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SrTiOs, a quantum paralectric, displays a detectable phonon thermal Hall effect (THE). Here we
show that the amplitude of THE is extremely sensitive to stoichiometry. It drastically decreases
upon substitution of a tiny fraction of Sr atoms with Ca, which stabilizes the ferroelectric order.
It drastically increases by an even lower density of oxygen vacancies, which turn the system to
a dilute metal. The enhancement in the metallic state exceeds by far the sum of the electronic
and the phononic contributions. We explain this observation as an outcome of three features: i)
heat is mostly transported by phonons; ii) the electronic Hall angle is extremely large; and iii)
there is substantial momentum exchange between electrons and phonons. Starting from Herring’s
picture of phonon drag, we arrive to a quantitative account of the enhanced THE. Thus, phonon
drag, hitherto detected as an amplifier of thermoelectric coefficients, can generate a purely thermal
transverse response in a dilute metal with a large Hall angle. Our results reveal a hitherto unknown
consequence of momentum-conserving collisions between electrons and phonons.

Introduction

The observation of thermal Hall effect (THE) in a va-
riety of insulators [IH7] has attracted much recent at-
tention. A transverse thermal gradient produced by a
longitudinal flow of neutral carriers of heat requires a
microscopic mechanism other than the Lorentz force.
In strontium titanate, a non-magnetic insulator [§], the
phononic origin of the THE [B, @] is uncontested. The-
oretical scenarios [I0HIG] have been proposed to explain
how phonons can generate a transverse thermal gradient
on top of the longitudinal one.

Ferroelectric transition is aborted by quantum critical
fluctuations [I7] in strontium titanate. The ground state
of this quantum paraelectric [I8] is unusually sensitive to
the presence of extrinsic atoms [I9H21]. Sr;_,Ca,TiO3
is ferroelectric for x > 0.002 [19, 22]. Introducing a tiny
amount of oxygen vacancies, on the other hand, makes
the system metallic. With a carrier density of the order
of 107em™3: SrTiOs_s is a dilute metal with a sharp
Fermi surface and a superconducting ground state [23].
Double substitution leads to Sr;_,Ca,TiO3z_s, a polar
metal [24] 25], where superconductivity is boosted [26].
Here, we present a study of THE in Ca-substituted [insu-
lating] and in oxygen-reduced [metallic] samples of stron-
tium titanate. We find that the amplitude of the signal
is significantly modified in both cases, but in opposite
directions. In the case of Ca substitution, we find that
THE is drastically reduced, confirming that stabilization
of the ferroelectric order is detrimental to THE [9]. On
the other hand, in SrTiO3_s, the amplitude of THE not
only exceeds what is found in the undoped insulator,
but is also much larger than the sum of the expected
electronic contribution and the phononic one. We ar-
gue that this surprising result can be understood by in-
voking the drag [27] 28] between electrons and phonons.
In our temperature range of interest, heat is almost ex-
clusively carried by phonons (kP* > k°) in this dilute

metal. On the other hand, the phonon Hall angle is
small (ng’; < 1073K2"), but not the electronic Hall angle,
which exceeds unity (04 > 04 at &~ 27"). In this con-
text, momentum-conserving collisions between electrons
and phonons can generate a transverse temperature gra-
dient, because longitudinal momentum transferred to the
electron bath will have a transverse counterpart, which
ultimately generates a transverse energy flow. Starting
from Herring’s picture of phonon drag [27], we will show
that this scenario yields a quantitative account of our
experimental result.

Such a conclusion implies that phonon drag, hitherto
known as an amplifier of the thermoelectric response [29],
can have a purely thermal signature, mostly in the trans-
verse channel. In this context, our result identifies a
previously unknown consequence of quasi-particle hydro-
dynamics [30]. Momentum-conserving collisions between
phonons and electrons [31] are a subject of growing inter-
est in strongly-coupled electron-phonon systems [32] [33].
Momentum-conserving phonon-phonon collisions are also
known to play a role in setting the amplitude of longi-
tudinal thermal conductivity in Callaway’s model [34].

