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We use the recent models of Titan's shape and gravity to estimate the large-scale density structure of its outer ice shell. We assume that the bottom boundary of the ice shell is an equipotential surface, in agreement with the decrease in ice viscosity expected near the ice/water interface, and the topography is supported by density variations within the ice shell. The density model shows strong degree 2 and 4 zonal components, indicating an important role of atmospheric and/or oceanic processes. We discuss three mechanisms that may explain the derived density anomalies: ethane precipitation, temperature anomalies and variations in porosity.

While ethane precipitation provides a plausible explanation for positive density anomalies associated with polar depressions, large-scale variations in temperature are likely to play a role at mid-and low latitudes. These variations can be associated with a laterally varying thickness of the methane clathrate crust, which controls the heat transport in the ice shell, and/or with variations in the heat flux from the ocean. The density of the ice shell can also be affected by variations in porosity of the near-surface material, but these variations are unlikely to be the main cause of the large-scale density anomalies identified from the shape and gravity data.

Introduction

Titan is the only moon in the Solar System to have a dense atmosphere. The Cassini-Huygens mission has discovered that Titan's nitrogen-methane gas envelope contains trace amounts of many other gases suggesting that Titan's atmospheric chemistry is complex and diverse (e.g. [START_REF] Bézard | The composition of Titan's atmosphere[END_REF][START_REF] Vuitton | Chemistry of Titan's atmosphere[END_REF]. Motivated by these findings, NASA's new mission, Dragonfly, will study Titan's prebiotic chemistry and search for chemical evidence of past or extant life in the atmosphere and on the surface [START_REF] Lorenz | A rotorcraft lander concept for scientific exploration at Titan[END_REF].

The composition of the atmosphere on Titan is closely related to the thermo-chemical processes occurring in the interior: Methane is unstable in Titan's atmosphere and must be replenished on a geological time scale, while ethane, the main product of methane photolysis, is notably absent in the atmosphere and must be stored in the subsurface (e.g. Tobie et al., 2005a[START_REF] Tobie | Episodic outgassing as the origin of atmospheric methane on Titan[END_REF]. Knowledge of the internal structure and interactions between different chemical reservoirs is therefore critical for understanding the long-term evolution of the atmosphere and the way in which it influences the processes in the ice shell. The interior of Titan is inaccessible to direct observation but the internal structure can be inferred from remote measurements taken during the Cassini flybys. Observational constraints on the internal structure of Titan include the shape of the surface [START_REF] Zebker | Size and shape of Saturn's moon Titan[END_REF][START_REF] Stiles | Determining Titan surface topography from Cassini SAR data[END_REF][START_REF] Lorenz | A global topographic map of Titan[END_REF][START_REF] Mitri | Shape, topography, gravity anomalies and tidal deformation of Titan[END_REF][START_REF] Corlies | Titan's topography and shape at the end of the Cassini mission[END_REF], gravity [START_REF] Iess | Gravity field, shape, and moment of inertia of Titan[END_REF][START_REF] Iess | The tides of Titan[END_REF][START_REF] Hemingway | A rigid and weathered ice shell on Titan[END_REF][START_REF] Durante | Titan's gravity field and interior structure after Cassini[END_REF], and rotational and tidal characteristics (e.g. [START_REF] Lorenz | Titan's rotation reveals an internal ocean and changing zonal winds[END_REF][START_REF] Baland | Titan's obliquity as evidence of a subsurface ocean?[END_REF][START_REF] Iess | The tides of Titan[END_REF].

The internal structure of Titan is poorly known (see, e.g., [START_REF] Tobie | The origin and evolution of Titan[END_REF] for a review). The present Titan consists of an ice shell rich in methane clathrates overlying a deep water ocean and a layer of high-pressure ice. About one half of the total mass is contained in the silicate core. The thickness of the ice shell is not well constrained with estimates ranging from a few tens of kilometers to more than 100 km (e.g. Tobie et al., 2005a;[START_REF] Baland | Titan's internal structure inferred from its gravity field, shape, and rotation state[END_REF]. The depth of the ocean and its composition are a subject of discussion. Several early studies have suggested that the ocean is ammonia-rich, implying that the density and the melting temperature of the ocean should be less than that of water (e.g. Tobie et al., 2005a). However, the lowdensity ammonia-water ocean does not seem to be compatible with the observed tidal deformation (𝑘 2 = 0.616 ± 0.067, [START_REF] Durante | Titan's gravity field and interior structure after Cassini[END_REF]), which can only be explained if the average density of the ocean is higher than about 1200 kg/m 3 (e.g. [START_REF] Iess | The tides of Titan[END_REF][START_REF] Baland | Titan's internal structure inferred from its gravity field, shape, and rotation state[END_REF][START_REF] Mitri | Shape, topography, gravity anomalies and tidal deformation of Titan[END_REF]. Recently, [START_REF] Leitner | Modeling early Titan's ocean composition[END_REF] have argued that the current ammonia concentration in the ocean does https://doi.org/10.1016/j.icarus.2021.114466 Received 28 October 2020; Received in revised form 14 February 2021; Accepted 31 March 2021 not exceed 5%, leading to a decrease in melting temperature by less than 5 K. The high density of Titan's ocean could be related to the high concentration of ammonium sulfate which can increase the ocean density by 35% and reduce the melting temperature by 10-20 K [START_REF] Fortes | Ammonium sulfate on Titan: Possible origin and role in cryovolcanism[END_REF][START_REF] Iess | The tides of Titan[END_REF].

The ice shell of Titan is not in hydrostatic equilibrium. The longwavelength topography, i.e., the difference between the radius to the surface and the radius to the equipotential surface, along the same radius vector, is characterized by polar depressions (< -300 m) and several elevated areas (>400 m) located at mid-latitudes (see Fig. 6d in [START_REF] Durante | Titan's gravity field and interior structure after Cassini[END_REF]). The topography is more pronounced in the southern than in the northern hemisphere. As shown by [START_REF] Durante | Titan's gravity field and interior structure after Cassini[END_REF], the variations of the gravity field at degrees 3-5 have relatively small amplitudes and they are poorly correlated with the shape anomalies, indicating a high degree of compensation. A significant portion of the topographic signal is produced by zonal harmonic coefficients 𝐶 20 and 𝐶 40 , while coefficient 𝐶 22 plays a minor role (see also Fig. 4b).

The issue of Titan's topography has been investigated using the concept of Airy isostasy (e.g. [START_REF] Nimmo | Shell thickness variations and the long-wavelength topography of Titan[END_REF][START_REF] Hemingway | A rigid and weathered ice shell on Titan[END_REF][START_REF] Lefèvre | Structure and dynamics of Titan's outer icy shell constrained from Cassini data[END_REF][START_REF] Mitri | Shape, topography, gravity anomalies and tidal deformation of Titan[END_REF][START_REF] Kvorka | Does Titan's long-wavelength topography contain information about subsurface ocean circulation dynamics?[END_REF]. Since the viscous relaxation at the base of the ice shell is very fast, the ice roots supporting the topography can remain stable only if they are dynamically maintained by the phase changes (melting, freezing) occurring at the ice/water interface (for a detailed discussion of dynamic Airy isostasy on icy moons with a subsurface ocean, see [START_REF] Kvorka | Does Titan's long-wavelength topography contain information about subsurface ocean circulation dynamics?[END_REF] or Čadek et al. (2019a,b)). These phase changes can result from uneven tidal heating in the ice shell [START_REF] Nimmo | Shell thickness variations and the long-wavelength topography of Titan[END_REF] and/or can be related to variations in the heat flux coming from the ocean [START_REF] Kvorka | Does Titan's long-wavelength topography contain information about subsurface ocean circulation dynamics?[END_REF][START_REF] Amit | Cooling patterns in rotating thin spherical shells -Application to Titan's subsurface ocean[END_REF]. Dynamic Airy isostasy can be affected by erosion and deposition at the surface [START_REF] Hemingway | A rigid and weathered ice shell on Titan[END_REF][START_REF] Kvorka | Does Titan's long-wavelength topography contain information about subsurface ocean circulation dynamics?[END_REF]. The importance of surface processes on Titan has been demonstrated by local studies (e.g. [START_REF] Neish | Crater topography on Titan: Implications for landscape evolution[END_REF], but it is far from clear that these processes can significantly affect the topography on a large scale. In any case, the topography of Titan can be explained by an Airy model of isostasy only if the ice shell is essentially rigid, implying that the ice forming the bottom part of the ice shell must be coarse grained (grain size ≳ 10 mm, [START_REF] Kvorka | Does Titan's long-wavelength topography contain information about subsurface ocean circulation dynamics?[END_REF]) or the temperature of the ocean must be significantly (tens of Kelvins) lower that the melting temperature of pure water ice.

