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ABSTRACT. In this paper we study the nonlinear parabolic system d;u = Au-+alz| ™ |v|P~ 1o,
O = Av+blz| Plulf u, t > 0, x € RV\{0}, N > 1, a,b € R, 0 < v < min(N,2),
0 < p < min(N,2), p,qg > 1. Under conditions on the parameters p, g,y and p we show
the existence and uniqueness of global solutions for initial values small with respect of
some norms. In particular, we show the existence of self-similar solutions with initial value
D = (p1,p2), where 1, @2 are homogeneous initial data. We also prove that some global

solutions are asymptotic for large time to self-similar solutions.

1. INTRODUCTION

In this paper we consider global in time solutions of the following nonlinear parabolic

system

(8) o = Au+ al.| Y |v[P~ L,
O = Av + bl.|7P|ul|9 u,

with initial data
u(07 x) = 901(37)7 U(O7x> = 902(37)’ (1'1)

2000 Mathematics Subject Classification. Primary 35B40; 35B30; 35K58; 35K67; 35K57; Secondary

35B33.
Key words and phrases. Nonlinear heat equation, Hardy-Hénon parabolic system, Global existence, Self-

similar solutions, Large time behavior.
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where u = u(t,z) € R, v = v(t,z) € R, t >0, 2z € RN, a, b € R, 0 < v < min(N,2),
0 < p <min(N,2), p, ¢ > 1.

In what follows, we denote ||.|[;-@~y by ||.[[;. For f,g: I — R, we denote when there
exists supger [f(t), 9(t)] = max [supier f(t), supierg(t)]. For all t > 0, e'® denotes the heat

semi-group, that is

(€2f) (z) = CCERRINOL

where )
G(t,x) = (47rt)_%e_%7 t>0, zeRY,
and f € L"(RN), r € [1,00) or f € Co(RY). For f € S'(RV), e!2 f is defined by duality.

A mild solution of the system (5)-(1.1) is a solution of the integral system

u(t) = et + a/ et=o)A (\.|_7|v(a)|p_1v(0)) do,
0 (1.2)

t
u(t) = emgog + b/ elt=o)A (|.|_”|u(0)|q_1u(0)) do.
0

We investigate the existence of global solutions, including self-similar solutions for the semi-
linear system (1.2). Moreover, we are concerned with estimating the decaying rate in time
of some global solutions and their asymptotic behavior.

Using the key estimate established by Proposition 2.1 in [1] we can adapt the method in
Fujita and Kato [9, 10] and recently used in [1, 3, 4, 5, 6, 7, 8, 17, 18, 19].

This method is based on a contraction mapping argument on the associated integral
system (1.2). Precisely we transform the problem of existence and uniqueness of global
solutions into a problem of a fixed point for a function defined in a suitable Banach space
equipped with a norm chosen so that we obtain directly the global character of the solution.

In this paper we seek conditions for the following parameters p, ¢, v and p such that we
have the global existence of some class of solutions, including self-similar solutions and the

nonlinear asymptotic self-similar behavior of these solutions. For this we define k, a1, as,
p1 and B2 by

b= e =

o1 = g2 = A+ 2= (1.4

02 = gy (2= o+ 2= ). (1)

Bi= = g = g sl2 =+ 2= = 3 1 > (16)
Br=oa— 5 = g2 =g+ 2=l = g > 1 (1)



LARGE TIME BEHAVIOR FOR HARDY-HENON PARABOLIC SYSTEMS 3

Note that a1 and aq verify the following system

2_')/+20¢]_ :2052]), (1 8)
27p+20[2:2061q, .

and that

kp>1, q>kand%:k‘.
i

Let us summarize the results of this paper. First of all if we suppose that the following

conditions
: Pinv o 2=+ 2—p)
2 < min (N’ NP 2+(2-pp- wq]+) ’ (19)
and
: n oy 2—pp+(2-7)
22 < min (N’ p(N g 2+(2—7)a- ppq]+> ’ (1.10)

are satisfied, then we prove the global existence of solutions for some initial data & =
(1, p2) small with respect to the norm N defined by

N (@) = sup |17l 1 e 4] (111)

where (1 and 3 are given by (1.6) and (1.7), r; and 73 are defined in Lemma 2.1 below. See
Theorem 1 below. We also prove, for ¢; homogeneous of degree —2c; and @9 homogeneous
of degree —2cg, where o1 and g are given by (1.4) and (1.5), that the initial data ® =
(1, p2) gives rise to a global self-similar solution. See Theorem 2 below. Next we show
as in [1], that solutions with initial data ¥ which behaves asymptotically like ® in some
appropriate sense as |x| — 0o, are asymptotically self-similar in the L®-norm. See Theorem
3 below. The norm N given in (1.11) is weak enough so that initial data ® = (1, p2) with
homogeneous components have finite norm. We prove finally stronger uniqueness results in
Lebesgue spaces for initial values small with respect of some norm. See Theorem 4 below.

Yamauchi in [24] studied the parabolic system (S). In [24, Theorem 2.1, p. 339] it is shown
that for some nonnegative initial values under the conditions v < min(N, 2), p < min(N, 2),
pqg — 1> 0 and max(aq, ag) > %, that no nonnegative nontrivial solutions exist.

The case v = p = 0 has been already covered in [19]. In the case where p = ¢ and
v = p > 0, the parabolic system (S) behaves like a parabolic equation with singularity in
the nonlinearity. For more reading about Hardy-Hénon equations see [1, 12, 14, 22].

The rest of the paper is organized as follows. In Section 2, we state the main results. In
Section 3, we give the proofs of the main theorems. Finally, in Section 4, we give stronger
uniqueness results. Throughout this paper C will be a positive constant which may have

different values at different places. We denote sometimes u(t) by u(t,.).
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2. MAIN RESULTS

We now state the main results of the paper. Let e/® be the linear heat semi-group defined
by

where G is the heat kernel

N
2

G(t,z) = (4mt)” e"a, t>0, zeRV.

We recall the smoothing effect of the heat semi-group
N1 _ 1
e flse < (amt) ™= 55| £y, (2.1)

for 1 <s1<s9<o00,t>0and f € le(RN). We recall also the following key estimate
from [1]

vl

1 1
Gr=a)-

W2

12 (LT le < C(N. 7, a1, 42)t [1fllgr» (2.2)

for 0 <~y < N, ¢ and ¢ suchthatogq%<%+q%<l7t>0andf6L‘“(RN). We note
that if g = oo, then e!2(|.|77f) € Co(RN).

