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Abstract

Swelling behaviour and bulk moduli of polymer gels comprising
of crosslinked bottlebrush subchains enables fine tuning by varying
polymerization degrees of the main and side chains of the bottlebrush
strands as well as their grafting densities. By using scaling approach
we predic power law dependences of structural and elastic properties of
swollen bottlebrush gels on the set of relevant architectural parameters
and construct phase diagrams consisting of regions corresponding to
different power law asymptotics for these dependences. In particular,
our theory predict that bulk elastic modulus of the gel exhibits non-
monotonous dependence on the degree of polymerization of side chains
of the bottlebrush strands.



1 Introduction

Architectural control of the performance polymer material properties by
varying topology of the macromolecules without changing their chemical na-
ture is a popular paradigm in contemporary material science.

Comb-shape polymers and molecular brushes comprising of long main
chain with multiple side chains tethered to it at regular intervals present one
of the most popular class of branched macromolecules used for fabricating
more complex, including supramolecular architectures.!™® Macromolecules
with even more complex topology based on the bottlebrush motive, e.g. barb-
wire macromolecules”™® or dendronized polymers!®!! have recently become
available as well. Progress in chemical synthesis allowed for a wide vari-
ety polymers and copolymers with elaborately controlled branched architec-
tures'?> that can, in turn, serve as precursors for more complex constructs,
e.g., swelling networks with branched strands that could mimic elements of
natural systems.'6

Covalent cross-linking of comb-shaped polymers or molecular brushes
gives rise to solvent-free elastomeric networks'™!® or polymer gels with novel
unusual mechanical properties that can be tuned by proper variation in the
architectural codon of the constituent strands (polymerization degrees of the
main chains, i.e., cross-linking density, and side chains as well as grafting den-
sity). Such materials exhibit very unusual mechanical properties, and allow
for independent tuning of elastic moduli in different regimes and in a wide
deformation range.'® Remarkably, living nature amply employes bottlebrush
structure for adjusting mechanical properties of different tissues?’ 22

Recently we examined the swelling behavior of networks formed by barb-
wire molecular brushes with multiple short side chains emanating from each
branching point in the loosely crosslinked network subchains.?®> The aim of
the present work is to extend the scaling analysis for bottlebrush networks
to the cases of arbitrary cross-linking density and degrees of polymerization
(DPs) of the side chains, and to predict the power law dependences for the
degree of gel swelling and its bulk elastic modulus as a function of relevant
architectural parameters.

2 The bottlebrush gel model

Consider a network formed by bottlebrush macromolecules crosslinked by
the end segments of the main chains in the network nodes and immersed
into a good (athermal) solvent. Each subchain of the network consists of the
backbone (main chain) comprising M > 1 monomer units and multiple side



Figure 1: Schematics of a swollen bottlebrush gel in semi-dilute, C* (a) and
concentrated, C**, (b) regimes. The number of monomer units in the main
chain is M. The numbers of monomer units in a side chain is n, the number
of monomer units in a segment of the main chain separating neightbouring
side chains (spacer) is m.

chains each comprising n monomer units that are attached by one end to
each m-th monomer unit of the main chain. Total number of monomer units
in one strand of the network is N = M(1 4+ n/m). The main chain and side
chains are assumed to be chemically identical, with Kuhn segment length on
the order of monomer size a taken below as a unit of length.

Below we address the case n > m which corresponds specifically to
the bottlebrush limit. Repulsive (in athermal solvent) interactions between
densely grafted side chains lead to stretching of both side chains and spacers
in the network strands and swelling of the gel. Two regimes of the bottlebrush
gel swelling are distinguished below depending on the set of architectural pa-
rameters { M, m,n}.