An alternative compensation mechanism has been proposed by [START_REF] Choukroun | Is Titan's shape caused by its meteorology and carbon cycle?[END_REF] who argued that the observed large-scale polar depressions are associated with enhanced ethane precipitation at high latitudes. Ethane is formed by the photolysis of methane in Titan's stratosphere. During the winter season, global circulation is characterized by upwelling at the south pole and downwelling at the north pole where ethane descends to the tropopause and falls as rain on the ground [START_REF] Griffith | Evidence for a polar ethane cloud on Titan[END_REF]. The ethane-rich liquid accumulated in the lakes then permeates into the shell where the ethane substitutes for methane in the clathrate phase because ethane clathrate is more stable than methane clathrate [START_REF] Murshed | Hydrate phase transformation imposed by gas exchange[END_REF]. Since ethane clathrate is 9% denser than methane clathrate, the precipitation of ethane at the poles is accompanied by subsidence, creating polar depressions, in agreement with the Pratt compensation model. [START_REF] Choukroun | Is Titan's shape caused by its meteorology and carbon cycle?[END_REF] argue that the process could have taken place over hundreds of millions of years and the substitution must have occurred down to a depth of about 3 km. The model proposed by [START_REF] Choukroun | Is Titan's shape caused by its meteorology and carbon cycle?[END_REF] does not require any assumptions about the composition of the ocean and provides an explanation for the large-scale polar depressions that is consistent with the current knowledge of Titan's atmosphere. A limitation of this model is that it cannot explain the topographic features located outside the polar regions, such as the three topographic elevations with amplitudes exceeding 300 m located in the southern hemisphere.

In this paper, we revisit the Pratt model of the ice shell on Titan using the latest model of Titan's gravity developed to degree and order 5 [START_REF] Durante | Titan's gravity field and interior structure after Cassini[END_REF]. Our goal is to determine the lateral density distribution in the ice shell that is consistent with observational constraints and does not require the assumption of a cold ocean or a rigid ice shell. Besides the polar depressions, that have already been discussed by [START_REF] Choukroun | Is Titan's shape caused by its meteorology and carbon cycle?[END_REF], we also address the issue of topographic anomalies located at lower latitudes and examine them in the context of atmosphere, surface and ocean processes.

Formulation of the inverse problem

In this study, we use the latest models of Titan's shape [START_REF] Corlies | Titan's topography and shape at the end of the Cassini mission[END_REF] and gravity [START_REF] Durante | Titan's gravity field and interior structure after Cassini[END_REF]. Since these models serve as the input data for the inverse problem described below, we refer to them as ''observed data'' and denote them by 𝑠 𝑜𝑏𝑠 and 𝑉 𝑜𝑏𝑠 , respectively. Throughout the paper, we carefully distinguish between the shape, defined as the height measured with respect to the mean radius of the surface, and the topography, defined as the height measured with respect to a reference equipotential surface.

Our goal is to determine the lateral density distribution in the ice shell, 𝛿𝜌, that best fits Titan's shape and gravity. We assume that the density anomalies are located below the surface in the upper part of the ice shell and their amplitude does not change with depth. We further assume that (i) the gravitational effect of density anomalies in the subsurface ocean, the high-pressure ice layer and the silicate core is negligible, (ii) the internal structure of Titan can be represented by a layered model, and (iii) the boundaries of the layers are equipotential surfaces, that is, they satisfy the condition

𝑉 𝛿𝜌 (𝑟 𝑖 (𝜗, 𝜑)) + 𝑛 ∑ 𝑘=1 𝑉 𝑘 (𝑟 𝑖 (𝜗, 𝜑)) + 𝑉 𝑡+𝑐 (𝑟 𝑖 (𝜗, 𝜑)) = 𝑐𝑜𝑛𝑠𝑡, 𝑖 = 2, 3, … , 𝑛. (1)
Here, the indices 𝑖 and 𝑘 denote the interfaces (numbered from top to bottom, with 1 and 𝑛 corresponding to the outer surface and the surface of the silicate core, respectively), 𝑟 𝑖 (𝜗, 𝜑) is the radius of a point with angular coordinates 𝜗 and 𝜑 located on the 𝑖th boundary (𝑟 1 ≡ 𝑠 𝑜𝑏𝑠 ), 𝑉 𝛿𝜌 (𝑟 𝑖 ) and 𝑉 𝑘 (𝑟 𝑖 ) are the gravitational potentials of density anomalies 𝛿𝜌 and shape anomalies 𝑟 𝑘 evaluated on the 𝑖th boundary, respectively, and 𝑉 𝑡+𝑐 denotes the sum of the static tidal and centrifugal potentials (see Eq. (A.10) in the Appendix A). The gravitational potential is defined as positive for a positive mass anomaly. The potential 𝑉 𝑘 is proportional to the density jump at the 𝑘th interface (see Eqs. (A.5) and (A.6) in the Appendix A), which means that Eq. (1) cannot be used without the knowledge of the radial density distribution. This issue is discussed in Section 3.

The assumption that the bottom boundary of the ice shell and the upper boundary of the high-pressure ice layer are equipotential surfaces is likely to be satisfied under a wide range of conditions. Unless the ocean is very cold (≲230 K) or the ice grains are very large (≳ 10 mm), the ice near the boundaries cannot support topographic loads because of too low viscosity [START_REF] Kvorka | Does Titan's long-wavelength topography contain information about subsurface ocean circulation dynamics?[END_REF]. Very little is known about the state of Titan's silicate core. The assumption that the core is in hydrostatic equilibrium, or more precisely, that its gravitational potential can be approximated by that of an equipotential surface, is debatable. As shown by [START_REF] Durante | Titan's gravity field and interior structure after Cassini[END_REF], the observed ratio of the degree-2 gravity coefficients (𝐽 2 ∕𝐶 22 = 3.186 ± 0.084) is close to a theoretical value of 10∕3 derived for a body in hydrostatic equilibrium. This indicates that Titan's internal density interfaces do not differ substantially from equipotential surfaces, or the topography of these interfaces is highly compensated (meaning that the topographic gravity anomalies are offset by internal density variations). However, it is far from clear whether this conclusion can be generalized to higher degrees, which are not dominated by tides and rotation. To give an idea of the size of the geoid anomaly that can be induced by the core topography, we calculate the geoid heights corresponding to large-scale topographic masses located at a depth of 500 km. Assuming that these masses are uncompensated and the density jump at the core boundary is 1200 kg/m 3 , we obtain that ℎ 𝓁 ≈ 1.2 𝑡 𝓁 (4∕5) 𝓁 ∕(2𝓁 + 1), where 𝓁 is the harmonic degree and ℎ 𝓁 is the geoid height corresponding to a topographic amplitude 𝑡 𝓁 (see also Eq. (A.5)). In particular, for 𝑡 𝓁 = 100 m we get ℎ 3 ≈ 8.8 m, ℎ 4 ≈ 5.5 m and ℎ 5 ≈ 3.6 m. These values are comparable to those observed on Titan (see Fig. 4d), suggesting that even a small (∼100 m) deviation of the core from hydrostatic shape can produce a measurable gravity anomaly. We will return to this issue in Section 4, where we quantify the effect of the core topography on the solution of the inverse problem.

The inverse problem is formulated as the minimization of the cost function

𝑆(𝛿𝜌) = ‖ Ṽ 𝑜𝑏𝑠 -Ṽ 𝑝𝑟𝑒𝑑 (𝛿𝜌)‖ 2 𝐿 2,𝜎 + ‖𝑡 𝑜𝑏𝑠 -𝑡 𝑝𝑟𝑒𝑑 (𝛿𝜌)‖ 2 𝐿 2,𝜎 , ( 2 
)
where ‖•‖ 𝐿 2,𝜎 represents the 𝐿 2 norm misfit weighted by the data errors and computed over the surface of a sphere. The symbol Ṽ 𝑜𝑏𝑠 in Eq. ( 2) denotes the observed gravitational potential corrected for the effect of shape anomalies and evaluated on a sphere of radius 𝑅 1 = 2575 km,

Ṽ 𝑜𝑏𝑠 (𝜗, 𝜑) = 𝑉 𝑜𝑏𝑠 (𝑅 1 , 𝜗, 𝜑) -𝑉 1 (𝑅 1 , 𝜗, 𝜑), ( 3 
)
while Ṽ 𝑝𝑟𝑒𝑑 is the gravitational potential predicted for density anomaly 𝛿𝜌 and internal density interfaces 𝑟 𝑖 ,

Ṽ 𝑝𝑟𝑒𝑑 (𝜗, 𝜑) = 𝑉 𝛿𝜌 (𝑅 1 , 𝜗, 𝜑) + 𝑛 ∑ 𝑖=2 𝑉 𝑖 (𝑅 1 , 𝜗, 𝜑). ( 4 
)
The second term on the right-hand side of Eq. ( 2) quantifies the agreement between the observed and the predicted topography. The symbol 𝑡 𝑜𝑏𝑠 denotes the observed topography of Titan's surface obtained from 𝑠 𝑜𝑏𝑠 using the Bruns formula,

𝑡 𝑜𝑏𝑠 (𝜗, 𝜑) = 𝑠 𝑜𝑏𝑠 (𝜗, 𝜑) - 𝑉 𝑜𝑏𝑠 (𝑅 1 , 𝜗, 𝜑) + 𝑉 𝑡+𝑐 (𝑅 1 , 𝜗, 𝜑) 𝑔(𝑅 1 ) , ( 5 
)
and 𝑡 𝑝𝑟𝑒𝑑 is the topography predicted for density anomaly 𝛿𝜌 using the Pratt model of isostasy,

𝑡 𝑝𝑟𝑒𝑑 (𝜗, 𝜑) = - 𝛿𝜌(𝜗, 𝜑) 𝜌 1 𝑔(𝑅 1 )𝑅 2 1 ∫ 𝑅 1 𝑅 1 -𝐷 𝑔(𝑟)𝑟 2 𝑑𝑟, (6) 
where 𝑔(𝑟) is the mean gravitational acceleration on a sphere of radius 𝑟, 𝜌 1 is the density of the ice shell, and 𝐷 is the thickness of the layer with a variable density (see the next section). Note that Eq. ( 6) takes into account the convergence of the verticals (factor 𝑟 2 ) and is formulated in terms of the topography, not the shape (cf. Čadek et al., 2019a). An alternative to Eq. ( 6) would be to use the minimum stress approach to isostasy proposed by [START_REF] Dahlen | Isostatic geoid anomalies on a sphere[END_REF] and recently applied to icy bodies by [START_REF] Beuthe | Enceladus's and Dione's floating ice shells supported by minimum stress isostasy[END_REF]. We tested both approaches and found no substantial difference in the results.

