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We study the consequences of having translational invariance in space and in time in many-body
quantum chaotic systems. We consider an ensemble of random quantum circuits, composed of single-
site random unitaries and nearest neighbour couplings, as a minimal model of translational invariant
many-body quantum chaotic systems. We evaluate the spectral form factor (SFF) as a sum over
many-body Feynman diagrams, which simplifies in the limit of large local Hilbert space dimension
q. At sufficiently large ¢, diagrams corresponding to rigid translations dominate, reproducing the
chaotic behavior of random matrix theory (RMT). At finite ¢, we show that translational invariance
introduces additional mechanisms via two novel Feynman diagrams, known as the crossed and
deranged diagrams, which delay the emergence of RMT. Our analytics suggests the existence of
exact scaling forms which describe the approach to RMT behavior in the scaling limit where both
t and L are large while the ratio between L and Lty (t), the many-body Thouless length, is fixed.
We numerically demonstrate, with simulations of two distinct circuit models, that in such a scaling
limit, most microscopic details become unimportant, and the resulting scaling functions are largely
universal, remarkably being only dependent on a few global properties of the system like the spatial

dimensionality, and the space-time symmetries.

Understanding the chaotic properties of quantum sys-
tems is a notoriously hard problem. A fruitful direc-
tion has been opened by the combination of two ingredi-
ents: First, fingerprints of an underlying chaotic dynam-
ics are visible in the Hamiltonian spectrum of quantum
systems [1]; second, spectral properties are best discussed
in statistical terms [2]. This approach eliminates depen-
dence on the microscopic details of the studied systems
and brings out the universal characteristics of an ensem-
ble of statistically similar Hamiltonians, which are cap-
tured by the random matrix theory (RMT) contrained
only by symmetries [3, [4]. RMT provides a prototype of
thermalising dynamics for which the eigenstate thermal-
isation hypothesis [5H7] is confirmed []].

However, RMT fails to reproduce the local structure
of interactions of many-body quantum systems which re-
sults in a complex geometry and correlation in the Fock
space [9HI4]. For this reason, random unitary circuits
(RUC) have been proposed as toy models which utilize
RMT while incorporating a notion of locality and dimen-
sionality. In the simplest formulation, time evolution of
RUC is performed by acting with randomly generated
unitary gates on pairs of nearest neighbours in a spin lat-
tice (Fig. [th) [15, [16]. These models have proven fruitful
in developing a unifying picture of the out-of-equilibrium
dynamics of generic many-body systems with predictions
for the entanglement growth [I5] I7H25], and the out-
of-time-ordered correlators [16, 26H28]. More recently,
Floquet random unitary circuits (FRUC) have been in-
troduced by applying repeatedly the same set of ran-
dom gates (Fig.[Ip) [29-34]. FRUC have given access to
the study of non-trivial spectral properties in extended
many-body systems. In particular, for the spectral form

factor (SFF) [29 (30, [32H49],
K(t, L) = (Te[W ()] Te[W(2)]) (1)

where W (t) is the time evolution operator for time ¢, L is
the system size and (. ..) indicates the ensemble average,
it has been argued that the RMT behavior is recovered
only for ¢ > ¢, (L), with t1,(L) the SFF Thouless time.
trn(L) is an intrinsic time scale which generally grows
unbounded with the system size L (with the exception
of the dual-unitary circuits [36H38], [50]). Its origin traces
back to the existence of domain walls separating growing

chaotic subregions [30} 51}, 52].

FIG. 1. Illustrations of the different types of RUC for the
RPM: (a) Temporally and spatially random RPM; (b) Flo-
quet (and spatially random) RPM; (¢) TI (and temporally
random) RPM, and (d) TI Floquet RPM. For each case, gates
of the same colors are identical.

In this article, we consider the effect of translational
invariance in space and time on the SFF. We introduce a
spatially translational invariant (TT) version of the ran-
dom phase model (RPM) [30] on a d-dimensional lattice
of length L, which can also be time-periodic (Floquet)
or not. We will refer to the four setups resulting from
the combination of TT and time-periodicity as cases (a),
(b), (c¢) and (d) as illustrated in Fig. [} We show that



the SFF is exactly computable in the limit of large lo-
cal Hilbert space dimension ¢ via a diagrammatic ex-
pansion made up of contractions between Tr[W(t)] and
Tr[WT(t)] (respectively top and bottom layer in Fig. )
of . Before providing the explicit derivation, we out-
line the main results. At large ¢ > tp, (L) (but still with
t < theis(L), the Heisenberg time which is exponentially
large in the system size), only ladder diagrams, corre-
sponding to rigid translations of the top layer Tr[W (¢
w.r.t. the bottom layer Tr[WT(¢)], contribute (see Fig.
top). This reproduces exactly the RMT predictions, i.e.
K(t,L) ~ Kpyr(t, L), with

1, w/o symm. — (a)
t, Floquet — (b

KRMT(ZL, L) = Ld TI - (C) ( ) (2)
tL%, TI + Flog. — (d)

The first two lines are standard and result from replacing
the time evolution with a random matrix drawn from
the circular unitary ensemble (CUE), either re-drawn at
every time step (a), or repeated in time (b) [4]. The
remaining lines of Eq. can be understood observing
that TT on a square lattice leads to L% momentum sectors,
modeled as independent unitary blocks (still drawn from
the CUE). This justifies the factors of L¢ for cases (c)
and (d).

Additionally, we characterise the corrections to RMT
at large but finite ¢ > ¢y, (L). Our diagrammatic calcu-
lations at infinite ¢ indicate the existence of scaling forms
in the scaling limit where both time ¢ and the system size
L are large but the ratio L/Lry(t) is kept fixed. Here,
Lty (t) denotes the Thouless length, defined as the in-
verse function of the aforementioned Thouless time, i.e.
Ly (tth(L)) = L. Specifically, we obtain for the relevant
cases (b), (c) and (d), the scaling forms

lim Ky(t,L) —t =kp(z),

L,t—o0
L/Lrn(t)=z

lim L 'Ky = kpi(z) (3)
L,t—o0
L/Lry(t)=z

lim L_lKTIF —t= KTIF(CL‘) .
L,t—o0

L)Lt (t)=z
for d = 1, and for general d below in Sec. [lII} Remarkably,
not only the validity of the scaling form obtained at
q — oo is confirmed by our numerics at finite g, but we
also have evidence that the value of the scaling functions
k() in each case is universal, being independent of the
microscopic details of the model, which only affect the
non-universal Ly(t).

The paper is organized as follows. In Sec. [ we in-
troduce the random circuit models in the preference of
space-time translational invariance. In Sec. [[I, we discuss
the numerical simulations at finite ¢ confirming the exis-
tence of the scaling limit and its universality. In Sec. [[II}
we derive the scaling forms using the large-q diagram-
matical computations. Lastly, in Sec.[[V] we discuss the

discrepencies between the finite-¢ numerics and large-q
analytics, and the possible physical mechanism behind
them.

I. MODELS

The random phase model (RPM) is defined by a
quantum circuit which is a matrix product W(t) =
ny:1 w(t') where w(t) = wa(t)wi(t) is a ¢¥ x ¢V op-
erator, with N the number of sites. The model can be
defined on arbitrary lattices, but here we focus on integer
lattices £ in d-dimension with periodic boundary condi-
tions and length L, so that £ = Z¢ and N = L4. wy(t) =
@, u(r,t) generates transformations at each site, with
¢ X g unitary matrices u(r, t) chosen from the CUE; ws(¥)
couples neighbouring sites and is diagonal in the basis of
site orbitals with matrix elements [w2(t)]a; .. apia1,...an =
XD |03y vy Panay (r,r’,t)}, where (r,r’) are the near-
est neighbours in £ and a, € {1,...,q}. We take each
coefficient g, o, (r,r’,1) to be a Gaussian random vari-
able with mean zero and variance e, which effectively
controls the coupling between neighbouring spins.