3 The semi-dilute C*-regime

In this regime the characteristic mesh size R (the average end-to-end dis-
tance of the main chain of a bottlebrush network strand) in the swollen gel
exceeds by far thickness D of the individual bottlebrush, which is controlled
by extension of the side chains, Figure 1a. The swollen gel can be treated as
a gel formed by cross-linked linear chain strands with renormalized contour

length and thickness (or, equivalently, effective excluded volume parameter).
The equilibrium degree of gel swelling, Q@ = V/Vz ~ R3/N, which is the



ratio of volumes, V ~ R3, and V. ~ N in the swollen and dry states of the
network, respectively, can be found by applying the c¢*-theorem,?* according
to which the equilibrium mesh size R of the gel is on the order of the size
R, of a single strand.

The individual bottlebrush strand can be assimilated?23 to a self-
avoiding wormlike chain with thickness D determined by extension of the
side chains, and the effective contour length L = (M /m)h, where h is the av-
erage extension (end-to-end distance) of a spacer (segment of the main chain
connecting neighboring branching points). Equivalently, the bottlebrush can
be presented as a flexible chain composed of L/D impermeable superblobs
each of size D. Repulsive (under good solvent conditions) interactions be-
tween densely grafted to the backbone side chains impose stretching of both
side and main chains and impermeability of the superblobs. Hence, the char-
acteristic size of a swollen network strand is

R~ R, = L'D"" = (%)”h”Dl‘” (1)
where?®:30
N m (nJm)* 012, > e/ @) <C>
h " - (C ) (2)
b= { ng(%T >)V(1_(:)/2>’/(1+ o R (3)
n2v/(A+v) —(1—v Y m < /)

and v =~ 0.6 is the Flory exponent. The first and the second lines in eqs 2
and 3 correspond to partial and full (up to the contour length, m) stretching
of spacers of the main chain, respectively. Below we refer, respectively, to
subregime C* (corresponding to m > n*/(2*) partial spacer stretching) and
subregime Cj, (corresponding to m < n*/@+")_ full spacer stretching).

Scaling expressions, eqs 2 and 3, were derived in ref,?® based on the
representation of a cylindrical brush of side chains with average axial distance
h per chain as an array of densely packed concentration blobs of size £(p) =
(ph)'/?, where p is radial distance from the main chain, and volume fraction
of monomer units of the side chains

d(p) = &=V (p) (4)

The condition of conservation of the number of monomer units in the side
chain

h /0 b(p)pdp = n (5)



provides scaling relation for the brush thickness D = n2/(+v)p=(1=v)/(1+v)
When the spacers of the main chain do not reach limit of their extensibility,
i.e., h < m, the equilibrium extension h of the spacers is found by balancing
the elastic free energy of the extended spacer®

Felastic hl/(l_y)
kgT — mv/0=v)

(6)

with the free energy (in kg7 units) evaluated as a number of concentration
blobs per side chain

F, P pdp
=y >~ (D/h)"? 7
kT o §(p) (D/R) )

Using eqs 1, 2 and 3 we can express the equilibrium dimensions of one
network strand (the gel mesh size) as

Nu(n/m)u(l—Su)/Q ~ MV(%)3V(1_V)/2, (C;)
N¥(n” Jm)(1=3)/(40) 22 v p2v(l=0)/(42) = (1=0)2/ (), (Cg‘)
(8)

As seen from eq 8, replacing of linear network strands by bottlebrushes
with the same total degree of polymerization N leads to weaker swelling of
the gel. The mesh size decreases as a function of n/m or n”/m in regimes
C¥ and CY, respectively.

At the same time, attaching of side chains to the linear network strands
with constant polymerization degree M leads to stronger swelling of the gel,
i.e. larger R.,. Remarkably, as long as spacers of the main chains are only
partially stretched (subregime C?), dimensions of the swollen gel depend
only on the ratio n/m, whereas in the regime of full stretching of spacers
(subregime CY) this universality breaks down.

