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In pump-probe spectroscopy, two laser pulses are employed to garner dynamical information from
the sample of interest. The pump initiates the optical process by exciting a portion of the sample
from the electronic ground state to an accessible electronic excited state, an exciton. Thereafter, the
probe interacts with the already excited sample. The change in the absorbance after pump provides
information on transitions between the excited states and their dynamics.
In this work we study these exciton-exciton transitions by means of an ab initio real time propagation
scheme based on dynamical Berry phase formulation. The results are then analyzed taking advantage
of a Fermi-golden rule approach formulated in the excitonic basis-set and in terms of the symmetries
of the excitonic states. Using bulk LiF and 2D hBN as two prototype materials, we discuss the
selection rules for transitions involving strongly bound Frenkel excitons, for which the hydrogen
model cannot be used.

I. INTRODUCTION

Excitons are composite particles, formed by bound
electron-hole (eh) pairs. Optically bright excitons domi-
nate the equilibrium absorption spectrum of a wide class
of materials, and can be easily measured [1]. While in
standard semi-conductors their binding energy is of few
meV, in other systems such as 2D materials [2], insulators
like LiF and hBN [3–7], semiconductors like Cu2O [8] or
BiI3 [9, 10], or in organic semi-conductors [11, 12], it can
be as high as hundreds of meV, making excitons stable at
room temperature. As a consequence optically injected
excitons can be exploited for opto-electronic devices[13].
This calls for a detailed understanding of the excitonic
properties and their dynamics.

Different phenomena can participate in the exciton
dynamics. Excitons can scatter with defects, phonons,
annihilate each other (Auger effect) or end up in dark
states[14–19], and the knowledge of these state is crucial
to predict the dynamics. However, while bright exci-
tons can be easily investigated both experimentally and
theoretically, dark excitons are much more difficult to
measure. The validation of numerical modeling can be
often achieved only in a very indirect way, via accu-
rate comparison between numerical simulations and ex-
perimental measurements. Time-resolved angle-resolved
photo-emission (TR-ARPES) measurements can be used
to measure both dark and bright excitons [20, 21]. How-
ever, TR-ARPES experiments require complex experi-
mental setup, often have limited energy resolution and
are restrained to the study of the lowest energy exci-
tons [22, 23]. Two possible setup to directly investi-
gate dark excitons via table-top absorption experimental
setup are nonlinear optics experiments at equilibrium,
and transient absorption (TR-abs) experiments in the

non-equilibrium regime. In the non-linear regime, two
photon absorption have been used to directly excite dark
excitons in 2D [24–26] and 1D[27] materials, and accu-
rate schemes based on ab initio simulations have been
developed to describe these experiments [28]. In the non-
equilibrium regime, dark excitons can be explored via
TR-Abs by combining optical and THz (or infrared) laser
pulses. A first optical pump pulse is used, with frequency
tuned resonant to some excitonic peak, and a second THz
probe pulse is used to measure transitions from the ini-
tially injected bright exciton towards available dark ex-
citons. This was explored for example in GaAs quantum
wells [29, 30], in bulk silicon [31, 32] and in materials
with larger excitonic binding energy, such as Cu2O [33],
2D layers [34–37], and hybrid organic-inorganic semicon-
ductors [38]. However, no ab initio approach has been
so far developed to model these experiments.

Exciton to exciton transitions are usually divided into
two groups: (i) inter-exciton transitions, if the initial
and final state belong to two different excitonic series
or (ii) intra-exciton transitions, if the initial and final
state belong to the same excitonic series. This nomen-
clature reflects the state of the art in modeling this exper-
iments, which is largely based on the hydrogen model for
the exciton, which assumes rotational invariant Hamil-
tonian, and labels the excitonic states as 1s, 2s, 2p, i.e.
in terms the principal quantum number and the angu-
lar momentum. The hydrogen model can be accurate for
Wannier excitons, but it requires to be integrated with
approaches which account for the underlying symmetries
and/or topology of the band structure. Moreover, it may
fail in systems with Frenkel like excitons, where the ex-
citon wave-functions are strongly affected by the lattice
symmetry[7], and do not follow the standard hydrogen
series. It is here important to underline that strongly

ar
X

iv
:2

21
1.

12
24

1v
3 

 [
co

nd
-m

at
.m

tr
l-

sc
i]

  1
5 

A
pr

 2
02

3



2

bound excitons, which are stable at room temperature,
are usually more Frenkel than Wannier like, but that
often an exact distinction between these two kinds of ex-
citons cannot be made.

For these reasons, in this manuscript we propose a fully
ab initio approach to the study of pump and probe spec-
troscopy, which includes both inter- and intra-exciton
transitions on an equal footing and takes fully into ac-
count lattice symmetries. We apply this approach to the
case of a strong pump and a test probe in such a way
as to compare the results with a perturbative approach
based on quasi-equilibrium response theory. However, we
expect that real-time propagation could be used beyond
this regime also including pump-probe interference and
dephasing effects which at present are not included in our
approach.

Since two laser pulses are involved, TR-Abs can be
described as a non-linear response of the material un-
der the action of both the pump and the probe (P&P)
laser pulses, and an approach similar to the one devel-
oped to model two-photons absorption could be used.
The signal reconstructed by computing a non-linear re-
sponse function is, by construction, perturbative in the
effect of the pump pulse. Furthermore, the approach can
only be used to describe the situation where the probe
detects the state directly generated by the pump, while
it cannot deal with states generated by subsequent re-
laxation processes. In this situation, the physics of TR-
Abs is very similar to that of equilibrium nonlinear re-
sponse experiments. Extending nonlinear response the-
ory beyond this regime becomes very cumbersome.[39]
As an alternative, one can compute (or guess) the non-
equilibrium state created the pump pulse and/or by the
subsequent dynamics, and compute the non-equilibrium
linear response with respect to the probe pulse. In this
second approach, the pump pulse can be considered in a
non perturbative way, and deviations from the ideal ex-
citonic picture can be computed. More importantly the
approach holds beyond the overlap regime. This angle
clearly shows that TR-Abs experiments can access much
more information, if compared to equilibrium non-linear
optics experiments. Due to the action of relaxation pro-
cesses, the initially generate bright excitonic state can
be send into other dark excitonic states (also including
finite momentum excitons). Thus both exciton to exci-
ton transitions involving finite momentum excitons, and
exciton dynamics can be probed in TR-abs setup.

In the present manuscript we follow the second ap-
proach outlined above, and employ a real-time propaga-
tion scheme based on an effective Schrodinger equation
where correlation effects has been derived from Green’s
function theory [40, 41]. In the equation of motion
(EOM), the coupling term for the external field is con-
structed via the non-equilibrium Berry phase theory,
where both the pump and the probe laser pulses are
included.[42] This analysis does not rely on any exci-
tonic basis set, and the excitonic state created by the
pump pulse naturally emerges from the inclusion of the

many-body self-energy. Moreover, in order to analyze
the results obtained via the explicit real-time propaga-
tion scheme for the THz / infrared response function, we
employ an alternative Fermi golden rule approach in the
excitonic basis set. In this latter case, instead of com-
puting the non-equilibrium state, we assume it can be
described in terms of a well defined excitonic eigenstate
obtained from the solution of the Bethe-Salpeter equa-
tion (BSE) [43]. A similar approach has already been
used in the study of the second harmonic response with
very good results [44]. Moreover, the explicit use of ex-
citonic basis-set allows us to analyze the symmetries of
the excitonic wave-functions and use them to identify the
dipole allowed exciton-exciton transitions, with an ap-
proach which generalizes the standard hydrogen model.
While this approach holds in the low intensity limit, it
also offers a starting point to describe deviation from the
ideal excitonic picture, in terms of renormalization of the
excitonic energies and wave-functions.

We investigate two materials: bulk lithium fluoride
(LiF) and monolayer hexagonal boron nitrite (hBN). LiF
belongs to the family of alkali haliedes, and has been
investigated in many theoretical and computational pa-
pers as a prototype material hosting tightly bound exci-
tons [4, 45–52]. hBN on the other hand is a layered insu-
lator which in recent years has found many applications
as a substrate and as a light emitter in the ultraviolet [53].
From the theoretical point of view it has been extensively
studied with both tight-binding models and ab initio cal-
culations [7], also including an accurate comparison with
the hydrogen model labeling for the excitonic states.

