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The theory of homologies introduces cell complexes to provide an algebraic description of spaces up to
topological equivalence. Attractors in state space can be studied using Branched Manifold Analysis through
Homologies: this strategy constructs a cell complex from a cloud of points in state space and uses homology
groups to characterize its topology. The approach, however, does not consider the action of the flow on the
cell complex. The procedure is here extended to take this fundamental property into account, as done with
templates. The goal is achieved endowing the cell complex with a directed graph that prescribes the flow
direction between its highest dimensional cells. The tandem of cell complex and directed graph, baptized
templex, is shown to allow for a sophisticated characterization of chaotic attractors and for an accurate
classification of them. The cases of a few well-known chaotic attractors are investigated — namely the spiral
and funnel Rossler attractors, the Lorenz attractor, the Burke and Shaw attractor and a four-dimensional

system. A link is established with their description in terms of templates.

Cell complexes can be traced back to Poincaré’s
papers of 1900, and the study of chaotic attrac-
tors using cell complexes to the nineties. Since
then, algebraic topology is seen as the mathemat-
ical formalism holding promise for a description
of chaos beyond three dimensions — there where
templates, developed in the eighties to extract the
knot content of attractors, cannot go. The advent
of computational methods with a firm ground in
topology has given a new thrust to this initiative,
which is often applied blindly, without a sound
comprehension of the information contained in a
cell complex. In this work, cell complexes are
shown to be enhanced as descriptors of the topol-
ogy of chaotic attractors, when endowed with a
directed graph that carries the information of the
flow direction in terms of allowed or forbidden
cell connections in a complex. This two compan-
ion objects are combined in one which is termed
“templex”, a word resulting from the contraction
between template and complex. Indeed, the de-
scription offered by a complex is as complete and
precise as the one obtained with a template, with-
out the burden of dimensionality restrictions.
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b)http://www.atomosyd.net/spip.php?articlel; Electronic mail:
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I. INTRODUCTION

The fact that some dynamical systems may present
complex solutions whose description resists analysis was
recognized long ago with the three-body problem.! Once
Henri Poincaré understood the inherent complexity com-
bined with a sensitivity to initial conditions of its
solutions,? he developed the Analysis Situs,> while knot
theory was maturating.* ® In his investigation of the so-
lutions to the three-body problem, Poincaré was already
thinking in terms of manifolds, leading to the concept of
homoclinic orbit and the inextricable entanglement which
was finally sketched by Melnikov.? Using a representation
based on isopleths, Lorenz provided the first interpreta-
tion of a solution to a dynamical system in terms of what
is now called a branched manifold.!? Slightly later, the
concept of branched manifold was formally introduced
by Williams'! who later made a link with knot theory.'?
Templates were then used to describe the solution to dy-
namical systems.!?> 1> Templates are viewed as a knot-
holder.'?16 Indeed, due to the richness of their structure,
chaotic attractors (or “strange” in the sense of Ruelle and
Takens,'” that is, not regular or not described by a sim-
ple manifold) require a sophisticated approach to capture
their specificities and to classify them accurately.!82°

Homological algebra started in the 19th century, with
the work of Riemann (1857) and Betti (1871).%212% In
1895, Poincaré introduced the notion of homology num-
bers and in 1925, Emmy Noether shifted the attention
to the “homology groups” of a space.?? The basic build-
ing blocks in theory of homologies are called cells and
are assembled into complexes. A cell complex is hence
a sort of layered structure, built up of cells of various
dimensions.®® Such a complex can be constructed from
a cloud of points in an arbitrary number of dimensions:
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the cloud is replaced with a set of glued patches, from
which a cell complex can be built.?! The computation of
Betti numbers using this approach was applied to regu-
lar attractors, that is, to quasi-periodic regimes.?? A few
years later, the approach was extended to handle clouds
of points obtained from time-delay embeddings of exper-
imental time series® as well as clouds of points obtained
by integrating nonlinear dynamical systems related to
simple branched manifolds.?* In these two works, the
cell complex can be non-simplicial (facilitating its con-
struction) and the description is enriched, going beyond
Betti numbers. The extended algorithm identifies the
k-generators of the homology groups and introduces ori-
entability chains.?33* More recent applications of this ap-
proach, now called BRAMAH (Branched Manifold Anal-
ysis through Homologies), incorporate the extraction of
weak boundaries,>*3% enabling a more precise description
of four-dimensional manifolds. Note also that Conley in-
dex was used for constructing a symbolic dynamics for
thick first-return map.3”

Templates can only be constructed for two-dimensional
branched manifolds, while homology groups are defined
without dimensional restrictions. The description in
terms of templates limits the topological analysis of
chaotic attractors to those whose embedding dimension
is 3. Since there are many higher-dimensional attrac-
tors, it is of primary interest to extend the topologi-
cal analysis to higher-dimensional attractors. An at-
tempt to extend templates beyond three dimensions by
using simplicial complexes was proposed but left with-
out achievements.?®3% There is no doubt that the most
promising approach is based on homology groups, and
before attacking high-dimensional attractors, it is nec-
essary to develop an approach based on complexes and
homology groups which provides a description of chaotic
attractors at the accuracy offered by templates. This
is what will be developed in this paper with two key
steps: orienting the cells of the complex taking into ac-
count the flow direction and associating a directed graph
or digraph to it. To the best of our knowledge, no previ-
ous approach has ever considered a cell complex endowed
with a directed graph, carrying the information of the
flow direction in terms of allowed cell connections. To
accurately consider the rich structure of chaotic attrac-
tors in terms of cell complexes, it therefore appeared as
a requirement to introduce a mathematical object that
will hereafter be termed “templex”. We will thus extend
the numerical procedure initially based on a sole com-
plex, to a procedure based on a complex endowed with
a digraph, allowing to derive subtemplexes (parts of the
original templex) which will play the role of strips in tem-
plates.

The aim of this paper is to show how a templex bridges
the gap between the descriptions of chaotic attractors
by homologies and templates. A brief introduction to
templates and homology groups is provided in Section II
with an introduction to the specific concepts required in
our sophisticated strategy. In Section III, four attrac-

tors produced by strongly dissipative systems, namely
the Rossler, the Lorenz, the Burke and Shaw and a four-
dimensional system, are extensively treated. Section V
gives a conclusion.

Il. TOPOLOGICAL BACKGROUND
A. Templates as knot-holders for chaotic attractors

A chaotic attractor is an invariant set under the ac-
tion of the flow ¢; which can be bounded by a semi-
permeable surface.*’ Consequently, chaotic attractors
can be bounded by genus-g tori whose holes are most
often associated with singular points circled by the
flow.*42 As we shall see, these holes are not holes in
the sense of homologies, that is, they are not necessarily
equivalent to generators of the homology groups. They
are of two types: (i) those of the focus type which are
circled by the flow as a periodic orbit circles a focus point
and (ii) those which are associated with a tearing of the
flow, splitting the attractor in strips with boundaries. It
can be shown that there is always a hole of the saddle
type between two holes of the focus type.*? A few simple
bounding tori are drawn in Fig.1. The periphery of the
attractor is easily defined from the bounding torus and
it can be naturally oriented according to the flow. Once
the bounding torus is identified, the next step is to con-
struct a Poincaré section and to compute a first-return
map to it. The non trivial result from these bounding
tori is that, when g > 2, a Poincaré section is made of
g—1 components*? which must be oriented from the cen-
ter to the periphery to remove some degeneracy among
the first-return maps.** A bounding torus is thus a man-
ifold which can be naturally oriented according to the
flow.

For strongly dissipative systems, the first-return map is
one-dimensional and the number of monotone branches
provides the number Ny of strips required to construct
the corresponding template.** The critical points of the
map — defining the partition of the map into Ny branches
— discriminate the different paths followed by the flow
¢¢ determining the (fictive) boundaries between the dif-
ferent strips. Typically, a strip is defined between a
splitting chart [Fig. 2(a)] and a joining chart [Fig. 2(b)]
where the strips are fictively split to allow an easily read-
able representation of them and where the strips are
joined (squeezed) into a single strip, respectively. Ac-
cording to the standard insertion convention introduced
by Tufillaro,'¢ the strips are merged from the back to the
front and from the left to the right [Fig. 11(b)]. Typically,
all the non-trivial dynamical processes are captured be-
tween the splitting chart where the template is split into
strips and the joining chart where the strips are merged
into a single one. The joining chart is ended by a joining
line which corresponds to a Poincaré section [thick line
in Fig. 2(b)].

