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ABSTRACT. Consider the nonlinear heat equation
ue = Au A+ |[ulP "y — |u]? M, (0.1)

where t > 0 and « € Q, the unit ball of RN, N > 3, with Dirichlet boundary conditions.

Let h be a radially symmetric, sign-changing stationary solution of (0.1). We prove that

the solution of (0.1) with initial value Ak blows up in finite time if |[A — 1| > 0 is sufficiently
N42

small and if 1 < g < p < ps = F=5 and p sufficiently close to ps. This proves that the set

of initial data for which the solution is global is not star-shaped around 0.

1. INTRODUCTION

This paper studies finite-time blowup of sign-changing, regular solutions of the initial

value problem
ug = Au + |ulP~tu — |ul9  u, (11)

U = 0.

Here, u = u(t,z) €R, t >0, x € ), and

O =B, (1.2)
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tions; linearized operator; asymptotic behavior.
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is the (open) unit ball of RY,

N > 3. (1.3)
Furthermore, we consider
1<g<p<ps, (1.4)
where N oo
+
_ ) 1.5
Ps =Ny (1.5)

It is well known that the initial value problem (1.1) is locally well-posed in Cy(£2), where
Co(Q) is the Banach space of continuous functions on Q that vanish on 99, with the sup
norm. More precisely, given ug € Cp(Q2), there exists a maximal time 0 < T, < o0
and a unique function u € C ([0, Ty,), Co(2)) N C ((0,Tw,), C*(€2)) N C ((0,Tyy), Co(€2))
which is a classical solution of (1.1) on (0,7,,) and such that u(0) = wug. Furthermore if

Ty, < 00, then lim ||u(t)|leo = 00, and we say that « blows up in finite time. In addition,
T,

if v e C([0,T),Co(2)) NC((0,T),C3(2)) N C*((0,T),Co(R)) is a supersolution of (1.1),
ie v — Av > |[v]P~lo — |v|97 M, vjaq = 0 and v(0) > o, then v(t) > u(t) as long as both u
and v are defined. The notion of subsolution is defined with reversed inequalities, yielding
the analogous conclusion. See, for example Proposition 52.6 in [17].
We define the set G by

G ={up € Cp(N), Ty, = 0}.
It is interesting to study the geometrical properties of the set G. First of all we note that
every solution h of

{ —Ah = |[h[P~th — |h|7 1A,

(1.6)
hjaq =0,

is a stationary, hence global, solution of (1.1), whose initial value is of course uy = h, and
so is in G. Since the nonlinearity |s|P~'s — |s|97's satisfies the properties of [3, Theorem
1.1, p. 15], it follows that the set G is not convex. As u(t) = 0 is a solution of (1.1) one can
ask if G has the weaker property of being star-shaped around 0. The aim of this paper is
to prove that G is not star-shaped.

This result is already well-known in the case of a single power nonlinearity

{ up = Au+ [ufPu,

(1.7)
Ujpn = 0.

In particular, it is proved in [2] that if h is a radially symmetric, sign-changing stationary
solution of the problem (1.7), with = By, then the solution of (1.7) with initial value \h
blows up in finite time if |[A—1| > 0 is sufficiently small and if p is subcritical and sufficiently

close to pg = % More precisely, there exists 1 < p < pg = % such that if p < p < pg
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and if h € Cy(R) is a radially symmetric, sign-changing stationary solution of (1.7), then
there exists € > 0 such that if 0 < |A — 1| < ¢, then the classical solution of (1.7) with the
initial condition u(0) = Ah blows up in finite time. In particular, G, for the problem (1.7),
is not star-shaped.

The fact that h changes sign is fundamental in this affirmation. In fact in the case where
h > 0 it follows from the comparison principle of the heat equation that if 0 < A < 1, then
the solution is global and if A > 1, then u blows up in finite time. For an elementary proof
of the case A > 1, see Theorem 17.8 in [17]. We remark, as was done in [2], that if h changes
sign, then h and Ah are not comparable if \ # 1.