The manuscript is organized as follows: in Sec. II
we describe the theory for the real-time simulation, the
Fermi golden rule approach and the selection rules that
enter in the pump and probe spectroscopy; in Sec. III we
present P&P response for LiF and hBN and discuss its
interpretation; finally in Sec. IV we draw conclusions and
discuss perspectives from the theoretical and experimen-
tal point of view of P&P techniques.

II. THEORY

This section is dived in three parts. In Sec. II A we put
forward the formalism to compute exciton-exciton tran-
sition. It is based on the non-equilibrium Berry Phase
theory. The formalism holds at any exciton density, while
the approximation we use for the self-energy, in partic-
ular the equilibrium screening approximation, limits the
approach to a regime where the nonequilibrium screening
can be neglected, i.e. below the Exciton-Mott transition.
Within this limit, corrections to the spectra due to the
increasing exciton density could be computed. Then in
Sec. II B we discuss a simplified approach, based on the
Fermi golden rule in the excitonic basis-set. This latter
requires an initial guess for the many-body state gener-
ated by the pump pulse, and it holds only for low exci-
ton densities. Starting from this, in Sec. II C, we analyze



3

the dipole allowed exciton to exciton transitions both in
terms of the coefficients of the exciton wave-functions and
taking advantage of group theory, starting from the point
group associated to the crystal structure of the material.

A. Real time propagation

In the real-time simulations the response of the system
is obtained from the equations of motion for the valence
band states:

i~
d

dt
|vmk(t)〉 =

[
HMB

k + iUext(t)
]
|vmk(t)〉 , (1)

where |vmk(t)〉 is the periodic part of the occupied (at
equilibrium) Bloch states. In the r.h.s. of Eq. (1),
HMB

k is the effective Hamiltonian derived from many-
body theory [40]. In order to catch excitonic effects in
the real-time dynamics, we choose a many-body Hamil-
tonian HMB

k in the form:

HMB
k ≡ HKS

k + ∆Hk + ∆ΣHSEX[ρ(t)] . (2)

The unperturbed (zero-field) Hamiltonian is constructed
starting from the Kohn-Sham term, HKS

k [54], and in-
cludes the equilibrium quasi-particle corrections ∆Hk.
The term ∆ΣHSEX = ΣHSEX[ρ(t)]−ΣHSEX[ρ(0)] depends
on the time dependent electronic density–matrix ρ(t),
which can be reconstructed, in the equilibrium basis set
|vmk(0)〉 from the time-dependent valence states as

ρnmk(t) =
∑
n′∈occ

〈vnk(0)|vn′k(t)〉〈vn′k(t)|vmk(0)〉, (3)

where the sum runs over the occupied states only.
∆ΣHSEX describes the update, during the real-time prop-
agation, of the Hartree (H) term, responsible for the
local-field effects, plus of the Screened-EXchange (SEX)
self-energy, that accounts for the electron-hole interac-
tion and excitonic effect[43].

The real-time propagation with the above Hamilto-
nian corresponds to a time-dependent (TD) version of the
Bethe-Salpeter equation, and it is also known in the liter-
ature as TD-HSEX. Indeed, in the limit of small pertur-
bation (i.e. in the linear regime) these equations repro-
duce the optical absorption calculated with the standard
G0W0 + BSE approach, as shown in Ref. [40]. Eq. (3)
also shows how the EOM for the valence wave functions,
e.g. eq. (1), relates to the scheme using the EOM for
the density matrix [40]. In fact, while only valence block
states are propagated in eq. (1), ρnmk is expanded in a
Kohn-Sham basis set, namely in terms of valence and
conduction bands. Therefore, the number of conduction
bands must be converged in both schemes [55]. However,
knowing the time-dependent wave-function gives access
to more information, and allows the calculation of the
Berry polarization, as discussed below.

In the linear regime (and for non ferroelectric mate-
rials), a closed EOM can be written by expressing the

coupling with the external field Uext(t) = E(t) · P̂(1), via

the first order polarization operator P̂(1) written in the
KS basis-set in terms of the transition dipoles rnmk, e.g.

P
(1)
nmk = −ernmk. The expectation value of such operator

gives the macroscopic polarization:

P(1) = −e
∑̃

nmk
rnmkρnmk (4)

where the ∼ on the sum means that all terms for which
|εnk − εmk| < εthresh are neglected, since P̂

(1)
nmk is not

defined for those terms. Here εnk are the eigenvalues of
HKS

k at equilibrium, and εthresh = 10−5 eV (see also
related discussion in sec. II B). However, in the present
case we need to probe the response to the system after
the action of the pump and we thus need to go beyond
this first order approach. This can be achieved by means
of the Berry Phase formulation, e.g. by defining the cou-
pling with the external field as Uext(t) = E(t) · ∂̃k, which
holds to all orders. As we imposed Born-von Kármán pe-
riodic boundary conditions, the coupling takes the form
of a k-derivative operator ∂̃k. The tilde indicates that
the operator is “gauge covariant” and guarantees that
the solutions of Eq. (1) are invariant under unitary ro-
tations among occupied states at k (see Ref. [42] for
more details). This derivative is calculated using a finite-
difference five-point midpoint formula [56].

From the evolution of |vmk〉 in Eq. (1) we calculate the
real-time polarization Pai along the lattice vector ai as

Pai = −ef |ai|
2πΩc

Im log

Nk−1∏
k

detS (k,k + qi) , (5)

where S(k,k+ qi) is the overlap matrix between the va-
lence states |vnk〉 and |vmk+qi〉, Ωc is the unit cell volume,
f is the spin degeneracy, Nk is the number of k points
along the polarization direction, and |qi| = 2π/(Nk|ai|).
Eq. (5) is the adiabatic extension to the non equilibrium
regime of the definition of the polarization in an extended
system [42].

Via the solution of Eq. (1), the transient absorption
signal is finally defined as the Fourier transform of

∆P(t) = Ppp(t)−Pp(t) (6)

where Pp(t) is the real-time polarization generated by
the action of the pump pulse alone, while Ppp(t) is the
real-time polarization generated by the action of both the
pump and the probe laser pulse. No dephasing mecha-
nism is included in the simulation, in order to preserve
the coherent excitonic state generated by the pump laser
pulse. While decoherence is expected to happen in ex-
periments, it is far from trivial to formulate a proper
decoherence term in the Eq. (3). On the contrary it was
shown that by dephasing the one-body density matrix,
i.e. sending to zero the off-diagonal elements, leads to
a non coherent state which involves non-bound electron-
hole pairs, thus destroying not only coherence, but also
the excitonic state. [20, 21] Instead, a finite broadening
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parameter η is added later, when performing the Fourier
transform of the polarization

∆P(ω, tp) =

∫ +∞

tp

dt∆P(t)eiωt−η(t−tp). (7)

where tp is the starting time of the probe field.
Finally the non-equilibrium response function is
obtained [57, 58] dividing by the probe pulse:
χµµ(ω, tp) = ∆P(ω, tp)/Ep(ω) . The η parameter defines
the broadening of the peaks in the response function. The
approach can be used to model transient-absorption ex-
periments both in the low energy range (typically THz
of infrared) where exciton to exciton transitions are ex-
pected, and in the resonant energy range, where shifts
and changes to the equilibrium absorption peaks are ex-
pected. In the present manuscript we focus on the low
energy range. Since we have the static HSEX self-energy
and we do not include any additional decoherence (or
scattering term), the system will remain in the state cre-
ated by the pump pulse and the spectra will be indepen-
dent from tp. One of the scopes of the present manuscript
is to show that exciton-exciton transition can be captured
within TD-HSEX.