Between these two charts, the strips can present local



AlP

Publishing

O
CORIoN:
(a) g=1 (b) g=3 (c)g=4

Figure 1: Bounding tori of various genus g (g < 4). The
g — 1 components of the Poincaré section are plotted as
thick lines. Case (a) applies for the Rossler attractor
and (b) for the Lorenz attractor. Cases (c) may
correspond to the 3-fold covers of the proto-Lorenz
system. 4546
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(a) Splitting chart

(b) Joining chart

Figure 2: An ingoing strip is split into three outgoing
strips according to the two critical points Py and Py (a)
which are then joined into a single outgoing strip (b).
In (a), true boundaries are in solid thick lines and
fictive boundaries are in dashed thick lines. The very
thick line (b) represents the joining line (branch line).

torsion and can be permuted. The template is closed
by connecting the joining chart with the splitting chart
with a trivial strip as drawn in the example of Fig. 3. At
the joining chart, there is a joining line'* (corresponding
to the joining locus in the next section) at which, by
definition, the flow cannot be reversed without violating
uniqueness. The dynamics is described by the template
in terms of charts and strips. According to a theorem
due to Birman and Williams, the link of periodic orbits
Ly of the flow ¢, is in bijective correspondence (under
an ambient isotopy) with the link of periodic orbits L
of the corresponding template T.47

Each strip can be labelled with an integer using the
natural order from the center to the periphery and whose
parity is defined by the parity of the local torsion: in the
case of Fig. 3, we have thus 0 < 1 <2 (note that one could
have used also 2 < 5 < 8). When the Poincaré section has
N = g—1 components (joining lines) as for an attractor
bounded by a torus with a genus g > 2, it is still possible
to define a total order < for ordering the different strips
spread in them.' This total order is used to compute the
first-return map as it will be explained in the case of the
Lorenz attractor (see Section IITA).

A template can be described using an Ng x Ny linking
matrix L;; such that L;; is the local torsion of the ith

Splitting chart
P
E Local torsion
R
|
P
H

Permutation
E
R
Y

Joining chart

Figure 3: An example of template made of Ng = 3 strips
and Ny = 1 joining line. This template corresponds to
an attractor bounded by a genus-1 torus. True
boundaries are in solid line and fictive boundaries are in
dashed line. The thick line represents the joining line.
The arrow indicates the direction of the flow ¢;.

strip and L;; is the permutation between the ith and
the jth strips (i # 5).1%% The linking matrix is thus
symmetric. When there is a single component to the
Poincaré section (N, = 1), an N. x Ny joining matrix
states the order with which the strips are joined, from
the bottom to the top.!® In the case of the template T
drawn in Fig. 3, the linking matrix is

0 -1 -1
Lij=|-1-1 -2 (1)
-1 -2 -2

and the joining matrix is

Jp=[1 1], (2)

which is, in this example, trivial and is commonly omit-
ted. Since the links of periodic orbits L4 and Lt are
equivalent under an ambient isotopy, the linking num-
bers are equal for both. Linking numbers are defined
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Ly = (01,0;) = >o& (3)
01002

N =

where €; = +1 is the sign of the ith crossing and O; n
O3 denotes the crossings between an orbit O; and an
orbit Oy in some regular representation. By definition,
Lk(01702) €.

B. Homology groups

Topological data analysis through homologies starts
with the construction of a complex from a finite set of
points in some multidimensional space. In nonlinear dy-
namics, this set of points can proceed, for instance, from
the integration of a system of ordinary differential equa-
tions, or from an embedding of a dataset. There are
different rules for constructing a complex. For instance,
a Cech complex is a complex built on a set of points
such that, for balls of a certain radius defined around all
the points in the set, there is a cell for every finite sub-
set of balls with nonempty intersection.*® In the case of
BRAMAH, the rules to construct the cell complex con-
sider the set of points in a multidimensional state space
which lies locally on a branched k-manifold (x € N), and
uses subsets of points that can be locally approximated
by k-disks to construct k-cells [whose boundaries have as
many (k- 1)-cells as necessary], and glues them together
in a complex of dimension k. A BRAMAH complex is a
cell complex built in this manner. By construction, the
dimension of a BRAMAH complex coincides with the lo-
cal dimension of the manifold on which an attractor lies.
Further details on the construction of a BRAMAH com-
plex from a cloud of points are given in Appendix A. For
strongly dissipative dynamical systems as considered in
this work, the data points are recorded from the invariant
set and they lie on a branched 2-manifold (an algorithmic
procedure to construct a BRAMAH complex of dimen-
sion 2 from a cloud of points in three or four dimensions
is proposed in Refs. 33-36, and 50). The present paper
focuses, not on this construction, but on the extraction
of the topological properties from a BRAMAH complex.

Before defining homology groups, let us first introduce
the class of spaces for which they are defined, which is the
class of all polyhedra.?' A polyhedron is a space that can
be built from “building blocks” as line segments, poly-
gons, polyhedra, and their higher dimensional analogues,
by “gluing them together” along their faces. A k-cell is
defined as a set whose interior is homeomorphic to a k-
dimensional disc with the additional property that its
boundary must be divided into a finite number of (k-1)-
cells, called the faces of the k-cell. So, a 0-dimensional
cell is a point, a 1-cell is a line segment, a 2-cell is a poly-
gon, a 3-cell is a solid polyhedron with polygons, edges,
and vertices as faces. Thus, the endpoints of a 1-cell are
0-cells, the boundary of a 2-cell consists of 1-cells, etc.
A finite number of cells glued together is said to form a

cell complex K as long as the following two conditions
hold: if o and 7 are k-cells in K, then all (k- 1)-cells
of o and 7 are elements of K, and Int(o) n Int(7) = @,
where Int(A) denotes the interior of A. The dimension
k of a cell complex is defined by the dimension of its
highest-dimensional cells.

A complex K is much more than a set of points or a
tessellation: it is a layered construction equipped with a
structure of cells of various dimensions. To track all the
cells from a complex and how they are glued together,
we must also consider the directions of any edges glued
together. A complex K of dimension x = 2 is said to
be oriented if each 1-cell is given a direction (from ini-
tial point to terminal point) and each 2-cell is given a
direction (clockwise or counterclockwise). Note that the
choices of directions for 1-cells and 2-cells are a priori
arbitrary. For oriented complexes K of dimension x, a
k-chain C} is defined as

Ck = Zai O']iC (4)

where a; € Z and o}, is a k-cell (Vi € N). The group of all
k-chains Cj, (k =1,---,k) in K is an abelian group. Two
k-cells are adjacent if they share a (k —1)-cell. Thus, a
boundary operator

O :Cr, = Ci—1

is introduced in such a way that, for instance, the bound-
ary of an oriented 2-cell is the chain formed by the 1-
cells on its border, with a positive sign if the orientation
of an edge is consistent with the direction of the 2-cell,
and with a negative sign otherwise. By construction, the
boundary operator satisfies

Ok © Os1 = Op1 k-1,

where 0 denotes the trivial group, that is, the constant
map sending every element of Cpy1 to the group identity
in Cx—1. One can show that Jy is a homomorphism for any
complex K. Stating that “the boundary of a boundary is
trivial” is equivalent to stating that im(9g+1) € ker(9g),
where im(0g+1) designates the image of the boundary
operator and ker(9y) its kernel. The elements of the
group B (K) =im (k1) are called k-boundaries, and the
elements of Z,(K) = ker(dx) are called k-cycles. Note
that a k-cycle Cf in Cj is such that 95 (Cy) = 0, that is,
a k-cycle has no boundary. Among the k-cycles, one can
distinguish those that are the boundaries of some (k+1)-
cells (they are thus k-boundaries), and they constitute
the group By.

The groups Ck, Zi, and Bj depend on the particular
complex that is built. To excerpt the main properties of
the topology of the underlying cloud of points, an equiv-
alence relation is introduced on chains.

Theorem 1 Let C}' and C}* be two k-chains € Cj.
They are said to be homologous — noted C})' ~ C}* —

if and only if there exists a boundary of a (k+ 1)-chain
Crs1 such that Ogs1(Cre1) = CJ1 = C2.
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Since the chain group Cj is abelian, all its subgroups
are normal. It is thus possible to introduce the quotient

group
Hy, = ker(0k ) /im(Ok+1) = 21 /By,

called the kth homology group of K made of homology
classes over cycles. We denote a homology group in terms
of its generators, that is, as Hx = [g1, ..., gq], With ¢ e N.
The cardinal g of H}, corresponds to the kth Betti number
Bk. Notice that the k-generators g; of a homology group
‘Hj. are homologically independent, that is, they cannot
be deformed into each other by a continuous transforma-
tion (an isotopy). The homology groups thus cancel out
unnecessary information for characterizing the underly-
ing object. In each dimension, Hy(K) gives a piece of
information related to the properties determined by that
dimension. Thus, (i) the group Ho(K) measures the con-
nectivity of the complex, and the rank of gy refers to the
number of connected components, (ii) the group H1(K)
identifies non-trivial loops around the complex through
the 1-generators, (iii) the group H2(K) identifies the 2-
generators of Hy which identify the enclosed cavities of
the complex K.

The number of k-generators (the Betti numbers ) do
not depend on the particular complex that is built, and
allow to easily distinguish some topologically non equiv-
alent manifolds. Even if the generators are necessarily
written in terms of the labelled cells of the particular
complex, identifying and locating them in the complex is
highly relevant, since their relative intertwining offers in-
formation about how the underlying object is structured.

