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INFERENCE FOR ERGODIC MCKEAN-VLASOV STOCHASTIC
DIFFERENTIAL EQUATIONS WITH POLYNOMIAL INTERACTIONS.

V. GENON-CATALOT®™, C. LAREDO?

ABSTRACT. We consider a specific family of one-dimensional McKean-Vlasov stochastic differ-
ential equations with no potential term and with interaction term modeled by an odd increasing
polynomial. We assume that the observed process is in stationary regime and that the sample
path is continuously observed on a time interval [0,27]. Due to the McKean-Vlasov structure,
the drift function depends on the unknown marginal law of the process in addition to the un-
known parameters present in the interaction function. This is why the exact likelihood function
does not lead to computable estimators. We overcome this difficulty by a two-step approach
leading to an approximate likelihood function. We then derive explicit estimators of the coeffi-
cients of the interaction term and prove their consistency and asymptotic normality with rate
VT as T grows to infinity. Examples illustrating the theory are proposed. March 24, 2022
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1. INTRODUCTION

McKean-Vlasov stochastic differential equations (SDE) are a class of processes which have
aroused lots of recent contributions due to the wide field of potential applications. These SDEs
with coefficients depending both on the state of the process and on its current distribution
were first described by McKean (1966) to model plasma dynamics. They appear as limits of
systems of interacting particles and arise in a wide variety of disciplines, where particles may
represent atoms, cells, animals, neurons, people, rational agents, opinions, financial assets: see
e.g. Benedetto et al. (1997) for the modeling of granular media, Baladron et al. (2012))
for neurosciences, Molginer and Edelstein-Keshet (1999), Carrillo et al. (2014) for population
dynamics and ecology, Ball and Sirl (2020), Forien and Pardoux (2022) for epidemics dynamics,
Giesecke et al. (2020) and references therein for finance.

A wide research field is devoted to develop probabilistic tools for the study of interacting
particles and their limits (propagation of chaos) (see e.g. among many references Funaki (1984),
Gértner (1988), Méléard (1996), Benachour et al. (1998a, 1998b), Malrieu (2003), Cattiaux et
al. (2008), Sznitman (1991) and Kolokoltsov (2010) for books). Herrmann et al. (2008) were
concerned with small noise properties and large deviations results for these processes.

Therefore, the statistical inference of such models is an important issue. It started with Ka-
songa (1990) who studied parametric inference from the observation of systems of N interacting
particles for a model with linear dependence on the parameters in the drift term. It was later
extended by Bishwal (2011) and Chen (2021). Giesecke et al. (2020) studied inference based
on the empirical distributions of the particle system. Della Maestra and Hoffmann (2021) were
concerned with nonparametric inference for the drift term. Belomestny et al. (2021) studied
the semiparametric estimation for a drift term containing both a parametric and a nonpara-
metric part, Li et al. (2021) the identifiability of the interaction function in a model with only
interaction between particles.

Another direction is to investigate the inference based on the limiting process of the interacting
particle systems. This yields a McKean-Vlasov stochastic differential equation which describes
the typical behavior of one isolated particle among others. It satisfies:

(1) dX; = b(t, X;)dt + cdW;, Xo =1

where

@) b(t,z) = V() — / B(z — y)usldy) = V(z) — D xun(z), w = L(X)),
R

®: R — R, (W) is a standard Brownian motion, 1 a random variable independent of ().
The potential term V' describes the geometry of the state space. The term ® derives from the
interaction between particles in the original system of particles. These equations differ from
classical SDEs because of this interaction term which contains the current distribution of the
state variable. Parametric inference for this model has been already studied. Genon-Catalot and
Larédo (2021a) consider the parametric inference for model (1) from a continuous observation
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on a fixed time interval [0, T of a single path and of n i.i.d paths in the asymptotic framework o
tends to 0. In Genon-Catalot and Larédo (2021b), the parametric inference is studied from the
continuous observation of a single path in the double asymptotic ¢ — 0 and T' — +o00. Sharrock
et al. (2021) study i.i.d. observations of (1) and build an approximation of the likelihood to
obtain offline and online estimations.

We consider here a specific family of one-dimensional McKean-Vlasov SDEs, with no poten-
tial term and with interaction term modeled by an odd increasing polynomial. We moreover
restrict our study to McKean -Vlasov equations where existence, uniqueness of a solution, ex-
istence of a stationary measure and convergence towards this stationary measure are satisfied.
Classical assumptions for existence and uniqueness of solutions to (1) are linear growth and Lip-
schitz continuity for the coefficients. Nevertheless, in order to prove results under mild growth
conditions, several authors assume monotonicity and coercitivity assumptions instead (see e.g.
Gértner (1988), Benachour et al. (1998a), Malrieu (2003), Hermann et al. (2008), Cattiaux et al
(2008). They generally assume that the interaction function @ is increasing and odd. Moreover,
considering odd increasing polynomials ensures existence and uniqueness of an invariant distri-
bution (see e.g. Benachour et al. (1998a-b), Veretennikov (2006), Hermann and Tugaut (2010),
Cattiaux et al (2008), Eberle et al. (2019)).

In the present work, our aim is to estimate the parameters present in the interaction (or
self-stabilizing) term from the continuous observation of one sample path on the time interval
[0,2T] as T grows to infinity. The potential term is set to 0 and we assume that the process is
in stationary regime.

Statistical inference for ergodic diffusion processes has a longstanding history. Among many
references, we can quote the books by Kutoyants (2004), Iacus (2010), Kessler et al. (2012),
Hopfner (2014). There are also lots of papers concerning parametric or nonparametric inference
for ergodic diffusions based on continuous or discrete observations: for one dimensional diffusions,
e.g. Bibby and Sgrensen (1995), Kessler (1997), Hoffmann (1999), Dalalyan (2005), Comte et al.
(2007), Comte and Genon-Catalot (2021); for multi-dimensional diffusions, e.g. Dalalyan and
Reiss (2007), Nickl and Ray (2020). Ergodic diffusions with jumps are considered in Masuda
(2007, 2019), Schmisser (2014), Amorino and Gloter (2020).

In contrast, to our knowledge, the inference for ergodic McKean-Vlasov SDEs has not been
investigated. The statistical problem is very different from the case of usual stochastic differential
equations. Let us consider the one-dimensional process defined by (1) with V' =0, i.e.

(3) dX; = b(t, Xy)dt + odW;, where
(4) b(t,z) = —/R(I)(.’L‘ —Yu(dy) = =P xuy(z), up = L(X}),
k—1
(5) P(z) = o(f,z) = Zf2j+11?2j+1, f1>0, fojp120,5=1,...,k—1,
=0
(W) is a standard Brownian motion, o is known and f = (f1,..., fx—1) is an unknown parame-

ter. A solution of (3) is a couple ((X¢,u¢),t > 0) composed with a process (X;) and a family of
distribution (u¢) satisfying (3)-(4). When defined, (X}) is a time-inhomogeneous Markov process.
Under appropriate conditions, the process (X;) admits a stationary distribution. We assume here
that (X}) is in stationary regime.

As @ is odd, whatever the initial distribution, the process (X;) solving (3) has a constant expec-
tation m (see Section 2). Contrary to classical stochastic differential equations, stationary distri-
butions of model (3) are not uniquely determined except if the expectation of (X}) is specified.
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This is due to the fact that (X;) and (X; — EX}) follow the same equation (3). If E(X;) = 0,(3)
admits a unique invariant distribution with symmetric density u(f, z). If E(X;) = m, (3) admits
a unique invariant distribution with density u(f,z —m). Therefore, we first study the estimation
of f when (X;) is in centered stationary regime (Xo ~ u(f,x)dx). Then, we study the joint
estimation of (m, f) when the process is in non centered stationary regime (Xo ~ u(f,z —m)dzx).
When (X}) is in stationary regime, £(X;) does no longer depend on ¢ and is equal to the station-
ary distribution u(f, z)dz in centered stationary regime and to u(f,z —m)dz in stationary regime
with expectation m. Because of the specific form of the interaction function ® (polynomial), the
convolution product ® x u(f,.) (resp. ® x u(f,. —m)) is explicitely given as a function of f and
the moments of the invariant distribution. However, these moments have no explicit expression
as functions of f and m. Therefore, the exact log-likelihood can be studied theoretically but does
not lead to computable estimators.

This is why we first build estimators of the stationary distribution moments based on the sample
path (X, ¢ € [0,7]). Then, to build an explicit contrast, we plug these moment estimators into
the exact conditional log-likelihood given X7 of (3), based on the sample (Xy, ¢ € [T,2T]). We
prove that these estimators are consistent and asymptotically Gaussian with rate v/7.