The osmotic modulus G of the swollen gel can be evaluated as?*

I

R,

N—3u<n/m)3u(3u—1)/2 ~ M—Su(n/m)—Qy(l—V)/27

kgT eq N—3u<n/m)3(3u—l)/(1+u) o ]\/[_:zyﬂj_w(l_y)/(1+y)777/9,(1_1/)2/(1“)7

(9)
This result can be obtained also from the condition G, = m where 7 is
osmotic pressure which can be evaluated as

w/kgT = (¢3,)*/® VD (10)



and
LD?

3
R2,

is volume fraction of D-superblobs in the swollen gel.

2

¢p (11)

4 Concentrated regime (regime C**)

The C* regime applies as long as the volume fraction ¢}, of D-superblobs
in the swollen gel is smaller than unity, i.e., D < L. Alternatively, the
boundary of the C; and Cj regimes can be evaluated as equality of the
average concentrations of the monomer units in the gel, ¢*, with

* A~y N ~
eq
N3 (5 ) 3vBr=1/2 = N[1=3v(p /) Br=D(Ev=1)/2, (C’;‘)
N1=3v (v fm)3G3v=D/(4) = pl=8vp(v=1)Er=1)/(1+v) =) Er-1)/(+) - (O
(13)

and the concentration ¢** of monomer units within distance D from the main
chains of the bottlebrush strands,

n+m ., n ”1_3y(n/m)y(3y_1)/27 (C;>
Dh— D*h | ()30 ), (g;>

*k

C
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(14)

with h and D specified by eqs 2 and 3, respectively, and the last equality
implying n >> m.
Hence, C and Cjregimes apply as long as ¢* < ¢**, that is

m(n/m)". m = /e, (c;)
15
T p2/ )=/ () gy < e/ (24) (C{f 1
or
n(n/m), m > nV/(2tv) (C:)
N > (16)

n(gy+1)/(1+y)m—2/(1+u), m < nV/(Q-‘rV)’ (C;‘)



4.1 Subregime C*

For shorter main chain or longer side chains of the network strands the ¢*-
theorem is not applicable anymore. In the case when the main chains of the

stands remain not fully stretched (subregime <C§*>) we can estimate the

mesh size (i.e. the extent of the gel swelling) from the minimization of the
free energy (per strand or per mesh volume)

F = Felastic + Fvol (17)

with the elastic free energy of the main chain?*

N R1/(1-v)
Felastic/kBT = W (18)
and the excluded volume contribution
Foo/kpT = kBLTRS (19)

The osmotic pressure in the gel is given by 7/kgT = ¢*/(3*=1 and the
concentration of monomer units in the gel is

c= N/R? (20)

The result of minimization of the free energy given by eqs 17, 18, 19 with
respect to ¢ gives equilibrium concentration of monomer units in the swollen
gel

e N173u(n/m)3u(3y71)/2 — M173u<n/m)(3u72)(3u71)/2 (21)

that coincides in terms of scaling dependences with eq 13 at m > n*/+¥)
(regime C¥).

The dimensions R = (N/c)'/3 of an individual network strand in this
regime are given by the first line in eq 8 which grows as a function of n/m
and reaches the limit of extensibility, R = M, at n/m = M?/3,

The gel osmotic modulus in this regime C* is given by

G 7

~ ~ 3v/(Bv—1) ~v N3 w?/2 _ M3 3v(3v—2)/2 29
T T e (n/m) (n/m) (22)

which weakly decreases as a function of n/m at constant M.



