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Design of pre-stressed plate-strips to cover
non-developable shells

Alexandre Danescu∗ and Ioan R. Ionescu†

version : January 27, 2022

Abstract

In this paper we address the following design problem: what is the shape of a

plate and the associated pre-stress that relaxes toward a given three-dimensional

shell ? As isometric transformations conserve the gaussian curvature, three-dimensional

non-developable shells cannot be obtained from the relaxation of pre-strained plates

by using isometric transformations only. Overcoming this geometric restriction, in-

cluding small-strains and large rotations, solves the problem for small areas only.

This paper dispenses with the small-area restriction to cover three-dimensional shells

fully by using shell-strips. Since shell-strips have an additional geometric parame-

ter, we show that under suitable assumptions that relate the width of the strip to

the curvature of the shell, we are able to design arbitrary shell surfaces by covering

them with shell-strips. As an illustration, we provide optimized covers of the sphere

in a variety of different surface-strips relaxed from plate-strips with homogeneous

and isotropic pre-stress. Moveover, we propose the design of the torus, of the heli-

coid and of the non-developable Möbius band, which requires inhomogeneous and

anisotropic pre-stress.

Keywords: nonlinear elasticity, large rotations and small strains, shell design, pre-
stress, non-developable strip-surfaces.
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1 Introduction

Modern technological developments for semiconductors at the nanoscale, such as Molec-
ular Beam Epitaxy (MBE), allow very fine tuning of the material properties through
control of the lattice parameter, while the geometry of the domain can be easily imple-
mented by using photolithography. However, the lattice mismatch between the planar

2



template and the grown crystal should be kept as small as possible and the fabrication
technology at the nano-scale is essentially planar. But from a practical point of view, the
bending process of a pre-stressed multi-layer material may be beneficial, as one can use it
to design various three-dimensional objects starting from planar pre-strained templates,
thus encompassing the planar technology.

Since the semiconductors are anisotropic elastic/brittle materials, the study of the
equilibrium shape for a bilayer plate of a given geometry can be formulated as a classical
linear or nonlinear direct elasticity problem. Given either a specific or a generic elastic
energy, one looks for the existence/uniqueness/approximation of configurations that re-
alizes the local (or global) minimum of the considered elastic energy. For the modeling
aspects in thin layer pre-stressed materials, asymptotic models inspired by dimension
reduction were proposed in [1, 2, 3, 4, 5, 6, 7, 8]. The linear approach cannot recover
experimental results illustrated, for instance, in [9] for the relaxed configurations that
do not fit the small perturbation theory, which is a situation frequently encountered in
applications. This is a benchmark for various asymptotic and/or exact nonlinear mod-
els for elastic plates/shells, and recent results [10, 11] on various approximations of the
three-dimensional elasticity with incompatible pre-strain/stress provide a hierarchy of
non-linear elastic models.

However, the classical approach cannot answer the following important practical ques-
tion: what is the two-dimensional shape that relaxes toward a given three-dimensional
surface/object? For problems of design by stress relief for a given target geometry, we are
looking for an elastic, pre-stressed material and a reference geometry so that the target
geometry represents the naturally relaxed configuration of the reference geometry. The
minimal mechanical and geometrical setting needed to address the general design problem
mentioned above is that of small strains but large rotations. The motivation of the small
strains assumption relies mainly on the fact that the single source of elastic energy is the
small pre-strain/pre-stress, while the large rotations framework is needed, since in most
situations the planar design contains a large characteristic length. Moreover, since we
are focusing on brittle-elastic materials (such as semiconductors), the small deformations
assumption is merely a technological restriction and not a mathematical simplification.

Previous results [9, 12, 13, 14, 15, 16] concerning relaxation of pre-stressed bilayer
materials focus on straight ribbons that relax toward rolls and curls, all based on isometric
transformations. However, it is well-known that the class of isometries between planar and
three-dimensional surfaces, extensively studied in [17], is too narrow to cover simple non-
developable surfaces occurring in pre-stressed relaxation design problems. To circumvent
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this theoretical drawback, in a recent paper [18] we developed a shell design model built
on a non-isometrical perturbation assumption (of Love-Kirchhoff type superposed on a
plate-to-shell theory [19, 20, 21, 22, 23]). The geometric description involves a single
small parameter δ � 1, the product between the thickness of the shell and its curvature.

The main difficulty in applying a shell design model [18] is of a geometric nature.
Indeed, for several common mid-surfaces the small-strain assumption drastically reduces
the surface width. For instance, only small parts of a spherical shell can be recovered from
the pre-stressed plates as shown in Fig. 4 in [18]. To encompass this limitation, in this
paper we construct another type of shell, called a strip-shell, for which this assumption
can be fulfilled by an appropriate choice of an additional geometric parameter, namely
the strip width. The geometries of shell-strips introduce an additional small parameter,
further denoted η, which is the ratio between the width of the strip and the curvature
radius. Then, for δ = η2 the assumptions of plate-to-shell theory [18] are fulfilled and for
any strip of a given shell we obtain a simple model to design the corresponding plate-
strip (i.e., to compute the shape and pre-stress moment of the plate). The next step is
to cover the given surface (shell) with one or several strips, for which we can design the
corresponding planar (plate) strips.

The design problem we address here was also previously considered in [24, 25, 26, 27] in
a different conext where the in-plane average pre-stress related to growth was considered
in contrast to our thickness variation approach suitable for planar fabrication technology.

This paper is structured as follows: the second section presents the basic geomet-
ric, kinematic and constitutive assumptions and a simplified version of the plate-to-shell
model for the design obtained in [18]. The third section addresses the particular problem
of the design for a shell-strip from a pre-stressed plate-strip. As previously mentioned,
by requiring the ratio between the shell-strip thickness and the shell-strip width to be
O(
√
δ), we can use the shell-to-plate theory to obtain the pre-stress bending moment.

More exactly, we define a second-order strip constructed along an arbitrary curve of the
shell mid-surface and its Lagrangian counterparts, a planar strip along a planar curve.
We prove that the natural mapping of the plate-strip to a shell-strip is a small strain
transformation if the curvature of the planar strip coincides with the geodesic curvature
of the shell-strip and some other additional conditions on the width are fulfilled. The
design problem we address includes much more than the class of isometric transformation
so that, under specific assumptions, we are able to design shells for which the Gaussian
curvature of the mid-surface does not vanish. The fourth section offers three examples
in this class: three designs that completely cover the sphere, two designs that partially
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cover the torus and, finally, two examples of rotoidal strips (helicoid and classical Möbius
ribbon).

2 Plate-to-shell equations for design

In this section, we present a simplified version of the model obtained in [18] for plate-to-
shell design. In the applications we have in mind, the pre-stress/strain has an important
thickness heterogeneity but the material properties are almost homogeneous. Here, this
allows us to consider only materials with a weak transversal material heterogeneity. In this
case, an important simplification of the model appears: the six equations for the design
problem can be decoupled in two families. Three of them involve the small perturbation
which can be computed from the membrane deformation and the pre-stress resultant,
and will not be used in the design problem. The remaining three, also called the design
equations, involve the three components of the pre-stress moments and the membrane
curvature.