The paper is organized as follows. In Section 2, we detail the assumptions for existence and
uniqueness of solutions and existence of invariant distributions. In particular, we describe these
invariant distributions (Proposition 1). When the observed process is in stationary regime, it is
identical to a classical ergodic diffusion process (Proposition 2). In Section 3, we estimate f when
the observed process is in centered stationary regime. We first study the exact likelihood and
prove that the maximum likelihood estimator is consistent and asymptotically Gaussian with
rate v/T (Proposition 4) . However, this remains completely theoretical and the estimators are
numerically intractable. Next, we study computable estimators of f for the centered process.
Two kinds of estimators are proposed. First , estimators are built using an approximation of
the likelihood on [T, 2T (Theorem 1). Second, we also build emprical estimators based on some
specific properties of model (3). Examples are given. Next, we study the inference of (m,f)
when the process is no longer centered (Theorem 2). In Section 5, we recall some known results
to compute or approximate the invariant distribution. Section 6 contains concluding remarks.
Proofs are gathered in Section 7. In the Appendix (Section 8), a central limit theorem for ergodic
diffusions is recalled.

2. PROBABILITY PRELIMINARIES.

In this section, we give sufficient conditions for existence and uniqueness of a solution to (3)-
(4) and existence and uniqueness of a stationary distribution. We explain how the stationary
distribution with specified expectation may be computed by an implicit fixed point equation.
This is different from the case of classical SDEs. We describe the properties of (3) when the
initial variable follows the stationary distribution.

2.1. Assumptions. The following assumptions may be found in Benachour et al. (1998a),
Malrieu (2003) or Cattiaux et al. (2008).

e [H1| @ is odd and increasing.

e [H2| @ is locally Lipschitz with polynomial growth, i.e. there exist ¢ > 0, ¢ € N* such
that Va,y € R, |®(z) — ®(y)| < clz — y|(1 + || + [y]).

e [H3] @ is C' and strictly convex on R*: there exists a constant A > 0 such that
Vo >0, ®'(x) > A

e [H4] ®' has /£ polynomial growth: 3C > 0,£ € N, Vz € R, |®(2)| < C(1 + |z[%).
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Note that, under [H2], for all z, |®(x)| < c|z|(1 + |z|%). Therefore, there exists ¢; > 0 such that
|®(z)| < (1 + |z|“FY) and this implies

[ 186~ yluatdy) < a0+ 2l 2 [yl us(ay).

So @ % u; is well defined as soon as u; has a ¢ + 1-th order moment.

Under [H1]-[H2], if IEXg (E+D? o +00, equation (3) admits a unique strong solution. If EX2"
+00, then sup;~o EX?" < 400 (see Theorem 3.1 and Proposition 3.10 in Benachour et al., 1998a,
Theorem 2.13 in Hermann et al., 2008).

Note that, by (3)-(4),

E(X;) = E(Xo) / dsE/ y)us(dy).
Since @ is odd, taking (X;) an i.i.d. copy of (X;), E [ ®(X; — y)u(dy) = E®(X; — X¢) = 0.
Thus,
(6) E(Xt) = E(Xo).

This holds whatever the initial variable.
Note also that X; — E(Xp) is also solution of (3). Indeed,

X, ~E(Xo) = Xo—E(Xo) / s / < — E(Xo) — (y — E(X))Jus(y)dy
= XQ — X() / ds/ — E XQ) - Z)US(Z +E(X0))d

= X, - E(Xp) /ds/ s —E(Xo) — 2)vs(2)dz

where v is the distribution of X, — E(Xj).

This is why the specification of the expectation of the process is important especially for invariant
distributions (see below).

Finally, let us state another useful property associated with this equation.

Lemma 1. Assume [H1]-[H3]. Consider an even probability density u such that [~y Hlu(y)dy <
+00. Then, ® xu is well-defined and

o ®xu is odd.
e Forallz >0, \x < ®(z) < Pru(z) < cox[l + 2’ + I v u(y)dy] for some constant c,.

2.2. Stationary distributions.
2.2.1. Existence and uniqueness. By Lemma 2.2 in Hermann and Tugaut (2010), if there exists
an invariant density whose (8(¢ + 1)?)-moment is finite, then it satisfies the implicit fixed point
equation
exp (—20 2 fof’fq) *xu(y))dy)
(7) u(z) =
v(u)

where, by Lemma 1, v(u) below is well defined and finite,

(8) v(u) = /Rexp (=202 /033 O x u(y))dy)dx < 4o0.

Equation (7) does not possess a unique solution unless its expectation is specified. In other
words, it has a unique solution with a given expectation.
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As an example, consider the simple case ®(z) = z, then ® xu(z) = [(z — y)u(y)dy =z —m
with m = [ yu(y)dy. Thus,

L exp - (@ — m)?).

u(x) = um(x) X exp [—Oi($2 - QmI)] = o /T o2

2
Hence, the stationary distribution depends on the parameter m. This is consistent with the fact
that equation (3) with ®(x) = = writes
¢ t
X =Xo — / (Xs —EXg)ds + oW, = Xo — / (Xs —m)ds + oW,
0 0

where m = EXy = EX; for all t.
For this reason, many authors (Cattiaux et al., 2008, Benachour et al., 1998a, Malrieu, 2003)
consider equation (3) assuming that EX; = 0 and prove the following result.

Proposition 1. (see Cattiauz et al., 2008, Benachour et al., 1998a or Malrieu 2003).
(i) Under [H1]-[H}], there exists a unique even density function u(x) implicitely defined by

- exp (=202 ’ *U
9 ua) = s exp (<2072 [ @ wuly)ay
which satisfies (see [H3] for A and Lemma 1):
(10) u(z) < V(lu) exp [—o 2 A\x?).

(ii) Moreover, if u(.) is the density of Xo and (Xy) is the unique solution of (3), then u(.) is the
density of Xy for all t > 0.

(idi )For any initial law satisfying the moment condition of order 8(¢ + 1)2, L(X;) converges to
the invariant symmetric law u as t tends to infinity.

(iv) The convergence of L(X;) to the stationary density u is exponential with respect to the

Wasserstein distance Wa: Wa(L(Xy),u) < Ce ™ MWo(L(Xo),u) (X is defined in [H3]).

Consequently, the general equation (3) admits a unique invariant density u,,(z) such that
[ yum(y)dy = m. This density is equal to um,(x) = u(z —m) and is thus symmetric around m.
By (10), v admits moments of any order.

2.2.2. Ergodicity. Let us now point out the following properties of the process (X;) in stationary
regime. The process defined in (3) is a time-inhomogeneous Markov process. However, when (X;)
is in stationary regime (with expectation m), (X;) is identical to a time-homogeneous diffusion
process.
Indeed, assume that the initial variable 7 has distribution w,,(x)dz then, the density u:(dy) of
X; defined in (3) satisfies

Yt >0, u(dy) = um(y)dy,
so that the following holds.

Proposition 2. Consider the stochastic differential equation

(11) dY; = b(Y,)dt + odWy, b= —B % um,

where up(.) = u(. —m) and ug = u is the unique symmetric solution of (9).

Then, (Yy) is a positive recurrent diffusion whose stationary distribution has density wpy,(x).
If Yo ~ up(x)dx, it is ergodic. Moreover,

-If Yo # Xo, (V1) # (X4).
-If Yy = Xo =n ~ up(x)dx, then Xy =Y, for allt > 0.
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Thus, when Xo ~ up,(z)dz, (X¢) is equal to the solution of a classical stochastic differential
equation in stationary regime and is ergodic. Therefore, a law of large numbers holds for (X;).
If f satisfies [ |f(z)um(z)dz < +oo, applying the ergodic theorem yields

T
(12) ;/0 f(Xs)ds %a,s_/f(x)um(x)dx.

The central limit theorem associated with this result is stated and detailed in the Appendix.

3. PARAMETRIC INFERENCE IN CENTERED STATIONARY REGIME.

From now on, we consider (X;) defined by (3),(4),(5). Therefore, assumptions [H1|-[H4]| are
satisfied and equation (3) admits an invariant distribution which is unique when its expectation
is specified. In this section, we assume that (X;) is in centered stationary regime and consider the
estimation of £ = (f1, f3,..., for—1), with f1 >0, foj41 > 0,5 = ...,k — 1, which is an un-
known parameter of (0, +00) x [0, +00)¥~!, based on the continuous observation of (X;,t < 27T").
According to Proposition 1, Equation (9) has a unique symmetric density solution u(f,.) which
depends on parameter f. Note that u(f,.) depends on f and o. As o is known, in what follows,
we omit the dependence w.r.t. ¢ in the notations. Therefore, we make here the assumptions:

b [HS] (I)(.’E) = (I)(f7x) = Zf;(% f2j+1$2j+1, fl > 07 f2j+1 Z 07.] - 17 e 7k - ]-7
e [H6| Xg =n ~ u(f,z)dz.
Define, for j > 0,

(13) Y25 (£) = 725 = /Riju(f,:U)dx.

Proposition 3. Under [H5]-[H6], the drift b(t,z) = b(x) = —®(f,.)xu(f, x) is an odd polynomial
such that

k1<2j+1

k-1
b(x) =b(f,2) = > byis12®F, by = by (F) = — 2 — i)
i=0

)72(ji)(f)f2j+1, 0<i<k-1,

j=i

where for p < n, (Z) 1s the binomial coefficient. Thus

(14) b = (byit1,i =0,...,k — 1) = M(f)f,

where My, (f) = (My(7,7))o<ij<k—1) 15 the k x k upper triangular matriz given by
. C . 2j+1 o

(15) My(i,7) = 0 fori > j, My(i,j) = — (2(‘; B Z-)>72(ji)(f) fori < j.