The inverse problem, Eqs. ( 1)-( 6), contains 𝑛+2 unknown functions, namely the density anomaly 𝛿𝜌, the predicted potential Ṽ 𝑝𝑟𝑒𝑑 , the predicted topography 𝑡 𝑝𝑟𝑒𝑑 and 𝑛 -1 functions describing the shape of the internal boundaries 𝑟 𝑖 , 𝑖 = 2, … , 𝑛. Using Eqs. (1), we can eliminate 𝑟 2 to 𝑟 𝑛 from Eq. ( 4) and express Ṽ 𝑝𝑟𝑒𝑑 and 𝑡 𝑝𝑟𝑒𝑑 as a function of only one variable, 𝛿𝜌. The estimate of 𝛿𝜌 is then obtained by minimizing the cost function 𝑆 (Eq. ( 2)). Since the shape anomalies 𝑠 𝑜𝑏𝑠 are much smaller than the mean radius of Titan, the inverse problem described above can be linearized and solved using spherical harmonic expansions. As an output, we obtain a set of coefficients 𝜌 𝓁𝑚 describing the lateral density variations in the shell. The resolution of the density model is the same as that of the gravity model by [START_REF] Durante | Titan's gravity field and interior structure after Cassini[END_REF], which is truncated at degree and order 5. A detailed description of the spectral method is given in Appendix A.

Radial density structure and the value of parameter 𝑫

To determine potentials 𝑉 𝑘 in Eqs. ( 1) and ( 4), we need to know Titan's radial density profile. As already mentioned in Section 1, the structure of Titan's interior is not entirely known. In this study, we consider six different density profiles (Fig. 1) illustrating the current uncertainties associated with Titan's internal structure. The profiles differ in the composition of the ocean and the thickness of the individual layers. The first three profiles are constructed under the assumption that Titan's ocean is made of pure water, while profiles 4-6 correspond to an ocean containing 10%wt MgSO 4 [START_REF] Vance | Geophysical investigations of habitability in ice-covered ocean worlds[END_REF]. All density profiles are derived to match the bulk density and moment of inertia constraints [START_REF] Durante | Titan's gravity field and interior structure after Cassini[END_REF] and to satisfy the equation of state of water or aqueous MgSO 4 . The tidal Love number 𝑘 2 computed from profiles 1-6 is 0.51, 0.45, 0.54, 0.59, 0.56 and 0.50, respectively, which is less than the observed value (0.616 ± 0.067, [START_REF] Durante | Titan's gravity field and interior structure after Cassini[END_REF]). We should keep in mind, however, that the standard deviation of the observed 𝑘 2 is large. Two of the computed values (corresponding to profiles 4 and 5) fall within 1-𝜎 interval and only one value (profile 2) is outside 2-𝜎 interval. The highest value of 𝑘 2 (0.59) is obtained for profile 4, which is characterized by a relatively thin ice shell and a 400 km thick MgSO 4 ocean.

The large response of Titan to the tidal field poses a difficult problem which has not yet been satisfactorily resolved. The most likely explanation is that the average density of the ocean is significantly higher than that of pure water and the ice shell thickness is smaller than 100 km (e.g. [START_REF] Iess | The tides of Titan[END_REF][START_REF] Baland | Titan's internal structure inferred from its gravity field, shape, and rotation state[END_REF][START_REF] Mitri | Shape, topography, gravity anomalies and tidal deformation of Titan[END_REF]. A higher density may be due to the presence of dissolved salts and minerals, such as NaCl, KCl, (NH 4 ) 2 SO 4 , MgSO 4 , etc. (e.g. [START_REF] Fortes | Ammonium sulfate on Titan: Possible origin and role in cryovolcanism[END_REF][START_REF] Vance | Geophysical investigations of habitability in ice-covered ocean worlds[END_REF][START_REF] Leitner | Modeling early Titan's ocean composition[END_REF]. In this study, we consider an ocean with 10%wt MgSO 4 (profiles 4-6). The main reason for this choice is that the thermodynamic properties of aqueous magnesium sulfate are well known [START_REF] Vance | Thermodynamic properties of aqueous MgSO 4 to 800 MPa at temperatures from -20 to 100 degrees C and concentrations to 2.5 mol kg -1 from sound speeds, with applications to icy world oceans[END_REF], although, as mentioned by [START_REF] Vance | Geophysical investigations of habitability in ice-covered ocean worlds[END_REF], a sulfate-rich ocean may not be consistent with the prevalence of reduced volatiles in Titan's atmosphere. It should be noted that the Love number 𝑘 2 primarily depends on the density and rheological stratification and is rather insensitive to lateral variations in density.

As we will see in Section 4, the gravity and shape data cannot answer the question which of the density profiles shown in Fig. 1 is the closest to the real Titan structure and in which depth range the density anomalies, 𝛿𝜌, are exactly located. The goal of this paper is not to constrain the radial structure of Titan, but to derive a model of 𝛿𝜌 that explains the observed shape and gravity assuming Pratt isostasy. To understand the sensitivity of this model to uncertainties in Titan's radial structure, we perform a parametric test in which we use different density profiles and vary the thickness 𝐷 of the layer with a variable density.

Results

The sensitivity of the inverse problem solution to the thickness 𝐷 is illustrated in Fig. 2. The solution is characterized by three parameters: 7) and ( 8), plotted as a function of thickness 𝐷 of the anomalous density layer. (b) The lateral density contrast 𝛥𝜌, Eq. ( 9), corresponding to the best-fitting density model obtained for a given value of parameter 𝐷. The curves plotted in panels a and b correspond to six radial density profiles shown in Fig. 1. Different lengths of the lines correspond to different thicknesses of the ice shell considered in profiles 1-6. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) the percentage of the predicted shape data,

𝑃 𝑠 (𝐷) = ⎛ ⎜ ⎜ ⎜ ⎝ 1 - | | | 𝑠 𝑜𝑏𝑠 -𝑠 𝑝𝑟𝑒𝑑 ( 𝛿𝜌 𝐷 ) | | | 2 𝐿 2 |𝑠 𝑜𝑏𝑠 | 2 𝐿 2 ⎞ ⎟ ⎟ ⎟ ⎠ × 100, (7) 
the percentage of the predicted gravity data,

𝑃 𝑔 (𝐷) = ⎛ ⎜ ⎜ ⎜ ⎝ 1 - | | | 𝑉 𝑜𝑏𝑠 -𝑉 𝑝𝑟𝑒𝑑 ( 𝛿𝜌 𝐷 ) | | | 2 𝐿 2 |𝑉 𝑜𝑏𝑠 | 2 𝐿 2 ⎞ ⎟ ⎟ ⎟ ⎠ × 100, (8) 
and the lateral density contrast 𝛥𝜌,

𝛥𝜌(𝐷) = max 𝜗,𝜑 {𝛿𝜌 𝐷 } -min 𝜗,𝜑 {𝛿𝜌 𝐷 }, (9) 
where 𝛿𝜌 𝐷 is the density anomaly minimizing the cost function 𝑆 for a given 𝐷, and 𝑠 𝑝𝑟𝑒𝑑 and 𝑉 𝑝𝑟𝑒𝑑 are the shape and the gravitational potential predicted for 𝛿𝜌 𝐷 , respectively. The characteristics ( 7)-( 9) are plotted in Fig. 2 for all density profiles shown in Fig. 1. The curves computed for different profiles are very close to each other suggesting that the inverse problem is rather insensitive to the thickness of the ice shell and the density stratification in the deeper interior. Profiles with an ocean containing 10%wt MgSO 4 (red curves) show a slightly better fit to the data than pure water models, but the differences between the curves in Fig. 2a are too small to be significant. The high percentage of the predicted data (𝑃 𝑔 ≈ 𝑃 𝑠 > 99%) is related to the fact that the density profiles used in this study are constructed to satisfy Titan's moment of inertia, which has been derived from the observed potential coefficients 𝐶 20 and 𝐶 22 [START_REF] Durante | Titan's gravity field and interior structure after Cassini[END_REF]. However, the percentage of the predicted gravity data is rather high even if 𝐶 20 and 𝐶 22 are not included, which is illustrated by the percentage of the gravity data predicted at degrees 3, 4 and 5. The magnitude of 𝑃 𝑔 decreases with increasing degree, which may be due to large uncertainties in the data at higher degrees, but it may also indicate that the gravity field of Titan cannot be fully explained by an isostatic model (see the discussion below). Another feature to note in Fig. 2a is that 𝑃 𝑔 decreases with increasing 𝐷. The decrease is especially significant for higher degrees, suggesting that the depth of compensation may depend on the wavelength of density anomalies (the shorter the wavelength, the shallower the depth of compensation). However, it is possible that this decrease is artificial, rather than real, and results from the skin effect inherent to gravity inversions.

