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DISJOINT FREQUENT HYPERCYCLICITY OF COMPOSITION OPERATORS

FREDERIC BAYART

ABSTRACT. We give a sufficient condition for two operators to be disjointly frequently hypercyclic.
We apply this criterion to composition operators acting on H(D) or on the Hardy space H*(DD).
We simplify a result on disjoint frequent hypercyclicity of pseudo shifts of a recent paper of Martin
et al. and we exhibit two disjointly frequently hypercyclic weighted shifts.

1. INTRODUCTION

Among the many notions in linear dynamics, frequent hypercyclicity (introduced in [4]) and
disjoint hypercyclicity (introduced independently in [6] and in [10]) play a central role. The first
one quantifies how often the orbit of a vector can visit each nonempty open set whereas the second
one studies in some sense the independence of the orbits of two hypercyclic operators. Very recently,
in [14] and [15], these two classes were merged into the following natural definition. Throughout
this paper, the letter X will mean a separable and infinite-dimensional F-space.

Definition 1.1. Let T1,...,Tny € L£(X). These operators are called disjointly frequently hy-
percyclic if there is a vector € X such that, for any nonempty open set U ¢ XV {n € N :
(T{x,...,T{x) € U} has positive lower density.

We can similarly define disjoint upper frequent hypercyclicity and disjoint reiterative hyper-
cyclicity by replacing the lower density by the upper density or by the upper Banach density.

In [14] a criterion for the disjoint frequent (resp. upper frequent, reiterative) hypercyclicity of
N operators is given. This criterion requires to construct a priori subsets of N with positive lower
(resp. upper, resp. upper Banach) density and which are well separated. Then the authors of
[14] deduce criteria for the disjoint frequent (resp. upper frequent, reiterative) hypercyclicity of
pseudo-shifts T, w,,. .-, Tfywy- Recall that, for w = (w;) a weight sequence and f : N — N
increasing with f(1) > 1, the unilateral pseudo-shift Ty, is defined on ¢y(N) or ¢#(N) by

(oo o0
Trow | Y wjei | =D wignspes.
= =1

In particular, the class of pseudo-shifts encompasses that of weighted shifts for which f(j) = j + 1.
These criteria are rather technical (in particular, one needs separation properties on fi,..., fn).
However they allow the authors of [14] to exhibit couples of weighted shifts (B, By,) which
are disjointly upper frequently hypercyclic, but not disjointly frequently hypercyclic, or which are
disjointly reiteratively frequently hypercyclic and not disjointly upper frequently hypercyclic.

Our first aim, in this paper, is to shed some new light on the results of [14]. We begin by deducing
from Theorem 2.1 in [14] another criterion for disjoint frequent hypercyclicity without requiring to
exhibit disjoint sets with positive lower density. Instead of this, we will need an increasing sequence
(ng) with ng < Ck for some C > 0. This criterion will be applied later on in this paper, with (ny)
which will be sometimes the whole sequence of integers and sometimes a subsequence of N.

We then study disjoint hypercyclicity of weighted shifts and pseudo-shifts of /7(N). We exhibit
an example of two weighted shifts on ¢?(N) which are disjointly frequently hypercyclic (such an
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2 F. BAYART

example is not provided in [14]). We also show how to delete an extra technical assumption
in the criteria of [14] for disjoint frequent hypercyclicity of pseudo-shifts. For this we develop
a technique which has further applications. Indeed, as pointed above, to construct (disjointly)
frequently hypercyclic vectors, we often need to exhibit subsets of N with positive lower density
and which are well-separated. We get here a very general result in that direction that we will use
several times.

The remaining part of the paper is devoted to a thorough study of disjoint frequent hypercyclicity
of another very important class of operators in linear dynamics: composition operators. Let ¢ be
a self-map of the unit disc D (in what follows, self-map will always mean holomorphic self-map).
The composition operator Cy,(f) = f o defines a bounded operator both on H?(D) and on H (D).
We first focus on H?(D). The study of the dynamical properties of C,, is rather complicated and
is only well understood if ¢ is a linear fractional map. We will denote by LEM(D) the class of
these maps. In that case, we may always assume that ¢ has no fixed point in D so that it has an
attractive fixed point on the unit circle T. We know that C, is frequently hypercyclic if and only if
¢ is hyperbolic or a parabolic automorphism (see [5] for instance). Moreover, when ¢ # @2, Cy,
and Cy, are disjointly hypercyclic if and only if either they do not have the same attractive fixed
point or they have the same attractive fixed point o € T and ¢} () # @h(a). We complete the
picture with a complete characterization of disjoint frequent hypercyclicity.

Theorem 1.2. Let 1, p2 € LEM(D), with @1 # w2 and denote by oy, g their respective attractive
fized points. Then Cy,, and Cy, are disjointly frequently hypercyclic on H*(D) if and only if

(a) each symbol ¢; is either a parabolic automorphism or a hyperbolic linear fractional map;
(b) a1 # ag or a; = as = «a and
(i) either o1 and @2 are hyperbolic with ¢} (a) # ph(a);
(ii) or v1 and 2 are parabolic;
(iii) or @1 is parabolic and @y is hyperbolic and is not an automorphism;
(iv) or s is parabolic and 1 is hyperbolic and is not an automorphism.

Therefore, if (1, p2) € LEM(D) x LEM(D) is such that Cy,, and C,, are frequently hypercyclic,
then

e cither ¢ and (o are both hyperbolic with the same attractive fixed point and the same
derivative at this point: in that case, Cj,, and C,, are not even disjointly hypercyclic;

e or ¢1 and 9 share the same attractive fixed point, with ¢ parabolic and @2 a hyperbolic
automorphism, or (2 parabolic and ¢ a hyperbolic automorphism: in that case, Cy, and
Cy, are disjointly hypercyclic, but not disjointly frequently hypercyclic;

e or Uy, and C, are disjointly frequently hypercyclic.

The proof of Theorem 1.2 will be rather long. It will divided into several subcases, depending
on the nature of the maps ; and the position of their fixed points. Each subcase will require a
different argument. We will need several lemmas which are of independent interest. Indeed, we
will have to quantify precisely how the iterates of a linear fractional map converge to its attractive
fixed point. We will also exhibit dense subsets of functions in H?(ID) with prescribed set of zeros
and with a rather precised control of their behaviour near these zeros.

For our second result on disjointly frequently hypercyclic composition operators, we enlarge
the space H2(D) to H(D). In this space, it is easier to be frequently hypercyclic (for instance,
any parabolic linear fractional map of D induces a frequently hypercyclic composition operator on
H (D), even if it is not an automorphism). Disjoint hypercyclicity in this context was first studied
in [9] when the symbols are linear fractional maps of . We shall investigate disjoint frequent
hypercyclicity. Using the linear fractional model of [11], we intend to state a result which can be
applied to a much larger class of symbols (thus leading to new results even in the context of disjoint
hypercyclicity). For the relevant definitions, see Section 5.
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Theorem 1.3. Let 1 and pa be univalent and reqular self-maps of D with respective Denjoy- Wolff
points ay, ag € T. When a1 # o, Cyp, and C,, are always disjointly frequently hypercyclic. When
a=ay = az, Cp and Cy,, are disjointly frequently hypercyclic if and only if

(a) either o1 and @2 are hyperbolic with ¢} (a) # ¢h(a);

(b) or 1 and gy are parabolic with (¢(a), @1V () # (94(a), 05 ());

(c) or @1 is hyperbolic, pa is parabolic and ¢h(«) € iR;

(d) or 1 is parabolic, @o is hyperbolic and ¢ (a) € iR.

Notation. Throughout this paper we use the notation f < g for nonnegative functions f and g
to mean that there exists C' > 0 such that f < Cg, where C' does not depend on the associated
variables.

2. A CRITERION FOR DISJOINT FREQUENT HYPERCYCLICITY

We first state a criterion for disjoint frequent hypercyclicity. Observe that it can be thought
as a mixing of the disjoint hypercyclicity criterion and the frequent hypercyclicity criterion. We
recall that, given a family (2, x)nenker C X, the series )z, are said to be unconditionally
convergent in X, uniformly in k € I if, for any € > 0, there exists N > 1 such that, for any k£ € I,
any F' C [N, +o00) finite,

(1) Z T,k

neF

<e.

This implies in particular that given any A C N, each series ) 42, is convergent and (1)
remains true when F' C [NV, +00) has infinite cardinal number.

Theorem 2.1. Let X be a separable F-space, let Ty,..., Ty € L(X). Assume that there exists
a dense set Y C XV, an increasing sequence of integers (ny) with positive lower density, maps
Sn, 1Y — X such that, for all y € Y, the following assumptions are satisfied:

(C1) 32129 S,y converges unconditionally in X .

(C2) forallj=1,...,N, Zfzo(? TJ."’“SnkHy converges unconditionally in X, uniformly in k € N.

(C3) forallj=1,....N, S\ TSy, ,

(C4) forallj=1,....N, T;*Sp,y = yj.
Then T1, ..., Ty are disjointly frequently hypercyclic.

y converges unconditionally in X, uniformly in k € N.

Proof. Let (gp) be any sequence of positive real numbers which decreases to zero. Let (y(p))pen be
a dense sequence in Y. The assumptions give us, for each p > 1, the existence of an integer N,
such that, for any F' C [N,, +00),

(i) for all ¢ < p, HZieF Snly(q)H < &p.
(ii) forall j =1,..., N, for all £ > 0, for all ¢ < p,

< &p.

D TS y(a)

leF

(iii) for all j =1,..., N, for all k£ > 0, for all ¢ < p,

< &p.

S TS, ()

1EFN[0,k]

(iv) for all j =1,...,N, for all k > N,

T Sn,y(p) — y5(0)|| < ep-
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We then consider a sequence (B,) of disjoint subsets of N with positive lower density and such that
min(By) > N, and |n —n/| > N, + Ny for all n € B, and all n’ € B, with n # n’, for all p,p’ > 1
(see [5, Lemma 6.19]). Let finally A, = {ny : k € B,} which has positive lower density. We verify
that the assumptions of Theorem 2.1 of [14] are satisfied. First of all, let ¢ > 0 and let pg be such
that ¢,, < e. Then, for p < pg, (i) yields for all F' C [N, +00),

Z Sny(p)|| < epy <€
neFNAy
For p > py, since min(A,) > N,, we also get by (i)
Z Sny(p)|| < ep <e.
neFNA,

Therefore the series ), A, Snpy(p) converge unconditionally in X, uniformly in p. Consider now
p>1landlet j€{l,...,N}. Let n € Uq>1 A, and write it n = ny, for some k. Then

o TS| < | Do TSw)||+ | Y. TrSiyp)
i€Ap\{n} i€Ap,i>n i€Ap,i<n
<UD T S y®)| + || D T S (D)
lery leFy

where both sets F} and F» are contained in [N, +00) by the definition of A,. Therefore, by (ii)
and (iii),

> TS| < 26
i€Ap\{n}
On the other hand, for any n € A,, any ¢ < p, we write

> TrSiy(g)

1€Ag,i>n

< + > TS

1€Ag,I<n

> T1rSiy(g)

i€A,

and we find again that this is less than 2¢,, applying again (ii) and (iii). Finally, the last assumption
of Theorem 2.1 of [14] follows directly from (iv), using min(A4,) > N,,. O

To prove the uniform unconditional convergence of the series which come into play in the state-
ment of Theorem 2.1, we will use the following easy fact whose proof is left to the reader:

Lemma 2.2. Let X be an F-space and (y;(k)); x>0 be vectors in X.

(a) The series Z;;OS’ yi(k) converge unconditionally, uniformly in k, provided one of the following
conditions is satisfied:
e there emists (g,) € (1(N) such that, for all k,1 >0, ||y (k)| < &;
o there exists (e,,) € co(N) such that, for all k >0, >, [|yi(k)|| < ex;
o there eists (e,,) € co(N) such that, for all k > 0, for all F C N finite, || > ,cpui(k)]| <
€min(F)s
e for C(Lll)k >0, >, yi(k) converges unconditionally and there exists () € co(N) such that,
for all k >0, for all F C N finite, HZZEF yl(k:)H < eg.
(b) The series Zf:o yi(k) converge unconditionally, uniformly in k, provided one of the following
conditions is satisfied:
e there exists (g,) € £*(N) such that, for all k >1>0, ||y (k)| < &5
o there exists (en) € co(N) such that, for allk =0, for all F' C N finite, || ¢ pro ) w1 (k)| <
k-
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3. DISJOINT FREQUENT HYPERCYCLICITY OF (PSEUDO)—SHIFTS

3.1. An example of two disjoint frequently hypercyclic weighted shifts.
Theorem 3.1. There exist two disjointly frequently hypercyclic weighted shifts on ¢*(N).