It is however important to remark that there is much
more information contained in a cell complex than that
encoded by the Betti numbers and the explicit genera-
tors of the homology groups. Additional properties can
be extracted if all the cells in the complex are oriented in
the same way, or, in other words, if the complex is uni-
formly oriented.?*3* Two cells are said to have the same
orientation if they are oriented so that the common edges
are canceled when summing the borders of the two cells.
Assigning a uniform orientation to a complex is simple if
the underlying manifold is Haussdorff. A space is Haus-
dorff if, for any two distinct points in space, there exist
two open sets (one for each point) which do not intersect.
Let us assume that this is the case. One can hence start
by assigning the same orientation to all the 2-cells of a
2-complex K (k = 2). This is done by choosing an ori-
entation for one 2-cell (e.g. clockwise) and propagating
it across the rest of the 2-cells, till they are all oriented
in the same manner. This yields a uniformly oriented
complex K*“.

Now, let T' = ¥, o4 where o} are all the 2-cells in K*.
Let us write

8(F): ZajJ{ +ij0'{,
J J

———— ————
boundaries torsions

5

where a; = 1, b; # 1, and o] are 1-cells in K". The
first term refers to the boundary of the manifold underly-
ing the uniformly oriented complex, and the second term
to some torsion elements. If the first term is null, the
manifold approximated by the complex is said to have
no boundary, as for a sphere, a torus or a Klein bottle.
On the other hand, the underlying manifold is said to be
non-orientable if the second term is non zero, that is, if
OT'(K™) contains torsion elements.

Table T lists some of the topological properties (Betti
numbers f;, existence of boundaries b or torsions ele-
ments t) for some common surfaces. The important mes-
sage here is that a finer description can be obtained when
one is working with a uniformly oriented complex.3%

Table I: Betti numbers §i, existence of torsion elements
t or boundaries b for some 2-dimensional manifolds.

Bo B1 B2 t b
Disk 1 0 0 No Yes
Cylinder 1 1 0 No Yes
Mobius band 1 1 0 Yes Yes
Torus 1 2 1 No No
Genus-g torus 1 2g 1 No No
Klein bottle 1 1 0 Yes No

Branched manifolds are mathematical objects which
are not Hausdorff. In order to endow the correspond-
ing complex with a uniform orientation that is compat-
ible with the flow, one must decompose the complex in
sub-units, as a template must be decomposed into strips.
This decomposition leads us to the concept of templex as
introduced in the next section.

C. Templex

State space is a ubiquitous concept that is especially
relevant in chaos and nonlinear dynamics.”! A cloud of
points in an attractor is plotted in space, but each point
in this particular space represents a state at a given time.
When one attempts to describe such sets of points with a
cell complex, an important piece of information is miss-
ing. This information concerns the flow. Templates are
in fact constructed taking the flow information into ac-
count. In order to bridge the gap between cell complexes
and templates, we need a mathematical object going be-
yond a cell complex. According to the flow, from a given
k-cell of the complex, it is only possible to go towards
a few other k-cells. These connections can be expressed
in terms of a directed graph or digraph, whose nodes
denote the highest dimensional cells of a complex, and
whose directed edges denote allowed transitions between
them. This combination of a cell complex and a digraph
will be useful to encode all the information contained in
a template, and will be therefore baptized with the term
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“templex”.

Step 0: BRAMAH complex In order to construct a
templex, let us start from a BRAMAH complex obtained
from a set of points associated with an attractor in a state
space. The orientation of the cells at this stage is not nec-
essarily uniform: any orientation is valid. Let us assume
that our attractor lies in a branched 2-manifold, so that
the dimension of the BRAMAH complex is k = 2. We
will use the Lorenz attractor as an example.

Step 1: Locating the joining locus The particularity
of a branched 2-manifold as underlying a chaotic attrac-
tor is to present a joining chart at which more than two
2-cells share a 1-cell. The first step is to locate the 1-
cells shared by at least three 2-cells (joining 1-cells). The
1-chain of these 1-cells is called the joining locus.

Step 2: Re-orienting the complex A 2-cell with one 1-
cell at the periphery of the complex is arbitrarily chosen:
this 1-cell is oriented according to the flow. For the com-
plex in Fig. 4(a), say, for instance, that the 2-cell 75 is
chosen: the peripheral 1-cell is thus oriented along the
flow and, consequently, the 2-cell is clockwise.

The other 2-cells are oriented by a simple propagation
of this orientation up to the joining locus. Indeed, one of
the specificities of a templex is that the 2-cell orientation
should not be propagated across a joining locus (it may
happen that two ingoing cells are oriented in two opposite
ways). If there are still 2-cells which have not yet been re-
oriented (because they are located across a joining locus
with respect to the initially chosen 2-cell), the procedure
is repeated from another arbitrarily chosen 2-cell not yet
re-oriented, and so on, up to the stage where all 2-cells
are re-oriented. A complex that is oriented according to
this rule will be said to be a flow-oriented complex.

In our example, the flow-oriented complex K;(L)
drawn in Fig. 4(a) for the Lorenz attractor is obtained
from two starting 2-cells (for instance, y5 and v12).

Step 3: Constructing a digraph A digraph related to
the way 2-cells are visited by the flow is constructed as
follows. Two nodes 7 and j are connected as i — j when
the flow provides a path from «; to ;. This naturally
leads to the introduction of the notion of templex.

Definition 1 A templex T = (K, Q) is made of a com-
plex K of dimension dim(K) = k and a digraph G =
(N, E) whose underlying space is a branched k-manifold
associated with a dynamical system, such that (i) the
nodes N are the k-cells of K and (ii) the edges E are
the connections between the rk-cells allowed by the flow.

An example of templex T7(L) = (K1(L),G1(L)) for
the Lorenz attractor is drawn in Figs. 4(a) and 4(b).

Step 4: Splitting the joining locus Let us designate
as the outgoing 2-cells, the 2-cells which are visited by
the flow just after crossing one of the joining 1-cells be-
longing to the joining locus. Each joining 1-cell must be

oriented according to the outgoing 2-cell from which it is
an edge. If there is a change in direction within a con-
nected set of joining 1-cells — as the O-cell (2) in Fig.
4(a) — then there is a splitting 0-cell which divides this
connected set into two different connected sets of joining
1-cells. The existence of such a splitting 0-cell is induced
by our convention for orienting the 2-cells according to
the flow. This is strongly related to the convention for
orienting the components of the Poincaré section from
the centre to the periphery to avoid different descrip-
tions of the same dynamics.*> Once this is completed,
each connected set of 1-cells sharing the same direction
corresponds to one component of the Poincaré section.
Each component is denoted by J; where 7 € N.

In the flow-oriented complex K of Fig. 4(a), the join-
ing locus is split in two chains J; = (0,1) + (1,2) and
Ja = —=(2,3) = (3,4). Here, (0,1) denotes the 1-cell start-
ing in the O-cell (0) and finishing in the O-cell (1). Fur-
ther details concerning notation are given in appendix B.
The joining locus of the complex K has thus two differ-
ent components, J; and Jo. The O-cell (2) is a splitting
0-cell.

Step 5: Removing superfluous joining 0-cells For
each chain J; of the joining locus, let us remove the
0-cells that are not its boundaries. This induces a sim-
plified flow-oriented complex, with a minimal structure
for the joining locus. For instance, the two joining
1-cells (0,1) and (1,2) are merged into a single one
((1,2)), by removing the 0-cell (1). These two 1-cells are
merged, and so the 2-cells attached to it. Notice that
this suppression can only be done if the 2-cells share the
1-cell whose boundary includes the 0-cell that will be
suppressed. After this simplification, the complex has
only one outgoing 2-cell per component of the joining
locus [Fig. 4(c)]. This so-reduced flow-oriented complex
and its associated digraph Gs(L) is what we shall call
a generating templer. Here “generating” refers to the
generating partition induced by the first-return map.
In a generating templex, the number of components of
the joining locus is equal to Nj., each joining locus
being made of a single 1-cell. There are N, outgoing
2-cells, one per component of the Poincaré section. We
have thus Ny, = N¢, a number which cannot be reduced
further.

Definition 2 A generating templex 7% = (K& G®) is
a templex composed by a flow-oriented compler K& as-
sociated with a digraph G& such that there is only one
outgoing 2-cell per component of the joining locus.

By propagating this removal of 0O-cells to the higher-
dimensional 1-cells, the 2-cells v; and vy, are merged in
a single one, and similarly for the pair v7-vs, Y9-710,
Y11-Y12, Y17-7Y18, and yi9-v20. This leads to the complex
K5(L) drawn in Fig. 4(c). The resulting complex K»(L)
has a joining locus with two components as expected,
since the Poincaré section of the Lorenz attractor has
two components. Trajectories in the attractor can cross
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the joining locus from four ingoing 2-cells, namely g, V7,
Y13, and y14. Each joining locus has two ingoing 2-cells
and one outgoing 2-cell. For instance, J; has 76 and 14
as ingoing 2-cells, and ; as outgoing 2-cell. Notice that
the total number of ingoing 2-cells is equal to the num-
ber Ny of strips in the corresponding template (4 for the
Lorenz template as discussed in Section IIT A).