Results

Our set-up (See Fig. || a) was designed to determine
the electrical, thermoelectric and thermal transport coef-
ficients of a single crystal during a single run. In insulat-
ing Ca-~doped SrTiOg single crystals, we measured lon-
gitudinal and transverse thermal conductivities. In the
case of metallic SrTiO3_s single crystals, we measured
longitudinal and tranverse conductivities in thermal and
electrical channels, as well as the Seebeck and the Nernst
coefficients. In the latter case, by performing two sets
of experiments one with a zero electrical current and an-
other with a zero thermal current, we checked that the
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FIG. 1. Evolution of longitudinal and transverse thermal conductivity with Ca substitution and oxygen reduc-
tion: (a) Setup for measuring longitudinal and transverse thermal, thermoelectric and electric coefficients (the yellow pads
are gold electrodes). We measured three local temperatures T1, T2 and T3 and three local voltages Ui, Uz and Us. This
allowed us to measure longitudinal and transverse temperature gradients and electric fields caused by a longitudinal heat (J Q)
or electric (J) current. Temperature dependence of the longitudinal, £, (b), and transverse, Kqy (c), thermal conductivity
in Sr1—,Ca,TiO3. The 20 K peak in ks is wiped out. kg4 decreases by almost two orders of magnitude. (d) Temperature
dependence of kg in Sr'TiO3_s, almost unaffected by doping. (e) Temperature dependence of kgy in SrTiO3_s. The amplitude
enhances with oxygen substitution. (f) Amplitude of k., peak as a function of concentration of Ca atoms (x) and O vacancies

(6) in parts per million (ppm).

transport coefficients respect Onsager reciprocity.

Calcium substitution

The evolution of longitudinal and transverse thermal
conductivity with Ca substitution is shown in Fig. [1| b,c.
One can clearly see that both are affected by Ca sub-
stitution. The decrease in k., can be attributed to the
random distribution of Ca atoms that introduce addi-
tional scattering. As in the case of Nb substitution [35],
introducing less than a percent concentration of extrinsic
atoms is sufficient to wipe out the 20 K peak of the ther-
mal conductivity. The decrease in x4y is even more dras-
tic. Substituting a tiny fraction (x=0.002) of Sr atoms
with Ca is sufficient for stabilizing a long-range ferro-
electric order [I9]. This substitution eventually leads to
a fifty-fold decrease in the magnitude of xgy.

A previous study on the effect of 180 substitution on
the thermal Hall effect in strontium titanate [9] found
a decrease of comparable magnitude. Substituting Sr
by Ca [24, 26] and substituting 0 with ¥0 [21, [36]
both stabilize the ferroelectric order, modify the super-
conducting dome and generate a polar metal. In both

cases, the large xg, of the quantum paraelectric solid is
drastically suppressed with the stabilization of the ferro-
electric order. This suggests a link between the ampli-
tude of k., and the presence of ferroelectric fluctuations
[11]. Note that in '®O-enriched strontium titanate [9],
most %0 atoms were substituted and the 20 K peak in
Kz 18 still present, in contrast to what is seen here. Yet,
Kzy Was similarly damped, ruling out that kg, is simply
more sensitive to disorder.

Oxygen reduction

We investigated the effect of oxygen vacancies on THE
by studying thermal transport in SrTiOs_s. Fig. [Id,e
shows how the temperature dependence of longitudi-
nal and transverse thermal conductivity in SrTiOs_s.
The magnitude of longitudinal k., barely changes with
oxygen reduction. Assuming that each vacancy intro-
duces two electrons, the concentration of vacancies for
n = 1.6 x 10¥em =3 (determined by measuring its Hall
resitivity) is only § = 4.8 x 107® per formula unit,
much lower than the lowest amount of Ca substitution
(x= 4.5 x 1073). By measuring the electric conductivity



and using the Wiedemann-Franz (WF) law, we estimated
the amplitude of the electronic heat conductivity. k¢ re-
mains less than 1072 of the total thermal conductivity.
Therefore, thermal conductivity near the peak is not sig-
nificantly reduced by disorder or enhanced by the addi-
tion of a finite electronic contribution. In contrast, kg,
significantly increases with increasing n. Let us compare
this enhancement with the expected electronic contribu-
tion.

Fig. [2a compares the field dependence of k,, in differ-
ent samples at 20 K (i.e. near its peak). In the sam-
ple with the lowest carrier concentration (n = 2.3 X
10'6em—3), the amplitude of k., is almost identical to the
insulating sample and remains linear in magnetic field. In
samples with higher carrier concentration, the amplitude
of Kgy is larger and shows a gradual trend towards high-
field saturation. Fig. shows the electronic contribu-
tion to THE (estimated from the measured electric Hall
conductivity of the metallic samples: x5, = Loos,T). It
shows a field-induced saturation similar to what is ob-
served in k. However, subtracting the purely phononic
component (taken to be equal to what is observed in
the insulator) and the purely electronic component (es-
timated from the WF law) from the total kg, leaves us
with an additional Ak, = /iwy—n%—n;y. Fig. |2d shows
the temperature dependence of the different components
of THE in the sample with the highest carrier concen-
tration (n = 1.6 x 10%cm™3). One can see that Ay,
exceeds kP! and is several times larger than x¢, in most
of the temperature range. Note also that the tempera-
ture dependence of Akg, is significantly different from
Koy