In addition to the result in [2], it is known that G for the problem (1.7) is not star-shaped

in several other circumstances :

e N =3, Q= B; and p > 1 sufficiently near to 1, see [4] ;
e N > 3, Qis a general domain and p < pg sufficiently near to pg or p = pg, see
(14, 15] ;
e N =2 Q=B or Qis a general domain and p sufficiently large, see [8, 9].
See [5, 6, 7, 10, 11, 12, 16] for other properties of the set G for the problem (1.7).
We now turn to problem (1.1), and we recall the following explosion criterion, see [2,
Proposition B.1, p. 447].

Proposition 1.1 ( [2, Proposition B.1, p. 447]). Let Q C RN be a smooth bounded domain.
Let g € CY(R,R) satisfy g(0) =0,

$2/(s) > (1+ ©)sg(s), (18)
and
lg(s)| < C(1+s|%), (1.9)

for all s € R, where e >0 and 1 < 5 < % Let 1) € Cy(2) be a solution of the equation

A =
¥ =g(¥), (1.10)
Yo = 0.
Let ug € Co(2) and let uw € C ([0, Ty, ); Co(2)) be the mazimal solution of
=A
U = 0,

with the initial condition u(0) = ug. If ¥ # 0 and ug > ¥, ug # ¥, then u blows up in
finite time. Similarly if v~ # 0 and ug < ¥, ug # 1, then u blows up in finite time.
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Remark 1.2. Note that if 1 < q < p < pg, then g(s) = |s|P~ts — |s|97Ls satisfies (1.8) with
e=q—1 and (1.9) with C sufficiently large and 8 = p.

It is immediate that if h is a positive solution of (1.6) with 1 < ¢ < p < pg, and if u is
the solution of (1.1) with initial value u(0) = Ah, then for 0 < A < 1, u is global (by the
comparison principle) and if A > 1, then u blows up in finite time (by Proposition 1.1).

The question remains as to whether or not the result in [2], cited above, concerning
sign-changing solutions to (1.7) also carries over to sign-changing solutions of (1.1).

The point of view in this paper is to fix a value of ¢ with
1<q<ps, (1.12)

and then consider all p with
q<p<ps- (1.13)

In fact we will ultimately consider what happens as p — pg. The main purpose of this paper

is to establish the following result.

Theorem 1. Assume (1.2)-(1.3). Given 1 < q < pg = {2, It follows that there exists
1 < g < p < ps with the following property. If p < p < ps and if hy, € Co(S2) is a radially
symmetric stationary solution of (1.1) which takes both positive and negative values, then
there exist 0 < A\ < 1 < X such that if A < X\ < X and X # 1, then the classical solution of

(1.1) with the initial condition u(0) = Ah blows up in finite time.

The first observation is that there does exists a radially symmetric, sign-changing sta-
tionary solution of (1.1), since the nonlinearity |s|P~'s — |s|97 s satisfies the hypothesis of

[13, Theorem 2 , p. 376]. More precisely, if we consider the problem:

R + N=Lp! 4 |p|P=th — |R|9 h =0
{ + A Bt — B : 114

h(0)=a >0, K(0)=0.

It is well-known by [13] that (1.14) admits a unique solution h € C? ([0, 0),R), which we
denote sometimes by hy(7, a) to emphasize the dependence on a. Recall that we are fixing a
value of ¢ satisfying (1.12) and letting p vary in the interval (1.13). Under these conditions,
by Theorem 2 in [13] for all integer m > 0, there exists ay,, such that

a) hp(1,apm) =0,

b) hy(r,ap.m) has precisely m zeros in (0, 1).
In particular, hp(-,apm), considered as a function on @ = By, is a radially symmetric

solution of (1.6) which changes sign precisely m times.
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Now, let h;, be any nontrivial solution of (1.6) and consider the linearized operator Fj, on
L?(9Q) defined by
{ D(Fy) = H*(Q) N H(9),

1.15
Fou=—Au— (p\hp|p_1 — q|hp\q_1) u, u € D(Fp). ( )

We recall the following result from [3].

