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MATRIX MODELS AT LOW TEMPERATURE

ALICE GUIONNET AND EDOUARD MAUREL-SEGALA

ABSTRACT. In this article we investigate the behavior of multi-matrix
unitary invariant models under a potential Vg = U + W when the
inverse temperature 8 becomes very large. We first prove, under mild
hypothesis on the functionals U, W that as soon at these potentials are
"confining" at infinity, the sequence of spectral distribution of the matri-
ces are tight when the dimension goes to infinity. Their limit points are
solutions of Dyson-Schwinger’s equations. Next we investigate a few spe-
cific models, most importantly the "strong single variable model" where
U is a sum of potentials in a single matrix and the "strong commutator
model" where U = —[X,Y]?.
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1. INTRODUCTION

Matrix integrals and their limit for large IV play an important role in
both mathematics and physics. Random matrices were first introduced in
statistics by Wishart [49] to analyze a large array of noisy data, a view-
point that is now particularly relevant and useful for principal component
analysis and statistical learning [7, 18]. Wigner [48] and Dyson [16] later
suggested that the statistics of their eigenvalues model very well those of
the high energy levels in heavy nuclei. Even more surprisingly, Montgomery

Date: October 11, 2022.

2000 Mathematics Subject Classification. 15A52 (46L54).

Key words and phrases. Matrix integrals, HCIZ integral, Schwynger-Dyson equation.
1



2 ALICE GUIONNET AND EDOUARD MAUREL-SEGALA

[41] showed that random matrices are closely related to the zeros of the Rie-
mann Zeta function, a conjecture that nowadays provides great intuition for
many mathematical results, see e.g [37, 3]. Random matrices are moreover
intimately related to integrable systems to which they furnish key examples.
Random matrices have also played a central role in the theory of operator
algebras since Voiculescu [46, 45] proved that they are asymptotically free.
In physics, they were introduced into quantum field theory by 't Hooft [43],
then used in two-dimensional quantum gravity and string theory [17, 15, 35],
and related with algebraic geometry [19, 8, 21]. In both free probability, sta-
tistical learning and physics, a central question is to estimate, in the large
N-limit, a matrix integral of the form

5 (V) = /exp{—NTrV(X{V, XN X)Xy - ax)y

where the integration holds over Hermitian N x N matrices, V' is apolynomial
and dXZ-N denotes the Lebesgue measure on this space. It turns out that
this was done only in few cases. The case where the integral holds only
on one matrix has been thoroughly studied. Indeed, in this case one can
diagonalize the matrix and find that

By=cx [ T w-aPe VIV T ax,

1<i<j<N 1<i<N

where Cly is a universal constant. F (V) = N~=2In T} (V) can be shown to
converge as N goes to infinity. Its limit was computed by using a saddle
point method or large deviations techniques [5] as soon as V' is continuous
and goes to infinity fast enough, yielding

FY(V):= lim 1ln/ I N = NP ¥Y2V00 T

N 2
—oo N 1<i<j<N 1<i<N

) =i [GV@)+ 5V ) ol - y)du()du()}

where the supremum is taken over probability measures p on the real line.
Large N corrections to this limit can also be computed, at least in some nice
regimes [33, 11, 9, 13]. When more than one matrix is involved, even the very
existence of the limit of the renormalized free energy F& (V) = N=21In I (V)
is unknown. The existence of such a limit in great generality would already
be of importance for free entropy theory [47] since it would show that one can
replace limsup by liminf in the definition of microstates free entropy. One
class of multi-matrix integrals is still amenable to asymptotic analysis: those
where matrices interact via a quadratic interaction such that the interaction
can be expressed in terms of the Harich-Chandra-Itzykson-Zuber integral or
more generally spherical integrals [31, 25, 20, 40, 27, 12]. Apart from these
special cases, the case where the potential V is a small modification of a
quadratic potential, which is also called a ”high temperature’ regime, is also
well understood. Indeed, it has been foreseen that matrix integrals expand
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as generating functions for enumerating maps [43, 17] at a formal level. In
[28, 29], it was shown that this expansion holds asymptotically under general
hypotheses, so that the free energy limit can be expressed as a generating
function for the enumeration of planar maps. The central tool to derive
these asymptotic estimates is based on the fact that the matrices remain
bounded and that the limit points of their moments satisfy the so-called
Dyson-Schwinger’s equations. It can then be shown that these equations
asymptotically have a unique solution when the potential is a small pertur-
bation of the quadratic potential, a solution that expands analytically in
the small parameters of the potential. Such a uniqueness fails in the general
case, even in the case of a single matrix [10, 11]. In the latter case, it can
be seen that for general potentials the limiting distribution of the spectrum
has a disconnected support and that the Dyson-Schwinger’s equations have
a unique solution only if the mass in each connected component is fixed.
The limiting distribution is the unique minimizer in (1), but the Dyson-
Schwinger equation describes critical points, which in fact are much more
numerous. Therefore, except for these few cases, the asymptotic analysis of
most models is still a wide open problem and even efficient numerical meth-
ods have to be found [34]. In this article, we start the study of multi-matrix
models in the ”low” temperature regime where the potential dominates the
measure. We will indeed consider the case where we can decompose V into

Vg =pBU +W

with two polynomials U, W and ( very large. The driving idea is that the
situation where § is infinite should somehow be easier to analyze, as should
the situation where 3 is large, as a perturbation of the latter.