We shall keep in mind that at finite temperature
the WF law is not strictly valid. However, the finite-
temperature correction does not modify the order of mag-
nitude of the expected electronic thermal conductivity.
Moreover, since inelastic scattering damps thermal trans-
port more than the electrical transport, the expected cor-
rection to the Lorenz ratio is downward. In copper, such
a downward deviation have been observed in the trans-
verse channel of heat and charge transport as well as in
the longitudinal ones [37]. Thus, Loo,,T gives an upper
bound to the expected k¢, and we can safely conclude
that enhanced THE is not simply due to the introduction
of mobile electrons.

The thermoelectric correction to the thermal
conductivity

Before discussing the origin of this additional compo-
nent, we need to distinguish between two thermal con-
ductivities [38]. The first one is defined by the Fourier
equation:

—

JQ = —RVT (1)

In presence of thermoelectric phenomena, the trans-
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FIG. 2. Three components of the thermal Hall effect in
SrTiO3_s : (a) Ky as a function of magnetic field in samples
with different carrier densities at 20 K. With growing metal-
licity, the amplitude of k., increases and its field dependence
becomes less linear. (b) Field dependence of the electrical Hall
conductivity, o4y, multiplied by Lo = "—;’Z—QE7 and the temper-
ature, T, in the metallic samples. (c) Field dependence of
the differential Akzy = Kay — Key(n = 0) — LoozyT, which
signals the presence of a third term in addition to the purely
electronic and the purely phononic terms. (d) The evolution
of kzy and its three components as a function of temperature.
Below 25 K, Ak, is the largest component.

port equations become:

Je =GE —avT (2)
JR =aTE — WVT (3)
where & and @ are the electric and thermoelectric con-
ductivity tensors. Now if the charge current is kept equal
to zero (J¢ = 0), the combination of the two equations
would yield:

JQ = (@paTl — ¥)VT (4)

The resistivity tensor is simply the inverse of the con-
ductivity tensor: p = @ . Note that the true Onsager
coefficient is x’ and not K. Practically, this distinction
matters only when the first term on the right hand of
Eq. [ is not negligible compared to the second term,
which happens when the thermoelectric figure of merit is
sizeable [38].

We have quantified this difference by measuring longi-
tudinal and lateral temperature differences and electric
fields in two distinct experiments. In the first, a finite J@
was applied and the Je was kept equal to zero. In the sec-
ond, a finite Je was injected without J?. This led us to



quantify the diagonal and off-diagonal components of the
two conductivities, & and x’. We also checked that the
data respect Onsager reciprocity, which implies a unique
thermoelectric tensor in equations (2) and (3), (See the
supplement for details [39]).

We found that the transverse thermal flow (but not the
longitudinal one) is drastically affected by the particle-
driven flow of entropy represented by the thermoelectric
term (See Fig [3[ a). In other words, Ky, ~ k,, but
Ky and fi;y are significantly different. The reason is the
large Hall angle in the electric and the thermoelectric
response. As seen in Fig 3] b, ¢, the diagonal and off-
diagonal components of & and @ are of the same order
of magnitude. In contrast, the diagonal component of
the thermal conductivity tensor (Fig |3| d) is orders of
magnitude larger than the off-diagonal one (Fig|3|e). As
a consequence, while the difference between r,, and &,
is of the order of percent (Fig|3|d), &, is 2 times larger
than k4, (Fig|3|e).

Thus, the corrected transverse thermal conductivity is
larger than the measured one, which is itself larger than
the expected one. The large electric and thermoelectric
Hall angles which led to this correction is a key ingredient
of the solution to this puzzle. Let us now consider the
others.