2.1 Geometric assumptions

Let s0 ⊂ R3 be the design Eulerian mid-surface and let e3 denote the unit normal, and
K the curvature tensor acting from the tangent plane T into itself. The designed shell is
the given by

s = {x0 + x3e3(x0) ; x0 ∈ s0, x3 ∈ (−h
2
,
h

2
)}, (2.1)

where h = h(x0) is the shell thickenss. Let us also consider that

S = {X = (X̄,X3); X̄ ∈ S0X3 ∈ (−H(X̄)

2
,
H(X̄)

2
)} (2.2)

is the Lagrangian plate with mid-surface S0 ⊂ R2 and thickness H = H(X̄) in the
Lagrangian configuration, where we use X̄ = (X1, X2).

In what follows, δ � 1 will be a small parameter characterizing the Eulerian and
Lagrangian shell thickness through

h|K| = O(δ),
H

Lc
= O(δ), |∇2H| = O(δ), (2.3)

where Lc is the characteristic length of the surface and ∇2 is the gradient with respect
to X̄ ∈ S0.

The main geometric assumption is that there exists a transformation x0 : S0 → R3
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of the Lagrangian mid-surface S0 into the designed Eulerian one s0 (i.e., s0 = x0(S0))
such that the associated deformation of the geometric transformation is small, i.e.,

|F T
0 (X̄)F0(X̄)− I2| = O(δ), for all X̄ ∈ S0. (2.4)

Here, F0 = ∇2x0 is the gradient tensor acting in each point X̄ = (X1, X2) ∈ S0, from R2

into the tangent plane T (x0(X̄)) of the designed surface s0 and I2 = c1 ⊗ c1 + c2 ⊗ c2
is the identity tensor on R2 and {c1, c2, c3} is the Cartesian basis in the Lagrangian
description. We further denote by K = F T

0 KF0 the Lagrangian curvature tensor acting
from R2 into itself.

The kinematics of the plate deformation involves the classical Love-Kirchhoff assump-
tion, i.e.: the normal to the plate mid-plane remains normal to the designed mid-surface
but in a finite deformation context and thus including large rotations. In addition, the
transversal deformation is affine with respect to the plate thickness. Superposed to the
kinematics associated to the exact design which reproduces the target mid-surface, we
consider a small perturbation of Love-Kirchhoff type in order to compensate the small
(membrane) deformation of the proposed geometric transformation. As a consequence,
the mid-surface of this overall kinematics will be close to the designed mid-surface, and for
this reason we called it approximative designed kinematics. Our main goal is to provide
conditions which ensure that an approximative designed configuration can be reached by
releasing a suitable pre-strained plate.

2.2 Constitutive assumptions

From the constitutive point of view, applications to semiconductor materials require cubic
materials under bi-axial pre-strain. We also assume weak transverse material heterogene-
ity that ensures the decoupling between average and moment equations. This significant
simplification of the proposed model is motivated by the fact that, in most of the applica-
tions to semicondutor layers grown by MBE, the pre-strain is induced by the fine-tuning
of the layers composition (for instance In1−αGaαP for small α). With these ingredients,
we were able to rely on the theoretical predictions with the experimental evidence [28, 29]
for thin (' 200 nm thick) semiconductor pre-strained multi-layers.

Here we consider a pre-stressed hyper-elastic material undergoing small strains but
large rotations. If |E| = O(δ) is the strain tensor and S is the second Piola-Kirchhoff
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stress tensor, then the constitutive equation reads

S = CE + S∗ + ΣO(δ2), (2.5)

where C is the fourth-order tensor of elastic coefficients and S∗ = S∗(X̄,X3) is the
pre-stress with |S∗| = ΣO(δ) and Σ is a characteristic stress.

In what follows, we consider only orthotropic materials with the elastic coefficients
(Voigt notation) Cij = Cij(X̄,X3), i.e.,

CA = C2A2+A33C3+(C3 : A2+C33A33)c3⊗c3+4C44A23(c2⊗c3)S+4C55A13(c1⊗c3)S,

where we have denoted by A2 the in-plane part of the 3-D tensor A (i.e., A2 = A11c1 ⊗
c1 + A12c1 ⊗ c2 + A21c2 ⊗ c1 + A22c2 ⊗ c2), by C3 = C13c1 ⊗ c1 + C23c2 ⊗ c2, and
by C2A2 = (C11A11 + C12A22)c1 ⊗ c1 + (C12A11 + C22A22)c2 ⊗ c2 + 4C66A12(c1 ⊗ c2)S.
If the material is isotropic, then we obtain the Saint-Venant-Kirchhoff law, i.e., (Voigt
notation),

C2A2 = λtrace(A2)I2 + 2µA2, C3 = λI2, C33 = λ+ 2µ, C44 = C55 = µ, (2.6)

where λ = λ(X̄,X3) and µ = µ(X̄,X3) are the Lamé elastic moduli.
We assume further that the material has a weak transversal heterogeneity, i.e.,

Ĉ2 = ΣO(δ), C̆2 =
1

12
C̄2 + ΣO(δ), (2.7)

Ĉ3 = ΣO(δ), C̆3 =
1

12
C̄3 + ΣO(δ), Ĉ33 = ΣO(δ), C̆33 =

1

12
C̄33 + ΣO(δ),

where we have denoted by Ā, Â, Ă the thickness average and first and second-order
moment of A, i.e.,

Ā =
1

H

∫ H/2

−H/2
A(X3)dX3, Â =

1

H2

∫ H/2

−H/2
X3A(X3)dX3, Ă =

1

H3

∫ H/2

−H/2
X2

3A(X3)dX3.

For isotropic materials, the condition of weak transversal heterogeneity (2.7) becomes

λ̂ = ΣO(δ), µ̂ = ΣO(δ), λ̆ =
1

12
λ̄+ ΣO(δ), µ̆ =

1

12
µ̄+ ΣO(δ). (2.8)

Concerning the pre-stress S∗, we assume that the tangential pre-stresses acting on
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the surfaces parallel to the mid-surface vanish, i.e.,

S∗ = S∗2 + S∗33c3 ⊗ c3 + ΣO(δ2), (2.9)

where S∗2 is the in-plane pre-stress and S∗33 is the transversal pre-stress.

2.3 Moment plate-to-shell equations

We recall here from [18] the moment equations relating the pre-stress S∗ and the La-
grangian curvature K. If

M ∗ = H2Ŝ∗2 −
H2Ŝ∗33
C̄33

C̄3,

denotes the pre-stress couple, then the shell boundary value problem for the moments
reads

div2(
H3

12
M2K +M ∗) = 0 in S0, (

H3

12
M2K +M ∗)ν̄ = 0 on ∂S0, (2.10)

(
H3

12
M2K +M ∗) : K = 0 in S0. (2.11)

In the above, M2 denotes the in-plane elastic fourth-order tensor

M2A2 = C̄2A2 −
C̄3 : A2

C̄33

C̄3

which, in the particular case of isotropic materials, becomes

M2A2 =
2µ̄λ̄

λ̄+ 2µ̄
trace(A2)I2 + 2µ̄A2. (2.12)

Let us note that the equations and boundary conditions (2.10-2.11) are satisfied if

M ∗ = −H
3

12
M2K in S0, (2.13)

but this is only a sufficient condition for (2.10)-(2.11) and not a necessary one. In the
particular case of isotropic materials, from (2.13) we obtain a simple formula relating the
invariants of pre-stress momentM ∗ to the invariants of Lagrangian curvature tensor K:

trace(M ∗) = −H
3

6
(

2µ̄λ̄

λ̄+ µ̄
+ µ̄)trace(K), |(M ∗)D| = H3

6
µ̄|(K)D|, (2.14)
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where (A)D = A− trace(A)
2

I2 denotes the two-dimensional deviatoric part of A.