Proof. We will simultaneously construct two weighted shifts B,, and B, with respective weight
sequence w = (Wp)n>1, W = (W) )n>1 and a disjointly frequently hypercyclic vector z = (z,)n>0 €
(Y(N). Let (N,) be an increasing sequence of integers satisfying N, > p. Several additional
assumptions on (V) will be required throughout the proof. Let (A,),>1 be a sequence of disjoint
subsets of N such that, for all p € N, we have dens(A,) > 0, min(A4,) > p and if n € A,, m € A,
with n # m, then [n —m| > N, + Ny (see [5, Lemma 6.19]). Enumerate |J, A, as an increasing

sequence (ng)g>1 and define ng = 1. Let finally (z,,y,) be a dense sequence in ¢! (N) x ¢! (N) which
may be written

a:p:(a(()p),...,a;@l,(),...) andyp:(bép),...,b;@l,oj...)

with 1/p < \al(p )\, |bl(.p )\ <pforall 0 <i<p—1. We will make our construction inductively. We
initialize it by setting
wn:w;:4andzn:0foralln<n1.

Now, let k£ > 1 and assume that we have built our sequences up to ng; — 1 such that, for all j < k,
they satisfy

= — g1y
(WS1) wn -+ Wy -1 = Wy, - -wp, g =47 i

(WS2) if nj € A, then for all I € {0,...,p — 1} we have

(p)
(a) wiyr- © W+l Zn4+1 = a7 -

(b) Wiy w21 = .
(c

) |z, 41 < p't2jani—t.
(d) zn=0ifne{nj+p,---,njp1 —1}.
/
= - 5 = nls = J.
(WS3) for all n <ng —1, 1/n < |wy|, |w),| <5
(WS4) for all n < ng — 1, |wy -+ - wy|, |w) - - w),| > 3™

Next, if ny € Ap, then set

T Y R
an_4nk_1)wnk_ p’wnk_ p

so that (WS2) (a), (b), (c) are satisfied for I = 0 and j = k. Moreover 1/p* < |wy, |, |w}, | <1 so
that (WS3) is satisfied with n = ny provided

(2) Np > pQ-
Forl=1,...,p— 1, we then define
_— plt2! o1 al(p)wl o B bl(p)wl
ng+l — 10 ng+Hl — Ty 0 ng+l T T (p) o
4nk agzi)lpz k bl(zi)lp2

so that again (WS2) (a), (b), (c¢) and (WS3) are satisfied, provided now
(3) N, > p°
since wy, 11 > wl/p4 > 1/p5. Lastly, for ny +p <n <ngi1 — 1, we set z, =0 and

1
1 [ —
Np+1—"N P —— n -n N1~ "k~ P
4 +1 k ngpy1—NE—Pp , 4 k+1 k +
Wy, = and w,, = ;
Wny, ** Why4p—1 w, s w

/
Nk ng+p—1




6 F. BAYART

so that wp, «+ Wny, -1 = Wy, - Wy, 4 = 4"+17". Moreover since
(p)
wy - Wp—1Gy "4
< w T = P < 5]9
24+2p — Mk ng+p—1 142 >
(p 1)|p +2p P +2p

we get on the one hand, for n > ng + p,
NE+1 "k 1
Wy, S A" k+1— P (<p _ 1)!p2+2p) Npy1—Nf—P

N,

< 4Np3p ((p — 1)!p2+2p) NPI*P <5

provided

Np

1
(4) 4N ((p — 1)Ip*T2P) M= < 5,

On the other hand

g
3
|
N
o] =
~_
3
kol
£
3
kol
b
v
N
o] =
"
E2
N
|
D=
v
S|

provided

(5) (;)N >

To finish the construction, it remains to verify (WS4) for n € {ng,---,ngs1 — 1}. Firstly, if
n=n;+I0,1=0,...,p—1, then
Wi Wyl 2 - 1)|p2+2p
1
SONOI=
4 1
ng+1l
SONOE= =
Snk+l
provided
A 1\P 1
(6) - - ——>1.
3 3) (p—1)lp*t2r
For n € {ng+p, - ,ng41 — 1}, we distinguish two cases. If wy,, - - - Wy, 4p—1 < 4P, then w,,, > 4 for

all m € {nx +p, -+ ,nEr1 — 1} so that

wy - Wy, > 3nk+p—l4n—(nk+p—1) > 3",

If wy,, - - wpy4p—1 > 47, then we start from the stronger inequality wy - - - Wy, 4p—1 > 4metP=1 and
the definition of w, on {ng + p, -+ ,ngy1 — 1} ensures that w;y---w, > 4" for all n = ng +

Dy y g1 — L.
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We now claim that z € £1(N) and that it is a disjointly frequently hypercyclic vector for B,, and
B, . First of all, observe that

Izl =" > ng |2n+1]

p>1neA, =0

. Z Z p2+2p

p>1 nEAp
4 p2t2p
< 3 Z N1 < 400
p>1
if we require
24-2p

(7) 1
p>1

< +00.

Finally, let n € A,. Then

Bz — z(p)ll1 = Z Z Z’wmﬂ ntl " Wil Zm|

q>1meA, 1=0
m>n

_Z Z Z’wl wl\ ’w1+l * Win1Zm+1]

q>1meA, 1=0 " Wmtl—n

m>n
5qq
<22
g>1meA,
m>n
We split the sum into two parts.
5%¢> 5Pp? 3 5Pp?
2D S 3 S5 3N,

q<p meA, q<p s>N,p
m>n

whereas

Yy ey e

q>p meA, q>p s>Ng
m>n
3« 5¢?
= .
a>p
Therefore if we require moreover
5pp
q>p

we get | Bz — x(p)|| < e(p), [|Blz —yp)| < e(p) with e(p) — 0 as p — +o0o which concludes
the proof. Observe that the conditions on (N,) which appear in inequalities (2) to (8) are satisfied
provided (NN,,) grows sufficiently fast and can be imposed at the very beginning of the proof. [

Remark 3.2. Without any extra difficulty, we can modify the proof so that it works on any ¢?(N),
p € [1,400), or on ¢o(N).
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3.2. Weakly partition regular pseudo-shifts. The construction of frequently hypercyclic vec-
tors or disjointly frequently hypercyclic vectors requires to exhibit subsets of N with positive lower
density and satisfying some separation properties: see e.g. [5, Lemma 6.19], [2, Theorem 5.15] or
[14, Lemma 2.2]. This leads the authors of [14] to impose a technical condition on the functions
(fs)s=1,..,N to state their criterion for disjoint frequent hypercyclicity of a family (T, ., )s=1,...n Of
pseudo-shifts: the functions (fs)s=1,. .~ have to be weakly partition regular.

Definition 3.3. Let f; : N = N be increasing maps, s = 1,..., N and let A be a family of subsets
of N. The family A is called (fs)Y ,—weakly partition regular is for any sequence (B;);>1 C A
there exists a sequence (A;);>1 C A such that, for every j,1 > 1, A; C B; and

(9) [N ELL ) =2
for all m € A;, for all n € Aj, m # n, for all s,t € {1,...,N}.

We denote by Ajq (resp. Ayg, Auga) the collection of subsets of N with positive lower density
(resp. upper density, resp. upper Banach density). If A C N, dens(A4) and dens(A) will mean
respectively the lower density of A and its upper density.

In [14], it is shown that if fs(n) = n+g¢s for some g5 > 1, which corresponds to the case of powers
of weighted shifts, then A4 is (fs)-weakly partition regular. If ¢, = 1, this is nothing else than [5,
Lemma 6.19] which we have already used two times. We now show that this remains true for all
functions (fs)s=1,.. n. Hence, for studying disjoint frequent hypercyclicity of pseudo-shifts, we can
dispense with the assumption “A;q is (fs)-weakly partition regular” in the statement of Theorems
2.5 and 2.6 of [14].

Theorem 3.4. Given any finite sequence (fs)s=1,.. N of increasing maps N — N, Ajq is (fs)-weakly
partition reqular.

The proof will be divided into several lemmas.

Lemma 3.5. Let B C N with dens(B) > 0, let h : N — R be increasing and let 6 > 0. There exists
B’ C B with dens(B') > 0 such that dens(h(B') NN) < 4.

Proof. Let (by,) be an increasing enumeration of B. We set

By ={be B: h(b) ¢ N}
By ={be B: h(b) € N}

and let (b1,,) be the increasing enumeration of By. Observe that h(bi ) > n for all n. Next we
set B = By U {b1 kv : n € N} for some large K. Then one shows by induction that, denoting (¥/,)
the increasing enumeration of B, V), < by, for all n > 1. Moreover, h(B') "N = {h(bi kn) : n €
N} =: {¢, : n > 1} where (¢,) is increasing. Then ¢, > Kn so that dens(h(B")NN) <1/K. O

By the inequality dens(A U B) < dens(A) + dens(B), the lemma can be extended to a finite set
of functions.

Lemma 3.6. Let F be a finite set of increasing functions from N to R. Let B C N with dens(B) > 0
and let 6 > 0. There exists B' C N with dens(B') > 0 and dens(U,crh(B")NN) <6 for all h € F.

The next lemma is the main step to prove that (9) holds true for j # (.

Lemma 3.7. Let (€;);j>1 be a sequence of finite sets of increasing functions from N to R going to
+o00. Let (Bj)j>1 C Aig. Then there exists a sequence (A;)j>1 C Aiqg such that

(a) Vj > 1, Aj C By;

(b) Vi, l>1,j#1, VF €&, VG €&, Vm e Aj, Vn € A, F(m) # G(n).
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Proof. Extending affinely each F' € Uj &; between two consecutive integers, and on the left of 0,

we may assume that it defines a bijection ' : R — R. We shall denote by F;; = {F71oG:
N =R, Feé&, Ge&}. We will construct the sequence (A4;);>1 inductively. For notational
convenience, define Bj(1) = B; for [ > 1. For [ > 2, we apply Lemma 3.6 to B = B;(1) and to
F = F1, to construct a set Bj(2) such that

° Bl(2) C Bl(l);

e dens(By(2)) > 0;

o dens(Uper, , h(Bi(2)) NN) < 22,
By induction on j > 1, we construct sets By(j), | > j, such that, for all [ > j 4 1,

* Bi(j+1) C Bi(j);

e dens(B;(j+ 1)) > 0; ‘

° dens(UhE]_-j’l h(Bi(7+1))NN) < %'
We finally set for j > 1 A; = B;(j)\ U;>;41 Uhe}‘jl h(B;(j+1))NN which has positive lower density.
Now let j < I, F € £ and G € &, m € Aj, n € A;. The equality F(m) = G(n) would imply that
m € A;Nh(A)NNfor h = F~!'oG € F;;. But this is impossible since 4; C By(l) C B;(j + 1) and
AiNh(B(j+1)) =2. O

We now handle the case j = [ with the following lemma.

Lemma 3.8. Let A C N with dens(A) > 0. Let f : N — R be one-to-one. There exists A" C A
with dens(A’) > 0 such that, for alln,m € A', n #m = n # f(m).

Proof. Let (ay,) be an increasing enumeration of A. We define by induction a sequence (ny) with
n1 =1 and

ngp1 =1inf{n: a, ¢ f{ar,...,an, DU F a1, ..., an})}
Then nit1 < 2k + 1 so that, setting A" = {ap, : k > 1}, dens(A’) > 0. Now for n # m € A/,
write n = an, and m = a,, with k # j. If k < j, then one knows that a,, ¢ f~'({an,}) so that
f(m) #n. If k> j, one knows directly that n = a,, # f(an;) =m. O

By successive extractions, we can extend the previous lemma to f belonging to a finite set of
functions F. Applying this to the sets (A4;) constructed in Lemma 3.7 with F = {F~1oG: F,G €
&}, we finally get

Lemma 3.9. Let (£5)>1 be a sequence of finite sets of increasing functions from N to R going to
+o0o. Let (Bj)j>1 C Aig. Then there exists a sequence (Aj)j>1 C Aig such that
(a) Vj > 1, Aj C By;
(b) Vj,l > 1, VF €&, VG €&, Vme Aj, V/ne A, m#n = F(m) # G(n).
Proof of Theorem 3.4. Let j > 1. Define, for p € {1,...,j} and s € {1,...,N},
F,s :N— N
m = f"(p)
and let & = {F,s: pe{l,...,j}, se{l,...,N}}. We apply Lemma 3.9 to (£;) and (B;). We
get a sequence of sets (A;) with positive lower density and A; C B;. Pick j,l > 1, m € Aj, n € Ay,
and let p€ {1,...,75}, g€ {1,...,l}. Then
f&"(p) = Fps(m) whereas fi'(q) = Fy(n)

and these two values are different. O

Theorem 3.4 remains valid if we replace A;q by Ayq. The only change in the above proof is that we

have to replace dens(A\B) > dens(A) —dens(B) by dens(A\B) > dens(A) —dens(B). Nevertheless,
this is not very useful since, for disjoint upper frequent hypercyclicity and disjoint reiterative
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hypercyclicity, simpler characterizations for pseudo-shifts are given in [14]. These characterizations
need a weaker notion than that of Definition 3.3.

