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Viscous parallel flows in finite aspect ratio Hele-Shaw cell:
Analytical and numerical results
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Laboratoire F.A.S.T. (Paris 6 et 11, et CNRS), Baˆt. 502, Campus Universitaire,
F-91405 Orsay Cedex, France

~Received 19 September 1996; accepted for publication 4 February 1997!

The parallel flow of one or two fluids of contrasted viscosities through a rectangular channel of
large aspect ratio is studied. The usual result for an infinite aspect ratio is that the velocity profile
is parabolic throughout the gap and flat in the other direction. For a finite aspect ratio a deviation
from this usual profile is found in boundary layers along the edges of the channel or close to the
interface. The extension of these boundary layers is of the order of the small dimension of the
channel. In the two-fluid case we find, however, that the velocity profile at the interface is strictly
a parabola. The velocity profiles obtained by a 3-D lattice BGK simulation are successfully
compared to the analytical results in the one- and two-fluid cases. ©1997 American Institute of
Physics.@S1070-6631~97!01106-9#
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Since the pioneering work of Hele-Shaw1 and the deter-
mination of Darcy’s law,2 viscous flows between paralle
walls have been intensively studied in the last 20 years.3 A
two-dimensional flow in a Hele-Shaw cell is known to b
analogous to the flow in a three-dimensional porous medi
When two fluids of contrasted viscosities flow in the cell, t
interface can be unstable, leading to the so-called Saffm
Taylor instability, when the less viscous fluid forces t
more viscous one to recede. In the case of a parallel flow
has been shown that made up solitons can propagate a
the interface.4 We have found experimentally that for larg
enough flow rates, regular waves propagate along
interface.5 In this Brief Communication, we address the ca
of Laminar parallel flow taking into account the finite aspe
ratio of the cell and a horizontal interface between the t
fluids.

Let us first consider one fluid of dynamic viscositym
flowing under the pressure gradientG in a rectangular
duct of large aspect ratioh/e ~Fig. 1!. For a stationary par-
allel flow, the velocityu(y,z) along the flow directionx
satisfies Poisson equation,¹2u(y,z)52G/m, with no-slip
boundary conditions at the wallsu(6e/2,z)50 and
u(y,6h/2)50. Whene,h, it is convenient to split the ve
locity field into two terms:u(y,z)5u* (y)1u** (y,z). The
first one,u* (y), is the velocity in the infinite case~no end
walls in z direction!; its expression is the well-known para
bolic Haagen–Poiseuille profile:u* (y)5u0@12(2y/e)2]
with u05Ge2/(8m). The second term,u** (y,z), takes into
account the two end walls located atz56h/2. It satisfies
Laplace equation¹2u** (y,z)50 with the boundary condi-
tions u** (6e/2,z)50 and u** (y,6h/2)52u0@1
2 (2y/e)2#. Assuming a Fourier decomposition o
u** (y,z) where each term is the product of ay function by
az function, and taking into account the boundary conditio
and thatu** (y,z) is an even function ofy andz, leads to
the velocity fieldu(y,z):
Phys. Fluids 9 (6), June 1997 1070-6631/97/9(6)/1841/3/$
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u~y,z!5
Ge2

8m H 12S 2ye D 21 (
n51

`

~21!n
32

~2n21!3p3

3
cosh~2n21!p~z/e!

cosh~~2n21!p/2 h/e!
cosS ~2n21!p

y

eD J . ~1!

Note that the length scale over which the velocity varies
each direction is the thicknesse, the heighth being only
involved through the aspect ratioh/e. The successive term
of the sum decrease rapidly, roughly as 1/n3. Figure 2 shows
the velocity as a function ofy at different distances from the
end walls. The profile iny looks parabolic with a maximum
velocity equal to the one in a cell of infinite aspect rat
provided that the distance from the end walls is larger th
the thickness of the cell. The profile departs weakly fro
quadratic only close to the end walls, the maximum of t
profile going to zero as the distance from the end walls g
to zero. The numerical simulations, based on a lattice B
technique described hereafter, have been performed in a
angular channel of aspect ratioh/e510 with 203200 nodes
for the channel section. The simulation results are in v
good agreement with the analytical curves despite the ra
small number of nodes~20! in y direction. Figure 3 shows
the velocity as a function ofz for different aspect ratios in
the y50 plane. Provided that the aspect ratio is larger th
two, the profile is clearly nonparabolic but flat except ne
the walls. The boundary layers diffusion from the end wa
is hindered by the other two walls. Hence, their extension
given by the thickness of the cell. The agreement betw
the analytical curves and the simulation results is again v
good.