4.2 Subregime C;*

In the regime Cj* the main chains of the bottlebrush strands are fully
stretched, R = M, the concentration of monomer units in the gel is

N n n
IR M*Q_ o N*Z 7N\3 23
e ML N (23)

~

c
and the bulk osmotic modulus of the gel in the regime C}* is given by

G T 3v/(3v—1) —6 - - - - -
~ ~ 3v/(3v ~ N v/(3v—1) 9w/(Bv-1) _ M 6v/(3v—1) 3v/(3v—1)
L P (n/m) <n/ng4)

4.3 Diagram of states

In Figures 2a,b,c the diagrams of states of the bottlebrush gel are presented
in M,n (Figure 2a), M, m (Figure 2b) and m,n (Figure 2c) coordinates,
respectively. Regimes C and Cj correspond to loose networks, D < R.,,
where the main chains of the bottlebrush strands are not fully stretched (C%)
or are fully stretched (Cj), respectively (see Figure la). Regimes C}* and
Cy* correspond to dense networks where the main chains of the bottlebrush
strands are not fully stretched (C*) or fully stretched (C}*), respectively,
(see Figure 1b). At the boundaries between the regimes smooth crossover
of the gel mesh size, R ~ R.,, occurs. As for the bulk osmotic modulus,
the smooth crossover occurs at the boundary between regimes C; and Cf, as
given by eq 9, and between regimes C* and C}*, as given by eqs 22 and 24.

However, there is no smooth crossover for the osmotic modulus between
regimes C; and C*, as well as between regimes C; and C;*. Indeed, in
regimes C* and C} the modulus at the boundary C*/C** and C} /C}* is pro-
portional to D3, whereas in regimes C* and C;* at the same boundary it is
proportional to the inverse volume of the concentration blob ~ (¢=/Gv=1)=3,
Therefore,

Glos /Gl = (n/m)™!? (25)

cx |G

and

G

o+ /Gley & (n” /m)?/(+) (26)

In Figures 3a and 3b we present the dependences of the gel mesh size
R and the gel osmotic modulus GG on the DP of side chains n for the case
m > M3 Similar dependences for the case m < M3 are presented in
Figures 4a and 4b, respectively. These dependences correspond to cross-
sections of the diagram in Figure 2c¢ indicated by dash-dotted arrows.




n
c > 1 > v lv
n=M2m Cb n=M2zm?
- *
2w N Cb
mv
m3
3v+2 Fok
m n=M 3lmca
1 v *
2o =Mime Ca
m .
Comblike | strands
m m3 M

m m= Comblike
~ strands
n
Unphysical L
values of 7 =Mt
parameters, .
Mim<1 - a
v Ca
nzv [ - m=M¥n C*
- b vt
Cb &Mm niv
3
! Nz n M
n
, p/n=mm?
M H t Z Nn=m
! | n=mMm¥ \
2+v CM! 1 C**
M3 b ; a1 vt
— . ; n=Mvm
n=MiZ’m2 .
M i :
* (-
Cbi ! Ca
i !
2! i
" :m\ \ Comblike : strands
i
1
+ 1
3 M m

Figure 2: Scaling diagrams of state of a swollen bottlebrush gel in M, n (a),
M, m (b) and m,n (c) coordinates. Equation for boundaries between regimes
are indicated. The region m > M in panel (a) is unphysical. The regions
n < m in panels (b) and (c) correspond to comb-shaped network strands
with loosely grafted side chains not considered here. The regions shaded in
blue correspond to polymer volume fraction larger than unity, that is, are
unphysical.



:

M
(3]
m
* ok wx
C, C, (o}
m
m 1 A n
n=M"m n=mM?¥

KT
M
PR
(e Mo (0
w (%) (=) ()
) M ‘7}
M2 1 (m
I
o !
M2} I
1
M 1
() "
m c c" c
a a
m
B
m n=M'mv n=mMm3¥ n

Figure 3: Gel meshsize R (a) and the gel modulus (b) as a function of DP
of side chains n for the case m > M'/3

10



)

R=M"
i)

0
m

C. C, o

a

(a)
c

KT
M-
o )
(m)
(Mmy*
e
JE—— i
" 7 \
Ca Cb Cb
m t t
2 e
m n=mv n=M¥m n

(b)
Figure 4: Gel meshsize R (a) and the gel modulus (b) as a function of DP
of side chains n for the case m < M'/3