Theorem 2 ([3, Corollary 2.5, p. 18]). Let hy, € Cy(Q2) be a sign-changing solution of (1.6).
Let o, be a positive eigenvector of the self-adjoint operator F,, given by (1.15), corresponding
to the first eigenvalue. Suppose that

/ hpop # 0.
Q

It follows that there exists € > 0 such that if 0 < |1 — A| < €, then the solution of (1.1) with

the initial value ug = Ahy, blows up in finite time.
To prove Theorem 1, it thus suffices to establish the following.

Theorem 3. Assume (1.2)-(1.3). Given 1 < q¢ < ps = % It follows that there exists
1 < q < p < ps with the following property. If p < p < ps and if hy, € Co(R) is a radially

symmetric stationary solution of (1.1) which takes both positive and negative values, then

/ hppp # 0.
Q

Where @, is a positive eigenvector of the self-adjoint operator F,, given by (1.15), corre-

sponding to the first eigenvalue.

The proof of Theorem 3 is based on rescaling argument. Contrary to the case of single
power nonlinearity, a rescaled function v, defined by (2.4) below in terms of h,, where
hyp is a radially symmetric stationary solution of (1.1) doesn’t satisfy the same differential
equation satisfied by h;,, which make the situation more difficult. Also, unlike the case of
the single power nonlinearity, there exist some solutions vy (r) of the problem (2.5) below
which do not tend to zero as r — oo.

The rest of the paper is devoted to proving Theorem 3, which as already noted, implies
Theorem 1 when combined with Theorem 2. Our basic approach follows that in [2]. However
because of the differences just noted between the single power and the two power cases, many

of the arguments in [2] do not immediately apply for the current situation.

Remark 1.3. The results in this paper are equally valid for

ug = Au A+ [ulP " u — clu|T
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for any ¢ > 0. The case where ¢ < 0 is not as clear, since in that case, the proof of

Proposition 2.1 below is no longer valid.

2. STATIONARY SOLUTIONS

The proof of Theorem 3 exploits strongly the radial symmetry of the stationary solutions.
By abuse of notation we will use the same letter, for example h, to denote a radially
symmetric function h : RN — R, and the corresponding function A : [0,00) — R such that,
h(z) = h(|z|), Yz € RY. Throughout this paper, we will use this convention without further
comment.

Any radially symmetric solution hy, € Cy(Q2) of (1.6) satisfies the ODE

T

hy + 2, 4 By [P Ry — [y | Ty = 0, (2.1)
hp,(0) = hy(1) = 0.

Since hy # 0, it follows by uniqueness for the ODE (2.1) that h,(0) # 0. Therefore, since
if u satisfies (1.1) then —u satisfies the same problem, it suffice to prove Theorem 3 under
the additional assumption

hp(0) > 0. (2.2)
In the rest of this paper we set

hyp(0) = ap > 0.

Clearly hy(r) = hy(r, ap), where hy(., ap) is the solution of (1.14) with a = a,. Welet A, >0
be such that

2

)‘5_1 = ap, (23)
also we define
__2 ro 2
() =27y (). (2.4
Ap

A simple calculation shows that v, satisfies

o+ MLy 4 lo[P~ly — Aiﬁ(piq)\v\q_lv =0
- v ’ (2.5)

v(0) =1, /'(0)=0.
As such, v, may be considered as a function [0, 00) — R. It is known by [13, Lemma 1, p.

T
371] that a, > 1. In fact, if 0 < a, < (’q%) " then hy(r,ap) > 0 for all r > 0. Thus,

Ap > 1. (2.6)

‘We have also

vp(Ap) = 0. (2.7)
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Proposition 2.1. Let \, defined in (2.3), then

Ap —> o0. (2.8)

p—ps

Proof. Suppose to the contrary that A, - oo as p — pg. It follows that there exists a
subsequence (pg) such that pp — pg and
k—o0