B. Non equilibrium response function

In order to analyze the results from the real time prop-
agation scheme it is useful to formulate a simplified ap-
proach in terms of the excitonic basis set. We start from
the general expression for a “A operator”-“B operator”
linear response function [59]

χAB(ω) =
2

V

∑
J 6=I

AIJBJI
(EJ − EI)− ω − iη

. (8)

Here the I, J indexes represent the initial, |I〉, and final,
|J〉, many–body states states with energies EI and EJ ,
and AIJ and BIJ the matrix elements of some opera-
tor. The dipole-dipole response function is obtained for
A = µα, B = µβ , with the α-th and β-th cartesian com-
ponent of the matrix element of the many body dipole
operator µIJ = 〈I| µ̂ |J〉. The current current response
function instead is obtained for A = jα, B = jβ , with the
α-th and β-th cartesian component of the matrix element
of the many body velocity operator jIJ = 〈I| ĵ |J〉. Both
χµαµβ and χjαjβ can be used to define the optical absorp-
tion of a material. ε(ω) = 1− 4πχµαµβ (ω) in the length

gauge, or ε(ω) = 1−4πχjαjβ (ω)/ω2 in the velocity gauge.

In the latter case we explicitly remove the divergent 1/ω2

and 1/ω terms by expanding χjαjβ (ω)/ω2 and imposing
sum rules [60].

At equilibrium the initial state |I〉 = |g〉 is the ground
state of the system with EI = E0, and the final state
is an exciton state |J〉 = |λq〉 with EJ = E0 + ωλ(q).
Here q is the excitonic momentum index. Assuming that
the ground state has zero momentum (i.e. no charge

density wave or spin density wave ground state), only
zero momentum excitons needs to be considered. In this
case the expression of the response function reduces to

χeqAB(ω) =
2

V

∑
λ

A0λ(0)Bλ0(0)

ωλ(0)− ω − iη
. (9)

Within the Tamm-Dancoff approximation (TDA), the ex-
citon states can be expressed as a linear combination of
valence-conduction pairs, that is

|λq〉 =
∑
cvk

Aλqcvk |ck− q〉 ⊗ |vk〉 . (10)

Here the c and v indexes run over conduction and va-
lence states, respectively, while k is the electronic mo-
mentum index. The response function obtained by insert-
ing Eq. (10) into Eq. (9) is identical to the one obtained
via a formal solution of the many-body response function
via many-body perturbation theory (MBPT) within the
TDA. It can be shown that the dipole matrix elements
µ0λ(q) = 〈λq| µ̂ |g〉 reduce to a linear combination of
single-particle terms (see appendix A)

µ0λ(q) = e δ(q)
∑
cvk

Aλ0cvk 〈ck| r̂ |vk〉 . (11)

with e the electronic charge and r̂ the one body posi-
tion operator. The assumption that the ground state has
zero momentum reflects in the δ(q) function [61]. The
corresponding expression for the matrix elements of the

velocity operator j0λ(q) = 〈λq| ĵ |g〉 can be defined by
dividing and multiplying by the transition energies [60].
Neglecting this ratio provides an approximated expres-
sion:

j0λ(q) = e δ(q)
∑
cvk

Aλ0cvk
〈ck| v̂ |vk〉

∆εcvk
Eλ(0) , (12)

≈ e δ(q)
∑
cvk

Aλ0cvk 〈ck| v̂ |vk〉 . (13)

where ∆εcvk = εck−εvk. The error induced amounts to a
re-normalization of the peaks intensity [60] without sig-
nificant changes in the equilibrium absorption. Eq. (12)
cannot be used when ∆εnmk < εthresh since the ratio
〈ck| v̂ |vk〉 /∆εcvk becomes numerically unstable. This
is also related to the fact that intra-band matrix ele-
ments 〈nk| r̂ |nk〉 = 〈nk| v̂ |nk〉 /∆εnnk are ill defined
since ∆εnnk = 0. In our code εthresh = 10−5 eV. While
at equilibrium this never happens in systems with a gap,
transitions with ∆εnmk < εthresh will be involved in the
TR-abs spectrum (see later discussion around Eq. (17)).

In the non-equilibrium regime, we assume that an ex-
citonic state has been created by the pump laser pulse,
|I〉 = |λiq〉 with EI = E0+ωλi(q), where the superscript
“i” is used to highlight that this is the initial excitonic
state. The non-equilibrium dipole-dipole response func-
tion in the energy range of inter-exciton transitions takes
the form (see also App. B)

χλiqµαµβ
(ω) =

2

V

∑
λ

µαλiλ(q)µβλλi(q)

ωλ(q)− ωλi(q)− ω − iη
(14)
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Eq. 14 holds at low excitonic densities because we are as-
suming that the equilibrium excitonic energies and wave-
functions can be used, and because no final state popula-
tion effects are considered [62]. The intensity of the tran-
sient absorption signal is weighted by the exciton density
injected by the pump pulse.

We observe that for optically injected excitons the con-
dition q = 0 holds, however dissipation and relaxation
mechanisms could scatter the initial state into finite mo-
mentum excitonic states leading to a population Nλi(q),
and the overall transition signal can be expressed as

χµαµβ (ω) =
∑
λiq

Nλi(q)χλiqµαµβ
(ω) (15)

This is why in general, even in presence of an optical
pump and an optical probe, finite momentum excitons
need to be considered to model inter-excitons transi-
tions. The above expression assumes that the non co-
herent populations do no give rise to interference pat-
terns in the transient absorption signal. In the present
manuscript, we do not account for relaxation and dis-
sipation mechanisms and we will focus on the situation

where Nλi(q) = Nexcδλi,λ0δ(q).

C. Selection rules

The crucial step is then to identify the dipole allowed
λ → λ′ transitions. Starting from the hydrogen model,
and dividing exciton-exciton transitions into intra- and
inter-exciton transition [33], selection rules for the intra-
exciton transitions can then be established starting from
the quantum numbers of the hydrogen model used to
describe the exciton. However, this approach neglects the
symmetries of the crystal in the excitonic envelop, and
it is a good approximation only for delocalized Wannier
excitons. For more localized Frenkel excitons, a fully ab
initio approach, and/or an approach which accounts for
the symmetries of the lattice, offers a better description.

1. Ab-initio dipole matrix elements

In the ab initio formalism, selection rules can be com-
puted explicitly by defining the expression for the dipole
matrix elements µλλi(q) = 〈λq| µ̂ |λiq〉 (see derivation
in App. A 2):

µλiλ(q) =
∑
v,cc′,k

(
Aλqcvk

)∗
Aλiqc′vkrcc′k −

∑
c,vv′,k

(
Aλqcvk

)∗
Aλiqcv′krv′vk−q +

∑
v,c,k

(
Aλqcvk

)∗
Aλiqcvk

∑
n∈occ

rnnk . (16)

The dipole matrix elements depend both on the exci-

tonic coefficients Aλqcvk and on the interband dipoles rnmk

over all the k-points of the BZ. Eq. (16) is a generaliza-
tion of the simplified analysis of Ref. 34, that holds for
delocalizaed Wannier excitons, in which the dipole ma-
trix element µλiλ(q) depends only on the excitonic wave-
functions and their quantum numbers in the hydrogenic
model.

The first two addends of (16) have a very simple in-
terpretation in terms of transitions from state λi to state
λ mediated by the electronic dipole. Their expression
is very similar to the one of the exciton-phonon matrix
elements [18], although it involves only one momentum,
since the initial and final exciton must have the same
momentum. However an issue appears since Eq. (16) in-
volves the intra-band dipoles rnnk which are ill defined
in periodic boundary conditions. This points to the fact
that we are looking to a non-linear response, as discussed
in the introduction. Moving to the velocity gauge and to
the current-current response function solves this issue,

since intra-band velocity dipoles are well defined

jλiλ(q) ≈
∑
v,cc′,k

(
Aλqcvk

)∗
Aλiqc′vkvcc′k−q

−
∑
c,vv′,k

(
Aλqcvk

)∗
Aλiqcv′kvv′vk

+
∑
v,c,k

(
Aλqcvk

)∗
Aλiqcvk

∑
n∈occ

vnnk . (17)

The velocity gauge introduces an overall error in the in-
tensity of the dipoles (similarly to the equilibrium case,
see previous discussion related to Eq. (12)) [60]. At vari-
ance with the equilibrium case, however, we cannot di-
vide by the transition energies ∆εnnk and later multiply
by the excitonic energies, since this operation is numer-
ical unstable for ∆εnnk < εthresh and ill defined for the
case ∆εnnk = 0. Thus, we use Eq. (17) when computing
the spectra in the velocity gauge, which in short, intro-
duces an overall error in the intensities, but accounts for
the role of intra-band transitions.