We begin with the following technical lemma.

Lemma 2.1 (Technical lemma). Let N be a positive integer. Let p, ¢ > 1. Let 0 < v <
min(N,2) and 0 < p < min(N,2). Let k be given by (1.3). Let a1, ag defined by (1.4) and
(1.5). Suppose that (1.9) and (1.10) are satisfied. Let B1, B2 be given by (1.6) and (1.7).
Then there exist r1 > 1 and ro > 1 satisfying

T = k}’I"Q, (2.3)

such that

(i) B1 >0, B2 >0 and B2 = kp,
(i) f<F+&<land t <f+I<1,
(iii) Bap < 1 and B1q < 1,
() 2 (—1+2p) < 52 and £ (-1+ 2q) < 32,
(V) s < <F+Land s << L+ 5,

)

1
1 2
(vi

—S(E-L) -3 Bp+1+Bi=0and —F(L - 1) -5 —Big+ 145 =0.

T1 T2

We prove this lemma in the appendix.

Theorem 1 (Global existence and continuous dependence). Let N be a positive integer.
Let p, ¢ > 1. Let 0 < v < min(N,2) and 0 < p < min(N,2). Let aq, «g defined by (1.4)
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and (1.5). Suppose that (1.9) and (1.10) are satisfied. Let 51, B2 be given by (1.6) and
(1.7). Let r1 and ro be as in Lemma 2.1. Let M > 0 be such that

v =max(MP 1y, M7 ) < 1, (2.4)
where v and vy are two positive constants given by (3.8) and (3.9) below. Choose R > 0

such that
R+ Mv < M. (2.5)

Let ® = (p1,02) be an element of S'(RYN) x S'(RN) such that

N(®) 1= sup |17 211y, 1% 2 ol < R (26)

Then there exists a unique global solution U = (u,v) € C((0,00); L™ (RY) x L"2(RY)) of
the integral system (1.2) such that

sup [£94a(®) |y, 72 o 0) .| < M. (2.7
t>0

Furthermore,
(a) li\r“n u(t) = @1 and %1\1}{1(1) v(t) = o in the sense of tempered distributions,
(b) u(t) — ePp1 € C ([0,00), L™ (RN)) for 7 satisfying 2+ < % <gt+E,
(c) v(t) — ePpy € C ([0,00), L2(RN)) for 72 satisfying 22 < % <F+ik
(d) uplfo‘1 s ut)ll; < 0o, Vr € [r1,00], and u € C((0,00), L (RN) N Co(RV)),
(e) supto‘z QTHU( I < 00,  Vr € [re, 0], and v € C((0,00), L™ (RY) N Co(RY)).

In addztwn, if @ = (p1,92) and U = (YP1,¢9) satisfy (2.6), and if Uy = (ug,v1) and
Us = (ug,v9) respectively are the solutions of the system (1.2) with initial values ® and ¥,
then

up [174 s (6) = wa(®) s 1% 01 (6) = 02(0) ] < (L=0) "N (@ =W). (28)

Furthermore, if the initial data ® and U are such that

Aw¢fm=T@P“ﬂwﬂwf¢MMJMﬂme—wmm]<m, (2.9)
>

for some 0 < & < &g, where
0o = min {1 — B1q,1 — Bap}. (2.10)
Then

sup [tﬁIHHU«l(f) =z (t) |y, 72 0 (£) — UQ(t)HTz} <1 -V)TING(@ - ), (211)
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where the positive constant M is chosen small enough so that 0 < v/ < 1, where V' is given
by the relations (3.16)-(3.18) below.

N N
Finally, if we suppose also that ® = (p1,p2) € L21 (RY) x L2202 (RY) such that

A(@) = ma [l el | < (2.12)

N
then the solution U = (u,v) of the integral system (1.2) satisfies alsoU € C ([07 00), LE(RN)) X
C ([0, 00), L%(RND and

sup (0] . o0l | < o1 (213)
t>0 27 2a9
Where M and R are sufficiently small.
Now we give the following result which proves the existence of self-similar solutions.

Theorem 2 (Self-similar solutions). Let N be a positive integer. Let p, ¢ > 1. Let 0 <
v < min(N,2) and 0 < p < min(N,2). Let aq, ag defined by (1.4) and (1.5). Suppose
that (1.9) and (1.10) are satisfied. Let o1(z) = wi(z)|x| 722, po(z) = wa(z)|x| 722, where
wi,we € L®(RYN) are homogeneous of degree 0 and ||wi||oo, ||w2lco are sufficiently small.
Denote ® = (p1,92), then there exists a global self-similar solution Us = (ug,vg) of (1.2)
with initial data ®. Moreover Ug(t) — @ in S'(RY) ast — 0.

We turn now to the asymptotic behavior.

Theorem 3 (Asymptotic behavior). Let N be a positive integer. Let p, g > 1. Let 0 <
v < min(N,2) and 0 < p < min(N,2). Let a1, ag defined by (1.4) and (1.5). Suppose that
(1.9) and (1.10) are satisfied. Let B1, Ba be given by (1.6) and (1.7). Let r1 and o be as
in Lemma 2.1. Define $1(q) and B2(q) by

B1(q) :al—% Ba(q) =an— o, g>1. (2.14)

Let ® be given by

0(2) = (1(2), p2(@) = (wi(a) 2|72, wa(x)]x|7>*2)

with wy, wy homogeneous of degree 0, wi,ws € L¥(RY) and ||w1]oo, ||willeo are sufficiently
small. Let

Us(t,x) = (t"‘lu$(1, %>,r%g<1, \2))

be the self-similar solution of (1.2) given by Theorem 2.
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Let W = (Y1,12) € Co(RN) x Co(RYN) be such that

¢ —Zak

[th1(z)] < A+ 2P Vo e RY, ¢r(x) = wi(z)|z[ 7, |2| > A,
C —2a

[tha()] < 2P’ Va € RY, ¢o(z) = wa()|z| 2, |a] > 4,

for some constant A > 0, where ¢ is a small positive constant. (We take ||willco, |lw2llco
and ¢ sufficiently small so that (2.6) is satisfied by ® and V).