The percentage of the shape data predicted at degree 3-5 (not shown in Fig. 2) is about 98% which is significantly more than for the gravity data. This is not surprising, considering that 𝛿𝜌 is obtained by the minimization of function 𝑆, Eq. ( 2), and the uncertainty of Ṽ 𝑜𝑏𝑠 (observed gravitational potential corrected for the effect of shape anomalies) is much larger than that of topography 𝑡 𝑜𝑏𝑠 . For a detailed comparison of the observed and predicted coefficients, see Fig. 3.

Inspection of Fig. 2b reveals a trade-off between 𝛥𝜌 and 𝐷. This is not surprising, since 𝐷 ≪ 𝑅 1 and, as a consequence, 𝑠 𝑝𝑟𝑒𝑑 and 𝑉 𝑝𝑟𝑒𝑑 depend primarily on the product 𝛿𝜌𝐷. The function 𝛥𝜌(𝐷) can therefore be approximated by the hyperbola 𝛥𝜌 = 𝑐∕𝐷, where 𝑐 ≈ 11×10 5 kg∕m 2 . If the lateral density variations in Titan's shell reflect the difference in density between ethane and methane clathrate, then 𝛥𝜌 should be close to 85 kg/m 3 , corresponding to 𝐷 ≈ 13 km. However, as will be discussed in Section 5, the density of the ice shell can be affected by porosity and thermal effects, suggesting that the actual values of parameters 𝐷 and 𝛥𝜌 may be different.

Fig. 4a shows the distribution of density anomalies in the ice shell obtained for density profile 4. For simplicity, the density anomalies are plotted for 𝐷 = 10 km. This value is close to that obtained from Fig. 2b for the ethane clathrate scenario and allows easy scaling of the density model (see the caption to Fig. 4a for details). The density coefficients 𝜌 𝓁𝑚 and their standard deviations are listed in Table A.1 in Appendix A. Inspection of the table shows that the amplitude spectrum is dominated by zonal degree 2 and degree 4 terms, which account for more than 50% of the total density signal (see also Fig. 5). It is important to note, however, that although the coefficients 𝜌 20 and 𝜌 40 are similar in magnitude, the errors associated with these coefficients differ by a factor of 3. It is also of interest that the density coefficient 𝜌 22 is much smaller in absolute value than 𝜌 20 , implying that the ice shell is much closer to hydrostatic equilibrium for the sectorial than for the zonal degree 2 harmonic. This might indicate that tides have only a minor effect on the processes in the ice shell.

As expected in the case of Pratt isostasy, the density anomalies are negatively correlated with the topography (Fig. 4b). The residual topography, i.e. the part of the topography that cannot be explained by Pratt isostasy, is shown in Fig. 4c. The residual topography is an order of magnitude smaller than the observed topography and its size is comparable to the uncertainties of the observed topography. The residual topography correlates with the geoid at degree 3-5 (Fig. 4d), suggesting that a small additional masses are necessary for a successful prediction of the gravitational potential at degrees higher than 2. These masses may be associated with deviations of the topography from isostatic equilibrium due to fast erosion, or they may correspond to a small departure of the core from hydrostatic equilibrium. Our isostatic model cannot in principle explain the gravity variations that are not correlated with the topography. Since the gravity and topography at degree 3-5 are not well correlated [START_REF] Durante | Titan's gravity field and interior structure after Cassini[END_REF], additional (non-isostatic) mass anomalies are needed to fit the gravity data.

It should be recalled that the density distribution in Fig. 4a is obtained under the assumption that the deep interior of Titan is in hydrostatic equilibrium. In order to examine the impact of this assumption on the solution of the inverse problem, we abandon the concept of a hydrostatic core and determine the density distribution, 𝛿𝜌, and the shape of the core, 𝑟 𝑛 , so that Ṽ 𝑝𝑟𝑒𝑑 (𝛿𝜌, 𝑟 𝑛 ) = Ṽ 𝑜𝑏𝑠 and 𝑡 𝑝𝑟𝑒𝑑 (𝛿𝜌, 𝑟 𝑛 ) = 𝑡 𝑜𝑏𝑠 (cf. Eq. ( 2)). Compared to the method described in Section 2, the gravity and shape data are fit exactly and the resulting 𝛿𝜌 and 𝑟 𝑛 (Fig. 6) are independent of the measurement error. A comparison of Figs. 4a and6a shows that the density distribution inferred from the gravity and shape data is essentially independent of the assumption made about the physical state of the core. As expected, the topography of the core is similar in pattern to but larger in magnitude than the residual topography shown in Fig. 4c. Our model suggests that the uncompensated topography of Titan's core may have an amplitude of up to 200 m. The map shown in Fig. 6b should be taken with reservation because the model of the core topography may be affected by uncertainties in the shape and gravity data.

As discussed in connection with Fig. 2b, there is a trade-off between the thickness 𝐷 and the density anomaly 𝛿𝜌. The low degree shape and gravity data constrain the product 𝛿𝜌𝐷 but cannot provide separate estimates of 𝐷 and 𝛿𝜌. Therefore, it is possible that 𝐷 varies laterally depending on the physical or chemical processes controlling the density of the shell. For example, 𝐷 may be of the order of 0.1-1 km and 𝛿𝜌 may vary by hundreds of kg/m 3 in regions where the density changes are associated with variations in porosity, while the thermally induced density anomalies can be spread over the whole thickness of the ice shell and their amplitudes can be of the order of 1-10 kg/m 3 . Different mechanisms that can be responsible for density variations in Titan's ice shell are discussed in the next section.

Interpretation of the results

Ethane precipitation

There are several lines of evidence suggesting that the upper part of Titan's shell is formed by methane clathrate [START_REF] Tobie | Episodic outgassing as the origin of atmospheric methane on Titan[END_REF][START_REF] Hayes | Hydrocarbon lakes on Titan: Distribution and interaction with a porous regolith[END_REF][START_REF] Mousis | Equilibrium composition between liquid and clathrate reservoirs on Titan[END_REF][START_REF] Turtle | Titan's meteorology over the Cassini mission: Evidence for extensive subsurface methane reservoirs[END_REF]. Since the methane clathrate has a density similar to water ice at low pressure [START_REF] Loveday | Stable methane hydrate above 2 GPa and the source of Titan's atmospheric methane[END_REF], its presence has no direct effect on Titan's topography or gravity. However, as suggested by [START_REF] Choukroun | Is Titan's shape caused by its meteorology and carbon cycle?[END_REF], the density of the clathrate layer can significantly increase in polar regions due to enhanced ethane precipitation at high latitudes. According to this concept, the liquid ethane penetrates the methane clathrate crust where it substitutes for methane and forms a denser ethane clathrate phase, resulting in subsidence around the poles. Our results are consistent with this hypothesis but show an asymmetry between the northern and the southern hemisphere (Fig. 7), indicating that the intensity of ethane precipitation may differ between the hemispheres and the local thickness of the ethane clathrate layer may be influenced by local conditions.

The difference in density between ethane and methane clathrate is 85 kg/m 3 , suggesting that the maximum thickness of the ethane clathrate layer around the north pole is about 3 km, in agreement with the prediction by [START_REF] Choukroun | Is Titan's shape caused by its meteorology and carbon cycle?[END_REF]. The positive density anomaly near the south pole has a smaller area than the anomaly on the north, but its amplitude is a factor of two larger, implying that the maximum thickness of the ethane clathrate layer is about 7 km. The total amount of the ethane stored in the south polar region is about 50% higher than around the north pole.

The north-south asymmetry in ethane distribution may be related to the asymmetry in insolation due to Saturn's eccentricity and obliquity. Since Titan is 1 AU closer to the Sun during the southern summer than during the northern summer, Titan's southern summers are shorter and more pronounced than its northern summers [START_REF] Aharonson | An asymmetric distribution of lakes on Titan as a possible consequence of orbital forcing[END_REF][START_REF] Aharonson | Titan's surface geology[END_REF]. However, due to the periodic changes in Saturn's orbital parameters, the seasonal asymmetry is reversed with a period of about 50 kyr, which indicates that seasonal effects alone cannot explain the dichotomy of the density model. [START_REF] Lora | Simulations of Titan's paleoclimate[END_REF] has investigated the effect of varying orbital parameters and showed that the orbital forcing does not produce a hemispheric asymmetry over a timescale longer than ∼125 kyr. Since the average ethane precipitation in the polar regions is only about 0.2 mm per Titan's year (Rannou et al., 2006) and the rate at which the ethane clathrate crust is produced is of the order of 1-10 m/Myr [START_REF] Choukroun | Is Titan's shape caused by its meteorology and carbon cycle?[END_REF], variations in orbital parameters are unlikely to have a significant impact on the distribution of ethane in Titan's crust.

An alternative model has been proposed by [START_REF] Tokano | Orbitally and geographically caused seasonal asymmetry in Titan's tropospheric climate and its implication for the lake distribution[END_REF] who argues that the asymmetry in Titan's climate is caused by a hemispheric asymmetry in geography. According to this model, the meridional circulation is stronger in the southern hemisphere than in the northern hemisphere, leading to a reduction in precipitation during Titan's southern summers. The model suggests that the hemispheric dichotomy in lake distribution [START_REF] Aharonson | An asymmetric distribution of lakes on Titan as a possible consequence of orbital forcing[END_REF] does not reverse within the precession cycle and can be stable for a long time, depending on the rate at which Titan's landscape changes. If this interpretation is correct, the almost complete absence of lakes in Titan's southern hemisphere would mean that the excessive amount of ethane clathrate near the south pole predicted by our model is of ancient origin, or that the high density found in this region is due primarily to a different mechanism.

