expressed by the result of Jaffard [20] on the controllability
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of the plate equation on a rectangle domain with an arbitrarily small con-
trol domain along with the “hinged” boundary conditions. Yet, the proof
of [20] relies on the generalization of Ingham type inequalities in [28] and
the very particular geometry that is considered.

For stabilization, GCC concerns the damping region, here given by
the support of the function a. If GCC holds exponential stabilization
holds. Note that in the same geometry as that of [20] an exponential
stabilization result is proven in [!1], using similar techniques. However,
if no geometrical condition is imposed on the damping region, if a general
geometry is considered, and if different boundary conditions are consid-
ered, one cannot expect an exponential decay rate. A logarithmic decay
rate is quite natural if one has in mind the equivalent result obtained

for the wave equation in the works of G. Lebeau [38] and G. Lebeau and
L. Robbiano [10]. We also refer to Chapter 6 in [31] and Chapters 10 and
11 in [35] where the result of [38,410] for the wave equation are reviewed

and generalized in particular on the framework of general boundary con-
ditions as those we consider here. See also the work of P. Cornilleau and
L. Robbiano for a quite exotic boundary condition, namely the Zaremba
condition.

Among the existing results available in the literature for plate type
equations, many of them concern the “hinged” boundary conditions de-

scribed above. In [11] where exponential stabilization is proven, the lo-
calized damping term involves the time derivative d;y as in (1.1). Interior
nonlinear feedbacks can be used for exponential stabilization [15]. There,

feedbacks are localized in a neighborhood of part of the boundary that ful-
fills multiplier-type conditions. A general analysis of nonlinear damping
that includes the plate equation is provided in [2] under multiplier-type
conditions. For “hinged” boundary conditions also, with a boundary
damping term, we cite [1] where, on a square domain, a necessary and
sufficient condition is provided for exponential stabilization.

Note that under “hinged” boundary conditions the bi-Laplace opera-
tor is precisely the square of the Dirichlet-Laplace operator. This makes
its mathematical analysis much easier, in particular where using spec-
tral properties, and this explains why this type of boundary conditions
appears very frequently in the mathematical literature.

A more challenging type of boundary condition is the so-called “clamped”
boundary conditions, that is, ujpo = 0 and 9, ujpq = 0, for which few re-

sults are available. We cite [1], where a general analysis of nonlinearly
damped systems that includes the plate equation under multiplier-type
conditions is provided. In [3], the analysis of discretized general nonlin-

early damped system is also carried out, with the plate equation as an
application. In [16], a nonlinear damping involving the p-Laplacian is
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used also under multiplier-type conditions. In [15], an exponential decay
is obtained in the case of “clamped” boundary conditions, yet with a
damping term of the Kelvin-Voigt type, that is of the form 9;Ay, that
acts over the whole domain. In the case of the “clamped” boundary
conditions, the logarithmic-type stabilization result we obtain here was
proven in [36]. The present article thus stands as a generalization of the
stabilization result of [30] if considering a whole class of boundary condi-
tion instead of specializing to a certain type. The present work contains
in particular also the case of “hinged” boundary conditions.

1.2. Method. Following the works of [36,3%,410] we obtain a logarithmic
decay rate for the energy of the solution to (1.1) by means of a resolvent
estimate for the generator of the semigroup associated with the damped
plate equation (1.1). In [30] this was achieved by means of a Carleman
estimate for the elliptic operator D! + A? with an additional variable
s in the case of the “clamped” boundary conditions. Extension of this
strategy has however not been possible in the case of general boundary
conditions. The proof of the resolvent estimate we seek is yet also possible
by means of a Carleman estimate for the operator P, = A% — o* where o
is a spectral parameter for the generator of the semigroup and we found
that this method of proof extends to general boundary conditions.

Our first goal is thus the derivation of the Carleman inequality for the
operator P, near the boundary under the boundary conditions given by
Bl and Bg.

Then, from the Carleman estimate one deduces an observation inequal-
ity for the operator P, in the case of the prescribed boundary conditions.
The resolvent estimate then follows from this observation inequality.

1.3. On Carleman estimates. A Carleman estimate is a weighted a
priori inequality for the solutions of a partial partial differential equa-
tion, where the weight is of exponential type. For instance, for a partial
differential operator P away from the boundary, it takes the form

HeT@UHL?(Q) < CHeT@P“HH(Q)a

for u € €*(Q2) and 7 > 7y for ¢ well chosen and some 7y chosen suf-
ficiently large. The exponential weight function involves a parameter
7 that can be taken as large as desired, making Carleman inequalities
very powerful estimates. Additional terms on the left-hand side of the
inequality can be obtained, including higher-order derivatives of the func-
tion u, depending of course of the order of the operator P itself. For a
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second-order elliptic operator such as the Laplace operator one has

73/2||€wu||L2(Q) + 71/2||€WDU||L2(Q) +712 Z ||€WDBU||L2(Q)
|B|=2
< CHQWAUHLZ(Qy

under the so-called sub-ellipticity condition; see Chapter 3 in [34]. Note
that the power of the large parameter 7 adds to 3/2 with the order of
the derivative in each term on the left-hand side. In fact, in the calculus
used to derive such estimates one power of 7 is equivalent to a derivative
of order one. Thus with this 3/2 compared with the order two of the
operator one says that one looses a half-derivative in the estimate.

This type of estimate was used for the first time by T. Carleman [13]
to achieve uniqueness properties for the Cauchy problem of an elliptic
operator. Later, A.-P. Calderén and L. Hormander further developed
Carleman’s method [12,20]. To this day, the method based on Carle-
man estimates remains essential to prove unique continuation properties;
see for instance [17] for an overview. On such questions, more recent
advances have been concerned with differential operators with singular
potentials, starting with the contribution of D. Jerison and C. Kenig [27].
The reader is also referred to [16,30-32,44]. In more recent years, the
field of applications of Carleman estimates has gone beyond the original
domain; they are also used in the study of:

e Inverse problems, where Carleman estimates are used to obtain
stability estimates for the unknown sought quantity (for instance
coefficient, source term) with respect to norms on measurements
performed on the solution of the PDE; see for instance [11,21,25,

]; Carleman estimates are also fundamental in the construction
of complex geometrical optic solutions that lead to the resolution
of inverse problems such as the Calderén problem with partial

data [17,29].
e Control theory for PDEs; Carleman estimates yield the null con-
trollability of linear parabolic equations [39] and the null con-

trollability of classes of semi-linear parabolic equations [5, 18, 19].
They can also be used to prove unique continuation properties,
that in turn are crucial for the treatment of low frequencies for
exact controllability results for hyperbolic equations as in [0].

For a function supported near a point at the boundary, in normal
geodesic coordinates where €2 is locally given by {4 > 0} (see Section 1.4



below) the estimate can take the form

D TN D ul gy + 32 T D o] g
81<2 Pt

< Clle™Aull 1 q).-

This is the type of estimate we seek here for the operator P,, with some
uniformity with respect to o.

1.4. Geometrical setting. On () we consider a Riemannian metric
g: = (gi;(x)), with associated cometric (¢¥(z)) = (g)~" It stands
as a bilinear form that act on vector fields,

9o (Uy, V) = gij(x)ufvvg, Uy = U0y, Vg = V.0,,.

For x € 09 we denote by v, the unit outward pointing normal vector
at x, unitary in the sense of the metric g, that is

9o Ve, ve) =1 and g, (v, u,) =0 Vu, € T,00.

We denote by 0, the associated derivative at the boundary, that is,
Oy f(x) = v (f). We also denote by n, the unit outward pointing conor-
mal vector at x, that is, n, = 1/, that is, (n,); = gV

Near a boundary point we shall often use normal geodesic coordinates
where (2 is locally given by {z; > 0} and the metric g takes the form

g=dz’ @ dz? + Z gijdz’ @ da? .
1<i,j<d—1
Then, the vector field v, is locally given by (0,...,0,—1). The same for
the one form n,.

Normal geodesic coordinates allow us to locally formulate boundary
problems in a half-space geometry. We write

RY = {x € RY z4> 0} where 2 = (2, z4) with 2/ € R 24 € R.

We shall denote its closure by @, that is, @ = {x € R 24 > 0}.
The Laplace-Beltrami operator is given by

(Agf) (@) = (detg,)™* D O, ((det g2)' 297 (), ) (2).  (1.2)
1<i,j<d
in local coordinates. Its principal part is given by 3=, ;97 (2)0:, 0y,

and its principal symbol by >7,_; ;6" (2)&&;.
The bi-Laplace operator is P = Afl. In the main text of the article we
shall write A, A* in place of A, AZ.

1.5. Main results.
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1.5.1. Stabilization result. Let (Po, D(Py)) be the unbounded operator
on L%(2) given by the domain

D(Po) = {u € HY(Q); Biuyoa = Boujppq =0}, (1.3)

given by Pou = A?u for u € D(Py). As written above the two bound-
ary differential operators are such that (Pg, D(Pg)) is self-adjoint and
nonnegative.

Let y(t) be a strong solution of the plate equation (1.1). A precise
definition of strong solutions is given in Section 9.3. One has y° € D(Py)

and y! € D(P(l]/2). Its energy is defined as

WO = 5 (100020, + (Pay(®) 50210

Theorem 1.1 (logarithmic stabilization for the damped plate equation).
There exists C > 0 such that for any such strong solution to the damped
plate equation (1.1) one has

C
O P —
w)(e) < (log(2 +t))

A more precise and more general statement is given in Theorem 10.3
in Section 10.2. As explained in Section 1.2 the above stabilization result
will be proven thanks to a Carleman estimate that we present now.

2 1/2 112
(IPoy” + a2 + P55 [ 2ey)-

1.5.2. Carleman estimate. We state the main Carleman estimate for the
operator P, = A? — ¢* in normal geodesic coordinates as presented in
Section 1.4. A point 2° € 99 is considered and a weight function ¢ is
assumed to be defined locally and such that

(1) Ogp > C > 0 locally.

(2) (A =+ 0?2, ¢) satisfies the sub-ellipticity condition of Definition 6.1
locally. This is a necessary and sufficient condition for a Carleman
estimate to hold for a second-order operator A + o2, regardless
of boundary conditions [31, Chapters 3 and 4].

(3) (P,, By, By, ) satisfies the Lopatinskii-Sapiro condition of Defi-
nition 4.1 at ¢’ = (2°,&,7,0) for all (£, 7,0) € R4 x [0, +00) x
[0,4+00) such that 7 > kg0, for some ko > 0. This means that
the Lopatinskii-Sapiro condition holds after the conjugation of
the operator P, and the boundary operators B; and By by the
weight function exp(7¢).

Theorem 1.2 (Carleman estimate for P, = A? — o). Let rj > ro > 0.
Let 2° € 0. Let ¢ be such that the properties above hold locally. Then,



there exists WO a neighborhood of 2°, C > 0, 7 > 0 such that

7'_1/2||6w“||4; + | tr(ewu)\g’l/%

2
< C(lle?Poull, + Y |7 Bjvjs,—o+ 1 k) (14)

=1
for T > 1y, koo <7 < Kkio, and u € ?SO(WE)
The volume norm is given by

le™ull,, = Z 7_4_‘6|||€TSDDBU||L2(Q)'
|8|<4

The trace norm is given by

| tl"(€TsDU) |371/277- = Z |a£b(eﬂpu)‘xd:0+ |7/2—n,‘r’
0<n<3

where the norm |[.|, o—pr 18 the L2-norm in R4~! after applying the Fourier

multiplier (72 + [¢/|?)7/4="/2, These norms are well described in Sec-
tion 2.3.

Observe that the Carleman estimate of Theorem 1.2 exhibits a loss of
a half-derivative. A more precise statement is given in Theorem 7.4 in
Section 7.2.

Remark 1.3. The condition koo < 7 < kjo in Theorem 1.2 calls for a
comment as it is not classical in the case of Carleman estimates, even
in the presence of a spectral parameter. Usually one has only koo < 7
and in applications similar to that we have in mind one chooses 7 = k0.
The extended condition we make here thus does not appear as a potential
limitation.

We postpone the technical explanation to Remark 7.2 below Proposi-
tion 7.1 where this condition appears first.

1.6. Some open questions.

1.6.1. Boundary damping. Here, we have considered a damping that acts
in the interior of the domain §2. The study of boundary damping, as
in [10] for the wave equation, is also of relevance. Yet we foresee that it
requires to specify more the used boundary operators. This was not our
goal as we wished to treat general boundary operators here.

1.6.2. Spectral inequality. If the boundary operators B; and By are well
chosen, the bi-Laplace operator A? can be selfadjoint on L?(£2); see Sec-
tion 9.1. Associated with the operator is then a Hilbert basis (¢;);en
of L?(Q2). In the case of “clamped” boundary condition the following
spectral inequality was proven in [30].
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Theorem 1.4 (Spectral inequality for the “clamped” bi-Laplace opera-
tor). Let O be an open subset of Q). There exists C' > 0 such that

1/4
[ull 2y < Ce" Nl ooy, #>0, ueSpan{e;; p; < p}.

The proof of this theorem is based on a Carleman inequality for the
fourth-order elliptic operator D? + A?, that is, after the addition of a
variable s. Extending this strategy to the type of boundary conditions
treated here was not successful because it is not guaranteed that having
the Lopatinskii-Sapiro condition for A2, By, and B, implies that the
Lopatinskii-Sapiro condition holds for D! + A% By, and B,. Yet, the
Lopatinskii-Sapiro condition is at the heart of the proof of our Carleman
estimate. Proving a spectral estimate as in the above statement for the
general boundary conditions considered here is an open question.

1.6.3. Quantification of the unique continuation property. For a second-
order operator like the Laplace operator A and a boundary operator
B of order k (yet of order at most one in the normal direction) such
that the Lopatinskii-Sapiro condition holds one can derive the following
inequality that locally quantifies the unique continuation property up to
the boundary; see [31, Lemma 9.2].

Proposition 1.5. Let 20 € 0Q and V be a neighborhood of x° where the
Lopatinskii-Sapiro condition holds. There exist W an open neighborhood
of 2, £ € (0,1), 6 € (0,1), and C > 0, such that
5
1-6
lll s ey < Cllullistyy (180l gy, + 1Bulin-sqvnom + Ml )
(1.5)

foru e H*(V), with V. = {x € V; dist(x,9Q) > e}.

This inequality can be obtained from a Carleman estimate as in Theo-
rem 1.2 for the Laplace operator, yet with the large parameter 7 allowed
to be chosen as large as desired. This is exploited in an optimization
procedure on the parameter 7 in [ry, +oo[ for some 75. Note however
that in the statement of Theorem 1.2 one has 0 < 7 < 0. Thus, the op-
timization procedure cannot be carried out in [, +oo[. While having a
result quantifying the unique continuation under Lopatinskii-Sapiro-type
conditions for the bi-Laplace operator similar to that of Proposition 1.5
can be expected, the Carleman estimate we obtain in the present article
cannot be used, at least directly, for a proof as carried out in [34] or in
former sources such as [39].

1.7. Outline. This article is organized as follows. In Section 2 we recall
some basic aspects of pseudo-differential operators with a large parame-
ters 7 > 0 and some positivity inequality of Garding type in particular
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for quadratic forms in a half-space or at the boundary. Associated with
the large parameters are Sobolev like norms, also in a half-space or at
the boundary.

In Section 3, the Lopatinskii-Sapiro boundary condition is properly de-
fined for an elliptic operator, we give examples focusing on the Laplace
and bi-Laplace operator and we give a formulation in local normal ge-
odesic coordinates that we shall mostly use throughout the article. For
the bi-Laplace operator we provide a series of examples of boundary op-
erators for which the Lopatinskii-Sapiro boundary condition holds and
moreover the resulting operator is symmetric. We also show that the
algebraic conditions that characterize the Lopatinskii-Sapiro condition is
robust under perturbation. This last aspect is key in the understanding
of how the Lopatinskii-Sapiro condition get preserved under conjugation
and the introduction of a spectral parameter. This is done in Section 4,
where an analysis of the configuration of the roots of the conjugated
bi-Laplace operator is performed. In Section 4.5 the Lopatinskii-Sapiro
condition for the conjugated operator is exploited to obtain a symbol pos-
itivity for a quadratic form to prepare for the derivation of a Carleman
estimate.

In Section 5 we derive an estimation of the boundary traces. This is
precisely where the Lopatinskii-Sapiro condition is used. The result is
first obtained microlocally and we then apply a patching procedure.

To obtain the Carleman estimate for the bi-Laplace operator with spec-
tral parameter A% — o# in Section 6 we first derive microlocal estimates
for the operators A 4 ¢2. Imposing o to be non-zero, in the sense that
o 2 7, the previous estimates exhibits losses in different microlocal re-
gions. Thus concatenating the two estimates one derives an estimate
for A2 — o* where losses do not accumulates. A local Carleman estimate
with only a loss of a half-derivative is obtained. This is done in Section 7.
With the traces estimation obtained in Section 5 one obtains the local
Carleman estimate of Theorem 1.2.

For the application to stabilization we have in mind, in Section 8 we
use a global weight function and derive a global version of the Carleman
estimate for A2 — o on the whole . This leads to an observability
inequality.

In Section 9 we recall aspects of strong and weak solutions to the
damped plate equation, in particular through a semigroup formulation.
With the observability inequality obtained in Section 8 we derive in Sec-
tion 10 a resolvent estimate for the generator of the plate semigroup that
in turn implies the stabilization result of Theorem 1.1.
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1.8. Some notation. The canonical inner product in C™ is denoted by
m—1

(2,2)em = . 22y, for 2 = (20, ,2m1) €C™, 2/ = (20, , 2, 1) €
k=0

-1
C™. The associated norm will be denoted |z|Z. = > |z|%
k=0

We shall use the notations a < b for a < Cb and a 2 b for a > Cb,
with a constant C' > 0 that may change from one line to another. We
also write a < b to denote a S b < a.

For an open set U of R? we set U, = U NRY and

G (Uy) ={u= VRd ;U € €>(R%) and supp(v) C U}. (1.6)
We set S (R?) = {upa; u € Z(R%)} with .7 (R%) the usual Schwartz

space in R%:

ue. RN & uecEP(RY) and Vo, B € N sup |2*Du(z)| < oo.

z€R4

We recall that the Poisson bracket of two smooth functions is given by

d
{fi9}= Z (85jf8wj9 - 8mjf85jg) :

j=1

2. PSEUDO-DIFFERENTIAL CALCULUS

In a half-space geometry motivated by the normal geodesic coordi-
nates introduced in Section 1.4 we shall use £ = (¢,&;) € R x R
and we shall consider the operators D; = —idy and D' = —id’, with

0 = (0pyy---s00, )

2.1. Pseudo-differential operators with a large a parameter. In
this subsection we recall some notions on semi-classical pseudo-differential
operators with large parameter 7 > 1. We denote by S the space of
smooth functions a(z,&,7) defined on R? x RY, with 7 > 1 as a large
parameter, that satisfies the following : for all multi-indices o, 3 € N¢
and m € R, there exists C, 3 > 0 such that
0207 a(x, &, 7)| < CapAl 1, where A2 =72+ [¢]2,
for all (x,£,7) € RTxR? x [1,00). For a € S™, one defines the associated
pseudo-differential operator of order m, denoted by A = Op(a),
1 .
Au(z) := —— e Ca(x, &, T)u(€)dE, u e .7 (RY.
(@) = oy [, € alo. i) ()

One says that a is the symbol of A. We denote U" the set of pseudo-
differential operators of order m. We shall denote by & the space
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of semi-classical differential operators, i.e, the case when the symbol

a(x,&, 7) is a polynomial of order m in (&, 7).