Finally, we underline that in presence of degenerate ex-
citonic states it is crucial to identify a specific state in the
degenerate subspace to describe the exciton generated by
the pump pulse. The polarization of the selected exciton
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must be parallel to the field polarization projected into
the polarization space spanned by the degenerate exci-
tons. This allows us to capture the dependence of the
transient absorption spectrum on the relative orientation
of the pump and the probe pulse polarization. In App. C
we show how this dependence can be taken into account.

2. Symmetry considerations

In support to the real-time calculations and the non-
equilibrium response functions, we provide a symmetry
analysis of the different spectra presented in this work.
In particular we analyze the matrix elements

µIF = 〈F | µ̂ |I〉 (18)

that enter in Eq. 14 using group theory[63] in such way
to determine which matrix elements are zero by symme-
try and which are not. To do this, we assign each of the
three elements in Eq. (18), 〈F |, µ̂, and |I〉, the irreducible
representation(irreps) to which it belongs, with respect
to the symmetry group of the crystal. Let us call them
OF , Oµ, OI . Then the integral is different from zero
if and only if the identity element belongs to the prod-
uct of the three symmetry operations [63]. This result
can be achieved using the product table of the symmetry
point group and furthermore also polarization effects can
be taken into account by considering the “partner” (here
we use the same nomenclature of Ref. 63) of each irrep
associated to a specific polarization. This analysis is per-
formed in details for the point groups of the two materials
considered in App. B of the present manuscript.

III. RESULTS

In this section we will compute the Tr-Abs proper-
ties of LiF and hBN usin the two approaches discussed
in the previous section. We will label “TD-HSEX” re-
sults the one obtained from the real-time propagation
scheme, and “Exc. Fermi” results based on the Fermi
Golden rule in the excitonic space. In particular “Exc.
Fermi (length)” if the TR-Abs is constructed via eq. (16)
and “Exc. Fermi (velocity)” via eq. (17). It is worth
to mention that, while the TD-HSEX scheme describes
exciton-exciton transition starting from a coherent exci-
tonic state, the Exc. Fermi approach describes exciton-
exciton transition starting from a non-coherent excitonic
population. However, as already shown for the case of
ARPES, the two give rise to the same signal, provided
that the average population of the coherent state is equal
to the population of the non coherent state. Eventual dif-
ferences due to the coherent polarization associated with
the excitonic state, such as Franz-Keldysh oscillations in
the TR-Abs spectra, could be observed only in specific
conditions [57]. This is beyond the scope of the present
manuscript.

A. Results on LiF

LiF is a wide gap insulator, with an electronic band
gap of ≈ 14.5 eV (experimental data give a gap in the
range 14.1-14.5 eV, while GW simulation on top of LDA
a value close to 14.4 eV [45]). The absorption spectrum is
dominated by an intense excitonic peak (E1) at≈ 12.5 eV
(see the panel a of Fig. 1). E1 has been often described as
a charge transfer (CT) exciton, involving transfer of an
electron from the alkaline atom (Li) p to a halogen atom
(F) s level [49]. This description emerges from the fact
that LiF is a ionic crystal, in which the lone Li(2s) elec-
tron of the isolated Li atom is transferred to the empty
F(2p) level of the F atom. Accordingly, the valence band
structure is mainly composed by the F(2p) orbitals, while
the lowest conduction band is the Li(2s) states. E1 has
been studied in different works and, while initially pro-
posed as intermediate between Frenkel and Wannier, it
has more recently identified as a strongly bound Frenkel
exciton [49]. Due to its large binding energy of ≈ 2 eV,
it has often been used to validate theoretical develop-
ment. For example its wave-function [4, 5] and disper-
sion [52] were analyzed in details. Other excitons, in-
volving a semi-core hole, in the XUV energy range, have
been investigated in the literature by means of ab initio
simulations [50], reporting even larger binding energies.

Instead, less attention has been payed to the excitons,
either dark or bright, which lie in the energy window be-
tween E1 and the electronic gap, and which characterize
the excitonic series of LiF. In the present work we in-
vestigate these excitons which, after the action of a laser
pulse tuned resonant with E1, dominate the transient ab-
sorption spectrum of LiF in the energy range from 0 to
2 eV. We label them E2, E3, E4, ....

We employ the standard GW+BSE scheme on top of
LDA. Ground state LDA calculation are performed with
norm conserving pseudo-potentials, an energy cutoff of
80 Ry for the wave-functions and a 6x6x6 k-points grid.
RPA screening is computed with cutoff of 8 Ry for the
response function χGG′(q, ω) and using 50 bands in the
internal sum over the conduction states. Finally the BSE
calculation with a scissor or 6.05 eV, bands from 2 to 5, k-
points grid 24x24x24, energy cutoff 8 Ry for the screened
e-h interaction WGG′ , and 32 Ry for the eh exchange in-
teraction vG. The same parameters are then used for
the real-time propagation within the TD-HSEX simula-
tions, with the bands 2 to 5 entering the bands indexes
in Eq. (3) and in Eqs. (2)-(3), k-points grid 24x24x24, 8
Ry for WGG′ , and 32 Ry for vG. Moreover a time step of
10−2 femto-seconds (fs) is used to time integrate Eq. (3)
with the Crank-Nicolson integrator for a total time of 100
fs, which is later used to integrate Eq. (7).

In Fig. 1 absorption and transient absorption of LiF
are shown. The solution of the excitonic matrix shows
several bound poles, many of which are dark. The first 6
poles are well separated from the others. Besides the well
characterized lowest energy bright exciton E1, also E4 is
bright, while the other 4 are dark, see panel a of Fig. 1.



7

12.0 12.5 13.0 13.5 14.0 14.5
 [eV]

2.5

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5
Im

[
(

)]

  gap

14.50 eV

0
12.50 eV

(a)

E1[T1u]
(1s)

E2[T?g]
(2p) E3[Eg]

(2p) E4[T1u]
(2s)

E5[T?g]
(2p)

E6[A1g]

LiF
exp
BSE
IP

0.5 0.0 0.5 1.0 1.5 2.0
 [eV]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

zz 2
(

) [
×1

0
2 ]

EPump z
Eprobe z

(b)TD-HSEX
Exc. Fermi (velocity)
Exc. Fermi (length)

0.5 0.0 0.5 1.0 1.5 2.0
 [eV]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

zz 2
(

) [
×1

0
2 ]

EPump x
Eprobe z

(c)TD-HSEX
Exc. Fermi (velocity)
Exc. Fermi (length)

FIG. 1. (a) Absorption of LiF. All poles ωλ are represented
as vertical black lines. Orange vertical bars are proportional
to |µ0λ(0)|2 (b-c) Transient Absorption of LiF after pumping
the system with a pump resonant with the first excitonic pole
ω1. All possible transitions ∆ω = ωi − ω1 are represented
with vertical black lines. Green vertical bars are proportional
to |jλλi(0)|2/ω2. (b) Configuration with probe parallel to
the pump. (c) Configuration with probe perpendicular to the
pump.

The position of the bright exciton E4, around 13.9 eV,
seems to be confirmed by the shape of the experimen-
tal absorption which bounces back at around 13.7 eV,
although with a very broad signal. All bright poles are
three fold-degenerate, due to the symmetries of the crys-
tal, while dark poles can have different degeneracy. The
poles from E2 to E5 are located in the energy range be-
tween 13.78 and 13.94 eV. E2 and E5 are also three-fold
degenerate, while E3 is two-fold degenerate. Finally E6

is shifted from the previous group, at 14.1 eV and it is
non degenerate.