Note that 7o (f) = v = 1 so that M(i,i) = —1.
The coefficients of b(f, z) are explicit functions of f and of the moments of u(f,.). Note that the
matrix My(f) depends on f only through the moments (o, v2(f), ..., Yar—1)(f))-

We define for v = (vg,v1,...,v5_1)" a vector of R¥, M]Ev) = (M,gv) (4,7))o<i j<k—1 with
2j +1
2(j 1)
Note that M (f) defined in (15) satisfies My(f) = M,gw where v = (70, 72(f), - - -, Yok—1)(f))-

(16) MM (i,5) =0 for i > §, MYV(i, §) = —( >vj_z- for i < j.
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Examples:. For k =1, b(f,z) = — fiz, M) = —[1].

For k =2, b(f,2) = —[(f1 + 3af3)x + fsa], Ma(£) = — (é 3721“)).
For k = 3, b(f,z) = —[(f1 + 372fs + 574) f5)x + (f3 + 1072 f5)x3 + 2°],

L Q) (i)
Ms(f)=—10 1 (5)72(f)
0 0 1

Proof of Proposition 3. First, since u(f,.) is symmetric, odd moments of u(f,.) are nul.
Therefore,

k—1
B(E.)wult ) = 3 far [0 -y ult )y = wa Z (2‘7 ’ 1) P22 ()
7=0
k— k-1
Z 2j+1 Z < 2§t1 > 2Z+1’Y 2(j— l)(f) = Z 2Z+1Z ( 21]7—'_ 1))72] 1) ( )f2j+1

=0 J=t
a

3.1. Theoretical likelihood inference. Here, we look at maximum likelihood estimation based
on (X¢,t € [0,7]). The Girsanov formula holds and the conditional log-likelihood of (X;,t €
[0,T7]) given Xy is given by:

T 1 (T
(17) p(f) = 0_2[/ b(f, Xs)dXs — 2/ b2(f,Xs)ds].
0 0
Define the estimator
(18) fr= argmaxET(f)

cRk

This estimator is purely theoretical as it is not given by explicit equations due to the presence
of the moments of u(f,.) in the drift b(f, z) (see Proposition 3).

Proposition 4. Assume [H5]-[HG]. The following holds:

P~ ) >~ [ (b(E,2) bt ) ulta,y)dy i= 5 5 Ko, ),

Assume moreover that the parameter set for f is a compact subset of (0,+00) x [0, +00)k1 and

that b(f, ) = b(fy,x) for all x implies £ = fy. Then, the maximum likelihood estimator fris
consistent.
The matrixz If = f]R

(f x)|u(f, x)dx)o<i i<k s invertible and

VT(Er —£) =2 N0, o?I7Y).

According to Proposition 2, when (X;) is in stationary regime, X; = Y; defined in (11) which
is a classical ergodic diffusion. Therefore, the proof is classical. The difficulty here lies in the
fact that the drift has a complex dependence with respect to the unknown parameters so that

the estimator fT is numerically intractable (see e.g. Example 2).
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3.2. Explicit estimators using empirical moments. We assume here that the sample path
(X:) is continuously observed throughout the time interval [0,27]. We use the first half of the
sample path, (X, ¢ € [0,7]) to build empirical estimators of the moments of u(f,.), and the
second half, (X;,t € [T,2T)), to define a contrast in order to estimate the coefficients bg;+1 in
the drift b(f, z). Finally, we deduce estimators for the parameter f.

Using Proposition 3, let us consider the contrast function which is the log-likelihood given Xp
of the process (X¢,t € [T,2T]) with polynomial drift Zi‘:ol boi 122! and diffusion term o:

1 T 2i+1 1 = 21+172
(19) Ur(b) = — /T gbmp{s dX, — 2/T [;b%HXS 12ds | .

The associated estimator is obtained maximizing Uy with respect to b = (bg;j11,7 =0, ..., k—1)".
For this, define

x
73 2T
(20) zi(x) = _ , Zp= / 21 (Xs)dXs.
: T
p2k—1
Then, the estimator BT is defined by the equation
(21) Zr = Urbr,
where
2T or

(22) Ur = ( / 21 (Xs) [22(Xs)] ds = ( / Xf”Q”st)

T T 0<i,j<k—1

Let us define, using (13),

(23) U (f) = (vo(itjrn)(£))o<ij<k—1-

Proposition 5. Assume [H5/-[HG]. The matriz Up /T converges a.s. to U(f). The matriz ¥ (f)
is invertible, by converges a.s. to b and /T (by —b) converges in distribution to the Gaussian

law N, (0,02 W (F)~1).

In a second step, we consider the consistent estimators of the moments of u(f,.)) built using the
sample path (X, t € [0,T]), defined by

_ I P _
(24) 72;(T) = T/ X?st,j >1 (weset (T)=v=1).
0

By the ergodic theorem, the estimator 7,;(7") converges almost surely to the moment ~o;(f) of
u(f,.). Moreover, let us define, g)(z) =0 and, for 1 < ¢ <k —1,

T

(25) Gu(E, 7) = —20~2[u(£, z)] ! / (4% — a0(£))u(£, y)dy.

— 00

Then, according to Genon-Catalot et al. (2000) (recalled in Section 8), the empirical moments
of an ergodic diffusion (X;) with invariant distribution w(f,.) satisfy,

T
(26) VI (T) = 22u(0) = = /0 G(£, X)W, + op(1).
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Hence, setting V(£) = (Vi (£))o<t.m<k—1 with Vi, () = [ g;(£, ) g, (£, z)u(f, z)dz,
Y(T) =0
(27) VT 72(T) = 72(f) — Ni(0, 52V (£)).
%(k—l)(T) - 72(k—1)(f)

Let us come back to the estimation of f. Relation (14), b = M} (f)f, of Proposition 3 suggests to

consider the matrix M}, using (16) where the unknown moments of u(f,.) are replaced by their
consistent estimators built on the observation of (X;) on [0, 7] given above:

~ o (T),42(T),.... Y2 (—1) (T — .. .
(28) Mk; — M]E'YO( ):72(T) V2(k 1)( ) — (Mk(zgj))0§i7j§k—1; with
= 25 +1\ .
2 My(i, ) = — o (T)Lics.
(20) i) == (50 T Voo (D

It follows from (26) that M}, converges a.s. to My(f).
This justifies the definition of fr by (see (21)):

e T g1 7 -1
(30) fr =M, b= M, \I’T = (\I/TMk) Zr.

Let us stress that as for the theoretical maximum likelihood estimator (18), this new estimator
does not depend on o.

Theorem 1. Under the assumptions [H5/-[H6/, the estimator 1 is consistent and satisfies

(31) VT(Er — £) =2 Niu(0,0°S(F))  with $(£) = S1(F) + T (f)
B2 S =M OV OO Sl = [ B(E0)8 (ko)

with, using definitions (15), (16),and (23),
(33) B(E ) = My(£) """,
with v(z) = (0,91 (f,z),...,g,_1(f, 2)).

By Proposition 5, BT converges a.s. to b and, by (26), M\k to M} so that ?T is consistent.
For the asymptotic normality, two terms appear. Heuristically, the first term X, (f) derives from
the change of variable b — f and the second one ¥5(f) from the estimation of the moments of
u(f,.) and the plug-in device in the estimation. The proof, detailed in the appendix, relies on
the decomposition in the two main terms

2T
W(EMEOVTEr— £) = 7 [ au(X)aW, — WOVI (L~ Mi(E)E +or (1),
VT Jr
Noting that ]\/jk(i,j) — My(i,5) = —U(féi%) ()Tgé(j_i)(f,Xs)dWs + op(1), the second term
depends on (X¢,t < T') while the first term depends on (X;, T <t < 2T'). These two terms are

conditionally independent and lead to the two quantities appearing in X(f).
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3.3. Another inference method. We assume that the observation is (X;,¢t € [0,7]). This
method is based on a special property of model (3)-(4)-(5). There is an explicit relation linking
the vector f and the vector (y9;(f),i = 0,...,k — 1)". Indeed, writing the Ito formula yields

J

. 2 +1
X = X§£+2€/ XX =D (D ( j ) Xy (£))ds + 0d W
0 .
3=0

m=0
t
+ 02020 -1) / X2-2gs.
0
Taking expectations and using that the process is in centered stationary regime yields

Vt>0, 0= —2&2 <Z <Qj;1)72m(f)72(j+€—m)(f)> faj1 + 02020 — 1)tya—o(£).

m=0

We set:
(34) B(f) := (6%(20 — 1)ya0_o(f),£ =1,...,k),and

J .
. 27+1
(35) I'(f) = (Fej(f))lgegk,ogjgkq with I'p ;(f) = 2 Z ( om )72m(f)72(j+€—m)(f)
m=0
Then, B(f) = I'(f)f. The matrix I'(f) is necessarily invertible.