Let U = (u,v) be the global solution of (1.2) with initial data ¥ constructed by Theorem
1. Then there exists § > 0 sufficiently small such that

u(t) — us(t)|lq < Cst™P1@)=0 i >0, (2.15)
() — vs(t)]lgy < Cst™ )70 Wt >0, (2.16)
for all q1 € [r1,00], g2 € [r2,00]. Also, we have
[t u(t, Vt) —us(1, )]l < Cst™, Vit >0, (2.17)
[£°20(t, VE) — vs(1,.)||gp < Cst™0, ¥Vt >0, (2.18)
for all ¢1 € [r1,00], g2 € [ra, ).

To close this section we give the conditions on p, g, 7, p which garantee that the relations
(1.9) and (1.10) are satisfied.

Proposition 2.2. Let N be a positive integer. Let the real numbers p, ¢ > 1. Suppose that

N
max[p, ¢] +1 < - (pg — 1).

Then there exist vy, po > 0 such that for all 0 < v < 9, 0 < p < po, (1.9) and (1.10) are
satisfied.

Proposition 2.3. Let N be a positive integer. Fiz 0 < v < min(2,N) and 0 < p <
min(2, N). Let p,q > 1 such that

2— 2— 2— 2
pZmaX< T4 P, i )

N p P

and

2—p 2—v 2—p 2
> 1 - .
q_maX< N - N o v +7>
Then (1.9) and (1.10) are satisfied.

The proof of those two propositions is given in the next section.
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3. PROOF OF MAIN RESULTS

We look for global solutions of the system (1.2) via a fixed point argument. Let us denote
U = (u,v), ® = (41, 42) and

Fo(U) = (Fo(U),Ga(U)), (3.1)

where .
Fo(U)(t) = "1 + a/o =2 (1|7 o(o) P~ o(0)) do, (3:2)
Go(U)(t) = ey + b/0 =2 (|17 lu(e)|" " u(0)) do, (3.3)

with 1 and @9 being two tempered distributions, a,b € R, 0 < v < min(N,2), 0 < p <
min(N, 2), p,q > 1.

Proof of Theorem 1. Let X be the set of continuous functions
U : (0,00) — L"(RY)x L"2(RV),
to= (u(t), v(t))
such that
Ul1x = sup [¢% u(e) s £ o D), | < oo

where r1, 79 are two positive real numbers satisfying conditions in Lemma 2.1 and (1, 2
are respectively given by (1.6) and (1.7).
Let M > 0 and define the closed ball in the Banach space X by

Xu ={U e X,|[U|x < M}.

X, endowed with the metric d(Uy,Us) = ||Uy — Usl|x, is a complete metric space.
Consider the mapping Fg defined by (3.1), where ® = (1, p2) € S'(R™) x S’ (R") satisfies
(2.6). We will show that Fg = (Fg,Gg) is a strict contraction mapping on X ;.
Let ® = (p1,p2) and U = (¢1,12) belong to S'(R") x S'(R") satisfying (2.6). Let
Uy = (u1,v1) and Uz = (ug,v2) be two elements of Xj;. Then we have

t91| Fo(U1)(t) — Fu(U2)(t)|lr, <™ ||etAt(¢>1 = 1)lln
+|06|1t51/O 2L [for(0) P~ o (0) = [v2(0) [P v2(0)] Iy do.

It follows, by the key estimate (2.2) with (g1, ¢2) = (%’, r1) that

t91| Fo(U1)(t) — Fu(U2)(t)llr, < 7€ (01 — 1),

Falt® / C(t - o) TED 7 [l (0)P (o) — [a(0)P Mo (o) (34)

P



LARGE TIME BEHAVIOR FOR HARDY-HENON PARABOLIC SYSTEMS

Using the fact that, for » > p > 1,

P~ = 1917 glleyp < UL+ NGl = gl
we obtain by (3.4) and the fact that U; and U, belongs to Xy, that

| Fo (U0 (t) = Fu(U) (1) lr, < t71]|€" (01 = 1)y + 2plalCt™

t N .
X |:/ (t— U)_2T1(_1+7”;p)_;/o'_52pMp_1dU:| Uy — Uzl x.
0

It follows that
| Fa(U1)(1) = Fu(U2) ()], < 7€ (01 = 1) [lr, + 2]alCpMP~ 1P
t _A(_H_Llp)_l
X|:/ (t—a) 2r1 T2 20B2pd0:| ||U1—U2HX
0
< e (o1 — ) Iy

+2‘a|CpMp—1t*%(%*%)*%*ﬁﬂﬂrprﬁl

m

1 N
X |:/ (1- 0)_2T1(_1+T2p)_3052pd0’:| Uy — Uzl x.
0

(3.5)

Similarly using estimate (2.2) with (q1,¢2) = (%1,7"2), we obtain an analogous estimate of

t%]|Ga(U1)(t) — Gu(U2)(t)]lr,- Thus
t72(|Ga(U1)(t) = Gu(U2)(t)llr, < 172" (02 — 1b2) ||y, + 2[B|CqM "%
t v
X [/ (t— U)sz(prgq)ga_’glqda} U1 — Usllx
0

< 172 (02 = o)l
+2|b|Cqu71t—%(%—%)—5—51%“14‘52

1 N .
X [/ (1- a>—m<—1+£q>—30—6wda] UL = Us x-
0

Now, due to Part (vi) of Lemma 2.1, inequalities (3.5) and (3.6) we obtain
[Fe(Ur) = Fe(U2)x < N(® = ¥) +v||Ur = Usllx,

where
v = max(MP 1y, M7 tuy),
with

N

' A (14
v = 2la\0p/ (1—0) 2 TP 2Py,
0

1 N r
0
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Finally, from Parts (iii)-(iv) of Lemma 2.1, we see that both quantities 11 and vy are finite.
Setting ¥ = 0 and Uy = 0, the inequality (3.7) becomes

[Fe(U1)llx < N(®) + v|[Us]x- (3.10)

If we choose M and R such that (2.5) and (2.6) are satisfied then by (3.10), Fp maps Xz
into itself. Letting ® = ¥, we observe that (3.7) becomes

[Fa(U1) = Fa(U2)llx < v[[Ur = Us| x.