Discussion
The three ingredients of the scenario

Our scenario invokes three different features of lightly
doped strontium titanate. The first is that momen-
tum exchange between phonons and electrons is fre-
quent. Since both the Fermi radius and the phonon ther-
mal wavelength (at our temperature range of interest)
are much smaller than the width of the Brillouin zone,
such collisions are not Umklapp and conserve momen-
tum. The second feature is that heat is mainly carried
by phonons (and not by electrons), k¢, < kP see Fig
a). The third is that the Hall angle of electrons ex-
ceeds by far the (thermal) Hall angle of phonons. As one
can see in Fig [4 b, the phonon thermal Hall angle is 3
orders of magnitude smaller than the electric Hall angle.
Lightly-doped strontium titanate is a dilute metal with
highly mobile carriers. A moderate magnetic field puts
the system in the high field limit, where pB > 1 [40].
The combination of these three features generates an ad-
ditional thermal Hall response: The longitudinal energy
flow, mostly carried by phonons, is accompanied by a
flow of electrons and its unavoidable transverse counter-
part, which ends up by triggering a phononic transverse
flow.

Momentum exchange between electrons and phonons
(in presence of heat flow and in absence of charge cur-
rent) is known as phonon drag [27], 28]. It is known to
amplify the thermoelectric response, mostly in semicon-
ductors [27], but also in metals [29]. In the case of stron-
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tium titanate, previous studies [41] [42] have shown that
phonon drag causes a peak in the zero- field Seebeck coef-
ficient around ~ 20 K. We confirmed the presence of such
a peak in our samples (See the supplement [39]). Let us
now quantify the expected contribution of phonon drag
to transverse thermal transport conductivity.

From Phonon drag to thermal Hall effect

Phonons streaming from hot to cold exert a drag on
the charge carriers. To quantify this effect, Herring con-
sidered an equivalent phenomenon: the enhancement in
the Peltier coefficient of an isothermal sample caused by
the drag exerted on phonons by the electric current [27].
Assuming an approximate proportionality between heat
current and crystal momentum, he found that a phonon
drag Peltier effect, I1j,q4, of either sign can arise :

m*vg Tp
c /

Mireg = £ (5)

Te

Here, m* is the effective mass of electrons, vy is the
sound velocity, e is the fundamental charge, 7, and 7.
are respectively, the phonon and the electron scattering
times and 0 < f < 1 represents the fraction of collisions
suffered by phonons, which leads to momentum exchange
between the phonon bath and the electron bath. Using
the Kelvin relation, the phonon drag component of the
Seebeck coefficient becomes Igpqq/7. To derive Eq.
Herring put forward two arguments. First of all the en-
ergy density flux, J9, can be approximated by the prod-
uct of the crystal momentum per unit volume, P and the
square of sound velocity, vg:

J? = py? (6)

The second argument is that the rate at which phonons
receive crystal momentum from the electronic carriers
is to be balanced with the rate at which they lose it.
Therefore:

P ner (7)

Tp

Here, n is the carrier concentration, and E is the elec-
tric field. The loss of crystal momentum out of the
phonon bath is countered by what electrons introduce to
this bath. The parameter f is a measure of efficiency of
momentum flow between the phonon and electron baths.
Herring invoked a ’hydraulic analogy’ where momentum
first flows from electrons to small ¢ phonons and then
distributed among phonons and then eventually lost. In
this analogy f plays the role of a half-open valve. Eqfj]
can be obtained from Eq[6] and Eq[7] using the Drude
link between the electric field and the electric current
(J¢ = nEre ),

Let us now consider the twist brought by a large Hall
angle to this picture. The Peltier phonon drag implies
that an electric current can lead to a phonon energy
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FIG. 5. From phonon drag to thermal Hall conduc-
tivity: (a) Herring’s picture of phonon drag in an isother-
mal sample. Electronic momentum flow generates a phonon
momentum flow which in turn leads to a phonon heat flow.
The amplitude of this Peltier effect sets the amplitude of
the phonon drag Seebeck effect. (b) Replacing the electronic
charge current with a finite transverse thermal gradient mul-
tiplied by off-diagonal thermoelectric conductivity quantifies
the amplitude of the phonon drag thermal Hall effect.

flow (Fig. ) A finite THE driven by phonon drag
can be explained in the following way. A finite Nernst-
Ettingshausen coefficient implies that a transverse (lon-
gitudinal) thermal gradient will generate a longitudinal



(transverse) electric current.Then, this electric current,
following Herring’s original picture, will generate a ther-
mal current. The latter will be perpendicular to the ther-
mal gradient (Fig. ) Therefore, the overall magnitude
of this phonon drag THE will be given by the product
of the off-diagonal thermoelectric conductivity, a,, and
Herring’s expression for Peltier phonon drag:

*,.2
m”ug

Tp

Kay(drag) = agy - fTe (8)

Thus, the component of thermal Hall conductivity gen-
erated by mutual drag between electrons and phonons is
proportional to the product of ay,, the ratio of phonon
and electron scattering times :—” and the efficiency of mo-
mentum transfer between the two baths, parametrized by
f. Let us also note the presence of mv2. This is the ki-
netic energy of an electron drifting with the velocity of
sound, a less familiar energy scale emerging when elec-
trons and phonons couple to each other [43].