2.2. Tangential pseudo-differential operators. Here, we consider
pseudo-differential operators that only act in the tangential direction
2" with 4 behaving as a parameter. We shall denote by ST, the set
of smooth functions b(x,{’,7) defined for 7 > 1 as a large parameter
and satisfying the following: for all multi-indices o € N, 3 € N~! and
m € R, there exists C, g > 0 such that

10°05b(x, &, )| < Cy BT, 1%l where M, =17+

for all (z, &', 7) € RYxR* ! x[1,00). For b € ST',, we define the associated
tangential pseudo-differential operator B = Op(b) of order m by

1 e _
Bu(z) = )T /Rdl e Eb(x, & TYU(E 14)dE ue 7 (RY).

We define Wy, as the set of tangential pseudo-differential operators of

order m, and .@TJ the set of tangential differential operators of order m.
We also set

AZ, = Opr(M,).

Let m € N and m’ € R. If we consider a of the form

+m/—j
a(z,§,7) = Za]xg 7)E, a; € 57",

we define Op(a) = Y Opr(a;)D%,. We write a € S™™ and Op(a) €
=0
g

2.3. Function norms. For functions norms we use the notation ||.|| for
functions defined in the interior of the domain and |.| for functions defined
on the boundary. In that spirit, we shall use the notation

[ull L = Nlull oy, (w, @) 4 = (U, @) p2me),
for functions defined in Ri and
|w|6 = ||w||L2(]Rd*1)7 ('UJ, 12})6 - ('lU, ﬁ})Lz(]Rdfl)a

for functions defined on {x; = 0}, such as traces.
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We introduce the following norms, for m € N and m’ € R,

m
i Z IAF "Dl
||u||m,‘r - |u||m07' Z ||Am ij u||+>

for u € Z(R%). One has

lall,e = D 7D

laj<m

and in the case m’ € N one has

e = D T D

ag<m
|a| <m+4m/

with a = (o/, o) € N

The following argument will be used on numerous occasions: for m €
N, m/, ¢ € R, with ¢ > 0,

il < fuf

m,m/ T m,m/ 44,7

if 7 is chosen sufficiently large.

At the boundary {xy = 0} we define the following norms, for m € N
and m' € R,

2 I

2.4. Differential quadratic forms. A differential quadradic form acts
on a function and involves differentiations of various degrees of the func-
tion. One can associate to these forms a symbol and positivity inequality
can be obtained in the form of a Garding inequality. Such forms appear in
proofs of Carleman estimates in the seminal work of Hérmander [21, Sec-
tion 8.2].

Here differential quadradic forms are defined either in a half-space or
at the boundary. The results we present here without proof can be found

in [8] and [35].
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2.4.1. Differential quadratic forms in a half-space.

Definition 2.1 (interior differential quadratic form). Let u € #(R%).
We say that
N
Q(u) =Y (Aw,B'u);,  A®=O0p(a’), B* = Op(h"), (2.1)
s=1
is an interior differential quadratic form of type (m,r) with smooth coef-
ficients, if for each s = 1,... N, we have a*(p) € S™" and b°(g) € S™"",
with ' + 7" =2r, o = (x,&, 7).
The principal symbol of the quadratic form @) is defined as the class
of

g(0) = > @’ ()b (o) (2.2)

in S2m,2r/S2m,2r—1.
A result we shall use is the following microlocal Garding inequality.

Proposition 2.2 (microlocal Garding inequality). Let K be a compact

set of RL and let % be an conic open set of RE x R4t x R, contained
in K x RI™1 x R,. Let also x € S%T be homogeneous of degree 0 and
such that supp(x) C % . Let Q be an interior differential quadratic form
of type (m,r) with homogeneous principal symbol ¢ € S*™*" satisfying,
for some Cy > 0 and 79 > 0,

Req(o) > CoA2" M,

fOTT Z To, 0 = (Q/7£d>; Q, = (x7£,77—> € %7 and gd € R.
For 0 < C; < Cy and N € N there exist 7., C > 0, and Cy > 0 such
that
Re Q(Opr(x)u) > CIHOPT(X)“an,r,T — (] tr(OpT(X)u)‘zn—l,r-i-l/Q,'r

2
— Cnllull _n s
orue L(RLY) and T > ..
+

We refer to [3, Proposition 3.5] and [35, Theorem 6.17] for a proof. We
also state a local version of the result that follows from Proposition 2.2.

Proposition 2.3 (Garding inequality). Let Uy be a bounded open subset
of]RﬁSlr and let Q be an interior differential quadratic form of type (m,r)
with homogeneous principal symbol ¢ € S?™*" satisfying, for some Cy > 0
and 19 > 0,

Req(0) > CoA™ MY,

form>15, 0= (0,&), 0 = (2,&,7) € Uy x R x R, and &; € R.
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For 0 < C < Cy there exist T,, C' > 0 such that
ReQ(u) > Cillully,,., — Cltr(w)[p, 1, p1pnre
forue S (RL) and 7 > 7.
2.4.2. Boundary differential quadratic forms.
Definition 2.4. Let u € /(R%). We say that

N

Q(U) = Z(Asu|xd:0+> Bsu|xd:0+)8a A= as(x’ D> T)a B® = bs(x> D> T)a
s=1

is a boundary differential quadratic form of type (m — 1,r) _with €

coefficients, if for each s = 1,... N, we have a®(g) € ST~V (R4 x R?),

b*(0) € S™L(RLxRY) with /41" = 21, 0 = (¢, &4) with o = (z, &, 7).

The symbol of the boundary differential quadratic form () is defined by

q(0', 64, 6a) = ZCL 0, &)l (¢, Ca)-

For z = (20,...,2-1) € C and a(g) € S;**, of the form a(¢',&4) =
Zﬁ;é a;(0)&, with a;(¢') € S-?_TIH_] we set

9= (e 23)

From the boundary differential quadratic form () we introduce the fol-
lowing bilinear symbol ¥g : C" x C™ — C

N
S(0.2.7) =) Seld,2)Tp(d.7), 22 €C™ (2.4)

s=1
We let # be an open conic set in R x R x R,

Definition 2.5. Let () be a boundary differential quadratic form of type
(m — 1,r) with homogeneous principal symbol and associated with the
bilinear symbol Xq(¢’,z,2z"). We say that @ is positive definite in # if
there exist C' > 0 and R > 0 such that

m—

ReXq(d",2a =0",2,2) Z P,

=0
for o = («/,¢&', 1) € #, with |(¢',7)| > R, and z = (z2q, ..., 2m_1) € C™.
We have the following Garding inequality.
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Proposition 2.6. Let () be a boundary differential quadratic form of type
(m—1,r), positive definite in # , an open conic set in R x RITI xR,
with bilinear symbol Xq(0',z,2"). Let x € SY . be homogeneous of degree
0, with supp(X|z,=0+) C # and let N € N. Then there exist T, > 1,
C >0, Cy > 0 such that

Re Q(Opr(x)u) = Cltx(Opr ()1, — Onl (W)} s

foru e ?(Ri) and T > T,.

2.5. Symbols and operators with an additional large parameter.
In this article, we shall use operators with a symbol that depends on an
additional large parameter o, say a(x, &, 7,0). They will satisfy estimate
of the form

020 a(w,€,7,0)| < Cap(r? + € + o%)m10D/2,
We observe that if 7 2 ¢ one has
A<+ o S AL

Thus, as far as pseudo-differential calculus is concerned it is as if a € S
and this property will be exploited in what follows.

Similarly if @ = a(z,£’,7,0) fulfills a tangential-type estimate of the
form

0200 a(x, &, 7,0)] < Cop(7> + |€]7 + 0) = 18D/2,

if one has 7 2 o one will be able to apply techniques adapted to sym-
bols in ST’ and associated operators, like for instance the results on
differential quadratic forms listed in Section 2.4.

3. LOPATINSKIT-SAPIRO BOUNDARY CONDITIONS FOR ELLIPTIC
OPERATOR

Let P be an elliptic differential operator of order 2k on Q, (k > 1),
with principal symbol p(z,w) for (z,w) € T*Q). One defines the following
polynomial in z,

plr,w' 2) = p(z, — zn,),
for x € 08, W' € T;0Q, z € R and where n, denotes the outward
unit pointing conormal vector at x (see Section 1.4). Here x and w’ are
considered to act as parameters. We denote by p;(z,w’), 1 < j < 2k the

complex roots of z — p(z,w’, z). One sets
]5+(ZL',(U,, Z) = H (Z_pj(zaw/))'

Im pj(z,w’)>0
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Given boundary operators Bj,---, By in a neighborhood of 9, with
principal symbols b;(z,w), j = 1,---,k, one also sets b;(z,w', 2) =
bij(z,w" — 2ny).

Definition 3.1 (Lopatinskii-Sapiro boundary condition). Let (z,w’) €
T*09 with w’ # 0. One says that the Lopatinskii-Sapiro condition holds
for (P, By, -+, By) at (z,w’) if for any polynomial f(z) with complex co-
efficients, there exists ¢y, - -+ , ¢ € C and a polynomial ¢g(z) with complex
coefficients such that, for all z € C,

f(z) = Z c;bi(z, W', 2) + g(2)pT (0, 2).

1<j<k

We say that the Lopatinskii-Sapiro condition holds for (P, By,--- , By)
at x € 0Q if it holds at (z,w’) for all W’ € T 0Q with w' # 0.

The Lopatinskii-Sapiro boundary condition is of great importance in
the analysis of elliptic equations. In fact, the Lopatinskii-Sapiro condition
is equivalent to having the operator

L:H™(Q) - H™(Q) @ H™PF071200) @ - - @ H™ 2 5712(0Q)
U +— (Pu, Bﬂ”ag, R BkU|aQ),

to be Fredholm, if m > 0 and if each operator B; is of order ¢;. This is
done in great generality in [22, Chapter 20]. If P is the Laplace operator
this is presented in great details in [35, Chapter 3].

Roughly speaking the Lopatinskii-Sapiro condition states that modes
exponentialy small in the interior of the domain Q (as frequency in-
creases) yet not small at the boudary cannot be estimated without the
use of a proper boundary operator. No boundary operator is needed
for mode that do not have this asympotic behavior. This is explained
in [35, Section 2.1.1].

3.1. Some examples. The Lopatinskii-Sapiro condition holds in the
following cases

e P = —A on , with the Dirichlet boundary condition, Bujsn =
U150 -

e P = A? on , along with the so-called clamped boundary con-
ditions, i.e, Biujpn = ujpq and Byujpq = 0,ujp0, where v is the
normal outward pointing unit vector to 0f2; see Section 1.4.

e P = A? on €, along with the so-called hinged boundary condi-
tions, i.e, Biujso = ujpn and Byujsg = Aujaq.

3.2. Case of the bi-Laplace operator. With P = A2 on (), along
with the general boundary operators B; and By of ord@rs ki and ko re-
spectively, we give a matrix criterion of the Lopatinskii-Sapiro condition.
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The general boundary operators B; and B, are then given by

By(x,D)= > B! (z,D)@0,), (=12,

0<j<min(3,k,)

with Bé“_j (z, D') differential operators acting in the tangential variables.
We denote by by (z,w) and by(x,w) the principal symbols of By and Bs
respectively. For (z,w’) € T*0NQ, we set

be(z,w',2) = Z b (2, w') 2, (=1,2.

0<j<min(3,k,)

We recall that the principal symbol of P is given by p(z,w) = |w|§. One
thus has

plz,w', 2) = p(z,w’ — 2n,) = (2* + |w'|§)2.
Therefore p(z,w’, z) = (2 — i|w'|,)?*(z + i|w'],)? According to the above
definition we set p* (z,w’, 2) = (2 —i|w'|,)?. Thus, the Lopatinskii-Sapiro
condition holds at (x,w’) with w’ # 0 if and only if for any function
f(z) the complex number i|w'|, is a root of the polynomial z — f(2) —
c1by (x,w',2) — 0252(:c,w’, z) and its derivative for some ¢;, ¢y € C. This
leads to the following determinant condition.

Lemma 3.2. Let P = A? on Q, By and By be two boundary operators.
If v € 09, W' € T;0Q2, with W' # 0, the Lopatinskii-Sapiro condition
holds at (x,w") if and only if

det (azgl 0252) (z,w', 2z =dw'|,) #0. (3.1)

Remark 3.3. With the determinant condition and homogeneity, we note
that if the Lopatinskii-Sapiro condition holds for (P, By, By) at (z,w’) it
also holds in a conic neighborhood of (z,w’) by continuity. If it holds at
x € €, it also holds in a neighborhood of x.

3.3. Formulation in normal geodesic coordinates. Near a bound-
ary point z € 02, we shall use normal geodesic coordinates. These
coordinates are recalled in Section 1.4. Then the principal symbols of A
and A? are given by &2 + r(z, &) and (€2 + r(z,¢’))? respectively, where
r(x, ) is the principal symbol of a tangential differential elliptic operator
R(x,D’) of order 2, with

r(@,¢)= Y g¢7(x)¢¢ and r(x,¢) > ClEP.
1<i,j<d—1

Here ¢ is the inverse of the metric g;;. Below, we shall often write
€12 = r(x,&") and we shall also write [£]2 = &2+ r(z, &), for £ = (£, &,).
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If by(x,€) and by(z, &) are the principal symbols of the boundary op-
erators By and B, in the normal geodesic coordinates then the Lopatin-
skii-Sapiro condition for (P, By, By) with P = A? at (x,’) reads

b by Ve g
ot (o ar,) @€ 6=l #0,

if |¢|, # 0 according to Lemma 3.2. If the Lopatinskii-Sapiro condition
holds at some 2°, because of homogeneity, there exists Cy > 0 such that

by ba
det (%bl Ok, 52)

3.4. Stability of the Lopatinskii-Sapiro condition. To prepare for
the study of how the Lopatinskii-Sapiro condition behaves under conju-
gation with Carleman exponential weight and the addition of a spectral
parameter, we introduce some perturbations in the formulation of the
Lopatinskii-Sapiro condition for (P, By, By) as written in (3.2).

(a°,€,i€'Ls) = Colg'lz ™", ¢ e R (3.2)

Lemma 3.4. Let VO be a compact set of OQ such that the Lopatinskii-
Sapiro condition holds for (P, By, By) at every point x of V°. There exist
C1 >0 and € > 0 such that

b bo
'det (8&1()1 aﬁdb2)
forz e VO ¢ e R (" € CLand § € C, if |¢') + 9] < gl¢],.
Moreover one has
det bi(z, & + (" 6a=i|¢|e +0) ba(x, & + (', 60 =[] + 6)
bl(l',f/ + C/>€d = Z|§/|x + 5) b2($a§/ + C/agd = Z|€/|x + 5)
> Cy|o — 8 |¢/|Frrhmt ) (3.4)

(2,8 + ¢ & =il +0) > Cy[¢'[ =71 (3.3)

forz e VO, & eR&L (' eCht and 6,0 € C, if |’ + 6] + |0] < €]¢].

Proof. From (3.2), since V? is compact having the Lopatinskii-Sapiro
condition holding at every point x of V? means there exists Cy > 0 such

that
et (5 aun)| €€ 2 GIEE, we ¢ e,
O¢,b1 Oc,bo
(3.5)

The first part is a consequence of the mean value theorem, homogeneity
and (3.5) with say C; = Cy/2.
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For the second part it is sufficient to assume that 6 # ¢ since the result
is obvious otherwise. For j = 1,2 one writes the Taylor formula

bj(x> 6/ + Cla Z|€/|x + 5)
= b;(, &+ ¢il¢|a 4+ 0) + (6 — 6)De,bj(x, & + ¢, i[¢], + 6)

1
+ (6 — 5)2/0 (1 —5)0Z bj(x, & + ¢ il€|o + 05) ds,

with &, = (1 — s)d + s6, yielding
1 (D€ ClE +8) bale €+ e+ )
§—0 bi(z,§ + ¢ il|e +6) ba(x, & + il +9)

- bl b2 ’ 1ot
= det (%bl %bz) (, & + ¢ il¢ ] +0)

1
+@—®[}1—$ﬂaa0ﬁﬁMa
with

f(x7 £/7 C/7 67 S)

:det< by (2, & + ('il€' | + 0) by (2, & + ', il€, + 6) )
8§db1($7£’—|—c’7i|£/|m+5s> agdb2(x’£/+g/’i‘£/|m+5s) .

With homogeneity, if [¢’| + |5] + 0] < €| one finds

‘@t(bW%€+Cﬂgh+® ba(w, €'+ C'il€], + ) )
8§2db1(x7 5, + Clu Z|£/|m + 53) 8§2db2(:c, gl + Clv Z‘gl‘w + 65)
< |£/‘k1+k2—2

Thus with |6 — §| < €[¢/|,, for € > 0 chosen sufficiently small, using the
first part of the lemma one obtains the second result. O

3.5. Examples of boundary operators yielding symmetry. We
give some examples of pairs of boundary operators By, By that

(1) fulfill the Lopatinskii-Sapiro condition,
(2) yield symmetry for the bi-Lalace operator P = A%, that is,

(PU,’U)LQ(Q) = (u, P’U)LQ(Q)
for u,v € H*(Q) such that Bjujpq = Bjvppn =0, j = 1,2.
We first recall that following Green formula

(Au,v)20) = (1, Av) 2(0) + (Onjan, Vo) r200) — (Won, Onvjon) L2(59);
(3.6)
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which applied twice gives (Pu,v)2) = (u, Pv)r2q) + T'(u,v) with
T(u,v) = (OnAujpn, Vo) r2e0) — (Aujpa, Onvjaa) L2(00)
+ (Onujan, Aviaa) L200) — (Ujaa, OnAvjaa) L2(90) - (3.7)

Using normal geodesic coordinates in a neighborhood of the whole bound-
ary 99 allows one to write A = 92 + A’ where A’ is the resulting Laplace
operator on the boundary, that is, associated with the trace of the met-
ric on 0f). Since A’ is selfadjoint on 0f) this allows one to write formula
(3.7) in the alternative forms

T(u,v) = (Dwpa, vioa) 20y — (02 + 2A w0, Ouvjen) 1259)
+ (Dnwon, (02 + 20" v100) 1200) — (Won, Oovien)r200),  (3.8)
or
T(u,v) = (82 + 200, ) w00, vioa) r200) — (02wo0, Onvie0) 12(50)

+ (Onwjon, Oovion) 1200) — (Woas (02 + 2A'0,)vjea) 12(00)-
(3.9)

We start our list of examples with the most basics ones.