For the temporally and spatially random RPM
(Fig. [Th), all unitaries u(r,t) and phases ¢(r,1’,t) are
drawn independently. Correlation exists only between
unitaries in Tr[W(¢)] and their unigue conjugates in
Te[WT ()], which gives K(t, L) =1 for all ¢. In [30], the
Floquet RPM (Fig. ) was considered where all gates
are drawn independently in space but are constant in .
Here, we also consider the TI RPM (Fig. [I), where the
gates are such that u(r,t) = u(t),(r,r',t) = ¢U(t),
whenever r — r’ = e,, with e, the unit vector in the
spatial direction. The Floquet TI RPM (Fig.[I{d), where
the gates are also constant in time, is arguably the most
realistic set-up.

II. NUMERICS

To test the universality of the scaling forms in , we
numerically evaluate the SFF for RPM and additionally
the brick wall model (BWM) defined in the SM [53] at
finite ¢ = 2,3, t < 8, and large L. Because of the compu-
tational cost, higher d are currently out of reach and we
restrict to d = 1. The comparison between two different
models is shown in Fig. 2] together with the infinite-¢
analytical predictions shown in green (see be-
low). In all cases, we see an excellent collapse among the
different models and times, consistent with the scaling
form and pointing at the existence of a universal scaling
function. We stress that the only free parameter in this
procedure is the Thouless length Lty (t), which rescales
the horizontal axis for each ¢t. In our procedure, we fix
it by imposing that the numerical data at different ¢’s
all cross at a reference value oy = L/L1y(t) and equal
the infinite-g expression (see Appendix for details).
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FIG. 2. Scaled SFF vs. © = L/Lty at finite ¢ for Floquet RPM and BWM (left), TI RPM and BWM (middle), and TI

Floquet BWM (right); in all panels the RPM has ¢ = 3, while the BWM has ¢ = 2 in the left and center panels, and ¢ = 3 in
the right panel. The infinite-¢q scaling forms are plotted in green. The main panel of the right plot shows ¢ = 2, 3,4 from light
to dark red. In the inset, Lty is plotted against ¢ for TIF BWM (red) and TIF RPM (blue). The TIF RPM is not shown in
the main panel because the apparent Lty (t) is too small (as seen in the inset) to be reliably estimated [53].

For Floquet circuits (Fig. left), using 7 we obtain an
exceptionally good collapse for both models with the an-
alytic infinite-g calculation (see below). Note that
while the SFF for the Floquet RPM had already been
computed in [30], the universality of the corresponding
scaling function in the scaling limit had not been ob-
served before. However, for both TI (non-Floquet) and
TI Floquet circuits (Fig. middle and right), the scaling
functions which emerge from numerical data are not well
described by those computed at infinite g. The physical
mechanism behind the discrepancies are discussed further

in Sec. V1

III. ANALYTICS

Now we sketch the exact large-g analytics of SFF for
the TI, Floquet, and TI FLoquet cases systematically.
The analytics allows us to derive the emergence of the
RMT behaviour in large-t, and the existence of scal-
ing forms describing the approach towards such emer-
gence. Remarkably, as demonstrated in Sec. [T the scaling
forms are largely universal and depend only on ¢, spatial
dimensionality, and the space-time symmetries. The de-
pendence of universality classes in the spatial dimension-
ality was first observed in [30] for Floquet systems and is
even more striking for TT ones: In d = 1, corrections are
controlled by crossed diagrams where sub-intervals in the
top layer are rigidly contracted with those in the bottom
layer (Fig. |3| middle); instead, in d > 2, corrections are
generated by deranged defect diagrams, where confine-
ment forces excitations (on top of ladder diagrams) to be
dilute (Fig. [3| bottom).

A. Translational invariant case

Here we compute the SFF of the TI-RPM in the limit
q — o0. To compute the SFF, we perform the ensemble
averages in two steps: (i) ensemble average over the CUE-
s u(r,t'); (ii) ensemble averages over the random phases.
Within a fixed time slice ', there are A/ copies of u(r, )
/ uf(r',t') on the top/bottom layer. Following [29] (see
also [53]), at the leading order in large ¢ [54], the en-
semble average is expressed as a sum over permutations,
o € S(N), pairing u(r,t') with uf(a(r),#). Additionally,
at leading order in large ¢, one is forced to take the same
permutation on all ¢ time slices, i.e. SFF is a single sum
over 0 € S(N) [63]. We now turn to the average over
the random phases and we will see that it is natural to
interpret it as a cost function associated to each o. Ex-
panding the orbital sum from phases at time slice ', we
have 35, exXP 13 1y Paran (') = Pag ey ani ()]
where the sum is over nearest neighbor pair of sites. We
see that, in large ¢, cancellations of the phases are only
possible whenever ¢ maps nearest neighbour sites onto
nearest neighbours (preserving the orientation). Using
that (e?) = e~¢/? and that all time slices contribute
equally, we arrive at the expression

KTI: Z 676t(d./\/’7pr(0')) (4)
TESN

where Npp(o) = #{r,pu | o(r +e,) —o(r) = e,} is
the number of preserved bonds in any direction by the
permutation o (# denotes the cardinality of a set). The
sum in Eq. can be reorganized by grouping all o €
Sy with the same Npp(o). We observe that Npp(o) =
Ny (7o) for all translations 7 € Syr. Since the subgroup
of translations is isomorphic to the lattice itself £, we



Ladder Diagrams in 1D

\\\\\\\\

Suppressed by
confinement

FIG. 3. (a) A representation of the set of ladder diagrams
that appear in SFF of a TI RUC according to the rules pre-
sented in [29, B0]. The top and bottom layers denote Tr[W ()]
and Tr[WT(t)] respectively. The thick line denote a group of
parallel contractions between unitary gates and their conju-
gates (represented as dashed lines and dots in (b)). This set
contains t ladder diagrams which are related to each other by
a rigid translations of (say) the top layer, and are of the same
order in ¢ |29, [30]. (b) A ladder diagram belonging to the set
in (a). (c) A many-body Feynman diagram that contributes
to the SFF of a TI RUC. The (colored) planes represent a
group of parallel contractions. (d) The simplest set of crossed
diagrams that appear in SFF for TI RUC in 1D. (e) A dia-
gram belonging the set represented in (d). (f) A many-body
diagram that contributes to the SFF of TI RUC. (g) A spatial
deranged defect diagrams that contributes to the SFF for TI
RUC in 2D. The left and right square represents Tr[W (¢)] and
Tr[WT(t)] respectively. Most sites in Tr[WW (¢)] (dots in the left
square) are contracted (grey dashed lines) with the same sites
in Tr[WT(t)] (dots in the right square). We omit these con-
tractions except four of them on the top left corner. The sites
that do not contract with their counterpart are called spatial
defects (labelled with colors). (h) Another crossed diagrams
that appear in SFF for TT RUC in 2D. The phenomenon of
confinement suppresses this diagram with a factor of e ™9,
where 0 is the size of the boundary of the defects (colored in
red and blue).

arrive at
dN
Kt = NZ Ag(N,n)e et (5)
n=0
where Ag(N,n) = #{o € Sx/L | Npb(c) = dN —n} and
n = dN — Npp(o) is the number of broken bonds. Com-
puting exactly the A4z(N,n) poses a non-trivial combi-

natorial problem, which nevertheless simplifies in d = 1
or for large NV, as we show below. However, it is easy to
see that A4(N,n = 0) = 1, corresponding to the identity
equivalence class. Therefore in the limit ¢ — oo, we re-
cover the RMT result for this case in Eq. . Generalis-
ing this construction, one can see that K converges to the
dimension of the group of spatial symmetries. As exam-
ple, for a two-dimensional TT circuit on a square lattice
with rotational symmetry by angles of 7/2, K11 = N = 4
in the limit of large ¢.