3 Designing a pre-stressed plate-strip for a given shell-

strip

For several common mid-surfaces the small-strain assumption (2.4) drastically reduces
the surface width with respect to the curvature radius and this is the main limitation
in applying the above plate-to-shell model. This is why, in this section, we introduce
another type of shell, called a strip-shell, for which assumption (2.4) can be fulfilled by
an appropriate choice of an additional geometric parameter, namely the strip width 2d.
From a geometric point of view, a shell-strip has two length scales linking the mid-surface
curvature to the strip width and to the shell thickness h. We prove that the small-strain
assumption (2.4) can be satisfied by designing the planar strip and choosing the ratio
h/d = O(

√
δ). Then, we can use the plate-to-shell model described above to obtain the

distribution of pre-stress moment M ∗.

3.1 Designing strips with small strain

The main objective of this section is to design an Eulerian surface-strip s0 of a given
surface U along a given curve c ⊂ U and a Lagrangian planar strip S0 such that the
small-strain assumption (2.4) holds.

3.1.1 Constructing a second-order strip along a curve on a surface

Let U ⊂ R3 be a surface given by its parametric description u → rU(u) ∈ R3, where
u = (u1, u2) are coordinates in some subset Ω ⊂ R2. We denote b1, b2 for the covariant
basic vectors, b1, b2 for the contravariant basic vectors, gαβ = bα · bβ for the covariant
metric tensor and gαβ for the components of its inverse, the contravariant metric tensor.
Let e3 = b1 ∧ b2/

√
g11g22 be the unit normal vector on U and let K = ∂uie3 ⊗ bi be the

curvature tensor.
On the surface U , we consider a support curve c ⊂ U given by the parametric de-

scription s→ r0(s) = rU(u0(s)) ∈ U (here s ∈ (0, l) is the arc-length) and we denote by
n0 and m0 the normal and binormal unit vectors (see Figure 1).

Let define now the second order strip s0 ⊂ U along the curve c

s0 = {rU(u(s, q)) ; u(s, q) = u0(s)+qv0(s)+
q2

2
w0(s), s ∈ (0, l), q ∈ (−d(s), d(s))}, (3.1)
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t0

n0

m0
e3

bs

bqe3

C

s0

b2b1

e3

U

Figure 1: Illustration of a strip s0 (with the local basis {bs, bq, e3}) along a curve c (with
the local basis {t0,n0,m0} in yellow) belonging to a surface U (with the local basis
{b1, b2, e3} in red).

where 2d(s) denotes the strip and s→ v0(s) and s→ w0(s) are given by

v0i (s) = (e3(u
0(s)) ∧ t0(s)) · bi(u0(s)), w0

i (s) = −1

2
gim(u0(s))

∂gml
∂uk

(u0(s))v0k(s)v
0
l (s).

(3.2)
The couple (s, q) defines the curvilinear coordinates of the strip-surface s0 with the

local basis {bs, bq}, given by bs = ∂srU(u(s, q)), bq = ∂qrU(u(s, q)), and the metric tensor
gss = |bs|2, gqq = |bq|2, gsq = bs · bq.

Let η � 1 be a small parameter, and let

kgeo0 (s) = k0(s)e3(u
0(s)) ·m0(s) (3.3)

denote the geodesic curvature of the curve c on surface s0 (see for instance [30], chapter
4). One can prove (see Appendix) that if

d(s)

l
= O(η), d(s)|K(u0(s))| = O(η), d(s)kgeo0 (s) = O(η), (3.4)

then s0 is a strip-surface, i.e., the following estimations hold

gss(s, q)− 1 + 2qkgeo0 (s) = O(η2), gqq(s, q)− 1 = O(η2), gsq(s, q) = O(η2). (3.5)
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In the local basis {bs, bq} of the strip-surface s0, the components Kss = Kbs ·bs,Kqq =

Kbq·bq,Ksq = Kbs·bq of curvature tensorK can be estimated (at first order with respect to
η) asKss = K0

ss+qK1
ss+|K|O(η2), Kqq = K0

qq+qK1
q+|K|O(η2), Ksq = K0

sq+qK1
sq+|K|O(η2)

where
K0
ss = Kiju̇0i u̇0j , K0

qq = Kijv0i v0j , K0
sq = Kiju̇0i v0j , (3.6)

K1
ss = 2Kij v̇0j u̇0j , K1

qq = 2Kijw0
jv

0
j , K1

sq = Kij(v̇0i v0j + u̇0iw
0
j ). (3.7)

3.1.2 Lagrangian planar strip

Let us consider a planar curve C ⊂ R2 given by its parametric description S → R0(S) ∈
R2 and let T0 = d

dS
R0 be the tangent vector of the curve C. We suppose that S ∈ (0, L)

is the arc-length, hence |T0| = 1 and L is the length of the curve C. We denote by N0

and K0 the unit normal and the curvature of C and let

S0 = {R(S,Q) = R0(S) +QN0(S);S ∈ (0, L), Q ∈ (−D(S), D(S))}, (3.8)

be the planar strip along C where 2D(S) is the (local) strip width. The local basis
{bS, bQ} is given by bS = ∂

∂S
R = T0 + Q d

dS
N0, bQ = ∂

∂Q
R = N0, and from the Frenet

formula the metric tensor becomes

L2
S = gSS = 1− 2QK0 +Q2K2

0 , gSQ = 0, L2
Q = gQQ = 1, (3.9)

where LS, LQ are the Lamé coefficients. The physical basis will be denoted by eS =

bS/LS, eQ = bQ. Since K0 = Kgeo
0 , we see that S0 is a strip-surface (i.e., (3.5) holds) if

and only if
D(S)

L
= O(η), D(S)K0(S) = O(η), for all S ∈ (0, L). (3.10)

3.1.3 Mapping a planar-strip into a surface-strip

Let x0 : S0 → s0 be the transformation of the Lagrangian planar strip S0 into the
Eulerian strip-surface s0 given through the parametric transformation

s = S, q = Q, l = L, d = D. (3.11)

Then, the gradient F0 acting from the plane of the Lagrangian strip to the tangent plane
T of the surface s0, is given by F0 = bs ⊗ bS + bq ⊗ bQ, and from (3.5),(3.9) and (3.10)
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X1

X2

R0(S)

eQ

eS

Q

N0

T0

−D

D

C

S0

Figure 2: Schematic representation of the Lagrangian planar strip S0 (with the local
basis {eS, eQ}) along a curve C (in white) with its local basis {T0,N0}.

we get F T
0 F0 − I2 = (1− gss/gSS)eS ⊗ eS. A straightforward computation gives

F T
0 F0 − I2 = q (K0(s)− kgeo0 (s)) eS ⊗ eS +O(η2),

and we notice that if we impose the following small-strain curvature condition

K0(s) = kgeo0 (s) +O(η2) (3.12)

which relates the curvature of the Lagrangian curve C to the geodesic curvature of
the Eulerian curve c, then the transformation (3.11) satisfies the small strain (or small
membrane-strain) assumption for design (2.4) by choosing δ = η2.