Hence inequality (2.4) gives that Fg is a strict contraction mapping from X/ into itself.
So Fg has a unique fixed point U = (u,v) in Xj; which is solution of (1.2). This achieves
the proof of the existence of a unique global solution of (1.2) in Xyy.
We now prove the statements (a)-(c). Let 71 be a positive real number satisfying
2011 1 ¥ P
el 2 3.11
N T1 N + ) ( )

then by (2.2) with (g1, q2) = (%, 71), we have

lu(t) — el < Ial/ =2 (11 o(0) P~ 0(0)) [l do

E(L_L
<k¢/CW—a 2 G570 (o) |2, do

P

N 1 N
S |a|CMpt 7(7 ) BZP-‘rl—*/ (1_0)_7(5_7) 20. ﬂzpdo_
0
Therefore
N
lu(t) — ey, < Oyt~ F G P (3.12)
where
1 _ﬂ(i_i)_l
=|a|CMp/ (1—0) 2'2 20 PP (g,
0

is a positive constant. Owing to (3.11) and Part (iii) of Lemma 2.1, the constant C is

finite. Similarly using (2.2) with (¢1,¢2) = (%, T2), we obtain for 75 satisfying

20 1 p ¢
— < <=4+ = 3.13
N T2 N + ’1“17 ( )

the following inequality
_N(a _1y_ 2-p
lo(t) — e al|ry < Oyt~ 2 (77 7PIHEE (3.14)

where Cs is a positive constant given by

1
= |b|CMq/ (170)7%(777) 214 q,
0
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which is finite by (3.13) and Part (iii) of Lemma 2.1.
Owing to the conditions (3.11) and (3.13), the right hand sides of (3.12) and (3.14) converges
to zero as t N\, 0. This proves statements (a)-(c) of Theorem 1.

Finally, the continuous dependance relation (2.8) of Theorem 1 follows by considering
Fo(U1) = Uy and Fg(Us) = Us in the inequality (3.7).

Now, if in addition ® and ¥ satisfy (2.9), then following the same steps as above but

with the norm
U = (. 0)llxs = sup [P o) 0O

we obtain by the key estimate (2.2) with (q1,¢2) = (%2,71), the fact that Uy and U belongs
to Xy and the estimate |[v1(0) — va(0)||r, < 07279 Uy — Usl|x s

| Fo(Un)(t) = Fy(U2)®)lry < 7 (01 — 1)y + [aft™

! -S(e-L)-% 1 1
X/ Clt—o) 272 772 |Jor(0) P~ (o) — va(0) P~ ua(0)
0

QdU
p

940" (o1 — Y1) |y, + 2|a|CpMPT T
N

<
x Uot(t—a)—zrl
<

102 (o1 — 1) ||y

12la|CpMpty 7 G TR Tt A

_ oy
( 1+,.2p) 20_—52p—5d0,:| ||U1 _ UZ”X,(S

1 N T
" {/ (1- U)—%(—l—h;p)—ga—ﬂzp—éd(j] Uy — U2||X75.
0

‘We obtain also
9249 Gp (U1) (1) — Gy (Ua) (1) ||ry < 727912 (02 — 19) ||y
Lolp|CgMa-ty G R s At

P

1 N i
§ [/ 1 U)_ZTQ(_Hqu)—QU—ﬁlq-adU] UL — Uslxs.
0

Then
1Fa(U1) = Fu(Ua)lxs < Ns(® =) +2/[|U1 — Uz x5 (3.15)
where
V' = max(MP~ vy, M9710)), (3.16)
with ) y )
v = 2|a|Cp/0 (1— o) 2 TR =3 5= Bar=d 4 (3.17)

1 ~ ,
V) = 2|b|0q/0 (1— o) 2 THRD=E =P, (3.18)
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Since Fo(Uy) = Uy and Fyg(Uz) = Uy, then (3.15) becomes

Sup [tﬂ1+5IIU1(t) = wa(t)llry 72|01 (8) = 02l | < (1= 2)TING(D — W)
Now, since 0 < § < dp with dy given by (2.10), v/ and v are finite. Thus, (2.11) holds
by choosing v/ < 1 (this choice is possible for M small enough), where v/ is given by
(3.16)-(3.18).

We now prove statements (d)-(e) of Theorem 1 for r = co, we use some arguments of
[18]. Let us consider two real numbers 7 and 7’ such that r = kr’ and

berm s s LS oo (3.19)
N {(p 1 2—y N (g 1 2—p ’
o<¥(g-D <2 o<i(z-p)<z

Remark that a such choice is possible owing to Lemma A.1. Write now,
, t
u(t) = ez®u(t/2) + a/ =2 (L[ (o) P~ (o)) do.
t
2

Then by using the smoothing properties of the heat semigroup (2.1), the estimate (2.2) with
(q1,92) = (%%,7), (3.19) and the estimate (2.7), we obtain

N
S fu@)ll < Csup [ fu()]]
t>0

t
Haltr =5 [ e (1 o(a) P (o)) ||do

_1
T

z
N} "U Ol

IN

72 (o) |17, do
:

t
CM+Ct°“1*TNr/ (t— o)

P 1

¢
C’M—i—C’Mptal_%/ (t—a)_%(a_;)_%a_ﬁwda
+

IN

1 _E(L_l)_l
CM+CMP/ (1—0) 22 W) 257 P2P g,
1

2

IN

which leads to

sup [talf%nu(t)nr} < O(M) < .
t>0
Analogously, we obtain the following estimate on the second component v:

sup [taz—%ny(t)ur,] < O(M) < oo.
t>0
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We iterate this procedure, for the next step we replace in (3.19) r1 by 7, r2 by v’ and we

consider two real numbers sg and s such that sy = ks), and

1<r<sy <oo 1< < <oo,
N (p 1 2—y 1 —p
0<5(W—* <7 0<7<*—TZ> 5.

We obtain

a2—

_ N
i‘ig[tm 2 ) 2|v<>||s] C(M) < .