Definition 3.10. Let f; : N = N be increasing maps, s = 1,..., N and let A be a family of subsets
of N. The family A is called (fs)N_,—almost partition regular is for any [ > 1, any B € A, there
exists A C B, A € A such that

[P0 AL ) =2
for all myn € A, m #n, forall s,t € {1,...,N}.

This notion is weaker than being (fs)_, —weakly partition regular. Therefore, the set A4 of
subsets of N with positive upper density is (fs)?_;-almost partition regular for any finite sequence
(fs)s=1,..n of increasing maps N — N. To also delete the assumption A4 is (fs)-almost partition
regular in Theorem 3.5 of [14], we need the following result whose proof follows from a suitable
modification of Lemma 3.8. The only change is to observe that if {ny : &k > 1} has positive
upper Banach density and if (pg)r>1 is such that py < Ck for some C' > 0 and all k¥ > 1, then
{np, : k > 1} has positive upper Banach density.

Proposition 3.11. Given any finite sequence (fs)s=1,.. n of increasing maps N — N, A,pq is
(fs)-almost partition regular.

Lemma 3.9 allows us to obtain a far reaching extension of [5, Lemma 6.29] and of [14, Lemma
2.2]. This extension will be used later on in this paper and has potentially other applications for
the study of frequently hypercyclic operators.

Theorem 3.12. Let F be a finite set of increasing functions from N to R going to +o0o. Let
(Br)k>1 C Ag and let (Ni)p>1 be a sequence of positive integers. Then there exists a sequence
(Ag)k>1 C Ajg such that

(CL) Vk > 1, A C By, mln(Ak) > Ng;

(b) Yk, 1 >1,¥(n,m) € Ay, x A, V(F,G) € F2, n#m = |F(n) — G(m)| > Nj + N.

Proof. For f € F, j € Z, define fj(n) = f(n) +j and set & = {f; : f € F, |j| < Ni}. We apply
Lemma 3.9 to (&)x and Bj, with B; = By, N [N}; +00) and we conclude as in the proof of Theorem
3.4. O

This theorem will be used in the following form.

Corollary 3.13. Let ¢1,¢02 : N = R be two increasing functions tending to +00 and such that
¢ — @1 tends to +0o. Let (Ni)i be a sequence of positive integers and let (By) C Ajq. There exists
(Ag) C Ajq such that, for all k,1 > 1, min(Ay) > Ng, A C By and for every (n,m) € A, x Ay, for
every (i, j) € {1,2)?,

Proof. For all k > 1, let My > Ny be such that n > M}, implies ¢2(n) — ¢1(n) > 2N;. We apply
Theorem 3.12 to F = {¢1, ¢2}, By, = [My; +00)N By, and (My). The result follows immediately. O

Let us show an application of this corollary which will be used in Section 5.

Corollary 3.14. Let (a;,b;) € C* x C, i = 1,2 with (a1,b1) # (a2,b2). Let (N) be a sequence
of integers. There exists (Ar) C A satisfying, for all k,1 > 1, min(Ag) > Ny and, for every
(nam) € A x Ay, fOT’ every (27]) € {172}2;

(11) (i,n) # (j,m) — ‘am—k bilogn — ajn — b; logn| > Ni + Nj.
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Proof. Using |z| > max (Re(z), Sm(z)), we may and shall assume that a; and ay are distinct real
numbers and that b; and be are real. Without loss of generality, we also assume that |a;|, |ag| > 1.
If a; and ag have opposite signs, say a; < 0 < ag, then for all n,m € N,

121 |1

|ain + by logn — agm — balogm| > |a| (n— |logn> + |ag] (m— |logm> .
a1 ai

Therefore, (11) for i # j is satisfied provided n > My and m > M, for some sequence (My). To
ensure (11) for i = j, we set

¢1(n) = —(aln + by log n)
¢2(n) = agn + by logn

which are eventually increasing. We also set F = {¢1,d2}, Bx = [Mg,+00) NN and we apply
Theorem 3.12 to F, (By) and (Ny) to get a sequence (Ax) C Ajg. This ends up the proof in that
case since, for i = 1,2, (n,m) € N2,

lain + b;logn — a;m — bilogm| > |¢i(n) — ¢i(m)| — 1.
Assume now that 1 < ay, a2 (if a; = ag, then by # by) and set
$1(n) = ain + by logn
$2(n) = agn + balogn
Then the result follows directly from Corollary 3.13. OJ

4. COMPOSITION OPERATORS ON H?(DD)

4.1. Preliminaries. We recall that LFM(D) is the set of all linear fractional maps of D and we
denote by Aut(D) its subset of all automorphisms. Linear fractional maps of D may be classified
into three classes:

e parabolic members of LFM(D) have only one fixed point, which lies on T (and is necessarily
attractive); we will denote by Par(DD) the set of all parabolic linear fractional maps of D.

e hyperbolic members of LEM(ID) have one attractive fixed point on T and a repulsive fixed
point outside D; the second fixed point belongs to T if and only if the map is an auto-
morphism; we will denote by Hyp(ID) the set of all hyperbolic linear fractional maps of
D.

e clliptic and loxodromic members of LEM(ID) have an attractive fixed point in I and a
repulsive fixed point outside D.

Only the first two classes give rise to composition operators on H?(ID) with interesting dynam-
ical properties. Therefore, we may and shall pick ¢ € LFM(ID) parabolic or hyperbolic. Upon
conjugation by a suitable automorphism, it will always be possible to assume that the attractive
fixed point is +1 and that the repulsive fixed point (if any) lies on the line (—oo,—1]. These
maps will be more clearly understood by moving to the right half-plane Cy, where C, means
{w: Re(w) > a}. Let C(z) = 1= be the Cayley map which maps the unit disc onto Cq. Let also

1—2

H?={foC': fe H*D)} which is endowed with

|F3 == /R F(8)dt) (1 + ).

We will denote by miy,, the measure ﬂ(ldijﬁ).

Via C, the model map of a hyperbolic linear fractional map ¢ of D is a dilation ¢ (w) = A(w—b)+b,
with A = 1/¢/(1) > 1 and Re(b) < 0 (with the above normalization we may assume b € (—o0, 0]
and even b € (—1,0) by conjugating ¢ with some dilation w + pw). The model map of a
parabolic automorphism ¢ of D is a vertical translation ¢ (w) = w + i7 for some 7 € R*. Since we

simultaneously deal with two linear fractional maps ¢ and 9, if 1 and s do not have the same
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attractive fixed point, it will not be possible to ensure that their model maps on Cy both have this
reduced form. In that case, we may assume that the respective attractive fixed points are +1 and
—1. In particular, if ¢ € Par(D) N Aut(D) has —1 as fixed point, then ¢ = C o p o C~! can be
written ¢ (w) = 77, for some 7 € R* (this comes from w — w +i7 conjugated by w — 1/w).
Let ¢ € Hyp(D). Then A = |J,,~; ¢ "(D) is a disc which contains the unit disc D and ¢ is an
automorphism of A. We will call A the automorphism domain of ¢. Observe that the repulsive
fixed point of ¢ is nothing else than the attractive fixed point of ¢~ !. If ¢ € Par(D)N Aut(D), then

we define its automorphism domain as the unit disk .

4.2. Geometric behaviour of linear fractional maps. The proof of Theorem 1.2 will need to
finely analyze the behaviour of the iterates of a linear fractional map and of its reciprocal on the
circle. We start with two geometric lemmas on the behaviour of the reciprocal of a linear fractional
map far away from its attractive fixed point.

Lemma 4.1. Let ¢ € Hyp(D) U (Par(D) N Aut(D)), a € T its attractive fized point, oo > 0. Then
there exists C > 0 such that, for all & € T\D(«,2d¢), for all 6 € (0,0p), for alll >0,

e o (D(¢,6)ND) C D(p~ (&), CN) when ¢ is hyperbolic and A = ¢'(cv);

e o '(D(&,0)ND) C D(p7(£),C8172) when ¢ is parabolic.
Proof. Assume first that ¢ is hyperbolic with attractive fixed point +1. Its half-plane model is the
map (w) = A1 (w — b) + b where we can assume Re(b) € (0,1). Let ity = C(£). There exists
C1 > 0 which does not depend on ¢ € (0,dp) and on § € T\D(1,2d) such that C(D(§,6) N D) C
D(ity, C10) N Cy. Now, for all w € D(ity, C10),

[~ (w) — o (ito)| = Mw — ito| < NCYo.

We get the result by coming back to the disc with C~1.
Suppose now that ¢ is a parabolic automorphism and let us assume that its attractive fixed
point is 1. Then ¢ and ¢! can be written respectively

2(z—1) 1 2(z—1)
S S LA R*
#(2) +2—i7’(z—1)790 (2) +2—|—il7‘(z—1)77—E
(see [16, Chapter 0]). Therefore, for z € D(£,8) N D,
_ - Az — ¢

12 lz)— oY e)| = :

(12) oG = O ey R
By definition of dg, there exists > 0 (which does not depend on § or £) such that Re(l — z) > n
and Re(1 — &) > n. Equality (12) then yields immediately the result. O

Lemma 4.2. Let ¢ € Hyp(D), let a, B be respectively the attractive and repulsive fixed points of
0, A= ¢'(a). Then there exists C > 0 such that, for alll > 1,

w e D\D(a, \/?) = ¢~ (w) € D(B,CA/?).
Proof. We assume a = 1, we move on Cq and we consider ¢(w) = A~ (w — b) + b with b € (—1,0).
Then B o
CD\D(1,\/?)) c {w e Ty : |w| <227V}
and we just need to prove that ¢ —!(w) is contained in D(b, CAY?) for some C' > 0 for all w € Cy
with |w| < 2A7"2. Pick such a w and observe that ¢! (w) = A (w — b) 4 b so that

! (w) — b < XA 4 [b]) < ONV2,
O

We will also need a lemma which quantifies the measure of the set of points z € T such that
©!(2) is far from the attractive fixed point of ¢ € Hyp(DD).
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Lemma 4.3. Let ¢ € Hyp(D), « its attractive fized point, A = ¢'(c). Then there exists C > 0
such that, for all 6 € (0,1), for all k > 1,
meas ({z eT: ©*(2) ¢ D(,d) ﬂﬁ}) < %)\k.
Proof. Again, we move on Cq and we consider ¥(w) = A~} (w — b) + b with b € (—1,0). Geometric
considerations show that there exists C' > 0 such that for all § € (0,1),
C(D(1,6)ND) > {weCo: |w| > 06_1}.

Therefore, it is sufficient to show that

miny ({t € R: [YF(it)] < C571}) < =P

¢
0
Now, [¢*(it)| > A7*|t| so that

{teR: rt)| <051} c {teR: |t| < C5 A}
and it is clear that this last set has invariant measure less than C6—2\F. O

A similar result holds true for parabolic automorphisms.

Lemma 4.4. Let ¢ € Aut(D) N Par(D), « its attractive fixed point. There exist C1,Co > 0 such
that, for all k > 1,
meas ({z eT: o) ¢ D(a,C’lkz_l)}) < Cok™ L.

Proof. We assume « = 1 and move on the half-plane by considering )(w) = w + i1, 7 > 0. Let Cy
be such that, for all § > 0,

C(D(1,8)NT) > {it: [t| > Cos'}.
Let C7 > 0 be such that Conl < 7. We are reduced to prove that
(13) Mminy ({t ER ¢ [t+ k7| < CoCy'k}) < Cok™!
for some C5 > 0. Now
[t + k7| < CoCy 'k <= t € [kt — CoCy k, —kT + CoCy k]
and (13) holds by our choice of Cj. O

4.3. Several dense sets of functions in H?(D). To apply Theorem 2.1, we will need to exhibit
dense subsets of H?(ID) which are well adapted to the two self-maps of D which come into play.
The first lemma, which belongs to folklore, was already used in the context of linear dynamics of
composition operators (see [5, Lemma 1.48] or [17, Lemma 5]).