Quantitative account of the data

We proceed now to compare Ak, resolved by exper-
iment, with kg, (drag), expected by Eq. With the
exception of f, all terms of Eq. [§| are experimentally ac-
cessible. The sound velocity is v, = 7.8km/s [44], the
effective mass of electrons is m* = 1.8m. [23]. 7, can be
extracted from phonon thermal conductivity and 7, from
the electrical conductivity.

Fig. [6h shows the non-monotonous field dependence
of Kzy(drag), which mirrors the field dependence of ay,
(Fig. [6p), which, after an initial increase, steadily de-
creases in the high-field regime. Since S, > S, and
Ony 2 Onz, Ozy ~ Spa04y and the field dependence of
O3y, is similar to the field dependence of Hall conduc-
tivity, which steadily decreases in the high-field regime
(0zy(B —>00) — 0 ).

The ratio of 7,/7e, shown on Fig. @:7 is much larger
than unity and steadily increases with magnetic field.
This is because, as previously documented [40], the mo-
bility of electrons diminishes with magnetic field, presum-
ably because partially extended disorder becomes more
effective in scattering electrons with increasing magnetic
field which confines the electron wave function. The
phonon scattering time on the other hand is barely af-
fected by magnetic field.

By assuming equality between Akg, and kg, (drag)
and using Eq. [8] we can extract f. The results are shown
in Fig. [6d. We find that f < 1, attesting the soundness of
our approach. The efficiency of momentum transfer be-
tween phonons and electrons is close to 1 at the peak tem-
perature and steadily decreases with temperature. As the
temperature decreases, the relative frequency of electron-
phonon scattering events decreases. We also note that a
strong coupling between electrons and soft ferroelectric
phonons has been invoked [45] 46] to explain the trans-
port properties of metallic STO [42, [47]. The steady

field-induced decrease in f indicates that the efficiency of
the momentum transfer between phonons and electrons
decreases with the decrease in the electronic scattering
time and the growing mismatch between the phonon and
the electron scattering time.

The soundness of our diagnostic can be checked by
comparing the extra thermal Hall effect and the phonon
drag Seebeck effect, supposed to share the same ori-
gin. Both effects, measured by distinct experiments,
peak around 20 K. Their amplitude match too. Eqlj]
and Eq[§| together with the Kelvin relation (II = ST)
and the identification of Akgy with kg (drag) implies an
equality between the two extracted quantities: Akgy ~
—QuySaragT. Fig. [6]f compares Akyy and oy Sarag-T
as a function of temperature at 4 T. The agreement be-
tween 25 K down to 10 K confirms the quantitative self-
consistency of the data. The disagreement at 5 K indi-
cates the limits of our approximations when f strongly
varies with magnetic field.

Relevance to other metallic solids

Our result implies that the combination of phonon-
drag (frequently encountered in semiconductors) and
a sizeable transverse thermoelectric conductivity, oy,
(known to become large when the carrier density is low
density and carrier mobility is high[48]) can give rise to a
phonon-drag THE. These conditions can be formulated
in term of a hierarchy of time scales. The scattering
time of phonons should exceed the scattering time of elec-
trons and the latter should in turn exceed the inverse of
the cyclotron frequency, in order to ensure longitudinal-
to-transverse conversion. Thus, a sizeable phonon drag
THE requires:

Tp>7'e>w;1 (9)

The second condition is that the rate of momentum lost
by phonons is to be comparable to the rate of phonon-
electron exchange :

>0 (10)

Note that the latter condition can only be satisfied at fi-
nite temperature. The hydrodynamic window, identified
by Gurzhi [30] requires a hierarchy of time scales too:
The momentum-conserving scattering time should out-
weigh the boundary scattering time, itself larger than the
momentum-relaxing scattering time. As a result, hydro-
dynamic features are expected in a limited temperature
window and in a limited number of materials.
Inequalities [0 and [I0] specify the conditions for expect-
ing a phonon drag THE. Long 7, is expected in a crystal
at low temperature when phonon wavelength is long and
point defects cannot scatter them. In many dilute met-
als, when the Bohr radius of the semiconducting parent
is long [49] carriers are more mobile than in metallic sili-
con. As a consequence, the inequality 7. > w; ! is easily