We will first give sufficient conditions for U and W such that the integral
I ]{,(Vg) is finite and mostly supported on bounded matrices. We will also
show that this integral is concentrated on matrices satisfying the so-called
Dyson-Schwinger’s equations. However, these equations generally have mul-
tiple solutions in the low temperature situation, even in the one-matrix case.
We then characterize special cases. When U is strictly convex, we show that
the analysis can be reduced to the high temperature situation studied in
[28]. When U is the sum of polynomials in one matrix, we can also estimate
1 ]{,(VB) for sufficiently large 3. The crux of our study will be to consider the
case where —U is the square of the commutator in two matrices X and Y
and W decomposes as the sum of two polynomials in X and Y respectively.
This type of model is also considered in [34, 36]: It can be solved when W is
quadratic but not in general. In the limit N and then 5 goes to infinity, our
matrix model will clearly concentrates on operators x and y which commute.
However, there are many ways to achieve this: for example these operators
could have the same eigenbasis or one of them could be the multiple of the
identity. Our results show that the optimal scenario also depends on W and
give the asymptotics of F(V3) for N and then 8 going to infinity. We also
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give a general criterion for the tightness of these multi-matrix models. Our
paper considers the Hermitian case but could easily be extended to sym-
metric matrices (see e.g. [39] and [14] for other generalizations of the loop
equations techniques to orthogonal and symmetric matrices).

Acknowledgments: We are grateful to Amir Dembo for many discus-
sions at a preliminary stage of this work. This work was supported in part
by ERC Project LDRAM : ERC-2019-ADG Project 884584.

2. NOTATIONS AND MAIN RESULTS

We let C(X1,...,Xy) be the space of non-commutative polynomials in
X = (Xy,...,X¢) with complex coefficients. We will in general consider V'
to be a polynomial but for some applications we will need that the potentials
belong to a more general class of smooth functions given by:

k ¢
C{X1,.., X)) = {P(X1,.., X)) = Y 2 X e X+ > 05(X;)}
i=1 tog=1

where z; are complex numbers, k, §& | the j¢, are integer numbers in {1,..., ¢}
and v, are smooth real-valued functions. C(Xji, ..., X;)¢, will denote the
subset of self-adjoint elements of C(Xjy,...,X,)¢, namely functions V &
C(Xq,...,X)¢ such that V' = V* where * is the involution such that for
any integer number d, any 7ji,...,jq € [1,4]%, any complex number z and

any smooth function 9 : R — R, we have

(2X5, - X5,)" = 2X5, X5, - Xjy, 9(X5)" =9(X;).

Jd—1"

C(Xy,...,Xy)¢ is equipped with a unit denoted by 1. A polynomial P is
cyclically invariant iff it is the sum of terms of the form

ZZXig"'Xith X,
4
for some complex number z and (i1, ...,4) € [1,0%, k€ N. C(X1,...,X,)°
is equipped with the unit 1.
Let Vg = BV +W be a one parameter family of non-commutative polyno-
mials so that V' and W belong to C(X1,...,X,)¢, and § is a non-negative
real number. We study the matrix model given by the (-tuple XV =

(XN, ..., X}]) of N x N Hermitian matrices with law
1
(2) QY (XN) = 77 P (~NTrvp(xY)) ax™
5

when the dimension goes to infinity and then 3, the analogue of the inverse
temperature in statistical physics, goes to co. dX* is the Lebesgue measure
on the set HV(C) of N x N Hermitian matrices and we have denoted in
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short XV = (X{V,..., X}). Moreover, Z{,\; is the partition function given
by
(3) zZy = / exp (~N Te V(X)) ax

We may and shall assume that V' is cyclically invariant, since the trace is

left invariant by cyclic permutation, namely we may replace any monomial
¢(X)=X; ---X;, inV by

k
Z X X X

Our first result gives sufficient conditions on the potential V' to insure
that matrices distributed according to Q{}f stay bounded with large prob-
ability. This will prove that the sequence of moment distribution of the
XN = (XZN )i<i<e is tight under Qy Let us denote D; the cyclic derivative
with respect to the ith variable so that D; is linear on the space of non
commutative polynomials and

w\»—n

Di( X, - ZXZPH" X, Xy X,

ip—1
prip=1

We extend D; to smooth functions in one variable by setting D;¥(X;) =
1;=;9"(X;). We will denote

1
XiDV = 5 (XiDiV + DiVXy) .

We denote by ||Al|s the operator norm of a matrix A:

|Alloo = sup (Au, Au)'/?,
llulla=1
We can finally define the notion of trapping potentials that will insure that
matrices stay bounded under Qg .