For d = 1, 0 € S/Z can be represented as cyclic
permutations of L elements: Represent o € Sy /Z; as
o' = (0(1),0(2),...) and define an associated cyclic per-
mutation with cycle ¢’. Then, o with a fixed number
of broken bonds n can be obtained as follows: We first
partition £ = Z;, = I U Iy...I, into n adjacent non-
empty intervals. Then we take any cyclic permutation &
of n elements such that (i) #6(i+ 1)+ 1 (mod n) and
rigidly map I; — I5(;). Clearly, the resulting mapping
breaks exactly n bonds and all possible mappings can
be uniquely constructed in this way. As an example, see
Fig. [3p where L = 8,n = 3 and & = (132). This leads to

Ay(Lm) = (L) n (6)
n
where the binomial factor counts the partitionings of £
and a, the possible . Although an explicit expression
for the a, is not available, they correspond to a well-
studied sequence whose exponential generating function
is known [55, [56]. For both L,t large with fixed xz =
L/Lty(t) < 1, Lu(t) = e, we can take (%) ~ L"/n!
using the dominated convergence theorem [57] and sum
over n to obtain the scaling form
lim L'K{ =e?(1—In(1—2)) =il ().
Lt—oo
L/Lrn(t)=2

(7)
Lry(t) denotes the Thouless length. Note also that
throughout the article, the limit of large ¢ is always taken
before the limits of large ¢ and L.

For d > 1, evaluating the multiplicities Az(N,n) is a
much harder task as they result from the interplay be-
tween permutations and the geometry of £. Nevertheless,
the problem simplifies in the limit of large L at fixed n,
as it corresponds to a dilute regime where a fixed number
of bonds is broken in a very large system. Consider first
a transposition which exchanges two sites. This will gen-
erally break 4d bonds (2d neighbours for each site), and
therefore Ag1(N,4d) ~ N?/2. More generally, we first
pick the positions of k well-separated spatial defects and
then we consider the possible ways of permuting them
without leaving fixed points, so that precisely n = 2dk
bonds are broken (Fig. ) These deranged defect dia-
grams lead to the asymptotic expansion

NjooNk
Tk

where dj, are the number of derangements [50, 58] (i.e.
permutation with no fixed points) of k elements [59]. The

Ag(N,n = 2dk) dy, d>1 (8)



error we make in is related to situations where the de-
fects are close to one another thus breaking less bonds,
but these are sub-leading in . Once again, we con-
sider the limit ¢, — oo at fixed x = N /Ny (L), with
Nrn(t) = €€ the Thouless volume, and obtain

—T

Jim o NTIRR = S — =k @) )
N /Nt (t)==z

We stress that the apparent difference between the scal-
ing functions and @D has a fundamental origin: In
d = 1, extended intervals can be rigidly exchanged paying
a cost only at their boundary; instead, in d > 1, exchang-
ing two extended domains has a cost which grows with
their boundary, i.e. extended defects are suppressed by
confinement. Therefore, the leading contribution at large
L and t is given by well-separated single-site excitations.

B. Floquet case

Before analysing the effect of combining time periodic-
ity and translation invariance, we review the calculation
of Kr(t, L) for the Floquet RPM (Fig. |1h) [30]. Here the
single-site unitary gates are constant in time but are ran-
dom in space u(r,t) = u(r). Thus, in the diagrammatic
expansion of the SFF, we can choose any permutation
o € S; to pair the t—copies of u(r) in the top layer with
those of uf(r) in the bottom one. In the limit of large
g, only time translations contribute, i.e. oy(k) = k +t
(mod ¢) with t = 0,...,t — 1 [B0]. Therefore, we get
a many-body diagram by choosing a configuration t(r)
(color) for each site r € L. After averaging over the ran-
dom phases, it was shown that Kr(t,L) = Zpotts, with
Zpotts the partition function of a t-state Potts model with
a Boltzmann weight across all bonds W, v = e~ ct1=0cw),
At large t, the partition function is dominated by the ¢
ferromagnetic groundstates where all sites have the same
color, leading to the RMT prediction Kg ~ t. As t ap-
proaches ty, from above, excitations from the ¢ ferromag-
netic groundstates — the lowest-lying excitation being the
domain wall states [30] 60] — become important. To ac-
cess such corrections, in 1D, one makes use of the transfer
matrix to write Zpos = Tr[WE]. Computing the spec-
trum of W and evaluating Zp,tts in the scaling limit, this
leads to the scaling form [53]

lim K& —t=¢"—z—-1=xEY2z) (10)
L,t—o0
L/LTh(t):w

with * = L/Ly(t) and Lyy(t) = e/t. In higher di-
mension, Zpetts cannot be easily computed for finite L
and t. Nevertheless, in the scaling limit where L,t are
both large, corrections to the RMT SFF are associated
with diluted excitations where the color is changed with
respect to the ground state’s one. The position of the ex-
citation can be chosen in ~ A" /n! ways and each of them
can be assigned any of the ¢ — 1 remaining color, with a

cost e~2med  As a consequence, setting x = N /Ny (1)
and Ny, (t) = e2t /¢,

thigoo IR = e = ki (2) . (11)
N/ Nopw ()=

Intriguingly, note that, in contrast with Eqs. (7)) and (9)
which are divergent for any x > 1, Egs. and (11
remain always smooth for finite . This can be under-
stood observing that infinite-¢ TT systems are mapped
onto stat-mech models with non-local interactions, so
that the scaling function is associated with the exchange
of distant domains (d = 1) or defects (d > 1); on the
contrary for Floquet systems, the resulting Potts model
has purely local interactions.

C. Translational invariant Floquet case

We can now turn to the TI Floquet case. The same
matrix CUE matrix « and u' appear tA times respec-
tively in the top and bottom layer. However, at large
q only the subgroup Sy X Zi\f C Sinr, corresponding
to arbitrary spatial permutations ¢ and time transla-
tions t(r) at each site. In d = 1, as explained in the
TI case, the permutation o corresponds to crossed dia-
grams, where spatial intervals in the top layer Tr[WW ()]
are mapped onto intervals in the bottom one Tr[W ()]
(e.g. Fig. ) Then, the cost associated to the average
over the phases depends on the choices of t(r): within
the same interval, the cost is given by the Boltzmann
weights W as in the Floquet case; instead, between dif-
ferent intervals, the cost is always e~ irrespectively of
the choice of t’s at the interface. To account for the re-
sulting combinatorics, it is useful to introduce the parti-
tion function Z(w) = Tr(W +wR)F) =3, w"Z,(t, L),
where Ry = e ¢ is a rank 1 matrix with constant co-
efficients. In words, n counts the number of intervals
and the factors Z,,(t, L) contain the sum over all possible
the colors with a n intervals. This leads to the explicit
formula valid for arbirtrary ¢ and L

KA (t,L) = anZn(t, L) . (12)
n=0

In the scaling limit, we obtain the behavior [53]

L,t—o0

lim L'K{G—t=In (
L/LTh(t):I

) =) )

In d > 1, the large-t dominant contribution corre-
sponds to ladder diagrams in space and a ferromag-
netic groundstate in the color, leading as expected to
K%?Fl(t,L) ~ tL* Corrections at large L,t are once
again obtained by diluted excitations which can have two
different origins: derangements as in @, which are now
deranged defect diagrams in space-time; or color changes



as in ([I). The two effects combine multiplicatively [53]

. _ 1
Jm (N K§ge = T—2° Kre(z) ,  (14)
N/ Npw (8) =z

with Ny (¢) = €27 /¢.