Substituting in (34) each moment by its empirical estimator (24) yields the two estimators By, I'p
and the relation defining the moment estimator of f :

(36) fr = (Or) ' Br
which is by construction consistent and asymptotically Gaussian. We only need to compute the

asymptotic covariance matrix. Contrary to the previous estimators, the estimator fp explicitely
depends on ¢ and thus requires its precise knowledge.

Proposition 6. Assume [H5[-[H6]|. The estimator defined by (36) is consistent and such that
VT (fr —f) converges in distribution to N'(0,T =1 (£) KT~ (f)") where K is given in the proof (see
(60)).

3.4. Examples. We illustrate the previous theory on several examples.

e Example 1: ®(f,z) = fz, f > 0.
The centered stationary dlstrlbutlon is the Gaussian law u(f, z)dz = N'(0,0%/2f). Equation (3)

writes dX; = —f [(X; — y)u(f,y)dydt + odW; = — f Xydt + odW;. The estimator fr is equal to

the maximum likelihood ebtlmator.

AsT! fOT X2ds converges a.s. to 0%/2f, we obtain the classical result that \/T(fT—f) converges
in distribution to N'(0,2f). With the notations of Theorem 1, ¥1(f) = 2f/02, Sa(f) = 0.
The second method estimator, based on the relation vo(f) = 02/2f, is given by:
~ o*T
Fo=—oL
2 [ X2ds
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The equation Lgs(z) = (02/2f)—2? admits an explicit solution g, such that gh(x) = —z/f. Thus,
T-1/2 fOT(Xf — (6%/2f))ds converges in distributon to N'(0,02V) with V = [(x/f)?u(f,z)dx =
ot/2f3. This yields that \/T(fT — f) converges in distribution to A/(0,2f). In this special exam-
ple, fT and fT have the same asymptotic distribution. Note that fA'T can be computed without
knowing o2 which is preferable.

e Example 2: ®(f,z) = fa3, f > 0.

The function ®(f,z) = fa® does not satisfy all our (sufficient) assumptions but the existence and
uniqueness of an invariant density can be checked directly. The stationary distribution wu(f,.) is
unique and defined by the implicit equation (9). As u(f,.) is symmetric, [(z —y)3u(f,y)dy =
23 + 3272(f). Therefore, equation (3) starting with Xo ~ u(f, z)dx, writes:

(37) dX; = —f(X? 43X, v (f))dt + cdWy, Xo ~ u(f,z)dz.
where

2

and v2(f) is implicitly given as the unique solution (see Benachour et al. (1998a)) of

.%'4
ul(f,z) = exp [—a—2f< n 3x2w<f>>} J(ulf, )

@) [#eo [—a—%f(””; +32(1) | do =) [ exo [—U‘Qf(x; + 362 (1)) | da.

Let_us start with the exact maximum likelihood estimator. It is defined as the solution of

¢ (E7)) = 0, ie.

~ ~
o~ o~

T .
/ (X} +3X (v (Fr) — £rvyg(fr)]d X,
0

T ~ —~ P —~
_ / 28 (XP + 3, (12(Fr)) + (Fr)23Ximh(Er)dt.
0

Differentiating this identity w.r.t. f, equation (38) allows to obtain an expression of v5(f) as a

function of (f,v2(f),v4(f),v6(f). But this does not help in obtaining an explicit equation fr.
This illustrates the fact that the exact MLE is intractable.

Let us now look at the maximum contrast estimator of f based on (X, ¢ € [0,27]. We are not
in the framework of Theorem 1 since f; = 0. But we can compute explicitly the estimator of f
and get using (24)

i _szT(XE +3X%(T))dX, _ Nr
2T(X3 + 3X72(T))2dt Dy’

Define
(39) a(f) =76(f) + 9% () + 6%2()va(f); e(f) = 3(valf) + 373 (f)).
As T — oo, % — Jp(@® 4 3z72(f))*u(f, x)dz = a(f). We write:

g

VT(fr—f) = “Dy/T

2T
T-1/2 / (X3P + 3X,75(T))dW,;
T

2T 3X,(XP + 3X,92(T))dt/T
Dr/T

+ VT (2(f) —32(T))
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We have that % [27 3X,(X} + 3XﬁQ( ))dt — ¢(f) and,
fQT X3 4 3X32(T))dW; = f (X3 + 3X72(f))dW; + op(1). Thus,

~ o 1 2T
VIir-1) = s /T (XP + 3X,a(f))dW

+ VTGaf) = RAD) S0+ on(D),
Now, using (25) and (26)
R o2 [T e(f)
VIGr-1) = 22 [0+ 3Xeniran(s) + 1 (X 10m(9)) a.
+ Op(l).
Using the notations of Theorem 1, 31(f) = a(lf)’ Yo(f) = f2 22282 /( 1(@)u(f, z)dx

VI(fr = f) =2 N (0,0%(Z1(f) + Z2(/))) -
Let us now look at the second method for f. The Ito formula yields:

EX? =EX? - Qf/ (X3 4+ 3Xy0(f))ds + o°t.

By the strict stationarity, we get: f(2v4(f) + 673(f)) = 0. Thus, we can define an estimator of

[ by

1= B + 6D
We obtain the limiting distribution of vT'(fr — f) by the delta method using that vT'(3(T) —
Y2(f),7a(T) — ~va(f)) is asymptotically Gaussian with covariance given in (27).

e Example 3: &(f

) = fiz + f3x3, f1 > 0,f3 >0 (k= 2).
We have that b(f, x) =

—(frz+ fg(x + 3272(f))) = —((f1 + 372 (f) f3)x + f3z3), and

(1) =200 (7). == (5 ")
This yields

n o 2T 2T 2 2T -4

fra) _ _ <1 372(T)> vt (g, XodXo\ L ore 0y — T XZ ds 7, ds)

fr3 0 1 7 X3dX, o Xids [70 XSds
According to Theorem 1, the asymptotic variance of VI'(fp — f) is 02(S1(f) + So(f)) where
Y1(f) = My Y (F)U=L(£) (M, (F)) and Bo(F) = [ B(F, z) B (F, x)u(f, 2)dz, with

_ [ 2(f) a(f) _ _ _ ,
wi) = (20 740 5 = 660 = Ma(®) 0. 54 (O

3 _ 2
Therefore we get that X1 (f) = (y2(f)v6(f) —12(f))~ <76 + 0727 +29fy2 M 372).
—Y4 = 3% 72

/
Now, for v(z) = (0, g} (2)), M) = BA)) o that

0
B(F, ) — <3f3%3(x)), and Sa(f) = 9/2 (fo (2))? . u(f, z)dx 8>
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4. PARAMETRIC INFERENCE IN NONCENTERED STATIONARY REGIME.

In this section, we assume that the process (3) is in noncentered stationary regime. Thus, we
assume

o [H7] Xo ~ un(f,.) = u(f,. — m),
i.e. we observe the process such that:
(40) dX; =— / D+ L(X¢) (Xt —y)dy dt + cdWy,  Xo =1 ~ up(z)dz,
where up,(.) = u(. —m) and u = u(f,.) is the unique symmetric solution of (9). Hence, for all
t >0, L(Xt) = um(z)dz, so that
dX; =b(f,m, Xy) dt +cdWy, Xo=mn~up(z)dr, bf,m,z)=—Dxun(X:)

In this case, E(X;) = m for all ¢ and m must be estimated in addition to f. Now, we have:
(41) b(f,m,x) = — / S(x—m— (y—m))up(y)dy = —P *u(x —m) = b(f,z — m).
As m is unknown, we set m = T~1 fOT X,ds and consider the contrast

2T 1 2T
(42) Ar(f) = / b(f, X — M)dX,s — 5 / V2 (f, X — m)ds.
T T
As previously, we proceed in two steps. First we define ET by
(43) Urby = Zr
with (see (30))

oT o7
(44) Zr = / 2(Xs —m)dXs, ¥p = (/ (X, — m)2z+2j+2d5)0§i,j§k—1~
T T
Now, we set Ya(T - fo — i)2ds, £ > 0 and define the estimator £y by
(45) by = Mka, M, = MlgA’Q‘f(T)’g:Ov---vk—l).

Proposition 7. Assume [H5] and [H7]. As T tends to infinity, m —4s. m and for £ > 1,
You(T) —as. Yoo(f) = [ 2% u(f, x)dx. Moreover,

(46) VI —m) = f/ H(Xs — m)dW, + op(L),

(47) VT (Ga0(T) — au(£)) / H(Xa — m)dWe + op(1),

where hiy(z) = — ortey 2, vu(f, v)dv and hi(x) = gj(x) = —% JZ o (0% =720(£))u(f, v)dv
(see (25)).