11



5 Discussion and conclusions

In the present paper we have studied conformational and elastic proper-
ties, that is, the swelling behavior and bulk osmotic modulus of the gels
formed by crosslinked bottlebrushes. The scaling approach is suitable for
polymer networks formed by densely grafted bottlebrush strands immersed
in low molecular weight solvent with varying thermodynamic quality. This
approach properly accounts for correlation in fluctuations in polymer den-
sity arising due to the gel hierarchical connectivity with explicit account of
the network topology and goes beyond the mean-field models. Two major
gel regimes were established: with non-overlapping (subregimes C¥, C}) and
overlapping side chains belonging to different network strands within a mesh
(subregimes C**, C}*). The results are summarized in the scaling-type dia-
grams of states (figures 2) with boundaries indicated in the plots. The power
law dependences for the equilibrium gel parameters in different regimes are
collected in Table 1.

Table 1. Equilibrium parameters of swollen gels with bottlebrush strands
in various regimes of the diagram of states

R, Q=V/Vy ~ R /N G~

3v(1—v) (Br—=2)(8v—1) . Iv(1—v)

C* MY (Y35 M3zx—l ny———5—~ M—Su n\——5—

f* V(:?)iiu(l—u) 31/(_7?)71 Iv(1—v) —3V(TZ> 3v(Br—2)

Ccr M (E) 2 M <E) P M (E> 2

2w(1-v) _ (1-v)? _6u(l-v)  3(1—v)?
Cr | Mvn @5 G MA ()6 M=3vn™ 0t G
C«l;k* M MZ(%)fl Mfﬁu/(?wfl) (%)(35)711)

The theory predicts that the gel mesh size, R, either increases upon in-
creasing DP n of the side chains, or remains constant upon the approach
to the limit of the backbone extensibility. A more complex behavior is pre-
dicted for the bulk osmotic modulus, G, which is expected to vary non-
monotonously (i.e., exhibit the local minimum) as a function of DP of the side
chains and undergo abrupt changes at the boundaries between the regimes.

The power law dependences in Table 1 were derived based on the asymp-
totic behavior of bottlebrush strands with long side chains and backbones.
That is, the side chains in the bottlebrush strands were presumed to be long
enough to swell and stretch due to the intermolecular repulsions under good
and theta solvent conditions. However in the majority of experimental sys-
tems the side chains and backbones of the strands are still relatively short
that makes the behavior of these polymers closer to that of linear chains.
The DPs of grafts in currently simulated bottlebrush networks®® remain also
"10 — 30 monomers, which makes it difficult to compare the predictions of

12



the presented scaling model (dealing with asymptotically long side chains
and backbones) with the results of available experiments and simulations.
Notably, a similar situation took place upon publication of the first scal-
ing models of polymer brushes formed by linear chains,?*37 for which the
theoretical predictions preceded the experimental realizations.

However, in some cases the comparison between our predictions and the
experimental results is possible. As it follows from Table 1, in the sub-
regimes C, Cyf, and C**, at fixed strand architecture, n/m = const, swelling
ratio V/Vy,. is predicted to vary with the strand backbone length M as
V/Vy ~ M3 =1 Recent experiments on chemically crosslinked gels® im-
plementing mononorbornene macromonomer for ROMP polymerization and
dinorbornene cross-linker (both composed of poly(n-butyl acrylate)) demon-
strated the increase in V/Vy, upon increasing macromonomer to cross-linker
ratio, [MM]/[XL]. The latter correlates with the density of gel cross-
linking®® to approximate the average DP of the strand backbone as M ~
[MM]/[XL]. Each macromonomer contained approximately 30 n-butyl acry-
late monomer units, and according to the scaling estimates, sizes of the pe-
ripheral concentration blob in the bottlebrush strand (modelled as cylindrical
brush) and of the thermal blob are close. That is, the side chains in bottle-
brush strands were (presumably) close to theta-solvent conditions, and we
used the value of exponent v = 1/2 in comparing the experimental data to
the theoretical estimate, V/Vy, ~ M3 =1 ~ MY2 ~ ([MM]/[XL])"?. In
Figure 5 the experimental swelling ratio Q) = V/Vj, in toluene at 37C° (Ta-
ble 1 in ref?) is presented as a function of [MM]/[X L] in the logarithmic
coordinates. The slope 1/2 indicated by the solid line clearly fits the exper-
imental data better than the slope 4/5, corresponding to athermal solvent
conditions with v = 3/5.