IV. DISCUSSION

The numerics shown in Fig. [2 (middle and right) shows
a discrepancy between the infinite-q analytics and the
finite-g numerics in the presence of space translation in-
variance. There can be different justifications behind this
discrepancy: One possibility is that finite ¢ corrections
decay very slowly for TI systems. This is qualitatively
confirmed in the infinite-q case, inspecting how the limit
in is approached increasing t [53]. A slow conver-
gence is also to be expected due to the presence of sin-
gularities at finite = in (|7] . More probably, we have
indications that Eq. (10]) is more robust than : By
looking at the Floquet/TI RPM with p-site unit cell at
infinite ¢, we find that the scaling function is in-
dependent of p while @ is not [53]. Still, it might ap-
pear puzzling that finite-¢ numerics shows a collapse to
a scaling function indepedent of ¢, which is nonetheless
not in agreement with the infinite-q analytics. To elu-
cidate this aspect, we propose a simple qualitative sce-
nario. First, we observe that in the RPM, the two pa-
rameters € and g control respectively the coupling in the
space and time directions and the RMT behavior emerges
when long-range order is established in both directions.
In d = 1, corrections to RMT are then controlled by
dilute excitations which break ordered domains, either
in space or time, i.e. in the leading order, we have
K(t,L) ~ Kpur(t, L) + go(L/Lrn,o(t)) + g1(L/Ln1(t));
where the subscript 0 and 1 refer respectively to the time
and space directions, with the corresponding correlation
lengths Ly, /1(t). The functions go(x) and g;(x) tend
to zero as x — 0, and are expected to be model inde-
pendent and only dependent on the symmetries. In the
large ¢ limit at fixed L and ¢, the coupling in the time

direction becomes infinitely strong with Ly o(t) 7% 5

so that only the function g;(x) survives in the decompo-
sition above. For the Floquet RPM, we expect the rel-
evant length scale to be Lry(t) ~ Lyn1(t) < Lrno(t),
so that the scaling function is dominated by spatial do-
main walls, i.e. k& 1(z) ~ g1 r(z). However, for TI
systems, Lty (t) ~ Lrno(t) < Lrni1(t), and therefore
k371 (x) ~ gor1(z). However, as pointed out above, this
scaling function is not accessible if ¢ — oo before L and
t, thus explaining the observed discrepancy between the
numerics and the analytics. In practice, the universal
scaling function go r1(z) observed in Fig. [2] results from
temporal domain walls where contractions in different
time slices take different permutation values. We stress
that, because of unitarity, the SFF cannot diverge ex-
ponentially in ¢, therefore temporal domain walls must
contribute both positively and negatively, in a distinct
contrast to the spatial domain walls discussed in [30 60].
This will be discussed in an upcoming work [G1].

A few additional comments are in order. Firstly,
it would be beneficial to justify the universality which
emerges from our work by means of a well-defined renor-
malization procedure. The main difficulty in this direc-
tion are the lack of locality and positivity of the resulting
stat-mech model. Secondly, it is natural to expect that
the scaling regime we identified is also visible in other
quantities, as time-dependent correlation functions like
out-of-time-ordered correlators. Thirdly, quasimomen-
tum is conserved in TI lattice systems and affects its
spectral properties but does not lead to the transport
of an extensive conserved quantity because of Umklapp
scattering; it is therefore interesting to explore its inter-
play with U(1) conserved charges. This will be discussed
in an upcoming work [61].
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Supplementary Material
Many-Body Quantum Chaos and Space-time Translational Invariance

In this supplementary material we provide additional details about:
A) SFF for translational invariant RPM

1. Derivation of Eq.
2. One dimensional case

3. Higher dimensional case
B) SFF for Floquet RPM.

1. One dimensional case

2. Higher dimensional case
C) SFF for translational invariant Floquet RPM

1. One dimensional case

2. Higher dimensional case
D) Generalised unit cell in large-q

1. SFF for TI RPM with p-site translational invariance

2. SFF for Floquet RPM with p-discrete-time translational invariance
E) Brick wall model (BWM)
F) Numerical methods and results

1. SFF for translational invariant circuits

2. SFF for Floquet circuits

3. SFF for translational invariant Floquet circuits
4.

Comparison between scaling forms and finite-¢, finite-L, and infinite-q solutions

Appendix A: SFF for translational invariant RPM
1. Derivation of Eq.

To derive Eq. 4] we compute the ensemble average of the TI-RPM in two steps: the ensemble average of (i) the
unitaries drawn from the CUE in w;(¢'), and (ii) the random phases in ws(¢'). To carry out (i), we recall that

. . . . . . ol . . . . . . * * =
the ensemble averages of unitaries u; ; drawn the CUE can be evaluated as (u, j, Uiyj, - - - Wi Uy jr Uiy o1 - “z'z,j,;> =

Y ores, Wg(o~tr,q) Hf;:l Sis iy ity 04y, Where Sy is the symmetric group of /¢ elements, and Wg(o~17,q) is the
Weingarten function [62} [63]. Wg(o~17,¢) can be expressed as a polynomial in 1/¢, and is of the leading order in q
when 0 = 7. We apply the above formula to average over unitaries in a fixed time slice ¢’. In the large-¢ limit, the
sum over permutation is dominated by the term with o = 7 € Sy, where A is the number of sites in the lattice.

Together with all ¢ time slices, the ensemble average is a sum over a vector of permutations, & = (01, 09, . ..,0;), where
o; € Sy. Observe that the average over the random phases can only maintain or decrease the order in 1/q of a given
contribution. This implies that in the large-q limit, the leading contribution must have 01 = 09 = --- =0y = 0 € Sy,

so that the number of sums over the site orbitals is maximized. Next, we perform the ensemble averages of the random
phases in (ii). Expanding the orbital sum from phases at time slice ¢/, we have

1 1 N > [%ra — Pl ot
> o1 /D%BHe L (SA.1)

{a},{a’}=1a,8=1
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2
where Dy,g = [exp (—%) /v 27‘&'6] dpas, and where {a} and {a’} labels the orbital degrees of freedom in Tr[WW(¢)]

and Tr[WT(t)] respectively. The delta functions in will lead to cancellations of phases in the exponent, when
o(r+e,) —o(r) = e,. In the large-¢ limit, each remaining phase ¢q,q,,,, Will give rise to a factor of (e'¥) = e~</2.
Furthermore, since all time slices take the same contraction o, the factors from are raised to the t-th power.
This gives us the expression Eq. .