Consequently, for all k, the vector (VT (m — m), VT (Fae(T) — vo0(£)),£ = 1,..., k) converges in
distribution to Ni.1(0, ([ hj(v)h;(v)u(f, v)dv))o<i j<i)

Theorem 2. Assume [H5] and [H7].

e The estimator fy is consistent and /T (fp —£) converges in distribution to Ny (0,025 (f)) where
Y (f) is defined in (31).

e The joint asymptotic distribution of (ﬁz,fT) is as follows

(VT = m). VI = 1) = N (0,07 (I SE05 - Tl ),
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where h{y is defined in Proposition 7, 5 = S(f,.) is defined in (33) and X(f) is defined in (31).

Note that ?T and /fT have the same asymptotic distribution.

Example 1. Consider the Ornstein-Uhlenbeck process in non centered stationary regime: dX; =
—f(X; —m)dt + odW; with stationary distribution equal to wy,(z)dz = N (m,0?/2f). The MLE
based on (Xy,t € [0,7] can be computed in this model:

3ol mmm)dXe s XXy / Xuds, I(f)= (f2 0 )
JE (X, — )2t TfT 0 o?/(2f)

The asymptotic distribution of \/T(T%T m), fT f) is the Gaussian law N5(0, 027 1(f)). The
maximum contrast estimator is given by:

2T ~
_ X; — m)dX, e
fr=-— TQT( t m) ta fﬁ—/ Xsds.
(X —m)2dt T Jo
We have My = —1, U(f) = 02/2f, 21(f) = 2f/0?, La(f) = 0. The contrast estimator has the
same asymptotic distribution as the exact MLE.

5. NUMERICAL CONSIDERATIONS

5.1. Computation of the stationary distribution. The symmetric stationary distribution
u of (3) can be computed numerically (see e.g. Benachour et al., 1998a). Indeed,

1 2 2
u(z) = e exp [—ﬁF(:L')]dx, v(u) = /exp [—ﬁF(:r)]d:r

k=1 9py9 k-1 .
x 2t +1
F@) =3 iy S unt (g, ) V-0 = B = [ Muta)ds
/= =/
and v = (25,7 = 1,...,k —1)". For each f, the vector v is the unique solution of the system:

2 2 :
V2j /exp [—ﬁFy(x)]dw = /sz exp [—;Fw(w)]dx, j=1...,k—1,

and can therefore be numerically computed. Once F), is obtained, u may also be numerically
obtained.

5.2. Approximation of the stationary distribution. Here is another way of approximating
the stationary distribution u (see Malrieu (2003)). Consider the system of IV interacting particles
given by:

N
N 1 N N i N i
(48) d¢; :‘NZ;‘W —&M)dt+odB], &N =&, i=1,...,N,
‘]:
where (B?,i = 1,...,N) are independent Brownian motions, (&,i = 1,..., N) are i.i.d. random

variables independent of (B%,i = 1,..., N) and ® satisfies [H1]-[H4]. Set
, . 1 X ,
XY =gt - 13 0gY, xi=xi- [ [ o0 -+ o8, X =6 - Eg
j=1

where ug is the distribution of X!. Then, for any fixed p, the vector of process ((XZ’N),i =
1,...,p) converges to the vector of process ((X{),i = 1...,p) which are i.i.d. with distribution
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equal to the distribution of (3).

Moreover, the N-dimensional process (XZ’N,i = 1...,N) admits an invariant distribution vy
whose first marginal v} converges to the invariant distribution u of (X}) (in the W, Wasserstein
distance).

The distribution vy is given by the density:

N
1 1 v
v (ot an) = ol oy exp [—Wg_jlwm —z;)], W(x) = /O (y)dy,
where M = {(z1,...,zn), Zfil z; = 0} and Zy is the norming constant. Thus, for large N, v}
approximates u(x)dz.
6. CONCLUDING REMARKS

In this paper, we study the estimation of an unknown parameter f = (foj11,7 =0,...,k—1)

in the interaction term ®(f, z) from the continuous observation of the McKean-Vlasov process

with ®(f, z) = E;‘:& f2j12% T f1 >0, foj1 > 0,5 =1,...,k—1, throughout the time interval
[0,2T]. Here L£(X;) represents the law of X;. The interaction term ®(f,x) is an odd increasing
polynomial with known degree 2k — 1. Under appropriate conditions, the process (X;) admits a
stationary distribution. We assume here that (X3) is in stationary regime. The statistical prob-
lem is completely different from the case of usual stochastic differential equations. It follows from
equation (49) that, whatever the initial distribution, the process (X;) has a constant expectation
m. Contrary to classical stochastic differential equations, stationary distributions of model (49)
are uniquely determined only if the expectation of (X;) is specified. Equation (49) is not precise
enough for this. If E(X;) = 0,(49) admits a unique invariant distribution with symmetric density
u(f, z) recalled in Proposition 1. If E(X;) = m, (49) admits a unique invariant distribution
with density u(f,z —m). Therefore, we first study the estimation of f when (X}) is in centered
stationary regime (Xo ~ u(f,z)dx). Then, we study the joint estimation of (m,f) when the
process is in non centered stationary regime (Xg ~ u(f,x — m)dx).

When (X}) is in stationary regime, £(X;) does no longer depend on ¢ and is equal to the station-
ary distribution u(f, z)dz in centered stationary regime and to u(f,z —m)dz in stationary regime
with expectation m. Due to the polynomial form of the interaction function ®, the convolution
product ® xu(f,.) (resp. ®*xu(f,. —m)) is explicitely given as a function of f and the moments
of the invariant distribution. These moments have no explicit expression as functions of f and
m. Therefore, the exact log-likelihood can be studied theoretically (Proposition 4) but does not
lead to computable estimators.

This is why we first build estimators of the stationary distribution moments based on the sample
path (X, ¢ € [0,7]). Then, to build an explicit contrast, we plug these moment estimators into
the exact conditional log-likelihood given X7 of (49), based on the sample (X;,t € [T,2T]). We
prove that these estimators are consistent and asymptotically Gaussian with rate v/7.

Extensions of this work naturally comprise the introduction of an additional potential term
V(a, ) in the drift of equation (49).
In practice, only discretizations of the sample path are generally available. This study could be
extended to take into account discrete observations.
In here, we assume that the degree of the interaction function ® is known. When it is unknown,
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the question of estimating this degree is of interest but beyond the scope of this paper.

7. PROOFS

Proof of Lemma 1. Since u admits a £ 4+ 1-th order moment, ® x u is well-defined. As u is
even, we have:

beu(-o) = [S(o-yulp)dy=- [+ uln)dy
= - / (x — y)u(—y)dy = — / ®(z — y)u(y)dy = =P * u(z).

Let z > 0, as ® is convex on R by [H3] and u is even,

Drulr) = B(a)+ / (@ — y) — D()uly)dy

= 0(@)+ [(@—9) + o+ y) — 20(@)uly)dy

2
> d(x).

Using that ® is odd, we have:

Bru(a) = 0(a) + ;[ (@ +y) ~ ¥y —2)  20(@)uly)dy = ; [ (@ +y) -y —2)ulv)dy.

By [H2], we deduce:

D xu(r) < cm/(Q + |z + y|z + |z — y|€)dy < cpx(1+ zt —I—/ ygu(y)dy].
0
O

Proof of Proposition 2. The result for (Y;) is standard. By computing the scale and the
speed density, we obtain that (Y}) is positive recurrent and admits w,, as invariant density (see
e.g. Kutoyants, 2004). When Yy = & = 1 ~ u,, by the uniqueness of solution, we obtain that
Yi=& forallt > 0. O

Proof of Proposition 4. Recall that X; = Y; (see Proposition 2). We have, applying the
ergodic theorem, as u has moments of any order by (10),

1

P = ) ey, 5 [OE.2) = blto,2) Pus )y =~ K (6. D)

Now, K (fy,f) = 0 is equivalent to "for all z, b(f,x) = b(fy, z)”, as ug, is positive and continuous
on R. This in turn implies that u(f,.) = u(fo,.) and My (f)f = My (fo)fy (see Proposition 3). As
uf = ug,, their moments are identical, i.e. vy9(f) = y20(fy) for all £. Thus, My (f) = My (f). As
M. (fp) is invertible, we conclude f = fj.

Now, the proof of consistency of the maximum likelihood estimator standardly follows.
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Next,
Qa?fil(f) N OT afiil (F, Xs)d X, — / ) 3211 X)b(f, X,)ds
T
— 0 8]211 (£, X )W
02%(1‘) _ OTE)Jchfj;f%,H(f’XS)(dXS_b(f,XS)dS)
-] G g X

T 9%b b

— f Xs)dWy —
? 0 8f21+18f2z+1 / af21+1 )5f22+1

. ab . . .
The functions m(f , ), m(f ,x) are polynomial and thus integrable with respect to

(f, Xs))ds.

ug. Under Pg, by the ergodic theorem and the central limit theorem for stochastic integrals, for
all 4,7,

‘7—2( Oz (£),i=0,...k—1) =, N(0,0%I)
\/T af27/+1 ) 9 ﬁ ) f b
1 (T 9%b o2 %y

(f, X5)dWs)iiw  — 0, ( (£))ii — —It,

(T 0 Of2ir10f211 T foi110 fairt1
where Iy = (I[%(f’ x)]af . (f x)|u(f, z)dz).