We therefore construct two sequences (s;); and (s}); with so = 71, sj =12, s1 =1, s) =1/
and such that s; = ks, Vi =0,1,2,... and

I <si <siy1 <00, 1 <s)<s; <o,
p _ 1 2—y N({aq 1 2—p
0<F(5-5) <% o0<§(¢-4) <%

We prove that

ag—

_N N
sup [ u(0) ™ o0l | < COD < o0, Vi=0.1.2,.
>

Now by Lemma A.1, one can choose the sequences (s;); and (s}); such that they reach oo

for some finite ¢. We finally obtain
Sup (£ [[u()l|oo, ¢ [ (B)l|oo] < C(M) < 00,
t>

with C(M) \ 0 as M N\, 0.

Finally, if in addition ® satisfies (2.12), the fact that the solution U = (u, v) of the integral
system (1.2) with initial value ® belongs to C ([0, 00), L%(RN)) x C ([O, 00), L%(RN))
and the proof of the affirmation (2.13) are based on a contraction mapping argument in the
set

Yir = {U = (u,0) e ¢ ([0, oo),L%(RN)) xC ([o,oo),L%(RN)) NC ((0,00), L (RY))

xC ((0,00), L™ (RY)) smax [supl[lu(t)[|_x , [o(t)[|_a_],sup[t™ [u(t) ][y, % [[0(8)]|1,]] < M}-
t>0 2o 202 >0
Endowed with the metric
d(Uy, Uz) = d ((u1,v1), (u2,v2)) = max [Sup[llm(t) —u2()]| o, [[o1(t) —v2(D)] o],
t>0 201 2a9

Stgg[tﬁlllm(t) =z (t) [y, 17 [Jur (8) — vz(t)llm]},

Y is a nonempty complete metric space.
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Consider the mapping Fg defined by (3.2)-(3.3), where ® = (p1,¢2) € L%(RN) X
L% (RN satisfies (2.12). We will show that Fg = (Fp,Gs) is a strict contraction mapping
on Y.

Let ® = (p1,p2) and ¥ = (11,1)2) belong to L%(RN) X L%(RN) satisfying (2.12).
Let Uy = (u1,v1) and Uy = (ug,v2) be two elements of Y3;. Then we have

1Fa(U1)(t) — Fu(U2) ()] o < e (o1 = 91)l| v
+|a|/ le= ). | 7[|v1( )P i () — \Uz(a)lp_IW(J)]H%dU-
It follows, by the key estimate (2.2) with (¢1,¢2) = (;2, %) that
1Fa(U)(0) — Fe@2) () s < llpr =
N (220 (3.20)
F(E-F)—-3 ~1 -1
+al [ Cl- o) ¥ lo1(0)P " 01(0) ~ v2(0) P~ 2(0) | = do
p
we obtain by (3.20) and the fact that U; and Us belongs to Yy, that
1Fa (U1)() = Fa(U2) )l o < ller =l x +alC
' L P N
X / (t—o) 2\ N )T 29ps=Bp NP Lo | (U, Uy),
0

it follows that

[Fe(U1)(t) = Fu(U2)(0)]| x < ||¢1—¢1|\L+2IG\CPM”’1

207

t N
XU (t—o) 2 N2, ﬁwcza]d(Ul,UQ)
0

< len —¢1HL

2aq

12lalCpMP—y 2 o R E e
1 N _Z2ay o
x{/ (1—0) 2'r2 ¥ Zaﬂzpdo}d(Ul,Ug).
0
Owing to (1.7), we get

2
IFa(Un)(t) — Fu(U2)(t] » < H@l—1b1||L+2|a\CpMp_lt'“_1”“2+T7
o1

1 N 7_2(171)
><|:/ (1—0') 20y 207 BdeO':|d(U1,U2).
0

Since a1, ag satisfy (1.4) and (1.5), using the fact that r > % and due to Part (iv) of
Lemma 2.1, it follows that

9 N, p 20

—pop+ 20 =0, TR 2y

N 1
S-S+ <L

rT2on
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Using also the fact that fop < 1, we get
1Fe(U1)(t) — Fu(U2)(t] x. < N(® =) + MP™1{d(U1, Ua), (3.21)
]

with v/ is a finite positive constant defined by

N(p 2ay

1
vy = 2]a|Cp x {/0 (1-0) 2

N
TN ) T2 By |

Similarly, we get
IGe(U)(t) = Gu(U2)(t]l x. < N(® =) + MI™115d(Ur, Ua), (3.22)
a2

with v/ is a finite positive constant defined by

q _2ay

1
vl = 2|b|Cq x [/ 1- g)‘]sz—zv)—%g—ﬁwdg}
0
Owing to (3.21) and (3.22) we get

Sup 1Fa (U1)(t) — Fu(U2)(t] s [Ga(U1)(E) — Gw(UQ)(tIQgJ <SN(@ W) +v"d(U1, U2),
- (3.23)
where

V= maX(Mp_lyi', MI~1).

We can conclude now from (3.7) and (3.23) and from the estimate N (® — ¥) < N'(® — ),
that

d(Fo(U), Fu(U2)) < N'(® — V) + max(v,v")d(Uy, Us). (3.24)

N N
It is clear that if U € Y)y, then Fo(U) € C ([0, oo),LE(RN)) x C ([O, oo),LE(RN)) N
C ((0,00), L' (RY)) x C ((0,00), L™(RY)). Hence, by choosing M and R such that

R+ M max(v,v") < M, (3.25)

it follows that Fg is a strict contraction from Y}, into itself. So F, has a unique fixed point
in Yy which is solution of (1.2).

Remark finally when the initial data ® belongs to L% (RV) x L% (RN) with respect to
the norm N”, that the condition (2.6) is satisfied, since N'(®) < N’(®). We note also that
by the previous calculations, precisely (3.24) we have the following continuous dependence
property: Let ® = (p1,p2), ¥ = (¢1,12) € L%(RN) X L%(RN) and let Up = (ug,ve)
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and Uy = (uy, vy) be the solutions of (1.2) with initial values ® and respectively ¥, with
sup [|uq><t>||N, |v¢<t>||w] < M and sup [nw(tm, ||w<t>||N} < M. Then
tZO 2a1 2042 tZO 2a1 2042

sup [||uq><t> —ua ()] [oa(t) — w<t>|w} < 1-K)"

tZO 2a1 2(12

[ lo1 — vl llea — el | G26)

for some positive constant K = max(v, ). This finishes the proof of Theorem 1.