Let us notice that the above curvature relation (3.12) arrives in a different framework
in differential geometry: the class of "asymptotic curves" on a given surface has to have
their curvature equal to the geodesic curvature (see [30]). The context here is quite
different, as we deal with two curves, an arbitrary Eulerian one and a plane Lagrangian
one.
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3.1.4 Designing the planar strip

Let us discuss here how to design a Lagrangian planar-strip S0 that can be transformed
into a given strip-surface s0 under small-strains deformation.

Here we note that when the curvature K0 is given by (3.12), it is straightforward to
obtain the planar curve C. If Θ(s) is such that T0(s) = cos(Θ(s))c1 + sin(Θ(s))c2, we
obtain

Θ(s) = Θ0 +

∫ s

0

K0(t) dt, R0(s) =

∫ s

0

T0(s) dt, (3.13)

which is the parametric description of the support curve C.
By choosing the width d = D such that

d(s)K0(s) = O(η), (3.14)

the designed planar-strip S0, given by (3.8), admits a small-strain transformation of order
O(η2) into the strip-surface s0, i.e., (2.4) holds.

3.2 Designing the plate-strip for a given shell-strip

Let s be an Eulerian shell-strip constructed (see (2.1)) from a surface-strip s0 (see Figure
3) and let the Lagrangian plate-strip S be constructed (see (2.2)) from a planar-strip S0

with h = H(1 + O(δ2)). If the planar-strip S0 is designed such that (3.12) and (3.14)
hold, then the transformation x0 : S0 → s0 given by (3.11) has a small-strain deformation
(2.4) of order η2. If we now choose the thickness h to be of order η =

√
δ with respect to

the strip width d, i.e.,
δ = η2,

h

d
= O(η), (3.15)

then from (3.4) we obtain (2.3). This means that if (3.12) and (3.14-3.15) are satisfied,
this corresponds precisely to the case of plate-to-shell design theory developed in [18] and
briefly presented in the section 2.

The designed pre-stress moment M ∗ can be obtained from (2.13) and from the ex-
pression of the Lagrangian curvature K given by

K =
Kbs · bs
L2
S

eS ⊗ eS +
Kbs · bq
LS

(eQ ⊗ eS + eS ⊗ eQ) +Kbq · bqeQ ⊗ eQ). (3.16)

One can develop the components of the Lagrangian curvature tensorK in the physical
basis {eS, eQ} as KSS = K0

SS + qK1
SS + |K|O(η2), KQQ = K0

QQ + qK1
QQ + |K|O(η2),
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r0(s)

t0(s)

n0(s)

m0(s)

bs(s, q)

bq(s, q)

h

2d(s)

R0(s)

T0(s)

N0(s)
H(s)

bS(s)
bQ(s)

Figure 3: The geometric elements of an Eulerian shell-strip s constructed from a mid-
surface-strip s0 along a support curve c (top picture) and the geometric elements of a
Lagrangian plate-strip S constructed from a planar mid-surface-strip S0 along a support
curve C (bottom picture).

KSQ = K0
SQ + qK1

SQ + |K|O(η2). Having in mind (3.6)-(3.7), we get:

K0
SS = K0

ss, K0
SQ = K0

sq, K0
QQ = K0

qq, (3.17)

K1
SS = K1

ss + 2K0, K1
SQ = K1

sq +K0, K1
QQ = K1

qq. (3.18)

4 Applictions to non-developable shells

In this section, we illustrate the plate-to-shell design equations introduced in the previous
section, in order to design a sphere and a torus by using only isotropic materials with a
weak heterogeneity, i.e., for which (2.6) and (2.8) hold.
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4.1 Strips on spherical surfaces

Let (r, θ, ϕ) be the spherical coordinates in the Eulerian description and denote by er =

er(θ, ϕ), eθ = eθ(θ, ϕ), eϕ = eϕ(ϕ) the local physical basis in the Eulerian description.
We consider the spherical surface U = {r = R∗} of radius R∗ with Lamé coefficients
Lθ = R∗, Lϕ = R∗ sin(θ) and the unit normal e3(θ, ϕ) = er(θ, ϕ), while the curvature
tensor is K = − 1

R∗
(eθ ⊗ eθ + eϕ ⊗ eϕ) .

On U we consider a curve c ⊂ U given by its parametric description s → r0(s) =

R∗er(θ
0(s), ϕ0(s)) ∈ U . The tangent vector is t0(s) = R∗

(
θ̇0eθ + sin(θ0)ϕ̇0eϕ

)
, and

s ∈ (0, l) is the arc-length, hence θ0, ϕ0 and s are related by

R2
∗

(
(θ̇0(s))2 + sin2(θ0(s))(ϕ̇0(s))2

)
= 1.

A straightforward computation gives nU0 (s) = er(θ
0, ϕ0)∧t0 = R∗

(
− sin(θ0)ϕ̇0eθ + θ̇0eϕ

)
so that v0ϕ = θ̇0/ sin(θ0), v0θ = − sin(θ0)ϕ̇0 and w0

ϕ = cot(θ0)θ̇0ϕ̇0, w0
θ = 0 and finally, from

(3.2), we can construct (see subsection 3.1.1) the strip-surface s0:

s0 = {ϕ = ϕ0+q
θ̇0

sin(θ0)
+
q2

2
cot(θ0)θ̇0ϕ̇0, θ = θ0−q sin(θ0)ϕ̇0 ; s ∈ (0, l), q ∈ (−d(s), d(s))}.

Then (3.4) reads
d(s)

R∗
= O(η), d(s)kgeo0 (s) = O(η), (4.1)

where the geodesic curvature is given by

kgeo0 = R2
∗

(
sin(θ0)θ̇0ϕ̈0 − [θ̈0 − sin(θ0) cos(θ0)(ϕ̇0)2] sin(θ0)ϕ̇0 + 2(θ̇0)2ϕ̇0 cos(θ0)

)
. (4.2)

Let C be the designed planar curve with geodesic curvature K0(s) = kgeo0 (s) given by
the above formula, and let S0 be the planar-strip designed on the support Lagrangian
curve C with the width d(s) such that (3.14) holds. Then, from the small-strain membrane

condition (2.4) we get K =
1

R∗
(I2 +O(δ)).

To resume, we find that a strip s of a spherical shell of radius R∗ along the curve c,
could be designed from a plate-strip S along a curve C if (4.1) holds and the Lagrangian
curvature K0 = kgeo0 is given by (4.2). The pre-stress moment in S0 is given by M ∗ =

− H3

12R∗
M2I2 and can be obtained with an isotropic and homogeneous pre-stress, i.e.,
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S∗2 = σ∗I2, where

σ̂∗ =
H

12R∗
(C̄2

11 + C̄12C̄11 − 2C̄2
12)/C̄11 =

H

12R∗

2µ̄(3λ̄+ 2µ̄)

λ̄+ 2µ̄
. (4.3)

Here, for simplicity, we used C̄11 = λ̄+ 2µ̄ and C̄12 = λ̄.