2. One dimensional case

Consider first of all a possible partitioning of £ into n intervals Iy,...,I,. We define the set
M, ={6€8,/Z,Vi, &(i+1)#o(i)+1 (modn)}. (SA.2)

As explained in the main text, we denote as a,, its cardinality: a, = #M,,. The sequence a,, satisfies

> a?jn =e“(1-In(l-2)), (SA.3)

which converges for all |z| < 1. Therefore, taking L large in Eq. @, we have

> n
. —1g-d=1 _ AnT™ _xq _ — d=1
L}ginm L™ Ky —E e (1-In(1—-=2)) =r7 (z), (SA.4)
L/Lyn(t)=x n=0

where # = L/ Lty (t) and Lty (t) = e, as given in Eq. (7)) of the main text.

z > 1 regime

According to the analysis in the previous section, we saw that the scaling function ndel(x) diverges when =z > 1.

We can investigate how does it diverge at finite but large L. In order to do so, we consider the exact expression for
finite L at infinite ¢ and d = 1, in Egs. and (@

L
L
d=1 — nr—-n
L) = ne" LT SA.5
it =3 (1 Jons (5A.5)
where we fixed © = L/Lyy. Since for x > 1, the expression in (SA.5) diverges at large L, its behavior is dominated
by the large n expansion of the a,, coefficients which can be deduced from (SA.3|) and reads

n!
e(n+1)

an (SA.6)

Ay

We can thus split the sum (SA.5|) as

Lo L L I
RT3 L)~ ) <n> (an — @n)a"L7"+ > <n> anz" L7, (SA.7)
n=0

n=0

where L is large but finite. The first term in (SA.7)) converges to the finite contribution

n

Lo L ~ ny—mn L—x o (an - dn)xn
S () —agerpr e 3o Lt (SA.8)
n=0

n=0

To evaluate the second term in (SA.7)), we use the integral representation of the factorial as

n! :/ dt e 1" (SA.9)
0
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which leads to

L
L L o dt
~ np-no— 2 we —Lt 1 L+1_1 Al
S (W) = e ), F e o) (3440

For large L and x > 1, this last integral can be estimated via saddle point at t* = (z — 1)/z, which leads to
k¥ (25 L) o< exp[L(lnz — 14 1/2)] (SA.11)
For x = 1, the integral is dominated by small ¢t* o 1/L, which leads eventually to

_ InL
kT (2 L) =~ ;—e +0(1) (SA.12)

3. Higher dimensional case

For higher dimension, we cannot obtain an explicit expression for K%I>1 at finite N and t. However, we are still
interested in the limit of large L and ¢. In this case, once again we are interested in the dilute limit, where a
permutation only exchanges a fixed number of sites without leaving fixed points. For the number of derangements
d,, we have the exponential generating function

> dp 2" e *
;} =1 (SA.13)

Then, using and in the main text, we arrive at

e n —x
: —1 grd>1 _ z"dy _ ¢ _ d>1
nggoo NTKSTH(t, L) = E =, = (x), (SA.14)
N /Ny (t)=2 n=0

where x = N /Nrp(t) and Ny (t) = €2, as given in Eq. (9) of the main text.

Appendix B: SFF for the Floquet RPM

As reviewed in the main text, the calculation of the SFF in the Floquet RPM [30] at ¢ — oo can always be mapped
into the partition function of a corresponding Potts model

KF(taL) = Zpotts (SBI)

whose Boltzmann weights are given by the matrix Wy = e~ t1=%) and t,t' =0,...,t— 1.

1. One dimensional case

In 1d, we can simply express the partition function by using the Transfer matrix

K&t L) = Te[WE] . (SB.2)

The spectrum of the matrix W contains two eigenvalues Ay > A_: A_ = 1 — exp(—et) with degeneracy ¢ — 1 and
Ay =1+ e (¢t —1). Consequently,

KFEYt,L) = (t — DA () + 2. (0" . (SB.3)

In this case, setting Ly, (t) = e/t and x = L/LTy(t), we have

lim KUt L) —t=e*—2—1=rE2), (SB.4)
L/Lrn(t)=x

as given in Eq. of the main text.
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2. Higher dimensional case

For d > 1, the calculation of the Potts partition function poses a non-trivial problem. For d = 2, integrability can be
used. However, here we are interested in the scaling limit where both the number of sites N and the time t are large.
Let’s set 2 = e¢ and consider the small z (large €) expansion. We focus on d = 2 for simplicity, but the procedure can
be easily extended to any d > 1. This corresponds to a low-temperature expansion in the ferromagnetic phase. At the
zero-th order, Zpgtis 1s simply given by the ¢ possible groundstates. The leading correction is obtained changing the
color of one site. This can be done on any site, choosing any among the ¢t — 1 remaining colors and will break 4 bonds;
the corresponding contribution to the partition function is therefore N'(t — 1)z*. Higher orders in z are obtaining
changing colors at more sites. For instance, considering two site changes, we have two cases, according to whether
the two sites are nearest neighbours or not. The first case gives a contribution 4(t — 1)N2% + 4(¢t — 1)(t — 2)N2".
The second case gives instead N (N — 5)(t — 1)22%. In the limit, L,t — oo with fixed x = Ntz* = N /Npy(t), we
clearly see that only the last contribution survives. This corresponds to a dilute limit, which once accounting for the
permutations among defects, takes in any d > 1 the form

: —1grd>1 _ — " _x_ d>1
Nﬁ;tlg% K (t,L)fy;]H =e® =k (2) (SB.5)
Th(t)=2 -

with 2 = /Ny, N (t) = 2724/t = 24t /¢ as given in Eq. of the main text.

Appendix C: SFF for translational invariant Floquet RPM

In the TI Floquet RPM, the diagrams appearing in the expansion of the SFF can be put in correspondence of i)
spatial permutations o; ii) time translations at each site. We can thus face the problem in two steps, first fixing the
permutation o and then summing over the possible choices of time translations at each site with fixed . We analyse
separately the 1d from the d > 1 case.

1. One dimensional case

As explained for the temporal random case, fixing the permutation o is equivalent to partitioning the L sites into
intervals Iy, ..., I, and then mapping the intervals on the top layer onto intervals on the bottom layer using cyclic
permutations ¢ € M, in . For a fixed choice of the interval and of &, the sum over the possible choices of the
time translations can be still written in terms of a Potts-like partition function with modified Boltzmann weights:
bonds inside the same interval are given by the matrix W; bonds at the interface between two different intervals
always give the trivial Boltzmann weight e~. Since choosing a partition Iy, ..., I, can be done choosing the bonds
where the edges of the intervals are, we can rewrite the SFF introducing the generalised partition function

Z(w) = Tr[(W +wR)*] = i W Zn (SC.1)
n=0

where we introduced the rank 1 matrix Ry = e~ . The coefficients Z,, in the power series expansion of Z(w) contain

all the configurations where n intervals are present and thus the trivial Boltzmann weight R is used. We thus have

L
K”([i‘I:F} (tv L) =L Z anZn , (SC2)
n=0
where, as before, a,, is defined as the cardinality of the set in (SA.2)). The coefficients Z,, can be computed explicitly
from the spectrum of W 4+ wR. Similarly to (SB.3)), we have
Z(w) = (t — DA_(t,w)E + Ay (t,w)F (SC.3)

where A_(f,w) =A_(t) =1 —e " and A\, (t,w) = 1+ e ((t — 1) + wt). It follows that

L t "
_ grd=1 _ Y
Zy = K=Yt L), Zn = Ay (t,w = 0) <n> <et€+t_1> ., n>1. (SC.4)
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Taking once again the scaling limit, we obtain

thim LRGN L) —t = k& (2) + (k7 (z) — 1) = —z — In(1 — z) = rée (z) (SC.5)
Jt—00
L/LT},(t):(L‘

with # = L /Lty (t) and Lty(t) = e*¢/t, as given in Eq. of the main text.