Example 3.5 (Hinged boundary conditions). This type of conditions
refers to Biupa = ujpe and Boupa = Aujpe. With (3.7) one finds
T'(u,v) =0 in the case of homogeneous conditions, hence symmetry.
Note that the hinged boundary conditions are equivalent to having
Biujpa = ujpq and Byujgn = Q%u‘ag. With the notation of Section 3 this

gives by (z,w', z) = 1 and by(x,w’, z) = (—iz)? = —z%. It follows that
Z;1 52 T TN 1 ‘W/‘f; _ S
det <8zl~91 3,252) (x,, 2z = i|w'|,) = det 0 —2ilw],) = 2i|w'l, # 0,

if w’ # 0 and thus the Lopatinskii-Sapiro condition holds by Lemma 3.2.
With the hinged boundary conditions observe that the bi-Laplace op-
erator is precisely the square of the Dirichlet-Laplace operator. This
makes its analysis quite simple and this explains why this type of bound-
ary condition is often chosen in the mathematical literature. Observe
that symmetry is then obvious without invoking the above formulae.

Example 3.6 (Clamped boundary conditions). This type of conditions
refers to 31U|aQ = ujpo and Boupa = Oyupe. With (3.8) one finds
T(u,v) = 0 in the case of homogeneous conditions, hence symmetry
With the notation of Section 3 this gives by (z,w’, z) = 1 and by(z,w’, 2) =
—iz. It follows that

6 E , . , 1 |w/| .
det <8Z;~)1 8z262> (x’w 2= Z|w |9) = det (O —’Lg) = —1 7& O
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Thus the Lopatinskii-Sapiro condition holds by Lemma 3.2.

Note that with the clamped boundary conditions the bi-Laplace op-
erator cannot be seen as the square of the Laplace operator with some
well chosen boundary condition as opposed to the case of the hinged
boundary conditions displayed above.

Examples 3.7 (More examples).

(1)

(2)

Take Biujpn = Onujpn and Byujgg = 0, Aujgo. With these bound-
ary conditions the bi-Laplace operator is precisely the square of
the Neumann-Laplace operator. The symmetry property is im-

mediate and so is the Lopatinskii-Sapiro condition.
Take Blu‘ag = (8,% + 2A,)u‘ag and Bgu‘ag = 82u|59. With (38)

one finds T(u,v) = 0 in the case of homogeneous conditions,
hence symmetry. .
We have by (z,w', 2) = —2* = 2|w'[2 and by(z,w’, z) = iz and

b b WP
det ( : 2 ) (z,w', 2z = iw'|,) = det ( <l l |g,|2)
g9

'6 [; / 3 / /
det ( ! 2 ) ($7W/7 Z = i|w/|g) = det <|w ‘.g |w |g ta (x7w ))

az(;l 8262 _2i|w,|9 _37’|w

= Bilw'[; # 0,

if w # 0 and thus the Lopatinskii-Sapiro condition holds by

Lemma 3.2.

Take Biujgo = Onujpn and Boupa = (9p + A')ujpq, with A" a

symmetric differential operator of order less than or equal to three

on 0f), with homogeneous principal symbol a'(z,w’) such that

a/ (z,w') # 2|3 for W' # 0, that is, o/ (z,w') # 2 for ||, = 1.
With (3.8) one finds

T(u,v) = (—A'ujpn, vjpa) 200) + (Waa, A'Vjeq) r200) = 0,
in the case of homogeneous conditions, hence symmetry for P.

We have by (2, W', 2) = —iz and by(z, W', 2) = iz3+d'(z,w') with
a’ the principal symbol of A’.

8261 8,2[;2 -t _3Z|w

/|2

g
=i(d'(z,w') = 2|w'[}) #0,

if w' #0 sin(fe a/(z,w') # 2|w'[3 by assumption implying that the

Lopatinskii-Sapiro condition holds by Lemma 3.2.

Take Bﬂ”ag = UjpQ and BgU|aQ = (82 + Algn)’l”@Q with A" a

symmetric differential operator of order less than or equal to one

on 02, with homogeneous principal symbol a'(z,w’) such that
a(x,w') # —2|w'|, for ' # 0, that is, ¢'(x,w') # —2 for ||, = 1.
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This is a refinement of the case of hinged boundary conditions
given in Example 3.5 above.
With (3.8) one finds

T(u,v) = (A'Opujp0, Onvian) L269) + (Ontyan, —A'0pv100) r2(00) = 0,

in the case of homogeneous conditions, hence symmetry for P.
We have by(z,w’,2z) = 1 and by(z,w',2) = —2? — izd(z,w')

with a' the principal symbol of A’.
b\ (1 R e

det ( - - ) (x, 0, z =i|w'|,) = det 0 —2il|, — id(z, )

= —i(d'(z,w') + 2J'],) #0,
if w’ # 0 since d'(z,w’) # —2|w'|, by assumption implying that
the Lopatinskii-Sapiro condition holds by Lemma 3.2.

(5) Take Biujpa = (92 + A'9,)uppq and Boujgo = (02 + 20,2 )ujaq,
with A" a symmetric differential operator of order less than or
equal to one on Jf), with homogeneous principal symbol &' (z,w’)
such that 2a'(z,w’) # —3|w'|, for w’ # 0, that is, /(z,w’) # —3/2
for |w'|, = 1. With (3.9) one finds

T(u,v) = (A'Opujn0, Opvia) 1260) + (Ontjan, —A'0nvi00) 2(00) = 0,
in the case of homogeneous conditions, hence symmetry for P.

We have by (z,w', 2) = —2% —izd' (x,w') and by(z, ', 2) = i3 +
2iz|w'|? and

by b
det [ - 2 ) (&0, 2 = i)
0.b1 0.bs
e (WEH W)
—2i|w'|y —id (z,w") —i|w'|?

- —i|w'|§(2a'(x,w') + 3|w’|g) #0,
if W’ # 0 since 2ad/(z, w') +3|w’|, # 0 by assumption implying that
the Lopatinskii-Sapiro condition holds by Lemma 3.2.

4. LOPATINSKII-SAPIRO CONDITION FOR THE CONJUGATED
BI-LAPLACIAN

Set P, = A? — ¢* with ¢ € [0,400) and denote by P, , = ™ P,e™™
the conjugate operator of P, with 7 > 0 a large parameter and ¢ €
€>*(R%,R). We shall refer to ¢ as the weight function. The principal
symbol of P, in normal geodesic coordinates is given by

P2, &) = (2 +r(z, &) — ot
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Observe that e™¥D;e™™ = D; +itd; € PD}. So, after conjugation, the
principal symbol becomes
Pop(®,&,T) = Po(2, € + iTdyp)
= (& + i70ap)* + (2, + i7dyip))” — o
= ((6a + i02p)* + 1(x, +irdwp) — 0°)
X ((6a + i702p)” + 1(, ¢ +irdwrp) + 0°)

We write pa,@(za ga 7_) = C.Iclr,go(x> 67 T)chr,go(l” ga 7-) Wlth
@ (x,6,7) = (Ca+ iT04p)? + 1(x,& +itdyp) + (—1)0%, j=1,2.

We consider two boundary operators B; and Bs of order k; and ks
with b;(x, &) for principal symbol, j = 1,2. The associated conjugated
operators

Bj,=¢e"¥Bje %,
have respective principal symbols
bio(x,&,7) = bj(x, & +irdp), j=1,2.

We assume that the Lopatinskii-Sapiro condition holds for (Py, By, By)

as in Definition 3.1 for any point (z,w’) € T09Q2. We wish to know if the
Lopatinskii-Sapiro condition can hold for (P,, By, By, @), as given by the
following definition (in the chosen local normal geodesic coordinates for
simplicity).
Definition 4.1. Let (z,&,7,0) € 9Q x R4 x [0, +00) x [0, +00) with
(¢',7,0) # 0. One says that the Lopatinskii-Sapiro condition holds for
(P,, By, B2, @) at (z,&,7,0) if for any polynomial f(z) with complex
coefficients there exist ¢;,co € C and a polynomial ¢(z) with complex
coefficients such that, for all z € C

f(Z) = Clbl,w(za glagd =z, 7_) + C2b2,go(x>€/a gd = ZaT)
+ g(’z)p;g@('xv 5/7 gd =z, T)v

with
Py Ga=2z7)= ] (z—p€.70),
Im Pj (ﬁ’,T,O’)ZO
where p;(z,&',7,0),7 =1, -+, 4, are the complex roots of the polynomial

2 Pop(x,8 84 = 2,7).

In what follows, we shall assume that d;p > 0. Locally, one has dzp >
C > 0, for some C; > 0.
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4.1. Lopatinskii-Sapiro condition and root positions. With the
assumption that dzp > 0, for any point (z,&’,7,0) at most two roots
lie in the upper complex closed half-plane (this is explained below). We
then enumerate the following cases.

e Case 1 : No root lying in the upper complex closed half-plane,
then py (z,£',€a,7) = 1 and the Lopatinskii-Sapiro condition of
Definition 4.1 holds trivially at (z,&', 1, 0).

e Case 2 : One root lying in the upper complex closed half-plane.
Let us denote by p* that root, then pf (z,£',&a,7) = &a — p".
With Definition 4.1, for any choice of f, the polynomial &; —
f(&a) — crbyp(z, &, €q,T) — Ccabay(x, €, Eq, 7) admits pT as a root
for ¢1, ¢, € C well chosen. Hence, the Lopatinskii-Sapiro condition
holds at (z,¢’, 7, 0) if and only if

bl,go(xvé-/? gd = p+7T) % 0 or b27§0(x7 5/7&1 = p+7T) % 0.
Note that it then suffices to have

bl,w b2,w / _ o+
det (aﬁdbl,go 8§db2,g0) (ZE’,& agd =p 77) 7& 0.

e Case 3 : Two different roots lying in the upper complex closed
half-plane. Let denote by pf and pj these roots. One has
Pa (2,8 80, 7) = (Ea—pi ) (Ea—ps ). The Lopatinskii-Sapiro condi-
tion holds at (z,&’, 7, o) if and only if the complex numbers p; and
ps are the roots of the polynomial &; — f(£4)—c1b1 ,(2, &,y T)—
cobo (2, &, &g, ), for ¢1, co well chosen. This reads

f(pii_) = Clb17¢(x>€/a gd = pi‘_ﬂ-) + 02b2,<p(x>€/a gd = pii_’ 7_)>
f(p;_> = Clblﬁp(xvglv gd = p;,T) + C2b2,@(x7§/7 gd = pg_v T)‘

Being able to solve this system in ¢; and ¢, for any f is equivalent
to having

bl#P('ru 5/7&1 = p?? T) bg,@(I, 5/7 gd = pf’ T)
det / + / -‘r
bl,¢($,§>§d:,02a7') b2,¢(za§a§d:p2a7)

e Case 4 : A double root lying in the upper complex closed half-
plane. Denote by p* this root; one has p7 (z,£', &, 7) = (§a —

) £0. (4.1)

p)2. The Lopatinskii-Sapiro condition holds at at (z,¢&',7,0) if
and only if for any choice of f, the complex number p* is a
double root of the polynomial {; — f(£q) — c1bi (2, &, &, 7) —
cobo (2, &', €, 7) for some ¢y, co € C. Thus having the Lopatinskii-
Sapiro condition is equivalent of having the following determinant
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condition,

blv@(m’gl’gd = p+77—) b2,§0(x7£/7£d = P+77')
det ) N / |
aﬁdbl’¢(z’§ §a=p ’7—) afd627¢(za§ Ea=p", T

Observe that case 4 can only occur if o = 0 (then one has (¢, 7) #
(0,0)). If ¢ > 0 then only cases 1, 2, and 3 are possible. This is precisely
stated in Lemma 4.7. This will be an important point in what follows.

We now state the following important proposition.

)> £0.  (4.2)

Proposition 4.2. Let 2° € 9Q. Assume that the Lopatinskii-Sapiro
condition holds for (Py, By, By) at 2° and thus in a compact neighborhood
VO of 2° (by Remark 3.3). Assume also that Oy > Cy > 0 in V. There
exist 19 > 0 and py > 0 such that if (z,&,7,0) € VO x R¥1 x [0, +00) x
[0, +00) with (¢',1,0) # (0,0,0),

|dorp(2)] < podap(x) and o < pTdp(x),
then the Lopatinskii-Sapiro condition holds for (P,, By, By, @) at (x, &, T, 0).

The proof of Proposition 4.2 is given below. We first need to analyze
the configuration of the roots of the symbol p,, starting with each factor

@y J=1,2.
4.2. Root configuration for each factor. We consider either factors
Earr @) (1,8, 6, 7). We recall that

qgr,@(x> 57 T) = (gd + Z.'7-06%0)2 + ’l“(l’, 5/ + Zde/(,O) + (_1)j02a J=12

First, we consider the case r(z,& + itdy @) + (—1)70? € R, that is,
equal to —3% with 8 € R . Then, the roots of &; qg7¢(:£,§’,§d,7') are
given by

—iTO40 + [ and —iTO;0 — B.

Both lie in the lower complex open half-plane.

Second, we consider the case r(z,& + itdyp) + (=1)70? € C\ R™.
There exists a unique «; € C such that Rea; > 0 and

a? (:'U7 5/7 T’ O-)
z, & +itdyo(x)) + (—1)70?
2, &) — (2, dpo(x)) + (—1) 0% + 277 (2, & dpp(x))?, (4.3)
where 7(z, .,.) denotes the symmetric bilinear form associated with the

quadratic form r(z,.). Then, the two roots of {; — qg,@(:c,g’, £4,T) are
given by

:r(
:r(

mi1(x, & 1, 0) = —iTdgp(x) — i (x, &' 7, 0) (4.4)
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and

mia(r, 7, 0) = —itdyp(x) +ia;(x, {7, 0). (4.5)

One has Im 7, < 0 since dgp > Cy > 0. With Im 7,5 = =704 + Re q;
one sees that the sign of Im7;» may change. The following lemma gives
an algebraic characterization of the sign of Im ;5.

Lemma 4.3. Assume that Ogp > 0. Having Imm;o(z,&,7,0) < 0 is
equivalent to having

(Oap)?r(z,8") + 7 (2, €, dwp)” < 7%(0ap)’|dutpl + (1) 0 (Oap)*.

Proof. From (4.4)-(4.5) one has Im 7; 5 < 0 if and only if Rea; < 7049 =
|704], that is, if and only if

A(10ap)* Re ol — 4(10a¢)* + (Ima)* < 0,
by Lemma 4.4 below. With (4.3) this gives the result. O

Lemma 4.4. Let z € C such that m = 2%. For xy € R such that xy # 0,
we have

| Rez| § || = 423 Rem — 4x) + (Imm)? §0.
The notation § is to be understood as <, =, or > in each term of the

equivalence respectively.

Proof. Let z = z+iy € C. On the one hand we have 22 = 22—y +2izy =
m and Rem = 2% — y?, Imm = 2xy. On the other hand we have

43 Rem — 4xg + (Imm)? = 4a(2? — y?) — dap + 42°y?
= 4(a5 +y°) (2 — xp),

thus with the same sign as (z? —23). Since | Re z| § 20| & a? —ad § 0
the conclusion follows. O

With the following two lemmata we now connect the sign of Imm;
with the low frequency regime |¢'| < 7.

Lemma 4.5. Assume there ezists Ko > 0 such that |dyp| < Ko|Oap|.
Then, there exists C, > 0 such that Imm;o(z, &', 7,0) < 0 if Ck,|&'| +
o <710yp, 7=0,1.

Proof. With Lemma 4.3 having Im 7, 5 < 0 reads
(Dup)?r (2, &)+ (2, & dwp)? < 73(0ap)?|duplz +(=1) "0 (0ap)?. (4.6)
On the one hand, since |d, | < Ky|04p| one has
(Qap)?r(a, &) + (2, €, dwp)® < K(Oap)*|€%,
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for some K > 0 that depends on K, using that ||, = [£'|. On the other
hand one has

74(0ap)*|dutplz + (1)1 0™(0up)” = 7*(0a)" — 0™ (0ap)*.
Thus (4.6) holds if one has
7(0ap)" — 0*(Gap)® = K (0ap)*|€'T7,
that is, 72(94p)* > K|¢'|? + o2 O

Lemma 4.6. Let W be a bounded open set of R? and 2° € W. Assume
that 040 > 0 in W and let kg > 0. Then, there exists C' > 0 such that

I’ < Cr if Immjo(x, & 1,0) <0 and koo <7, x€W.
Proof. With Lemma 4.3 having Im 7, 5 < 0 reads
(Dap)?r(w,€) + (2, duip)* < 7°(0up)?|dupl; + (=1) 0% (Dap).
In particular, this implies

r(z,8) < Tldapl; + (1o < (sup |daply + 1/ k5) 7

The result follows since [£'| < r(x,&’). O
As mentioned in Section 4.1, we have the following result.

Lemma 4.7. Assume that o > 0. Then, m 2(x,&',7,0) # moo(x, &, T,0).
Moreover, the roots m o(x, &', 7,0) and my2(x, &', 7,0) cannot be both real.

Proof. With the forms of the roots given in (4.4)—(4.5) if m o = 795 then
a1 = g, thus af = a3 implying 02 = 0.

Assume now that m 2 € R and 75 € R, that is, Im7m 3 = Im 9 = 0.
This reads Rea; = 7049, giving | Re a;| = |0ayp], for j = 1 and 2. With
Lemma 4.4 one has

4(1040)* Re a? — 4(1040)* + (Im Oz?)2 =0, j=12.

Observing that Im o = Im o3 one thus obtains Re o} = Rea3, and the
conclusion follows as for the first part. O

4.3. Proof of Proposition 4.2. Here, according to the statement of
Proposition 4.2 we consider

|dyip| < poOgp and o < puyT4p.

First, we choose 0 < pp < 1 and 0 < gy < 1/2. Below both may be
chosen much smaller. According to Lemma 4.5, with Ky = 1 therein,
for some Cy = 2Ck, > 0 if one has Cy|¢'| < T@dap then all four roots of
£a > Dop(x,&,&q, ) lie in the lower complex open half-plane. If so, we
face Case 1 as in the discussion of Section 4.1 and the LopatinskiT-Sapiro
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condition holds. To carry on with the proof of Proposition 4.2 we now
only have to consider having

7040 < Co|E'|. (4.7)
Our proof of Proposition 4.2 relies on the following lemma.

Lemma 4.8. There exists C3 > 0 such that, for j =1 or 2, for 0 < po <
1,0 < <1/2, and for all (x,&',7,0) € VIxRI™L x [0, +00) x [0, +00),
one has
|dop(2)] < p00ap(z), 0 < puTdap(z) and Imm;s(z, & 7,0) 20
= oy = [€lo| + Tldep(@)| < [€']Cs(po + 113).
Proof. With (4.7) one has

Tldw o] < pot0ap S iol€]o- (4.8)
With the first-order Taylor formula one has
o =r(x, & +irdyp) + (=1 o?

j pum—
1
=r(z, &)+ / der(z, € + iTs dypp) (itdyp)ds + (—1) 0.
0
With (4.8) and homogeneity one has

|derr (2, €+ iTs dpip) (iTdrp) | S pol€[2.