Another set of experimental data on physically cross-linked (self-assembled)
networks formed by micro phase segregated triblock copolymer PNIPAM-
PEO-PNIPAM with PEO bottlebrush block in toluene allows us to compare
the theoretical and experimental swelling ratios, @ = V/Vy,., more accurately.
In contrast to a small number of strands emanating from each cross-link, and
structural heterogeneity of chemically cross-linked gels, micro phase segre-
gated ABA triblock copolymers give rise to networks with well defined do-
mains (cross-links) and numerous bridges (strands) connecting neighboring
domains. At low contents of condensing blocks A, the spherical domains
surrounded by swollen bottlebrush blocks B can be assimilated to starlike
micelles with aggregation number P > 1, and the corona thickness A much
larger than the core radius. Scaling model of starlike micelle with bottlebrush

13
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Figure 5: Equilibrium gel swelling ratio V/Vy, versus macromonomer, [MM],
to cross-linker, [XL], ratio in chemically cross-linked gel with bottlebrush
spacers (norbornene backbone and n-butyl acrylate side chains,) [Data from
Table 1 in ref*], in log-log coordinates. Assuming [MM]/[XL] to be propor-
tional to the average backbone polymerization degree, M, the slope (3v — 1)
predicted by eqs (8), V/Vg ~ R2 /N ~ M*~! | is indicated by solid line for
v = 1/2 (theta solvent conditions) and dashed line for v = 3/5 (athermal
sovent conditions).
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corona®! allows us to express the network swelling ratio V/Vy as

4 47 H? dr (M/2)°/
cor = = 5 - T1l)= — k1] (27
it (Vdr)theor o1 ( 3 Pnyp, + ) 2 ( 3 ”:23/25 + (27)

Here, the first term in brackets is ratio of volumes of block B in the swollen
corona of micelle and of the condensed block A, the corona thickness H ~
(M /2)3/° PY/>with M as DP of the backbone in block B, the aggregation
number P ~ ni/f’with nr, being DP of block A (regime ST in ref3?). Prefactor

k incorporates thickness Dp of the bottlebrush, while

B n,+M(n/m+1)/2

oL

is volume fraction of A in ABA triblock copolymer, and monomer units A
and B are assumed to have equal sizes.

In Figure 6 we plot the experimentally measured swelling ratio () =
V/Vyfor series of samples in Table S8 in ref.!® versus Qe calculated ac-
cording to eq 27 with prefactor k = 1, and values of ¢, nr, and M/2 from
Table S8. (Note that in Table S8 DP of the bottlebrush block, M, is denoted
as nyy). As it is seen in Figure 6, the experimental and theoretical values of
Q) are consistent (follow the straight line with slope 1 in log-log coordinates,
and (as expected) the numerical difference between them is on the order of
unity.

Overall, the correspondence between the theoretical predictions and the
experimental data is reasonable taking into account the number of approx-
imations involved. Our theoretical predictions could be therefore used for
rationalizing the experimental data on samples with systematically varied
parameters and might promote experimental and computational studies of
structural and elastic properties of bottlebrush gels. The developed scaling
model provides guidelines for rational control of structural and mechanical
properties of polymer gels by tuning architecture of the subchains, and thus
might contribute to the design concept of new materials with programmed
properties.
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ST, all other prefactors are asigned unity). Slope 1 is indicated by solid line.
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