4.1.1 "Orange-peeling" strips

In the particular case when ϕ̈0 = 0 (i.e., ϕ0(s) = As + B), the normalization condition
reads (θ̇0)2(s) +A2 sin2(θ0(s)) = 1/R2

?, while the expression of the Lagrangian curvature
now has a simpler form. Relations (4.1)-(4.2) become

kgeo0 (s) = K0(s) = A cos θ0(s), d(s)A cos θ0(s) = O(η),
d(s)

R∗
= O(η). (4.4)

In Figure 1, we have plotted a spherical strip with the width computed from the above
formula d(s) = ηmin{R∗,

1

A cos θ0(s)
}, with d(s)K0(s) = d(s)A cos θ0(s) in color scale.

We note that the strip width has to be drastically reduced when the spherical strip is
near the poles.

4.1.2 Covering a sphere with meridian strips

For meridian curves, i.e., θ0 = s/R∗, ϕ
0 = const, we get K0 = 0, hence the designed

planar strip is a straight strip with d(s) ≤ ηR∗. In order to look for conditions that
ensure the complete covering of the sphere, we define the meridian strips

sk0 = {ϕ = ϕk +
q

sin(s/R∗)
, θ = S/R∗ + π/2 ; s ∈ (−πR∗/2, πR∗/2), q ∈ (−d(s), d(s))}.

Let Nmer = [π/η] + 1 (we have denoted by [x] = max{n ; n ≤ x} the entire part of
x) be the number of meridians and from the covering condition ϕk + d(s)/ sin(S/R∗) =

ϕk+1 − d(s)/ sin(s/R∗), we obtain

ϕk =
2π

Nmer
k, k = 0, 1, ..., Nmer − 1, d(s) =

πR∗
Nmer

sin(s/R∗).

We note that for a small deformation of order of δ = 1% (i.e., η = 0.1), we need at least
Nmer = 32 meridian strips. More precisely, for 32 meridians we obtain an approximation
of η = π/32 ≈ 0.0981, δ = π2/1024 ≈ 0.963% (see Figure 5 for a graphical illustration).
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Figure 4: Right: an "orange peeling" spherical strip with ϕ̈0 = 0. Left: the designed
planar-strip computed for η = 0.2, δ = 4% with K0d = kgeo0 d in color scale. The La-
grangian and the Eulerian configurations are plotted at different length scales.

Figure 5: Right: a sphere covered by 32 meridians strips (with strip index in color scale),
corresponding to a deformation of δ = 1%. Left: the designed Lagragian configuration.
The Lagrangian and the Eulerian configurations are plotted at different length scales.
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4.1.3 Covering a sphere with parallel strips

For constant latitude curves, i.e., θ0 = const, ϕ0 = s/(R∗ sin(θ0)), we have, in addition to
(4.1), d cot(θ0)/R∗ = O(η) and K0(s) = cot(θ0)/R∗. To design constant latitude strips,
let us denote by

sk0 = {ϕ =
s

R∗ cos(θk)
; θ =

π

2
−θk−

q

R∗
; s ∈ (−πR∗ cos(θk), πR∗ cos(θk)), q ∈ (−dk, dk)}

and let N lat be the number of strips needed to partially cover the sphere, for θ ∈ (η, π−η).
The remaining parts, the spherical callus 0 < θ ≤ η and π − η ≤ θ < π can be covered
from a planar disc with small strain (see [18]).

Figure 6: Right: an optimized covering of an almost complete sphere (η < θ < π − η)
with 25 parallel strips (with strip index in color scale), corresponding to a deformation
of η2 = δ = 1%. Left: the designed Lagrangian configuration. The strip positions and
widths were computed from (4.5-4.6). The Lagrangian and the Eulerian configurations
are plotted at different length scales.

For a symmetric solution, let us consider N lat = 2M + 1, with k = −M, ..., 0, ...M

and θ0 = 0, θ−k = −θk. From (4.4) and the covering condition, we obtain the following

18



recursive system

dk ≤ ηR∗min{1, cot(θk)}, θk+1 − θk =
dk + dk+1

R∗
.

For θ ≤ π/4 we can consider constant-width strips

θk = 2kη, dk = ηR∗, for |k| ≤M0 = [
π

8η
− 1

2
] ≤M, (4.5)

while for k > M0, we have to solve recursively the nonlinear equation f(x) = x−η cot(x) =

θk + dk/R∗ to find θk+1 = f−1(θk + dk/R∗), i.e.,

f(θk+1) = θk +
dk
R∗
, dk+1 = R∗(θk+1 − θk)− dk, forM0 < |k| ≤M. (4.6)

The strip positions θk and strip widths dk can be computed from the iterative system
(4.5-4.6), while the number of strips N lat is computed such that θM > π/2− η. In Figure
6, we illustrate the implementation of the above optimal design procedure of a sphere for
a given strain δ = 1% (η = 0.1) corresponding to N lat = 25 strips.

From a technological prespective, the sharp angles between neighbour strips along the
vertical line in Figure 6 are very difficult to realize since they are at the lower limit of
the photolythography. However, based on a simplified version of the design in Figure 6
we realized in [31] an exprimental proof of the design of the sphere.

4.2 Strips on a torus

To explore beyond objects with constant curvature, we further discuss the shell-strip
covering of the torus. Let (r, ϕ, z) be the cylindrical coordinates and denote by er =

er(ϕ), eϕ = eϕ(ϕ), ez the local physical basis.
We consider the torus U with radii R∗ > r∗, given by the parametric descrip-

tion (ϕ, ψ) → rU(ϕ, ψ) = (R∗ + r∗ cosψ)er(ϕ) + r∗ sinψez. The local basis is bϕ =

(R∗ + r cosψ)eϕ, bψ = r∗(− sinψer(ϕ) + cosψez), while the Lamé coefficients are Lψ =

r∗, Lϕ = R∗ + r∗ cosψ. We can compute the physical basis eϕ = eϕ(ϕ), eψ = eψ(ϕ, ψ) =

− sinψer(ϕ)+cosψez, the unit normal e3(ϕ, ψ) = cosψer(ϕ)+sinψez and the curvature
tensor

K = − 1

r∗
eψ ⊗ eψ −

cosψ

R∗ + r∗ cosψ
eϕ ⊗ eϕ.

On U we consider a curve c ⊂ U given by its parametric description s → r0(s) =

rU(ϕ0(s), ψ0(s)) ∈ U , where s ∈ (0, l) is the arc-length. The tangent vector is t0(s) =
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r∗ψ̇
0eψ(ϕ0, ψ0) + ϕ̇0(R∗ + r∗ cosψ0)eϕ(ϕ0) and ϕ0, ψ0, and s are related by

r2∗(ψ̇
0(s))2 + (ϕ̇0(s))2(R∗ + r∗ cosψ0(s))2 = 1. (4.7)

We can now compute

nU0 (s) = e3(ϕ
0, ψ0) ∧ t0 = −r∗ψ̇0eϕ(ϕ0) + ϕ̇0(R∗ + r∗ cosψ0(s))eψ(ϕ0(s), ψ0(s))

which gives v0ϕ = −r∗ψ̇0/(R∗ + r∗ cosψ0), v0ψ = ϕ̇0(R∗ + r∗ cosψ0)/r∗ from (3.2). After
some additional computations we get

w0
ϕ = −r∗ sinψ0/(R∗ + r∗ cosψ0)ϕ̇0ψ̇0, w0

ψ = 0

so that (see subsection 3.1.1) the strip-surface s0 is obtained as

s0 = {rU(ϕ, ψ) ; ϕ = ϕ0 + qv0ϕ +
q2

2
w0
ϕ, ψ = ψ0 + qv0ψ ; s ∈ (0, l), q ∈ (−d(s), d(s))}.