One also has 0 < 70sp < p1|€']. Since r(z, &) = €)%, this yields
a? = |¢'12(1 + O(po + 13)) and hence a; = [€/|, (1 + O(po + p13)). This
and (4.8) give the result. O

Before proceeding, we make the following computation. For j = 1,2
and ¢ = 1,2 we write
bep(,8,6a = Tj2,7) = by, + iTdw o, T2 + iTO4p)
= bg(l’, 5/ + ’dex/QO, ’iOéj)
= be(x, & +irdwp,il¢ |2 + il — 1€']2)). (4.9)
We use Lemma 3.4 and the value of ¢ > 0 given therein. We choose
0<po<1landO0< pu; <1/2such that
Cs(po + p17) <, (4.10)

with C3 > 0 as given by Lemma 4.8.

We now consider the root configurations that remain to consider ac-
cording to the discussion in Section 4.1.
Case 2.

In this case, one root of p, , lies in the upper complex closed half-plane.
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We denote this root by p*. According to the discussion in Section 4.1 it
suffices to prove that

bl,w b2,w / _ o+
det (8&151@ 8&162’@) (2,8, 6q=p",T) #0. (4.11)
In fact, one has p* = m;5 with j = 1 or 2. We use the first part of
Lemma 3.4 with ¢/ = i7dy and § = i(a; — [€],). With (4.9) and (4.10)
with Lemma 4.8 and the first part of Lemma 3.4 one obtains (4.11).
Case 3.

In this case Imm 9 > 0 and Im 7y 5 > 0. According to the discussion in
Section 4.1 it suffices to prove that

<bl,¢($,€/, §a=T12,T) byo(w,& & =m12,7)
det

bl,ap(xv 5/7 gd = T2,2, T) b2,§0(x7 5/7 gd = T2, T)

) £0.  (4.12)

We use the second part of Lemma 3.4 with (' = itdy ¢, 6 = i(aq — |€].),
and 0 = i(ay — |€|,). With (4.9) and (4.10) with Lemma 4.8 and the
second part of Lemma 3.4 one obtains (4.12).

Case 4.

In this case (that only occurs if o = 0) the Lopatinskii-Sapiro condition
holds also if one has (4.11). The proof is thus the same as for Case 2.
This concludes the proof of Proposition 4.2. U

4.4. Local stability of the algebraic conditions. In Section 3 we saw
that the Lopatinskii-Sapiro condition for (P,, By, B;) in Definition 3.1 ex-
hibits some stability property. This was used in the statement of Proposi-
tion 4.2 that states how the Lopatinskii-Sapiro condition for (P,, By, Bs)

can imply the Lopatinskii-Sapiro condition of Definition 4.1 for (P,, By, Bs, ¢),
that is, the version of this condition for the conjugated operators.

A natural question would then be: does the Lopatinskii-Sapiro condi-
tion for the conjugated operators enjoy the same stability property? The
answer is yes. Yet, this is not needed in what follows. In fact, below one
exploits the algebraic conditions listed in Section 4.1 once the Lopatin-
skii-Sapiro condition is known to hold at a point ¢ = (2°,£%,7°,¢°) in
tangential phase space. One thus rather needs to know that these alge-
braic conditions are stable. Here also the answer is positive and is the
subject of the present section.

As in Definition 4.1 for ¢’ = (x,&’, 7, 0) one denotes by p;(¢’) the roots
of poo(x,&, €4, 7) viewed as a polynomial in &g.
Let 0¥ = (2°,£%,7°,6%) € 90 x R4 x [0, +00) x [0, +00). One sets

Jt={je{1,2,3,4}; Imp;(0”) > 0},
J-={j€{1,2,3,4}; Imp;(0”) < 0},
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and, for ¢ = (z,¢&,1,0),

k(@) =[] €—ri(@),  rpl@) =] (&a—rie))
jeJt jeJ~
Na“tura‘lly’ one has "i;—()/(gmvé-d) = piap(x07£0/7£d77-0> and HEO/(Q0,7£C[) =
P (2%, €%, €4, 7°). Moreover, there exists a conic open neighborhood %
of o” where both H;_O,(Q, ) and £, (¢') are smooth with respect to ¢'. One
has

ot o — et e
pa,go - po’,gopcn@ - ’L{'QOI"{QOI'

Note however that for o' = (z,£',7,0) € %, it may very well happen that
pj’,gp(x7 gla gda T) 7é K';—O/(Q/a fd) and p;@(xa gla §d> T) 7& K';O/(Q/a gd)
The following proposition can be found in [3, proposition 1.8].

Proposition 4.9. Let the Lopatinskii-Sapiro condition hold at o =
(29, €Y, 70, 6%) € OOxRII %[0, +00) % [0, +00) for (P,, By, Ba, ). Then,
(1) The polynomial & > pF (2,8, &, 7°) is of degree less than or
equal to two.
(2) There exists a conic open neighborhood % of ¢ such that the
family {bg (¢, €a), V2(¢, €a)} is complete modulo 1), (o', €a) at ev-
ery point ¢ = (x,&',7,0) € U, namely for any polynomial f(&y)
with complex coefficients there exist ¢1,co € C and a polynomial
0(&q) with complex coefficients such that, for all 5 € C

f<£d> = Clbl,AO(xv 5/7 gda T) + C2b27%0<x7 5/7 gd? T) + £<£d>’%;—0’(9/7 £d> (413)

We emphasize again that the second property in Proposition 4.9 looks
very much like the statement of Lopatinskii-Sapiro condition for (P,, By, B, ¢)
at ¢ in Definition 4.1. Yet, it differs by having py (v, &', §q, 7) that only
depends on the root configuration at ¢ replaced by /{Qﬁ),(g’ ,€4) whose
structure is based on the root configuration at o".

Let m* be the common degree of p} (0", &) and £}, (¢, §4) and m~
be the common degree of p;w(go’, &y) and /ﬁgo,(g’, &) for ¢ € 7. One has
m*™ +m~ =4 and thus m~ > 2 for ¢’ € % since m* < 2.

Invoking the Euclidean division of polynomials, one sees that it is
sufficient to consider polynomials f of degree less than or equal to m™ —
1 < 1in(4.13). Since the degree of b; ,(¢', £4) can be as high as 3 > m*™—1
it however makes sense to consider f of degree less than or equal to m = 3.
Then, the second property in Proposition 4.9 is equivalent to having

{bro(, €60, 7) b, &Y U | {rhu(d €060}

0<¢<3—m*t
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be a complete in the set of polynomials of degree less than or equal to
= 3. Note that this family is made of m' = 6 — m*t = 2+ m~
polynomials.

We now express an inequality that follows from Proposition 4.9 that
will be key in the boundary estimation given in Proposition 5.1 below.

4.5. Symbol positivity at the boundary. The symbols b;,, j = 1,2,
are polynomial in &; of degree k; < 3 and we may thus write them in the
form

jgo Q gd Z gda

with b?sp homogeneous of degree k; — /.
The polynomial &; — /{Qﬁ),(g’, &) is of degree m*™ < 2 for ¢/ € % with
% given by Proposition 4.9. Similarly, we write

Q gd Z K 0 §d>

. ¢ .
with m;)’, homogeneous of degree m™ — £. We introduce

ij%o(gl7£d) ) lf.] = 1727
w0 E0E0 i j =3, m

As explained above, all these polynomials are of degree less than or equal
to three. If we now write

6] QO/ Q fd Z ej 90/ fd,

for j = 1,2 one has € () = b} ,(¢), with £ =0,..., kj and €} ,,(¢') =
0 for £ > k;, and for j =3,...,m/,

€4,0% (9/7 gd) = {

0 if6<j—3,
6?7901(9/) = fi;)’,“g_j(g’) ifl=353-3,...m"+57—-3<m"+m -3,
0 if ¢ >m*+j—3.

In particular 65 Qo,(g’ ) is homogeneous of degree m*™ 4+ j — ¢ — 3. Note
that m™ +m’ — 3 = 3. We thus have the following result.

Lemma 4.10. Set the m' x (m~+1) matriz M(¢') = (M; (') 1<j<m with
0<6<m
M;(0') = €% (0). Then, the second point in Proposition 4.9 states that

7, QO/

M(¢') is of rank m +1 =4 for o € % .
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Recall that m' = m~ + 2 > 4.

We now set

3 3
Zejygo,(g’, z) = Z eﬁ’go,(g’)zg = ZMJ,Z(QI)Zb z = (20,...,23).
£=0 £=0

(4.14)

in agreement with the notation introduced in (2.3) in Section 2.4.2. One
has the following positivity result.

Lemma 4.11. Let the Lopatinskii-Sapiro condition hold at a point o” =
(2°,6Y 79 6%) € 90 x R4~ x [0, +00) x [0, +00) for (P,, By, By, ) and
let % be as given by Proposition 4.9. Then, if o' € % there exists C > 0
such that

i

2
S, o (@ 2)[ > Claffs, 2= (x,...,2) €C".
1

3

J

Proof. In C* define the bilinear form

Z@(Z7 Z/) = Z Z(ijyg()/ (9,7 Z)Zej’gO/ (Q/’ Z,)‘
7j=1

With (4.14) one has
Ys(z,2) = (M()z, M(¢)2) s = ("M ()M (0)2. ) -

As rank "M (¢/)M (¢') = rank M (¢') = 4 by Lemma 4.10 one obtains the
result. O

5. BOUNDARY NORM ESTIMATE UNDER LOPATINSKIT—SAPIRO
CONDITION

Near 2 € 09 we consider two boundary operators B; and B,. As

in Section 4 the associated conjugated operators are denoted by B;
J = 1,2 with respective principal symbols b; ,(z, &, 7).

The main result of this section is the following proposition for the
fourth-order conjugated operator P,,. It is key in the final result of
the present article. It states that all traces are controlled by norms of
B1,pVg,—0+ and By ,v),,—o+ if the Lopatinskii-Sapiro condition holds for
(P> Bl> B2> SO)

P

Proposition 5.1. Let kg > 0. Let 2° € 99, with Q locally given by
{zq > 0}. Assume that (P,, By, By, ) satisfies the Lopatinskii-Sapiro
condition of Definition 4.1 at o = (2°,&',7,0) for all (¢',7,0) € R*! x
[0, 4+00) x [0,400) such that T > kyo.
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Then, there exist W° a neighborhood of 2°, C > 0, 79 > 0 such that

2

| tr(v)‘s,uzr < C(HPCWUHJF + Z ‘Bj7eoled=0+‘7/2_kj77 + ||UH4,—1,T)=
j=1

for o >0, T > max(ry, ko) and v € E, (W?).

The notation of the function space @, (W?) is introduced in (1.6).
For the proof of Proposition 5.1 we start with a microlocal version of
the result.

5.1. A microlocal estimate.

Proposition 5.2. Let k1 > kg > 0. Let 2° € 09Q, with Q locally given
by {xy > 0} and let W be a bounded open neighborhood of x° in R, Let
(€Y, 7%,0% € R x [0,400) x [0,+00) nonvanishing with 7° > k0"
and such that (P,, By, By, ) satisfies the Lopatinskii-Sapiro condition of
Definition 4.1 at o% = (2°,&Y,7°,09).

Then, there exists % a conic neighborhood of 0¥ in W x R4~! x
[0, +00) x [0, +-00) where T > Koo such that if x € ST ., homogeneous of
degree 0 in (&', 7,0) with supp(x) C %, there exist C > 0 and 19 > 0
such that

2

‘tr(OpT(X>U)‘3,1/2,T = <Z|Bysov\xd 0+|7/2 k; LT ||Pcreov||+

j=1
llolly e+ 160y 12 )
for o >0, 7 > max(7y, koo) and v € G (W,.).

Proof. We choose a conic open neighborhood %4 of o according to
Proposition 4.9 and such that % C W x R x [0, +00) x [0, 4+00) .
Assume moreover that 7 > ko in %.

In Section 4.5 we introduced the symbols e; 0 (¢',&q), j=1,...,m =
m~ 42 =6—m?". For a conic set ¥ denote Sy = {¢ = (=, 5’7’0’)6
7 (€ 70)] = 1}, V

Consequence of the Lopatinskii-Sapiro condition holding at oY, by
Lemma 4.11 for all ¢ € Sy, there exists C' > 0 such that

m
Z e, O,Q z) ZC‘Z‘%;, z = (%,...,23) € Ch

Let %4 be a second conic open neighborhood of ¢” such that % C %.
Since Sy, is compact (recall that W is bounded), there exists Cy > 0



36 JEROME LE ROUSSEAU AND EMMANUEL WEND-BENEDO ZONGO

such that

m
Z €, o (0, 2) 200|z|(2c4, z=(z,...,2) € C* e

Introducing the map Nyo' = (z,t&, tr,to), for o = (x,&',7,0) with t =
|(&',7,0)|7! one has
Z € o0 th Z)‘ ZCO|Z|%4a Z:(207"'az3) €C4> Q/E%la

(5.1)

since N;o' € Sz-. Now, for j = 1,2 one has

=0

with e?go,(g’ ) homogeneous of degree k; — ¢, and for 3 < j < m’ one has

e O/ Q Z E 6] QO’ ZZ?

with e? oo (¢") homogeneous of degree m* +j — ¢ —3. We define z’ € C*
by 2 =t""7/%2, £ =0,...,3. One has

kj— .
z:eijO/ (thlu Zl) =1 7/22%’90,(@,7 Z), ] = 17 2’
and
Zej,gol (NtQ,, Z,) — tm++j_13/2zej790/(gl’ Z), ] — 3’ . m/‘

Thus, from (5.1) we deduce
2
mt—j) 2
SRR, () +zf<w/2 IS, ()
7j=1

> Gy Z MNP, (52)

for z = (20,...,23) € C%, and ¢ € %, since t < )\{717 as T 2> o in Y.
We now choose % a conic open neighborhood of ¥, such that % C %.
Let x € S$ be as in the statement and let y € S$ be homogeneous of

degree 0, with supp(¥) C % and ¥ = 1 in a neighborhood of %, and
thus in a neighborhood of supp(y).
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For j = 3,...,m/ one has e; o (0, &q) = f-ajo,(g’,&z) 178 e gm0,
Set IJ; = Op(Xej o). The introduction of ¥ is made such that xe; o is
defined on the whole tangential phase-space. Observe that

!

2
2 2
’%(w> = Z ‘B]}%Ow\xd=0+ |7/2—kj,7' + Z ‘ij\xd=0+‘13/2_m+_]‘ﬂ—

j=1 j—3

7/2—k; mT—j 2
—ZW B Wy, +Z|A“”/2 TEjwje o+,

7j=3

is a boundary quadratic form of type (3,1/2) as in Definition 2.4. From
Proposition 2.6 and (5.2) we have

/

2
| tr(u ‘3 A/20 ~ Z‘ o Ulza= 0*‘7/2 k; T_'_Z |E Uz = 0+|13/2 mt—jr
Jj=1 7=3

+ 62015 r- (5.3)

for u = Opt(x)v and T > Koo chosen sufficiently large.

In %, one can write
Do, = p;@p;@ = /‘{';—ou‘fgom
with Ii;—o, of degree m™ and K o0 of degree m™. In fact we set
(@) =[] (G—xni(),  Fpld) =[] (&—xpi(e),
jeJt jeJ—

with the notation of Section 4.4, thus making the two symbols defined
on the whole tangential phase-space. In %, one has also

ot o
Do, = HQO/ /igo/-
The factor Ko 18 associated with roots with negative imaginary part.

With Lemma A.1 given in Appendix A.1 one has the following microlocal
elliptic estimate

||OpT(X)w||m*,T + ‘ tr(OpT( )U)) m~——1,1/2,7
S 0p1(F ) Opr OO wll, + 1wl —y -
for w € S (RL) and
inequality to w = Opy
OPT(’%E )Op
one obtains
(0D ()0 (E5) 1y S [Pl + ol

ko7 chosen sufficiently large. We apply this
)Jv. Since

T 2K
(R
T(X)Opr(Fg) = Opr(X)Ps, mod W7,
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With [Opr(x), Opr(~ )] € ¥™"=1 one then has
| tr(Opr(Eh)0)],
with u = Opt(x)v as above, using that m* 4+ m~ = 4. Note that
| x(Opr(FHIW,

m~—1

= 3 1DODr oty
=0

i Sl 4 ol 1600 o

j
m/

g Z |Eju|xd:0+|5/2+m*—j,7— —| tl"(U)Iﬂfal:O*|3,—1/2,T>
=3

using that fé/%;fo, = Xej+3,0> in a conic neighborhood of supp(x) and using
that m~ = m/ — 2. We thus obtain

’

Z |Eju|md:0+|13/2_m+_j77— 5 ||P07<PU||+ + ||U||4,—1;r + | tr(U)|3,—1/2,7"
=3

since 13/2 —m™ =5/2 4+ m~. With (5.3) then one finds

2
|tr |3 1/2,1 ~ Z| Sﬁu\xd 0+|7/2 k; 7—+ ||P <PU||++ ||U||4—17‘
j=1

+ | tr('U)|3,—1/2,7"
In addition, observing that
|Bj750u|1‘d=0+|7/2_kj77 5 |Bj,sov\xd=0+‘7/2_kj,-r + |tr(v)‘3,—1/2,-r?
the result of Proposition 5.2 follows. U
5.2. Proof of Proposition 5.1. As mentioned above the proof relies on

a patching procedure of microlocal estimates given by Proposition 5.2.
Let 0 < kj < Ko. We set

M ={(¢,m,0) e R x [0,400) x [0, +00); T > Koo, },
and
S(-ii:nlo = {(51’7_’ U) € Ffli— nloa |(€/a7_a U)| = 1}'

Consider (¢”,7°,06%) € S%,}. Since the Lopatinskii-Sapiro condition
holds at ¢” = (2°,£%, 7% 0°), we can invoke Proposition 5.2:

(1) There exists a conic open neighborhood %, of ¢” in W x R4~ x
[0, 4+00) x [0,4+00) where T > k{0
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(2) For any x,0 € S%T homogeneous of degree 0 supported in %o
the estimate of Proposition 5.2 applies to Opy(x,0)v for 7 >
max (7,0, Koo ).

Without any loss of generality we may choose %o of the form %, =
O, x T, with Oy C W an open neighborhood of 2% and I' o a conic
open neighborhood of (£”,7°,6%) in R x [0, +00) x [0, +00) where
T > KyOo.

Since {2} x Sﬂlr_ﬁlo is compact we can extract a finite covering of it by
open sets of the form of %,». We denote by U, i € I with |I] < o0, such
a finite covering. This is also a finite covering of {z°} x 'Y

Each GZZZ has the form ?ZZ = 0; x I';, with 0; an open neighborhood of
2% and I'; a conic open set in R4 x [0, +00) x [0, +00) where 7 > k{0

We set 0 = M1 0; and % = O x T, 1 € 1.

Let W° be an open neighborhood of 2° such that W° € ¢. The
open sets %; give also an open covering of W0 x Sﬂlr_,,io and WO x Fﬁlr_,,io.
With this second covering we associate a partition of unity x;, ¢ € I, of
WO x Sﬂlr_ﬁlo, where each y; is chosen smooth and homogeneous of degree
one for |(¢',7,0)| > 1, that is:

Z xi(o') =1

iel

for o = (z,&,7,0) in a neighborhood of W0 x Fﬁlr_,,io, and |(¢',1,0)] > 1.