Turning our attention from equilibrium absorption
to transient absorption in the inter-exciton transitions
regime, first of all we observe that the TD-HSEX scheme
gives poles exactly at the energy differences Ei−E1, with
i running over the other excitons. Such result can be ob-
tained only using the Berry phase expression for the po-
larization, eq. (5). Using instead TD-HSEX with eq. (4)
gives a zero spectrum in this energy range, regardless of
the εthresh value. Moreover, it is remarkable that, after
pumping the system in resonance with the lowest energy
excitons, the 4 dark poles above mentioned can be de-
tected by considering two different configurations: probe
parallel to the pump pulse (Fig. 1 panel b) and probe
perpendicular to the pump pulse (Fig. 1 panel c). This
result shows that transient absorption is a very powerful
technique to explore dark excitonic poles. In both the
configurations we show the transient absorption spectra
computed by full real time propagation scheme at low
pump intensity (red continuous line) and the spectra ob-
tained within the “excitonic Fermi golden rule”, either
in the length gauge (blue dashed line) or in the velocity
gauge (green continuous line). As discussed in the theory
section, both gauges have some issues and are not able
to precisely reproduce the results of the full real-time
propagation. Indeed both blue and green lines correctly
foresee which inter-exciton transitions are expected to be
bright, but somehow they miss the correct relative inten-
sity. The problem is much more severe in the length
gauge which strongly underestimate the intensity of the
low energy peaks and overestimates the intensity of the
higher energy ones. The velocity gauge tends to do the
opposite, but the agreement with the full real time prop-
agation is much better and, overall, the velocity gauge
approach can be used to obtain a good description of the
spectra.

We want now to understand why some transitions are
bright, depending on the relative orientation of the pump
and the probe pulse. A first qualitative explanation can
be sought by pursuing the common approach used in lit-
erature, based on the a simple hydrogenic model for the
excitonic states. To this scope we perform a direct in-
spection of the excitonic wave-function and we try to
label the excitonic envelop as s or p states. The overall
wave-function symmetry will be the product of the sym-
metry of the envelop, Aλcvk, and the symmetries of the
underlying Bloch states, ψ∗ck(re) and ψvk(rh)). To this
end we first notice that for LiF the symmetry group is
Oh which has 48 symmetry operations and 10 irreducible
representation (for the irreps, see App. B). Transitions
belonging to the T1u irrep are bright at equilibrium. The
F(2p) orbitals of the conduction band are associated to
the T1u irrep, while the Li(2s) to the A1g irrep [63]. Since
T1u × A1g = T1u, Li(2s) → F(2p) transitions are dipole
allowed. The first six poles E1...E6 all involve these or-
bitals. Accordingly we can label exciton-exciton transi-
tion involving E1...E6 as intra-exciton transitions, which
are controlled by the the envelop of the excitonic wave-
function.
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FIG. 2. Exciton density for the first 5 excitons of LiF at fixed hole position. Upper row, view along the 111 direction. Lower
row, view along the 100 direction. The hole position is put nearby a F atom at the center of the picture. The density is averaged
over degenerate excitons. All excitons are threefold degenerate, with the exception of the 3rd, which is twofold degenerate.

We thus turn our attention to the description of the
envelop. In Fig. 2 the square modulus of the excitonic
wave-functions

Ψλ(re, rh) =
∑
cvk

Aλcvkψ
∗
ck(re)ψvk(rh) (19)

is plotted as a function of the electronic coordinate and
by fixing the hole coordinate nearby one F atom. In all
the considered excitonic states the wave-functions display
non negligible electronic density only on the F atoms.
Despite this fact was already observed for the lowest en-
ergy exciton [4], and also studied with some details [64],
it goes against the intuition of the LiF excitons described
in terms of CT excitons, due to the nature of the valence
and conduction band structure, which remain used in
many model calculations [49, 51]. In terms of the hydro-
genic model for the exciton, since Li(2s)→ F(2p) already
fulfill the selection rules, bright excitons at equilibrium
are expected to have l = 0. Instead in the non equilib-
rium spectrum, it is only the envelop which determines
if exciton-exciton transitions are allowed. Dipole allowed
transition should respect ∆l = ±1 and ∆ml = 0,±1[33].

Inspecting the plot of the excitonic wave-function, the
two bright excitons E1 and E4 are the only ones where
the electronic density sits in the same atom as the hole.
The lowest energy E1 exciton in the literature has been
identified as a 1s exciton [4]. E4 can be identified as the
2s exciton. For the other dark excitons, the electronic
charge is on the nearest neighbor F atoms, as can be
seen either from the 111 (E2 and E3) or the 110 (E5 ex-
citon) view, since in all cases there is a negligible electron
density in the center of the image. Accordingly we can
tentatively label as p-like these dark states. This would
explain why these excitons can be seen in the transient
spectrum starting from the 1s exciton. However, within

this scheme, we are not able to explain why some are
bright in the case pump and probe are parallel, while
others are bright in the case pump and probe are per-
pendicular.

A satisfactory analysis of the selection rules governing
the transitions among exciton states can be performed
only by considering the space group representation of
crystal lattice also for the excitonic envelop. Let us start
with the bright excitons. An s envelop in Oh corresponds
to A1g symmetry without any energy lifting [63], and
overall the symmetry of the excitonic wave-function for
E1 and E4 is

[s− envelop]× [F (2s)→ L(2p)] = A1g × T1u = T1u,

which explains why they are bright and threefold degen-
erate as already observed. A 2p envelop in O(h) is associ-
ated to T1u symmetry, again without any energy lifting.
The overall symmetry of the underlying excitons is then

[2p− envelop]× [F (2s)→ L(2p)] = T1u × T1u =

A1g + Eg + T1g + T2g,

We now need to assign to each exciton the correct rep-
resentation. We can use the exciton multiplicity, and,
again, the knowledge of how a given irrep in Oh can be
related to a given angular momentum. The four resulting
irreps can all originate by the lifting of spherical states
with even angular momentum. However T2g and Eg can
originate from states with l ≥ 2, while T1g and Ag from
states with l ≥ 3 [63]. Thus we expect that the two lowest
energy excitons should come from T2g and Eg (i.e. we as-
sume lower angular momentum implies lower energy) and
looking at the exciton multiplicity we can assign E2[T2g]
and E3[Eg]. The ordering is in agreement with the well
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known energy splitting of d orbitals in Oh symmetry, i.e.
E2[T2g] < E3[Eg]. Since E6 is non degenerate, E6[A1g],
and we tentatively assign E5[T1g].

We can now use this analysis to predict which exciton-
exciton transitions are allowed. First of all we notice
that, out of the 10 irreps operations, only the states be-
longing to the irreps A1g, Eg, T1g, and T2g are bright (see
again App. B). This are exactly the 4 irreps that origi-
nates from the 2p excitons, and means that all four dark
excitons are expected to be visible in the TrAbs spec-
trum. Moreover the relative polarization of the pump
and probe pulses can alternatively select different exci-
tons. More specifically, the allowed bright representa-
tions need to transform as the corresponding quadratic
function of the coordinates consistently with the polar-
ization choice of the pump and probe pulses. So, when
the pump and probe are both parallel to the x axis we
see that A1g and Eg are expected to be detected. In-
stead, for perpendicular pump and probe, T2g and T1g
are seen. Indeed we see, from the middle panel of Fig. 1
that E3[Eg] and E6[A1g] are bright, while E2[T2g] and
E5[T1g] are bright in the lower panel. This confirms our
previous analysis. Finally we observe that T1u → T1u
transitions are dipole forbidden. Starting from the ex-
ited 1s state injected by the pump laser pulse (i.e the
state in the T1u multiplet with polarization parallel to
the pump pulse polarization, we call it T x1u partner [63]),
the transitions towards the other two degenerate states
(T y1u and T z1u) of the multiplet are dipole forbidden.

1. Strong pumping regime

We conclude the discussion on LiF by showing how
the shape of the TrAbs spectrum changes as a function
of the pump fluence. Results are shown in Fig. 3. The
exciton Fermi golden rule approach is not able to repro-
duce the evolution of the spectrum in this regime, and
only the real time propagation scheme can be used. In-
creasing the pump fluence, and accordingly the initial
exciton density, the energy required for the inter-exciton
transition is blue-shifted for the first four dark excitons
explored in the manuscript. The intensity of the transi-
tion E1 → E3 is reduced, while the one for the transition
E1 → E6 is enhanced (parallel configuration); the inten-
sity for the transition E1 → E2 is reduced, while the
on of the transition E1 → E4 is enhanced (perpendicu-
lar configuration). Inspecting the numerical simulations
(and also from the experimental and theoretical litera-
ture on TrAbs in the resonant probe regime) we know
that the energy position of the E1 peak is blue-shifted
due to many-body effects [65, 66]. For the considered
fluences, the injected exciton density is roughly linear
with the pump fluence. With a fluence of 1 µJ/cm3 we
obtain an exciton density of 1.7 10−4 exc./Ω, with Ω the
unit cell volume. This corresponds to a total density of
≈ 1019 exc./cm3. Given the very large binding energy
and the very small exciton radius of E1 in LiF (rexc ≈ 5
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FIG. 3. Transient Absorption defined as in Fig. 1 of the main
text as a function of the pump fluence. The reported val-
ues for the laser fluence refer to the field inside the sample,
i.e. they should be corrected taking into account the frac-
tion of the laser pulse which is reflected when comparing with
nominal experimental fluences. Compared to Fig. 1 a larger
broadening parameter is used here.