App — A, (2.9)

k
k—o0

where 1 < A < oo, by (2.6). By continuous dependence it follows that

Up, = T, (2.10)

uniformly on all compact intervals [0, M| C [0, 00), where T satisfies

2
o 4 N=l/ —ps—1= T peT®PS—D|=1g—17~ _
poETIT b poA =0, (2.11)
v(0) =1, 7'(0)=0.
It follows from (2.7), (2.9) and (2.10) that
v(A) = 0. (2.12)
And so T satisfies the equation
AT = [Pl — X—ﬁ(ps—q)mq_l@
_ ’ (2.13)
Yianox) = 0-

If we apply the Pohozaev identity as was done in [1, Remark 1.2, p. 442], and if we set

2 _ 2 _
g(u) = [uPs=ty — X ps=1(Ps q)|u|q71u and G(u) = [P st X"t Ps T T e obtain

ps+1 q+1
9_ N 2 s [N—2 N
7/ g(@)@+N/ G@) = X s i®s? {_]/ Cikas
2 JBoXN B(0.Y) 2 q+1] /By
1 / (81})2
= = zv)| — ) >0. 2.14
2 aB(o,X)( ) v ( )
From (2.14), one can conclude that
N -2 N\ y=5250s—) | q+1
0= ( 2 q+1) A P15 (503 (219)

Since ¢ < pg inequality (2.15) is possible only if T = 0, which contradicts 7(0) = 1. O
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Let now wj, be the solution of

N-1 —1,, —

w’ + —=w' + Jw|? Lw =0, (2.16)

w(0) =1, w'(0)=0.
It is well-known and easy to verify that wy,, given by

_N-2
(r)=(1+ ! 2) - (2.17)
Wy (1) = NN 2>r .
is the solution of (2.16) with p = pg.
Proposition 2.2. Let v, defined by (2.4) and wyg by (2.17), then
Up — Wpg, (2.18)

p—ps

uniformly on bounded sets of [0, 00).

Proof. By Proposition 2.1 A\, — oo as p — pg, and so by continuous dependence we can
conclude that

Vp — Wy,
P e PS

uniformly on bounded sets of [0, c0). O

Proposition 2.3. Given 1 < ¢ < ps and 0 <n < ps —q. There exist M,C > 0 such that
for allp € [q +n,ps) and r >0,

lup(r)| < M and |vy,(r)| < C. (2.19)
Proof. Let 1 < ¢ < psg and 0 < n < pg — ¢q. Note first that by (2.5)

1, 1 (=1 i S\

SO+l = =3 ) P, (220)
so that
1 / 2 1 p+1 1 —%(P—Q) 1 1 1 —%(P—Q)
— - ——— )\, 7 gt ~ - = NP
2“1)(7“) +p+1|”p(7“)| q+1°7 [up ()] = o1 gy1?
1
< —. (2.21)
p+1
Now since )\, satisfies (2.6), it follows from (2.21) that
1 1 1
——[up(r) [P~ [op(r)[ 17! < ——-. (2.22)
p+1 qg+1 p+1

Suppose by contradiction that, there exist (p,) C [¢ +n,ps) and (r,,) C [0, 00) such that

[0 (ra)| — o0,
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Since (py) is bounded we can suppose that p, — p« € [q + 1, ps], we apply now inequality
(2.22), which we note as

1 1 1
op(r) P { = = ——Jup ()97 ) < ——,
p+1 qg+1 p+1
with p = p,, r = r,,. By letting n — oo, it follows that
1
00 < —,
P +1

which is absurd. It follows so that there exists M > 0, such that for all p € [q + 7, ps) and
r >0,

op(r)| < M. (2.23)
We turn now to prove the second assertion. It follows from (2.21), A\, > 1, (2.23) and p > ¢
that

1, 1 1
- < - 4= q+1
1

1
< —— 4+ — M Ypeg+nps), Vr>0,
S p € [q+n,ps) >

so that
[ 2 fm—
|’U1/J(T)‘ S m 1+Mq+17 VPG[(]‘F?%]?S), VTEO

O

The following lemma is one of the key points which differ from the calculations in [2].
Compare Lemma 3.3 in [2]. Indeed, Lemma 3.3 in [2] cannot be true in the present context
since not all solutions v, of (2.5) tend to 0 as r — oo. We do obtain, however, a similar

estimate, valid only for r < A,,.