Xy

-AK T

—51K 10°F(c) ' '
a, e
- @ —— 103K 20} () o—a
£ 04 —— 148K / AN
L —~ @ &
= ;xt pH=4T
E <
N %10
(=]

d

N

[,

o

o
T

pH=4T
0,8,

—&— -0k
xy

=
o

xy

Ak, (MW K™ m™)

o 4

8 12 1
HH (T)

10 5 10 15 20 25

bH (T) K

FIG. 6. Quantitative analysis of Ak,: (a) Field dependence of Ak, /T? at different temperatures. (b) Field dependence
of agy /T at different temperatures. In our picture, this is the main driver of the field dependence of Ak, (c) Field dependence
of the ratio of the phonon to electron scattering time, extracted from electric and thermal conductivity data. Note that 7p > 7
and the ratio enhances with magnetic field. (d) The field dependence of f, obtained by equating Akrgy and key(drag) given
by Eq. (e), The temperature dependence of ay, at 4 T. (f) The temperature dependence of —Akyy and —azySareg - T
The width of the latter represents the uncertainty in separating the phonon-drag and the diffusive components of the Seebeck

coefficient (see the supplement [39]).

satisfied at low fields. If electron-phonon momentum ex-
change happens to be frequent too, then an effect similar
to the one observed here is expected. Possible candidates
are BizSes [50], InAs [51], PbTe [52] and their sister com-
pounds. It is not surprising that the thermal Hall effect in
metallic cuprates is not detetectably amplified by phonon
drag [3]. In their case the mobility of carriers in cuprates
is low and, as a consequence, condition [J] is not satis-
fied. Indeed, the measured Hall angle in Laj_,Sr,CuQO4
is quite small. At B=10T, 04,/04, < 0.1 [53] and there-
fore w.T, < 1.

The result reported here does not provide a direct so-
lution to the puzzle of phonon thermal Hall effect in in-
sulators. Nevertheless, the complicity between two types
of heat carriers, one with a long scattering time (here
phonons) and another with a large Hall angle (here elec-
trons) may have relevance to other contexts. One can
imagine a scenario close to ours in an insulating solid
hosting two types of carriers: ordinary phonons with a
long scattering time and magnons or chiral phonons or
with a short scattering time and a large transverse re-
sponse.
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Supplemental Material for “Phonon drag thermal Hall effect in metallic strontium
titanate”

S1. Samples

SrTiO3 and Ca-doped SrTiOj single crystals were provided by CrysTech and SurfaceNet GmbH. Oxygen-deficient
SrTiOg samples were obtained by annealing them in a temperature range extending from 700°C' to 1000 °C under a
high vacuum (< 1076 mbar) for 1 to 2 hours. Fig|S1|shows the Hall carrier density of the oxygen-reduced samples as
function of the annealing temperature. These results are similar to what was previously reported in oxygen reduced
SrTiO3 samples [23], [54].

No. Supplier |Dimensions (mm)|Peak of sz (W. K 'm™")|Peak of sy (mW.K~'.m™')|Ca concentration (ppm)
Ref#1 [5]|SurfaceNet 5x5x%x0.5 37 80 3.8
Ref#3 [5] | SurfaceNet 5x5x%x0.5 35 26 2.5

#1 CrysTech 5x5x0.93 38.6 21.6 290

#2 SurfaceNet 5x5x0.5 34 24 69

#3 SurfaceNet 5x5x0.5 32 24 -

#4 CrysTech 5 x5 x0.82 - 3.3 4500

#5 CrysTech 5 x5 x0.99 - 0.6 9100

TABLE S1. Properties of the insulating samples studied in this work. Ca concentration was determined using Secondary Ion
Mass Spectrometry (SIMS) and is expressed in part per million (ppm).

The list of the pristine SrTiO3 samples studied in this work, together with their dimensions, the peak amplitude of
Kzx and Kgy and their Ca concentration, is shown in Table Ca concentration has been determined using Secondary
Ton Mass Spectrometry (SIMS) like in [55].

The amplitude of the k., peak is similar in all pristine samples. On the other hand, we found a significant difference
in the amplitude of k., peak from batch to batch. This variation does not clearly correlate with the amount of residual
Ca impurities determined by SIMS. Nominally pristine strontium titanate crystals are known to host other types of
impurities such as Fe, O, Ni with a typical concentration of 5 (ppm) [56]. Further studies may find a correlation
between the amplitude of the x,, peak and the concentration of such impurities in nominally pure SrTiO3 samples.
In this study all the reduced samples have been prepared from the same batch #3 .