Definition 2.1. Let n be a non-negative real number and A be a finite real
number and I = (I1,...,13) be a partition of {1,...,€}. Let us denote for
1<j<d, Z) = Sier,(XN)2

We say that a potential V € C(Xy,..., XS, is (n, A, I)-trapping if for
all k, N € N*, for all XN = (X{V,...,Xg ) € HNV(C)!,

Tr (i (ZMES " XN .Div(xN) ) ( i ZYE — A1+ i(zjv)k)) :
J=1 J=1

i€l 7=1

Our main interest in this definition is the following theorem, which shows
that when the potential V' is (n, A, I)-trapping, the spectrum of the ¢ tuple
of matrices X» stays bounded with large probability.
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Theorem 2.2. Assume that there exists a positive real number n and a finite
real number A such that V' in C(X1, ..., X)¢, is (n, A, I)-trapping. Then
with L = 32max ((1 + |A])dn~1,1), under QY almost surely

li XN < L.
e L

Moreover, for every k € (0,1), we have
. -1 N N 141 1
(4) lljréljélopN” In Qy (lnél?%(eHXl lloo > L2+n> < 7
Remark 2.3. If X = CY + al with C invertible and bounded it is enough
to prove that the potential V is trapping for the variables Y since we then
get the conclusion of Theorem 2.2 for the variables X as well since
N N
: < ;
mave X oo < 1€ e mma [l + o
In this article, we will study the empirical distribution 4V of the matrices
XN under QY. For a ¢-tuple Y = (Y7,...,Y}) of self-adjoint N x N matrices,
we denote by fiy the empirical distribution defined as the linear form on
C(X1,...,Xy)¢ such that for all P € C(Xy,..., Xy)¢,

pv(P) = T (P, YD)

Throughout this article, we denote in short i = fixy with XV the random
matrices with law (@g . We see iV as a non-commutative law [2, Section
5.2], namely as a linear form 7 on C(Xjy,..., X,)¢ such that for any P,Q €
C(Xq,...,Xp)¢,

7(PP*) > 0,7(1) = 1,7(PQ) = 1(QP) .
We equip the space of non-commutative laws with its weak topology. An

important consequence of Theorem 2.2 is that the empirical distribution v
is tight [2, Lemma 5.4.6].

Corollary 2.4. IfV is (n, A, I)-trapping, the empirical distribution N s
sequentially tight.

We hereafter investigate examples of potentials which are (), A, I)-trapping.
Note that they may be replaced by cyclically equivalent potentials without
loss of generality.

Theorem 2.5. (1) IfU is (n, A, I)-trapping and W is (0, A’, I)- trap-

ping and 8 >0, U + W is (Bn+1n',FA+ A’, I)-trapping.
(2) If V is (n, A, {{1},...,{€}})-trapping then for any non negative real
numbers o;j, the potential
V(X) - Z aij[Xi, Xj]2
1<i<j<t

is also (n, A, {{1},...,{€}})-trapping. Here, [X;, X;] = X;X;— X, X;
denotes the commutator.
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We say that a potential V in C(X1, ..., X,) is confining if there is
a partition (I1,...,1q) of {1,...,£} so that we can write V as

14

V(X) = ZPZ(Xl) + Z duqu(X) + XT: R, ( Z aviXi)
u=1 v=1

i=1 i€Lm,

where P; are polynomials whose term of highest degree has degree
2D; > 2 with a positive coefficient, R, are polynomials with even
highest degree with positive coefficient and the c;j are real numbers,
1 < m, < d, the gy, are monomials of degree at most 2min;ey,, D; —1
for all m such that there exists © in I, such that X; appears in q,.
IfV is confining, it is (n, A, I)-trapping for some n, A withn > 0.

Remark 2.6. Theorem 2.5 gives a quite general and technical condition in
order to be confining and therefore trapping. Let us show it encompasses
many natural examples.

(1)

If V(X) = S5 Pi(Xi) + P duqu(X) with the same hypothesis
on the P; and the q, than in Theorem 2.5 then V is confining with
the trivial partition I = {{1},...,{¢}}.

For example V(X,Y) = cx X2PX 4+ ¢y Y2PY 4 Vi (X) + W (V) +
W(X,Y) is confining if cx,cy > 0 and Vx is of degree at most
2Dx — 1, Vy is of degree at most 2Dy —1 and Wis of degree at most
2min(Dx, Dy) — 1.

Another example of confining polynomial is for instance

P(X1, X0, X3) = X{ + X3 + X1 X2 + X2.