2. Higher dimensional case

An explicit formula for the SFF at finite ¢ and L is hard to derive in this case, because it would require the
computation of the Potts model partition function in d-dimensions where some bonds have been removed. We focus
on the scaling limit L, ¢ — oo but with & = A/N,(t) kept constant. As explained above this correspond to a dilute
limit. We thus have the expansion

m!

Kr%ﬁ;} t L [ 2dent] [Z Ni(t—l)n672demt ) (SCG)
— m=0

The origins of the expression are explained as follows: In the first square bracket, the sum over n accounts for the
deranged defects on top of the rigid spatial translation which can be chosen in (JZ ) ~ N"/n! ways. The factor of ¢
accounts for ¢ choices of the t variables for these defects, and the factor d, counts their derangements. In the second
square bracket, the sum over m accounts for the defects in the sum over the t variables. We can choose m defects in
(ﬁ@/) ~ N™ /m! ways and each of them can be independently changed with the ¢ — 1 other colours different from the
background. Taking again the scaling limit

. _ 1
Jim ()TN L) = (@) xR ) = e = s (sC.7)
N//{fth(t):m

with Ny (t) = €29/t and © = N'/Nti(t), as given in Eq. of the main text.

Appendix D: Generalised unit cell in large-q

In this appendix, we demonstrate the robustness of the scaling forms. To this end, we compute the scaling forms in
the large-¢ limit of the modified circuit models, namely TI RPM (Floquet RPM) that are invariant under p-site (p-
discrete-time) translation in space (time). The 2-site and 2-discrete-time translational invariant model is illustrated in
Fig. [STh and b respectively. A summary of the results is as follows. For TI RPM with p-site translational invariance,

we show that for d = 1, the scaling form n({’) is lower bounded by I{( ) in Eq. (SD.6). For d > 2, we show that
/@%) = [/q%)( )} in Eq. . For Floquet RPM with p-discrete-time translational invariance, we show that for all

dimension d that li%p) (x) = m%) in Eq. (SD.11) and (SD.13).

I00A00 OO0000

HCIECIE

D000

FIG. S1. Ilustrations of (a) Floquet (and spatially random) RPM which is invariant under 2-discrete-time translation; and
(b) TI (and temporally random) RPM which is invariant under 2-site translation. For each case, gates of the same colors are
identical.
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1. SFF for TI RPM with p-site translational invariance

One-dimensional systems

For d = 1, we derive a lower bound for Kr(lf}) (and n%)) for TT RPM with p-site translational invariance. We will
first present the derivation for p = 2 then generalise it to any p € NT. Following the derivation of Eq. 7 we have
for p = 2, a sum over two permutations, o1 and o9

K'(I?I) (t, Leﬁ) = Z e_et(L_pr(&[Ul702])) } (SDl)
01€Sodd
02€Seven

where Leg = L/2 is the number of unit cells, Spqd / Seven are permutations restricted to the odd/even sublattices
and Npp, (o) is the number of preserved bonds as defined in the main text. The permutation & is defined composing
o1 and oo

o1(d) ifiis odd
o2(i) if 7 is even

5’[0’1,02](i) = { (SD2)

It is difficult to evaluate (SD.1|) exactly, but a lower bound can be identified. Observe that one can always restrict

the broken bonds to be placed in between site ¢ and 7 + 1 for even ¢. This means K%) > Leg Z#Z% Aq(Lesr,n), where

Ay is given in Eq. @ in the main text. In addition to the above configurations, one can find another set of diagrams
where the broken bonds are placed between site ¢ and ¢+ 1 with odd . Putting the two cases together and accounting
for the overcounting of the cases where no bonds are broken we have

) Lege Lest Legr Lest
K’E‘I) (t, Leﬂ)/Leﬂ‘ > Z < ’I”Lel )anle—’ﬂlet + Z ( T; )anze—nzet 1 (SD3)
n1=0 no=0

This expression is easily generalised to arbitrary p to

Letr
L
KB L) L = 03 (5 e = 0 -1) (sD.4)
n=0

with Leg = L/p in general.
In the scaling limit where ¢, L. — co with fixed 2 = Leg/L1n = Loge™ ¢, we define

kP (2) = lim LAKEY (L), (SD.5)
Legs /Lrn(t)=2

Note that with this definition H({’I)(a: = 0) = 1, which corresponds to the RMT behavior at large times. From (SD.4)),
we obtain the lower bound for the scaling function

w8 (@) = prf (@) — (0 - 1), (SD.6)

Note that this equation implies the existence of a divergence at = 1 for all p’s.

Higher-dimensional systems

For d > 1, with the foresight that we will use the scaling limit where only dilute deranged defects matter, we define
a generic higher-dimensional TT RPM as follows: Consider a TI RPM made up of super-sites of p qudits, each of which
evolve under independently drawn CUE, and couple with z other qudits under the (independently drawn) random
phase gates defined in the main text. Additionally, we demand that the translational invariance of the supersites is
preserved.

Consider the scaling limit where ¢, L — oo at fixed x = Nog /N with Neg = N /p and Ny, = €. In this limit,
SFF is a sum over deranged defect diagrams labelled by (k1, k2, ..., kp) where k; is the number of deranged dilute
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defects of the i-th type of qudits in the supersite. Following the derivation of Eq. , and @, in the limit of
large N, we write

Ne ;
_1K(p) - ﬁ fo dkz’Nekf% — |:N_1K(1):|p (SD 7)
eff **TI _ k'NkL eff ©*TI ’ .
i=1k;=0 " Th

where again dj, is the number of derangements of k elements. Using the definitions

A= Jlim NG R (L), (SD.8)

Nett /N (t)=z

we arrive a more compact statement in the scaling limit
1 P
n%) = |:I€SH)(:,C):| . (SD.9)

Again, with this convention we have n%) (x = 0) = 1, which corresponds to the RMT behavior at large times.

2. SFF for Floquet RPM with p-discrete-time translational invariance

The calculation of SFF for RPM with p-discrete-time translation invariance closely follows the one for RPM with
1-discrete-time translation invariance (see main text and [29] [30]). For all dimensions d, upon averaging over the
CUE in the large-g limit following [29] 30], SFF is mapped to a Potts model with DOF t; at each site i. t; can take
teff = t/p number of possible states, corresponding to the t.g possible ladder diagrams. The averages over the random
phases give an effective Boltzmann weight W, v = e terr(1=0cw)eert with e = €¢/p for nearest neighbour pairs of state
t and t’. Therefore, the SFF Kép ) (tet, L) can be written as the partition function of a t.g-state Potts model with
Boltzmann weight parametrized by eqg-.

One-dimensional systems

In d = 1, we define in the scaling limit,

(@)= lm K (ter, L) — e - (SD.10)
N/./\)/Th(t)=:1)

where Ly (tefr) = efeni®eft /tog = pet/t. k) (z) can now be related to ki’ (z) as
/{%p) ()=e"—2z—1= /f(Fl)(:v) . (SD.11)

In other words, after properly defining the Thouless length, the scaling function is the same independently of p. Note
that at large time, we have kp(z = 0) = 0, and the RMT result is reproduced.