Let us compute the geodesic curvature: bearing in mind that ėϕ = ϕ̇(sinψeψ − cosψe3)

and ėψ = −ϕ̇ sinψeϕ − ψ̇e3, we get ṫ0(s) =
(
ϕ̈0(R∗ + r∗ cosψ0)− 2ϕ̇0ψ̇0r∗ sinψ0

)
eϕ +(

r∗ψ̈0 − ϕ̇2
0(R∗ + r∗ cosψ0)

)
eψ−

(
r∗ψ̇

2
0 + ϕ̇2

0(R∗ + r∗ cosψ)
)
e3 and since kgeo0 = e3 ·(t0∧

ṫ0), we obtain the geodesic curvature as

kgeo0 = (R∗ + r∗ cosψ0)
(
r∗(ψ̈0ϕ̇0 − ϕ̈0ψ̇0) + ϕ̇3

0(R∗ + r∗ cosψ0) sinψ0

)
+ 2ϕ̇0ψ̇

2
0r

2
∗ sinψ0.

Then (3.4)-(3.5) reads

d(s) max{ 1

r∗
,

cosψ0(s)

R∗ + r∗ cosψ0(s)
} = O(η), d(s)kgeo0 (s) = O(η). (4.8)

Let C be the designed planar curve with the curvature K0(s) = kgeo0 (s), given by the
above formula, and let the planar-strip S0 be designed on the support Lagrangian curve
C with the width d such that (4.8) holds. Then the small-strain membrane condition
(2.4) holds.

The Lagrangian curvature tensor K can be computed from (3.16) and the formulae
of the curvature tensor Kbs · bs = cosψ(R∗ + r∗ cosψ)(∂sϕ)2 + r∗(∂sψ)2, Kbs · bq =

cosψ(R∗+ r∗ cosψ)∂sϕ∂qϕ+ r∗∂sψ∂qψ, Kbq · bq = cosψ(R∗+ r∗ cosψ)(∂qϕ)2 + r∗(∂qψ)2.
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Now using (3.17), we get at order η0:

K0
SS = − 1

r∗
+
ϕ̇2
0(R∗ + r∗ cosψ)R∗

r∗
, K0

QQ = − 1

r∗
+

ψ̇2
0R∗r∗

R∗ + r∗ cosψ
, K0

SQ = ϕ̇0ψ̇0R∗.

Figure 7: The Eulerian (left) and Lagrangian (right) descriptions of a closed parallel strip
on a torus with the width d given by (4.8) for η2 = δ = 1% (with |KD| in color scale).

In Figures 7 and 8, we have plotted two closed strips on a torus of radii R∗ = 1, r∗ = 0.5

constructed along two closed curves given in the parametric form as t → (ϕ0(t), ψ0(t)),
where s→ t(s) is obtained from the normalization equation (4.7), and t ∈ [0, 2π].

The first one, following the torus’ parallels, is given by ϕ0(t) = αt, ψ0(t) = t, with
α = 10. Since the width d was computed from (4.8), we note that the geodesic curvature
kgeo0 was much smaller than the surface curvature |K|, which gives an almost uniform
width. As we can see from Figure 7, the curvature deviator is very large in the central
part, which means that the required pre-stress is not isotropic.

The second one, following the torus’ meridians, is given by ϕ0(t) = t, ψ0(t) = αt, with
α = 20 (see Figure 8). As before, the width d computed from (4.8), is almost uniform.
The geodesic curvature kgeo0 is rather small, which gives an overall line segment shape of
the Lagragian configuration. However, the Lagrangian curve has periodic oscillations. If
we zoom on one period, we note that the curvature deviator is very large, which means
that the required pre-stress is again not isotropic. Morevoer, the obtained design shows
self-intersections which from a practical point of view the technological realization are
problematic. This issue, related to local minima along the relaxation path will be the
subject of future research.
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Figure 8: The Eulerian and Lagrangian descriptions of a closed meridian strip on a torus
with the width d given by (4.8) for η2 = δ = 1% (with |KD| in color scale). Left bottom:
zoom on segment of the Lagrangian description.

4.3 Rotoidal strips

Here we construct U as a special class of ruled surface (s, q) → r(s, q) = r0(s) + qv(s).
The curve c ⊂ R3 is the directrix and s → v(s) ∈ R3 is the direction of the generators
which will be supposed to be orthogonal on c and described by the rotational angle
s → θ(s). As previously, s ∈ (0, l) is the arc-length, t0(s),n0(s),m0(s) are the tangent,
the normal and the binormal unit vectors, and k0(s), τ0(s) are the curvature and the
torsion of the curve c. Let v(s) = cos(θ(s))m0(s) + sin(θ(s))n0(s) and let U ⊂ R3 be
given by its parametric description U = {r(s, q) ; s ∈ (0, l), q ∈ (−d0(s), d0(s)}, where

r(s, q) = r0(s) + q[cos(θ(s))m0(s) + sin(θ(s))n0(s)],

d0 is the width of U and θ(s) is the angle betweenm0(s) and the tangent plane to U in s.
Obviously, the couple (s, q) are orthogonal curvilinear coordinates of U , the local basis is
given by bs = (1− qk0sin(θ))t0 + q(θ′− τ0)[cos(θ)n0− sin(θ)m0], bq = cos(θ)0 + sin(θ)n0

and the metric tensor is L2
s = gss(s, q) = (1 − qk0 sin(θ))2 + q2(θ̇ − τ0)2, gsq = 0, L2

q =

gqq = 1. Then, the physical base is es =
1

Ls
bs, eq = bq and the normal unit vector is given

by

e3(s, q) =
1

Ls
bs ∧ bq =

1

Ls

(
q(θ̇ − τ0)t0 + (1− qk0 sin(θ))[− cos(θ)n0 + sin(θ)m0]

)
.

The curvature tensor can now be written as

K =
1

Ls

∂e3
∂s
⊗ es +

∂e3
∂q
⊗ eq, (4.9)
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and the geodesic curvature of the curve c on surface U has a simple expression:

kgeo0 (s) = k0(s) sin(θ(s)). (4.10)

Since U is a ruled surface, one can get (3.5) from a direct estimation of the metric
tensor (i.e., we do not need (3.4)). Indeed, if we consider the rotoid strip-surface

s0 = {r(s, q) ; s ∈ (0, l), q ∈ (−d(s), d(s)} ⊂ U

along the curve c but with a smaller width d(s) ≤ d0(s) such that

d(s)|K| = O(η), d(s)kgeo0 (s) = O(η), d(s)(θ̇(s)− τ0(s)) = O(η), (4.11)

then (3.5) holds.