Let us define the scaling operator dy by
[dxel(z) = p(Az).
It follows that
Ay = dye ™ YA > 0.

Proof of Theorem 2. We now construct self-similar solution with initial data ®. We adapt
the method used in [1]. Let us define ®,, for A > 0, by

Dy (z) := ()\QO‘lgpl()\x),)\Q‘”apg()\x)) .
It is clear that &) satisfies
Dy(z) = P(x),YA>0.

Let U be the solution of the integral system (1.2) with initial data ® constructed by
Theorem 1 ( remark that N (®) < oo, since r; satisfies Parts (i)-(ii) of Lemma A.1 below
and by homogeneity, also N (®) is sufficiently small since [lwi|lco and [Jws2 || are sufficiently
small). That is U belong to X ;. We want to prove that Uy = U, VA > 0, where Uy (¢, z) :=
(ur(t, ), va(t, z)), VA > 0, with

ux(t, x) = N2 u(\%t, Az ),

and
oA(t, z) = N30 (N2t \x).

To do this it suffice to prove that Uy is also a solution of (1.2) with the same initial data

®), = ® and that Uy belong to Xj;. On one hand due the homogeneity properties of the
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system (1.2), if U =

dyu(N\*t)

(u,v) solves this system, then the scaled function solve it also. In fact
)\2

t
e B +a / eV (|17 o(0) P 0 (o)) do

a

= ®dyprta 32 (dy (|7 u(0) P (o)) do

AR (L7 dyo (Vo) P dyw(Ao) ) do.

[
A2t
= Pdyor —l—a/ AVeltmR)A (|.|*7|d>\v(0)|p71d)\v(o)) do
0
= etAdAgal —|—CL/
0

Hence by (1.8), we get

Aerd u(\2t) =

t
P (A1) +a / =R (| |7INE 201 10,0 (\20) P~ L d\u(A20)) do
0

t
PN ) +a / =R (||77[A22d\v(A20) [P~ A2 2 d\u(A20)) do,
0

we conclude finally that

ux(t) = o) +a / et=IA (|| [ua (o) [P o (0)) do. (3.27)
0

Similarly we obtain

oa(t) =Py + b / =R (7P |up(0) P un (o)) do. (3.28)
0

The affirmation follows from (3.27)-(3.28). On the other hand we have

Hence

lux@llry = X2 ldau(3*t)]lr,
_N

NPT u(A?) I,

AP (X8 1,

supt? ur(t)]lr, = sup (A2 u(N2E)|r,
t>0 A2t>0

= sup ™' [|u(t)]|r,,
t>0

similarly sup t2||oy(t)||r, = supt?2||v(t)||,,. It follows so that ||Ux|x = [|U|lx. Then by
t>0 t>0

uniqueness in X Uy = U and thus U is self-similar. Let us denote it by Ug. The fact that
Us(t) — @ in S'(RY) as t — 0 follows by statement (c) in Theorem 1. O
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Proof of Theorem 3. The proof is similar to the one of Theorem 5.1 in [1], we simply indicate
that

(i) sugtﬁl+5\|etA(cp1 — Y1)y < 00, for 0 < § < % —o1.
t>

(ii) su}gtﬂz+5\|6m(<ﬂ2 — )|, <00, for 0 <6 <5 —ay.
t>

By the formula (2.11), we have that

up [17457 u(t) — s (1), %+ lo(t) — vs(D)la| < CN3(® — ).

That is

sup (17457 [u(t) — us(#) . %+ lo(t) — vs(®)]a| < C.

for 6 > 0 sufficiently small and C a finite positive constant. This gives (2.15)-(2.16) directly
for ¢ = r1 and g = ro.

We now turn to prove the asymptotic result in the L>*-norm. Write

ult) —us(t) = 2 (u(t/2) — us(t/2)) +
t
a / IR (o) P~ (o) — Jus(o) P us (o)) ] do,
t
2
u(t) —vs(t) = 22 (v(t/2) — vs(t/2)) +
¢
b/ TR (Ju(0) " u(o) — fus(0)|  us(0)) | do.
t
3
Let T" > 0 be an arbitrary real number. By using the smoothing properties of the heat

semi-group with (s1,s2) = (r1,00) and the estimate (2.2) with (g1, ¢2) = (00, 00), it follows
that

() —us(t)lloo < 2 (u(t/2) — us(t/2)) oo + lalt™ 0 x
/£ =2 1177 (lo(0) P~ o(0) = [us (o)~ os(0)] llocdo
Ot lu(t/2) — us(t/2)|lr, + |a]CE1H x

/i (t =) 2 (Ilo(0) B + los (o) 15 ) l0(0) = vs(0)l|cdo

2

IN
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Using (2.11) to estimate the first term and the fact that [|[us(f)|lcc < Ct72, ||v(t)]co <

Ct™%2 to estimate the last term, we get
1 u(t) —us(t) o < C(8) +alC x

l/11(1—a)—30—-a2p—5d01 sup (to‘2+5\|v(t)—v3(t)||oo).

5 te(0,7]

Which leads to

1 u(t) — us(t)]|oo < C(8) +C sup [t”*‘sllu(t) — us(t)lloo, 17200 (t) — vs(t)lloo} :
te(0,7
(3.29)

Similarly we have
I lt) = (D)oo < C)+C s [ ult) = us(B)os 1744 o) ~ )]
te(0,
(3.30)
Using (3.29) and (3.30) we obtain

sup 7 ut) — us(®)lloo, 1 f0(t) = vs(8)]lnc] < C'(0).
te(0,71]

Since the constant C’(§) does not depend on 7' > 0, one can take the supremum over (0, 00).