A generating templex is not unique and the number
of 2-cells (or nodes) that do not share a joining 1-cell
remains arbitrary.

Step 6: Computing stripexes Let us now compute
the cycles of the generating digraph [Fig. 4(d)]. Due to
the construction of the digraph, it is efficient to compute
the cycles from the outgoing nodes (underlined) of the
joining loci. From the generating digraph G2(L), there
are three cycles

c121-2-4-6->1

c=8->9->11->13->8
and
c351-3-5-7-8-10-12->14->1

Let us imagine another generating complex K}(L) with
more numerous 2-cells than Ks(L), the 2-cells vo and 4
being split in two, leading to the addition of 74 and v},
respectively. The corresponding digraph G4(L) is drawn
in Fig. 4(e). There is the additional cycle

CiEl—>2,—>4,—>6—>l,

By construction, the cycles ¢; and ¢} are equivalent be-
cause their 2-chains visit the same ingoing and outgoing
2-cells. Note that in terms of template, they would be-
long to the same strip. Consequently, among the set of
cycles of the digraph G, if there is more than one cycle
visiting a given ingoing and a given outgoing nodes, only
one is retained. From the digraph G5(L), the cycle ¢}
(for instance) would be discarded.

Let us now introduce the order p of cycle as the number
of ingoing nodes. For the digraph G2 (L), there two order-
1 cycle (¢; and ¢2) and one order-2 cycle (c3). The latter
is in fact degenerated and shall be considered as the union
of two weak cycles, namely

€3, =1->3-5->7-8
and
c3,=8—-10-12-14->1.

In the Lorenz attractor, the weak cycles c3, and c3, are
the images of each other under the action of the rota-
tion symmetry. They are weak as boundaries are weak
when they have to be travelled more than once to become
actual boundaries.

With each cycle of the generating digraph G®, there is
an associated chain of 2-cells which forms a sub-templex.

Flow

Periphery Periphery

(a) Flow oriented complex Ki(L)

z 20 ;I-l: 14 ]f 18 ]TS \‘
£ 8 i 4 IS 10 lTl‘/

(b) Associated digraph G (L)

Periphery Flow Periphery

(c¢) Generating complex K2(L)

(d) Generating digraph G2(L)

//t@\ 3— 55— PAEN
44 8]

1
&\ 2 %12«—10/\@/

o
(e) Generating digraph G45(L)

Figure 4: (a-b) Templex T1(L) = (K1(L),G1(L)) and
(c-d) generating templex T(L) = (K2(L),G2(L)) for
the Lorenz attractor. In (e), digraph G5(L)
corresponding to another generating complex K3(L) —
not shown — for the Lorenz attractor. Ingoing and
outgoing nodes are squared and circled, respectively.
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Definition 3 Each cycle from the generating digraph G*
associated with its subcomplexr forms a subtemplex that is
called generatex G. A generatex is said to be of order p
with p e N, p > 1, if its cycle has p distinct ingoing nodes.

A generatex is said to be simple if p = 1, and degenerated
if p> 1.

The union of all equivalent sub-templexes (associated
with equivalent cycles from the generating digraph) is a
unit which plays a fundamental role in the characteriza-
tion of branched manifolds. As we only retain a single
representative for each group of equivalent cycles, we only
save the representative generatexes.

Definition 4 A stripex S; is a subtemplex associated to
a cycle or to a weak cycle of a generatex.

By construction, each stripex is a subtemplex of 7.
A stripex is the analog of a strip from a template. Each
strip is closely related to the structure of the first-return
map to the Poincaré section.

In T5(L), for instance, there are four stripexes: S
associated to c1, Sz associated to ca, S3 associated to ca,
and &, associated to cs,.

Step 7: Computing local twists The two free edges of
the complex in stripex §; are defined as the two discon-
nected 1-chains of the associated sub-complex K; that
result from applying the boundary operator J5 to the
sum of all the cells in K; but the 1-cells from the joining
locus.

Definition 5 A stripex S; = (K;,G;) is said to have a
local twist if the free edges of K; change their relative
positions with respect to the orientation from the center
to the periphery.

Note that in the correspondence with templates, un-
even local torsions in a strip correspond to a local twist.
Strips with no local torsion or with even parity local tor-
sions correspond to non twisted stripexes.

In T5(L), the 2-cells in stripex S3 (71,73, 75, v7) and in
Sy (78,710,712, 714) have a local twist. For each of them,
the free edge starting in the center ends at the periphery,
and vice versa.

Step 8: Drawing the templer The standard represen-
tation of the different strips in a template introduces
crossings to indicate local torsions and a certain order
to organize the position of the strips, namely, which one
is on top of the other and how they permute.

The graphical representation used in Figure 4 is a sort
of ‘semi-planar’ diagram that keeps the shape of the but-
terfly for reference, giving an idea of how the complex is
attached to the Lorenz attractor. Drawing a complex in
this manner requires knowing which 2-cell is at the top
of the other at the joining locus. For instance, when cells
Y6 and 714 are considered, one should be able to deter-
mine which one is at the top of the other. Since we are
in a three-dimensional space, it is important to locally

orientate the direction of the top. To do this, we use
the orientation of the flow and of the joining 1-cell. For a
clockwise flow (counter-clockwise), we use the right (left)
trihedron with the triplet flow-periphery-top as sketched
in Fig. 5(a) [Fig. 5(b)]. According to this, in T»(L), Y14
should be drawn at the top of v and 713 at the top of
V-

Top Top

/) Periphery Periphery

Flow Flow
(a) Clockwise flow (b) Anti-clockwise flow

Figure 5: Orientation of the normal to a 2-cell to define
relative top (and bottom). This is required for
determining the order with which 2-cells are joined at a
joining locus (see below).

Correspondence with templates To sum up, tem-
plexes enable to bridge the gap in the description of
chaotic attractors offered by cell complexes and tem-
plates. The topological properties of an attractor are
encoded by a generating templex. For a branched 2-
manifold, the description provided by the generating
templex is organized in terms of a number of layered
properties:

m Splitting O-cells are a particular case of critical
points, appearing between two different compo-
nents of the Poincaré sections.

m Joining 1-cells in the generating complex are the
analogs of the components of the Poincaré section.

m Joining 2-cells are the analogs of the joining charts
in a template.

m Stripexes are the analog of strips in a template:
each stripex corresponds to a period-1 orbit in the
template.

Ill. CHARACTERIZATION OF 3D CHAOTIC
ATTRACTORS

We partly addressed the case of the Lorenz attractor
when introducing the concept of templex. Let us now
describe its template to exhibit its equivalence with the
constructed templex. The cases of the Rossler attractor,
the Burke-and-Shaw attractor and a four-dimensional at-
tractor are then treated.
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A. The Lorenz attractor

Template

The Lorenz attractor [Fig. 6(a)] produced by the
Lorenz system!®

T=-0x+0Y
y=Rr-y-uxz (5)

z=-bz+uxy

is bounded by a genus-3 torus which has three holes, two
of the focus type which are associated with the center of
each wings, and one, located in the rotation axis, which is
a saddle type.5? The first two ones can be easily detected
because there are circled by the attractor. This is not so
obvious for the hole of the saddle type, as drawn in Fig.
7(a), because it is bounded by trajectories issued from
each of the two wings, that is, from different components
of the Poincaré section.

/Z

0 1
Py

(a) State portrait

(b) First-return map

Figure 6: Chaotic attractor produced by the Lorenz
system (5) when the symbolic dynamics is nearly
complete. Parameter values: R =28, 0 =10, and b= %.

Let us first show how the Lorenz template is unveiled.
The first step is to start from a view of the Lorenz at-
tractor in the z-y plane and not in the z-z plane or in
the y-z plane as commonly done. The template for the
Lorenz attractor is drawn in Fig. 7(a). As suggested by
the first-return map, it should be decomposed into four
different strips. Two are the strips 0 and 0 [Fig. 7(a)]
and one is the strip corresponding to the union of strips
1 and 1 [Fig. 7(b)].

There is another possibility to represent the template
of the Lorenz attractor: it results mostly from a projec-
tion of the attractor in the z-z plane or in the y-z plane
(Fig.8). In that particular representation, the Poincaré
section may appear as being formed from a single com-
ponent but there are a few characteristics which imposes
to split it in two different components. Moreover, it is
needed to orient the Poincaré section from the center of
the attractor to its periphery. Typically, the center of an
attractor is associated with the focus point around which
trajectories circle. Consequently, the center of the attrac-
tor is different for each wing: the center of the left wing

oo ©

(a) Template and genus-3 bounding torus

(b) Strips 0 and 0

(c) Union of strips 1 and 1

Figure 7: Template and genus-3 bounding torus (thick
lines) (a) for the Lorenz attractor and its decomposition
into strips. The union of strips 1 and 1 (c) is
degenerated since it crosses twice the joining 1-line.

is at the left of the Poincaré section and the center of the
right wing is at the right of the Poincaré section. This
means that the Poincaré section has necessarily two com-
ponents which are oriented in opposed directions. Thus
the point V3 in Fig. 8 necessarily splits the Poincaré sec-
tion in two components. This points results from the
action of the rotation axis — the z-axis — at which the
transverse flow is necessarily null.>® The point V3 thus
splits the template issued from the joining line in two
parts, one being associated with the left wing, the other
one with the right wing.