S2. Electric and thermoelectric transport in Sr7i0Os_s samples

FiglS2| (a) shows the temperature dependence of the resistivity (pgs) in SrTiOs_s with Hall carrier density (n)
ranging from 2.3x10'6 to 1.6x108ecm ™3, in good agreement with previous works [47, 54]. Samples with carrier
density larger than 10'"cm ™3 display a metallic behaviour down to the lowest temperature. In contrast, the lowest
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FIG. S1.  Carrier density of SrTiO3_s as a function of annealing temperature (the vacuum chamber was kept below 107°
mbar).
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FIG. S2. (a) Resistivity (pz«) and (b) Seebeck coefficient (Szs) as function of temperature for SrTiO3_s samples with different
carrier concentrations. The arrow in (b) indicates the phonon drag peak.

doped sample (n = 2.3 x 10'%cm=3) shows an upturn below 30 K, possibly due to inhomogeneous oxygen vacancies
distribution or the approach of a genuine metal-insulator transition. This is in agreement with a previous study, which
reported an insulating behavior in samples with a carrier density below n = 3 x 10%cm =3 [54].

Fig. (b) shows the temperature dependence of the Seebeck coefficient (S, = AE;'TT) in our SrTiOs_s samples.
Szz peaks around 20 K. This is a signature of phonon drag as discussed below. '

Fig. shows the electric properties of n = 1.6 x 10'® sample. The carrier density is determined by measuring the
Hall coefficient. The data is similar to what was reported in ref. [40].

S3. Diffusive and phonon drag components of the thermoelectric response

Fig. (a) compares the temperature dependence of S, /T in doped sample (n = 1 x 10'® cm™3) with previous
measurements [23} [41]. Sub-kelvin measurements have shown that S, /T becomes flat at low temperature (see Fig,.
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FIG. S3. (a) and (b) pes and pay as function of the magnetic field (B) for T= 5.3 K to 29.8 K.(c) Hall angle (%) vs. B.(d) Hall
coefficient Ry = 222 = -L vs. B.(e) Electron mobility (1 = 5 - Zﬂ) vs. B.(f) the mean free path of electrons, | = 7-v =

7162
(m* = 1.8m. [23] and ¢ = 3 x 10®m/s) vs. B

(a)) with the expected amplitude for the diffusive response of a degenerate semiconductor with an energy-independent
mean free path [23] :

2
Z=52— (51)

Tr is the Fermi temperature, which can be deduced from quantum oscillations. Using Eq[SI] we estimate the
amplitude of the diffusive response in our sample with n = 1 x 10'¥¢m ™3 to be in the range of —15 ~ —23 uVK 2.
On top of it, there is a second contribution, the phonon drag (labelled Sgrqq), shown in gray in Fig). Sdrag Peaks
around 20 K, in good agreement with previous work [41I]. A similar phonon drag contribution is also detected in the

Nernst effect (S;y = AE—;J) see Fig. (c).

S4. Verifying Onsager reciprocity

According to the Ohm’s law, the electrical field E and the charge flux density (fe) are linked through the electric
conductivity & :
Je =GE (S1)

Similarly, according to the Fourier’s law, the thermal conductivity % links the thermal gradient VT and the heat
flux density J<:

—

JQ = —RVT (52)
The existence of the thermoelectric response modifies both equations:

Je=o'E —avT (S3)

JQ =aTE — kT (S4)

Here o/, v/ and @ are the electric, thermal and thermoelectric conductivity tensors. The thermoelectric contribution
in Eq (aVT) and in Eq (oT'E ) render 7 and & different from ¢’ and «’. In most cases, this contribution to ' is
negligibly small. However, in our case, this is not true for the transverse component of x. In other words, f., 7# /ﬁ;,y.
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FIG. S4. (a) Temperature dependence of S, /T in SrTiO3_5 for n=1x 10'® cm ™ compared with previous works [23, 41]. The
hatched area is the estimated diffusive contribution using Eq. ) Amplitude of the phonon drag contribution of Sz, (gray
area) as function of the temperature. Sirag = Szz —a-T where a - T is the diffusive contribution shown in (a).(c) Temperature
dependence of Sy /T at B= 12 T for n=1x 10*® cm™3 and 1.6x 10*® cm™3. A phonon drag contribution leads to a peaks in
Szy around 20 K.