Lemma 4.5. Let d > 1, N > 1, ay,...,ay € C\D. The set of holomorphic polynomials with a
zero of order not less than d at each «; is dense in H?(D).

We will need a much more subtle dense subset of H?(ID) which is well adapted to the dynamics
of the reciprocal of a linear fractional map.

Lemma 4.6. Let ¢ € Hyp(D) U (Par(D) N Aut(D)) and let A be its automorphism domain. Let «
(resp. f3) be the attractive fived point of ¢ (resp. 1), A\ = ¢'(a). Let v € T\{a, B} and let us
define vy = o7 4(v), 1 > 1. Let alsod >1, N >0 and &1,...,&6n € C\D. Then the set of functions
f: A\{B} — C such that f € H*(A) and there exists M > 0 satisfying

(a) for alll > 1, for all = € A\{B},

124z — 4|4 if © is an automorphism
<M )
[F)l = { AUz —y|? otherwise,
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(b) for alli=1,...,N, for all z € A\{B}, |f(2)| < M|z — &%,

is dense in H*(D).

Proof. We first assume that ¢ is not an automorphism, so that v € A\D for all [ > 1. The
sequence (;) is a Blaschke sequence with respect to A. Let B be the Blaschke product (of A)
whose zeros are the v, [ > 1, with multiplicity d. We claim that for any polynomial P with a zero

of order at least d at &, ¢ =1,..., N, the function f = BP satisfies (a) and (b). The last point is
immediate. To prove (a), we may assume that A is the disk D(—p, 1 + p) for some p > 0 namely

d
that 8 = —1 —2p. B is then given by [[;5, (%) where T: A = D, z+— (z+p)/1+ p.

Each factor has modulus less than 1 on A. Moreover, since (7;) tends nontangentially (with respect
to A) to 3, we know that there exists Cy > 0 such that

L4 p=Im+pl = CilB =l
> CyN

for some Cy > 0. This yields easily the existence of M > 0 such that, for all { > 1 and all z € A,

S < M
1 =T ()T ()|

which in turn proves (a).
Moreover, the set {BP : P is a polynomial with a zero of order at least d at &;, i =1,..., N}
is dense in H?(D). Indeed, pick f € H?, ¢ > 0 and let P be such a polynomial with HP — %HZ <e

(observe that |B| > ¢ > 0 on D). Then ||BP — f|j2 <e.
We turn to the case of automorphisms. For a € (0, 1), let

+o00 d
-
Bu(z) = — | -
11;11 (z (1+12)’Yl>
Let z € D\{B}. Then there exists [o > 1 and § > 0 such that, for all [ > Iy, |z — | > J. We write

Z = gl

—14+ 2

_— X —
z—(1+8%)m 2o z—(1+8)w
Since for [ > I,
Y 1 1
14 = X < < =,
(14) 2 z—(1+l%)fyl = BRlz—y| T 62

the infinite product converges on D\{B}. It is not difficult to see that the convergence is locally
uniform on D\{S8} so that B, € H>*(D) with ||Bgy|lc < 1. Let P be a holomorphic polynomial.

We shall prove that B,P 20 pin H 2(D). Tt is sufficient to prove that B,(z) tends to 1 for
all z € D\{B} as a tends to 0. But this follows from Lebesgue’s convergence theorem applied to

> log (1 + 1 X ﬁ , using (14). Finally, for all z € D\{3}, for all a € (0,1),
2= 2 )
d 2d
z— l
Bl < — 2 D
=+ g)ul

Lemma 4.5 ends up the proof. O
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4.4. Estimates of (sum of) functions in H?(D). To prove the uniform unconditional conver-
gence of the series that appear in Theorem 2.1, we will need to estimate the norm of some sums of
functions of H?(D). The case of hyperbolic maps ¢ will be significantly easier since the convergence
of " to the attractive fixed point is so fast that it will ensure the convergence of ), [|CZ(f)| for
well choosen functions f. What we need in this paper is contained in the two forthcoming lemmas.

Lemma 4.7. Let by,by € C with —1 < Re(by), Re(bs) < 0 and let 1 = C1(by). Let P be a
polynomial with P(1) = P(31) =0 and let F = PoC~!. There exists C > 0 such that

(a) for all v > 1, for all k € (0,1),
[ 1P =) + (b2 = ) + b
(b) for ally € (0,1), for all k € (0,1),

Auwmrwg+am—mwwoﬁ

dt < C
1+t2—,y1/2'

e S C(v? + K?).

Proof. Let 0 = min(Re(by), Re(b2)) € (—1,0]. We observe that, for any ¢t € R, any v > 0 and any
k € (0,1), (it — be) + k(ba — b1) + by belongs to C,. Indeed, if o = Re(by),

Re(y(it — ba) 4+ K(by — b1) + b1) = —yRe(b2) + kRe(by — by) + Re(by)
> Re(by)
whereas, if 0 = Re(by), then
Re(v(it — ba) + K(ba — by) + b1) = —yRe(bz) + (1 — k)Re(by — ba) + Re(ba)
> Re(ba).

The set Q = C~(C,) is a disk in C containing D and having 1 as a boundary point. Our assumption
on P ensures the existence of C7 > 0 such that, for all z € €,

P(2)| < Cilz — 1] and |P(2)| < Ci]z — il

This inequality transfers to F as follows: for all w in Cy,

w—1 2C w—1 b —1
F <C — d |F <C — < Colw — by.
Pl < a2 -1 < 20 and Pl < @ - o < clu-n
We are now ready to prove (a). Let v > 1, kK € (0,1) and ¢ € R. Then
1

|F((it — ba) + k(by — b1) + b1)|* S A+ 2 +92)2 + (yf +1(t —y))?

for some z, 2/, y,y" € R which do not depend on « (but 2’ and 3 depend on ) and with > 0 and
x’ > —1. Therefore,

. 1
Ot = b2) (b = b1) +00)F S

We first integrate on the set of ¢ such that |y(t — y) +%'|> > 7. Then

dt dt 1
F(v(it —by) + k(b2 — b1) + b1 2 S/ S -
/Iv(t—y)+y’2>7 ol )t ) ) 1+ % Jpy(1+82) ™oy

1/2

On the other hand, the interval |y(t — y) + ¢/|> < v has Lebesgue measure 2y~ Since F' is

bounded on C,, we obtain

. dt 1
/ F(y(it — bs) + s(bs — b1) + )23 <
[y(t—y)+y'[2 <~

1+12 ™~ A41/2
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Let us turn to (b). In that case, for all v € (0,1), all x € (0,1) and all ¢t € R,
|E(y(it = ba) + #(bz — br) + b1)* < [v(it — ba) + w(b2 — by)|?
S — il + we + 9y

1

with 1, y2,y3 independent of x and v. On the interval |t —y1|> < v~!, we use this inequality to get

dt dt
F(vy(it —b by —b1) + b1)|? < 2 < 2,
J PG st b £ P S [ S
On the remaining part of R, we just use that F' is bounded on C, to get

[N CR SR G Ry
—nlt>yT

lt—gr[2>y-1 1+

12~ '

O

The next lemma will play the role of Lemma 4.7 in the context of hyperbolic maps with different
attractive fixed points.

Lemma 4.8. Let @1,y € LEM(D) with o hyperbolic. Let oy, ao be the respective attractive fixed
points of ¢1 and pa, A = Yh(ae), and assume that aq # ag. Let A be the automorphism domain
of w2 and let By be the repulsive fized point of po. Let f : A\{B2} — C be holomorphic in A and
such that |f(2)| < Alz — Ba| for some A > 0, for all z € A\{B2}. Then there exists M > 0 such
that, for all I,k >0,

If o w3t o]l < MAVZ.

Proof. We write
-l k112 o =l k¢ _10\\|2 do
Ifopstowi®= [ |fopy (wi(e™)I o
0 T
and we denote by
Apg=1{0€[0,2n]: §(e?) € D(az, A/?)}.
Using Lemma 4.2,

ke dO o df

[ WewlhEenry < [ Ak - sPy

[0727T]\Ak',l T [0,271'}\14]@’1 T
< A2CPN.

Thus since f is bounded on D, we are reduced to prove that there exists Cy > 0 such that, for all
k,L,

(15) meas(Ay;) < CoA/2.

Let o be such that a; ¢ D(ag, A°) and let us require Cop > A~%/2 so that (15) is true for all
I < lpand all k& > 0. It remains to handle the case I > [p. Assume first that ¢; is not an
automorphism. Then there exists ko > 0 such that, for all k > ko, ©¥(T) N D(az, No/?) is empty.
Therefore, (15) is true for k > ko and [ > lp. On the other hand, for a fixed k, it is clear that there
exists some dj, such that Aj; has measure less than d A2 for all 1 > 1. We conclude by setting
Cy = HlaX()\ilo/Q, do, ..., dk’o)-

Assume now that ¢ is a hyperbolic automorphism with a; = 1 and 8, = —1. We move on Cy
where the model map 1 of 7 is given by 11 (w) = pw for some p > 1 and we want to evaluate

Miny ({t eR: pftefa— kA2 a + KAZ/Q]})
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where a # 0 and k > 0 only depend on as. Then
1 )\l/? 1 _ )\l/2
Miny ({t eR: ukt € la— Ii)\l/Q,CL + m\l/2]}) = —arctan (WZ — —arctan %
T I T I
< Cl)\l/z
since p > 1. Finally, if ¢; is a parabolic automorphism with o1 = 1, we repeat the argument with
1(w) = w —iT with 7 > 0. We are reduced to estimate

Miny <{t ER: t—krela—r\/2a+ m”ﬂ})

1 1
= — arctan (a + kA2 4 kT) — — arctan (a — kA2 4 kT)
T T

< Ou\/2,
O

The case of parabolic linear fractional automorphisms ¢ is more delicate, because provided f # 0,
the series > [|CZ(f)| is never convergent (see [3, Remark 3.7]). We will need to estimate directly
the norm of sums like > ., CZ(f). Our next lemmas are inspired by [1] and [17].

Lemma 4.9. Let F : Co — C be such that |F(it)| < C/(1 +t2) for allt € R and let T € R*. Then
there exists M > 0 such that, for allt € R,

> |F(it + inT)| < M.
neZ
Proof. We just write

o C
Z|F(zt—|—m7’)| < Zm

nezZ ne”L

C
S sup — 5
t’G[O,T] T% 1 + (nT + t/)2

and the last sum defines, by uniform convergence, a continuous function on [0, 7]. O

We shall deduce the following substitute of Lemma 4.7.

Lemma 4.10. Let F : Cy — C be such that |F(it)] < C/(1 +t?) for allt € R and let T € R*.
There exists a decreasing function € : (0,+00) — (0,+00) with lim;e = 0 such that, for any
A C N finite, for any a > 0,

Z F(-+inT + ia)
neA
Proof. Let M be given by Lemma 4.9. For ¢t > —a/2, we also have

Z |F'(it 4+ inT +ia)| < Z ¢ :0(a)

2 pu—
= = 1+ (nT+a/2)

<e(a).

where 0(a) decreases to zero as a tends to +0o0. We then deduce that

2
—a/2 +oo
g/ M2dt+/ 52(a)—2

ZF( +inT + ia) - 0+ - 777(1 ey

neA

and the right hand side decreases clearly to 0 as a goes to +oo. U
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Remark 4.11. In particular, applying the lemma to A’ = A — min(A4) and a = min(A4)7, we get

> F(-+in7)|| < £(min(A)).

neA

4.5. Hyperbolic linear fractional maps with the same attractive fixed point. We start
the proof of Theorem 1.2 by studying the case where ¢ and @9 are hyperbolic with the same
attractive fixed point.

Theorem 4.12. Let @1, w2 € LFM(D) be hyperbolic with the the same attractive fized point c.
Assume that @' (a) # (). Then Cy, and Cy, are disjointly frequently hypercyclic on H?(D).