Å), we expect the critical exciton Mott transition density
(nMott ∼ r−3exc) to be well above 1020 exc./cm3. [67] The
overall blue-shift of the E1 → EI transitions implies that
the higher energy peaks are shifted even more. Moreover
the relative changes in the intensity of the peaks, im-
ply that, not only the excitons shift, but also that there
are changes in the excitonic wave-functions which renor-
malize the expectation value of the intra-exciton dipole
matrix elements.

B. Monolayer hexagonal BN

The structure of electron-hole excitations in mono-
layer hBN(m-hBN) is well know from theory and exper-
iments [7]. In particular, recent measurements probed
for the first time the lowest excitonic state of single layer
hBN deposited on a substrate [68]. The electronic exci-
tation of m-hBN can be classified according to the repre-
sentations of the D3h point group (see also Sec. B 2). In
panel (a) of Fig. 4 we report the computed optical absorp-
tion [69] of monolayer hBN with in plane polarization.
The exciton classification for the first 5 excitonic peaks.
E1[E′], E2[E′], E3[A′2], E4[A′1], and E5[E′], is here taken
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from Ref. 7. Among the different group representations,
only the two-dimensional irrep E′ is optically active for
in plane polarization [63], while excitons belonging to
the A′′2 irrep are bright for out of plane polarization (i.e.
along the z direction). In the present manuscript we fo-
cus on the in plane polarization. In Ref. 7 these excitons
are also mapped into the Hydrogen series by compar-
ing ab initio and tight-banding simulations. A similar
analysis is also performed in Ref. [70]. The lowest exci-
ton E1[E′], can be identified as the 1s exciton, and has
a very strong oscillator strength. The next three exci-
tons, E2[E′], E3[A′2], and E4[A′1], originate from 2p like
state, and at variance with the LiF case, they are not all
dark. Finally the fifth exciton E5[E′] originates from a
2s state. The states with A′1 symmetry have been mea-
sured in two photon absorption experiments [28], while
other states are usually inaccessible because of their too
high energy.

Like in the LiF, here we show how pump and probe
spectroscopy can be used as alternative technique to the
one and two-photon absorption to study excitons in this
material. Pump and probe spectroscopy presents a dou-
ble advantage, firstly the possibility of studying excitons
that are dark in linear optics, and secondly the possi-
bility of studying high-energy excitons that usually are
inaccessible to standard laboratory facilities due to the
large band gap of hBN [71]. In order to simulate pump
and probe spectroscopy in a monolayer hBN, we used a
supercell with in plane lattice parameter of a = 2.5 Å and
a distance between the periodic replica of c = 30 a.u.. We
constructed the dielectric constant that enters in the BSE
and SEX self-energy using 100 bands and 20 Ry cutoff,
plus a terminator to speed up convergence on the con-
duction bands [72]. In the optical spectra and real-time
dynamics we include 2 valence and 2 conduction bands,
and a scissor of 3.66 eV . The equations of motion in
real-time were propagated for 165 fs using the same al-
gorithm and parameters of the LiF case. We also restrict
ourselves to the case where the probe polarization is in
the plane. In panels (b)−(c) of Fig. 4 we report the pump
and probe spectra for the hBN monolayer in two differ-
ent cases. In panel (b) both the pump and the probe are
in the x direction, while in panel (c) the pump is along
x and the probe along y direction. Simlarly to the LiF
case, we observe that the TD-HSEX scheme gives poles
exactly at the energy differences Ei−E1, with i running
over the other excitons. In the same panels we report
also the pump and probe spectra calculated using the
Fermi golden rule approach discussed in Sec. II B within
the velocity gauge. The comparison between the two ap-
proaches shows very good agreement, emphasizing that
the approximations made in Sec. II B introduce only a
marginal error in the final spectra. However, at variance
with the case of LiF, we have an instability in the real-
time numerical simulations for the case of probe parallel
to the pump, which gives a small peak at ω ≈ 0.

By performing a group theory analysis similar to the
LiF case (see App. B 2), we find that for parallel pump
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FIG. 4. Equilibrium absorption (a) of a hBN monolayer[69]
and Pump and probe spectra (b− c) for the monolayer hBN..
Top panel both the pump and probe are in the x direction,
while in the bottom panel the pump is along x while the probe
y. We report in green the excitonic levels at equilibrium and
their symmetry for the first four.[7]

and probe only excitons with E′ and A′1 symmetry can be
excited starting from the lowest exciton 1s with E′ sym-
metry, while for perpendicular pump and probe field the
excitons with E′ and A2 symmetry are accessible. This
means that bright states are also visible in the transient
spectra and in both geometry. This is due to the lower
symmetry of the D3h group, and has another remarkable
consequence. This theoretical prediction are confirmed
by our real-time numerical simulations[73]. Let us re-
mark the consequences of this, and how much hBN is dif-
ferent from LiF. In the case of LiF the hydrogen atom se-
lection rules ∆l = ±1 are not able to predict which tran-
sition will be activated by fixing the relative polarization
of the pump and the probe. However they are enough to
predict that only 1s → 2p transitions are dipole allowed
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at low energy. In hBN instead ∆l = ±1 is not fulfilled
at all, since the 1s→ 2s transition, i.e. E1[E′]→ E5[E′]
transition, is now dipole allowed. Moreover the almost
degenerate 1s → 1s, i.e. Ex1 [E′] → Ey1 [E′] energy tran-
sitions is now also dipole allowed. This is why a low
energy peak appears in the numerical simulations. The
exact energy of this peak will depend on the injected ex-
citon density which would be responsible to slightly lift
the degeneracy between the two states belonging to E′.
We did not try to converge it numerically and, moreover,
we are not yet able to explain why it appears only in the
parallel pump probe polarization configuration. Still, it
is a remarkable result that such transition can be seen in
the simulation and a fingerprint that a very low energy
the probe pulse is in principle able to spatially rotate the
polarization induced by the pump pulse in the xy plane.
A mechanism which is not allowed in LiF.

IV. CONCLUSIONS

In this article, we studied exciton-exciton transitions
in transient absorption experiments by performing ac-
curate ab-initio real-time simulations which couples the
TD-HSEX scheme with the Berry Phase expression for
the polarization. To interpret the results obtained via
this real-time scheme, we also develop a Fermi golden rule
approach based on the assumption that the initial state
created by the pump laser pulse can be well described
as a quasi-equilibrium state with a well defined excitonic
population. In this way, the non-equilibrium response
can be analyzed in terms of transitions between differ-
ent excitons. Starting from the excitonic wave functions
computed with the ab-initio Bethe Salpeter equation, we
define the dipole elements between the different excitonic
states, and use them to calculate the nonequilibrium re-
sponse function. This is also corroborated by a detailed
group theory analysis of the excitonic states.

The agreement obtained via the formally more rigorous
real time propagation schemes shows that for laser pulse
intensities compatible with many pump and probe ex-
periments, bound excitons such as those in LiF and hBN
behave as well-defined quasi-particles. Moreover it offers
a validation of the Fermi Golden Rule approach, which
is numerically much cheaper, and potentially interesting
for future applications. While the real-time propagation
scheme could be employed to study the effect of increas-
ing exciton density as well as relaxation and dissipation
mechanism, the Exciton Fermi golden rule approach pro-
vides a cheaper approach, where also the signature of
finite momentum excitons into TrAbs spectra can be in-
vestigated.