Both polar anomalies are irregular (non-circular) and their centers are offset from the poles. The south polar density anomaly is flanked by anomalies of opposite sign. A substantial negative anomaly is centered around 55 • S and 275 • E (Fig. 7c) and extends to the south to the area of presumed ethane precipitation. It is possible that the distribution of ethane clathrate in this region is affected by the erosion of the ethane clathrate layer, which is likely to occur in the elevated area in the western part of the south polar region (coinciding with the negative density anomaly), and the deposition of ethane clathrate in the depressed area in the eastern part (coinciding with the positive density anomaly). The thickness of the ethane clathrate layer can also be influenced by the geometry of the fluvial system which tends to move the liquid ethane from higher to lower elevations. In any case, the existence of a negative density anomaly near the pole is intriguing and requires further investigation. 

Variations in temperature

Lateral variations in average temperature are another factor that may influence the large-scale density structure of the ice shell. These variations may be a consequence of (i) uneven tidal heating (cf. [START_REF] Nimmo | Shell thickness variations and the long-wavelength topography of Titan[END_REF][START_REF] Kvorka | Does Titan's long-wavelength topography contain information about subsurface ocean circulation dynamics?[END_REF], (ii) spatial variations in material properties of the ice shell [START_REF] Kalousová | The insulating effect of methane clathrate crust on Titan's thermal evolution[END_REF], and/or (iii) latitudinal variations in the heat flux from the ocean [START_REF] Soderlund | Ocean dynamics of outer Solar System satellites[END_REF][START_REF] Amit | Cooling patterns in rotating thin spherical shells -Application to Titan's subsurface ocean[END_REF].

Tidal heating. The effect of tidal heating is likely to be small, as indicated by the fact that coefficients 𝐶 22 , 𝐶 42 and 𝐶 44 characterizing (together with 𝐶 20 and 𝐶 40 ) the tidal heating distribution in the ice shell, are of minor importance in the density model (see corresponding density coefficients in Table A.1). The impact of tidal heating on temperature in Titan's convecting ice shell has been studied by [START_REF] Kalousová | The insulating effect of methane clathrate crust on Titan's thermal evolution[END_REF]. Using a tidal heating rate of 5.10 -8 W/m 3 , which is the upper bound for Titan, [START_REF] Kalousová | The insulating effect of methane clathrate crust on Titan's thermal evolution[END_REF] showed that tides can increase the temperature of ice by ≲4 K compared to the case where the tidal heating is not included. This temperature change corresponds to a density anomaly of less than 1 kg/m 3 spread across the entire thickness of the convective domain. For the sake of comparison, we recalculate this value to the density anomaly corresponding to 𝐷 = 10 km. Assuming that the thickness of the convective layer is 50-70 km, we obtain 𝛿𝜌 between 5 and 7 kg/m 3 , which is much less than the density contrast required to explain the gravity and topography data (Fig. 4a). Moreover, as shown, e.g., by Tobie et al. (2005b), the tidal heating on Titan is concentrated in the polar regions where our model predicts a positive density anomaly.

Spatial variations in material properties. The effect of material properties on the thermal evolution of Titan's outer ice shell have recently been investigated by [START_REF] Kalousová | The insulating effect of methane clathrate crust on Titan's thermal evolution[END_REF]. The authors showed that the amount of heat extracted from the ice shell is controlled by the thickness of the methane clathrate crust. Since the thermal conductivity of methane clathrate is an order of magnitude lower than that of water ice [START_REF] Sloan | Clathrates Hydrates of Natural Gases[END_REF], the local thickness of the methane clathrate layer can significantly influence the local temperature profile, and hence the depth-averaged density of the shell (Fig. 8). As shown in Fig. 8c for a 100 km thick ice shell, the average density of the shell can vary by up to 5 kg/m 3 , corresponding to an isostatic topography amplitude of up to 500 m. However, large density variations are produced only if the thickness of the methane clathrate crust is significantly reduced in regions of low elevation; if the crustal thickness is everywhere greater than 5 km, the effect described above is negligible. Thickness variations of the methane clathrate crust could explain the negative density anomalies at mid-and low-latitudes which cannot be explained by the ethane precipitation model.

The latitudinal (zonally averaged) distribution of the density anomalies (Fig. 5) is characterized by two distinct minima, one at 40 • S and one at 25 • N. The position of the former minimum roughly coincides with the position of tropospheric clouds determined from Cassini observations spanning a half of an annual cycle (e.g. Rannou et al., 2006;[START_REF] Brown | Clouds on Titan during the Cassini prime mission: A complete analysis of the VIMS data[END_REF][START_REF] Rodriguez | Titan's cloud seasonal activity from winter to spring with Cassini VIMS[END_REF][START_REF] Mouélic | Mapping polar atmospheric features on Titan with VIMS: From the dissipation of the northern cloud to the onset of a southern polar vortex[END_REF][START_REF] Turtle | Titan's meteorology over the Cassini mission: Evidence for extensive subsurface methane reservoirs[END_REF]. It is tempting to speculate that the two density minima located at mid-latitudes are related to regions of enhanced methane precipitations while the local density maximum near the equator is a consequence of the dry climate of Titan's dune region.

Heat flux from the ocean. The recent studies by Soderlund (2019) and [START_REF] Amit | Cooling patterns in rotating thin spherical shells -Application to Titan's subsurface ocean[END_REF] have demonstrated that the heat coming from Titan's ocean can significantly vary with latitude. Although the studies differ in their conclusions regarding the cooling pattern, they both predict that the time-averaged heat flux has a strong zonal component dominated by low-degree even harmonics. The density field derived in this study shows strong zonal degree 2 and 4 components (see Table A.1 and Fig. 5), which suggests that the temperature structure of the ice shell may be affected by the heat transfer in the ocean. The effect of ocean dynamics on the thermal state of the ice shell has not yet been fully understood. If the bottom boundary of the ice shell is a phase boundary, the heat flux variations result in the mass flow through the boundary, which can influence its shape (e.g. Čadek et al., 2019b) and the thermal state of the ice shell (cf. [START_REF] Labrosse | Rayleigh-Benard convection in a creeping solid with melting and freezing at either or both its horizontal boundaries[END_REF]. Previous studies have focused on the shape changes of the phase boundary and their analysis in the context of an Airy isostatic model (e.g. [START_REF] Nimmo | Shell thickness variations and the long-wavelength topography of Titan[END_REF][START_REF] Kvorka | Does Titan's long-wavelength topography contain information about subsurface ocean circulation dynamics?[END_REF]. However, the shape changes due to phase transitions are significant only if the ice shell is effectively rigid. If the viscosity of ice near the base of the ice shell is low, the ice/water interface does not differ substantially from an equipotential surface. But even in this case, if the heat flux variations from the ocean are large, the mass flux through the interface is significant and may influence the flow in the ice shell. The effect of phase transitions on the thermal state of the shell has not yet been studied in detail but its potential importance has been highlighted in recent studies dealing with early magma oceans [START_REF] Morison | Timescale of overturn in a magma ocean cumulate[END_REF][START_REF] Agrusta | Mantle convection interacting with magma oceans[END_REF].

The temperature of Titan's convecting ice shell may also vary laterally due to variable mechanical properties of ice, such as grain size and porosity (see also the next section). However, a mechanism responsible for such variations is difficult to identify. Unlike other icy moons of giant planets where the heat transfer is affected by latitudinal variations in surface temperature (e.g. [START_REF] Weller | Convection in thin shells of icy satellites: Effects of latitudinal surface temperature variations[END_REF], the conditions on Titan's surface are almost constant and therefore cannot contribute to the formation of temperature anomalies in the deep interior.

Variations in porosity

Methane clathrate has a porous nature and its porosity may vary depending on the degree of consolidation and compaction. If the negative density anomalies at mid-and low-latitudes were concentrated in the upper 2 km of the ice shell (i.e. their amplitudes were a factor of 5 larger than those in Fig. 4a), then the corresponding variations in porosity would be less than 25%, which is a value consistent with experimental data. However, the surface porosity model is problematic for two reasons. First, the highly porous material would be mostly located in elevated areas. These areas would be prone to erosion and probably unstable on a long time scale. Second, the pattern of density anomalies does not show any resemblance to the geomorphological map of Titan [START_REF] Lopes | A global geomorphologic map of Saturn's moon Titan[END_REF], with Xanadu being the only exception. The density anomalies found in Titan's dune terrain are both negative and positive and have relatively small amplitudes. One possible explanation for the lack of correlation between the density and geomorphological structures could be that the resolution of the density model is too coarse to capture the small-scale variability of Titan's geological processes. The interpretation of the density pattern in terms of the geological structure is also complicated by the fact that the density anomalies are likely to result from several processes whose specific effects may be difficult to distinguish.

The porosity can influence the density structure of the ice shell indirectly through its effect on the thermal conductivity and the permeability of Titan's crust. The variations in porosity may affect the drainage properties of the surface and consequently the deposition of ethane in the crust (see Section 5.1), but so far no evidence has been found to support this. The enhanced porosity of the methane clathrate crust increases the average temperature of the ice shell in a similar way as described in Section 5.2, producing topographic elevations above negative density anomalies. An alternative view on the role of porosity in a convecting ice shell has been provided by [START_REF] Besserer | Convection-driven compaction as a possible origin of Enceladus's long wavelength topography[END_REF] who studied the origin of the long-wavelength topography on Enceladus. [START_REF] Besserer | Convection-driven compaction as a possible origin of Enceladus's long wavelength topography[END_REF] showed that the heat transfer processes occurring in an initially porous ice shell can lead to viscous compaction producing topographic depressions above convection upwellings. However, it is unclear whether this model is applicable to Titan which differs from Enceladus in many respects.