Proof of Theorem 4.12. Without loss of generality, we may assume that o = 1, so that the half-
plane models of ¢1 and o are respectively

Y1 (w) = AMw — by) + by, a(w) = p(w — ba) + by

with A\, u > 1, b1,bo € (—1,0]. Since A # pu, we may assume p = A" for some r > 1. Let
b1 = C_l(bl), Bo = C_l(bg) and let

D={PoC™': P holomorphic polynomial with P(1) = P(8;) = P(B2) = 0} .

D is dense in H2. Let w > 1, s > 1 with rs < w and r — s > 0. Define (n;) = NN Upso(w?, swP)
and observe that n; < Ck for some C' > 0. For (F,G) € D?, we set

Snk (F, G) =F ()\7”’C (w — b1) + bl) + G (,U«fnk(w — bg) + b2) .

We aim to prove that the assumptions of Theorem 2.1 are satisfied. Lemma 4.7 implies immediately
the unconditional convergence of >, Sy, (F,G). Next let £ > 0, [ > 0 and let us observe that

CZfSnk+l(F7 G) —F (Ank*nk+l (w _ bl) + bl) +G ()\nlrmkﬂ (w _ bl) + )\frnkJrl(bl _ b2) 4 b2) .
Since ny — rngy; < —l, Lemma 4.7, (b) implies that
G S, (F, G| S AT

k41
which implies the unconditional convergence, uniformly in k, of >, CZf Snyy (F,G). This is the

easiest part of (C2) where we do not need our particular choice of (ny). For the second half of the
proof of (C2), we write

Cgssn (F, G) —F ()\Tnk*nkJrl (w _ bg) 4 N (b2 _ bl) + bl) + G ()\T(TLk*TLkJrl)(w _ b2) + b2> .

k+1

The difficulty here is to show the unconditional convergence, uniformly in k, of

Z r ()\rnkfnkﬂ (w — by) + A"+ (by — by) + b1) )
l

The idea behind the proof is that our choice of (ny) ensures that rny — ng4; is either sufficiently
small or sufficiently big. Precisely, for k£ > 0, let

po(k) = inf {rng —ngy : 1 >0, rng —ngy >0}
p1(k) =inf {ngy —rng : 1 >0, ngyy —rng >0}

Lemma 4.7 yields that
. . c c
DNF T w = b)) £ AT (b —b) + )| < Y0 mt Do
! p>po(k) p>p1(k)

We claim that pg(k) and pi(k) go to +oo when k goes to +oo. Indeed, let p be such that ny €
[WP, swP] and assume that rng —ngy; > 0. Let ¢ be such that ngy; € [w?, sw?]. Then p > ¢: indeed,
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rswP —wPtl < 0. Thus, rng —ng > rwP —swP = (r—s)wP which is large if k is large since 7 —s > 0.
Symmetrically, if rng —ngy; < 0, then one shows that ¢ > p which implies ngy; —rng > (w—rs)wP.
Therefore we have shown the existence of (¢;,) € co(N) such that, for all &£ > 0,

Z IC: Sy (F, G| < -

This yields the unconditional convergence uniformly in k.
The unconditional convergence uniformly in & of 3 Cy¥Spy,(F,G) and S, Cy¥Sny 1 (F,G)
can be proved in a completely similar fashion (the former case being the most difficult one). Finally,

C1%S,, (F,G) = F(w) + G (MHW (w — by) + A" (by — by) + b2> oo F
whereas similarly CZ;“ S, (F,G) = G (one may for instance again apply Lemma 4.7). O

4.6. Hyperbolic linear fractional maps with different attractive points. We now investi-
gate the case of two hyperbolic maps with different attractive fixed points.

Theorem 4.13. Let p1, po € LEM(D) be hyperbolic with different attractive fized points. Then
Cy, and Cy, are disjointly frequently hypercyclic on H?*(D).

Proof of Theorem 4.13. Let ay, a9 (resp. B1,S2) be the attractive (resp. repulsive) fixed points of

1 and 2, A1 = @] (a1), A2 = ¢h(az). We define two dense sets Dy and Dy of H?(D) as follows: if

a1 = (B9, then D5 is the set of holomorphic polynomials vanishing at as and Ss; if a; # B2, then Dy

is the set of functions defined by Lemma 4.6 with ¢ = @3, v = a1, d = 1, adding to the sequence

of zeros the points ag and By. Dy is defined accordingly, exchanging the roles played by 1 and .
Let (ng) = (k+ 1) and let (f,g) € D1 x Da. Define

Nk

S (fr9) = fopr™ +gop,
The unconditional convergence of >, Sy, (f,g) follows easily from Lemma 4.7 or from Lemma 4.8.
Moreover,

CltSnp (1) = £ 007 ™7™ 4 g 7™ o i

Again, the unconditional convergence, uniformly in &, of ), Co* Sy (f, g) is a consequence of
Lemma, 4.8. Let us now consider, for [ =0, ..., k,

Cl¥ Sy (fr9) = f o ™ (0

The unconditional convergence, uniformly in k, of Ef o fowy

—Ng—1

+gop, "Toplh.
ni—(nK—1)

is easy to prove using Lemma

—(nk—1)

gpl . The easy case is when a1 = (39, since then o is the attractive fixed point of both ¢; and @2 .

. - 4\p/4

As above Lemma 4.7 yields ||g o p5% 0 @}]| < CAg/ )\11)/
convergence uniformly in k£ of the above series.

Let us assume now that ay # 3. For [ > 1 and k > 1, we evaluate ||g o g02 o ¢7||* as follows: we

fix 4 € (M1, 1) and consider Ay = {z € T : ©h(z) ¢ D(ozl, *)}. By Lemma 4.3, A, has measure less

that C'(A\1/u)¥, with A\;/u € (0,1) and we know that g is bounded on the automorphism domain

of ¢s. Therefore,
_ A
[ wowitoptrzo(R)
Ag, 2

On the other hand, if z € T does not belong to Ak, then ¢¥(2) € D(ay, 1i¥) so that, by Lemma
4.1, there exists C' > 1 such that, for all k,1 > 1, @5 0 p¥(2) € D(y;, CpFAb) where we recall that
=y !(@1). Therefore the properties of g ensure that

4.7. The real issue is the proof of the unconditional convergence, uniformly in k, of Z =0 9°¥2

, which in turn yields the unconditional

lI?

g0 py' o pl(2))? < Cut,
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an inequality which is true provided ¢y is an automorphism or not. Combining the two cases, we
therefore have obtained

(16) lg 0wyt ophlls < CpF

for some p € (0,1), with C and p which do not depend on k and [. This yields the desired
unconditional convergence of the involved series. We conclude by symmetry of ¢ and ¢s, and
because (C4) follows also from (16). O

4.7. Parabolic automorphisms with the same attractive fixed point. We turn to hyperbolic
automorphisms, first with the same attractive fixed point.

Theorem 4.14. Let p1, 92 € Aut(D) be parabolic with the same attractive fized point. Assume
that o1 # 2. Then Cy, and Cy, are disjointly frequently hypercyclic on H?*(D).

The proof will be inspired by that of Theorem 4.12 because we have to face the same difficulty:
it is possible that cp’f and @5 ! compensate, namely that go’f 0Py lis close to the identity map. We
will have to exclude this possibility by choosing for (ng) a subsequence of the whole sequence of
integers.

Proof of Theorem 4.14. Let us move to the half-plane and define 11 (w) = w+ity, Yo (w) = w+iTe,
71 # 19 € R*. The proof depends on the sign of the product 7i7». If it is negative, namely if 7, and
T9 have opposite signs, it is simpler. Let us start with this case, say » < 0 < 7. We set

D= {PoC!: Pisa holomorphic polynomial, P(1) = P'(1) = 0}
and pick (F,G) in D?. Define
Sk(F, G) = F(w — ile) + G(w — ikTQ).

The unconditional convergence of ), Si(F,G) comes from Lemma 4.10 (and its consequence,
Remark 4.11). For k,l > 0, one has

Cl, Sk1(F,G)(w) = F(w —ilm) + G(w + ikry — i(k + )72).
The unconditional convergence uniformly in &k of ), G(w + ikmy — i(k + [)72) follows again from
Lemma 4.10, writing
kri — (k+ 1)1 = k(11 — 12) — I
with k(7 — 72) > 0. The remaining conditions of Theorem 2.1 are proved in the same way.
Let us now assume that 71 and 7 have the same sign, for instance 75 > 7 > 0 and write 75 = r7y.

To simplify the notations, we simply denote 7 for 7. As in the proof of Theorem 4.12, let w,s > 1
with 7s <w and 7 — s > 0 and define (ng) = NN {J,5¢(w?, swP). For (F,G) € D?, let

Snp(F,G)(w) = F(w — ingT) + G(w — ingr).

The unconditional convergence of ), Sy, (F,G) follows again from Lemma 4.10. For k,l > 0, we
observe that

CZfS"kH (F,G)(w) = F(w+i(ng — ngy)7) + G(w + i(ng — rngy)7).

The unconditional convergence, uniformly in k, of ), C’Zf Sny., (F,G) can be proved without any

k+l<
extra difficulties, because r > 1 and ng — rng4; < ¢(k + 1) for some ¢ < 0. On the contrary

Cur Syt (F, G)(w) = F(w +i(rng — nig)7) + G(w + ir(ng — nge11)7)

and this is our specific choice of (ny), which prevents |rny —ng4;| to be too small, which will ensure
the unconditional convergence, uniformly in &, of >, Fl(w +i(rng — ng4)7). Indeed, let A C N be
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finite and let
po(kﬁ) = inf {T‘nk i 17 S l > O, g — Nkt > 0}
pl(kﬁ) = inf {nk_,_l — g : l > O, N1 — TN > 0} .

We have already observed during the proof of Theorem 4.12 that po(k) and p;(k) go to +oo with
k. We write A = AgU Ay with Ag ={l€ A: rngy —ngy; >0} and Ay ={l € A: rng —ngyy <0}
so that

Z F(w + i(rnk — nk+l)7') < Z F(w + i(Tle — nk+l)7') + Z F(w + i(Tle — nk+l)7')

leA leAgy leAq
< e(po(k)) +e(p1(k))
where ¢ is the function appearing in Lemma 4.10. We now conclude as above. 0

4.8. Parabolic automorphisms with different attractive fixed points. The next result set-
tles the case of parabolic automorphisms with different attractive fixed points.

Theorem 4.15. Let 1, p2 € Aut(D)NPar(D) whose attractive fized points are respectively oy and
ag. Assume that ay # ag. Then Cy, and Cy, are disjointly frequently hypercyclic on H?(D).

Proof of Theorem 4.15. Without loss of generality, we may assume «; = —1 and ag = 1. Let D;
be the dense subset of H2(ID) obtained by applying Lemma 4.6 to ¢ = ¢1, 7 = ag, d = 2, assuming
also that a; is a zero of order 2 of any function in D;. We define similarly D2, exchanging the roles
played by o1 and 9. As usual, for (f,g) € Dy x D, define Sp(f,g) = fo@" + gopy*. The
unconditional convergence of >, Si(f,g) comes from Lemma 4.10 (the key point here being that
f (resp. g) is bounded on D and «a; (resp. az) is a zero of order 2 of f (resp. g)). For k,1 > 0,

_ —(k+1
Ck Sea(f.9) = Fopr' +gop, ¥ o uf.