Lemma 2.4. Given 1 < g < ps and 0 < n < ps — q. There exists a constant v = (N, q)

such that
1

pt1
for allp € [¢+n,ps) and for all 0 < r < Ay

1 1
[op (P <y | —— + : (2.24)

1
Sl + :
2 HEE GRS Ve

Proof. Fix 1 < ¢ < ps and 0 < n < ps — ¢. Let r such that 1 <r < X\, and p € [¢ + 71, ps).

Define now
1 1 2509 1
F(r) = sup(r)* + bt 1 |op(r)PH! — ﬁ/\p v Jop ()7 + ;%(ﬂ”}(’") (2.25)
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It follows from (2.20) and (2.5) that

Fr) = R — a4 e+ el ()
= T2 - o) + urel(r)
= N L) +
L) |- L) — )P () 4 2 () ()|

From (2.19), (1.3), the fact that 1 <r < Xy, 1 < ¢ < p, Young’s inequality (applied twice)

and denoting « := §+‘f + 507 2_(p — q), one can find the estimate

1 IN — 5 P N -1
P+ 1F() = =25 = ()P = S0
29 ¢
)\ p—1 q+1
+ (q+ 1),’”|/UP(T)‘
2N —5 p L[(N-1)2 1
< e - |vp<r>|p+1 5 | S w0 + Sy
gl
(N —1)? P
< Sl - S nmrt!
q +1 ap—q)  —artl
+ vy (1) [P r pa
e+ P e
< (N — 1) M2 (pS - q) T*&%
- 23 (g+1)2 '
Now since a?i =1+ 2erl > 3, we obtain that for 1 <r <\,
F'(r) + fF(r) < Ar—3.
T
One can conclude now for all s € [1, ], for all p € [¢ + n,ps) that
;8 (sF(s)) = sF'(s) + F(s) < As™% (2.26)
Integration of (2.26) on [1,r] gives
rF(r)—F(1)< A (—1 + 1>
T
We can affirm for r € [1, \,] that
1
F(r) < B-. (2.27)
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Using also (2.25), (2.27), (2.19), p € [¢+n,ps) and the fact that 1 <r < )\, it follows that

1 2 1 1 1 %09 1 1
SO+ (P < m% Py (1)1 =y (r)uf () + B
< ! port MO B1
g+1 TPS 7
Finally, using (2.19) one can conclude that there exists v > 0 such that
1
—ul ()% + v, (r) [P < + ,
p() p+1|p()| > 7"+1 (r+1)ps%ln
forall 0 <r < A, O
We set
~ if 0 <r <A,
Tp(r) = o) TOST< 2y (2.28)
0 if r > Ap.

Corollary 2.5. Given 1 < g < pg and 0 < n < pg — q. There exists a decreasing function
j:]0,00) = [0,00) satisfying j(r) — O such that
r—00

[Op(r)| < j(r), ¥r =0, Vp € [g+n,ps). (2.29)
Proposition 2.6. (v, — wps”LOO(RN) — 0, as p — ps.

Proof. Fix 1 < ¢ < pg, 0<n<ps—qand R>0. Let p € [¢ +n,ps), on the one hand it
follows from (2.29) and (2.17) that

A

[Up(1) — wpg (1) < [Up(r)] + wpg (r)
J(r) + wpg(r)
J(R) + wps(R), Yr > R.