Let us now consider the parallel flow of two fluids 1 an
2, of dynamic viscositiesm1 and m2 driven by the same
pressure gradientG. We restrict ourselves to the case whe
the interface~at z50) between the two fluids is flat. In labo
ratory experiments, this condition is achieved when the
per fluid is less dense than the other~the interface is stabi-
lized by gravity and interfacial tension if any!, and when the
flow rates of the two fluids are sufficiently low. At last th
184110.00 © 1997 American Institute of Physics
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assumes a contact angle ofp/2 at the wall which occurs with
miscible fluids only. Unlike previous studies,6 we focus on
the velocity profile near the interface in the case where
latter is located at a distance from the end walls large co
pared to the thicknesse of the cell. According to the result
obtained above, the presence of the end walls can the
neglected. The velocities of both fluids alongx direction,
u1(y,z) for z>0 andu2(y,z) for z<0, satisfy Poisson equa
tion, ¹2ui(y,z)52G/m i ( i51,2!, with no-slip boundary
conditions,ui(6e/2,z)50, continuity of the velocity at the
interface,ui(y,0)5uI(y), whereuI(y) is the unknown ve-
locity profile at the interface, and continuity of the tangent
stresses at the interface,m1(]u1 /]z)(y,0)5m2(]u2 /
]z)(y,0). We split again the velocityui into two terms:
ui(y,z)5ui* (y)1ui** (y,z). The first termui* (y)5ui0„12

(2y/e)2… with ui05Ge2/(8m i) is the unperturbed velocity

far away from the interface. The second one,ui** (y,z),
satisfies Laplace equation¹2ui** (y,z)50 with the boundary
conditionsui** (6e/2,0)50, ui** (y,0)5uI(y)2ui0„12(2y/

e)2… and m1(]u1** /]z)(y,0)5m2(]u2** /]z)(y,0). Writing
ui** (y,z) as a sum of Fourier terms and taking the bound
conditions into account, we find the velocity profile at t
interface:

FIG. 1. Geometry of the cell:2h/2<z<h/2 and2e/2<y<e/2.

FIG. 2. Velocity profileu(y,z) in the xOy plane for different distances
d5h/22uzu from the end walls in a cell of large aspect ratio. Analytic
results~solid lines! and corresponding lattice BGK simulation~symbols! for
d@e ~1!, d5e ~3!, d5e/2 ~L!, d5e/4 ~s!, andd5e/10 ~h!. The veloc-
ity is normalized by the plane Poiseuille flow maximum veloci
Ge2/(8m).
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m11m2
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where we use the relationm1u105m2u205Ge2/8. The inter-
face velocity appears as the average, weighted by their
cosities, of the unperturbed velocities of the two fluids. U
ing the expression ofuI(y) in the equation of continuity for
the velocity at the interface, we finally get the velocity pr
file in each fluid:

ui~y,z!5
Ge2

8m i
H 12S 2ye D 21« i

m1m2

m11m2
(
n51

`

~21!n

3
32

~2n21!3p3 expS « i~2n21!p
z

eD
3cosS ~2n21!p

y

eD J , ~3!

with « i5(21)i and i51, 2. The velocity profiles near th
interface are plotted in Fig. 4 for a viscosity ratiom1 /m2

5 0.1. The extension of the velocity variation scales as
thicknesse of the cell in both fluids. Whenm1!m2, the
interface velocity is approximately twice that of the mo
viscous fluid@Eq. ~2!#. Again, the simulations give very goo
results despite the small number of nodes~15! in y direction.
We also compare the analytical and the numerical velo
profile at the interface. Note that for the simulation, as th
are no nodes on the interface, the interface velocity is
tained by averaging~and weighting by the viscosities! the
velocity of each fluid taken on the nodes just above a
below the interface. The velocity profile iny is a parabola in
each fluid far from the interface, deviates weakly from t
parabola near the interface but is again strictly a parabol
the interface. The physical reason for this surprising resu
the relation satisfied by the velocity curvatures inz direction
at the interface, (]2ui /]z

2)(y,0). These terms do not depen
on y coordinate7 and they are linked together b
m1(]