The first problem comes from the proof of the unconditional convergence, uniformly in &, of ), g o

Oy (k+1) o@¥. We move on the half-plane by considering 1 (w) = Trinw (because —1 is the attractive

fixed point of ¢1) , a(w) = w + iTe, 72 > 0, G = g o C~! which satisfies |G(it)| < C/(1 + t?) for
some C' > 0. We can write
it

—(k+1 ko ,
GO¢2( )Owl(Zt):G(]_—kﬂ'lt_(k—’_l)ZTQ)
By Lemma 4.9, there exists some constant M > 0 such that, for all K > 1 and all ¢ € R,

(17) >o1G 0w o i) < M.
l

Let A C N be finite and let 2a = 79 X min(A). We set, for k > 1,
t
Iy =<teR: —— > .
k { < 1-— ]{}Tlt - CL}

t
1-— ]CTlt

Provided t ¢ I, for all [ € A,
— kg — Il <a-—Inr

—IT
< 2

which yields, as in the proof of Lemma 4.10,
—(k+1 .
>o1G 0w o yf(it)] < e(a)

leA
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where £(a) does not depend neither on ¢ nor on k (provided ¢ ¢ Ij) and e(a) — 0 as a — +o0.
Therefore, in view of (17) and Lemma 2.2 (a), one just need to prove that miny(I;) < d(a), where
d(a) does not depend on k and §(a) — 0 as a — +oo. Assuming for instance 71 > 0, it is easy to
prove that

a 1
Iy= |5, =
[1 + akmy ]437'1:|
which shows the claim since miny (I) < |[Ix| < 1 where the involved constant does not depend on
k.
We now turn to
. —(k—1
CE Ski(f.g9)=Ffopi'+go 03 7D o ok
and we prove the unconditional convergence, uniformly in &, of Zf:o gopy
C5 > 0 be given by Lemma 4.4 for 1. For k > 0, let us set

By = {z eT: ok(z) ¢ D(al,Clk’l)} .

k=0 ob. Let Cy and

The measure of E}, is less than Cok~! and, by Lemma 4.9, Z;;o; lgo gpQ_(k_l)
M > 0, independent of z € T and k € N. Therefore, for any A C N finite,

2 1/2
/ Z go gc);(k*l) ok dm < kU2,
Ek |1 An[0,k]

On the other hand, let z ¢ Ej. We know that, for k large enough, ag ¢ D(ay,C1k™!). One
may use Lemma 4.1 to get gog(kfl) o o¥(2) € D(yp_1,C3k™ (k — 1)72) for some C3 > 0 where

ok (2)] < M for some

Vol = @;(k—l) (a1). Using Lemma 4.6, we obtain, for all z ¢ F,

—(k=1) |k 4 I 1
g 0¥ ol (2)] S (k—1) Xm—ﬁ-
Hence,
2 1/2 , 1/2
/ Z go (p;(k:—l) o gplf dm < Z (/ ’g o %—(k—l) o SOllc) dm>
B lieAn[o.4] leAn[ok] \7 Pk
<1
~k
. . .- . . —(k—1

This achieves the proof of the unconditional convergence, uniformly in k, of ), g oy, (k=) <pr and
that of Theorem 4.15. |

4.9. Parabolic automorphism and hyperbolic automorphism with different attractive
fixed points. In this subsection, we turn to the case where ¢; is parabolic and 9 is hyperbolic.
We begin with the case where they have different attractive fixed points.

Theorem 4.16. Let ¢; € Par(D) N Aut(D), @2 € Hyp(D) with different attractive fized points.
Then Cy, and C,, are disjointly frequently hypercyclic.

Proof. Let a; be the attractive fixed point of ¢;, ¢ = 1,2 and let S2 be the repulsive fixed point
of p2. We may assume a; = 1 and as = —1. We also set A = ¢)(az). The proof will differ at
some point provided B2 = a1 or not. We define D; as the set given by applying Lemma 4.6 for ¢,
v = ag, d = 2, adding that «ay is a zero of multiplicity 2 of any f € D;. When (2 # «y, we define
D5 as the set given by Lemma 4.6 for oo, v = a1, d = 2, adding oy and Sy at the sequence of zeros.
Otherwise, we consider for Dy the set of polynomials with a zero of order at least 2 at as and fs.
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For (f,g) € Dy x Ds, we consider Sk(f,g) = fo <p1_k +go goz_k; the unconditional convergence of

> & Sk(f, 9) is now standard in this paper. Let us turn to ), C!;lSkH(f,g). The difficult point is
the unconditional convergence uniformly in k of ), gogy (k+) ogo’f. It follows from an application of
Lemma 4.8. We now investigate ), C’f,2 Sk+1(f, g) - observe that now there is no symmetry between
¢1 and ¢ and we have to investigate each case. We are reduced to the study of ), fo gp;(kﬂ) ok,

We move on the half-plane and study ), F' o ¢ k+) Yk, where

—(k+l1 . . .
Foyy " ogf(it) = F(¢4(it) — (k +Dir),
assuming ¥1(w) = w + i7 for some 7 > 0. We argue as in the proof of Theorem 4.15 setting, for
a > 0,
Ir(a) == {t e R: Im(y(it)) > a} C {t e R: [h(it)| > a}.
We just need to prove that miny(Ii(a)) < d(a) with 6(a) — 0 as a — +oo. Since 93 is the linear
fractional map fixing 0 and by = C(f32) with 15(0) = A, it can be written
)\bzw
(A= 1)w + be
(if by = 0o, namely 1 = a1 = 1, 17 is simply the dilation ¥2(w) = Aw and the required inequality
on Miny (Ix(a)) is immediate in this case). Therefore,
2% (1. 242
((A* = 1)t + Sm(b2))” + (Re(b2))
If Re(b2) # 0 (namely, if 9 is not an automorphism), then we deduce easily that |¢| 2 a (where

the involved constant does not depend on k) which shows what we need on miny(Ix(a)). Otherwise
we let

Po(w) =

t e Ik(a) —

Ii(a) = {t e R: [t| > Va/|bal}
Pla)={teR: |A\ = 1)t+3Imb)> <a'}
and observe that I(a) C I}(a) U I%(a). Again, min(I}(a)) < d(a). Regarding IZ(a), let us set
ty = Sm(b2)/(1 — A\F). Then
a-1/2 al/2 a—1/2 a—1/2
C |ty — ——,tp +

t
VAL Y:

2 — —
Ik(a)—[tk LR Y

so that

a-1/2 a-1/2 94-1/2
minv(Iz(a))§m6a8<[tk—1_)\,tk+1_)\ < T

Hence, the estimation needed on miyy, (i (a)) is also true in this case.
The next step is the investigation of Zf:o C’f; Sk—1(f,g) which essentially reduces to the study

of Zf:o go cp;(k_l) o k. Let C1,Co > 0 be given by Lemma 4.4 for 1. For k > 0, let us set

E, = {z eT: of(2) ¢ D(Oq,clkfl)}

which satisfies m(Ey) < Cok™1. Since Y, |gop,; ™| is bounded on T, we easily deduce the existence
of M > 0, independent of k, such that, for any A C N finite,
2 1/2

/ S goe "okl dm| <
E

k 1€ AN[0,k]

==
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To evaluate the integral over FEf, we first assume that a1 # (2, so that, for k& large enough,
asg, B2 ¢ D(a1,Cik™1). One may use Lemma 4.1 to get ap;(kfl) o o¥(2) € D(yp_y, O3k~ 1A

where 4 = ¢y (kfl)(ag) provided z ¢ Ej. This yields

)\Q(k—l)
o) (k—1)* 12 if 9 is an automorphism
‘g © P9 ° ¥ (Z)| S )\2(]671)
)\2(1_1“)7 otherwise.
In both cases, this implies
—(k—1 1
(18) 900" o pt(2) £ 13-
Hence,
2 1/2 1/2
Z —(k—1) k d < 1 d
) gow, " egil dm| S Y adm
B \1e Anjo,k] leAno,k] \7 Fi
<1
~k

When a; = fg, the proof is simpler since for any z ¢ Ej, cp;(kfl) o o¥(2) € D(Ba, Ck~INFTY),
Therefore (18) remains true since g has a zero of order 2 at fs.
To conclude, it remains to handle Zf:o CZZQ Sk—1(f, g), namely Zf:o fo gol_(k_l) o k. We set

E}, = {z eT: oh(2) ¢ D(Oég,ki_l)} .

Then, by Lemma 4.3, miny (E},) < C1\*k~1 tends to zero as k tends to +o0o. On the other hand, if

z ¢ E, then apf(kfl) o pk(2) € D(v,_;, Cok™Y(k — 1)72), where v, , = gof(kfl)(ag). We conclude
exactly as in the proof of Theorem 4.15. O

4.10. Parabolic automorphism and hyperbolic automorphism with the same attractive
fixed point. We shall prove a result which is stronger than required.

Theorem 4.17. Let ¢; € Par(D) N Aut(D), ¢2 € Hyp(D) N Aut(D) with the same attractive fived
point. Then any frequently hypercyclic vector for C,, is not a hypercyclic vector for C,.

Proof. We may assume that the common attractive fixed point is 1 and that the repulsive fixed
point of g is —1. We move on the half-plane and consider ¥ (w) = w +iT, 7 > 0, ¥2(w) = Iw,
A > 1. We argue by contradiction and assume that F' € FHC(Cy,) N HC(Cy,). There exist C' > 0
and a sequence (ny) such that, for all £ > 1, ny < Ck and CZfF is so close to 1 that

T 1 neT+T 1
" (F)(it)|2dt > - / F(it)2dt > .
| lesmantaz g = [ Rk

On the other hand, let € € (0,1/4C7) and p € N as large as we want such that Cf;Q (F) is so close
to 0 that
1
/ |F o b (it)2dt < e.
0
This yields

AP
/ P (i) [2dt < MPe.
0
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Now, provided p is large enough, there are at least AP /2C'T disjoint intervals (ny7, ng7+7) contained
in [0, AP]. Therefore,
AP

AP ) 1
NPe > F(it)|*dt > — x —.
E_/O [F(t)] _QCTXQ

This contradicts the choice of «. O

Remark 4.18. The same proof shows that any upper frequently hypercyclic vector for C, is not
a hypercyclic vector for C,.

4.11. Parabolic automorphism and hyperbolic nonautomorphism with the same attrac-
tive fixed point. We finish the proof of Theorem 1.2 with the last case.

Theorem 4.19. Let p; € Par(D) N Aut(D), p2 € Hyp(D)\Aut(D) with the same attractive fized
point. Then Cy,, and Cy, are disjointly frequently hypercyclic.

Proof. We assume that a1 = as = 1 and write ¢ (w) = w47, 7 > 0, 2(w) = AMw — ba) + ba,
by € (—00,0) and A > 1. We define D; and Dy as follows: D is the set of holomorphic polynomials
with a zero of order 2 at 1, Dy is the set given by Lemma 4.6 for @2, v = a1, d = 2, adding as and
B2 at the sequence of zeros.

As usual, for (f,g) € Dy x Dy, let Sp(f,g) = fo w4+ gow;® We first study the series

S, foor ¥ ook Let t € R. Then

“+00 “+00
ST F o B o gk(it) = ST |F (N (it — by) + by — (k + 1)iT)|
=0 =0

+o0
<y ¢
T (A by + by 12 A (A — kT —U7)?

1
<20
- % (=AFbg + by + 1)2 + 1272
<eg
with e, — 0 as £ — 4o00. In particular, for all A C N finite,

ZF o ¢1_(k+l) o W;

leA

<eg

(k+1)

which shows the unconditional convergence, uniformly in &, of >, foep, ogp]g. The corresponding

)

property for the series Zf:o fo cpl_(k o (pé“ follows exactly the same lines. Let us turn to >, g o

@;(kﬂ) o ¥ and Zf:og o cp;(kfl) o . But there is nothing new: we just follow line by line the

corresponding estimates of Theorem 4.16, in the case 82 # ;. U

5. COMPOSITION OPERATORS ON H (D)

5.1. Preliminaries. Let ¢ be a self-map of D. It is well-known that C, is hypercyclic on H (D)
if and only if ¢ is univalent on D and has no fixed point in . In that case there exists a unique
point a € T, the Denjoy-Wolff point of ¢, such that ¢™ — « uniformly on all compact subsets of .
Moreover ¢ admits an angular derivative ¢'(«) at a with ¢’(«) € (0,1). ¢ is called parabolic if
¢'(a) =1 and hyperbolic if ¢'(a) € (0,1). Our proof of Theorem 1.3 will need to know precisely
how (¢™(0)) converges to «. For this we will require some regularity of ¢ at « in order to apply
the results of [11].
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Definition 5.1. Let ¢ be a parabolic univalent self-map of D with Denjoy-Wolff point a.. We say
that ¢ is regular if ¢ is continuous on D, ¢”(a) # 0 and there exists € > 0 such that

@),y #0)

: 22— )+ 2)

p(z) =a+(z-a)+
where v(z) = o(]z — a3*%) as z — a in D.

We then know that such a map ¢ satisfies Re(¢”(a)) > 0 and that

o if Re(¢”(a)) > 0, then the orbits (¢™(z)) converge nontangentially to «;
o if ¢”(a) is pure imaginary, then the orbits (¢"(z)) converge tangentially to «.

Definition 5.2. Let ¢ be a hyperbolic univalent self-map of I with Denjoy-Wolff point . We say
that ¢ is regular if ¢ is continuous on D and there exists € > 0 such that

p(2) = a+¢'(a)(z — a) +7(2)
where v(z) = o(]z — a|'*%) as z — a in D.
For a hyperbolic map, the orbits (¢™(z)) always converge nontangentially to a without assuming
any regularity at a.