Let u € €, (WY)). Since each x; is in S¥_ and supported in %,
Proposition 5.2 applies:

2
|6 (0pr ()02 < il D Bisptiesot oy - + 1Pl

J=1

lolly 1+ 60 1), (5:4)

for some C; > 0, for ¢ > 0, 7 > max(7;, koo) for some 7; > 0.
Weset Y = 1->_ x;. One has Y € S77° microlocally in a neighborhood
il
of WO x T fl[ﬁlo. Thus, considering the definition of ' er_ﬁlo, if one imposes

T > koo, as we do, then y € 5777 locally in a neighborhood of Wwo.
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For any N € N using that supp(v) C W one has
| tr(v)‘3,1/2,r < Z | tr(OPT(Xi)U>|3,1/2,T + | tr(OpT(x>/U)‘3,1/2,T
icl
S Z | tf(OpT(Xi)U)|3,1/2,r + | tl"(“)|3,—N,r
icl
S Y 1t (Opr(xi)0)lg 1o + 100ls s
icl
Summing estimates (5.4) together for ¢ € I we thus obtain
2

|t0(0) 3107 S D 1BigVivamot b oy, + 1 Pogvll
j=1

+ HU||4,—1,T + | tl"(U)|3,—1/2,T7

for 7 > max(max; 7;, Koo). Therefore, by choosing 7 > koo sufficiently
large one obtains the result of Proposition 5.1. U

6. MICROLOCAL ESTIMATES FOR SECOND-ORDER FACTORS
We recall that P, = A? — 0% = (—A — ¢%)(—A + ¢?) with ¢ > 0. Set
Q) = —A + (=1)/0?; then P, = Q1Q%. We also set Q = —A, that is,
Q=Qp= Q5 ,
The principal symbols of ()2 and () are given by
@ (2,8) =& +r(z,&) + (=1)0” and q(z,¢) = & +r(z,€), (6.1)

respectively. The conjugated operator P, , = €¢"¥P,e” "% reads

Prp=QL Q% with Q) =e*Qle™™.
We set
Q‘g — g, +2( U?SD) and Qa — a,p 2( UySD) 7
)

both formally selfadjoint and such that QZW = @’ +1iQ,. Note that Q,
is independent of o. Their respective principal symbols are

(2, & 7,0) =& — (T0up)?* +r(w,€) + (=1)0* — 7°r (2, dwp),
Qa(x,&,7) = 274040 + 277 (x, &', d ).
Note that @7 and @, take the forms
Q) =Di+ T, Qo = T(0apDa + Dadap) + T, (6.2)
where T7,T, € %, are such that (T7)* = T/ and T, = T,. Naturally,
the principal symbol of ()7 , is

0p(2,8,7) = ql(x,€,7,0) +iga(, &, 7).
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The principal symbol of @ , = €"¥QJe™7% is
@ (0,&,7,0) = (&g +170ap)? +1(2,€) + (~1) 0
— 72 (z, dyp) + 2077 (2, €, dyr o).
As in Section 4.2 we let a; € C be such that
a;j(z,&,1,0)? = (2, & +irdyp) + (=1)70”
r(2,&8) = 71 (2, dop) + 2077 (2, €' dorip) + (—1) 0%,

and Rea; > 0. Note that uniqueness in the choice of ; holds except if
r(x, & +itdyp) + (—1)70? € R7; this lack of uniqueness in that case is
however not an issue in what follows. One has

q§,¢(x, ¢.&4,7) = (Eq+iT04p)* + (2, &, 7, 0)?
= (ﬁd +iTOhp + icy (2, &, T, a))
X (&a + 1100 — icj(z, &, 7,0)).

We recall from (4.4)—(4.5) that we write ¢ (z, &', &, 7) = (Ea—75,1) (Ea—
7Tj72) with

mi1 = —i10qp — iay(x, &, 7,0) and w0 = —iTO4p + iy (x, &, T, 0).

The roots 7, k = 1,2 are functions of z,¢’, 7 and o.

We denote by B a boundary operator of order k that takes the form
B(z,D) = B*(z,D') + B*(x, D") Dy,

with B*(z, D") and B*~!(z, D') tangential differential operators of order
k and k — 1 respectively. The boundary operator B(x, D) has b(x,§) =
W (z, &) + vFY(z, &)€y for principal symbol. The conjugate boundary
operator B, = e"¥Be™ "% is then given by

By(x,D,7) = BE(x,D',7) + BE (%, D', 7)(Dy + iT04¢)
= Bl(x,D',7) + BY (2, D', 7) Dy,

with BZZ(ZL’,D/,T) = BZZ(:I:,D’,T) + iTBg_l(x,D’,T)ﬁdgo. The principal
symbol of B, (z, D, T) is

by(z,&,7) = ¥ (2, &, 7) + 057 (2,6, 7)&a,

where 0! (2, €, 7) is homogeneous of degree k—1 in At - and E’;(x, ¢T) =
b’;(:c, &)+ in’;_l(:c, €', 7)0asp is homogeneous of degree k in At ;.
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6.1. Sub-ellipticity. Set

Gs(2,6,7) = & + r(2,€) = (100p)* = r(x, Tdwp) = [€]; — |Tdel;,
where [£]2 = &5 + r(2,&). One has ¢ = ¢, + (—1)’0®. Observe that
{¢d, 4a} = {¢s: a}-
Definition 6.1 (Sub-ellipticity). Let W be a bounded open subset of R?

and p € €°°(W) such that |d,¢| > 0. Let j =1 or 2. We say that the
couple (@7, ) satisfies the sub-ellipticity condition in W if there exist
C' > 0 and 79 > 0 such that for ¢ > 0

V(z,6) e W x R4, 7> 1o,
@ (2,6,7) = 0= {q],qa} (2,6, 7) = {5, gu} (2,6, 7) > C > 0.

Remark 6.2. Note that with homogeneity the sub-ellipticity property
also reads

V(2,§) e W xR, 7210, ¢ ,(2.6,7) =0={q, qu}(x,§,7) > OAL.

Proposition 6.3. Let W be a bounded open subset of R and ¢ €
€= (R?) such that ¢ > 0 and |dp| > C > 0 on W. Let 79 > 0. Then,
there exists vo > 1 such that (QZ, ) satisfies the sub-ellipticity condition
on W for T > 1o0 for o = e, with v > vy, for both j = 1 and 2.

Proof. We note that |d,¢(x)| # 0.
The proof is slightly different whether one considers the symbol q;ﬁp
or the symbol ¢Z .

Case 1: proof for g . Assume that ¢, , = 0. Thus [{|3—|7dp[;—0® =

0 implying |£| ~ 0 + yT¢. On the one hand by Lemma 3.55 in [34], one
has

{40 0} 0,6,7) = 720 00 ((H ()2 + 47 (e, 4 (2))?)
+ (0 o T s hw, 5,7, (63

with f = £/(v¢), and where H, denotes the Hamiltonian vector field
associated with the symbol ¢ as defined in (6.1). Here, g, denotes the
principal symbol of e™¥Qe~"?, that is,

@ (.8, 7) = q(x,§ + itde ) (2))
= (& + im0s0(2))? + r(x, & +ird(z)).
On the other hand, one has (H,(x, 8))* + 47%q(x, d(x))* 2 7% and

since %{@, ¢y}, B, 7) is homogeneous of degree 3 in (3, 7), we obtain

{as, 0.} = Cy(y79)® = C'(vro + |Blve)® = Cy7® — C"(7 + [€])?,
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with 7 = y7¢. Yet, one has || ~ o + 7 implying
{¢s, ¢} > Cy7* = C" (7 + [€])? > Cv7* — CW (7 + o).
Since ¢» > 0 and 7 > 1 one has ¢ > 1 implying 70 < 7 < 7 and thus

{QS> Qa}(za 5, 7_) > %3(C7 - 0(5))

It follows that for v chosen sufficiently large one finds {g¢s, ¢, } (x, &, 7) >
C>0.
Case 2: proof for g2 . Assume that g7, = 0. Then [{[2 + 0? =

|7dp|? implying €| + o ~ T|dp| ~ 7. The same computation as in Case 1
gives

{05 0a}(2,6,7) 2 CyF = C'(7 + [¢])
Here [¢| + 7 < 7 yielding
{46 @a} (2, €, 7) > (Cy = C")7°.
The remaining part of the proof is the same. O

Lemma 6.4. Let j = 1 or 2. Let (Q7, ) have the sub-ellipticity property
of Definition 6.1 in W. For > 0 one sets t(0) = u((¢?)* + ¢2)(0) +
¢, qa}(0) with 0 = (x,&,7,0) € W x R% x [0,00) x [0,00). Let 79 > 0.
Then, for u chosen sufficiently large and T > 190 one has t(o) > CAL for
some C' > 0.

The proof of Lemma 6.4 uses the following lemma.

Lemma 6.5. Consider two continuous functions, f and g, defined in a
compact set £, and assume that f > 0 and moreover

fly) =0=g(y) >0 foral yeX£.

Setting h, = pf + g, we have h, > C > 0 for u > 0 chosen sufficiently
large.

Proof of Lemma 6.4. Consider the compact set
&L ={(z.&m0) x W, [gf +7"+0" =1, 7 > mo}.

Applying the result of Lemma 6.5 to t(p) on .Z with f = (¢7)* + ¢ and
g = 1{¢, q.} we find for ¢(9) > C on £ for some C > 0 for p chosen
sufficiently large. Since (o) is homogeneous of degree 4 in the variables
(&,7,0) it follows that t(0) > C(0? + 72 + [£]?)? = AL O
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6.2. Lopatinskii-Sapiro condition for the second-order factors.
Above, in Section 4, the Lopatinskii-Sapiro condition is addressed for
the fourth-order operator P, . Here, we consider the two second-order
factors Q7 .

With the roots 7;1 and ;5 defined in (4.4)—(4.5) one sets

qf,j:;(x, 5/7 gdv T) = H (gd - ﬂ-ij(x? 5/7 T, U)) :
Tm ;1 >0
k=12
Definition 6.6. Let j = 1,2. Let x € 010, with Q locally given by
{zq > 0}. Let (¢,7,0) € R¥! x [0,+00) x [0,+00) with (¢/,7,0) # 0.
One says that the Lopatinskii-Sapiro condition holds for (Q7, B, ¢) at
o = (z,&,7,0) if for any polynomial f(&;) with complex coefficients
there exist ¢ € C and a polynomial ¢(¢;) with complex coefficients such
that, for all £, € C

f(gd) = Cb<p (l’, 5,7 gda 7_) + E(gd)qg:; (l’, 5/’ §d> T)' (64)

Remark 6.7. With the Euclidean division of polynomials, we see that
it suffices to consider the polynomial f(&;) to be of degree less than that
of qg::g(:)s,f’,gd, 7) in (6.4). Thus, in any case, the degree of f(&;) can be
chosen less than or equal to one.

Lemma 6.8. Let j = 1 or 2. Let v € 0Q and (¢',7,0) € R x
[0, +00) X [0, +00) with (&', 7,0) # 0. The Lopatinskii-Sapiro condition
holds for (Q2, B, ) at (x,&',7,0) if and only if

(1) either @i, &a 1) =15
(2) or ¢t (x,&',&a,7) = &g — 7 and by(z, &', w,7) # 0.

P’f’OOf. It qg—’,; (l’, g/a §d> T) = (gd_ﬁj,l(za 5/7 T, U)) (gd_ﬂj72(za 5/7 T, U))? that
is, both roots m;1(z,&',7,0) and m;(z, &, 7,0) are in the upper com-
plex half-plane, then condition (6.4) cannot hold, since by Remark 6.7 it
means that the vector space of polynomials of degree less than or equal
to one would be generated by the single polynomial b, (z, £, &4, 7).
Suppose that q{,'::g(x, ', &4, T) = & —  that is one the root 7 (z, &', 7,0)
and 7;o(z, £, 7,0) has a nonnegative imaginary part and the other root
has a negative imaginary part. Then, the Lopatinskii-Sapiro condi-
tion holds at (z,&',0,7) if for any f(&;), the polynomial £; — f(&4) —
cby(z, &', &4, 7) admits 7 as a root for some ¢ € C. A necessary and suffi-
cient condition is then b,(x,&', (s =7, 1) # 0.

Finally if ¢2% (2, &', &, 7) = 1, that is, both roots 7;,(x,&’,7,0) and
mio(x, &, 7,0) lie in the lower complex half-plane, then condition (6.4)
trivially holds. O
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6.3. Microlocal estimates. Here, for j = 1 or 2, we establish esti-
mates for the operator ()7 in a microlocal neighborhood of point at the
boundary where (Q7, B, ¢) satisfies the Lopatinskii-Sapiro condition (af-
ter conjugaison) of Definition 6.6.

The quality of the estimation depends on the position of the roots. We
shall assume that d;0 > 0. Thus, from the form of the roots m;; and
mjo given in (4.4)-(4.5), the root m;; always lies in the lower complex
half-plane. The sign of Im ;9 may however vary. Three cases can thus
occur:

(1) The root ;5 at the considered point lies in the upper complex
half-plane.
2) The root ;5 at the considered point is real.
]7
3) The root 7;5 at the considered point lies in the lower complex
]7
half-plane.

Proposition 6.9. Let j =1 or 2 and k1 > ko > 0. Let 2° € 09, with Q
locally given by {xy > 0} and let W be a bounded open neighborhood of
2% in RY. Let o be such that gp > C > 0 in W and such that (QL, p)
satisfies the sub-ellipticity condition in W. Let ¢ = (2°,&%,7°, 0°) with
(€Y 79, 6% € R4 x [0, +00) X [0, +00) nonvanishing with ° > k10° and
such that (QJ., B, @) satisfies the Lopatinskii-Sapiro condition of Defini-
tion 6.6 at o".

(1) Assume that Im7;9(0") > 0. Then, there exists % a conic neigh-
borhood of ¢ in W x R¥! x [0, +00) x [0, +00) where T > Koo
such that if x € S%T, homogeneous of degree 0 in (¢, 1, 0) with
supp(x) C %, there exist C' > 0 and 19 > 0 such that

10pr(X)vlls - + [ tr(Opr(X) V)1 12,7
< C(||Qz',gov||+ + |B¢U\$d=0+|3/2_kﬂ— + HU||2,—1,7—)7 (65)

for o >0, 7 > max(7, koo) and v € €. (W,).

(2) Assume that Im7;2(0") = 0. Then, there exists % a conic neigh-
borhood of o” in W x R x [0, +00) x [0, +00) where T > koo
such that if x € S{.., homogeneous of degree 0 in (¢',7,0) with
supp(x) C %, there exist C' > 0 and 19 > 0 such that

720D ()]l + (0P ()10
S C(HQ(J;M'UH_‘_ + |Bsﬁv\xd=0+|3/2_k7—r + ||’U||2,—1,7')’ (66)

for o >0, 7> max(ry, keo) and v € €, (W).

(3) Assume that Im7;2(0™) < 0. Then, there exists % a conic neigh-
borhood of ¢ in W x R¥! x [0, +00) x [0, +00) where T > koo
such that if x € S%T, homogeneous of degree 0 in (¢, 1, 0) with
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supp(x) C %, there exist C' > 0 and 19 > 0 such that
10pr (0)vlly,- + [tr(Opr (X)) 10, < CUIQS I, + 0l 1), (67)
for o >0, 7> max(ry, keo) and v € €, (Wy).
The notation of the function space &, (W, ) is introduced in (1.6).

6.3.1. Case (i): one root lying in the upper complex half-plane. One has
Im 7 5(0”) > 0 and Im 7, 1(0”) < 0.

Since the Lopatinskii-Sapiro condition holds for (Q7, B, ¢) at ¢”, by
Lemma 6.8 one has

bgo(xoa 50/’ gd = Wj,Q(QOI)a 7_0) = b(zoa 50, + 'éTde’go(xo% za](QOI)) 7£ 0.

As the roots 7; 1 and 7; 5 are locally smooth with respect to ¢ = (z,¢', 7, 0)
and homogeneous of degree one in (¢/, 7, 0), there exists % a conic neigh-
borhood of ¢¥ in W ><_1Rd‘1 X [0, +00) x [0,400) and C; > 0, Cy > 0
such that Sz = {¢' € %Z;|¢'|* + 7* + 0% = 1} is compact and
T > koo, Imm;o(0') > Codr,, and Imm; (o) < —Cidr,
and
bgo(xv 5/7 gd = 7Tj72(Q/), T) # 07 (68)

if o = (2,8, 71,0)€U.

We let x € 57, and x € S7. be homogeneous of degree zero in
the variable (¢, 7,0) and be such that supp(y) C % and Y = 1 on a

neighborhood of supp(x). From the smoothness and the homogeneity of
the roots, one has xm; € St ,, k = 1,2. We set

Ly =Dy — Opy(xX7j2) and Ly = Dy — Op(X7j1).
The proof of Estimate (6.5) is based on three lemmata that we now
list. Their proofs are given at the end of this section.
The following lemma provides an estimate for L, and boundary traces.

Lemma 6.10. There exist C > 0 and 79 > 0 such that for any N € N,
there exists Cy > 0 such that

}tr (Opr(x)w) }171/2,7 < C(}BSDOPT(X)“’\%:O* ‘3/2—k,r
+ }L2OPT(X>w|{Ed:0+ }1/2,7’) + CN‘ tr(w)|1,—N,T7
for T > max(7, koo) and w € . (RL).

The proof of Lemma 6.10 relies on the Lopatinskii-Sapiro condition.
The following lemma gives an estimate for L;.
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Lemma 6.11. Let y € S%T, homogeneous of degree 0, be such that
supp(x) C % and s € R. There exist C > 0, 19 > 0 and N € N such
that
0P (X)wllys.- + 10PT O Wiag=0+ 441 o,
< C(IL10pr (0wl - + 0o )
for w e L (RL) and T > max(1y, koo ).

The proof of Lemma 6.11 is based on a multiplier method and relies
on the fact that the root m;; that appears in the principal symbol of L,
lies in the lower complex half-plane.

The following lemma gives an estimate for Ls.