The template for the Lorenz attractor [Fig. 7(a)] is
described by the linking matrix

00 00
0+10 0

Lij_ 00 0 0 (6)
0 0 0 +1

and the joining matrix

sym b0 ¢

[-11-].

Templex

The construction of a Lorenz templex was described
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Figure 8: Decomposition of the template for the Lorenz
attractor in four strips from an z-z view.

Vo
o

a) Original strip

@g&”@

) Third Reidemeister move

) Corrected strip

Figure 9: Strlp 1 as originally seen (a) and as corrected
when the right component of the Poincaré section is
correctly oriented. The third Reidemeister move
explains the origin of the m-twist.

in detail in section II C: the generating complex and its
digraph in T5(L) are sketched in Figs 4(c-d). If we an-
alyze Ko(L) as a standard complex, one finds a single
0-generator, Ho = [< 0 >], which speaks of a single con-
nected component. There are two 1-generators:

Hi(Ko(L)) =[[(4,14) - (4,20) + (14,17) + (17,20),
(0,5) = (0,11) + (5,8) + (8,11)]]

which identify and locate the two focus-type holes in the
attractor. There are no 2-generators (no enclosed cavi-
ties): Ho = @.

What does the generating templex add to this descrip-
tion? It unveils a joining locus made of two-components,
indicating the existence of a bipartite Poincaré section.
This yields three generatexes and four stripexes S; (i =
1,...4) which are equivalent to the four strips in the tem-
plate, two of them have local twists (S3 and Sy). The
three generatexes can be easily recognised in the decom-
position of the template shown in Figs 7(b) and 7(c): in
the latter, the stripexes S3 and S, are weak since only

10

their union defines a generatex.

B. The Réssler attractor

Template

The topologically simplest chaotic attractor (Fig. 10)
is produced by the Rossler system®*

T=-y-2
y=x+ay (8)
Z=b+z(x-c).

It is characterized by a smooth first-return map to a
Poincaré section [Fig. 10(b)].** Since the map is smooth
and unimodal, the typical route to this chaotic attractor
is a period-doubling cascade. This attractor was labelled
as C'T! according to the nomenclature introduced in the
taxonomy of chaos.’® It is bounded by a trivial torus

(1,1).

(a) State portrait

(b) First-return map

Figure 10: Chaotic attractor produced by the Rossler
system (8) when the symbolic dynamics is nearly
complete. Parameter values: a =0.43295, b =2, and
c=4.

The Rossler attractor is described by the template
drawn in Fig. 11(c). It should be decomposed into two
strips, namely a normal band [Fig. 11(a)] and a Mobius
band [Fig. 11(b)].5% A direct template can be drawn
directly from the y-x plane projection [note that the y-
axis in Fig. 10(a) is inverted for a better equivalence
with the template drawn in Fig. 11(a)]. The strips are
encoded with the same integers as the branches of the
first-return map: an even (odd) integer is used for a strip
with an even (odd) local torsion. The natural order 0 < 1
is drawn from the center to the periphery of the attractor
[Fig. 11(b)]. The standard template is described by the

linking matrix
0 -1
L;; = .
J [ -1 -1 :|] (9)

Templex

Let us now describe this attractor using a generating
templex. As described in section II C, the first step is to



AlP

Publishing

Splitting chart
Local torsion

Permutation

. Merging chart

(a) Direct template (b) Standard template

(c) Strip 0 (d) Strip 1

Figure 11: Direct (a) and standard (b) template for the
Rossler attractor plotted in Fig. 10. The genus-1
bounding torus is drawn in (a) as thick circles. An
example of 2-cycle is drawn in the strip 0 (c).

construct a BRAMAH complex. This is performed algo-
rithmically, handling a set of points in the state space.
The complex is next endowed with a digraph which re-
produces the structure of the flow along the branched
2-manifold, till a generating templex is obtained. The
result of the whole procedure is sketched in Fig. 12 where
the complex K (R) is drawn unfolded, that is, in a planar
diagram, as is customary in homology theory. In pla-
nar diagrams, gluing instructions require some cells to
be drawn twice with the same labels and direction. This
is the case for the joining 1-cell (0,1) in K(R), which
is drawn twice in Fig. 12(a). Flow-orienting this com-
plex is achieved by propagating the orientation from ~;
according to our convention [it is obvious in the planar
representation shown in Fig. 12(a)].

The complex K(R) has a single O0-generator,
Ho(K(R)) = [< 0 >], that is, it has a single connected
component. The single 1-generator of K(R) is

H1(K(R)) = [[{0,2) = (0,7) +(2,4) + (4,7)]]

which identifies the focus-type hole in the attrac-
tor. There are no 2-generators (no enclosed cavities):
H2(K(R)) = @. Notice that, homologically, K(R) is
a cylinder: fortunately, the generating templex tells us
much more about its structure.

The generating templex T'(R) = (K(R), G(R)) has the
following properties. There is one joining 2-cell (71).

11

Flow

Periphery

(a) Generating complex

D 6

w—> g

H 4

(b) Generating digraph

Figure 12: Generating templex T'(R) for the Rossler
attractor made of the generating complex K (R) shown
as a planar diagram in (a) and the generating digraph

G(R) (b). The thick line indicates the joining 1-cell

(0,1).

Since there is a single joining 1-cell, the joining locus has
a single component (as expected for an attractor bounded
by a genus-1 torus) and there is no splitting 0-cell. There
are two stripexes S; and Ss associated with the cycles

ClEl—>2—>4—>6—>l
CQEl—>2—>3—>5—>l

The associated generatexes are simple (p = 1) and cor-
respond to strips 0 and 1, respectively. The stripex S
is a Mébius band — it has some torsion elements (b = 2
for o =(0,1) in ') — while K is a cylinder or normal
band (without torsion).

The stripex &1 has a local twist which is sketched in
Fig. 13. According to our convention for the top, the
2-cell g is at the top of the cell 5.

C. The three-strips Rossler attractor

Template

When the parameter a of the Rossler system is set to
0.492, the first-return map to a Poincaré section has three
branches (Fig. 14)** and the template is drawn in Fig. 3.
This attractor is labeled Rs.

Templex
A classical homological analysis of K(Rs) yields the
following results: there is, as usual, one 0-generator (one
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Flow

Periphery

Figure 13: The three 2-cells (71, 5, and 76) sharing the

joining 1-cell. The 2-cell 4 is added to show the local
twist of the stripex S;.

(a) State portrait

(b) First-return map

Figure 14: Chaotic attractor with three branches as
produced by the Rossler system (8). Parameter values:
a = 0.492, and other parameter values as in Fig. 10.

connected component). The 1-generator (corresponding
to the hole of the focus type) is given by: H1(K(R3)) =
[[{0,2)—(0,6) +(2,4) + (4,6)]] which identifies the focus-
type hole in the attractor. No 2-generators are found
(there are no cavities enclosed).

A templex for the three-strips Rossler attractor
T(R3) = (K(R3),G(R3)) is proposed in Fig. 15. The
joining locus has one component and it is made of the
1-cell (0,1). The 2-cell 41 is the unique outgoing joining
2-cell, and 74, 75, and 7 are the three ingoing joining
2-cells.

As expected, three generatexes and three stripexes
81,23 are found (Ng = 3). They are associated with the
three cycles

ClEl—>2—>3—>4—>l
CQEl—>2—>3—>5—>l
c3=1-2-3-6->1

which are indeed non-equivalent because they are asso-
ciated with different ingoing nodes. Of the the three
stripexes, only S; has a local twist, corresponding to the
intermediate strip of the template in Figure 3. S; corre-
sponds to the strip with no local torsion and S3 to the

12

Periphery

(a) Generating complex K (Rs)

(b) Generating digraph G(R3)
Figure 15: Generating templex
T(R3) = (K(R3),G(R3)) for the three-strip Rossler
attractor. Parameter values: a =0.492, b=2 and ¢ =4.
In the digraph, ingoing and outgoing nodes are squared
and circled, respectively.

strip with an even parity.

D. The Burke and Shaw attractor

Template

There is a Lorenz-like system which produces a
quite common attractor: this is the Burke and Shaw
sys‘cem57’58

T =-ar—ay
Y=-y—axz (10)
Z=b+axy.

As the Lorenz system (5), this system is equivariant un-
der a rotation symmetry R.(7). Close to the original
parameter values,”” there is a specific attractor which
is encountered in many Lorenz-like systems.?® Indeed,
for @ = 10 and b = 2.271, the attractor plotted in Fig.
16(a) is characterized by a four-branches first-return map
[Fig. 16(b)]. It has four branches and a possible natu-
ral order between the integers used for labelling them is
1 <0< 1< 258 This attractor is bounded by a genus-
1 torus as sketched around the template drawn in Fig.
17(a). As a consequence, the Poincaré section should
have a single component. Nevertheless, as shown in Fig.
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16(a), there are two foldings located in the neighborhood
of the rotation axis, leading to two joining charts.