Any polynomial which is a sum of terms of type ZPZ(Z] v X;)
with P a polynomial going to +o0o0 at 0o and v of rank £ can be
rewritten as a confining polynomial with partition {1,...,¢} after a
linear change of variables. This implies that polynomials of the form

p
V(X) = Z Pi(z v Xj) + Z u;j X X5 + Z duqu(X)

i j ij u=1
can be rewritten as a confining polynomial with partition {1,...,¢}
after a linear change of variable if u is a symmetric positive matriz,
the P;’s are going to +oo at oo and the q, are of degree at most
mindeg P; — 1.
We would have liked trace convex polynomials to be confining , where
V is trace convex iff X — Tr V(X)) is convex on the space of (-tuples
of N x N Hermitian matrices for any dimension N. Unfortunately,
this is not the case as X2 + Y? + X2Y? is trace convex but not
confining (and not trapping).  Note however that such polynomi-
als are known to satisfy the conclusions of Theorem 2.2 thanks to
Brascamp-Lieb inequalities, see [24, Section 6.5]
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Our next result shows that, if V' is trapping, any limit point of iV satisfy
the so-called Dyson-Schwinger’s equations. To describe the later we first
define the non-commutative derivative 9; with respect to the ith variable so
that for all choices of monomials ¢(X) = X;, ... X;, with i; € {1,...,¢} we
have

J+1 (7
jrij=i

This definition extends to smooth functions ¥ of one variable by setting

r—Yy
Theorem 2.7. (Dyson-Schwinger’s equations) Under the assumptions of

Theorem 2.2, any limit point 7y of fY wunder Qg satisfies the Dyson-
Schwinger’s equations: for any P € C(Xy,...,Xy)¢, any i € {1,...,(},

(5) v (DiVP) =1y @ 7v (0; P) .

Moreover, if V.= pU + W with U and W (n, A, I) trapping for some n > 0

and A finite, then there exists a finite B (depending only on A and n) such

that for B > 0 large enough, any i € {1,...,£}, and any integer number k,
2k B k

(6) v, (IPUP) < ()"

The last result (6) shows, as could be expected, that under reasonable
assumptions the limit points 7y, concentrate on the critical points of the
potential U when [ goes to infinity. Its proof is a direct consequence of
Proposition 4.2.

The Dyson-Schwinger’s equations are not sufficient to characterize the
limit in general since they may not have a unique solution. Efficient nu-
merical methods have recently been proposed to investigate the solutions
[34].

We therefore study special cases where the potential is given by Vg =
BU + W for some fixed polynomials U and V and f large. In Section 5, we
study the case where U is strictly convex. We then show that the matrices
following Q% converge to multiples of the identity when N and then S go
to infinity and moreover for § large but finite the empirical distribution
[N converges almost surely and its moments can be expanded in powers of
B2, In Section 6, we consider the case where U(X) = S U*(X;) is the
sum of polynomials in one variable that can achieve their minimal value at
several points and W is small when the spectrum of the X; are close to these
minimizers. We then show, see Theorem 6.6, that for 8 large enough, the
spectrum of the matrices X}V under Qg converges as N goes to infinity. To
simplify the statement of our result in this introduction, let us assume that
U’ takes its minimum value at {xé-}lgjgmi and that these minimizers are

non degenerate in the sense that min;(U*)” (%) > 0.
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Theorem 2.8. Under some technical hypotheses over U and W (see As-
sumption 6.4), for B large enough, the empirical distribution fiy of X~
converges Q% - almost surely towards a non-commutative law 75. Moreover,

for any polynomial P, Tg(P) expands as a converging series in ,87%. Too 1S
the law of ¢ free variables with law m% ZT:H 5:631 forie{l,... ¢}

Furthermore, we show in Theorem 6.2 that if the minimizers of U’ are
degenerate, the mass of the Dirac at a minimizer x depends on the flatness of
U’ close to x, namely on the exponent k such that U?(y) —U?(z) ~ c(x—y)?*
for y close to x, but not on the constant ¢ provided it is positive.

Finally we consider in Section 7 the case where U is the square of the
commutator and more precisely

(7) Vi(X) = —B(X1X2 — XoX1)? + Vi(X1) + Va(X2).

Such a matrix-model can be considered as a toy model for Yang Mills theory
[34] where this model is said to be "unsolvable”. Our main result is that
the non-commutative distribution of X{", X} under Q‘]\/; converges when
N goes to infinity and then [ goes to infinity towards two commutative
variables whose spectrum lies at the minimizers of V7 and V5. The central
point of our result is that the mass in these minimizers is nontrivial and
again depends on the flatness of the potentials in a neighborhood of the
minimizers. In fact, we might have expected one of the matrices to converge
to a multiple of the identity to make the commutator small, as would be
the case for instance if we had a three matrix model with U(X1, X2, X3) =
—(X1X2— X2X1)? — (X1 X3— X3X1)? where making X7 close to the identity
would have a higher probability than making it commute with both X; and
X2 (see a more detailed discussion in section 7). More precisely, we have
the following statement.

Theorem 2.9. We let Vi and Vs be two non-negative polynomials of one
variable, going to +oo at infinity. Let 2] < zo < --- < z;, be the zeroes of V;
and assume there exists ¢}, ..., ci € RT™ such that, for every j € {1,...,k},

Vi(z) = c;(x —2;)* +o(z — z)%.