Lemma 6.12. Let xy € S%T, homogeneous of degree 0, be such that
supp(x) C Z and s € R. There exist C > 0, 19 > 0 and N € N such
that

HOpT(X)le,Sﬂ' < C(HLQOPT(X)UJHO,S,T + ‘OPT(X>w|SL‘d:0+|S+1/2’T
+ ||w||07—N,7')’
forw e F(RL) and T > max(ry, koo ).
Note that this estimate is weaker than that of Lemma 6.11

Observing that
L10Opt(x)La = Opr(x)L1Ly; mod WLP
= Opr(x) fW mod W17,
and applying Lemma 6.11 to w = Lov with s = 0, one obtains

HOpT(X)IQUHLT + ‘OPT(X)L2U\96¢=0+|1/2,T
S 121 Opr(x) Lavll, + [|vlly _n-
SRl + (ol

for 7 > koo chosen sufficiently large. We set u = Opy(x)v, and using
the trace inequality

oo |y S ol wE F(RL) and s >0,
we have
[ Loully ; + [Lotipe =0t |, o, S [[0PT(X) L2v]ly - + [OPr(X) LoVjs =0t |, 5
el + agmot]y o,
S 10pr () Lavlly - + |Opr(X) Laviag=0t |, .,
+ vl -
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Therefore, we obtain
[ Laully - + |Loups,=ot |y 5 S NQ5 I+ V]l -
With Lemma 6.10, one has the estimate
0@y, + Lol S [Botingor gy + 105 01l + llolly
for 7 > koo chosen sufficiently large using the following trace inequality
| tr(w)l,, 5 S w1 o100 we SR andmeN, seR.
With Lemma 6.12 for s = 1 one obtains
HUHLI,T + ‘ tr(u”l,l/gﬂ— + HL2UHLT
5 |B@u|xd:0+|3/2_k7q— + HQgr,goUH_,_ + ||UH2,—1,7—7
for 7 > kgo chosen sufficiently large. Finally, we write
[Daully ; < || Loull, . + |Opr(Xmj2)ull, , S [ Laully , + lully ;-
yielding
||u||2;r + ‘ tr(u)‘lvl/w 5 |B¢u|md=0+|3/2_k7—r + ||Q{7,<pv||+ + ||U||2,—1,T'
As u = Op+(x)v, with a commutator argument we obtain
|B<pu\xd=0+|3/2_k77_ S |B<pv|md=0+|3/2_k77- + | tr(U)|1,—1/2,T
5 ‘B@U|md:0+‘3/2_k77— + ||UH2,—1,T'

yielding (6.5) and thus concluding the proof of Proposition 6.9 in Case (i).
[

We now provide the proofs the three key lemmata used above.
Proof of Lemma 6.10. Set
T(w) = |wa|xd=0+|§/2—k,r + |L2w|xd=0+|?/2,r
= |A?}{i_k3¢w‘xd:0+|z + |A'1|'/772-L2w\xd:0+|2‘

This is a boundary differential quadratic form of type (1,1/2) in the sense
of Definition 2.4. The associated bilinear symbol is given by

Yr(d,2z,2') = )\?{fk ((A)ZZ(:C, & 1)z
+ bl;_l(x> gla 7—)Zl) (8$(Ia 5,7 7)26 + @(1” 5,7 7)21)
+ A7 (21 — X752(0) 20) (2] — X7j2(0') 2))
with z = (29, 21) € C? and 2z’ = (2, 2;) € C?, yielding
Yr(0,z,2) = )\?{T%‘ZA)Z(:E, & )z + bl;_l(:z, f/,T)zl}z

+ )\T,T‘Zl — )~(7Tj’2(Q/>Zo‘2.



49
One has Y7(¢',2,2z) > 0. For z # (0,0) if X7(¢',2,2) = 0 then
21 = Xmj(0) 20,
b];(.l’, 5/, T)ZO + blfo_l(l’, 5/, T)Zl = 0,
implying that zy # 0 and
bgo (l’, §,>€d = >~<7Tj,2(9/), 7-) = Bl;(x>€/a 7-) + b];_l(za 5,,7))277']'72(9,) = 0.

Let 24 C % be a conic open set such that supp(x) C %4 and Y = 1 in
a conic neighborhood of %4. Then, for ¢’ € %, one has

bgp (l’, 5,7 gd = Xﬁj,Q(Q/% 7-) = bcp (ZIZ’, gla gd = Wj,?(gl)a 7-) 7é 07
by (6.8). From the homogeneity of bi‘l(zf’,f) and E';(x,g’,T) in ¢, it
follows that there exists some C' > 0 such that
Yr(d,z,2) > C()\?’r77|zo\2 + )\T,T|Zl|2),

if o' € %,. The result of Lemma 6.10 thus follows from Proposition 2.6,
having in mind what is exposed in Section 2.5 since we have 7 > kg0
here. 0

Proof of Lemma 6.11. We let v = Opy(x)w. Performing an integration
by parts, one has

2Re (Lyu, iA%fjlu)+ = 2Re ((Dq — Opr(Xm;1))u, iA%fjlu)+
= Re (Z (A%TOPT(XW]‘J) - OPT(S(WJ,I)*A#,T)% U)+
+ Re(A%‘filuud:m, U|xd:0+)a.

2

25+1 —
Note that Re(ATJ U|z =0+ u|xd:0+)a = |u|xd:0+ |s+1/277_.

Next, the operator i(A%‘filOpT(iﬁj,l) - OpT(X']TjJ)*A?rS’j__l) has the fol-
lowing real principal symbol
I(¢) = —2Imm; ()T

and since Im ;1 (o) < —CiA1» < 0in % one obtains ¥(¢') 2 A3 in % .
Since 7% is neighborhood of supp(x), the microlocal Garding inequality

of Theorem 2.49 in [31] (the proof adapts to the case with parameter o
as explained in Section 2.5 since o < 7) yields
. S 2 S 2 2
2Re (Lyu, zA%flu)Jr > |u|xd:0+\s+1/277 + C’HATJleu||Jr — Cnllwll_yrs

for 7 > koo chosen sufficiently large. With the Young inequality one
obtains

. 1 2 2
(Lo i34 0) | S LI Lol + <Al
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which yields for € chosen sufficiently small,

|u|md=0+|5+1/277 + HUHO75+1,T 5 HLluHO,s,T + ||wHO7—N7T' (69)
Finally, we write
[1Daullo - < 1wl + [0Opr Oemyn)ully s S WEaullo s + 1llooprr-

(6.10)
Putting together (6.9) and (6.10), the result of Lemma 6.11 follows. [

Proof of Lemma 6.12. We let u = Opy(x)w. Performing an integration
by parts, one has
2Re (Lou, —iATH ),
= 2Re ((D4 — Opr(X7)2))u, —z'/\-zl-s,:flu)Jr
= Re (i(Opr(x7j2) "At, — ATT Opr(Xj2) ) u, u)
- Re(A?rf:flu‘xd:m, Ujg =0+ )d-

2541 _ 2
Note that Re(ATJ U|z =0+ u|xd:0+)a = |u|xd:0+ |s+1/277_.

Next, the operator i (Opr(Y7).2)*A¥ T — AP Opy(X7)2)) has the fol-
lowing real principal symbol
I(¢) = 2Tmm;2(0) AT

and since Im 7;5(¢") > CoAt, > 0 in % one obtains J(¢’) 2 )\-zl-s,:fQ in % .
Since 7% is neighborhood of supp(x), the microlocal Garding inequality
of Theorem 2.49 in [31] (the proof adapts to the case with parameter o
as explained in Section 2.5 since o < 7) yields

. 2 2 2
2Re (Lgu, zA?rfi'lu)+ Z —|U|md:0+|8+1/2’T + C||A§r—j—rlu||+ - CNHwHQ—N,—r’

for 7 > koo chosen sufficiently large. The end of the proof is then similar
to that of Lemma 6.11. O

6.3.2. Case (ii): one real root. One has Im7;2(0”) = 0 and Im 7; 1 (o) <
0.

Since the Lopatinskii-Sapiro condition holds for (Q7, B, ) at o%, by
Lemma 6.8 one has

bgo(xoa 50/7 gd = Wj,?(g(]/)a TO) = b(xov 50/ + iTOdw’gp(xO)v Za](Q0/>) # 0.
As theroots 7;; and 7, o are locally smooth with respect to ¢’ = (x,&', 7, 0)
and homogeneous of degree one in (£, 7, o), there exists % a conic neigh-
borhood of ¢ in W x R x [0,400) x [0,+00) and Cy > 0, Cy > 0
such that Sy, = {0 € %Z;|¢'|* + 7° + 0% = 1} is compact and

T > koo, mia(e) # mia(),
Im7;o(0') > —CoAr,, and Imm;q(0) < —CiAr,
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and

b@(llf, 6/7 gd = Wj,?(gl)a 7-) 7é 07 (611)
if o = (x,¢',7,0) €U .

We let x € S7_ and ¥ € S7, be homogeneous of degree zero in
the variable (¢, 7,0) and be such that supp(x) C % and x = 1 on
supp(x). From the smoothness and the homogeneity of the roots, one
has X7, € St ., k =1,2. We set

Ly =Dy — Opy(x7mj2) and Ly = Dy — Op(X7j1).
Lemma 6.10 and Lemma 6.11 also apply in Case (ii) and we shall use

them. In addition to these two lemmata we shall need the following
lemma.

Lemma 6.13. There exist C' > 0, 19 > 0 such that
Tl < C(1Q5wll, + [ tr(w)l 1, ),
for 7 > max (7o, koo) and w € €. (W),

Proving Lemma 6.13 is fairly classical, based on writing Q{W = Q! +

i@, and on an expansion of ’|Qg,<pw||i and some integration by parts. We
provide the details in the proof below as the occurence of the parameter
o is not that classical. Lemma 6.13 expresses the loss of a half-derivative
if one root, here 7; 9, is real.
Observing that
LiOpr(x)L2 = Opr(x)L1Ly mod \Ifi’o
= Opr(\)@Y, mod V2,

and applying Lemma 6.11 to w = Lov, one obtains

10p7 00 LaVizy=0t |y o, S 1aOpr () Lovlly + [lvlly, _x -
S 1@l + vl

for 7 > koo chosen sufficiently large. We set u = Opy(x)v, and using
the trace inequality

|w|$d=0+|57.r S ||w||s+l/2,7'7 w e ?(Ri) and s > Oa
we have
‘L2u‘$d:0+‘1/277— 5 |OpT(X)L2U|$d=0+ ‘1/2,7— + ‘U|$d=0Jr |1/2,7—
< 10D (0 LV |y, + 0]
Therefore, we obtain

|L2u|md=0+|1/277- S ||Q(];,gpv||+ + ||’U||177"
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On the one hand, together with Lemma 6.10, one has the estimate
()] 1o S 1Bttt yjo e+ 1@l 0l e (612)
for 7 > Koo chosen sufficiently large using the following trace inequality
| t0(w0)]or SN0l i1 617200 we L(RY) and m €N, s eR.
On the other hand, with Lemma 6.13 one has
T2 ull,, S Q4 ull, + | tx(w)],

again for 7 > kgo chosen sufficiently large and since [Qfﬁ, Op+(x)] € WLO
one finds

o2 2,7 ~ <‘7,4p 1,7 1,1/2,7> :
T2 ully, SNQL 0N, + llolly, + [ tr(u)] (6.13)

Now, with £ > 0 chosen sufficiently small one computes (6.12)+¢ x (6.13)
and obtains

7'_1/2||u||2,r + |tr(u)|171/2; S ||er,g0UH+ + ‘B<Pu‘xd=0+‘3/2_k,7— + ||UH2,—1,T'
As u = Op1(x)v, with a commutator argument we obtain
‘Bapu\:vd=0+‘3/2_k77- rS ‘B¢U|md=0+‘3/2_k77 + ‘ tr(v>|1,—1/2;r
5 ‘B@U|md:0+‘3/2_k77— + ||UH2,—1,T'

yielding (6.6) and thus concluding the proof of Proposition 6.9 in Case (ii).
0J

We now provide a proof of Lemma 6.13.
Proof of Lemma 6.13. We recall that wa = Q! +iQ,, yielding
1% pwll’, = 11Q%w} + Quw|} +2Re(Qlw, iQuw)s.  (6.14)
With the integration by parts formula
(f; Dag)+ = (Daf, 9)+ — i( flzg=0+: Glzg=o0+)o;
and the forms of @7 and @, given in (6.2) one has
(.fa Qgg)-i- = (nga 9)+ - i(f\xd:0+> Ddg|md:0+)8 - i(Ddf|md:0+> g\xd:0+)8a

and
(fa Qag)-i- = (Qaf> g)-i- - 27i(8d¢f|md:0+ag|md:0+)8a
yiedling
(Qawa ng)-i- = (QgQawa w)-i— - i(Qaw\xd=0+a delxd=0+)8
— i(DgQaWiz,=0+ , Wiz,=0+ )0
(QIw, Quw) 4 = (QuQlw, w) s+ — 2iT(DgpQlw|y,—0+, Wiz =0+ )o-
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This gives
2Re(Qw,iQqw); = i([Q7, Qulw, w), + TA(w), (6.15)
with
A(w) = 77H(Qaw, Daw)o + 77 ((DaQa — 27009 Q))w, w) . (6.16)
We have the following lemma adapted from Lemma 3.25 in [31].

Lemma 6.14. The operators Q, € 72" and DyQ, — 270,0Q% € 22 can
be cast in the following forms

Qo = 27040D 4 + 27(x, D', 7dyp) mod 727,
and
DaQa — 27040Q)}
= —27040(R(z, D) + (=1 0” — (10ap)* — r(z, Tdyp))
+ 27(z, D', 7dy)Dg  mod T¥LO,
With this lemma we find
A(w) = 2(0qpDaw |z =0+, Dawz,—o+ )o
+ 2(7(z, D', dy )W)y =0+ , Dawiz,=0+ )
+2 (f(:z, D', dyp) Dgw|y,—o+, w|md:0+)8
— 2(8d<p(R(x, D) + (—1)ja2)w‘xd:0+, w\wd=0+)a
+ 2(8d<p((7'8dg0)2 + r(z, Tdmrgo))w‘xd:m, uqxd:m)a
+ (Op(co) Wiz =0+, Dawiz,—0+)a

+ ((Op(&o)Dd + Op(cl))w|xd:0+, U)‘xd:0+)a, (617)
with Op(co), Op(éo) € 2° and Op(c1) € Zq .. Observe that one has
[Aw)] S [tr(w)ff - (6.18)

From (6.14) and (6.15) one writes

1Q7 Jwl, + 7l tr(w)lf o, 2 Q2w + [Qawll} + Re(i[Q%, Qaw, w).
(6.19)

We now use the following lemma whose proof is given below.

Lemma 6.15. There exists C,C" > 0, u > 0 and 79 > 0 such that

. 2 . .
p(1Qiwlly +11Quwll}) + 7 Re(i[Q, Qulw, w) 4
2 2
> CHszT - tr(w)‘1,1/2,77

for T > max (7o, koo) and w € €. (W)
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Let 11 > 0 be as in Lemma 6.15 and let 7 > 0 be such that ur=! < 1.
From (6.19) one then writes

; 2 2
1@l + 7l tr(w)li,

27 (r(IQwll + 1Quwl2) +im(Q) Qulw,w),. ).

which with Lemma 6.15 yields the result of Lemma 6.13 using that
al tr(w)|170’T < | tr(w)|171/2;. O

Proof of Lemma 6.15. One has [Q?, Q,] € TZ?. Writing
7 Re (i[@Q?, Qa]w,w)+ = Re (i77'[Q", Qa]w,’7'2’LU)+ ,

it can be seen as a interior differential quadratic form of type (2,0) as in
Definition 2.1. Therefore

. 2 2 . .
T(’UJ) = M(||ng’|+ _'_ ||QawH+) + TRe (Z[ ?97 Qa]wa w)+
is also an interior differential quadratic form of this type with principal
symbol given by
t(o) = ula) (0 + 7{¢l, @} (0), o= (z,&7,0).
Let 79 > 0. By Lemma 6.4, the sub-ellipticity property of (@7, ) implies
t(o) 2 A4, 0 €W x R x [0, +00) x [0, +00), T > 7y0,
for ;> 0 chosen sufficiently large. The Garding inequality of proposi-
tion 2.3 yields
T(w) = Cllwlls,, — C'| tr(w)f 12,7+

for some C,C” > 0 and for 7 > Koo chosen sufficiently large. O
6.3.3. Case (iii): both roots lying in the lower complex half-plane. The
result in the present case is a simple consequence of the general result
given in Lemma A.1 whose proof can be found in [¢]. In the second order
case however, the proof does not require the same level of technicality.

One has Im7;(¢%) < 0 and Im7;2(0”) < 0. As the roots m;; and
;2 depend continuously on the variable o' = (x,&’, 7, 0), there exists %
a conic open neighborhood of ¢” in W x R%~! x [0, +00) x [0, +00) and
Co > 0 such that

T > koo, Imm;(0) < —Codr,, and Imm;s(o) < —Colrs,

if o = (2,¢,71,0) € ¥.

Let x € ST, be as in the statement of Proposition 6.9 and set u =
Opr(x)v. _ ,

We recall that @7 , = Q% +1Q,, yielding

; 2 i 2 i .
19 ull, = 1Q2ully + | Quullt + 2 Re(Qu, iQqu) .
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We set L(u) = ||Q§u||i+||@au||i This is an interior differential quadratic
form in the sense of Definition 2.1. Its principal symbol is given by

(o) = (@)(0)° +al0)?®, o= (x,670).
For ¢ € (0,1) we write
2 .
||Qﬁwu||Jr > eL(u) + 2Re(Qlu, iQqu) . (6.20)
For concision we write o = (¢/, &) with o' = (x,&,7,0). The set
L ={o=(d6);d €U, &a€R, and [’ + 7% + 0% =1}

is compact recalling that 1 is bounded. On % one has |¢] (0)] > C > 0.
By homogeneity one has

42 (o) Z A2, €U, &eR, if 7> 1o, (6.21)
for some 7y > 0. Therefore
0(0) = A, e, & eR, if > 0. (6.22)
By the Garding inequality of Proposition 2.2 one obtains
ReL(u) = Cllul, — Cltr(y — Onlol_y,e  (623)

for 7 > Koo chosen sufficiently large.
From the proof of Lemma 6.13 one has

2Re(Qlu,iQqu); = i([Q), Qulu, u), + TA(u) (6.24)

with the boundary quadratic form A given in (6.16)—(6.17).
On the one hand, one has [Q?, Q,] € TZ? and therefore

| Re([ ga Qa]u>u)+| 5 THUH;—LT 5 7_1”””3,7‘ (625)

On the other hand, we have the following lemma that provides a microlo-
cal positivity property for the boundary quadratic form A. A proof is
given below.

Lemma 6.16. There exist C,Cy and 19 > 0 such that
TReA(u) > Ol te(u)[] ), — On| (V)] _y,.  for u=Opr(x)v,
for T > max(7y, Koo).
With (6.24)—(6.25), and Lemma 6.16 one obtains
2Re(Qlu, iQuu)+ > Cltr(u)[ o, — C'7Hlully, — Cultr()l} _y,,

2 — 2 2
> Cltr(u)ly 1, — C'm7 ull;, = Cillvlls
(6.26)

with a trace inequality, for 7 > koo chosen sufficiently large.