] S R 1 11 12 13 12 15

(a) State portrait (b) First-return map

Figure 16: Chaotic attractor produced by the Burke and
Shaw system (10) when the symbolic dynamics is nearly
complete. Parameter values: a =10, and b = 2.271.

It is actually possible to sketch the topology of the at-
tractor as the product of two mixers [each of them being
located between one splitting chart and one joining chart
as drawn in Figs. 17(a) and 17(b)]. As exhibited in the
Lorenz attractor with the third Reidemeister move [Fig.
9(c)], there is a global torsion (a global torsion differs
from a local one in the sense that it is applied to all the
strips of the attractor, the latter being applied to a sin-
gle strip, by definition) between a sequence of one joining
chart followed by one splitting chart. With the help of the
Reidemeister moves, each global torsion can be moved in
one of the two mixers, to get the reduced double template
shown in Fig. 17(b). In this representation, the rotation
symmetry is obvious.

It is possible to conjugate these two mixers into a single
one. In this case, the two strips of the first (say the left)
mixer are spread into the two strips of the second (right)
mixer to form four strips. Propagating permutations and
local torsions using Reidemeister moves leads to the re-
duced template drawn in Fig. 17(c): it is described by
the linking matrix L;; (see Appendix C)

3223

L_2223 an)
7712233

3334

For a more direct correspondence with templexes, it
is useful to redraw the direct template as shown in Fig.
18: it is topologically equivalent to the template drawn
in Fig. 17.

Templex

Let us consider the complex K (BS) shown in Fig.
19(a). Computing the homology groups, one finds a sin-
gle O-generator (one connected component), and a single
1-generator (corresponding to the focus-type hole in the

13

%g;
7S

(a) Direct double template

(b) Reduced double template (¢) Template

Figure 17: Double template and genus-1 bounding torus
(a) for the Burke & Shaw attractor plotted in Fig.
16(a). Direct double template (a), reduced double

template (b) and reduced template (c).

Direct template

Figure 18: Double templates for the Burke and Shaw
attractor.

attractor).

H1(K(BS)) =[[(0,4) = (0,17) + (2,3) = (2,9)+
+(3,12) + (4,6) + (6,9) + (1

As expected, no cavities are found.
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The generating complex and digraph forming templex
T(BS) = (K(BS),G(BS)) for this attractor are presented
in Fig. 19. The orientation of the generating complex
K(BS) is started from the two joining 2-cells: ~; and
~vg. The analysis of the templex yields a joining locus
with the two components J;(BS) = (1,0) and J>(BS) =
(3,2), which correspond to the two components of the
Poincaré section in the direct template [Fig. 17(b) or Fig.
18]. There are four stripexes S1,2,3.4, corresponding to
the following weak cycles

c1,21-2-3-5->7
ClZEZ—>8—>9—>11—>l
c,21-2-4-6->7
2, =7 —->8-10-12-1

Each pair of weak cycles comes from a degenerated gen-
eratex, of order 2. &; 4 have local twists, while S; 3 do
not. In the semi-planar diagram, -5 ¢ are on the top of
Y11,12-

Flow

Periphery Periphery
(a) Generating complex

P e D
@
<104

3—=5
/ \
@
N, o
(b) Generating digraph
Figure 19: Templex for the Burke and Shaw attractor:
generating complex (a) endowed with a directed graph
(b), ingoing and outgoing nodes are squared and circled,
respectively. There are two joining 1-cells (thick lines
with arrows). They are no splitting 0-cells.

IV. A FOUR-DIMENSIONAL SYSTEM

Let us restart from a four-dimensional system designed
by Mindlin and Sciamarella from a three-dimensional sys-
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tem proposed by Deng.®® The extended system reads®*
t=—(z+2)d(z-[a+e3(2+w)])+(2-2)
x-2)%+y?
[a(m—?)—ﬂy—a(m—Q) %]

y=-(z+2)(y-0)+(2-2)

2 2
5(r-2)+ay- oy Y (12)
52(4_22)M_—M_CZ
€1

W = (4_Z2)M_—M_CZ
€2

For appropriate parameter values, this system produces a
chaotic attractor (Fig. 20). A solution to this system was
already investigated with a cell complex (but not with a
templex) by Sciamarella and Mindlin.?* In that work,
the purpose was showing that homologies enabled the
topological description from short time series, regardless
of the nature of the dynamics (periodic, quasi-periodic,
chaotic or other). Here, we are focused on chaotic behav-
ior. In fact, the original parameter values (as reported
in Fig. 20 but b = 1.435) leads to a long limit cycle (its
period is at least equal to 100); a chaotic regime was
found for a slightly larger value which is now set to 1.45.
We used an integration time step of 0.001, initial val-
ues for all coordinates equal to 0.2. Four different three-
dimensional projections of the resulting chaotic attractor
are shown in Fig. 20.

Figure 20: Chaotic attractor produced by the
four-dimensional system (12). Parameter values: a =7,
b=145,¢=1,d=0.5, R=6,2=0.3, 8=7, ¢ =0.165,

€2 = 0.01, €3 = 2, and p = 1.543. Four different
three-dimensional projections (z-y-z, z-y-w, y-z-w and

x-z-w) are shown.

The BRAMAH complex K (4D) is built from a cloud of
24,999 points (once the transient regime is completed).
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Applying the methodology described in Appendix A, we
obtain a cell complex as shown in Fig. 21. The high-
est dimensional cells of this complex are the 3-cells ~;,
and the 2-cells o; which are not the border of any 3-cell.
Its topology is clearly not trivial and no template was
proposed for it before.

Figure 21: Complex K(4D) in the a-y-w subspace from
the cloud of points produced by the four-dimensional
system (12). Labeled lines (in color) correspond to the
joining loci (solid) or splitting loci (dashed).

The homologies of the K (4D) are: Ho ~ Zy (there is
one connected component), Hi ~ Zs (there are five non-
trivial 1-loops), Ha ~ @ (there are no enclosed empty
cavities) and Hsz ~ @.

The joining locus was previously defined for a 2-
branched manifold, and therefore for a 2-complex. In this
particular case, we will compute it looking for the chain
of 1-cells shared by a set of at least three cells which can
be either 3-cells (;), or 2-cells (o;) that are not the face
of any 3-cell. This yields:

1. Ji, between the O-cells 1343 and 1672, and formed
by the cells v1, vg, and ooy ;

2. Jyp between the 0-cells 1343 and 1799 made of the
cells Y1, V8, 09, and 0343

3. Jo between the 0-cells 1750 and 4270 made of the
cells J12, 013, and 0145

4. S between the 0-cells 8888 and 24657 made of the
cells 036, 038, 039, and Y40-
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As shown in Fig. 21, the first two loci form the main
joining locus Ji = Ji, U J1p in the bottom scroll (Fig.
21) and Js is a second joining locus in the upper part
of the attractor according to our plot. The third locus
is a splitting line between the 3-cell 40 and the three 2-
cells o3g, 03g and g39. The two joining lines are located
between the points of the state space as follows.

J1 = [(3.41,-5.58,-1.93,-61.50), (1.86,-2.01, -1.97, —61.46)]
Jo = [(~1.28,-1.95,1.98,1.22), (~0.01, -4.37,1.49, -2.99) ]

The splitting locus is found at:
Sy = [(~2.21,-7.04,0.70,-48.86), (~5.17, —0.81, -0.87, —66.66) ]

and is drawn as a dashed line in Fig. 21. As developed
in the previous examples, the second step consists in re-
orienting the cell complex according to the flow, without
propagation through the joining or splitting loci.

The third step consists in equipping K (4D) with the
digraph G(4D) plotted in Fig. 22. All the 1-cells of the
joining lines Jy, and Ji; are oriented in the same direc-
tions and, consequently, there is no splitting 0-cell. Both
are already with a single outgoing cell. No splitting 0-
cells are found, and no 0-cells need to be removed. The
2-cells y1 and 012 are the outgoing joining 2-cells, and
Y8, 09, 013, 014, 024, and o34 are the six ingoing join-
ing 2-cells. The splitting locus has one ingoing 3-cell and
three outgoing 2-cells: the fact that the ingoing cell is of
dimension 3 allows to preserve the determinism at this
splitting locus. This is a feature that we had not observed
for three-dimensional systems. The simplest determinis-
tic representation of flow around this splitting locus is to
consider that three strips — close to each other as in a
foliation within the 3-cell 749 — are sent away from each
other. This specificity will require a novel element for
drawing a template as explained below. At this stage,
the templex can be considered as a generating templex.