As for H?(D), we will often move on the right half-plane. If ¢ is a self-map of D, 1 will always
mean ¢ = C o ¢ o C~%. pp will denote the hyperbolic distance on the disc, and pc, the hyperbolic
distance on the right half-plane Cy. We recall that
1 + Pcy (wl, wg)

1 — pe, (w1, wa)
where pc, is the pseudo-hyperbolic distance on Cy given by

PCoy (wla ’IUQ) = log

e, (wr, wa) = [w1 — ws|
Co 1 |’(U1 + WQ‘ .
The following lemma is reminiscent from [7, Theorem 2.6].

Lemma 5.3. Let 1, 2 be holomorphic and univalent self-maps of D without fized point in D. Let
(Kx) be an increasing sequence of compact discs contained in D such that D = |~ Kj. Assume
that there exists a family (Ag)ken of pairwise disjoint subsets of N such that

(a) each Ay has positive lower density;

(b) the sets p(Ky), k € N, n € A, i = 1,2, are pairwise disjoint.

Then Cy, and Cy, are disjointly frequently hypercyclic on H(D).

Proof. Since the proof follows rather closely that of [7, Theorem 3.3], we will only sketch it. Let

(P, Q) be a sequence of couples of polynomials which is dense in H (D) x H(D). Let us split each
Ay, k € N, into infinitely many disjoint subsets Ag(l), [ € N, each of them being of positive lower

density. We set
2
F={JU U ¢l
i=1k>1ncAy

Our assumption implies, in the terminology of [13], that F' is a Carleman set of D; namely for all
f continuous on F' and analytic in F', there exists g € H(ID) such that

1f(2) —g(2)] < e(lz])
where e(r) — 0 as r — 1. We apply this with

Fo { Pio g01:” on o1 (Ky), n € Ax(l)
Qiow,™ on py(Ky), ne Ag(l).

It is then easy to check that f is a disjointly frequently hypercyclic vector for (C,,Cl,). O
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The next lemma will help us to produce sets (Ay) such that assumption (b) of Lemma 5.3 is
satisfied.

Lemma 5.4. Let ¢ be a univalent self-map of D with attractive fived point o € T. Then for any
compact subset K of D, there exists N € N such that, for all n,m with ln —m| > N, ¢"(K)N
e"(K) = 2.

Proof. By injectivity of ¢, it suffices to prove that ¢"(K)N K = & for all sufficiently large n. This
is a consequence of the Denjoy-Wolff theorem, since ¢™(z) converges uniformly to o on K. O

We are now ready for the proof of Theorem 1.3, which will be divided into several cases. Part of
the proof will be done in a more general context (without assuming any regularity at the boundary
of the maps).

5.2. Well-separated convergence to the boundary. We first show a very general result stating
that, providing the sequences (¢7(0)) and (¢5(0)) are far away for the hyperbolic distance, then
Cy, and C,, are disjointly frequently hypercyclic.

Theorem 5.5. Let p1, ws be holomorphic and univalent self-maps of D without fixed point in D.
Assume that, for all A > 0, there exists N € N such that, for all m,n > N, pp(¢7*(0), ¥5(0)) > A.
Then Cy,, and Cy, are disjointly frequently hypercyclic on H(D).

Proof. We shall apply Lemma 5.3. Let (Ry) be a sequence of positive real numbers increasing to
+o00 and let Dy, = D, (0, Ry,) (the closed disc for the hyperbolic distance). By Lemma 5.4, for any

k > 1, there exists an integer N,El) such that, for all n,m with |n —m/| > N(l)7 fori=1,2,
(19) @i (D) N @i (D) = 2.

Let us also consider NV ,gQ) such that

(20) nom > N = pp(}(0),95(0) > 2Ry,

Since the sequences (¢7'(0)) and (¢5(0)) go to the unit circle, we may also find N, 23) such that
(21) m < NP and n > N = pp(}(0), 95(0)) > 2R,

(22) n< NP andm > N = pp((0), 95(0)) > 2Ry

We define Ny, = max(N,il), N,gQ), N,Eg)). Let (Ag) be a family of pairwise subsets of N such that, for
every k > 1, min(Ay) > Ny and, for every n € Ay and every m € A; with n # m, |[n—m| > N+ Nj.
We claim that the sets ¢]'(Dy), k € N, n € Ay, i = 1,2, are pairwise disjoint. Indeed, let us consider
two different couples (i,n) and (j,m) with n € Ay and m € A;. If i = j, then (19) implies that,

. 1
since |n —m| > Nax(k.0)?

(P?(Dmax(k:,l)) N (sz(Dmax(k,l)) =3d.

If i # j, then we may assume k > [. Following the position of m with respect to N,£2), (20) or (21)
ensure that

Dy (¢1(0), R) N Dy (03(0), Ry)) = @.
Since any analytic self-map is a contraction with respect to the hyperbolic distance, this gives
o1 (Dy) Ny (D;) = @. We conclude by applying Lemma 5.3. O

We now give two interesting corollaries.

Corollary 5.6. Let p1, 2 be univalent self-maps of D with respective Denjoy- Wolff points aq,
az € T. Assume that oy # aa. Then Cyp, and C,, are disjointly frequently hypercyclic on H (D).
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Corollary 5.7. Let p1, @2 be univalent self-maps of D with the same Denjoy- Wolff point o € T.
Assume that (¢1(0)) converges nontangentially to o and that (¢5(0)) converges tangentially to .
Then Cy,, and Cy, are disjointly frequently hypercyclic on H(D).

In particular, if ¢ is a hyperbolic univalent self-map of D and if o is a univalent regular
parabolic self-map of D, with the same Denjoy-Wolff point « and ¢(«) € iR, then we may apply
Corollary 5.7. This is also the case if 1 and @9 are both univalent regular parabolic self-maps of
D, with Re (] (a)) > 0 and ¢ () € iR (although this last case will be also covered later in greater
generality).

Proof. The computations are simplified if we work on the half-plane Cy. We let 5 (0) =: zp, + iyn;

tangential convergence implies that |y,| — +oo and |y,|/|xn| — +o00. Let I = [1,400). We first
n—+o00

show that pc, (¢4 (0),1) ——— +oo. It suffices to show that, for all § > 0, there exists ng € N
such that, for all n > ng, for all z > 1,

. 2
Ty +1Yp — T

- >1-4.
Ty +1Yp +

Let € € (0,1) and n; € N be such that n > ny implies 2, < £2|y,|. Let > 1 and n > n;. Assume
first that = > ¢|y,|. Then
|t —azp| =2 —2, > (1 —¢)zx and |z, + 2| < (1 +e)x
so that )
xn"‘zryn_x 2(1_5)2x2+’yn|221_5
Tp +Wn + T (1 +5)2x2 + ’ynp
provided n, hence |y,|, is large enough. Otherwise, = < €|y, | and

. 2
T + iy — @ °

Ty + 1Yn +

[Yn
>1—4
T ynl? +4e2yal? T

provided € > 0 is small enough. Let us now conclude that the assumptions of Theorem 5.5 are
satisfied. We write ¥]*(0) =: up, + vy, and observe that

2

_ |Um|2
4|u7n|2 + |Um|2

Um + 1V — Um

U, + 1Vm + Um,

is bounded away from 1 since, by nontangential convergence, |vp,| < M|uy,| for some M > 0.
In particular, pc,(7*(0),I) < C for some C' > 0. Using the triangle inequality, we get that
limy, s 4 oo Infinen por (1/171"(0), 1/13(0)) = +00. We conclude from Theorem 5.5 that Cy,, and C,, are
disjointly frequently hypercyclic. O

5.3. Two parabolic maps with the same boundary fixed point. We investigate the case
where @1 and o are regular parabolic self-maps of D sharing the same attractive fixed point on
the circle, say +1. We shall need the following result on the behaviour of the half-plane model of
such a map.

Lemma 5.8. Let ¢ be a univalent regular parabolic self-map of D with +1 as Denjoy- Wolff point.
Then for all w € Cq,

Y"(w) = an + blogn + By (w)
where
a=¢"(1)
b= (¢"(1)* = 20™(1)/3)/¢" (1)
and By, is bounded (independently of n) on each compact subset of Cy.
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Proof. We shall use the parabolic model of [11]: there exists o : Cy — C holomorphic such that
oo =0+ a and ¢ has the following expansion:

(23) o(w) =w —blog(w + 1) + B(w)
where B is bounded on Q, with Q@ = Cy if Re(a) > 0 and Q@ = Co N {Sm(w) > 0} if Re(a) =0
and Sm(a) > 0 (what we may always assume). Now, let K be a compact subset of Cy. It can be

extracted from the proofs of [11] that there exists ng € N such that ¢"(K) C Q for all n > ng and
that 1 < [¢"(w)| < n uniformly in n and w € K. Therefore,

o(w) +an = o op"(w) = " (w) — blog(y" (w)) + Cn(w)
where |Cp(w)| < 1, uniformly in n and w € K. This yields
Y™ (w) = an + blog (V" (w)) — Cpn(w) + o(w)
blog(y"(w)) = Cn(w) + o(w)

n

= an + blog(n) + blog (a + ) — Cp(w) + o(w)

=:an + blogn + B, (w)
where |By,(w)| < 1 uniformly in n and w € K. O

Theorem 5.9. Let 1,2 be univalent regular parabolic self-maps of D with +1 as Denjoy- Wolff
point. Assume that (p](a), 4,053)(61)) # (¥5 (), gogg)(oz)). Then Cy, and Cy, are disjointly frequently

hypercyclic on H (D).
Proof. In view of Lemma 5.8, we know that the half-plane models 1); satisfy
i (w) = a;n + bilogn + By, ;(w)

with (a1,b1) # (ag,b2) and By, ; uniformly bounded on each compact subset of Cy. Let (K}) be a
increasing sequence of compact discs of Cy such that Cyp = |J, Kj and let (NV}) be a sequence of
positive integers verifying

Ny, > sup sup max |By, ;(w)].
i=1,2 n weKy

Applying Corollary 3.14, we get sets (Ag) C Ajq satisfying (11). These conditions clearly imply
that the sets ¢¥"(Kj), i = 1,2, k € N, n € Ay, are pairwise disjoint, which in turn leads to the
desired statement. O

Theorem 5.10. Let 1,2 be univalent regular parabolic self-maps of D with +1 as Denjoy- Wolff
point. Assume that (go’l’(a),cpgg)(oz)) = (gog(a),gpég)(a)). Then Cy,, and C,, are not disjointly
hypercyclic on H (D).
Proof. Again, for i = 1,2, we write

i’ (w) = an + blogn + By, ;j(w)
with B,, ; uniformly bounded on €2, where €2 is either the right half-plane or the upper right quarter,
and let o; satisfying (23). Let C' > sup(|By,1(w) — Bpa(w)| : n €N, w € Q), let > 32C and
consider wyg = = + ixz. Observe that Cauchy’s formula and (23) imply that, for all € > 0, there
exists R > 0 such that |o’'(w) — 1| < € provided Re(z) > R if Q = Cy or provided Re(w) > R and
Sm(w) > Rif @ ={w € Cy: Im(w) > 0}. Since the domain {w : Re(w) > R and Sm(w) > R}
is v;-stable provided R is large enough, we may and shall assume that x is so large that, for all
n € N, |ol(wo)|/|ot ("™ (wo))| > 1/2. Now the parabolic model tells us that o; o ¥ = o; + an.
Differentiating this equality at wq entails |(¢)[")'(wo)| > 1/2. By Koebe 1/4-theorem,

Ui (D(wo,%/2)) D D' (wo), [(¥7") (wo)|/8) D D(¢i' (wo), 2C).

Since |97 (wo) — ¢y (wp)| < C, the sets ¥ (D(wo, z/2)) and ¥y (D(wo, z/2)) are never disjoint, which
prevents Cy, and Cy, to be disjointly hypercyclic. Indeed it is impossible to find f € H(Cop) such
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that |foy] —1| <1/2 and |f oy —2| <1/2 on D(wp,x/2) for some n > 1 (see also [8, Theorem
2.1)) O

5.4. Two hyperbolic maps with the same boundary fixed point. We assume in this sub-
section that @1 and (o are two univalent hyperbolic self-maps of D with the same attractive fixed
point o € T. It is known (see [9]) that, provided ¢1 and s are linear fractional maps of I, Cy,
and Cy, are disjointly hypercyclic on H(ID) if and only if ¢/ (a) # ¢h(a).