For any vector a = (aj . ..ak) , d'Ira = I[Zf:_ol ai%(f, x)]?u(f,z)dr > 0 as the function

under the integral is a polynomial and u(f, z) is positive for all . By standard method, we can

prove that the maximum likelihood 7 associated with (17) satisfies

VT(Er — £) 5 N(0,0%I7Y).
Od

Proof of Proposition 5. This result is classical. By the ergodic theorem applied to (X; = Y;),

we have that Wp /T converges a.s. to \Il(f) For any vector a’ = (ag,...,ax_1),
/ Zagx%"'l (f,z)dx >0
R =0

as the integrand is a polynomial and u is R-supported. Thus, ¥(f) is positive definite.
We write:

2T or k=1 } 2T
/ X¥Hlgx, = / X2 “byya XM ds + o / X2+,
T T =0 T

Thus, for large enough T,

1 1
— 1
(T T)”

10

1y '
ZT—bT—b+( W)~ T 2T X2 AW,

0<i<k—1
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As Urp /T convergeb a.s. to \Il(f) the vector of stochastic integrals 7 fj%T z(Xs)dWs converges a.s.
to 0. Moreover, f s)dW converges in distribution to Ny (0,2¥(f)). Consequently, br

converges to b and \F(bT b) converges in distribution to the Gaussian law N} (0, 02¥~1(f)). O

Proof of Theorem 1. For the proof, we set U(f) = U, Mp(f) = My, u(f,.) = u(.) and
v2¢(f) = 2. The relation br = Myfr implies Zp = Uy M fr (see (21)). We have

2T
Zr = ‘I’Tb—l-a/ 2(Xs)dWs
T

UMty = UpMuf + UMy, (fr — £) + U (M), — My,)f + Up(My — M) (Fr — £).

Therefore, noting that W7 Mf = Urb, we obtain:

(50) %\IJTMk\/T(?T —f) = o / . )dW, — UNT (M, — My)f — Ry
(51) = UMNVT(Er —£) + Sr
with
(52) Re = (mWr — W)VT(Mi ~ Myf + %wT\/ﬂm — M) Er— )
(53) Sp = ﬁ(%\pT — UMy, (fr — £).
Finally,

UM NT (Fr — =7z /2T §)dW, — UNT(My, — My)f — Ry — Sy.

It is the sum of two main terms and two remainders. The second term (v/T (]\/l\ x — My,) depends on
the observation (X¢,t € [0,7]) while the first one depends on the sample path (X, ¢ € [T, 2T7).

To study (vVT(Mj, — M), we have to precise the limiting distribution of the vector of centered
and normalized moments T/2((3a¢(T) — ya¢))_, - For g an element of D (see (69)-(70)), we
have

T T
- / Lg(X)ds = g(Xr) — g(Xo) + 0 / g (X)dW,,
0 0

where Lg(z) = b(f, m)g’(x)—i—%Qg”(x). Let g, be any element of D such that Lgy(x) = — (22 —72).

(54) i) = gi(w) = <202 (o) [ " (4 = ae)uy)dy.

—00

As gy belongs to L2(u(x)dz), and (X;) is stationary with marginal distribution u(x)dz,

(55) Ea(00(Xr) ~ 9e(X0)* <2 [ gF(a)u(w)da.
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Thus,
T
VTGalT) — ) = —% " Lau(xis
o T 1
- = /0 GHXKJAW, + —(01(X7) - 0e(X0)
2T
(56) - = /0 110.71()g4(X:) AW, + 0p(1),

by (55). So the vector T2(Fg(T) — Y20)p=1,.. ) converges in distribution to N (0,02V) with
V = (Vij)o<ij<k—1 and Vj; = [ gi(x z)g;(z)u(r)dz.

Consequently, as we have \F(Mk — M) = Op(1), (¥7/T) — ¥ = op(1), f—f= op(1l), we
concude that the remainder term Ry = op(1).

We can treat analogously each term of vT'((¥7/T) — ¥) and prove that /T'((¥7/T) — ¥) =
Op(1). Consequently, St = op(1).

Therefore, from (50) and (51),

VT(Er—f) = \if X)dW, = M 'VT (M, — My)f + op(1)
(57) - = / (Lirary(s)alf, X.) — Loz ()(E, X.)) dWs + op(L),
where
k—1 k—1 ;3
(58) ar(f,0) = D [M o 310 uga® = (e |
u=0 =0 2k
= 2w+ 1 /
(59) Bulfr) = S 75 Y ( v >g;j<x>f2v+11jgv _ )
j=0 v=j

where M ,f‘/ is the matrix M}, where all y9; are replaced by g} (x) (with g = 0). Finally, we apply
the ergodic theorem for stochastic integrals to obtain:

VT(E = £) =2 N;u(0,0°S(F))  where S(f) = 31 (£) + So(f)

with
El(f):/(a(f,w)[a(fﬂv)] u(a)de = Mo (M
and 35(6) = [ 9(E2)IBE ) )

Proof of Proposition 6. Define Dy = diag((2¢ — 1),¢ = 1,...,k) the diagonal matrix
with diagonal element £(2¢ —1). We have B(f) = 02Dy (1 y2(f) ...7p-1)(f)). The vector

VT(17(T) ... Aok—1) (1)) =1 72(F) ... yo—1)(f))’ converges in distribution to Ny (0, 0V (f))
where V(f) is defined in (27). Consequently, the vector v/T'(Bp — B(f)) converges in distribution
to N (0, K') with

(60) K =o'D,V(f)D

The result of Proposition 6 follows.
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g

Proof of Proposition 7. By the ergodic theorem m = 7! fOT Xsds = [zt (z)dz = m. For
e (T'), we write:

~ e 120 e 20
You(T)== | Xs—m+m—-—m)*ds = — [ (Xs—m)*ds
T Jo T Jo
X2\ T
5 L N2k P
+ (m m);<k)T/0 (Xs —m)= "ds(m —m)" .
The first term of the sum converges to [(z — m)*uy(v)dz = [(z — m)*u(zx — m)dz =

fx%u(x)dx = 9¢. The second term tends to 0 as m — m tends to 0 and is multiplied by a
factor tending to a limit.
The infinitesimal generator L — m of (40) is given by

0.2
(g'u(- = m))'(z).

Fnd) = e —m)

Thus, the equality

T T
9(Xr) - g(Xo) = /0 Lig(X.)ds + 0 /0 §(X,)dWW,

implies, as (X;) is stationary,

1 T T ,
-2 /0 Long(Xo)ds = o /O § (X AW, + op(1).

For f a u;, square integrable function, the solution of L,,g = —(f — [ f(z)um(z)dz) is

J(z) = SR /wm u(v) (f(m +v) — /f(m + y)u(y)dy) dv.

o?u(x —m)

For f(z) = x, we get ¢'(x) = Mff " vu(v)dv := hjy(x —m). Thus,
(61) VT (i / hiy(Xs —m)dWs + op(1).
For £(2) = (z—m), we get ¢/(¢) = — sy [ (0% —ra0)u(w)do = gz —m) i= Ky(a—m)
(see (54)).
Therefore,
(62) \F/ ) ) \F/ BY(Xs — m)dW, + op(1).
Now, splitting X, — m = X; — m +m — m yields,
VEGU) ) = = [ (= ) VT (V)7 [ 6w
T
+ VT(m — )’ Z (f) (m — m)H% /0 (X, — m)2*ds

k=2

For the second term, note that fo (Xs—m)* s — [(x—m)* uy(z)de = [ 2% u(z)dz =
0 as u is symmetric and 2¢ — 1 is odd. Therefore, the second term is op(1) as well as the third



22 V. GENON-CATALOT, C. LAREDO

term. Therefore, we have obtained (46) and (47). The convergence in distribution result follows.
O

Proof of Theorem 2 . Here again, we set ¥(f) = ¥, Mi(f) = M;. We proceed as in
Proposition 5 and Theorem 1. First, we prove, using (44),

¥ ~

(63) TT —as. U and \F(— —U)=0p(1) and
(64) Vi =VT (ZTT - ~b) —r N(O,OQ\I’).

From these two results, as by = (%)_1% (see (43)), we deduce:

U

(65) VT(br —b) = (-

Proof of (63): We have:

) 1VT —L ./\/(0 o2 1).