To determine the components of the 2 x 2 tensors o’, x’ and @, we conducted two types of experiments (See Fig.
a and d ). In the first one, a heat current is applied along the z-axis (J@ # 0) and electric current was kept at

zero (J¢=0). In the second one, an electric current is applied along z axis (J¢ # 0) without heat current (Jbzﬁ). In
both expemments we measured the temperature difference and the electric field along = and y axes at the same time.
Fig. [S5|b,c and f,g show typlcal data for both conﬁguratlons at T= 19.4 K for SrTiO3_s (n=1x10*® cm~3).

In the first configuration (J Q # 0 and Je=0 EqE and Eq. 4| become:

o'Ey, =avT; (S5)

JQ =aTE, — K'VT; (S6)

In the second configuration (J_'e # 0 and fQ:G) Eq and Eq become:
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FIG. S5. (a)The first configuration of thermal experiment. (b) Electrical field and (c) thermal gradient measured in SrTiOsz_s
(n=1x10"® ¢cm?) at T = 19.4 K in the thermal experiment (J® # 0 and J¢=0). (d)The second configuration of electric
experiment. (e) and (f) same as (b) and (c) in the electric experiment (J¢ # 0 and J2=0).(g) Two methods by combining the

two configurations to calculate ¢/, ¥’ and @.

alE, = &V, (S8)
The four equations [S5] [S6| [S7] and [S8 projected along the z and y directions give us eight equations to determine
! /
six unknown quantities, which are the two components of the three tensors: o/ = sz afy , a= Qaz Qay
—0y Ohy —Qgy Oy

e K . . -
e 1 assuming that they are isotropic in the xy plane. The redundancy allows us to make a check
K
Ty T
on self consistency.
We calculated o/, @ and +’ in two different ways, leading to ?1,2 and F172, where the index refers to the set of

equations and experimental data used (see Fig (g)). Here, we give explicit expressions for deriving 0_’1 and K_Il

and k' = l
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FIG. S6. (a)-(c) Longitudinal electric (O'III), thermoelectric (azz) and thermal conductivity (kz«) as a function of field at T
= 19.4 K for SrTiO3_s (n = 1x10'® cm™3). The black and red colours correspond to two different combinations of Eq.

and [S§ Black (red) line results were obtained using Eq. [S5{[S6) [S6{|S7) and [S7|(S8)). (d)-(f) same as (a)-(c) but for the

transverse components of o/, &@ and k/'.

Starting with Eq. [S5[ and [S7| and setting S = 0~'a , we obtain :

 EuVTu + Ey VT, _ EuVTy, — E,VT,

Spw = Sy = (59)

VIZ +VT} ¥ VI + VTP,

Eez - TT Tex x Te — Ee — T Mz Tex TT Te

e (SexVTew + Sy VTey) ot _ By = (28 VTex + S2a Vo) (510)

J —J
Algy = Uixxsﬂcx - o'llacysxy; Qlgy = O'llswcsxy + O'llxysxx (Sll)

Injecting « into Eq. we get /{7’1
H/ _ [T : (alxxEtx + almyEty) - JQ] : _VTtx -7 (_alxyEtx + almmEty) : V:rty (812)
e —VTZ - VT?

/ _ T- (_alwatw + O41Izlz‘ty) ) VTtm - [T . (alwwEtw + alwaty) - JQ] . _VTty 913

Method 2 starts with Eq. and and leads to 0}, as and k}. Figure[S6|compares the results of the two methods.
Onsager reciprocity implies no difference because of the identity between the components of the thermoelectric tensor
in the two Eq and Experimentally, we find that this is indeed the case: o/;; = 09,;; a;; = ay;; and KY;; = Ko, ;.
Here, i and j refer to x and y orientations and 1 and 2 refer to the method 1 and method 2.

S5. Quantifying the thermoelectric contribution to the thermal conductivity

These measurements allowed us to quantify the thermoelectric contribution to the thermal conductivity. Figure [S7]
shows the difference between the components of % and &’ at different temperatures. The thermoelectric correction is
tiny for the longitudinal thermal conductivity component: !, = K, within a percent. On the other hand, it is large
for the transverse one: ﬁ;y # Kgy. In other words, the flow of particles carrying entropy with no need for temperature
gradient leads to a significant difference in the transverse channel. One can also see that the difference between 7,
and kg, decreases with temperature as discussed in the main text.
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of Kze and K}, for different temperature in SrTiOz_s (n=1x10"® cm™2). (f)-(j) Same as
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