56 JEROME LE ROUSSEAU AND EMMANUEL WEND-BENEDO ZONGO
With (6.20), (6.23), and (6.26) one obtains
1Q3pull’. > Clully, = C'el tr(w)l3 5 — Cwellolly .,
+ Clee()[} 15, — C'r M ully , = CllI e

With e chosen sufficiently small and 7 > ko sufficiently large one obtains
for any N € N

lully,r + Ttr(u)ly g, S 1Q7ull, + 0l y-

With a commutator argument, as u = Opy(x)v one finds ||er,¢u||+ <
HQ{“WUH_F + |lvlly_;., yielding estimate (6.7) and thus concluding the
proof of Proposition 6.9 in Case (iii). O

Proof of Lemma 6.16. With (6.17) one sees that it suffices to consider
the following boundary quadratic form

A(w) = 2(84p Dgt|y=o+ , Dat}s,=0+)a
+ 2(7(2, D', dprp)Wig =0+ » Dagtjzy—o+ ) o
+2(7(x, D', dyrp) Dawye o+, Wiay=o+ )
—2(0ap (R(x, D) + (1) 0%) Wm0+, Wiay=0+ )
+ 2(8dg0((7'8d<p)2 + r(z, Tdmrgo))w|xd:0+, w|xd:0+)a,

in place of A. It is of type (1,0) in the sense of Definition 2.4. Its
principal symbol is given by ag(¢, €4, &) = (1,€1)A(0') 1(1, &) with

/ All(@) T(.C(I,gl, I’(p)\w =0+
Ay =2(., . =)
(g ) <7’($, 5 ) dw’gp)\wd=0+ adgp\xd:0+

where
An(d) = = (0ap) (r(z, &) + (=1) 0" — (T0ap)* — r(w, 7dw)) , -

with o' = (z,&’,7,0). The associated bilinear symbol introduced in (2.4)
is given by

Yuld,z,7) =2zA(d)'Z, z=(2,2)e€C? 7z = (20,21) € C?.

One computes

det A(¢) = =4((0up) (r(@,€) + (-1V 0* = (r0up)?
- ’I“(ZL’, de’@)) + ’F(ZL’, 5/’ dx’§0)2>

With Lemma 4.3 one sees that Im 7 5 < 0 is equivalent to having det A(¢") >
0. We thus have

det A(¢') > C >0, for ¢ = (x,&,7,0) €Sy,

|zg=07T
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with S = {0 € %; & € R, [|> + 72 + 02 = 1} since Sy is compact.
Since 04¢|z,—0+ > C' > 0 then one finds that

Re ¥ 4(0,2,2) > O|z]* + |21]?),
Q, = (xuglvTv J) € @7 |(£/77—7 O-)‘ =L

By homogeneity one obtains

ReXa(d,2.2) = OO, |l” + |21*).
J=@¢ro)e, | o)=L

With Proposition 2.6, having in mind what is exposed in Section 2.5 since
we have 7 > koo here, one obtains

Re A(u) > O tr(u)|ioﬁ — Cy| tr(v)ﬁ’_N’T, for u = Op+(x)v,

for 7 > koo chosen sufficiently large.
Here, we have Im 7,5 < 0 and thus |¢/| < 7 by Lemma 4.6. Thus one
has

2 2 2
7| t1"(U)|1,0,r 2 |t1"(u)|1,1/2,T - |tr(v)|l,—N,T’

by the microlocal Garding inequality, for instance invoking Proposition 2.6
for a boundary quadratic form of type (1,1/2). This concludes the
proof. O

7. LOCAL CARLEMAN ESTIMATE FOR THE FOURTH-ORDER
OPERATOR

In Proposition 5.1, we proved that a norm of all traces at the boundary
could be estimates from the values taken by the boundary operators.
That result relied on the Lopatinskii-Sapiro condition. Here we aim to
moveover estimate a volume norm. The strategy is to estimate this norm
from all traces at the boundary and not from the boundary operators.
The proof is then much simpler. Yet combined with Proposition 5.1 an
estimation of both volume and trace norms will be obtained from the the
values taken by the boundary operators.

7.1. A first estimate.

Proposition 7.1. Let kf > K} > K1 > K9 > 0. Let 2° € 9Q, with
Q locally given by {xq > 0} and let W be a bounded open neighborhood
of 2% in R, Let ¢ be such that 040 > C > 0 in W and such that
(Q, ) satisfies the sub-ellipticity condition in W for both j =1 and 2.
Let ¢V = (20 &Y 70, 0%) with (£”,7°,0°%) € R4t x [0, +00) x [0, +00)
nonvanishing with k0% < 70 < K00,
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Then, there exists % a conic neighborhood of 0¥ in W x R4~1 x
[0, 400) x [0,+00) where koo < T < Kgo such that if x € S§ ., ho-
mogeneous of degree 0 in (&', 7, 0) with supp(x) C %, there exist C > 0
and 19 > 0 such that

7 2)|0pr (X)vlly, < C(IIPrgvlly + 1tr ()]s /o, + 0]y ), (7:1)
for T > 19, koo < T < Kyo, and v € ?:O(WJF)

The proof of Proposition 7.1 is based on the microlocal results of
Proposition 6.9.

Remark 7.2. An important aspect is that here we have ¢ 2 7; it is
key to have only a loss of a half-derivative. Losses are due to lack of
ellipticity, that is, having root(s) of p,, lying on the real axis. If o = 0
the operator is a square and two roots can lie and the real axis yielding
a loss of a full derivative.

Note that the issue of having two potential roots on the real axis and
thus a loss of a full derivative is independant of the choice of boundary
operators.

Having o > 0 implies that only one root of p,, can lie on the real
axis. In the proof we shall write P, as a factor of two operators and
we apply the Carleman estimates of Proposition 7.1 to each one. Each
estimates exhibits a loss of a half-derivative. If naively concatenated
the two estimates indeed yield a Carleman estimate with a loss of a full
derivative. In fact the loss of each estimate occurs in different microlocal
regions and a microlocal concatenation allows one to have a loss of only
a half derivative.

Having ¢ > 0 was not sufficient for us to separate microlocal regions if
T increases because of homogeneity issues. This explains the introduction
of the condition is ¢ 2 7. We do not exclude that o > 0 could suffice to
reach a similar estimate; we could not prove it.

Proof. We shall concatenate the estimates of Proposition 6.9 for Q}W and

(2W with the boundary operator B simply given by the Dirichlet trace
operator, Bu,,—o+ = U|y,—o+-

One has b(z,§) = 1 and by,(z,£, &, 7) = 1. Since dgp > 0 then
Imm;; < 0. Thus, either ¢J¥(z,&, &, 7) = 1 or qg::g(x,vg’,gdﬁ) =& —
mj2. With Lemma 6.8 one sees that the Lopatinskii-Sapiro holds for
(Qs,pr B: ) and (Q7,, B, ¢) at o”.

Proposition 6.9 thus applies. Let %; be the conic neighborhood of o
obtained invoking this proposition for wa, for j =1 or 2. In %; one has
T > Koo. We set

U =W NUN{T <Ko},
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and we consider x € S%T, homogeneous of degree 0 in (¢, 7,0) with
supp(x) C % .

Since in % one has o > 0 then m 5 and 75 cannot be both real by
Lemma 4.7. Proposition 6.9 thus implies that we necessarily have the
following two estimates

T_él ||OpT(X)w||2,T S ||Qi’,gpw||+ + |w|xd=0+|3/277— + ||w||2,—1,7" (72)
and
2 [Opr(wlly,, SNQz wll, + 1wl +wly s (7:3)

with either (¢1,65) = (1/2,0) or (¢4, ¢5) = (0,1/2), for w € €. (W,) and
T > Koo chosen sufficiently large.
Let us assume that (¢1,¢3) = (1/2,0). The other case can be treated
similarly. Writing P, = Q2 ,Q, ,, With (7.3) one has
10pr(0Qz 00l S I1Pegvlls + Q0 ptiwi—ot |y, + 10l 1.
S ||P(Wv||+ + | t1"(“)|2,3/2,T + ||“||4,—1,r'

Since [Opt(x), € U0 one finds

o.0]
1@z, Opr (), S IPogvlly + [tr(v)]s 10 + 0lly s - (7.4)
For £ = 0,1 or 2, one writes
@2, Opr () DSAZ ol + | tr(Opr () DEAT o),
0P () DEAS Foll,
S ||Q<17,¢OPT(X)U||2,T + |tr(v)|3,l/2,r + ||U||4,—17r>

since [Q},,0py(x), DAZH] € Wil
Let X € 57, be homogeneous of degree zero in the variable (¢, 7,0)

and be such that supp(x) C % and x = 1 on a neighborhood of supp(y).
With (7.2), from (7.4) one thus obtains

72 0pr ()0 () DGAT ol | S IPrvlly + [ te(0)ly 1o, + [[V]ly o
Since Opr(¥)Opr(x)DATF = AT FD5Opr(x) mod ¥~ one deduces
Y DEOD ()0 laz s S I Pristll, + 650l + 01
Using that £k = 0,1 or 2, the result follows. O

Consequence of this microlocal result is the following local result by
means of a patching procedure as for the proof of Proposition 5.1 in
Section 5.2.
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Proposition 7.3. Let ry > ko > 0. Let 2° € 0Q, with Q locally given
by {zq > 0} and let W be a bounded open neighborhood of x° in RY. Let
© be such that O30 > C > 0 in W and such that (QL, ) satisfies the
sub-ellipticity condition in W for both j =1 and 2.

Then, there exists W° a neighborhood of 2°, C > 0, 179 > 0 such that

T2 olly, < O(IPopvlly +1t0(0)l510,). (7.5)
for > 10, koo <7 < Kho, and v e €, (W,).

7.2. Final estimate. Combining the local results of Section 5 for the
estimation of the boundary norm under the Lopatinskii-Sapiro condition
and the previous local result without any prescribed boundary condition
we obtain the Carleman estimate of Theorem 1.2. For a precise statement
we write the following theorem.

Theorem 7.4 (local Carleman estimate for P,). Let k{, > ko > 0. Let
20 € 9Q, with Q locally given by {xq > 0} and let W be a bounded open
neighborhood of 2° in RY. Let ¢ be such that Ogp > C > 0 in W and such
that (Q7, o) satisfies the sub-ellipticity condition in W for both j = 1 and
2.

Assume that (P,, By, Ba, ) satisfies the Lopatinskii-Sapiro condition
of Definition 4.1 at o = (2°,&',7,0) for all (¢',7,0) € R¥! x [0, +00) x
[0, 4+00) such that T > Ko

Then, there exists W° a neighborhood of 2°, C > 0, 179 > 0 such that

7'_1/2||‘3wu||4,r + | tr(ewuﬂg,l/zj

2
< C(lePoully + Y 1€ Byvgmot |y, ) (7:6)

j=1
for > 19, koo < T < Kho, and u € G, (W?).

The notation of the function space @, (W?) is introduced in (1.6).

For the application of this theorem, one has to design a weight function
that yields the two important properties: sub-ellipticity and the Lopatin-
skii-Sapiro condition. Sub-ellipticity is obtained by means of Proposi-
tion 6.3; the Lopatinskii-Sapiro condition by means of Proposition 4.2.

Proof of Theorem 7.4. The assumption of the theorem allows one to in-
voke both Propositions 5.1 and 7.3 yielding the existence of a neighbor-
hood W? of 2° where, by Proposition 5.1, one has

2
|tr(v)|3,1/2,—r S ||P0790'U||+ + Z |Bj,90v\90d=0+|7/2_kj,7- + ||'U||4,—1;r’ (77)

i=1
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for o > 0, 7 > max(ry, koo for some 7, > 0 and v € €, (W?). With the
Proposition 7.3 one also has

TP ully, SN Prgvll, + [te(©)lg, /9. (7.8)
for 7 > 7] and koo < 7 < Ko for some 71 > 0.

Consider ¢ > 0 and 7 > max (7, 1) such that koo < 7 < kyo. Com-
bined together (7.7) and (7.8) yield

7'_1/2””“4,7 + | tr(v)‘g,l/zx

2
5 ||Pa,sov||+ + Z |Bj,sov\:vd=0+|7/2—kj,r + ||U||47—17T‘
j=1

Since [|v]l, _, , < 77?||v||,. for 7 large one obtains

—1,7
2

T ol g, 100y 10, S WPretlly + D |Briptiumot -
j=1

If we set v = €"%u then the conclusion follows. O

8. GLOBAL CARLEMAN ESTIMATE AND OBSERVABILITY

Using the local Carleman estimate of Theorem 7.4 we prove a global
version of this estimate. This allows us to obtain an observability inequal-
ity with observation in some open subset & of . In turn in Section 10
we use this latter inequality to obtain a resolvent estimate for the plate
semigroup generator that allows one to deduce a stabilization result for
the damped plate equation.

8.1. A global Carleman estimate. Assume that the Lopatinskii-Sapiro
condition of Definition 3.1 holds for (P, By, Bs) on 0f.

Let 0y, 01,0 be open sets such that 0, € 0, € ¢ € Q. With
Proposition 3.31 and Remark 3.32 in [34] there exists ¢ € €°°(Q) such
that

(1) v =0 and 9,9 < —Cy < 0 on 0€;

(2) & >0 in Q;

(3) dip #0in Q\ O.
Then, by Proposition 6.3, for v chosen sufficiently large, one finds that
¢ = exp(v1) is such that a

(1) p=1and d,p < —Cp < 0 on O€;

(2) p>1in

(3) (@7, ) satisfies the sub-ellipticity condition in Q\ &y, for j = 1,2,

for 7 > 190 for 1y chosen sufficiently large.



62 JEROME LE ROUSSEAU AND EMMANUEL WEND-BENEDO ZONGO

Then, with Proposition 4.2, for kg > 0 chosen sufficiently large one
finds that the Lopatinskii-Sapiro condition holds for (P,, By, By, ¢) at
any (z,¢,7,0) for any x € 99, & € T;0Q ~ R¥ 7> 0, and o > 0
such that 7 > koo, for ko chosen sufficiently large, using that 02 is
compact.

Thus for any z € 02 the local estimate of Theorem 7.4 applies. A
similar result applies in the neighborhood of any point of 2\ 0.

With the weight function ¢ constructed above, following the patching
procedure described in the proof of Theorem 3.34 in [31], one obtains the
following global estimate

7'_1/2||‘3wu||4,r + | tr(ewuﬂg,l/zj
2
5 ||€T@P0u||L2(Q) + Z |6T¢Bju\3ﬂ|7/2_kj,7- + 7__1/2”67—%0)(0””4,7-7 (81)

j=1
for 7 > 19, koo < 7 < Kyo, and u € Cfoo_(ﬁ), and where g € €°(0)
such that xo = 1 in a neighborhood of 1. Here, ||, . and [.[, , the

Sobolev norms with the large parameter 7, are understood in €2 and 0f2
respectively.

Remark 8.1. Observe that inequality (8.1) also holds for third-order
perturbations of P,. Below, we shall use it for a second-order perturba-
tion P, —io’a = A? — o* —io2a.

8.2. Observability inequality. By density one finds that inequality 8.1
holds for u € H*().
Let Cy > supg ¢ — 1. Since 1 < ¢ < supg ¢ one obtains
2

HUHH4(9) S eCOT(HPUUHLQ(Q) + Z |Bju\39|H7/2’kj(6Q) + HU’|H4((71))'
j=1

(8.2)
for T > 79, koo < T < K{O.
With the ellipticity of P, one has
[l gagony S N1 Potll 2y + [l 2oy,

since 01 € €. This can be proven by the introduction of a parametrics
for Py. One thus obtain

[l aoy S 1Potull 2y + (14 o) lull 2y
and thus with (8.2) one obtains the following observability result.

Theorem 8.2 (observability inequality). Let P, = A% — o* and let By
and By be two boundary operators of order ki and ko as given in Sec-
tion 3.2. Assume that the Lopatinskii-Sapiro condition of Definition 3.1
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holds. Let € be an open set of Q2. There exists C' > 0 such that
2

||u||H4(Q) < Cecll (||Pcru||L2(Q) + Z ‘Bjulaﬂ‘HW*kj(ag) + ||U||L2((7)),
j=1

foru € H*(Q).

Remark 8.3. With Remark 8.1 the result of Theorem 8.2 hold for P, =
A? — 0% replaced by P, —ic?a = A? — o —io?a.

9. SOLUTIONS TO THE DAMPED PLATE EQUATIONS

Here, we review some aspects of the solutions of the damped plate
equation whose form we recall from the introduction:

Ry + Py+ a(z)dy =0 (t,z) e Ry x Q,
Biyr, xo0 = Bour, xa0 = 0, (9.1)
Yit=0 = yo’ aty|t:0 = ?/1>

where P = A? and o > 0, positive on some open subset of . The

boundary operators By and B, of orders kj, j = 1,2, less than or equal
to 3 in the normal direction are chosen so that

(i) the Lopatinskii-Sapiro condition of Definition 3.1 is fulfilled for
(P, By, By) on 09;

(ii) the operator P is symmetric under homogeneous boundary con-
ditions, that is,

(Pu,v)r2@) = (4, Pv)r2), (9.2)
for u,v € H*(Q) such that Bjujpn = Bjvppe = 0 on 98, j = 1,2.
Examples of such conditions are given in Section 3.5.

With the assumed Lopatinskii-Sapiro condition the operator
L:HYQ) = L*(Q) @ H*F(0Q) @ H*7*2(9Q),
u = (Pu, Biujaq, Baujaq), (9.3)
is Fredholm.

(iii) We shall further assume that the Fredholm index of the operator
L is zero.

The previous symmetry property gives (Pu,u)2) € R. We further
assume the following nonnegativity property:

(iv) For v € H*(Q2) such that Bjujso = 0 on 98, j = 1,2 one has
(Pu,u)r2q) > 0. (9.4)
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This last property is very natural to define a nonnegative energy for the
plate equation given in (9.1).

We first review some properties of the unbounded operator associated
with the bi-Laplace operator and the two homogeneous boundary condi-
tions based on the assumptions made here. Second, the well-posedness
of the plate equation is reviewed by means of the a semigroup formula-
tion. This semigroup formalism is also central in the stabilization result
in Sections 10.1-10.2.

9.1. The unbounded bi-Laplace operator. Associated with P and
the boundary operators B; and By is the operator (Pg, D(Pg)) on L?(€),
with domain

D(Po) = {u € L*(Q); Pu € L*(Q), Biujpa = Baujpq =0},

and given by Pou = Pu € L*(Q) for u € D(Py). The definition of D(Py)
makes sense since having Pu € L*(Q) for v € L*(Q) implies that the
traces 8'Ifu|ag are well defined for £ =0,1,2, 3.

Since the Lopatinskii-Sapiro condition holds on 99 one has D(Py) C
H*(Q) (see for instance Theorem 20.1.7 in [22]) and thus one can also
write D(Pp) as in (1.3). From the assumed nonnegativity in (9.4) above
one finds that Py + Id is injective. Since the operator

L' HY Q) — L*(Q) @ H*7M(0Q) @ H/**2(09)
U +— (Pu + u, Blu‘ag, BQU‘@Q)
is Fredholm and has the same zero index as L defined in (9.3), one finds
that L' is surjective. Thus Ran(Py + Id) = L*(2). One thus concludes
that Py is maximal monotone. From the assumed symmetry property
(9.2) and one finds that Py is selfadjoint, using that a symmetric maximal
monotone operator is selfadjoint (see for instance Proposition 7.6 in [9]).
The resolvent of Py + Id being compact on L%*(€2), Py has a sequence

of eigenvalues with finite multiplicities. With the assumed nonnegativity
(9.4) they take the form of a sequence

O<po<m < Spp<---

that grows to +00. Associated with this sequence is (¢;) ey a Hilbert ba-
sis of L2(Q). Any u € L*(Q) reads u = Y.y uj¢5, with u; = (u, ¢5) 120
We define the Sobolev-like scale

HE(Q) = {u € LX(Q); (1 uy); € ()} fork>0.  (9.5)
One has D(Py) = H(Q) and L?(Q2) = H%(Q). Each HE(Q), k > 0, is
equipped with the inner product and norm

(0, 0) gy = S (L )2 Nl = S0+ )2y P,

jeN jeN
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yielding a Hilbert space structure. The space H&(Q) is dense in HE (Q)
if 0 < k&’ < k and the injection is compact. Note that one uses (1 +Mj)k/2
in place of ,uf/ ? since ker(Py) may not be trivial. Note that if & = 0 one
recovers the standard L2-inner product and norm.