This prove (2.15)-(2.16) for 1 = oo and r9 = oo. Using the interpolation inequality

lu(t) = us(®lg < llu(t) — us@} [lu(t) — us(®)l",

where
L om l-m_m
q1 1 oo r1
We get
lu(t) = us(®)lly < [lult) = us@FHu(t) = us(®)l|ic™
< O [=B1(r)=0l+(1—p1)[—B1(00) =]

= Ot P(@)-3
We have also
[v(t) — vs(t)|lgy < CtP2(@)=3,

Hence the general results (2.15)-(2.16). The estimate (2.17)-(2.18) follows by a simple

dilation argument. We prove just the first estimate (2.17), the proof of the second estimate
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is similar. We have
u(t) —us)llg = [lult,.) =t us(l, —=)llg
Vit
= |d u(t \f)—t_ald L us(L,)llay

_ ||d1 [u(t, V1) =t~ us(1,.)]|lq
1 _N —aq
_ (%) a1 ||u(t’ \/175) —t US(L -)||q1'

Then by using inequality (2.15) and relation (2.14), we get (2.17). O

Proof of Proposition 2.2. If v =0 and p = 0, then (1.9) and (1.10) are verified. Since these
are strict inequalities, they must hold for small v > 0 and p > 0. This finishes the proof of
the proposition. O

Proof of Proposition 2.3. Let a and ag defined by (1.4) and (1.5) respectively. Under the
conditions
2—p 2
g2 —+ -,
Y Y
and

2 — 2
p» 27,2

- )

pp
we have that conditions (1.9) and (1.10) are equivalent to the conditions 2a; < N and

205 < N. Now, since ¢ > 25 p—i— =~ +1, we see that 2c; < N and since p > 2 7—i— £+,
we obtain that 2ae < N. This finishes the proof of the proposition. O

4. STRONGER UNIQUENESS RESULTS

It has been proved in Theorem 1 that for small initial data ® = (¢1,¢2) € L%(RN) X
L%(RN) with respect of the norm N”, there exists a solution Up = (ug,ve) of the in-
tegral system (1.2) and uniqueness is guaranteed only among continuous functions U :
0,00) — L3 (RY) x L (RY) which also verify sup [£21[u(t)]r,, % [[0(8)], ] is suffi
ciently small. Our aim in this section is to prove th;t? 0uniquelrless is guaranteed for solu-
tions which belong to C ([0, ), L%(RN)) xC ([0, ), L%(RN)) NC ((0,00), L™ (RY)) x
C ((07 00), L™ (RN )) , which improves the result of uniqueness in Lebesgue spaces given in
Theorem 1. We will use arguments of type Brezis Cazenave [2]. We have obtained the

following result.
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Theorem 4. Let N be a positive integer. Let p, ¢ > 1. Let 0 < v < min(N,2) and
0 < p < min(NV,2). Let aq, g defined by (1.4) and (1.5). Suppose that (1.9) and (1.10)
are satisfied. Let By, P2 be given by (1.6) and (1.7). Let r1 and ro be as in Lemma 2.1.
Let M, R > 0 be such that (5.25) is satisfied. Let ® = (¢1,p2) € L%(RN) X L%(RN)
satisfying (2.12). Let Up = (ua,ve) € Yar be the solution of the integral system (1.2)
with initial data ® constructed by Theorem 1. Let V = (v1,v9) € C <[0, oo),L% (]RN)) X
C ([o, oo),L%(RN)) N C ((0,00), L' (RN)) x C ((0,00), L2(RN)) be a solution of (1.2)
with the same initial data ®. Then

V(t) =Us(t), Vt € [0,00).
The proof of this theorem relies on the following two lemmas.

Lemma 4.1. Let N be a positive integer. Let p, ¢ > 1. Let 0 < ~ < min(N,2) and
0 < p < min(NV,2). Let aq, g defined by (1.4) and (1.5). Suppose that (1.9) and (1.10)
are satisfied. Let By, P2 be given by (1.6) and (1.7). Let r1 and ro be as in Lemma 2.1.
Let M, R > 0 be such that (3.25) is satisfied. Let ® = (¢1,p2) € L%(RN) X L%(RN)
satisfying (2.12). Let Uy = (us,ve) be the solution of the integral system (1.2) with initial
data ® constructed by Theorem 1. Then for all T > 0, there exists a unique solution
Us 1 =Us € Yarr of (1.2) with initial data ®, where

Yo = {U = (u,v) €C ([O,T),L%(RN)) xC ([O,T),L%(wa NC ((0,T), L™ (RN)) x

C ((0,7), L (R™)) smax [ sup [Ju(®)_x, [o(t)| s ], sup (17 [u(t) st 0(t)|,.]] < M .
te[0,T) 20 202 t€(0,7)

Proof. The existence of the unique solution Ug 1 of (1.2) with initial data ® follows by a

fixed point argument in Yy 7. Let Up € Yis the solution of (1.2) with initial data ®. Owing
to the fact that Up € Yy C Yarr and by uniqueness in Y7, we obtain Up 17 = Us. O

Lemma 4.2. Let N be a positive integer. Let p, ¢ > 1. Let 0 < v < min(N,2) and
0 < p < min(N,2). Let a1, ag defined by (1.4) and (1.5). Suppose that (1.9) and (1.10)
are satisfied. Let M, R > 0 be such that (3.25) is satisfied. Let ® = (¢1,p2) € L%(RN) X
L%(RN) satisfying (2.12). Let Up = (ug,ve) be the solution of the integral system (1.2)
with initial data ® constructed by Theorem 1. Let (®;) = ((¢1,7,92+)) be a family of
functions satisfying (2.12) such that

N N
®, — @, in L2 (RY) x L2z (RY).
70
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Then the family of solutions (Us.) = ((us,,ve,)) of the integral system (1.2) verify
20 (RN 305 (RN
Us, (t) — Ug(t), in L2 (RY) x L2z (R™),Vt € [0,00).
T—

Proof. By continuous dependance (3.26) in Yy, it follows that
e, () ~ w0y ow, (0~ ve(@ll | < (= K)

x| len, =l . lear = 2l | e € [0.00)
ay a2
By letting 7 — 0, we obtain the result. (]
N N
Proof of Theorem 4. Since V = (v1,v2) € C ([O,OO),LE(RN)) x C ([0,00),LE(RN)) ,
then there exists €1 > 0 such that
N (V(s)) = max |:|’U1($>|2N, ||U2(8)||2N:| <R, Vs €[0,¢e1]. (4.1)

Let us define V; = (v1,7,v2,7) by Vi(t) = V(t + 1), Y7 € (0, %], Vt € [0, 5]. We have from
(4.1) and since (£ |v1-(t) |1, 72 |lvo(t)]lre) — (0,0) as t — 0, V7 € (0, ]

(@0 max | JonO)] .o O | = mo [ lo1 ()L oa(r) s | < v € (0.5,

0) sup (o0 loar O | <R < v € (0,3],

tef0,5-
(c) There exists 0 < T, < e; such that sup [tﬁl||v1,T(t)Hh,tﬂ2||v2’7(t)|\r2} < M,
t€(0,57]
vr e (0,%].