2u1 /]z
2)(y,0)52m2(]

2u2 /]z
2)(y,0). Hence, by add-

ing the two Poisson equations satisfied by the two fluids

FIG. 3. Normalized velocity profileu(0,z) in the xOz plane for different
aspect ratiosh/e: analytical results~solid lines! and simulation~symbols!
for h/e52 ~s!, h/e55 ~3!, andh/e510 ~1!.
Brief Communications



w

al
e

f
e
n
o

bl

am

ize

d
n
c
th

e

u
g
n
a

ed
d

atio

-
d
s
re-
e
U

but

al-
.1

the
rly

ed
er-
ri-

ID-
-

ar-

n

us
R.
.
d.

id

aw
a-

l
t,’’

a

n
eutral

r

ws
lu-

f
al

id
the interface, thez derivatives compensate each other and
easily obtain (m11m2)(]

2uI /]y
2)(y)522G which leads

to the parabola for the interface velocity.8 Note that this re-
sult is no longer true if the interface is close to an end w

For the simulations, we use in this work the BGK mod
with the so-called D3Q19 lattice~for 3 dimensions and 19
lattice directions!. Applying the statistical physics ideas o
Bhatnagaret al.,11 Qian et al.12 have developed the lattic
BGK model to simulate a viscous fluid flow. Following Qia
et al., a relaxation equation governing the time evolution
the mass densityNi(r ,t) in the directioni , at time t11 is
used.11 The model leads to the Newtonian incompressi
Navier–Stokes equation, where the kinematic viscosityn of
the fluid can be easily tuned through one relaxation par
eter fixed at the beginning of the simulation.

The simulations are performed on a lattice of s
Nx3Ny3Nz , whereNx51, Ny is equal to 15 or 20, and
Nz varies between 30 and 200. Since the flow does not
pend on the coordinatex, only one row is needed whe
periodic boundary conditions are applied in the flow dire
tion; bounce-back boundary conditions are applied on
first and last nodes of the lattice, iny andz directions. The
walls are therefore at half a node away from these nod
giving a cell thicknesse5Ny and a cell heighth5Nz . The
algorithms are implemented on CM5 and Cray-T3D comp
ers. Parallelism is definitely suitable for lattice modelin
owing to the independence of each node: collision a
propagation steps can be achieved simultaneously for
nodes. Physical variables are related to lattice ones~denoted
by L) as follows:n5nL( l

2/t0) andU5UL( l /t0), wherel is
the lattice spacing andt0 is the time step.

The simulations of one-fluid flow have been perform
using a kinematic viscositynL50.01 and an average flui

FIG. 4. Velocity profileu(0,z) near the interface between two fluids o
viscosity ratiom1 /m250.1 flowing in a cell of large aspect ratio: analytic
results~solid line! and simulation~s!. The velocity is normalized by the
plane Poiseuille flow maximum velocity of the less viscous flu
Ge2/(8m1).
Phys. Fluids, Vol. 9, No. 6, June 1997
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velocityUL50.005~Figs. 2 and 3!. In Fig. 2, a lattice size of
Ny3Nz5203200 has been used leading to an aspect r
h/e510. In Fig. 3,Ny515 andNz530, 75, and 150, leading
to aspect ratiosh/e52, 5, and 10, respectively. The Rey
nolds number Re5ULNy /nL is less than 10 when evaluate
with the thicknessNy515. The stationary state flow i
achieved after typically 50 000 time steps, which cor
sponds to the viscous diffusive time on the spatial scale
(t'Ny

2/nL'40 000). The typical computing time is 5 CP
minutes for a 32 node-partition of the CM5 computer.

For the two-fluid flow case~Fig. 4! a lattice of size 1315
3150 has been used. The fluids of different viscosities,
with the same densities, lie on top of each other~each fluid
occupying half of the lattice nodes inz direction!. There is
no surface tension between the fluids but they are not
lowed to mix.11 The kinematic viscosities are equal to 0
and 0.01, yielding to a viscosity ratio ofm1 /m250.1, and
the Reynolds number is equal to 0.9 when evaluated with
smaller viscosity and the thickness. The flow is thus clea
in the laminar regime.

This description of the stable flow of two superimpos
viscous fluids in a Hele-Shaw cell is a first step in the und
standing of the shear instability existing in such an expe
mental setup.5
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