;IV’T 1 2T 1 2T o
[—1ij = / (X5 —m~+m —m)2 425 = T/ (Xy —m)20H)+24s

T T T
20i+9)+2 0, . . 2T
. 2(i +j) +2 _ —11/ 2(itj)+2—
_ _ r—1 — X, — i+j7)+2 Td
wonm S (M) Yot [ o) .
where f Xy — m)2HDNF2=rqs 5 [(x — m)2HDH2ry, ()de = [ 22044277y (2)dr and
m— m—OP( ). Thus,
U e 2(i+7)+2 2(i+5)+2
[T]Z] =7 . (Xs—m) ds+op(l) =45 [ (x—m) U (z)dr = Yo(ivi)+2 = Vij-
Next,
Uy 12T 2(i4)+2
\/T([T]z’j - 72(i+j)+2) = \/T(f . (Xs —m) ds — 72(7;+j)+2)
200 +4)+2\1 [T "
+ﬁ(m—m)< (i+7) + )/ (X, — m)20+) 1 g
1 T Jr
2i+)+2 0. . 27
2 2 1 L
+ﬁ(m B m)2 Z < (l + J) + >(m . fﬁ)rfl— / (Xs _ 7n)2(1+J)+27rdS7
—2 T T T
As2(i+j)+ 1is odd, 7 ;T(XS —m)20D) s 5, o [(x —m)20+)Fy,, (2)de = 0. Thus, the
second term above is v/T'(m —m) X 04.5.(1) = Op(1). The third term is %T( m)? x Op(1) =
op(1).
For the first term, we prove as in Proposition 7 that
1 2T i 2T
\/T(T/T (Xs —m) ()42 — Vo(iti)+2) = f/ z+]+1 —m)dWs +op(1)

e MO0 [ @) Pulo)do).
The proof of (63) is complete.
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Proof of (64): We write:

1~ 1 2T i1 1 2T i1 R
TZT,Z' = T/ (Xs - m) ? dXs = T/ (Xs — m) v b(Xs — m,f)ds —+ Tgﬂ' + T3,i
T T
k—1 1 2T ¢
e oiion T
= ij+1T / (XS _ m)21+2j+1ds + TQJ‘ + T37i = [ T ] + 715 it Ts i
=0 T
where
2T
(66) T27Z‘ = / 2'L+1(b(f7XS _ m) . b(f, XS o ﬁm))ds
2T
(67) T3; = / m) 2w,
We have:
2T
Toi= Zb23+1ZT2ZJZ7 T = T/ (X —m)2 T (X, — m)¥~4ds.
Now,
1 [T .
150 = T/ (X5 —m~4+m —m)? (X, —m)P " ds
T21+1+£ .
2 1+7 . . .
= — / < 1+ 1+ >(m . m)r(Xs _ m)Qz—l—l-}—Q]—'rds
T
2T
= / m) 2142 g
214144 . oT
-~ 2i+ 144 ol o
+ (m—m) Z < 1+ 1+ >(m_m)r 1/ (Xs_m)21+1+2] 'I’ds
r=1 " T Jr
= op(1).

Indeed, 7 T (Xs —m)?H1+2ids — 0 since 2i + 25 + 1 is odd. And the second term tends to 0.
Thus, for ¢t =0,1,...,k—1

(68) VT Ty; = VT(in —m) x op(1) = op(1).
Now, VT Ty is a martingale such that < VT Ty >p= UQITIT/T — 02WU. Therefore, VT Ty
converges in distribution to N (0, 02\11).

Finally, we have obtained v/T (— - \I'—T ) = /T T3+ op(1). The proof of (64) is achieved and
(65) follows.

Now, we can complete the proof of Theorem 2. On one hand, we have the relation (see

(67)-(68)):

Zr U
\FT% = TTb+ VT Ts + op(1).

On the other hand, we have:
U Myfr = O Mif + Op My (fr — £) + Up(My — Mp)f + Up(My, — My)(fr — £).
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Note that b = M.f and ZT = \T/TBT = \TJT]A\[]ET. Therefore, we obtain the relation:

U ~ o 2T N2
—MNT(fr —f) = — / X, — 21+1dW5> +op(1
Tt (tr =) \/T< T ( ") i=0,...,k—1 ortl)
- N .
- TT\/T(Mk — My)f — —f(Mk — M) (fr — £).
This yields:
- 2T
UMNT(fr — ) = \F/ m)dW, — OVT(My, — My)f
— RT*STjLKTJrOp(l),
where
- U T
Rr = (o5 = VT (M~ Myt + —\F(Mk — My)(fr — £),

Sr = \/T(E — W M(Er - B),
2T
Ky = \F/ — 2(Xs — m)]dWs.

As previously, we prove that Ry = op(1), Sp = op(1) using Proposition 7. We have to look at
Kp. We have:

2T 21
Kr; = o(m-— / —m+m—m)2 X, —m)dW,
21 29— 2T 2
_ i—J
- rn- Y- <j>f/ i
Each term f f X, — m)?7dW, converges in distribution while m — m tends to 0. So

Kr;=o0p(1) for i = 0, ...,k —1. Now, the term \F(Mk — Mj)f can be treated as previously
in Theorem 30 and we can write:

VT({fp—f£) = %(\IJMk)‘l /2T 2( Xy —m)dWs — VT M, (M, — My)f + op(1)
2T
= \;T/o (WM) ™ 2(X, — m)1iro7(s) + 1j7(s)B(Xs —m)) dW, + op(1)
2T
- /0 (Lpay(5)a(Xs — m) — L1y (5) B(Xs — m)) AW, + 0p(1),

with a(z) = a(f, ), 8(x) = B(f, z) defined in (58) and (59). Therefore, v/T(fy — £) converges in
distribution to N(0, 02X (f)) with X(f) defined in (31).
The result concerning the joint distribution follows from (46) and (50).0
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8. APPENDIX

We now state the central limit theorem associated with (12) (see e.g. Genon-Catalot et. al,
2000 and references therein). Let L denote the infinitesimal generator of the SDE (11),

2

g /

(69) Lg = (6%/2)g" — ® xum(.)d (g'um) )

- 2Uy,
The operator L acting on L2(u,,(x)dz) has domain D given by
(70) D = {g € L*(uy(x)dzx), g absolutely continuous, Lg € L?(u(z)dz), lim ¢'(x)/s(x) = 0}.

|z|—o00
For all g € D, [ Lg(z)um(z)dz = 0.
Proposition 8. Let f € L*(up(2)dz), set fo = f — [ f(@)um(z)dz and denote by (., .}y, the
scalar product of L?(uy,(x)dx). If f. € Range(D), then, as T tends to infinity,

) [ s e N0,
\/T o c\Xs)as L e c

where 02(f.) = —=2(fe, @u,, and g is any element of D satisfying Lg = f.. Moreover,

1 T
72 Var / fCYSdS)—)02fc.
(1) (s [ #tvas) 0%
The following relation holds:

2(f2) = ~2(for Gy, = ~2(Lg, g, = 07 / (¢ (2))Purs (2)de
R

Moreover, in model (11), Range(D) = {h € L*(um(x)dz), [ h(z)um(z)dz = 0}. Therefore,
(71)-(72) hold for all f € L?(um(x)dz).

Proposition 8 requires some comments. Its first part ((71)-(72) ) is classical. However, the
last part, i.e. that (71)-(72) hold for all f € L?(u(x)dz), is less known and not obvious.

Using (69), equation Lg = fo = f — [z f(¥)um(y)dy can be solved. Only ¢’ is needed for
0®(fe). Using (69), as [ fe(y)um(y)dy = 0, we have

x —+o0
(73)  gf(2) = ¢'(2) = 202 () / Fo (W) () dy = 2025} (x) / FoW)im (v)dy.

By Proposition 8, the integral

) )= [ (@) Pun@de =072 [ @ ( / Oo fc<y>um(y>dy)2 di

is finite for all f € L2(uy,(z)dz).
Note that the fact that (74) is finite is not obvious as [wu,!(z)dz = +oo. However, as

fjoio fe(@)um(y)dy = 0, the convergence of (74) is possible but the exact proof is not imme-
diate.

Corollary 1. Let hy, ..., hy be functions belonging to Range(D) and such that [ h;(z)um(z)dz =
0, forj=1,...,p. Define

V(hihy) = o /R Gh. (2)gh, (@)t ()



26 V. GENON-CATALOT, C. LAREDO
so that o%(h;) = V(hi, h;). The vector %(fOT hi(Ys)ds,i = 1,...,p) —¢ Np(0,V) with V =
(V(hi; hy), 1 <, j < p).

Proof of Proposition 8. The result is given in Theorem 2.2 in Genon-Catalot et al., 2000. We
know that Range(D) C {h € L2(un,(z)dx), [ h(z)un(z)dz = 0}.

This inclusion is an equality if and only if the process is p-mixing. Let y(z) = —20 =1 (®%u,,)" ().
We can check that

. -1 o . -1 .
(75) im e =0, lim 47(@) =0,

Thus, by Proposition 2.8 of the latter paper, as the limits above exist and are finite, (Xj) is
p-mixing. The p-mixing property is equivalent to the fact that 0 is a simple eigenvalue and an iso-
lated point of the spectrum of L. This implies that Range(D) = {h € L?(uy,(2)dz), [ h(2)um(z)dz =
0}. Therefore, (71)-(72) hold for all f € L?(uy,(x)dz). O

Proof of Corollary 1. The proof follows by application of the Cramér-Wold device. O

REFERENCES

[1] Amorino, C. and Gloter, A. (2020). Contrast function estimation for the drift parameter of ergodic jump
diffusion process. Scandinavian Journal of Statistics, 47 (2), 279-246.