From the digraph, we found three order-1 cycles ¢y, ¢
and cs:

c121-2-3-4-5-6->7->8->1

c2=1-2-3-4-5-6->37T-40- 36—
35—-25—-26—->27->28->29- 30— 31—
3233341

c351-2-3-4-5-6->37T-40->38—
2019-18->17-21-522->23->24—>1

and two order-2 cycles ¢4 and ¢; which are the union of
two weak cycles ¢4 = ¢4, Ucy, and c5 = c5, Uy,

€,=1-2-3-4-5-6-37-40—-38—>
20-19-18-17-16—>15—>14 > 12
c5,21-2-3-4-5-6-37-40-39 - 13> 12

€c4,=12-11-10-9->1
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Figure 22: Digraph on the BRAMAH complex
constituting the templex for the analysis of the
four-dimensional attractor. Ingoing and outgoing nodes
are squared and circled, respectively.

To extract the stripexes from the cycles, we only con-
sider J; and Js (splitting loci are not taken into account
for stripex computation). The first three cycles lead to
three stripexes:

81 Y1---78

S =196 — Y37 — 040 — 036 — 035 — 025...034

83 =717 — 037 = Y40 — 038 — 020 — 019 — 018~
017 —021...024

The next two cycles lead to:

S4= Y1..Y6 — Y37 — V40 — 038 — 020 — 019 — 018 — O17—
016 =015 — 014

S5 = V1.7 — Y37 — Y40 — 039 — 013

S6= 012011 — 010~ 09

The stripex Sg corresponds to a trivial strip, and the
joining line Jo can be identified with the joining line J;
under an isotopy. Stripexes 84 and S5 thus become:

I —
54= Y1--Y6 — Y37 — Y40 — 038 — 020 — 019 — 018 — 017~
016 =015 — 014 —012 =011 — 010 — 09
I —
35 = Y16 — Y37 —7Y40 —039 — 013 — 012 — 011 — 010 — 09

Local twists are found in S and Sf.

Thus, the four-dimensional attractor can be described
with five stripexes, that is, with a five symbol dynamics.
In order to build the template that would correspond to
the templex, we will resort to our know-how in the topo-
logical characterization of chaotic attractors. To be hon-
est, and in order to construct a template that unveils the
complex structure of the attractor produced by the four-
dimensional system (12), we constructed a paper model
similar to the zyz projection of the system, as shown in
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Fig. 23. In order to reproduce the model shown in the
picture, supplementary material is provided with simple
shapes to cut out. The volume formed by the ten 3-cells
of K(4D)7 namely Y15 V25 V35 Y4y V5, V65 V75 V85 V37 and
~40, is topologically equivalent to a solid (filled) torus.
Notice that the homologies of the solid torus (Ho » Z1,
Hi ~ Zy1, Ho ~» @, H3 » @) are equivalent to those of
the cylinder or normal band. Because of this, the paper
model is homologically equivalent to K (4D). This pa-
per model revealed some features we were never able to
exhibit during our long history in characterizing chaotic
attractors.

Figure 23: Paper model of a 2-complex where the 3-cells
of K(4D) have been contracted to equivalent 2-cells. It
is used as a guide to construct the template of the
attractor produced by the four-dimensional system (12).
The flow is counterclockwise in this paper model. The
main joining locus where four strips are merged is
located at the bottom left of the construction (green
and red); the splitting locus (blue) is located slightly
above the left middle of the paper model. Between these
two loci, there is the second joining locus (purple).

The strips visiting the 3-cell 740 required to sketch
them as one foliated strip, leading to a new splitting
chart drawn in Fig. 24. The strip associated with the
3-cell 749 is drawn as a three-foliated strip which is then
split into three distinct strips corresponding to the 2-
cells 036, 03s and 039, respectively. The determinism is
not broken since the 3-cell is in fact a volume. The three-
foliated strip is distinguished in tripling one of its bound-
ary. In doing this, we lose the non-ambiguous description
of the relative position between periodic orbits. This
would have been crucial for three-dimensional links and
the computation of their linking numbers, for instance,
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but in a four-dimensional space, all knots are trivial and
unknotted and this is no longer relevant. What persists
with this description is the possibility to have a ‘knot-
holder’ associated with a generating symbolic dynamics,
that is, with a symbolic dynamics with a minimum num-
ber of symbols allowing a non-ambiguous description of
all the periodic orbits.

Figure 24: Convention for drawing a splitting chart
between a foliated ingoing strip and a few — here three
— outgoing non-foliated strips. Here, the hidden
boundaries are drawn with dashed lines; they are
omitted in template for the sake of readability of the
final picture.

Once this key point overcome, it was rather easy to
construct a representation in the fashion of the template
commonly used in the topological characterization of
chaotic attractors, leading to the direct template drawn
in Fig. 25. Among its specificities, we have the previously
described splitting chart, and the joining line Js. Typ-
ically, this is a template bounded by a genus-one torus.
Here the template with the common convention accord-
ing which all possible transitions between the strips is
made possible (this is discussed, for instance, by Mindlin
and Gilmore'?). From this direct template, it can be eas-
ily understood why the joining line J> can be identified
with the joining line J; under an isotopy.

In spite of the foliated representation, the structure of
the strips between the splitting and the joining charts can
still be synthetized with the help of the linking matrix

0 -1 -1 -1 -1
-1 -2 -3 -2 -3
-1 -3 -2 -2 -3. (13)
-1 -2 -2 -1 -3
-1 -3 -3 -3 -1

It was built by counting the local torsion in each strip
and the permutations between pairs of them. From this
linking matrix, it was possible to draw a reduced tem-
plate (Fig. 26) from which the unusual nature of the at-
tractor here investigated is better exhibited in its upper
part with the foliated splitting chart. Another particu-
larity lies in the bottom part of the permutation between
strips 5 and 7. From this representation, the strips can
be univocally labelled according to the parity of the lo-
cal torsion of each strip, and increasing integers, from
the centre of the attractor to its periphery as required.*3
Note that the linking matrix (13) should not be used to
compute linking numbers.
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Figure 25: Direct template for the attractor produced
by the four-dimensional system (12).

Although characterized by a genus-1 torus, to unfold
the foliated structure for computing a readable first-
return map, the Poincaré section should have four com-
ponents, one corresponding to the joining locus Ji, one
in each of the strips 2 and 7, and one before the splitting
of the two strips 4 and 5.

Notice that such a labelling is obvious neither from the
direct template nor from the cell complex. The fourth di-
mension, even for an attractor that is well-described by
a two-dimensional manifold, offers more possibilities to
intricate the different strips, a complexity which would
have not been able to extract without our BRAMAH com-
plex and our analysis in terms of homologies. The topo-
logical characterization of the attractor plotted in Fig 20
is now completed.
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Figure 26: Reduced template for the attractor produced
by the four-dimensional system (12).

V. CONCLUSION

A new concept, named templex, is here introduced
with the scope of extending the description of chaotic at-
tractors in terms of cell complexes and homology groups.
The new elements that we added to the BRAMAH com-
plex are (i) the joining/splitting loci (thus allowing for
an appropriate description of branched manifolds), (ii)
the direction of the flow for the orientation of the cells,
and (iii) the non-equivalent cycles from a digraph now as-
sociated with the complex. Indeed, the underlying flow
implies that there are only some transitions between cells
which are possible. This information is encoded with a
directed graph whose nodes are the highest dimensional
cells of the complex. The digraph is the key compan-
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ion of the cell complex, both forming a templex. The
templex contains all the information that is necessary to
decompose the original complex into an invariant number
of smaller units, the analogs of the strips in a template.

Studying the topological structure of a system through
a templex involves a few steps as follows.

- Constructing a BRAMAH complex from the cloud
of points;

- Locating the joining/splitting loci;
- Re-orienting the cells according to the flow;

- Endowing the complex with a digraph describing
how the cells are visited by the flow;

- Extracting the characteristics of the templex (gen-
eratex, stripex, twists) from the cell complex and
the digraph.

- Drawing a direct template, writing the linking ma-
trix and drawing the reduced template.

The first step was already used in previous works and
outlined in Appendix A. All the next steps correspond
to the main contribution of this work. The complex
is handled algorithmically in terms of its cells and its
border matrices. The procedure was successfully ap-
plied to four inequivalent chaotic attractors, namely the
Lorenz attractor, the Rossler attractor, the three-strip
Rossler attractor, the Burke-and-Shaw attractor and a
four-dimensional system. Not compulsory but helpful
for complex attractors, we constructed paper models to
help draw the template. The attractor produced by the
four-dimensional system here investigated can still be de-
scribed with a template from the generating templex.
Even if there is no intrinsic limitation to branched man-
ifolds in the construction of a templex, its transcription
into a template will have to be extended for more complex
attractors, in the spirit of what was done for the four-
dimensional attractor here characterized. The gate to
a topological characterization of chaotic attractors pro-
duced by dynamical systems whose dimension is greater
than three is therefore opened: other cases are currently
under consideration and will be reported in forthcoming
papers.
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SUPPLEMENTARY MATERIAL

See supplementary material for instructions to repro-
duce the paper model in Fig. 23.

DATA AVAILABILITY

The data that support the findings of this study are
available within the article and its supplementary ma-
terial, as well as from the corresponding author upon
request.