4.3.1 Helicoid

Here, let us consider the helicoid, which is the simplest example of rotating a flat ribbon
along a curve. For this, let c be a straight line in the OX1 direction and define the
helicoid U by choosing s = S = X1, q = Q = X2, and t0 = c1,n0 = c2 andm0 = c3 (here
c1, c2, c3 the Cartesian basis in the Lagrangian configuration). After some algebra, we
obtain bs = c1+qθ̇(cos(θ)c2−sin(θ)c3), bq = sin(θ)c2+cos(θ)c3, and L2

s = 1+q2θ̇2, e3 =
1
Ls

(
qθ̇c1 − cos(θ)c2 + sin(θ)c3

)
. Since k0 = kgeo0 = 0, we have c = C and bearing in mind

that
∂e3
∂s
· bs =

qθ̈

Ls
,

∂e3
∂s
· bq =

∂e3
∂q
· bs =

θ̇

Ls
,

∂e3
∂q
· bq = 0,

from (4.9) we deduce that the surface-strip width conditions (4.11) read

d(s)θ̇(s) = O(η), d2(s)θ̈(s) = O(η).

We can compute the Lagrangian curvature tensor K to find

K(X1, X2) =
X2θ̈(X1)

Ls(X1, X2)
c1 ⊗ c1 +

θ̇(X1)

Ls(X1, X2)
(c2 ⊗ c1 + c1 ⊗ c2). (4.12)

As we can see in Figure 9, for a constant rotating rate ω, i.e., θ(S) = ωS, the
Lagrangian curvature tensor K and the pre-stress couple given by

K(X2) =
ω√

1 + ω2X2
2

(c2 ⊗ c1 + c1 ⊗ c2), −M ∗ =
H3µ̄

6
K(X2). (4.13)
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are traceless, inhomogeneous (with respect to the width variable) and anisotropic.

Figure 9: Top: the Eulerian description of a helicoid strip with a constant rotating rate
ω. Bottom: the Lagrangian description of the strip with the deviator norm |KD| in color
scale.

We notice that, depending on the rotating rate ω, one can approximate

K(X2) =
ω√

1 + ω2X2
2

(c2 ⊗ c1 + c1 ⊗ c2) ' ω(c2 ⊗ c1 + c1 ⊗ c2)

recovering, in the limit of small rotation rate, the result in [32].

4.3.2 Classical Möbius ribbon

Another example of a non-developable surface obtained by rotating a ribbon along a curve
is the classical Möbius ribbon, well-documented in the literature. To define it, let c be
the circle of radius R∗ given by r0(s) = R∗er(ϕ) in the cylindrical coordinates r, ϕ, z with
s = R∗ϕ and s ∈ (0, 2πR∗). Then we have t0(s) = eϕ(ϕ),n0(s) = −er(ϕ),m0(s) = ez

and k0(s) = 1/R∗, τ0(s) = 0.
A one-level Möbius ribbon U is characterized by the choice θ(s) = ϕ/2 = s/(2R∗)

but one can also consider any rotating rate ω multiple of 1/2R∗. Anyway, we have
r(s, q) = R∗er(ϕ) + q[cos(ϕ/2)ez − sin(ϕ/2)er(ϕ)], with q ∈ (−d0, d0), and bs = (1 −
q
R∗

sin(ϕ/2))eϕ − q
2R

(cos(ϕ/2)er + sin(ϕ/2)ez), bq = cos(ϕ/2)ez − sin(ϕ/2)er, and we
deduce L2

s = gss(s, q) = (1− q
R∗

sin(s/2R∗))
2 + q2

4R2
∗
.
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Figure 10: Top: the Eulerian description of the classical Möbius ribbon with kgeo0 d = K0d
in color scale. Bottom: the Lagrangian description of the strip with the deviator norm
|KD| in color scale (left) and the curvature trace(K)/2 (right). The Lagrangian and the
Eulerian configurations are plotted at different length scales.

Since kgeo0 (s) = 1
R∗

sin(s/2R∗), the surface-strip width conditions (4.11) read

d

R∗
= O(η), (4.14)
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and we can construct the Lagrangian curve C with the curvature K0(S) = kgeo0 (S). A
straightforward computation of the Lagrangian curvature tensor gives K = 1

R∗Ls
(1 +

q2

2R2L2
S

) cos(ϕ/2)eS ⊗ eS + 1
2R∗LsLS

(eQ ⊗ eS + eS ⊗ eQ), which can be approximated by

R∗K = cos(
S

2R∗
)(1 +QK0(S))eS ⊗ eS +

1 + 2QK0(S)

2
(eQ ⊗ eS + eS ⊗ eQ) +O(η2).

As we can see from Figure 10, the pre-stress associated to the designed Lagrangian strip
is neither homogeneous nor isotropic. Moreover, in contrast to the developable Möbius
strip, the shape of the Lagrangian strip is not a straight ribbon strip.

5 Conclusions and perspectives

The simplest relaxation experiment shows that a uniaxial pre-stressed plate relaxes to-
ward a cylindrical shell. A natural question is then: how to extend this result to a
shell of arbitrary curvature? To overcome the geometrical difficulty related to the non-
developable nature of an arbitrary shell, in [18] we replaced the isometric transformation
(as is the case for cylindrical shells) with small-strains but large rotation transformations
of the mid-surfaces. For many applications, the small-strains framework is a technologi-
cal restriction rather than a mathematical simplification, as we consider small pre-strains
and brittle materials. The resulting design model relates the curvature of the target shell
shape to the plate shape and the pre-stress distribution.

However, even including small-strains and large rotations, isotropically pre-stressed
disks (or squares) relax toward spherical caps (which are non-developable surfaces) only
if their radius is small enough [6, 18]. To overcome this geometric restriction, here we
consider strip-shells and design arbitrary shells by union of interconnected shell-strips.
The local geometric description of an arbitrary shell involves two characteristic lengths
and a natural small non-dimensional parameter δ � 1, which is the product between
the thickness of the shell and the curvature norm. The geometries of both plate-strips
and shell-strips have an additional characteristic length and thus an additional small
parameter η � 1, which is the product between the width of the strip and the curvature
of its supporting curve. We consider here a special class of strips, called the second-order
strips, along an arbitrary curve on the shell mid-surface. These strips have a specific
second-order variation with respect to the width variable so that the metric tensor can be
estimated with respect to the geodesic curvature of the supporting curve. Moreover, some
other additional conditions involving the width have to be fulfilled. Then, for δ = η2 we
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prove here that the small strain condition is fulfilled, thus enabling us to obtain a simple
model to design the corresponding plate-strip (i.e., to compute the shape and pre-stress
moment of the plate) of any strip of a given shell. More exactly, mapping a plate-strip
to a shell-strip naturally introduces the difference between the geodesic curvature of the
shell supporting curve and the curvature of the plate supporting curve. By designing the
planar supporting curve such that this difference is of order of δ we can control the strain
to be of order δ on all the strip. This relation between the two curvatures is not related
to the characterization of the asymptotic curves in differental geometry (see for instance,
[30]).