Finally these results show that absorption spec-
troscopy in the exciton-exciton energy range, offers new
opportunities to study high-energy excited states not ac-
cessible by other spectroscopic techniques. The technique
is also a very powerful tool to measure exciton relaxation
and exciton dynamics.
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Appendix A: Derivation of the dipole matrix
elements

In this appendix we present the derivation of dipole
matrix elements between different excitonic states, both
in the equilibrium and non-equilibrium case.

1. Equilibrium case: ground-state to exciton
transition

First we derive Eq. (11) in the formalism of second
quantization. This is a well known result and the deriva-
tion is here reported just as a preliminary step towards
the derivation of Eq. (16). We introduce the creation

operator â†nk which creates an electron in the state |nk〉
acting on the many-body vacuum state |0〉. The GS and
the valence-conduction pair are written as

|g〉 =

Nv∏
vk

â†vk |0〉 , |cvk〉 = â†ckâvk |g〉 . (A1)

The (many-body) position operator expressed in this for-
malism reads

µ̂ =
∑
nmk

â†nkâmkrnmk , where rnmk = 〈nk| r̂ |mk〉 .

(A2)
Using the definition of the excitonic state 〈λq|, the ma-
trix element (11) is written as

〈λq| µ̂ |g〉 =
∑
cvk

Aλqcvk 〈cvk| µ̂ |g〉 , (A3)

〈cvk| µ̂ |g〉 =
∑
nmk

〈g| â†vkâckâ
†
nkâmk |g〉 rnmk ,

and we have to remember that c is in the conduction
sector, v is in the valence sector and the sum over n and
m in unrestricted. Looking at the bracket we see that m
has to be in the valence sector, otherwise âmk |g〉 = 0.
The bracket is the scalar product of two states that is
not zero only if m = v and n = c, so we obtain

〈cvk| µ̂ |g〉 = rcvk , (A4)
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which is the expected result.
The definition of the position operator used here is ill

defined in periodic boundary conditions, in particular be-
cause the intra-band terms are ill defined. For systems
with a gap this is not an issue in the derivation of Eq. (11)
since only matrix elements with n in valence and m in
conduction are involved. This problem will appear in the
definition of the dipoles for exciton to exciton transitions,
which will depend on term with n = m. One possible so-
lution is to move from the length to the velocity gauge via
the definition of the current operator j, another involves
the formal definition of r = ∂k. We do not explicitly
address this issue in the present appendix.

2. Nonequilibrium case: exciton to exciton
transitions

We now proceed with the derivation of Eq. (16). In
the case of an initial state containing one exciton three
options can be considered for the final state for |J〉. (i)
|F 〉 = |g〉, i.e. the probe stimulates the emission of a pho-
ton, back to the ground state. (ii) |F 〉 = |λiqi + λfqf 〉
with EF = E0 + ωλi+λf (qi + qf ), i.e. the probe stim-
ulates the creation of a second exciton. The energy of
the two excitons (or bi-exciton) state can be in gen-
eral lower then the sum of the two excitonic energies
(ωλi+λf (qi + qf ) < ωλi(qi) + ωλf (qf )) , due to the ex-
tra bi-exciton binding energy.[74] (iii) |F 〉 = |λfqf 〉 with
EF = E0 + ωλf (qf ), i.e. the initial exciton is further ex-
cited into a different excitonic state. Due to the optical
nature of the transition, we must have qi = qf Omit-
ting the momentum indexes and using ωα = ωλi+λf the
expression for the response function has the form

χAB(ω) =
2

V

∑
f

AλfB
j
fλ

Ef − Eλ − ω − iΓ
,

=
2

V

AλgBgλ
−ωλ − ω − iΓ

+
2

V

∑
α

AλαBαλ
ωα − ωλ − ω − iΓ

+
2

V

∑
λ′

Aλλ′Bλ′λ

ω′λ − ωλ − ω − iΓ
, (A5)

While in the first two cases (i) and (ii) peaks are expected
in the energy range defined by ωλ(q), we here focus into
this latter case (iii), i.e. the last term in the equation,
where peaks are expected at much lower energies.

We use the same approach of the previous section to
derive a formula for the dipole matrix elements for exci-
ton to exciton transitions. In this case we have to deal
with a matrix element of the form

〈cvk| µ̂ |c′v′k〉 , (A6)

where c, c′ are in the conduction sector, while v, v′ are in
the valence one. Plugging the expressions for excitonic
states and position operator provides∑

nmk

〈g| â†vkâckâ
†
nkâmkâ

†
c′kâv′k |g〉 rnmk . (A7)

We split the sum over n and m in the valence and con-
duction sector. We observe that if m is in conduction we
must have m = c′, while if n is in conduction we must
have n = c. Accordingly we have four terms∑

n,n∈occ,k

〈g| â†vkâckâ
†
nkâmkâ

†
c′kâv′k |g〉 rnmk+

+
∑

m∈occ,k

〈g| â†vkâmkâ
†
c′kâv′k |g〉 rcmk+

+
∑

n∈occ,k

〈g| â†vkâckâ
†
nkâv′k |g〉 rnc′k+

+ 〈g| â†vkâv′k |g〉 rcc′k .

Now we observe that the second term can be non zero
only if m = c′ and the third if n = c, which are both non
allowed conditions because m and n are in the valence
sector. So the expression reduces to∑
n,m∈occ,k

〈g| â†vkâckâ
†
nkâmkâ

†
c′kâv′k |g〉 rnmk + δvv′rcc′k .

We analyze the first bracket and we move â†vk toward the
right. This gives

δvm 〈g| âckâ†nkâ
†
c′kâv′k |g〉+ δvv′ 〈g| âckâ†nkâmkâ

†
c′k |g〉 ,

now we observe that, in order to be non zero the ket and
bra states have to be equal, so we match the indexes in
the only way and we obtain

− δvmδnv′δcc′ + δvv′δnmδcc′ .

Putting everything together we obtain

〈cvk| µ̂ |c′v′k〉 = −δcc′rv′vk+δvv′δcc′
∑
n∈occ

rnnk+δvv′rcc′k .

(A8)
Finally, we can insert this formula in the dipole matrix
element of two excitonic states. This provides

〈λ| µ̂ |λ′〉 =
∑
cvk

∑
c′v′k

Aλ∗cvkA
λ′

c′v′k 〈cvk| µ̂ |c′v′k〉 ,

and using (A8) we find

〈λ| µ̂ |λ′〉 =−
∑
cvv′k

Aλ∗cvkA
λ′

cv′krv′vk +
∑
cvc′k

Aλ∗cvkA
λ′

c′vkrcc′k+

+
∑
cvk

Aλ∗cvkA
λ′

cvk

∑
n∈occ

rnnk

=
∑

v,c6=c′,k

Aλ∗cvkA
λ′

c′vkrcc′k −
∑

c,v 6=v′,k

Aλ∗cvkA
λ′

cv′krv′vk

+
∑
v,c,k

Aλ∗cvkA
λ′

cvk(rcck − rvvk +
∑
n∈occ

rnnk) .

(A9)

A very similar expressions was derived in Ref. [75],
Eq. (B8), to model non linear optics in the independent
particles case. A similar expression is also derived also
in Ref. [76] (B3), a part from the last term.
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Appendix B: Dipole allowed transitions by
symmetry analysis

1. LiF bulk and the O(h) symmetry group

The point symmetry group of LiF is Oh which has
48 symmetry operations and 10 irreducible represen-
tation (irreps), 4 of dimension 3 (T1u, T2u, T1g, T2g),
2 of dimension 2 (Eu, Eg), and 4 of dimension 1
(A1u, A2u, A1g, A2g).

For the case of equilibrium absorption, the initial state
corresponds to the ground state |ΨI〉 = |Ψ0〉, which is
symmetric, thus OI = A1g irrep. The dipole operator
instead µ̂ belongs to the T1u irrep. Then, given the ir-
reducible transformation OF of the final state |Ψf 〉, the
integral is different from zero if the product of the sym-
metries gives A1g, i.e.