Let Vg be given by (7) and X1, Xa following Q%. Then, for every e > 0
small enough, almost surely, for every j € {1,...,k}, we have

()2
Solch)™

The same result holds if the above limsup is replaced by a liminf.

lim lim sup ﬂ%([z} — €, z} +e€]) =
=00 N—oo t

NI
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3. TIGHTNESS OF MATRIX MODELS AT FINITE TEMPERATURE

In this section, we prove Theorems 2.5 and 2.2. This is based on new
techniques to bound probabilities of rare events developed in the appendix,
see Section 8.1.

3.1. Proof of Theorem 2.5. The first point is clear. For the second
point, we just observe that —[X7, X5]? = —(X1X5 — X2X7)? satisfies the
(0,0,{{1},...,{¢}})-trapping condition. To see this, remark that it amounts
to check that for any integer number k:

Tr( XM X0 X Xy + X2 X X0 X)) < Tr(X2P2X2 4 X26F2X2),

This is a direct consequence of Lemma 8.5. Now if V'is (n, A, {{1},..., {{}})-
trapping then by the first point for any a > 0,
V(X) — a[X1, Xo]?

is also (n, A, {{1},...,{¢}})-trapping. The generalization to any number of
square commutators is immediate.

We finally prove the third point. Let us consider a confining potential V'
of the form :

l p
V(X) =3 P(Xi) + Y dugu(X +ZR (z i X )
i=1 u=1

’LEI’mU
Observe that

Z X, D;R, Z i Xi | = lm:mURv Z Qi X
i€lm 1€1m, 1€ L,

where R,(X) = X R/ (X) is also a polynomial with a positive even term of
highest degree, therefore it is bounded from below by some constant —c,.

Hence, for j € {1,...,m}, we have (since (ZX)* is non-negative)
d
SN [ (ZN)F Y XNDR(DYD apXy) | = —e Te(Z),)F,
m=1 i€lm kElm,

ie. R, (Zz‘elmv aviXi) satisfies the (0, ¢y, I)-trapping condition. With this
in mind, we need only worry about the other part of the polynomial V' and
then apply the first point of the theorem. We can assume up to rescaling
that the polynomials P; are monic. = We consider a monomial ¢; in the
decomposition of V' and denote it by ¢ for simplicity. We denote by S(q) the
smallest subset of ¢ € [1, /] so that ¢ only depends on Xj,i € S(q). Let s(q)
be the set of j such that I; N S(q) # 0 and define Dy = min;¢y(q) minsez; D;.

(8)
Tr (zd: (ZM)E S XN.Dig XN) ST ((Z]]-V)kZXiN-DiQ(XN)>.

iel; jes(q) iel;
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Any monomial Xj, ---X;, coming in the linear decomposition of D;q has

degree t bounded above by 2D, —1 by assumption. Observe that, by Holder’s

non commutative inequality with parameters (pg, p1,...,p:) = (1+ ﬁ, 2k +
., 2k +t), we find

t _1
|T1“(((ZJN)1/2)%X1]¥X£[)| < (Tl"(ZN k+ )2k+t H (Tr|Xim|2k+t> 2kt

m=1
< YD Te(zN)Rts
J€s(q)
< eTr Y (ZV)tPage T Y (Z))
jes(q) jes(q)

where in the second line we used that for s € [1,1],

Tr(1X;, %) < max Tr((Z))*/?)
) j€s(q)

for all integer number k. In the last line we picked ¢ € (0,1) to be chosen
later and used the inequality valid for t € [1,2D, — 1]

xk‘+t/2 < (82)Dq7t/2xk+Dq162I>1 +€7t$k152x<1

and took the worst case scenario for each term. Using this inequality for
each term coming from the g, we deduce that there exists a finite constant
C(q) such that

d

(9) (> (ZN) ST XN Dig(x™))
7j=1

1€l

> —C(q) (z-: S Te(ZN)HPe e T (Z]N)’“) .

j€s(q) j€s(q)

Moreover, putting Dj = min;ey; Dj, and since 2P > 2205 — 1 for all real
number z and i € I; as D; > D; for i € s(q), we have

d

ZTr ZNk ZXkaZXfD Z r(ZN)F S X2

kel; 7=1 i€l
(10) — 2> D;|I| Te(Z))*

J

But, using Lemma 8.6, we find that for all j € {1,...,d},

(11) EDJ' Tr((ZjN)k ZXZQDy) > Tr((ZJN)k—i-Dj)
i€l
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Putting (9) and (11) together we find finite constants C’, C” such that
d

T((ZM)F S X,.DV) = Z 5, 5(Ta((Z))FHDs) — e Tr(ZN)F)
iEIj 7j=1
zn: Z TI' ZN k+Dyg,
= ]ES(QT)
d N d .
N +1 " N

Jj=1

where we finally choose € small enough, used that D, < D; for all i € s(g)
and that min D; > 1 to find a finite constant C” so that the above holds.
This completes the proof.