Appendix A: Construction of a BRAMAH complex

There are many ways of building a cell complex from
a cloud of points P in RY. In this work, N is the dimen-
sion of the phase space. A BRAMAH complex K(P) is
constructed in such a way that the 0O-cells are a sparse
subset of P and that each d-cell (d > 2) represents a sub-
set of points which are locally approximating a d-ball (or
a half d-ball) in RY. The first implementation of this
scheme dates back to 1999.33

A brief account of the procedure is as follows. A first
point xy = (x0,1,%0,2, ", Zo,n ) is chosen arbitrarily. The
set of neighboring points {z; = (21,22, -, ®iN), i =
1,++,mg} with mg the number of neighbors of @y, is called
a patch. To determine the value of mg, the neighbour-
hood matrix X € R™*N around

1
XD = —(wij - wo,)

NG

is built. A local coordinate system centered at xy is pro-
vided by the singular vectors of X, with the singular
values describing the distribution of the points inside the
ball centered at ay. For a patch that is approximately
lying on a d-ball in RY | the local singular spectrum of X
has d singular values that scale linearly with the number
of points myg in the patch as the radius r of the d-ball is
increased. This property holds as long as the effects of
curvature in the manifold become apparent.3%6! The re-
maining (N —d) singular values, which measure the devi-
ation from the tangent space, scale as r! with [ > 2. Using
this rule, the d singular values and the vectors that span
the tangent space approximating the patch with axis ay
can be identified. The largest possible size mg of the
patch is obtained when the d singular values as functions
of mg with mmin < Mo < Mmax present the best linear
regression coefficient. Successive axes x, with p > 1 are
taken so that they are least separated from the previously
chosen axis x,-1, until every point in P is in at least one
patch. The regression is carried out to determine m,
for every patch p. Convex hulls are used to transform
each patch of points into a k-cell with d = k. Due to
the fact that the value of d is computed for every patch
(and not imposed), d = d(p) and the procedure allows
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for the existence of hybrid-dimensional complexes, that
is, of complexes that are the union of subcomplexes of
different dimensions, as in the four-dimensional system
(N =4) discussed in this work.

Notice that the k-cells (0 < k < k) obtained with this
procedure are not necessarily simplices, i.e. cells for
which the number of vertices depends simply on k. A
BRAMAH complex is not simplicial by construction, but
can — if necessary — be triangulated to become one, and
to compute homology groups with a simplicial algorithm.
Here, we use a non-simplicial algebraic code to compute
homologies, as in most of our works.?* 36:62 Ag all com-
plexes formed from clouds of points, a BRAMAH com-
plex will depend on the number of points in P, that is,
in this work, on the integration time window and time
step. Tailored so that the nature of its highest dimen-
sional cells is tied to the local dimension and curvature of
the underlying branched manifold, a BRAMAH complex
is topologically faithful to the latter.

Appendix B: Computing the homology groups of the torus

41& DV 71! ajtd,
Y . Swy y
50 > o > <5
Low) A vl

Figure 27: Complex K (T?) for the torus. The 0O-cells
are arbitrarily numbered. The 1-cells are oriented
according to this numbering (see the arrows) and the
four 2-cells are clockwise.

Let K (T?) denote a complex whose underlying space is
the torus T? (Fig. 27). Let all the 2-cells 7; (i = 1,2,3,4)
be clockwise oriented. Every 0-cell is a 0-cycle since, by
definition, do(Cp) = 0. All the O-cells are homologous
because one can reach all of them travelling through the
1-cells of the complex, and there is a single 0-generator.
The four 2-cells are bounded by the 1-chains

82(71) = C’l1 = (172> + <2’3> + <3’ 7) + <7’8> - (678> - (576>
—(4,5) - (1,4)

92(72) = CF = ~(1,3) + (1,4) +(4,5) + (5,8) - (7,8) - (3,7)
2(73) = C7 = ~(5,8) = (1,5) +(1,3) +(3,8)
2(7a) = O = (5,6) + (6,8) = (3,8) = (2,3) — {1,2) + (1,5),

respectively. By definition, these boundaries [01(C}) =
0] are 1-cycles and form the set By (K (T?)) = im(0s).
In order to compute the set of 1-generators, let us first
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compute Zi, i.e. the kernel of the transpose of M, in
which only non-zero elements are reported:

o (1) (2) (3) (4) (5) (6) (7) (8)
(1,2) -1 1
(1,3) -1 1
(1,4) -1 1
<175) -1 1
2,3 -1 1
My = 23,7; -1 1 (B1)
(3,8) -1 1
(4,5) -1 1
(5,6) -1 1
(5,8) -1 1
(6,8) -1 1
(7,8) -1 1
CY =(1,2) +(2,3) - (1,3)
CY=-(1,3) +(1,5) - (3,8) + (5,8)
CT =(1,4) + (4,5) - (1,5) (B2)
C%=(3,7)+(7,8) - (3,8)
CY =-(1,3) +(1,5) - (3,8) + (5,6) + (6,8).

Let us show that C? ~ C — C¢. They are homologous if
there is a 2-chain Cy such that 95(Ca) = CF - (CF - C9).
The action of the boundary operator do can be written
in the matrix form M. This matrix is used to compute
Bi(K(T?)), and therefore C? € B, (K (T?)).

G2 M Y2 3 M
(1,2) 1 -1
(1,3) -1 1
(1,4) -1 1

(1,5) -1 1
(2,3) 1 -

M= (37) 1 -1 (B3)

(3,8) 1 -1
(4,5) -1 1

(5,6) -1 1
(5,8) 1 -1
(6,8) -1 1
(7,8) 1 -1

in which only non-zero elements are reported. Using the
2-chain 1 + y2, we get

Oa(m +72) =(1,2) +(2,3) = (1,3) + (1,4) + (4,5)
+(5,8) - (6.8)  (5.6) - (4.5) - {1,
=(1,2)+ (2, ) {1,3) = ((5,6) + (6,8

=07 - (CY-CY)

1)
)~ (5.8))

Similarly, one can prove that da(71 +v4) = CF - CT. Tt
is thus possible to show that the torus T2 is associated
with Hy = {C7,C7}, that is, it has two 1-generators.
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Since there are no 3-cells in a complex of dimension
2, Bo(K(T?)) = @. Using that C? ~ CY - C%, one
can show that Oa(7y1 + v2 + v3 + v4) = 0: this 2-chain
is therefore a 2-cycle. It can be shown that all the 2-
cycles are homologous to 77 +v2 + 73 + 74. Consequently,
Hao(K(T?)) = {y1 + Y2 +y3 +74}: it is made of a single
2-cycle. The Betti numbers for a torus are thus £y = 1,
B1 =2, and (o = 1, meaning that a torus T? is a single
connected set, with two 1-generators, and one cavity.

To sum up:

Ho = [[(1)]]
Hl = [[(1,4> - <175) + <475>7 <172> - <173> + (273”]
Ho = ([ +72+ 73+ 74]]

Since K (T?) is uniformly oriented, additional proper-
ties can be extracted. Here:

o[z

since when the boundary operator is applied to the sum of
all the 2-cells, the totality of the 1-cells cancel each other.
This means that the torus has no boundaries: in other
words, all the 1-cells in the contour of the complex in
its planar representation are matched, without torsions.
On the other hand, as 9I' is null, there are no torsion
elements.

Appendix C: From the direct template to the reduced one

The direct template drawn in Fig. 17(a) can be de-
scribed by the linking matrices

+1 +1 +1 0 +1 +1 +1 0
Lij:[ﬂ 11 o 0H®[+1 +1‘69 0 oﬂ (€1
Combining each global torsion with the next mixer, we
get
+1 +1 +1 +1
Lij:[+1 +2H®[+1 +2H (C2)

To transform a multiplication into an addition between
linking matrices, it is necessary to extend each matrix
into a 4 x 4 matrix with some rules as follows.%3 The
first matrix is simply expanded by replacing each of its
element L;; into a 2 x 2 submatrix whose elements are
copies of the initial element L;;. The second matrix is
obtained by replacing each of its elements L;; with a
block B corresponding to the initial 2 x 2 second linking
matrix transformed as®3

B L;; and L;; are both even;
B- L is odd and Lj; is even;
Bl L, is even and Lj; is odd;
B? L;; and Lj; are both odd.

E _
L;; =

where
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e B-_is matrix B whose row order is reversed;
e Bl is matrix B whose column order is reversed;

e BP is matrix B which was permuted.

In the present case, the linking matrix L;-Ej is thus ex-
panded as

2911 2
B> B~ |1111
E _ _
L”"[BI Bﬂ_ 1111 (4
911 2
"1 111 (0000 [21
e [trrtf jooot] {11
b= +
v 1122 o000l
1122 lotool |21
3223 (C5)
2223
“l2233
3334

where the second matrix is a permutation matrix added
to restore the correct branching between the different
strips (see Rosalie and Letellier,% for details). This link-
ing matrix is in agreement with the matrix proposed for
this Burke and Shaw attractor.®®
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