[2] Baladron, J., Fasoli, D., Faugeras, O. and Touboul, J. (2012). Mean field description and propagation of chaos
in networks of Hodgkin-Huxley and FitzHugh-Nagumo neurons. The Journal of Mathematical Neuroscience,
2(1):10, 1-50.

[3] Ball, F. and Sirl, D. (2020) Stochastic SIR in Structured Populations. Stochastic Epidemic Models with
Inference, Part II, 123-240. Britton,T. and Pardoux, E., Editors. Lecture Notes in Mathematics, 2255,
Mathematical Biosciences Subseries, Springer.

[4] Benachour, S., Roynette, B. and Vallois, P. (1998a). Nonlinear self-stabilizing processes - I Existence, invariant
probability, propagation of chaos. Stoch. Proc. Appl. 75, 173-201.

[5] Benachour, S., Roynette, B. and Vallois, P. (1998b). Nonlinear self-stabilizing processes - II Convergence to
invariant probability. Stoch. Proc. Appl. 75, 203-224.

[6] Benedetto, D., Caglioti, E. and Pulverenti, M. (1997). A kinetic equation for granular media. Mathematical
Modelling and Numerical Analysis, 31 (5), 615-641.

[7] Belomestny, D., Pilipauskaité, V. and Podolskij, M. (2021). Semiparametric estimation of McKean-Vlasov
stochastic differential equations. Preprint Arkiv.

[8] Bibby, B.M. and Sgrensen, M. (1995). Martingale estimation functions for discretely observed diffusion
Bernoulli 1, 17-39.

[9] Bishwal, J.P.N., (2011). Estimation in Interacting Diffusions: Continuous and Discrete Sampling. Applied
Mathematics, 2, 1154-1158.

[10] Carrillo, L.A., Choi, Y.-P., Hauray, M. (2014). The derivation of swarming models: Mean-field limit and
Wasserstein distances. In: Muntean A., Toschi F. (eds) Collective Dynamics from Bacteria to Crowds. CISM
International Centre for Mechanical Sciences 553. Springer, Vienna.

[11] Cattiaux, P., Guillin, A. and Malrieu, F. (2008). Probabilistic approach for granular media equations in the
non-uniformly convex case, Probab. Theory Relat. Fields 140, 19-40.

[12] Chen, X. (2021). Maximum likelihood estimation of potential energy in interacting particle systems from
single-trajectory data. Electron. Commun. Probab. 26, 1-13.

[13] Comte, F. and Genon-Catalot, V. (2021). Drift estimation on non compact support for diffusion models.
Stochastic Processes and their Applications 134, 174-207.

[14] Comte, F., Genon-Catalot, V. and Rozenholc, Y. (2007). Penalized nonparametric mean square estimation
of the coefficients of diffusion processes. Bernoulli, 13, 514-543.

[15] Dalalyan, A. (2005). Sharp adaptive estimation of the drift function for ergodic diffusions. The Annals of
Statistics, 33, 2507-2528.

[16] Dalalyan, A. and Reiss, M. (2007). Asymptotic statistical equivalence for ergodic diffusions: the multidimen-
sional case. Probability Theory and Related Fields, 137, 25-47.



17]
18]
[19]
120]
[21]
22]
23]
[24]
125]
126]
[27]
28]
120]

[30]
31]

32]
[33]
[34]

[35]
[36]

137]
138]
139]
j40]

[41]

[42]
[43]

[44]

INFERENCE FOR ERGODIC MCKEAN VLASOV STOCHASTIC DIFFERENTIAL EQUATIONS 27

Della Maestra, L. and Hoffmann, M. (2021). Nonparametric estimation for interacting particle systems:
McKean-Vlasov models. Probability Theory and Related Fields, https://doi.org/10.1007/s00440-021-01044-6.
Eberle, A., Guillin, A. and Zimmer, R. (2019). Quantitative Harris-type theorems for diffusions and McKean-
Vlasov processes, Transactions of the American Mathematical Society 371, 7135-7173.

Forien, R. and Pardoux, E. (2022). Household epidemic models and McKean-Vlasov Poisson driven SDEs.
Preprint arXi:1907.03001, 2019. Annals of Applied Probability to appear.

Funaki, T. (1984). A certain class of diffusions processes associated with nonlinear parabolic equations, Z.
Wahrscheinlichleitstheor. Verwandte Geb. 67, 331-348.

Gértner, J. (1988). On the McKean-Vlasov limit for interacting diffusions. Mathematische Nachrichten, 137,
197-248.

Genon-Catalot, V., Jeantheau, T. and. Larédo, C. (2000). Stochastic volatility models as hidden Markov
models and statistical applications. Bernoulli 6, 1051-1079.

Genon-Catalot, V. and Larédo, C. (2021a). Probabilistic properties and parametric inference of small variance
nonlinear self-stabilizing stochastic differential equations. Stoch. Proc. Appl. 142, 513-548.

Genon-Catalot, V. and Larédo, C. (2021b). Parametric inference for small variance and long time horizon
McKean-Vlasov diffusion models. Electronic Journal of Statistics 15, 5811-5854.

Giesecke, K., Schwenkler, G. and Sirignano, J.A. (2020). Inference for large financial systems. Mathematical
Finance, 30, 3-46.

Herrmann, S., Imkeller, P. and Peithmann, D. (2008). Large deviations and a Kramers’type law for self-
stabilizing diffusions. The Annals of Applied Probability, 18, 1379-1423.

Herrmann, S. and Tugaut, J. (2010). Non uniqueness of stationary measures for self-stabilizing diffusions.
Stoch. Proc. Appl. 120, 1215-1246.

Hoffmann, M. (1999). Adaptive estimation in diffusion processes. Stochastic Processes and their Applications,
79, 135-163.

Hopfner, R. (2014). Asymptotic Statistics with a View to Stochastic Processes. Walter de Gruyter,
Berlin/Boston.

Tacus, S. M., (2010). Simulation and inference for stochastic differential equations. With R examples. Springer.
Kasonga, R.A. (1990). Maximum likelihood theory for large interacting systems. SIAM Journal on Applied
Mathematics, 50, 865-875.

Kessler, M. (1997) . Estimation of an ergodic diffusion from discrete observations. Scand. J. Statist. 24,
211-229.

Kessler, M., Lindner, A. and Sgrensen, M., Editors (2012). Statistical methods for stochastic differential
equations. CRC press. Taylor & Francis Group. Boca Raton.

Kolokoltsov, V.N. (2010). Non linear Markov processes and kinetic equations 182. Cambridge University
press.

Kutoyants, Y.A., (2004). Statistical inference for ergodic diffusion processes. Springer, London.

Li, Z., Lu, F., Maggioni, M. Tang, S. and Zhang, C. (2021). On the identifiability of interaction functions in
systems of interacting particles. Stochastic Processes and their Applications 132, 135-163.

Mac Kean, H.P., Jr (1966). A class of Markov processes associated with nonlinear parabolic equation. Pro-
ceedings NatL. Acad. Sci. U.S.A. 56, 1907-1911.

Malrieu, F. (2003). Convergence to equilibrium for granular media equations and their Euler schemes. Annals
of applied Probability 13, 540-560.

Masuda, H. (2007). Ergodicity and exponential beta-mixing for multidimensional diffusions with jumps.
Stochastic Processes and their Applications, 117, 35-56.

Masuda, H. (2019). Non-Gaussian quasi-likelihood estimation of SDE driven by locally stable Lévy process.
Stochastic Processes and their Applications, 129, 1013-1059.

Meéléard, S. (1996). Asymptotic behaviour of some interacting particle systems; McKean-Vlasov and Boltz-
mann models. In Probabilistic Models for Nonlinear Partial Differential Equations, Lecture Notes in Mathe-
matics, 1627, 42-95, Springer.

Molginer, A. and Edelstein-Keshet, L. (1999). A non-local model for a swarm. Journal of Mathematical
Biology, 38, 534-570.

Nickl, R. and Ray, K. (2020). Nonparametric statistical inference for drift vector fields of multi-dimensional
diffusions. Annals of Statistics, 48, 1383-1408.

Schmisser, E. (2014). Non-parametric adaptive estimation of the drift for a jump diffusion process. Stochastic
Processes and their Applications, 124, 883-914.



28 V. GENON-CATALOT, C. LAREDO

[45] Sharrock, L., Kantas, N., Parpas, P. and Pavliotis, G.A. (2021). Parameter Estimation for the McKean-Vlasov
Stochastic Differential Equation. Preprint Arkiv.

[46] Sznitman, A.-S. (1991). Topics in propagation of chaos.Ecole d’été de probabilités de Saint-Flour XI1X-1989.
Lecture Notes in Math. 1464, 165-251. Springer, Berlin.

[47] Veretennikov, A. Yu., (2006). On ergodic measures for McKean-Vlasov stochastic equations. In Monte Carlo
and. Quasi-Monte Carlo Methods 2004, 471-486. Springer.