Conclusions

We have used the recent models of Titan's shape [START_REF] Corlies | Titan's topography and shape at the end of the Cassini mission[END_REF] and gravity [START_REF] Durante | Titan's gravity field and interior structure after Cassini[END_REF] to estimate the long-wavelength density structure of its outer ice shell assuming Pratt isostasy. Although the application of isostasy to icy moons may lead to erroneous results (Čadek et al., 2019a), it provides a remarkably accurate approximation of the large scale dynamics of the ice shell when the shell is thin compared to the radius (see Fig. S2 in Supporting information therein). Most of the previous studies have interpreted Titan's non-hydrostatic shape in terms of the Airy model of isostasy, assuming that the surface topography is supported by variations in ice shell thickness. However, this model has a major limitation: for the shape of the ice/water interface to be stable on a geological time scale, the ice shell must be essentially rigid (e.g. [START_REF] Nimmo | Shell thickness variations and the long-wavelength topography of Titan[END_REF][START_REF] Hemingway | A rigid and weathered ice shell on Titan[END_REF][START_REF] Lefèvre | Structure and dynamics of Titan's outer icy shell constrained from Cassini data[END_REF][START_REF] Kvorka | Does Titan's long-wavelength topography contain information about subsurface ocean circulation dynamics?[END_REF]. This can be achieved if the shell consists of very coarse-grained ice and/or the temperature of the ocean is significantly lower than the melting temperature of ice.

In contrast to the Airy model, the Pratt model of isostasy assumes that the ice/water interface is an equipotential surface and Titan's topography is supported by density variations within the ice shell. This model is consistent with the decrease in viscosity expected near the base of the ice shell and satisfies the requirement of stability if the internal load supporting the topography is located within the high viscosity upper part of the ice shell.

The density model presented in this study is developed to degree and order 5, corresponding to the resolution of the gravity model by [START_REF] Durante | Titan's gravity field and interior structure after Cassini[END_REF]. It is characterized by a strong degree 2 and 4 zonal component, indicating a significant role of atmospheric and/or oceanic processes. The density anomalies are more pronounced in the southern than the northern hemisphere, which may be a consequence of the hemispheric asymmetry in Titan's climate the origin of which is not yet fully understood. The model predicts a large percentage of the gravity and shape data suggesting that the assumption of isostasy, used in formulating the inverse problem, is warranted.

While the lateral distribution of density anomalies is well constrained, the depth extent of the anomalous density material cannot be reliably determined. Therefore, it is possible that the depth of the density anomalies varies from place to place depending on the physical or chemical processes controlling the density of the ice shell. We propose three mechanisms that may explain the derived density anomalies: ethane precipitation, temperature anomalies, and variations in porosity.

The hypothesis that the polar depressions on Titan are caused by enhanced ethane precipitation at high latitudes was introduced by [START_REF] Choukroun | Is Titan's shape caused by its meteorology and carbon cycle?[END_REF]. The density model presented in this paper is consistent with this hypothesis but indicates that the thickness of the layer formed by ethane clathrate may be influenced by local conditions. The total amount of the ethane stored in the south polar region seems to be significantly higher than around the north pole. Both polar anomalies are irregular and their centers are offset from the poles. These features cannot be explained by ethane precipitation alone and will require further investigation.

It is possible that, at least in some regions, the density pattern reflects the large-scale variations in the average temperature of the ice shell. The temperature variations can be associated with a laterally varying thickness of the methane clathrate crust, which controls the heat transport in the ice shell [START_REF] Kalousová | The insulating effect of methane clathrate crust on Titan's thermal evolution[END_REF], and/or with variations in the heat flux from the ocean [START_REF] Soderlund | Ocean dynamics of outer Solar System satellites[END_REF][START_REF] Amit | Cooling patterns in rotating thin spherical shells -Application to Titan's subsurface ocean[END_REF]. The former effect is important only if the thickness of the clathrate crust is strongly reduced in regions of low elevation. The role of the lateral variations in heat flux from the ocean has still to be elucidated but it is likely to be significant, especially at mid-and low latitudes.

The density of the ice shell can be affected by variations in porosity of the near-surface material. However, these variations are unlikely to be the main cause of the large-scale density anomalies identified from the analysis of the shape and gravity data. To explain these data, the high-porosity material would have to be concentrated in elevated areas at mid-latitudes which does not seem to be consistent with the geological evidence [START_REF] Lopes | A global geomorphologic map of Saturn's moon Titan[END_REF]. Nevertheless, it cannot be excluded that porosity variations influence the density structure indirectly through its effect on the heat transfer in the ice shell.

Our results suggest that, as on Earth, the processes shaping Titan's outer shell are strongly influenced by atmosphere and ocean dynamics. The subsurface ocean transfers heat from the core to the ice shell and is therefore the main source of energy for processes such as subsolidus thermal convection, surface deformation, phase transitions and possibly cryovolcanism. Ethane precipitation and climatically controlled surface processes redistribute surface loads and modulate the stress field driving the tectonic evolution of Titan's crust. Accurate gravity measurements can help us to learn more about the nature of these processes, which should be one of the goals for a future mission. 
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for 𝑟 ≤ 𝑅 1 -𝐷 and 𝓁 = 2. Finally, the sum of the tidal and centrifugal potentials can be expressed as follows [START_REF] Kaula | Tidal dissipation by solid friction and the resulting orbital evolution[END_REF][START_REF] Lefèvre | Structure and dynamics of Titan's outer icy shell constrained from Cassini data[END_REF]: .10) where 𝜔 = 4.5608 × 10 -6 s -1 is the angular frequency.
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The condition of equipotential surface, Eq. ( 1), states that the total potential is the same at every point of the density interface 𝑟 𝑖 , 𝑖 = 2, 3...𝑛: ) 𝛿 𝑗2 , (A.18) where 𝜌 1 is the average density of the ice shell (𝜌 1 = 𝛥𝜌 1 ). Before we apply the spectral method to Eq. ( 6), we express 𝑔 in the ice shell using 𝑔(𝑅 2 ), .22). We change the value of 𝜌 𝑅𝑒 𝓁𝑚 and repeat the procedure until we find the minimum of 𝑆 1 . The same algorithm is used to find the value of 𝜌 𝐼𝑚 𝓁𝑚 that minimizes 𝑆 2 . Since the forward problem is linear, the relationship between 𝜌 𝓁𝑚 and the predicted coefficients 𝑠 𝑝𝑟𝑒𝑑 𝓁𝑚 and 𝑉 𝑝𝑟𝑒𝑑 𝓁𝑚 can be expressed in the form of a matrix multiplication, .26) where the elements of the matrix 𝐆 can be used to compute the standard deviation of 𝜌 𝓁𝑚 (see, e.g., section 1.7 in [START_REF] Tarantola | Inverse Problem Theory. Methods for Data Fitting and Model Parameter Estimation[END_REF]).
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 1 Fig. 1. Radial density profiles used in this study.
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 2 Fig. 2. (a) Percentage of the predicted data, Eqs. (7) and (8), plotted as a function of thickness 𝐷 of the anomalous density layer. (b) The lateral density contrast 𝛥𝜌, Eq. (9), corresponding to the best-fitting density model obtained for a given value of parameter 𝐷. The curves plotted in panels a and b correspond to six radial density profiles shown in Fig.1. Different lengths of the lines correspond to different thicknesses of the ice shell considered in profiles 1-6. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 3 .

 3 Fig. 3. Comparison between the predicted and observed coefficients of the shape (a) and the gravitational potential (b). The coefficients are normalized as in Corlies et al. (2017) and Durante et al. (2019), respectively. The predicted coefficients are computed for density profile 4 and 𝐷 = 10 km. The error bars represent the standard deviations (1𝜎) of the observed data.

Fig. 4 .

 4 Fig. 4. (a) Distribution of density anomalies in the ice shell obtained for density profile 4 and 𝐷 = 10 km. The contour interval is 10 kg/m 3 . To obtain the density anomalies for a different thickness of the heterogeneous layer, multiply the values by a factor of 10∕𝐷 where 𝐷 is the thickness of the layer in kilometers. The density coefficients and their standard deviations are listed in Appendix A. (b) Topography of Titan expanded to spherical harmonic degree and order 5. Topography is defined here as the surface height relative to an equipotential and computed using the shape model by Corlies et al. (2017), gravity model by Durante et al. (2019) and the standard formula for the static tidal and centrifugal potentials (e.g.[START_REF] Kaula | Tidal dissipation by solid friction and the resulting orbital evolution[END_REF][START_REF] Lefèvre | Structure and dynamics of Titan's outer icy shell constrained from Cassini data[END_REF]. The contour interval is 100 m. (c) Residual topography, defined as 𝑡 𝑜𝑏𝑠 -𝑡 𝑝𝑟𝑒𝑑 , corresponding to the density model shown in panel a. The contour interval is 10 m. (d) Observed geoid for degrees 3-5[START_REF] Durante | Titan's gravity field and interior structure after Cassini[END_REF]. The contour interval is 5 m.

Fig. 5 .