A1g ∈ A1g × T1u ×OF , (B1)

to this end we need to look into the product table for the
Oh group [63]. From the table we see that A1g × T1u =
T1u and the condition T1u×Of = A1g is verified only for

Of = T1u , (B2)

T1u has dimension 3, and Ψf is threefold degenerate.
We move to the nonequilibrium case where the pump

generates a bright excitonic state, thus OI = T1u. In
this case we need to perform the same exercise as before,
looking for the states for which:

A1g ∈ T1u × T1u ×OF . (B3)

Since T1u×T1u = A1g+Eg+T1g+T2g, and A1g ∈ OF×OF
We have that any

OF = A1g, Eg, T1g, T2g , (B4)

is a possible solution. This already shows that the inter-
exciton transition spectrum will show excitons which
are dark when measuring absorption from equilibrium.
Bright to bright transitions are not possible. A further
push in the identification of the bright excitations can
be achieved by analyzing also the relative polarization of
the pump and probe pulses. Indeed, if both the pulses
are parallel to (say) the z-direction, the associated irreps
have to transform as the corresponding quadratic form of
the coordinates, i.e. as z2 in this specific case. Then, the
character table of Oh unambiguously identifies the first
bright excitation (which is double degenerate) as Eg and
the second one as A1g. Instead for transverse polariza-
tion (with the probe parallel to the x axis), the allowed
irreps have to transform as the bilinear product xz. This
requirement is satisfied by both T2g which transform as
the quadratic form (xz, yz, xy) and T1g which transform
as the rotation (Rx, Ry, Rz). So in this case this argu-
ments allows us to identifies the two bright states as T1g
and T2g excitons.

2. hBN monolayer and the D(3h) symmetry group

For the case of the hBN monolayer the point group is
D3h which has 6 irreps: E′ and E′′, of dimension 2, and
A′1, A′2, A′′1 ,A′′2 , all of dimension 1. The ground state is
symmetric and belongs to the A1 irrep.

The x and y components of the dipole operator, which
are the relevant elements for the study of the in-plane
excitation belong to the E′ irrep, while the z one belongs
to the A′′2 . Following the same reasoning done for LiF,
the in-plane optically active excitons belong to the E′

irrep and are twofold degenerate, while the out-of plane
optically active excitons belong to A′′2 .

Moving to the non-equilibrium absorption the initial
configuration belongs to E′ so the coupling with an in-
plane dipole gives rise to (E′ × E′) = (A′1 + A′2 + E′),
i.e. it spans all the possible irreps in the primed sector
of the point group. So, any exciton in this sector can
be reached measuring absorption from an optical excited
state, independently of the fact that the exciton is bright
or dark at equilibrium.

Also in this case the polarization based analysis al-
lows us to discriminate the representation to which the
bright states belong. Indeed, for pulses both parallel to
(say) the x-axis the excited states has to transform has
the x2 quadratic form, so only E′ (with a double de-
generacy) and A′1 (non degenerate) are allowed. On the
contrary for transverse in-plane polarization the excited
state transform as the bilinear xy, so only E′ and A′2
(that transforms as the Rz rotation) are allowed.

Appendix C: Selection of degenerate excitonic state

In presence of degenerate bright excitons, we select,
in the degenerate excitonic space U id, the specific linear
combination of states which gives an excitonic transition
dipole along the direction of the pump laser pulse E0. To
this end we define a “dipoles matrix” and a “directions
matrix”:

Dαλ =
µα0λ(0)

|µ0λ(0)|
(C1)

Eαn =
Eαn
|En|

(C2)

These two matrices are ndeg × ndeg, depending on the
size of the degenerate space. For LiF ndeg = 3, and the
transition dipoles of the 3 states spans the whole space.
For hBN ndeg = 2, and the transition dipoles spans the xy
plane. Here λ are the indexes of the exciton in U id, while
n runs from 0 to ndeg − 1. En, with n > 0, are directions
orthogonal to E0 that belong to the space spanned by
the transition dipoles. Thanks to these two matricides
we can define the rotation matrix

Cλn =
∑
α

Dt
λαEαn. (C3)
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Cλ0 is used to construct the excitonic states

|λn〉 =
∑
λ

Cλ0|λ〉. (C4)

The states |λn〉 span the same space spanned by the ran-
dom vectors |λ〉, but now the initial state |λi〉 = |λ0〉 has
polarization parallel to Eα0.

Appendix D: Intraband term: position vs velocity
dipoles

Intra-band dipoles rnnk are ill defined in the length
gauge. They can instead be accounted within the velocity
gauge and thus shifting to the (one body) velocity dipole
matrix elements v1b

nmk. In the linear regime starting from
a non-equilibrium state, position and velocity dipoles can
be related by the expression:

v1b
nmk = i rnmk∆εnmk + δn,m∂kεnk. (D1)

The above equation can be found in many works in the
literature [77] for the case ∆εnmk > 0, while the expres-
sion for the terms with n = m can be obtained by the
expression for the energies in the k ·v model [78] in pres-
ence of non-degenerate bands: εnk+q ' εnk + q · vnnk.

Notice that such equation also shows that the physics
of intraband transitions enters differently in the two
gauges. Indeed, while for ∆εnmk > 0 the two dipoles
carry the same information, for n = m the velocity
dipoles carry extra information which cannot be obtained
from the length dipoles alone. However, while the veloc-
ity dipoles capture the physics of intra-band transitions,
their use within the velocity gauge has two main draw-
backs: (i) sum rules are easily broken in numerical im-
plementations, and (ii) beyond the independent-particles

approximation the definition of the velocity operator de-
pends on the Hamiltonian [60].

Appendix E: Approximated HSEX self-energy

The ∆ΣHSEX [ρ(t)] appearing in Eq. 2 is calculated in
the Yambo code as:[40]

∆ΣHSEX
mm′k(t) =

∑
n,n′q

Mmm′q
nn′k

·∆ρn,n′k−q(t). (1)

where the matrix elements of M are defined as the sum
of two terms:

MH
mm′q
nn′k

=
∑
G

ρGmm′k(0)
[
ρGnn′k−q(0)

]∗
vG(q), (2)

MSEX
mm′q
nn′k

=
∑
G,G′

ρG
′

mnk(q)
[
ρGm′n′k(q)

]∗
WG,G′(q), (3)

where

ρmnk(q,G) =

∫
ϕ∗mk(r)ϕnk−q(r)ei(G+q)r. (4)

v and W are the bare and the screened Coulomb interac-
tion already introduced in the main text.[79] In this work
we considered only matrix elements of M involving both
m,n in the valence (conduction) when m′, n′ are both in
the conduction (valence) band. Instead, we set to zero
all elements where either m,m′ or n, n′ are both in the
conduction (valence) band. This approximation strongly
reduces the computational cost, is exact for the linear
response, and we verified that does not introduce any
relevant change in the pump and probe spectra reported
in the main text.
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second-order nonlinear optics in solids: Second-harmonic
generation spectroscopy from time-dependent density-
functional theory, Phys. Rev. B 82, 235201 (2010).

[79] F. Aryasetiawan and O. Gunnarsson, The gw method,
Reports on Progress in Physics 61, 237 (1998).

https://doi.org/10.1103/PhysRevLett.128.047402
https://doi.org/10.1103/PhysRevLett.128.047402
https://doi.org/10.1103/PhysRevB.78.085125
https://doi.org/10.1103/PhysRevB.71.195209
https://doi.org/10.1103/PhysRevB.71.195209
https://doi.org/10.1103/PhysRevB.76.035213
https://doi.org/10.1103/PhysRevB.76.035213
https://doi.org/10.1103/PhysRevB.82.235201

	Exciton - Exciton transitions involving strongly bound excitons:an ab initio approach
	Abstract
	I Introduction
	II Theory
	A Real time propagation
	B Non equilibrium response function
	C Selection rules
	1 Ab-initio dipole matrix elements
	2 Symmetry considerations


	III Results
	A Results on LiF
	1 Strong pumping regime

	B Monolayer hexagonal BN

	IV Conclusions
	 Acknowledgments
	A Derivation of the dipole matrix elements
	1 Equilibrium case: ground-state to exciton transition
	2 Nonequilibrium case: exciton to exciton transitions

	B Dipole allowed transitions by symmetry analysis
	1 LiF bulk and the O(h) symmetry group
	2 hBN monolayer and the D(3h) symmetry group

	C Selection of degenerate excitonic state
	D Intraband term: position vs velocity dipoles
	E Approximated HSEX self-energy
	 References