Using L?(Q) as a pivot space, for k > 0 we also define the space Hg"(1)
as the dual space of H(£2). One finds that any u € H5"(Q) takes the
form of the following limit of L2-functions

¢
u = lim E Ui
l—o0 4 ](b]’

J=0

for some (u;); C C such that ((1+ uj)_k/4uj)j € (?(C), with the limit
occurring in (H E(Q)), with the natural dual strong topology. Moreover,
one has u; = (u, ¢j>H§k’H}]§. Ifu=73yug; € HG"(Q) and v =
> en V¢ € H(S2) one finds
<uaE>H§k,H§ = ZUJU_J
jEN

One can then extend (or restrict) the action of Py on any space HE (),

k € R. One has Py : HE(Q) — HE(Q) continuously with

P(]U = Z Mjuj¢j7 (96)
jeN

with convergence in Hy *(Q) for u = 3. _cu;¢; € HE(Q). In particular,

jeN
for u € H5(Q2) = D(Py) and v € H%()) one has
(Pou,v) 20y = (Pott, 0) -2 2 = > T (9.7)
jeN

and if u,v € H3()) one has
(, 0) 30 = (0, 0)120) + (Pott, 0) oz g = > (14 p)umy. (9.8)
jeN
Note that
(Potw, ) 2 2. = (Py/*u, Py/*0) 120, (9.9)

with the operator P(l)/ 2 easily defined by means of the Hilbert basis

(¢;)jen. In fact, H3(Q2) is the domain of Pé/z viewed as un unbounded
operator on L?((Q).
We make the following observations.

(1) If ker(Py) = {0} then

(u, ) = (Pou, w) -2 y2 ,
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is also an inner-product on H%(Q2), that yields an equivalent norm.
(2) If 0is an eigenvalue, that is, dim ker(Py) = n > 1 then (¢o, ..., ¢n_1)
is a orthonormal basis of ker(Py) for the L?-inner product. From
a classical unique continuation property, since a(x) > 0 for x in
an open subset of €2 one sees that
(u,v) = (au,v) 2@ (9.10)

is also an inner product on the finite dimensional space ker(Pg) C
L?(Q). We introduce a second basis (i, ..., @n_1) of ker(Pg)
orthonormal with respect to this second inner product.

In what follows, we treat the more difficult case where dim ker(Pg) = n >
1. The case ker(Py) = {0} is left to the reader.

9.2. The plate semigroup generator. Set H = H3(Q) ® L?(Q) with
natural inner product and norm

((u”ul), (Uo,vl))H = (uO,UO)H%(Q) + (u', ") 120, (9.11)

2 2 2
[ a5, = 1z 0y + 111 2 q)- (9.12)

Define the unbounded operator

14:<& ééo, (9.13)

on H with domain given by D(A) = D(Py) & H%(2). This domain is
dense in ‘H and A is a closed operator. One has

N =ker(A) = {'(u",0); v’ € ker(Po) }.
The important result of this section is the following proposition.

Proposition 9.1. The operator (A, D(A)) generates a bounded semi-
group S(t) = e~ on H.

The understanding of this generator property relies on the introduction
of a reduced function space associated with ker(Py), following for instance
the analysis of [10]. It will be also important in the derivation of a precise
resolvent estimate in Section 10.1. If ker(Py) = {0}, that is, o > 0, this
procedure is not necessary. For v € ker(Pg), v # 0, we introduce the
linear form

F,:H—C (9.14)

(u®,u') = (av, U)Lg(m((auo,v)g(g) + (ul,v)Lz(Q)),
We set
H= () ke(F)= (] ker(F,), (9.15)

veker(Pg) 0<j<n—1
v#0
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with the basis (¢, ..., vn_1) of ker(Pg) introduced above. If (v,0) €
ker(A), with 0 # v € ker(Py), note that F,(v,0) = 1. We set ©; =
"(;,0),7=0,...,n—1and

n—1
IV =) F,(V)6;, forVeH,
j=0

and IL;; = Idy —IIx. We obtain that Iy and I, are continuous projec-
tors associated with the direct sum

H=H&N and H = ker(ILy). (9.16)

Note that H and N are not orthogonal in H. Yet, it is important to note
the following result.

Lemma 9.2. We have Ran(A) C H.

Proof. Let U = "(u®,u') = AV with V = *(v°,0') € D(A). One has
u’ = —vl € H3(Q) and u' = Pgo® + av; € L*(Q). If 0 # ¢ € ker(Py)
one writes
(ap, @) 12 Fp(U) = (—av', 0)r2(0) + (Pov” + av', ) 12(0)
= (Pov’, ©)12(0) = (v°, Po@) r2() = 0.
using that v%, ¢ € D(Py), that (Po, D(Pg)) is selfadjoint, and that ¢ €
ker(Pg). The conclusion follows from the definition of H in (9.15). O

The space H inherits the natural inner product and norm of H given
in (9.11). Yet one finds that the inner product

((uoa ul)a (an Ul))?—l = <POUO>W>H§2,H% + (ula Ul)L2(Q)> (917)
and associated norm
2 — 2
1(u, uh)ll = <P0U07“0>Hg2,1{g + ||u1||L2(Q)7 (9.18)

yields an equivalent norm on H by a Poincaré-like argument.

We introduce the unbounded operator A on H given by the domain
D(A) = D(A)NH and such that AV = AV for V € D(A). We then have
A = Aolly,. Observe that D(A) = Il (D(A)) since N' = ker(A) C D(A).
Thus, one has

D(A)=D(A) @ N. (9.19)

As for the decomposition of H given in (9.16) note that D(A) and N are
not orthogonal.

Lemma 9.3. Let z € C be such that Rez < 0. We have

(214 ~A)Ull, > |Rez| Ul U € D(A).
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The proof of this lemma is quite classical. It is given in Appendix A.2.
With the previous lemma, with the Hille-Yosida theorem one proves
the following result.

Lemma 9.4. The operator (A, D(A)) generates a semigroup of contrac-
tion S(t) = e on H.
If we set

S(t) = $(t) o I, + Iy, (9.20)

we find that S(¢) is a semigroup on H generated by (A, D(A)), thus
proving Proposition 9.1. If Y° € D(A), the solution of the semigroup
equation 4Y(t) + AY (t) = 0 reads

Y(t)=St)Y? = 5(t) oI, Y + I\ Y°. (9.21)
We set Y (t) = TL;, Y(t) = S(t) o I, Y.

The adjoint of A has domain D(A*) = D(A) and is given by

A= (P, ain)

Similarly to Lemma 9.3 one has the following result with a similar proof.
Lemma 9.5. Let z € C be such that Rez < 0. We have
I(21dy; =A")U]|, > |Rez|[U]l;, U € D(A") = D(A).
9.3. Strong and weak solutions to the damped plate equation.
For y(t) a solution to the damped plate equation (9.1) one has Y'(t) =
Hy(t), dy(t)) formally solution to £V (¢) + AY () = 0 and conversely.
The semigroup S(t) generated by A as given by Proposition 9.1 allows

one to go beyond this formal observation and one obtains the following
well-posedness result for strong solutions of the damped plate equation.

Proposition 9.6 (strong solutions of the damped plate equation). For
(v°,y') € HL(Q) x H%(QY) there exists a unique

y € €°([0, +00); Hz(Q2)) N € ([0, +00); HE()) N €7 ([0, +00); L*(2))
such that
Oy + Py +adyy =0 in L([0, +00); L*()),

Ylt=0 = y’, OYji=0 = y'. (9.22)
Moreover, there exists C > 0 such that
1yl a0y + 10Ol sz ) < CUW° i) + 19 12 0): =0

(9.23)
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With Y (¢) as above, for such a solution y(t) one has

%Y(t) FAY(t) =0, Y(0)=Y"="( "),

that is,
Y (t) = S(t)Y° € €°([0, +00); D(A)) N € ([0, +00); HE(Q) & L*(R)).

A weak solution to the damped plate equation is simply associated
with an initial data (y°,y') € H%(Q) x L*(Q)) and given by the first
coordinate of Y'(t) = S(¢)Y?. Then one has

Y(t) € €°([0,400); H) N € ([0, +00); L*(Q) & H5*(2)).
or equivalently

y € €°([0, +00); HE(Q)) N € ([0, +00); L*(2)) N €7 ([0, +00); HF*()).
For a strong solution, the natural energy is given by

E(y)(t) = %(Ilaty(t)lliz(m + (Poy(t), y()) L2(@)) - (9.24)

Observe that if y° € ker(Pg) then y(t) = y° is solution to (9.1) with
y' = 0. This is consistent with the form of the semigroup S(t) given
in (9.20). Such a solution is independent of the evolution variable t,
and thus, despite damping, there is no decay. However, note that such a
solution is ‘invisible’ for the energy defined in (9.24). In fact, for a strong
solution to (9.1) as given by Proposition 9.6 one has

E)H) = IV (9.25)

with Y'(¢) as defined below (9.21) and |.]l3; defined in (9.18). For a strong
solution, we write

d

Eg(y)(t) = Re(Qy(t), 87y(t)) 120 + %(Poaty(t)’w>HB2,H%

+ 5(Poy(t). ()
= Re(Qy(t), (97 + Po)y(t)) 20
= —Re(9y(t), ady(t)) 12y < 0

since a > 0. Thus, the energy of a strong solution is nonincreasing. To
understand the decay of the energy one has to focus on the properties of
the semigroup S(t) and its generator (A, D(A)) on H. This is done in
Section 10.1.
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For a weak solution y(t) € €°([0, +o0); HE(2)) N€* ([0, +o0); L*(Q))
the energy is defined by

£)(1) = 5 (10w (®) Eaie) + Pou(®) TPz )

that coincides with (9.24) for a strong solution. The stabilization result
we are interested in only concerns strong solutions (see Section 10.2).
Thus, we shall not mention weak solutions in what follows.

10. RESOLVENT ESTIMATES AND APPLICATIONS TO STABILIZATION

Here we use the observability inequality of Theorem 8.2 to obtain a
resolvent estimate for the plate semigroup generator that allows one to
deduce a stabilization result for the damped plate equation. This a se-
quence of argument comes from the seminal works of Lebeau [3%] and
Lebeau-Robbiano [10].

10.1. Resolvent estimate. We prove a resolvent estimate for the un-
bounded operator (A, D(A)) that acts on H. First, we establish that
{Rez < 0} lies in the resolvent set of A.

Proposition 10.1. The spectrum of (A, D(A)) is contained in {z €
C;Re(z) > 0}.

The proof of this proposition is rather classical based on a unique
continuation argument and a Fredholm index argument for a compact
perturbation. It is given in Appendix A.3.

Theorem 10.2. Let & be an open subset of ) such' that « > 6 >0 on
O. Then, for o € R the unbounded operator ioc 1d —A is invertible on H
and for there exist C' > 0 such that

I(io1d —A) ™ iy < CeC1 e R, (10.1)

Proof. By Proposition 10.1 io Id —A is indeed invertible. Observe that it
then suffices to prove the resolvent estimate (10.1) for |o| > ¢ for some
oo > 0. ] ]

Let U = *(u’,u') € D(A) and F = '(f°, f') € H be such that
(icId —A)U = F. This reads

¥ =iou’ +ut, 1= —Pou’ + (ic — a)u’.

which gives

(Py — 0% —ica)u’ = f
with f = (ic — a)f° — f'. Computing the L?-inner product with u° one
finds

(Py — o?)u’, u0>L2(Q) — ia(auo,uo)Lz(Q) = (f, u0>L2(Q).
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As a > 0, computing the imaginary part one obtains

2
1/2u0||L2(Q) = —Im(f, UO)LZ(Q)-

Since aw > ¢ > 0 in & by assumption and since we consider |o| > ¢ one
has

olla

2
30|20y < N fll 2 1° ] 20
Applying Theorem 8.2 (with Remark 8.3) one has
o|1/2

1 agy S € (1F 12y + 14°M 20))

replacing |o| by |o|? therein. Thus, we obtain
ol1/2 1/2 1/2
16y S € (11l zgey + 11200 1”1 o)

for |o| > 0¢. With Young inequality we write, for ¢ > 0,
e [ N T e [ P

~Y

+eflu’|| 2oy
Thus, with £ chosen sufficiently small one obtains
1l a0y < €711l
Since u! = f0 —iou® and f = (ic — a)f° — f! we finally obtain that
C‘”‘”(||f0||m) 11 z2e)
T

19l gy + 1t 20y S
S e
Since v’ € H*(Q) one has
2

‘(POUO,UO)LZ(Q)} < ||u0||H4(Q)||u0||L2(Q) < ||u0||H4(Q)

and thus one finally obtains
2 o|1/2 2

1U115 = (P, u”) 2y + Il 20y S eI F G,

which concludes the proof of the resolvent estimate (10.1). O

10.2. Stabilization result. As an application of the resolvent estimate
of Theorem 10.2, we give a logarithmic stabilization result of the damped
plate equation (1.1).

For the plate generator (A, D(A)) its iterated domains are inductively
given by

D(A"™™) = {U € D(A™); AU € D(A™)}.

With Proposition 9.6, for Y° = #(y° y') € D(A") then the first com-
ponent of Y (t) = S(t)Y? is precisely the solution to (9.1). One has
Y(t) = Y(t) + TyY? with Y(t) = S(¢)[1,;Y° with the semigroup S(t)
defined in Section 9.2. Moreover, by (9.25) the energy of y(t) is given by
the square of the H-norm of Y (t).
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With the resolvent estimate of Theorem 10.2, with the result of The-

orem 1.5 in [7] one obtains the following bound for the energy of y(t):

O AR, (102)
(log(2 + t))

We have thus obtain the following theorem.

E)(®) = Y (D)5, <

Theorem 10.3 (logarithmic stabilization for the damped plate equa-
tion). Assume that conditions (i) to (iv) of Section 9 hold. Let n € N,
n > 1. Then, there exists C > 0 such that for any Y° = (3%, y*) € D(A")
the associated solution y(t) of the damped plate equation (1.1) has the log-
arithmic energy decay given by (10.2).

Note that for n = 1 using the form of A and (9.9) one recovers the
statement of Theorem 1.1 in the introductory section.

APPENDIX A. SOME TECHNICAL RESULTS AND PROOFS

A.1. A perfect elliptic estimate. Here we consider a(¢’,&;) polyno-
mial in the &, variable and such that its root have negative imaginary
parts microlocally.
Lemma A.1. Let g > 0. Let a(¢', &) € SEO, with o = (z,&',7,0) and
with k > 1, that is, a(¢', &) = Z?:o a;(0)E57 | and where the coefficients
a; are homogeneous in (§',7,0). Moreover, assume that ag(¢') = 1. Set
A = Op(a).

Let % be a conic open subset of W x RT1 x [0, +00) x [0, +00) where
T > Koo and such that all the roots of a(¢',&q4) have a negative imaginary
part for o € U .

Let x(¢') € S%T be homogeneous of degree zero and such that supp(y) C
U and N € N. Then there exist C' > 0, Cy > 0, and 79 > 0 such that

HOpT(X)UHk,T + | tr(OPT(X)U)|k—1,1/2,T < CHAOPT(X)U||+ + HUHk,—N,T’
forw e F(RL) and T > max (1o, koo).
We refer to [3] for a proof (see Lemma 4.1 therein and its proof that

adapts to the presence of the parameter o with o < 7 in a straightforward
manner).

A.2. Basic resolvent estimation. Here we provide a proof of Lemma 9.3
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Let U = (u% u') € D(A). With (9.17) We write
: 2u’ + u' u’
(1 =000 = (Lo o )+ (1))

— U1, + (Poul, W) s
— (Pouo,ul)Lz(Q) — (o, ul)L2(Q)
= 2| U3, + 2i Tm(u, Pou®) 2(q) — (au', ut) 2(0).
Computing the real part one obtains
— Re((z1dy —A), U)y =— Re(z)HUHi-l + (o', ul)Lz(Q). (A.1)
As a > 0 and Re z < 0, this gives
| Re((z1dy, —A)U, U)y| > | Re(2)| U]l
which yields the conclusion of Lemma 9.3. U

A.3. Basic estimation for the resolvent set. Here we provide a proof
of Proposition 10.1.
Let z € C. We consider the two cases.

Case 1: Rez < 0. By Lemma 9.3 z1dy —A is injective. Moreover, as
its adjoint ZId, —A* is injective and satisfies ||(Z1d, —A*)UHH 2 U4
for U € D(A) by Lemma 9.5 the map zId; —A is surjective (see for
instance |9, Theorem 2.20]). The estimation of Lemma 9.3 then gives

the continuity of the operator (zId,;, —A)~! on H.
Case 2: Re z = 0. We start by proving the injectivity of z Idy; —A. Let

thus U = *(u® u') € D(A) be such that 2zU — AU = 0. This gives
a4 ut =0, —Pou’ + (z —a)u' = 0. (A.2)

First, if z = 0 one has u! = 0, and then Pyu® = 0. Thus, u® € ker(Py)
given U € N = ker(A). From the definition of H this gives U = 0.
Second, if now z # 0, using (A.1) we obtain

0 = Re((z1d,; —A)U,U),; = —(au', u')r2(0).
As o > 0, this implies that u° vanishes a.e. on supp(a). Observe that

Pou’ = zu' = —2%u°.

The function u is thus an eigenfunction for P, that vanishes on an open
set. With the unique continuation property we obtain that u° vanishes
in Q and u' as well.

If we now prove that zIdy —A is surjective, the result then follows

from the closed graph theorem as Ais a closed operator. We write
z2Idy, —A = T +1dy with T' = (2 — 1)Id;;, —A. By the first part of
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the proof, T" is invertible with a bounded inverse. The operator T' is
unbounded on H. We denote by T the restriction of T to D(A) equipped
with the graph-norm associated with A. The operator T is bounded.
It is also invertible. It is thus a bounded Fredholm operator of index
indT = 0. Similarly, we denote by ¢ the injection of D(A) into H and
A the restriction of A on D(A) viewed as a bounded operator. We have

— A =T+ . Since ¢ is a compact operator, we obtain that z. — A is
also a bounded Fredholm operator of index 0. Hence, z.— A is surjective
since zIdy —A is injective as proven above. Consequently, zIdy —A is
surjective. This concludes the proof of Proposition 10.1. O
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