Higher-dimensional systems

For d > 1, we define Ny, = e?€ettleit [tet With tegr = t/p and €. = pe. Furthermore, we define

o () = i td K (tem, L) - (SD.12)
N/ Nopn ()=

In the scaling limit, Ii%p ) coincides with Hg) as

w? (2) = ) (@) (SD.13)

i.e. the scaling function is independent of p. Note again that at large time, we have kp(z = 0) = 0, and the RMT
result is reproduced.
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Appendix E: Brick wall model (BWM)

The one-dimensional BWM is defined by a quantum circuit which is a matrix product
wt) =] w) (SE.1)

where w(t) = wy(t) wy(t) is a ¢~ x gL operator.

L/2

wi () = ) tzn-1,2n(t) (SE.2)

is a tensor product of ¢* x ¢® unitary matrices us,_12,(t) chosen from the circular unitary ensemble (CUE) and
acting on site 2n — 1 and 2n.

L/2
wa(t) = ® U2n,2n+1(t) (SE.3)

is again a tensor product of ugp 2,+1(t) drawn from CUE except that the unitary gate acts on site 2n and 2n + 1.
The model is defined with periodic boundary condition with wy, 11(¢) acting on site L and 1.

For the temporally and spatially random BWM, each unitary gate wy, n+1(t) is drawn independently. For Floquet
BWM, we take unitary gates acting on different pairs of sites to be independently drawn, while gates acting on the
same pair of sites at different discrete time ¢ to be identically drawn, i.e. w(t) = w(t') for t # ¢’ and W () = w'. For TI
BWM, gates in w1 (t) (and separately in ws(t)) acting on different pairs of sites at the same time are identically drawn,
but gates acting on different discrete times are independently drawn. For Floquet TI BWM, wy, 541 (t) = tp/ nr41(t)
for even integer n and for all t. The equation separately holds true for odd integer n.

Appendix F: Numerical methods and results

We simulate the RPM with ¢ = 3, ¢ = 2 and d = 1, and the BWM with ¢ = 2,3, both in d = 1 and with periodic
boundary conditions. (We find that RPM with ¢ = 2 and large € is not fully chaotic in the sense that the linear
ramp does not appear in late t.) We consider two types of numerical simulations: “Time-direction” simulations and
“space- (or dual-)direction” simulations, which involve performing calculations by acting matrices in the Hilbert space
H= ®L CY and the dual Hilbert space # = ®" C4 respectively. Although Figureuses only dual direction numerics,
here we discuss both the directions.

For the time-direction simulations with translational invariant (but not Floquet) circuits, the computation of K (¢, L)
vs t for different L involves sparse matrix multiplication of locally-supported random unitaries, and taking the trace.
For translational invariant Floquet circuits, we compute K (¢, L) for a fixed L with exact diagonalizations (ED).

For the space-direction simulations, we define a dual Floquet operator V', which we explicitly construct for RPM. V/
for BWM can be similar constructed following the procedure below. Informally, V is taken to be the tensor product
of the first column of tensors in Fig. and . More precisely, we introduce the computational basis b = {b*,... b’}

with each b* =1,...,q. The dual tensor for RPM can now be written as
t
1] = [ e (SF.1a)
p=1
t
[walby = [ wpesr peObr (SF.1b)
p=1

so that V = vyv; and V(L) = VL. Note that in the dual formulation the 1-body unitary matrices in w; are converted
into 2-body diagonal matrices in vo, while the 2-body phases in wy are converted into the 1-body v;. Because of
periodic boundary conditions and taking the trace, the SFF for the dual Floquet operator can also be expressed as a
trace,

K(t, L) = (Tep[W ()] Trag[WH(0)]) = (Trg [V(L)] Trg [VI(L)) (SF.2)
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where we have added subscripts to the traces to emphasize the Hilbert spaces on which matrices W and V act. The
dual tensors for TI BWM, with a computational basis b = {b*,b?...,b*}, can be similarly written as

-~

Vil = | | iz poues (1) (SF.3a)

g S
Il
-

-

[albor = | | Tp2u—1p2u (p) 5 (SF.3b)

=
Il
—

where j r1 = Uji, ik, wijk being a CUE random matrix acting on two sites, and % is the dual of the unitary gate,
which is non-unitary in general. The dual Floquet operator is given by V = vyv; and V(L) = V£/2,

1. SFF for translational invariant circuits

We elaborate on the middle panel of Figure 2] and provide further evidence of consistency with the predicted scaling
form in Eq. {7} For both RPM and BWM, Kri(t, L) is computed by exact diagonalizing the dual Floquet operator
V. In figure |S2] we re-plot the data for RPM (left), BWM with ¢ = 2 (middle), and also add the data for BWM
with ¢ = 3 in the right panel (whose importance is spelled out in the discussion on TIF circuits), for which only
three system sizes were accessible. Averaging was done over 12000 — 15000 realizations of V' for RPM, 8000 — 15000
realizations for BWM with ¢ = 2, and over 4000 — 10000 realizations for BWM with ¢ = 3.

107 4 4=1(z) : 107 4

+ = - = o3
(L
® N o o

o o

10* + 10* §

10* 5 / 10" +
v emwmsmme=

10* 4

Ki(t,L)/L
2Kr(t,L)/L
2Km(t, L)/ L

10"

107! 10° 10" 107! 10° 10 107! 10°
L/Lmy(t) L/Lry(t) L/Lmy(t)

FIG. S2. K(t,L)/L vs. L/Lty for TI-RPM at g = 3 (left), TI-BWM at g = 2 (middle), and TI-BWM at ¢ = 3 (right).

Now we describe the details of how we obtain Ly, (t) and plot the collapse in Figure[2} The horizontal axes in [2| are
all scaled such that the finite-¢ numerics for Ki(t, L)/L is equal to the infinite-q scaling function k%7 (x) (Eq. [7) at a
specific point zo < 1. We choose zg = 0.95 and determine L(t) for a given t such that Kry(t, L)/L = k35" (x0). Since
xo = L(t)/Lru(t) by definition, we get the corresponding Thouless time Ly, (t) = L(t)/xo. Lastly, we rescale the
horizontal axis to be © = L/L1y(t), so the numerics and the scaling function can be compared directly. We visually
show this procedure in Figure where the left panel shows the horizontal lines for a few zy that we draw to extract
L(t), and the right panel shows Lty (t) vs t for those zyg. We find little difference between the behaviour at different
xo, and exponential fits to Lty (t) are consistent with the expected scaling form in Eq.

Lry(t) for BWM (both with ¢ = 2 and ¢ = 3) were similarly calculated and is shown in the middle and the right
panel of Figure [S7]

As additional checks for consistency, we consider time direction simulations, using sparse matrix multiplication and
trace evaluation, in Figure where the left panel shows K1i(t, L)/L vs t for different L, averaged over 6000 — 9000
realizations of W (t). Using this data, ttn(L) can be obtained analogous to Lty (t) by looking at the intersection of
Kri(t, L)/L with a constant § = k37! (zg) for some z¢, as plotted in the middle panel. Note that here we are only
interested in the scaling form of ¢y, (L) hence we ignore the normalization arising due to different 6. Good logarithmic
fits indicate consistency with the form of Lyy(t) = Le™°? where the fitted €. # 2 is due to finite ¢ effects. The

10!
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FIG. S3. Left : Kri(t, L)/L vs L for different L using space direction simulations of TT RPM, with the intersections L(t) with
constant horizontal lines k%7 " (20) for a few xo used to compute Lt (t) = L/xzo . Right : Lty (t) vs t for different choices of xo.
The corresponding exponential fits (solid lines) show reasonable agreement with the expected form from Eq. IZI (Ly, = efettt),
with some effective e.q # 2 due to finite-q effects.

scaling form is then further corroborated in the right panel, showing a collapse with 0.2t — log(L), with e.g being
consistent across all plots.