IN

IN

It follows that
sup [Up(r) — wpg (1)] < j(R) + wpg(R) — 0.

r>R R—o0
Thus, there exists Ry > 0 such that

(2.30)

w\m

sup [vp(r) — wpg (r)] <
T‘ZRO

On the other hand, since A\, — o0, by choosing pg sufficiently close to pg, we can
p—ps

assume that Ry < A, for pg < p < pg. It follows from (2.18 ) that there exists pg <P < pg
such that if p < p < pg then

(2.31)

w\m

sup [Up(r) — wpg(r)| = sup |up(r) — wpe(r)] <
rel0,Ro] r€[0,Ro]
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One can conclude from (2.30) and(2.31). O

3. THE LINEARIZED OPERATOR

We consider now the self-adjoint operator F, defined on L?*(2) by

{ D(F,) = H*(@) N HY(9), 65.1)
Fyu=—Au— (plhp[P~" = qlhp|T ") u, Yu € D(Hp).
We denote by
Op = 0p (Fp) (3:2)
its first eigenvalue and by ¢, the corresponding eigenvector, i.e.
Fyop = =App = (plhplP™ = alhpl ") p = Bppy, (33)
where we require
wp >0, lepllrz) = 1. (34)
Since ¢, is radially symmetric, it satisfies the ODE
e R+ (bl — alhylT) oy + by = (35)

In order to transform the operator F), into another operator we introduce I, € R and v, a

positive, spherically symmetric function on €2, defined by

Op = Nolps  p() = N Up(Ap), (3.6)
where
Q, = B0, \y). (3.7)
It follows from (3.5), (2.4) and (3.6) that 1), satisfies the equation
—Ayy, — [plvpl”1 — f’gl(pq)lqul] Yy = lpthp  in €,
Y, =0 on 0%,

2 N
/thgpp:/\ﬁ_l 2/ Uptp, (3.9)

P

and that

and

Yp >0, ||1/’p||L2(Qp) =1 (3-10)
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We have also that I, is the first eigenvalue associated to the eigenvector 1, of the self-adjoint
operator L, defined on L%(Q,) by

D(Lp) - HQ(Qp) N H&(Qﬁ,

2 (pe 3.11
Lyu=—Au— {p|vp|p1 —qXp ok q)|vp|q1} u, Yue€ D(Lp). (8-11)
Given 0 < p < pg, we set
521 (—a)
Jp(w) = / [Vw|? _/ [p|7}p|p_1 —qp " Up|q_1] w?, (3.12)
Q, Q,
for all w € H}(€,), so that
Ly = inf {J,(u),u € Hy(Qp), |[ull 120, =1} - (3.13)
Also we define the self-adjoint operator L, on L?(R™) by
D(L,) = H*(RN
(L) = HP®Y), -
Liu=—Au—pswh? u, Yu € D(Ly,),
where wp, is given by (2.17). We set
A, = inf {J*(u),u e H'(RN), ull 2wy = 1} : (3.15)
where
Je(w) = / |Vw|? — pg/ wgg_le, (3.16)
RN RN

for all w € H'(RY). We recall now the following proposition from [2].

Proposition 3.1 ( [2, Proposition 3.4, p. 439]). If L, is defined by (3.14) and A\, is defined
by (3.15), then the following properties hold.
(i) A« <0 and A\, is an eigenvalue of L.
(ii) There exists a unique eigenvector v, of Ly corresponding to the eigenvalue . which
is positive, radially decreasing with ||V« 2@yy = 1.
(iii) If (un)n>1 € HYRYN) is a minimizing sequence of (3.15) and u, > 0, then w, — 1.
in L2(RN) as n — oc.

We set

(3.17)

~ Yy(x) if 0 < |z| < Ay,
wp($) _ P( ) | | 4
0 if |z| > Ap,

for all 1 < p < pg, so that

Up € H'®RY), (9]l 12n) = 1, § 2 0. (3.18)
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Lemma 3.2. Let 1» € HY(RY) such that ]l L2@ny = 1. Consider a smooth radial cut-off
function n: RN — [0,1] such that n(r) =1 forr < % and n(r) =0 for r > 1. Set

T
kar) = (5 ) v (), (3.19)
and
= — A (3.20)
1kl 2y

Then uy € HL(S2)) and

lux = ¥l g1 @) 2 0 (3.21)
— 00

Where Q) = B(0, \).

Proof. This follows by standard arguments, using the observation that ||k 2gw) v 1.
—00
O

Lemma 3.3. Let l, defined by (3.6), then
lpb =X as p— Dps.