 5 Fig. 5. Zonally-averaged density anomalies (solid line) corresponding to the density model shown in Fig. 4a. The dashed lines represent the error envelope (68% confidence interval). The error is computed from standard deviations of coefficient 𝜌 𝓁0 given in Table A.1.

Fig. 6 .

 6 Fig. 6. Distribution of density anomalies in the ice shell (a) and topography of the core (b) computed under the assumption that the core is not in hydrostatic equilibrium. The contour intervals are 10 kg/m 3 and 100 m, respectively.
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Fig. 7 .

 7 Fig. 7. Topography (a,b) and density anomalies (c,d) in Titan's polar regions. The amplitude of the density anomalies corresponds to 𝐷 = 10 km. All maps are shown in the orthographic projection. The contour intervals are 100 m (topography) and 10 kg/m 3 (density).

Fig. 8 .

 8 Fig. 8. Effect of a methane clathrate layer on the temperature and density structure of Titan's shell (based on Kalousová and Sotin (2020)). (a) Temperature profiles obtained for different thicknesses of the methane clathrate layer. (b) Density profiles corresponding to temperature profiles shown in panel a. (c) Depth-averaged density of Titan's shell as a function of the thickness of the methane clathrate layer. For a detailed description of the thermal model, see the supplementary information to Kalousová and Sotin (2020).

  𝜗 and 𝜑 are the spherical coordinates, 𝛱 𝑎,𝑏 (𝑟) is the boxcar function (𝛱 𝑎,𝑏 (𝑟) = 1 for 𝑎 ≤ 𝑟 ≤ 𝑏 and 0 otherwise), 𝑅 𝑖 is the mean radius of the 𝑖th boundary, 𝐷 is the thickness of the layer with a laterally variable density, 𝑌 𝓁𝑚 are the fully normalized complex spherical harmonics of degree 𝓁 and order 𝑚 (e.g.[START_REF] Varshalovich | Quantum Theory of Angular Momentum[END_REF], 𝑠 𝑜𝑏𝑠 is the observed shape of the surface, 𝑟 𝑖 is the shape of the 𝑖th density interface (𝑟 1 = 𝑠 𝑜𝑏𝑠 ), 𝛿𝜌 is the unknown density distribution, and 𝑉 𝑜𝑏𝑠 describes the observed variations of the external gravitational potential on a sphere of radius 𝑅 1 . The series are truncated at degree 5, corresponding to the maximum resolution of the gravity model. The spherical harmonic coefficients of 𝑠 𝑜𝑏𝑠 and 𝑉 𝑜𝑏𝑠 were taken from[START_REF] Corlies | Titan's topography and shape at the end of the Cassini mission[END_REF] and[START_REF] Durante | Titan's gravity field and interior structure after Cassini[END_REF], respectively, and modified for the case of the spherical harmonic basis used in Eqs. (A.1)-(A.4).Since |𝑟 𝑘 -𝑅 𝑘 | is likely to be much smaller than 𝑅 𝑘 , the gravitational potential 𝑉 𝑘 of the 𝑘th boundary can be expressed as (e.g.[START_REF] Burša | Gravity Field and Dynamics of the Earth[END_REF] 𝑉 𝑘 (𝑟, 𝜗, 𝜑) = 𝑅 𝑘 . Symbols 𝐺 and 𝛥𝜌 𝑘 denote the gravitational constant and the density jump at the 𝑘th boundary, respectively. Note that the gravitational potential is defined as positive if 𝑟 𝑘,𝓁𝑚 > 0. Similarly, the coefficients of potential 𝑉 𝛿𝜌 are given by 𝑉 𝛿𝜌,𝓁𝑚

	=	5 ∑ 𝓁=1	𝓁 ∑ 𝑚=-𝓁	[	4𝜋𝐺𝑟𝛥𝜌 𝑘 2𝓁 + 1	(	𝑅 𝑘 𝑟	) 𝓁+2	𝑟 𝑘,𝓁𝑚	]	𝑌 𝓁𝑚 (𝜗, 𝜑)	(A.5)
	for 𝑟 ≥ 𝑅 𝑘 , and										
	𝑉 𝑘 (𝑟, 𝜗, 𝜑) =	5 ∑ 𝓁=1	𝓁 ∑ 𝑚=-𝓁	[	4𝜋𝐺𝑟𝛥𝜌 𝑘 2𝓁 + 1	(	𝑟 𝑅 𝑘	) 𝓁-1	𝑟 𝑘,𝓁𝑚	]	𝑌 𝓁𝑚 (𝜗, 𝜑)	(A.6)
	for 𝑟 ≤											
													𝓁
													∑	∑	𝜌 𝓁𝑚 𝑌 𝓁𝑚 (𝜗, 𝜑),	(A.1)
													𝓁=1	𝑚=-𝓁
													5	𝓁
												𝑟 𝑖 (𝜗, 𝜑) = 𝑅 𝑖 +	∑	∑	𝑟 𝑖,𝓁𝑚 𝑌 𝓁𝑚 (𝜗, 𝜑), 𝑖 = 1, 2...𝑛,	(A.2)
													𝓁=1	𝑚=-𝓁
													5	𝓁
												𝑠 𝑜𝑏𝑠 (𝜗, 𝜑) = 𝑅 1 +	∑	∑	𝑠 𝑜𝑏𝑠 𝓁𝑚 𝑌 𝓁𝑚 (𝜗, 𝜑),	(A.3)
													𝓁=1	𝑚=-𝓁
													5	𝓁
												𝑉 𝑜𝑏𝑠 (𝜗, 𝜑) =	∑	∑	𝑉 𝑜𝑏𝑠 𝓁𝑚 𝑌 𝓁𝑚 (𝜗, 𝜑),	(A.4)
													𝓁=2	𝑚=-𝓁
												where 𝑟, 5	𝓁
													∑	∑
													𝓁=1	𝑚=-𝓁

𝑉 𝑘

𝓁𝑚 (𝑟)𝑌 𝓁𝑚 (𝜗, 𝜑)

  𝑉 𝑡+𝑐 (𝑅 𝑖 ) -(𝑟 𝑖 -𝑅 𝑖 )𝑔(𝑅 𝑖 ) ≈ 𝑐𝑜𝑛𝑠𝑡, (A.13)where we used that (𝜕𝑉 ∕𝜕𝑟) 𝑟=𝑅 𝑖 ≈ -𝑔(𝑅 𝑖 ), with 𝑔(𝑅 𝑖 ) being the mean gravitational acceleration at 𝑟 = 𝑅 𝑖 . where 𝛿 𝑚𝑛 is the Kronecker delta.The spectral form of Eqs. (3)-(5) can be obtained in a similar way as above using Eqs. (A.5), (A.7) and (A.10):

	( 𝜕𝑉 𝜕𝑟 and Eq. (A.11) can then be rewritten as follows ) 𝑟=𝑅 𝑖 , 𝑉 𝛿𝜌 (𝑅 𝑖 ) + Substituting Eqs. (A.5)-(A.10) to (A.12) (A.13) and using the orthonormality of spherical harmonics, we obtain 4𝜋𝐺𝜌 𝓁𝑚 𝑅 2 𝑖 (2𝓁 + 1)(𝓁 -2) [ ( 𝑅 𝑖 𝑅 1 -𝐷 ) 𝓁-2 -( 𝑅 𝑖 𝑅 1 ) 𝓁-2 ] + 𝑖 ∑ 𝑘=1 4𝜋𝐺𝑅 𝑖 𝛥𝜌 𝑘 2𝓁 + 1 ( 𝑅 𝑖 𝑅 𝑘 ) 𝓁-1 𝑟 𝑘,𝓁𝑚 + 𝑛 ∑ 𝑘=𝑖+1 4𝜋𝐺𝑅 𝑖 𝛥𝜌 𝑘 2𝓁 + 1 ( 𝑅 𝑘 𝑅 𝑖 ) 𝓁+2 𝑟 𝑘,𝓁𝑚 -𝑟 𝑖,𝓁𝑚 𝑔(𝑅 𝑖 ) = 0 (A.14) for 𝓁 ≠ 2, and 4𝜋𝐺𝜌 𝓁𝑚 𝑅 2 𝑖 2𝓁 + 1 [ ln 𝑅 1 -ln(𝑅 1 -𝐷) ] + 𝑖 ∑ 𝑘=1 4𝜋𝐺𝑅 𝑖 𝛥𝜌 𝑘 2𝓁 + 1 ( 𝑅 𝑖 𝑅 𝑘 ) 𝓁-1 𝑟 𝑘,𝓁𝑚 (A.15) 𝑘=𝑖+1 2𝓁 + 1 𝑅 𝑖 + 𝑛 ∑ 4𝜋𝐺𝑅 𝑖 𝛥𝜌 𝑘 ( 𝑅 𝑘 ) = 𝑅 2 𝑖 𝜔 2 for 𝓁 = 2, Ṽ 𝑜𝑏𝑠 ( 𝓁,𝑚 = 𝑉 𝑜𝑏𝑠 √ 𝓁,𝑚 -5𝜋 9 4𝜋𝐺𝑅 1 𝜌 1 𝛿 𝑚0 -√ 2𝓁 + 1 𝑠 𝑜𝑏𝑠 3𝜋 10 𝓁𝑚 , 𝛿 𝑚2 Ṽ 𝑝𝑟𝑒𝑑 𝓁,𝑚 = 4𝜋𝐺𝜌 𝓁𝑚 𝑅 2 1 (2𝓁 + 1)(𝓁 + 3) [ 1 -( + 𝑛 ∑ 𝑘=2 4𝜋𝐺𝑅 1 𝛥𝜌 𝑘 2𝓁 + 1 ( 𝑅 𝑘 𝑅 1 ) 𝓁+2 ) 𝑅 1 -𝐷 𝑅 1 𝑟 𝑘,𝓁𝑚 , ) 𝓁+3 ] 𝑡 𝑜𝑏𝑠 𝓁𝑚 = 𝑠 𝑜𝑏𝑠 𝓁𝑚 -𝑉 𝑜𝑏𝑠 𝓁𝑚 𝑔(𝑅 1 ) + 𝑅 2 1 𝜔 2 𝑔(𝑅 1 ) ( √ 5𝜋 9 𝛿 𝑚0 -√ 3𝜋 10	𝛿 𝑚2	(A.16) (A.17)