3.2. Proof of Theorem 2.2. Our proof uses bounds based on change of
variables formula that we prove in the appendix, see Lemma 8.4. We fix L >
0 and let for a (-tuple of N x N Hermitian matrices XV = (X{V,..., X}V),

T(XYN) = inf{k : diN Tri(Zj(XN))k > L},
j=1

where we recall that Z;(X™) = 3, (X ]N )2. Note that by Jensen’s inequal-

ity, k — dl Tr 2;‘1:1 L%z JN )¥ is increasing. To prove the second inequality
in (4), it is enough to show that for x € (0,1) and N large enough

N N HlnN) K/IDN 7lN1—.‘£
(12) @V< X sonen) S mnt °

Indeed, observe that for any M > 0, any integer number k, we have

{XN o | X7 | > M} c {XN : %Tr (Zdj(zj(xN))k) > ]bM?k} |

J=1

But on {T(X") > 5”11:1‘2]%} we know that for all k& < 5”11;’212

d

diN Tr (Z(@(XM)’“) < L.

i=1

Therefore, on {max; | X ||lc > M} N {T(XY) > 22K we must have

dLF > %M 2k for all k < ;llrrllzj\i . This is impossible unless

M? In(dN) _ 2 Ind
In— < inf (1
" k<§}n(N) k ( Jr1 N

— 21In2L

)In 2L,

for instance when M = (2L) % and N > d?. Then, we deduce that

{T(XN) > £l {maxi XN oo > (2L)% %} is empty. Therefore we
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conclude

In N
@ (XY s max |V > (D)) < @ (XY TxY) < V).
(A

— 2In2L

from which the theorem follows from (12). To prove the latter, we first
notice that

xln N
HID]V 2In2L

(13) o (x¥srexy < SRR < 3 g
k=0

where q,iv = QX, (XN € Sy a) if Sy is the measurable set of N x N Her-
mitian matrices XV = (X, ..., X}V) given by

d d
Ska = {d?VTr Z(Zj(XN))k > ak} m ﬂ {d;\fTr Z(Zj(XN))u < au}

j=1 1<u<gk—1 j=1

with a sequence (ay)uen to be chosen later. We prove by induction over

k< ;ﬁ?ﬁ that we can find non-negative real numbers ax, k < ;11;:2]{ such

that for N large enough

(14) gh <emzN"

and moreover that for all k, ap < L* , with L as in the theorem. The same
reasoning would give an upper bound of the expected order e~V but only
up to k of order v/In N which is not sufficient to bound the spectral radius.
Note that when & = 0 the bound is satisfied for any ag > 1. Assume that up
to rank k, we have found ayg, ..., ax such that a,, < L* for all u < k and a,
verifies (14). We next construct agiq so that the same property holds. We
look at the dynamic of Lemma 8.4 up to time ty = N~'7% on each set of
variables indexed by I;, namely for i € I; we set, for X = (X{V, ..., X}V)
a f-tuple of Hermitain N x N matrices :

XNo) = XV
axXN() = —((ZF @)XV 0+ XN 02N (1))
2N = S, (XN ()

As proved in Lemma 8.4, we have
G = QY (XY € Si.a)
< sup {exp 2/ (NTrZ (Z)Y ()P xN(s). DV (XN (s))
J

XNESk,a i€l

CTreTr Y 8i(XZ]V(s)(ZjV(s))k)>ds)}

j,’iGIj
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We next bound the term in the exponential by using the hypothesis that V'
is (n, A, I)-trapping;:

N Tr Ed:l EI:XN ) DiV (XN (s))— Tr @ Tr ZI (XN (s)(ZN(s)F)
J i€ driel;
NZTr D= A+ 2 (5)Y)
(15) —;;Tr(ZJN ()P Te (2 (s))* P
—Jzi:lg :X_; Tr XY (s)(Z] ()" Tr XY () (257 ()77

Now observe that Tr@ Tr((X ® 1 — 1 ® X)2Z¢ ® Z°) is non-negative since
(X®1—-1®X)% and Z% ® Z° are non-negative operators in H™¥(C)®2 for
all integer numbers a,b. As a consequence, we find that

Te (XN ()22 () TH(ZN ()P 4 Te(Z) () TN ()220 (5))4 )
>2Tr X,LN(S)(ZJN(S))p Tr XZ-N(S)(ZJJ-V(S))I“_I_I’.
Thus, we deduce the bound
k—1
Yo T XN ()(Z) ()P Te XN (s)(2]Y (s))F 1P

i€l; p=0

k
<Y Te(ZN (s)P Te(Z)Y (s))F P

Now Lemma 8.4 tells us that s — Tr(ZN(s))" is decreasing on [0, ——], so
NF+I
that we deduce if t < —¢—, that for s <t
Nk +
N Y (T2 ()N (9)DV (XY (5)) — Tr@ Tr (XY (5)(2) (s)1))
jE€[1,d]
i€l
d
(16) N Te(n(Z) ()" = AL+ (Z]7(0)")
]:

ijzd: (ZY(0)P Tr(Z)¥ (0))"7

Finally, on the set {4 Tr Z?:l(ZJJ-V(O))"fJrl > ag41} there is at least one j
such that & Tr(ZJN(O))’gle > ap+1/d, so that by Lemma 8.4 for any x > 0,
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all s € [0, ﬁ], we have

d
1 Ap+1 4(]<J—|—1) Qpy1 | 2ktl
- T ZN k+1 > +1 ]
GRS S v
Therefore, on the set Siq, (15) gives, with ¢ = ¢ty = N~17%, that ¢ is
bounded as follows:

(17) q’]ﬂ\{FI < e~ N T Fita(a)

with

a a 2k+1
Fera(a) = 20n( o2 —4(k+ )N 50 () B~ A(1+ay) 22 apai—yp)-
We next define ag = 1 and by induction set

d k

apr1 = —(L+ [A|(1 + ag) + 2 Z app—p) -
Ui =0

We next show by induction that for all integer numbers £,
10+ 14Dd

(18) ar < Ci( (

with Cj the Catalan numbers. We assume without loss of generality that
(1+1]A])d > n (since an (7, A)-trapping potential is also (n/, A) trapping for
any ' = (1+|A|)d <n). (18) is true for k = 0. We assume by induction it
is true up to k, then

d 1+ |A|)d 1 1+ |ADd
ag+1 < 77<1+A\(1+4k0k((7|]|))k)+24k+1ck+1((7l|))k>

41+ ADd oy 1 1+ 4| |A|C, 1
S Ck ( + + + =
+1 o ) (1+1A]) C+1(W)k 4C) 41
401+ |ADd\
< Cgqr <( 4D )
n
provided
1 1+ 4| |A|C, 1
19 + + -1 <1
S T <4k+1ck+1(<1+L7A>d)k G T2

Since we assumed (1 + |A|)d > n the above inequality is clearly true for all
k > 0. Hence, the induction is satisfied. As a consequence, since Cy, < 4%,
we deduce that ap < 42’“(%)16 = L*. Moreover, for such a choice of
ag, k > 0, we can lower bound the exponent in (17):

4(]€ + 1)L2k+1 dL,jl ‘

F a)>1—-2
k+1()_ n NHJF%H



16 ALICE GUIONNET AND EDOUARD MAUREL-SEGALA

The right hand side is bounded from below by 1/2 for N large enough
provided k is small enough :

In N
In(2L) "
From here, (12) and (4) follow readily.

2k < K

4. ASYMPTOTIC LOCALIZATION AT LOW TEMPERATURE IN THE GENERAL
CASE VIA SCHWINGER DYSON’S EQUATION

Let us consider a potential V' which is (n, A, I)-trapping for some 1 > 0,
A finite and a partition I of {1,...,¢}. By Corollary 2.4, we know that the
empirical distribution 4V is tight almost surely under Qg . Let 7, be an
almost sure limit point.

Theorem 4.1. (Dyson-Schwinger’s equations) Under the assumptions of
Theorem 2.2, any limit point Ty of j~ wunder Qg satisfies the Dyson-
Schwinger’s equations: for any polynomial P in C(Xy,...,Xy) , any i €

{1,...,¢},
(20) v (DiVP) = 1v @ 1v (0;P) .

When V is a small perturbation of a quadratic polynomial, it was shown
in [28] that the Dyson-Schwinger’s equations have a unique solution. This is
not true in general, even in the one-matrix case. Indeed, if V has two wells,
the limit of the empirical measure of the eigenvalues of the matrix may
have disconnected support and there is a solution to the Dyson-Schwinger
equation for any choice of masses in the different connected pieces of the
support [10].

Proof. We use the change of variables of Lemma 8.3 with g;(X) = 1,-;P(X®)
for a non-commutative polynomial P, and X¢ = (f.(X1),..., f-(Xp)) with
fo(x) = (¢ + 2%)71/%z for some € > 0. g is uniformly bounded (with a
uniform bound depending on ¢) so that for ¢ < %, for all j € {1,...,¢}

(21) XN() = XN + 05(%).

Let us set for some § > 0,

Ay = (XN ¢ (V@) - %Tr(DiV) - %Tr@% Te(8,) > 5}
It is easy to see that since g; is uniformly Lipschitz, by (21), we have uni-
formly on Ag,

1

/W(N TeDiV (XN )g(XN) + Tre Tr 9ig(XN))ds > N6 + O.(1) .
0

Hence, Lemma 8.3 implies that

QJ\X(A(S) < 6—N5+Og(1) )
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The same holds when we replace g by —¢g and therefore almost surely by
Borel Cantelli’s lemma

lijl\fnj;lop %Tr(DiV.g) - %Tr ®% Tr(0ig)| = 0.
On the other hand, put Bp = {XY € (HN(C))* : & Tr(X2P) < L?P} for
L chosen as in Theorem 2.2, with 2D larger or equal than the sum of the
degree of V and the maximum degree of the P;’s. Theorem 2.2 implies that
Qg(BE) < e N/2 for N large enough. On the other hand, on Bp, it is not
hard to see that

S TDV.(g — P)| < Os(c), and |, Tro Tr(dlg - P))’ <0u(e),

with Op, () going to zero uniformly on NV as € goes to zero. As a consequence,
almost surely, we have

1 1 1
limsup | —= Tr(D;V.P) — = Tr®— Tr(0; P)| = 0.
imsup | H(DiV.P) -  Tr@ 4 Tr(d; )‘
This implies that any almost sure limit point of 4V satisfies the limiting
Dyson-Schwinger’s equations (20).