8 4
L=4
L=5
6 = L=6
—+ =7
;10'— _ im‘— — L-s
’qb 5 4 4 '{
N £ Z
] =
2 0=1.25
V =15
—4.95 +5.51 log(L)
100 4 0 - — —6.48 +5.82 log(L) 10° 4
1 8 1 1 6 8 10 2 0 0 1
t L 0.2t —log(L)
FIG. S4. Left : Kti(t,L)/L vst for different L obtained using time direction simulations of TI RPM. Middle : ¢rn(L) vs L,

computed by numerically solving Kri1(tth, L)/L = 6. A logarithmic fit is consistent with the expectation that Ly (t) = Le™“ett?
with an effective e.g # 2 due to finite-g corrections, and also consistent with the fit in Fig. Right : Kri(t,L)/L vs
0.2t — log(L).

2. SFF for Floquet circuits

Here, we elaborate on the left panel of Figure We first show in Figurethe collapse of Kp(t,L)—t vs L/Lrn(t)
separately for RPM with ¢ = 3,e¢ = 2 (left), BWM with ¢ = 2 (middle), and additionally BWM with ¢ = 3(right);
and we find that for all these circuits, the infinite-g scaling function in Eq. is in excellent agreement with finite-q
numerics for these circuits. Note that these are all space direction simulations performed through sparse matrix
multiplication and trace computation and not through ED. The data for RPM has been averaged over 4000 — 10000
realizations, and for BWM with ¢ = 2 over 3000 — 10000 realizations, while for BWM with ¢ = 3, we averaged over
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4000 — 10000 realizations. Ly (t) were obtained in a similar fashion as for TI RPM (Figure [S3), fixing 29 = 3, and
are shown in the left panel of Figure[S7]

1016 4

102 4 10% o

12 4
10 4 v

1012 4 10% 4 10! 4

Kp(t,L)—t
Kp(t,L)—t
Kp(t,L)—t

105 10% 1

100 10°

L

1(I)“ 1(IJ1 1(.)“ 1(.)‘ ltll” 10!
L/Lyn(t) L/Lyn(2) L/Lyn(t)

FIG. S5. K(t,L) —t vs. L/Lry for F-RPM at ¢ = 3 (left), F-BWM at ¢ = 2 (middle), and F-BWM at g = 3 (right).

3. SFF for translational invariant Floquet circuits

In this part of the Appendix, we focus on transnational invariant Floquet circuits, and elaborate on the right panel
of Figure [2| First, we separately show in Figure Krip/L —t vs L/Lry(t) for RPM with ¢ = 3,¢ = 2 (left), BWM
with ¢ = 2 (middle), and BWM with ¢ = 3. The data is averaged over 8000 — 15000 realizations of the dual Floquet
operator V for RPM, 7000 — 1000 realizations for BWM with ¢ = 2, and 4000 — 10000 realizations for BWM with
g = 3. As can be seen in the figure, there aren’t enough points for x = L/L1y,(t) < 1 for RPM with ¢ = 3 and BWM
with ¢ = 2, in order to see a collapse for x < 1, hence cannot be compared reliably for z > 1 either. This can be
seen as a consequence of small L1y, (t) for those two models (as shown in the right panel of Figure . TIF-RPM
with ¢ = 3, e = 2, in particular, has the additional problem where the extracted Lty (t) in fact are probing the region
beyond the RMT ramp, when ¢ > tye; =~ ¢*/L. Note that this is not an issue for F-RPM, since tye = ¢~ for that
model. These problems are not present in the data for BWM with ¢ = 3 (right panel of Figure, because Ly, (t) are
sufficiently large for the accessible values of ¢, allowing data points for z < 1. Note that Ly, (t) for ¢ = 5 is obtained
by stochastic sampling of the trace through multiplication with complex random vectors, and is not as accurate as
the points for ¢t < 4.

To further investigate on the dynamics of TIF-RPM with ¢ = 3, ¢ = 2, we look at Krip/L vs t using time direction
simulations, and show that ¢ty is of the order of tye; for accessible L. The left panel of Figure plots Krir/L vs t,
averaged over 8000 — 10000 realizations of the Floquet operator W, along with the RMT behavior Kgyr, given by

tL t <tye

Kpur(t, L) = { L

A (SF.4)

It can be observed in the middle panel that the Krir/L approaches Kryr/L at times larger than tye. The middle
panel shows a rolling average of the data from the plot in the left panel. To quantify ¢ty, one could draw a hor-
izontal line near zero and look at the intersection of the difference between Krip/L and Kryr/L. A large try is
consistent with the small Lty (¢) we see in Figure and is also reflected in the ratio of consecutive level spacings
r =min(d,, 0p+1)/max(dy, Ony1), where 6, = |, — dn—1| is the difference between consecutive eigenphases {¢,},
which is plotted in the right panel, averaging over 100 realizations of the Floquet operator for each model. The plot
shows that the spacing ratio for TIF-RPM hasn’t converged to the GUE value for the accessible system sizes, unlike
the other two models we have studied.
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FIG. S6. K(t,L)/Leg —t vs. L/Lyy for TIF-RPM at ¢ = 3 (left), TIF-BWM at ¢ = 2 (middle), and TIF-BWM at ¢ = 3
(right).
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FIG. S7. Lrn(t) vs. t for Floquet circuits (left), TI circuits (middle), and TT Floquet circuits (right)

4. Comparison between scaling forms and finite-¢, finite-L, and infinite-q solutions

As mentioned in the main text, for TT and TIF models, the differences between the scaling collapse of the finite-¢q
numerics and the infinite-¢ solution (Fig. [2)), can be due to (i) a genuinely different scaling function for finite-g, or (ii)
a slow convergence in ¢ to the same scaling function in infinite-g. To investigate the latter possibility, in Figure [S9}
we compare the finite -L, -t, infinite-g results for the SFF with the infinie-¢q scaling functions reached at large L and
t, for Floquet, TT and TI Floquet models. we find that finite ¢ corrections decay very slowly for TT systems compared
to the Floquet systems.
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FIG. S8. Left : Krir(t,L)/L vs. t for TIF-RPM with ¢ = 3,e = 2, for L = 4,5,6,7,8 (from light to dark blue), and the
dashed lines denote the corresponding RMT behavior defined in Eq. Middle : Ktir(t,L)/L — Krmr(t, L)/ L vs. t where
the vertical lines correspond to tpei for the L corresponding to the same color. The intersection points with a horizontal line
near zero give an estimate of ¢, which appear larger than ¢gei. Right: Nearest neighbour level spacing ratio r in the zero
momentum sector for the three TTF models studied in this paper.
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FIG. S9. For all three plots, the green curves are the infinite-¢, infinite-L, infinite-g scaling functions given in Eq. [0} [7]
and [13] (from left to right respectively). Left: Kr(t,L) —t vs L/Lrn(t) for different ¢ where the red curves denote the finite-t,
finite-L, infinite-q expression for Kr(t, L) —t (Eq. [SB.3), with Lty for F-RPM (from Figure[S7). Middle: Ki(t,L)/L vs L/Ltn
different t, alongside the finite-¢, finite-L, infinite-q expression for Kri(t, L)/L (Eq. in reds, with Ly, for TI-BWM with
g = 2. Right: Krip(t,L)/L —t vs L/Lry different ¢, alongside the finite-t, finite-L, infinite-q expression for Krir(¢t,L)/L — ¢
(Eq. in reds, with Lt for T-BWM with ¢ = 3.
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