It follows then that V; € Y, ., using now Lemma 4.1 we deduce that V.(t) = Uy, (g)(),
» 2
vr € (0,%], vt € [0, L], where Uy, (o) is the solution of the integral system (1.2) with initial
data V(0) constructed by Theorem 1. Hence V.(t) = Uy, (g(t), V7 € (0, 5], Vt € [0,00).
N N
By Lemma 4.2, we obtain V(t) — Us(t), in L21 (RN) x L22 (RN)) Vt € [0,00). On the
T—
N N
other hand V;(t) = V(t + 1) — V(t), in L2t (RY) x L2z (RY), Vt € [0,00), (since V is
T—
continuous in [0,00)). Finally, we conclude by uniqueness of the limit that V(¢) = Us(t),
vt € [0, 00). O

Consider now the integral equation

u(t) = o+ a / 9 (| fu(s) P u(s)) ds, (4.2)
0
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where u = u(t,z) €ER, t >0,z € RV, a €R, 0 <y < min(N,2) and p > 1. Set

=D v”. (4.3)
Suppose that
NQ(p_;) >1, (e g > 1). (4.4)
By choosing v = p, p = ¢ and r; = r in Lemma A.1, using the fact that é - Nlp =
% and the equivalence q. > 1 < (A.1), it follows that there exists r > g,
satisfying

1 2 1 _N—y (5)
g Np 7 Np

Corollary 4.3. Let N be a positive integer. Suppose that p > 1. Let 0 < v < min(N, 2).
let q. defined by (4.3). suppose that (4.4) is satisfied. Let r > q. satisfying (4.5). Let
@ € L(RN) sufficiently small. Then there exists a global solution of the integral equation

(4.2), which is unique in the class of functions u € C ([0, 00), L% (RN ))NC ((0, 00), L"(RY)).

Proof. Let N be a positive integer. Suppose that p = ¢ > 1. Suppose that v = p with 0 <
v < min(N, 2). Let oy = g defined by (1.4). Suppose that (A.1) is satisfied. Let £1, B2 be
given by (1.6) and (1.7). Let r; = ro be as in Lemma 2.1. Let M, R > 0 be such that (3.25) is
satisfied. Let ® = (¢1,¢1) € L%(RN) X L%(RN) satisfying (2.12). Let Up = (ug,us) €
Yar be the solution of the integral system (1.2) with initial data ® constructed by Theorem
L Let V = (u1,01) € C ([0,00), L%(RN)) xC ([0,), L%(RN)) NC ((0, 00), L' (RV))
C ((0,00), L™ (RY)) be a solution of (1.2) with the same initial data ®. Then by Theorem
4
V(t) = Us(t), Vt € [0,00).

This finishes the proof. (]

Remark 4.4. The previous corollary improves the class of uniqueness for the scalar Hardy-

Hénon parabolic equations given by Theorem 1.1 (iii)-(b) in [1].

Remark 4.5. Using the same steps as above we prove that for initial data ® = (1, @2) €
L (RN) x L2(RN) such that % <q1<mr and % < g2 < 12, there exists a local solution
Us = (ug,ve) of the integral system (1.2) and uniqueness is guaranteed in the class of
solutions which belong to C ([0,T], L% (RY)) x C ([0,T], L2(RY)) nC ((0,T], L™ (RY)) x
C ((0,7], L™ (RN)) , for any fired 0 < T < Tpax, where Tyax 18 the mazimal existence time.

This improves the result of uniqueness in Lebesgue spaces given by Theorem 1.1 (iii)-(a) in

[1].
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APPENDIX A. AUXILIARY LEMMAS

Let us state the following result which will be needed in the proof of the technical lemma.

Lemma A.1. Let N be a positive integer. Let p, ¢ > 1. Let 0 < v < min(N,2) and
0 < p <min(N,2). Let k given by (1.3). Suppose that (1.9) and (1.10) are satisfied. Then
there exists a real number r1 satisfying the conditions
(i) N
(it

- p)p+(2 5 <7

s}
Nk(2 7)q+(2 7 ST

)
(iii) %kp <7,
N
(1V) prq <7,
(v) QJXY (kp—1) <1,
(vi) o5 (g — k) <71,
p(pg—1)
(vii) r1 < Nk B oyl
a(pg—
(Vlll) ry < NW
Proof. We will treat the cases where 2+ (2 — p)p —ypg > 0 and 2+ (2 —v)q — ppg > 0, the
other cases are simple. One can easily see that r; exists if and only if the left-hand sides of
inequalities (i)-(vi) are less than the right-hand sides of inequalities (vii) and (viii). Since
pq — 1 > 0 we verify easily

; pg—1 p(pg—1)
(1) N(2 p)p+(2—7) < Nk3 2+(2—p)p—pq’

(if) Nk (2*7§Z+}2*p) < Nk?ﬂg(fz)plf)wq’
(i) 2 (kp — 1) < Nbgp2e
(iv) (0 — k) < Nbgpee

(v) N(27p1)11q7+(12*v) < N2+(2(pq7)ql)ppq’
(vi) Nk (277];3;%2*/1) < N2+(q2(fz)qupq’
(vid) 2 (kp— 1) < Nyl

N —1)
(Vlll) ﬂ(q — k) < N%

Condition 20y < N implies that Nikp < Nk%, condition 2a; < %’(N —

p)% implies that pq < Nk%, condition 2c9 < N implies that
-1 2— +(2— . .

Ni_pq < N% and finally condition 2as < %(N — fy)% implies that

NL_,Ykp < N%. This finishes the proof of the lemma. O

Proof of Lemma 2.1. Owing to relation (2.3) and Lemma A.1, the proof of Lemma 2.1 is
simple and can be omitted. O
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Remark A.2. In the case where v = p and p = q it suffice to change the hypothesis (1.9)
and (1.10) by the hypothese

2a1 < N. (Al)
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