Proof. We first use zzp as a test function in (3.15). It follows from (3.18) that

—523(—a)

A < J*({/;p) = Jp(IZp) + /RN [p|5p|pl —qAp Wp|q71 —pswgﬁl} 7:/;1%
~ 1 _L(p_‘I) ~ 1 1| T2
= b+ /RN [p|vp|p_ —qh " |0p| 7™ —pswgg_ ] Up

~ e 17 525 (—9) g1
=1, +/ [p|vp|p 1 — pswh? 1} 1/112, — g 7! / [vp]? 11/112,. (3.22)
RN RN
It follows from (3.22), Proposition 2.3 and (3.18) that

(r—0q)

__2
A = I < ||plTp P! = pswhs ! +qMTIN P T Yp e [g+m,ps).  (3.23)

HLOO(]RN)

One can conclude now by applying Proposition 2.6 and Proposition 2.1 that

limsup(A. — 1) < 0. (3.24)
p—=ps
Next, we would like to use 9. as a test function in (3.13), but 1. ¢ Hg(€,). Thus, we need
to approximate 1, by a sequence in H&(Qp). Consider a smooth radial cut-off function
n: RN — [0,1] such that n(r) = 1 for » < 3 and n(r) = 0 for r > 1. Setting

kp(r) =mn </\Tp> Pu(r), (3.25)
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and
kp
Up = (3.26)
[kl 2 ()
it follows from Lemma 3.2 (since A, — 0o as p — pg) that
[ P (3.27)
Moreover u, € H{ (), so that
lp < Jp(up) = A = Ju(W) + Ji(up) = Ji(up) + Jp(up). (3.28)

On the one hand we have by Proposition 2.6 and Proposition 2.1 that
(r—a) ~
i) = Tl = | [l = o T g

~ *f(P*Q) ~ 1g—
< / |p|vp|p _pSpr 1|up2+q)‘pp ' / [op|? 1“102
RN RN

)

IN

|}p|5p|p —pswps 1||L°0(RN)+qu 1)\ o1 — 0.(3.29)

p—ps

On the other hand, using the fact that | J.(.) — Ji(up)| < ’HVUPHLQ(RN ||V1/1*HL2 R | T

2 2
pS/ ’up - ¢* y
RN

We deduce from (3.29) and (3.30) that

(3.27) and the dominated convergence theorem that

[ Je () = Julup)| — 0. (3.30)

p—ps

—liminf (A, — {,) = limsup (I, — As) < 0. (3.31)

p—ps pP—ps

We can confirm so by (3.24) and (3.31) that

liminf (A —Ip) = limsup (Ax — l,) = lim (A, —1,) = 0.

pP—DPs P—PS pP—Dps

The result follows now. (]

Lemma 3.4. Given g € (1,ps) and n € (0,ps —q). There exists C > 0 such that

1B (r)] + [1a(r)] < Cper < C (3.32)

T2

forallr > 1 and q+n < p < pg.
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Proof. Fix q € (1,ps) and n € (0,ps — q). We affirm first that
l, <0 forall pe(gps). (3.33)

In fact, since [, satisfies (3.6), it suffice to prove that 6, < 0. We have on the one hand

since p > ¢
( / h%) 0 < [ IV [ il = altyl 2
Qp QP P
< [ IR =g [ P (3.3)
P Qp
On the other hand since h), satisfies (2.1) it follows that
/ [Vhy|* = / (1hpl"*H = [hp|**1) . (3.35)
P Qp

It follows from (3.34) and (3.35) since ¢ > 1 that 6, < 0.
We complete now our proof. Since [, < 0, we deduce from (3.13) and Proposition 2.3
that

IVpll72 @y < ps(MO™" + MPSTY), Vp € [q +1,ps). (3.36)
By (3.18), (3.36) and Strauss’ radial lemma [18] that
~ 1
[Up(r)] < ev/1+ps (MT~1 + MPs—h)——, (3.37)
r2
for all » > 1.
A similar argument applies to 1, which completes the proof. O

Lemma 3.5. Given q € (1,ps) and n € (0,ps — q). There exist R, C > 0, 8 > 0 and
q+1n <py < ps such that

o (r)] + [t (r)] < Ce™, (3.38)
forallr > R and pg < p < ps.