We show that the condition ¢ () # ¢h(«) is sufficient to ensure disjoint frequent hypercyclicity,
without assuming any extra regularity condition on ; or ¢s.

Theorem 5.11. Let 1, @2 be univalent self-maps of D with the same Denjoy- Wolff point o € T.
Assume that @1 and @2 are both hyperbolic and that ¢} (o) # ¢h(a). Then Cy, and C,, are
disjointly frequently hypercyclic.

As before, the proof will rely on Lemma 5.3 and a separation lemma for the iterates of ¢ and
P2.

Lemma 5.12. Let K be a compact subset of D and let n > 0. Let ¢ be a univalent and hyperbolic
self-map of D with Denjoy- Wolff point o € T. There exists N € N such that, for alln > N,

PME)ClzeD: (1-m¢'(a)" <1-[ < (A+m¢(@)"}.

Proof. We may assume that K = D(0, R). By the Schwarz-Pick lemma, ¢"(K) is contained in the
pseudo-hyperbolic disc
— o"(0
{Z ep: =20 R} .
[1—¢™(0)z]

This disc is nothing else than the euclidean disc with center w, =

R(1—|¢"(0)]*)
1=R|e"(0)*

(1—R?)¢"(0)
1—-R2[em(0)

Let us write |¢™(0)] = 1 — &,,. Then the previous formulae give

and radius p, =

(1—-RY)(1-¢,) _1_1+R2
1—R%(1 -2, +o0(cn)) 1 - R2

|wy,| = en + 0(en)

and
 R(1—-(1—ep+o(en)))
P =T R2(1— 26, to(en))  1- RZ
Therefore we find that there exist C1(R) and C2(R) > 0 such that ¢™(K) is contained in the corona

{zeD: Ci(R)en <1 |2| < Ca(R)en)}

en + 0(en).

By the Julia-Caratheodory theorem, since (¢"(0)) converges nontangentially to zero, we know
that
1 — ¢ (0)] notoo

¢'(), namely Entl notoo, ¢ ().

1 —["(0)] En
This yields
((1-3)¢@) sans((1+3)e@)"
which in turn establishes the lemma. O

Proof of Theorem 5.11. We fix a sequence (Rj) of positive real numbers tending to 1 and we set
Dy, = D(0, Ry). We may assume that ¢}(a) < ¢/ (a) and let r > 1 be such that ¢)(a) = (¢} ()"
Let § >0, s > 1, w > 1 be such that (1+4)s < (1 —¢)r and r(1+6) < (1 —J)w. We fix a sequence
(Ny) of positive integers such that
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e for allm > Ny, fori=1,2,
n / (1+0)n / (1-6)n
(24) ¢i (Dg) C {2 eD: (¢i(a)) <1 -z < (gi(@) }

(this follows from the previous lemma with 1 > 0 such that (1 + )¢’ (a) < (¢i(a))'~? and
(1 = mpi(a) < (¢i(a)'+).
e for all n > Ny, for i = 1,2,
@i (D) N Dy = 2.
Let also B = NN{J,5o[w?, swP]. We then consider a family (Aj) of subsets of B with positive lower
density such that, for all k,I > 1, min(Ay) > k and for every n € Ay, m € A; with n # m, then
|n —m| > N+ N;. We may conclude exactly as before if we are able to prove that, for all k,1 > 1,
all n € Ag, m € Aj and i,j € {1,2} with (n,4) # (m, j), the sets ¢}'(Dg) and ¢7*(D;) are disjoint.
Assume first that ¢ = j and thus n # m, for instance n > m. Then " (Dy) N ¢!"(D;) = @: indeed
Do) N 07" (Dimax(k,)) = @ since n —m > max(Ng, N;). Assume now that i =1, j = 2 and
towards a contradiction that @7 (Dy) N5 (D;) # @. By (24), the intervals

(1) ™", (pi(@) ™" and [((a)) " (gh(a) ]

are not disjoint. Taking the logarithm and using that ¢4 (a) = (go’l(a))T, we get that the intervals
n(1—9),n(1+9)] and [mr(1 —¢), mr(l+ )] have to intersect. Let p, ¢ be such that n € [wP, swP|
and m € [w?, swi]. Then the intervals [(1 — §)wP, (1 + d)swP] and [r(1 — §)w?, r(1 4 §)w?] have to
intersect. The conditions imposed on w, s and § prevent this. O

We now turn to the case where ¢ and @9 are hyperbolic maps of D, with the same Denjoy-Wolff

point @ € T, and the same angular derivative ¢)(a) = ¢h(a). We first extend the result of [9]
beyond linear fractional maps, assuming that 1 and @9 are regular at their Denjoy-Wolff point.

Theorem 5.13. Let p1, po be univalent hyperbolic reqular self-maps of D with the same Denjoy-
Wolff point a € T. Assume that ' (a) = p5(c). Then Cy, and Cy, are not disjointly hypercyclic
on H(D).

Proof. We move on the half-plane and write ¥;(w) = Aw + T';(w) with |T;(w)| < M|w|!~¢. Let o;
be the map coming from the linear fractional model, namely o; is a self-map of Cqy such that
0; 01 = Ao

The regularity assumption on 1; ensures that o; has finite angular derivative at infinity (see [12,
Theorem 2.7]). Let = > 0 be large. Since each ; is univalent, we know by Koebe 1/4-theorem that

Y (D(x,2/2)) D D7 (), [(7") ()] 2/8).

Now, from o; o ¢;' = A"0;, we deduce that

(7) (z)oi(Vi' () = N"oj().
Since the sequence (¢! (x)), belongs to some fixed Stolz angle (independent of x and n), and since
o; has finite angular derivative at infinity, we get

|(¥7") ()] = C1A"
for some C7 > 0 independent of z. Moreover, a look at the proof of Theorem 4.9 of [11] (see p.60)
shows that, for all w € Co, ¥ (w) = \"w + \"B; ,,(w) where |B; ,,(w)| < Colw|'¢ for some Cy > 0.
Therefore,
97 () — ¢35 (2)] < 2C2\" |7,
This shows that, provided z is large enough, ¥7'(D(z,x/2)) and ¥5(D(z,x/2)) cannot be disjoint.
This prevents Cy, and Cy, to be disjointly hypercyclic. O

Remark 5.14. Instead of using [12] and Koebe’s theorem, we could apply Lemma 5.17 below.
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We now show that we cannot dispense with some regularity condition on the symbols to ensure
that we do not have a disjoint (frequent) hypercyclic vector. We work on the half-plane and we
work on an example coming from [18].

Example 5.15. Let ¢ (w) = 2w and 15 (w) = 2w (1 + m> Then Cy, and Cy, are disjointly
frequently hypercyclic on H(Cy).

Proof. We first observe that 1, and 12 are univalent self-maps of Cy and that the corresponding self-
maps of the disc ¢ and 9 are hyperbolic with 1 as Denjoy-Wolff point and ¢} (1) = ¢5(1) = 1/2.
We also know that ¢7'(1) = 2™ and 5 (1) = ¢,2" with (g,) increasing and ¢, — +00 (see [18]). Let
(Rk) be a sequence tending to +0o and Kj = D,(1, Ry) (closed disc for the hyperbolic distance).
Then

U1 (Kk) € Dp(¥1(1), R) = 2"Dy(1, Ry) € {w: 2"0) < Re(w) < 2" My}
Uy (Ky) C Dy(¥3(1), Ri) = 15 (1) Dy(1, Ri) C {w 1 ¢n2"0 < Re(w) < ¢n2" My}

where 6, and M}, only depend on k (see [16, p.68, (17)]). Let ¢1(n) = n and ¢a(n) =n+ L%J.
Let also, for all £ > 1, N be an integer such that

log M, logé
0g k_ng+2‘

k>
log 2 log 2
We apply Corollary 3.13 to ¢1, ¢2 and (Ny) and we observe that (10) implies that the sets ¢} (K}),
i€{1,2}, k> 1, n € Ay, are pairwise disjoint.
Il

5.5. Hyperbolic and parabolic maps. We turn to the last case: when one map is hyperbolic
and the other one is parabolic, with the same Denjoy-Wolff point. We are reduced to prove the
following result.

Theorem 5.16. Let @1, o be reqular univalent self-maps of D with +1 as Dengjoy- Wolff point.
Assume that p1 is hyperbolic and that o2 is parabolic. Then C,, and C,, are disjointly frequently
hypercyclic if and only if ©5(1) € iR.

Half of the proof has already been done: if ©(1) € iR, then (©5(0)) converges tangentially to «
whereas (¢7(0)) converges nontangentially to . Hence Corollary 5.7 does the job. The converse
implication uses some ideas of the proofs of Theorem 5.10 and of Theorem 5.13. Nevertheless, using
the work done throughout this section, it is not difficult to see that, given any compact subset K of
D, o7 (K) and ¢ (K) are pairwise disjoint provided n is large enough. Therefore, by [8, Theorem
2.1}, Oy, and C,, are disjointly hypercyclic. To contradict the disjoint frequent hypercyclicity, we
will need a refinement of Koebe 1/4-theorem specific to our context. For w € Co, w = xe? with
x> 0and 0 € (—n/2,7/2), for § € (0,1) and ¢ > 0, we denote by R(w,d, c) the rectangle whose
apexes are w + (1 — )z cos @ + icx.

Lemma 5.17. Let 0 € (—7/2,7/2), let ¢ be a hyperbolic univalent regular self-map of D with +1
as Denjoy-Wolff point and let X = 1/¢'(1). For all § € (0,1/4), there exists xg € (0,+00) such
that, for all x > xg, for all n > 1, setting wy = xe®,

Y™ (R(wo, 8, 4)) D R(A\"wo, 46, 1).
Proof. Let w € OR(wp, d,4). We are going to prove that either
|Re(™ (w) — "™ (wg))| > (1 — 26)\"x cos b or |Sm(y"(w) — " (wp))| > 2A"x

provided z is large enough. Indeed, recall that, for all w € Cy, ¢¥"(w) = A"w + A" By (w) with
|Bn(w)| < Clw|*~¢ for some C' > 0 independent of w and n. Assume first that w = wo + (1 —
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0)x cos 0 + icx with ¢ € [—4,4]. Then we get
IRe(y™(w) — "™ (wp))| > (1 — §) A"z cos — CL\"z' ¢
> (1 —20)A\"x cos b
provided x is large enough. On the other hand, if w = wy+dx cos 0 £4iz, with d € [—(1—0), (1—0)],
then
IS (Y™ (w) — ™ (wp))| > 4Nz — CoA"x' ¢
> 2\"z
if z is large enough. It then follows that 1" (R (wo, J,4)) contains the rectangle with apexes 1™ (wg)=+

A (1—28)x cos 02"z, Now, |[¢p"(wp)—A"wg| < CA"x!~¢ so that, again provided z is large enough,
this rectangle contains R(A"wy, 40, 1). O

Proof of Theorem 5.16. We assume ¢f(1) ¢ iR and we write it (1) = pe?®. We argue by contra-
diction and prove a slightly stronger result: any f € H(Cp) which is frequently hypercyclic for Cy,
cannot be hypercyclic for Cy,. Hence, let f € H(Cyp) be a frequently hypercyclic vector for Cy,,
let

A={neN: [foys(1) <1/2)
which has positive lower density and let § € (0,1/8). Let wy = xze® be given by Lemma 5.17 for
@ = 1. For p > 1, we define

MNP
Fp = {n S 7 . wg(l) (S R()\p’(UO,45, 1)} .

p
n € I, and recall that ¥%(1) = pe?n + blogn + B, (1) with |B,(1)| < C. Hence,

—|bllogn — C' < APRe(wp) — Re(¢y (1)) < (1 — 8d)x cos ONP + |bllogn + C
which yields

Let us show that I, := [%, &} M N is contained in Fj, provided p is large enough. Indeed, let

‘%e(wo) Re (5 (1)) ‘
if p is sufficiently large. Similarly, assuming sin(0)
—|bllogn — C < NPQm(wp) — Sm(vy (1))

(1 —40)x cos ONP
0, we also have
<

(1 —80)xsin N’ + |b|logn + C

<
>

so that
‘)\p\sm wp) — Sm(zﬁg(l))} < Nz,
Now, if f is a hypercyclic vector for Cy, , there exists p as large as we want such that | foy) —1] < 1/2

on R(wp,d,4) so that |f(w)| > 1/2 on R(Nwg,40,1). Hence AN F, = @ which shows that
dens(A) < 8§. Since ¢ > 0 is arbitrary, this is a contradiction. O
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