11) Since |𝑟 𝑖 -𝑅 𝑖 |∕𝑅 𝑖 ≪ 1, 𝑉 (𝑟 𝑖 ) can be expanded in a first-order Taylor series, 𝑉 (𝑟 𝑖 ) ≈ 𝑉 (𝑅 𝑖 ) + (𝑟 𝑖 -𝑅 𝑖 ) 𝑛 ∑ 𝑘=1 𝑉 𝑘 (𝑅 𝑖 ) + 𝓁+2 𝑟 𝑘,𝓁𝑚 -𝑟 𝑖,𝓁𝑚 𝑔(𝑅 𝑖 )

  (𝑟) = 𝑔(𝑅 2 ) 𝑔(𝑅 1 )𝑅 2 1 + 𝜌 𝓁𝑚  𝐷 = 0.(A.21)Using the spectral representations of Ṽ 𝑜𝑏𝑠 , Ṽ 𝑝𝑟𝑒𝑑 , 𝑡 𝑜𝑏𝑠 and 𝑡 𝑝𝑟𝑒𝑑 , we obtain the minimization condition, Eq. (2), in the form 𝑅𝑒 and 𝐼𝑚 denote the real and imaginary parts of the spherical harmonic coefficients introduced above, and 𝜎 𝑅𝑒 Inspection of Eqs. (A.14)-(A.18) and (A.21)-(A.23) shows that these equations contain the coefficients of the same degree and order and can be divided into two sets, one for the real part and one for the imaginary part. For each degree 𝓁 and order 𝑚, we thus solve two sets of equations to determine the real and imaginary parts of the density coefficient 𝜌 𝓁𝑚 that best predict the real and imaginary parts of the coefficients Ṽ 𝑜𝑏𝑠 𝓁𝑚 and 𝑡 𝑜𝑏𝑠 𝓁𝑚 . The minima of the cost functions 𝑆 1 and 𝑆 2 , Eqs. (A.22) and (A.23), are determined by a systematic search over the interval of admissible values of 𝛿𝜌. For a chosen value of 𝜌 𝑅𝑒 Spherical harmonic expansion coefficients of the density distribution derived in this study. The coefficients correspond to 𝐷 = 10 km and the density profile 4 (see Section 4 and Fig.4a) and are normalized as in[START_REF] Corlies | Titan's topography and shape at the end of the Cassini mission[END_REF]. The values are in kg/m 3 . Eqs. (A.14), (A.17) and (A.21), and evaluate the cost function 𝑆 1 , Eq. (A

	Table A.1															
		Value	±1𝜎		Value	±1𝜎										
	𝜌 20	16.798	4.013													
	𝜌 21	-0.706	1.462	𝜌 2-1	1.396	5.344										
	𝜌 22	-0.986	1.343	𝜌 2-2	-0.443	0.580										
	𝜌 30	1.284	7.007													
	𝜌 31	-5.481	0.904	𝜌 3-1	-5.231	2.037										
	𝜌 32	-0.432	1.057	𝜌 3-2	0.069	0.549										
	𝜌 33	-0.382	0.151	𝜌 3-3	0.182	0.185										
	𝜌 40	16.012	12.63													
	𝜌 41	0.882	0.990	𝜌 4-1	7.017	3.385										
	𝜌 42	0.374	0.534	𝜌 4-2	0.558	0.387										
	𝜌 43	0.206	0.146	𝜌 4-3	-0.166	0.185										
	𝜌 44	0.014	0.028	𝜌 4-4	0.089	0.020										
	𝜌 50	-8.271	8.915													
	𝜌 51	-0.738	1.163	𝜌 5-1	-3.150	2.792										
	𝜌 52	-0.564	0.326	𝜌 5-2	-0.187	0.336										
	𝜌 53	0.000	0.071	𝜌 5-3	-0.023	0.061										
	𝜌 54	-0.017	0.024	𝜌 5-4	-0.002	0.013										
	𝜌 55	0.002	0.004	𝜌 5-5	0.000	0.004										
															𝑅 2 2 𝑟 2	+	4𝜋𝐺	( 𝑟 3 -𝑅 3 2 3𝑟 2	)	𝜌 1	,	(A.19)
						and evaluate the integral over radius,
						∫	𝑅 1 𝑅 1 -𝐷		𝑔(𝑟)𝑟 2 𝑑𝑟 = 𝑔(𝑅 2 )𝑅 2 2 𝐷 +	1 3	𝜋𝐺𝜌 1	[	𝑅 4 1 -(𝑅 1 -𝐷) 4 -4𝑅 3 2 𝐷	]	≡  𝐷 .
																	(A.20)
						Eq. (6) can then be written as
						𝑡 𝑝𝑟𝑒𝑑 𝓁𝑚 𝜌 1 𝑆 1 ( 𝜌 𝑅𝑒 𝓁𝑚	)	=	(	Ṽ 𝑅𝑒,𝑜𝑏𝑠 𝓁𝑚	-Ṽ 𝑅𝑒,𝑝𝑟𝑒𝑑 𝓁𝑚 ( 𝜎 𝑅𝑒 Ṽ ,𝓁𝑚 ) 2	( 𝜌 𝑅𝑒 𝓁𝑚	)) 2	+	( 𝑡 𝑅𝑒,𝑜𝑏𝑠 𝓁𝑚	-𝑡 𝑅𝑒,𝑝𝑟𝑒𝑑 𝓁𝑚 ( 𝑡,𝓁𝑚 𝜎 𝑅𝑒 ) 2 ( 𝜌 𝑅𝑒 𝓁𝑚	)) 2	,
																	(A.22)
						𝑆 2	( 𝜌 𝐼𝑚 𝓁𝑚	)	=	(	Ṽ 𝐼𝑚,𝑜𝑏𝑠 𝓁𝑚	-Ṽ 𝐼𝑚,𝑝𝑟𝑒𝑑 𝓁𝑚 ( 𝜎 𝐼𝑚 Ṽ ,𝓁𝑚 ) 2	(	𝜌 𝐼𝑚 𝓁𝑚	)) 2	+	( 𝑡 𝐼𝑚,𝑜𝑏𝑠 𝓁𝑚	-𝑡 𝐼𝑚,𝑝𝑟𝑒𝑑 𝓁𝑚 ( 𝑡,𝓁𝑚 𝜎 𝐼𝑚 ) 2	( 𝜌 𝐼𝑚 𝓁𝑚	)) 2	,
																	(A.23)
						where the superscripts Ṽ ,𝓁𝑚 𝜎 𝐼𝑚 Ṽ ,𝓁𝑚 , 𝜎 𝑅𝑒 𝑡,𝓁𝑚 and 𝜎 𝐼𝑚 𝑡,𝓁𝑚 are the standard deviations of Ṽ 𝑅𝑒,𝑜𝑏𝑠 𝓁𝑚 , Ṽ 𝐼𝑚,𝑜𝑏𝑠 𝓁𝑚	, ,
						𝑡 𝑅𝑒,𝑜𝑏𝑠 𝓁𝑚	and 𝑡 𝐼𝑚,𝑜𝑏𝑠 𝓁𝑚	, respectively, calculated from the standard deviations
						𝜎	𝑅𝑒∕𝐼𝑚 𝑠,𝓁𝑚 and 𝜎	𝑅𝑒∕𝐼𝑚 𝑉 ,𝓁𝑚 representing the errors of the shape and gravity data:
						𝜎	𝑅𝑒∕𝐼𝑚 𝑡,𝓁𝑚	= 𝜎	𝑅𝑒∕𝐼𝑚 𝑠,𝓁𝑚 + 𝜎	𝑅𝑒∕𝐼𝑚 𝑉 ,𝓁𝑚 𝑔 -1 (𝑅 1 ) ,	(A.24)
						𝜎		𝑅𝑒∕𝐼𝑚 Ṽ ,𝓁𝑚	= 𝜎	𝑅𝑒∕𝐼𝑚 𝑉 ,𝓁𝑚 + 𝜎	𝑅𝑒∕𝐼𝑚 𝑠,𝓁𝑚	4𝜋𝐺𝑅 1 𝛥𝜌 1 2𝓁 + 1	.	(A.25)
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Appendix A. Spectral solution of the inverse problem

To solve the inverse problem defined in Section 2, we first expand functions 𝛿𝜌, 𝑟 𝑖 , 𝑠 𝑜𝑏𝑠 and 𝑉 𝑜𝑏𝑠 in terms of spherical harmonic series: 𝛿𝜌(𝑟, 𝜗, 𝜑) = 𝛱 𝑅 1 -𝐷,𝑅 1 (𝑟)