Proof. Fix g € (1,pg) and n € (0,ps — q). We start first by showing that there exists R,
C>0,0>0and ¢g+n <py < ps such that

[Wp(r)| < Ce™, (3.39)

for all > R (with r < \p) and po < p < pg. It follows from (3.8) that v, satisfies

(r—q)

gt = g = Lo - o T ]+ =0, o)
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for all 0 < r < A,. We would like to use a method of energy in equation (3.40), but the

2
term — [p|5p(r)|p71 — qXp 1 q)|5p(r)|q*1 — 1, is difficult to handle so we may estimate
— 2 (p
it. On the one hand, since |p[0,(r)[P~! — g\, = q)|5p(r)|q_1| < L(r) - 0 by Corollary
T o0
2.5 and the fact that p € [¢ + 71, pg), it follows that there exists R > 0, such that for all
r>R

) |~

_ _ ——2:(p—q _ As
— plop(r)Pt = A T ()| > T (3.41)

On the other hand, since —I, -+ —\, as p — ps by Lemma 3.3, it follows that there exists
po € [¢+ n,ps) such that for all py < p < pg

3
—lp 2 =7 A (3.42)

Finally one can conclude from (3.41) and (3.42) that there exist R > 0 and ¢+n < py < ps

such that

~ _ -2 (p—q) - _ A
— | plop(r) P = gAp T () =l 2 -5 >0 (3.43)

for all pg < p < pg and all r > R. By choosing py possibly larger, we also may assume that
Ap > R for pg < p < pg. Since 1, > 0, we deduce from (3.40) and (3.43) that
N-1

Ax
’l/)g + 77. 7/);) Z —E%, (344)

for all R <r < A,. We now claim that

Py(r) <0, (3.45)

for all pp < p < ps and all R < r < A,. We argue by contradiction and suppose that
wl’g(rp) > 0 for some py < p < pg and some R < r, < Ap. Since 1,(A,) = 0, there exists

rp < 1, < Ap such that ¢y (r;,) = 0 and ¢y (r,) < 0. This is impossible by (3.44) since

Ax < 0. Multiplying (3.44) by ¢, < 0, see that
N -1 A
iy + XL < e,
which implies
A o)
( ;2 T 2¢§> <0, (3.46)

for R <r < A,. It follows from (3.46) that

Ax ,
0 ] )2 w02 0
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for R <7 < \,. Since ¢, > 0 and 1, < 0, we obtain that 1, + —’\7*¢p <0for R<r <A,

so that
Up(r) < dp(R)eV ~F Re V%

for R < r < X\p. By choosing R > 1 we have ¢,(R) < C by Lemma 3.4 . The exponential
decay follows. As remarked in [2], the proof for v, is similar. This completes the proof. O

Lemma 3.6. Jp and v, € L*(RN). Moreover, H{/;p — il 1@y = 0 asp — ps.

Proof. The proof is similar to the proof of Lemma 3.7 in [2]. O

Proof of Theorem 3 . Fix ¢ € (1,ps) and 0 < n < pg —q. Let h, € Cy(Q2) be a radially
symmetric, sign-changing stationary solution of (1.1). Let ¢, be the positive eigenvector
normalized in L?(Q) of the self-adjoint operator F}, given by (3.1), corresponding to the first

eigenvalue. We have from Proposition 2.3

/Q UpYp — /RN Wps Y

P

= ‘/ ptp — Wy Ps
N N

‘/ Up wp w* ’/ — Wpg)

M || =] o 190 D) 15 = s vy

IN

IN

Vp € [g+n,ps). Tt follows so by Lemma 3.6, Proposition 2.6 that

/vpgop — Wpgs > 0.
Q

p—pPs JRN

We can now conclude from (3.9)that there exists 1 < ¢ < p < pg such that if p < p < pg,

then
/ hppp > 0.
Q

This finishes the proof. O
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