The resulting model was used covers the sphere completely and the torus partially,
both of them non-developable surfaces, toward applications in photonics. Regarding the
sphere as a union of meridians/parallel strips, the problem is reduced to finding the
optimal number and width distribution of each strip in order to fulfill the uniform scaling
conditions. For constant latitude strips, the strip width is the solution of an iterative
nonlinear system for any given scale δ. All these solutions present a common technological
drawback, as they rely on very sharp angles (see Figures 5 and 6), difficult to realize by
photo-lithography. We notice that at very low length scale (nm-thick multi layers), as
the available technology is only planar, the restriction to homogeneous and isotropic pre-
stress is mainly a technological imperative so that an interesting open question concerns
all geometries attainable by starting with the pre-stress in this class.

Partial covering of the torus (see Figures 7 and 8), the helicoid (see Figure 9) and
the classical Möbius ribbon (see Figure 10) requires non-homogeneous and anisotropic
pre-stres, which is very difficult to obtain by using only the planar technology of the
epitaxial growth. However, externally unloaded elastic solids can still be endogenously
pre-stressed by distributed self-equilibrated force couples as shown in [33, 34, 35, 36] which
suggests a way to produce non-isotropic and non-uniform pre-stresses, i.e. including more
degrees of freedom to engineer the pre-stress. In that framework, we notice that the weak-
transversal heterogeneity assumption may not be fulfilled, so that extending the presented
design model to a more general setting may be necessary.
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6 Appendix

Here we aim to construct a surface-strip s0 of a given surface U along a given curve
c ⊂ U such that s0 t satisfies (3.4)-(3.5). Let us consider a surface U ⊂ R3 given
by its parametric description u → rU(u) ∈ R3, where u = (u1, u2) are the parameters
belonging to Ω ⊂ R2. We denote by b1 = ∂u1rU , b2 = ∂u2rU the covariant basic vectors
and by g11 = |b1|2, g22 = |b2|2, g12 = b1 · b2 the covariant fundamental magnitudes of the
first order. Let T = T (u) = Sp{b1, b2} be the two-dimensional vector space tangent
to the surface U . We also denote by g =

√
g11g22 − g212 the element of area and by

e3 = b1 ∧ b2/g the unit normal of U . We introduce the contravariant tangent basis,
denoted by b1, b2, and the contravariant fundamental magnitudes of the first order g11 =

|b1|2 = g22/g
2, g22 = |b2|2 = g11/g

2, g12 = b1 · b2 = −g12/g2.
On this surface, we consider a non-planar curve c ⊂ U given by its parametric

description s → r0(s) = rU(u0(s)) ∈ U , where s ∈ (0, l) is the arc-length. Let
t0(s) = d

ds
r0(s) = ∇rU d

ds
u0(s) = d

ds
u0i (s)bi(u

0(s)) ∈ T (u0) be the tangent unit vec-
tor on the curve. We denote by nU0 (s) = e3(u

0(s)) ∧ t0(s) the unit vector which has
the direction of the projection of n0(s) in the plane T (u0), i.e., nU0 (s) belongs to the
intersection of the normal plane on c with the tangent plane of the surface U , and
|nU0 (s)| = 1,nU0 (s) · t0(s) = 0. From the above Frenet formula we get

dnU0 (s)

ds
· t0(s) = −k0(s)(n0(s) ∧ e3(u0(s))) · t0(s) = −k0(s)e3(u0(s)) ·m0(s) (6.1)
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and we recognize here the geodesic curvature kgeo0 of the curve c ⊂ U , given by (4.10).
Let s→ v0(s) be such that

nU0 (s) = ∇rUv0(s) = v0i (s)bi(u
0(s)). (6.2)

Then we can define the strip s0 ⊂ U given by (3.1) where 2d(s) is the strip "width"
and w0 will be determined later. Denoting by ui(s, q) = u0i (s) + qv0i (s) + q2

2
w0
i (s), by

u̇i(s, q) = ∂sui(s, q) = u̇0i (s)+qv̇
0
i (s)+

q2

2
ẇ0
i (s) and by u′i(s, q) = ∂qui(s, q) = v0i (s)+qw

0
i (s),

the local basis is given by

bs(s, q) =
∂

∂s
r(s, q) = u̇i(s, q)bi(u(s, q)), bq(s, q) =

∂

∂q
r(s, q) = u′i(s, q)bi(u(s, q)),

while the metric tensor is given by

gss(s, q) = gij(u(s, q))u̇i(s, q)u̇j(s, q), gsq = gij(u(s, q))u̇i(s, q)u
′
j(s, q), (6.3)

gqq = gij(u(s, q))u′i(s, q)u
′
j(s, q). (6.4)

If we suppose now that

d(s)
∂gij
∂uk

(u0(s)) = O(η), d2(s)
∂2gij
∂uk∂ul

(u0(s)) = O(η2), (6.5)

then we get
gij(u(s, q)) = gij(u

0(s)) + q
∂gij
∂uk

(u0(s))v0k(s) +O(η2).

This last estimation and the following assumptions

d(s)
∂gij
∂uk

(u0(s))v0k(s)
du0i
ds

(s)
du0j
ds

(s) = O(η), for all s ∈ (0, s),

d(s)
∂gij
∂uk

(u0(s))v0k(s)
du0i
ds

(s)v0j (s) = O(η), for all s ∈ (0, s),

d(s)
∂gij
∂uk

(u0(s))v0k(s)v
0
i (s)v

0
j (s) = O(η), for all s ∈ (0, s),

can be used to estimate the metric tensor from (6.3-6.4)

gss = gij(u
0(s))

du0i
ds

du0j
ds

+ q

(
2gij(u

0(s))
du0i
ds

dv0i
ds

+
∂gij
∂uk

(u0(s))v0k
du0i
ds

du0j
ds

)
+O(η2)
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gsq = gij(u
0(s))

du0i
ds

v0j+q

(
gij(u

0(s))
dv0i
ds

v0j + gij(u
0(s))

du0i
ds

w0
j +

∂gij
∂uk

(u0(s))v0k
du0i
ds

v0j

)
+O(η2),

gqq = gij(u
0(s))v0i v

0
j + q

(
2gij(u

0(s))w0
i v

0
j +

∂gij
∂uk

(u0(s))v0kv
0
i v

0
j

)
+O(η2).

We now choose w0 such that the first order term (i.e., which multiplies q) vanishes in
expression of gqq, i.e., we put w0 given by (3.2). Then, bearing in mind that gijv0i v0j =

|nU0 (s)|2 = 1 we get
gqq = 1 +O(η2). (6.6)

Using (3.2) again, we get

gij
dv0i
ds

v0j + gij
du0i
ds

w0
j +

∂gij
∂uk

v0k
du0i
ds

v0j = gij
dv0i
ds

v0j +
1

2

∂gij
∂uk

v0k
du0i
ds

v0j =
dnU0
ds
· nU0 = 0,

hence the first order term vanishes in expression of gsq and since gij
du0i
ds

v0j = nU0 (s)·t0(s) =

0 we get
gsq = O(η2). (6.7)

If we note that

gij
du0i
ds

du0j
ds

= |t0|2 = 1, 2gij
du0i
ds

dv0i
ds

+
∂gij
∂uk

v0k
du0i
ds

du0j
ds

= 2
dnU0
ds
· t0,

we obtain
gss(s, q) = 1− 2qk0(s)e3(u

0(s)) ·m0(s) +O(η2). (6.8)

From (6.6-6.8) we conclude that if (3.4) holds, then subsurface s0 of U , given by (3.1), is
a strip-surface, i.e., (3.5) holds.
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