O

We next consider general potentials in the low temperature situation
where = 1/T is large and

Vg =pBU +W

with U, W self-adjoint polynomials independent of j3.

We will first study the limit points of 4V under Q% and show that they
concentrate near the critical points of U, namely the points where D;U is
small, when g is large enough. Theorem 2.2 allows us to localize the state
we are looking at on a fixed support. Our result takes the following form:

Proposition 4.2 (Control of the support, Low temperature). Assume
that we are given L < 00,8y > 0 and for all B > [y a non-commutative
distribution vg solution of the Dyson-Schwinger equation (20) with potential
Vg = BU + W and with support in [—L; L] in the sense that for all i € [1,4],
all ke N

ve(X7*) < L.

Then there exists B > 0 such that for 8 > fy, for all integer number k

max vg (|DiU|2k) < <g)k .

1<i<e

Moreover one can take B = 4 max;{||D;UD;W||.+2||0;D;U|| .} where ||P||1, =
SUPmax, ||z | <L || P(@)|| if the supremum is taken over all C*-algebras and op-
erators {x1,...,x¢} with norm bounded by L, and we set ||Y; P; ® Qillr =
2 1Bl Qill -
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Proof. According to the Dyson-Schwinger equation, (20) in Theorem 4.1,
applied to P; = (D;U)*1,

vs((D:U)*1(D;U + ;DiW)) =B8"lvg s (&(DiU)Qk‘l)
2k—1

=p1 Z vg @ vg (((DiU)j*1 ® 1)(8;D;U)(1 ® (DiU)2k71—j)>
j=1

We use this equality to prove by induction that with B > 4 max;{||D;UD;W|| .+
ZH@DZUHL} for all P Z 0

E)p

45

where (), denotes the Catalan numbers. The result follows since C, < 4P.

The property is obviously satisfied for p = 0. Assume that it is true up to
p =k — 1. This implies that for any j < 2k — 2, for any polynomial P

(22) vs((DiU)*) < G

j
. . e B
vs((DU) P)| < || Pllvs(IDUV) < || PllLvs(IDUPTET)2ME1 < HPHLC(%W(@)%-
Moreover
s (DU 'D;W)| < |D;UDW || (DU 2)

Plugging this estimate in the Dyson-Schwinger equation and using the in-
duction hypothesis we find that :

(Era) wma

43

40}, 4 4 2kl
< . . __ D i 11—
<36 D, UD;W|| L, + Bck”a’D’U”L 3 CpiztyCpamimgy

j=1
4
<4 (max{mmwu + 2uamiUHL}) |

Hence, the induction hypothesis is satisfied as soon as B is greater than
4 maXz‘{HDz‘UDiWHL + QHaiDiUHL}~
]

Remark 4.3. Note that if U is homogenous of degree d and cyclically in-
variant,

1
UX) = - Z X,D;U .

Therefore if we have a bound on the v5(X?*)’s, the bound on v ((D;U)%*)
from the previous Lemma implies a control on vg(U?¥). This is the content
of the next Corollary:
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Corollary 4.4. With the same hypothesis and notation than in Proposition
4.2, and if furthermore U is homogenous of degree d (in the sense that all
its monomials have the same total degree) and cyclically invariant, then for
B > By, for every integer number k,

vg (U) < (1:/219)’“

with B = 4maxl{\|DzUD,WHL + 2H8ZDzUHL}

In the case above, we see that under vg, U converges to zero. In a more
general situation, we have only the following concentration of the mean of

U.

Proposition 4.5. Let V3 = U + W be a self-adjoint potential such that,
for some By > 0, the partition function (3) is finite :

1
23 limsup — In ZY < —
( ) N%oop N2 Vo
and there exist real numbers aq ...,ap such that
1

. 1

m = xgql-[rll\’f((c)l N TrU(X) = N Tr(U(ar 1d, ..., ap1d)) = U(ay,. .., o).
Then, there exists a finite constant C' such that for 8 > By and any non-
negative real number M,
M+ /lInp

g

As a consequence, if we assume furthermore that we have an accumulation
point Tg of the empirical distribution for all B sufficiently large. Then any
accumulation point T of T3 when B — oo is such that 7(U) = m.

1 1
limsupmln(@g <NTrU(XN) >m+

N—o0

Joow.

Proof. Let 2D be the degree of U. We can assume without loss of generality,
that up to some translation and the addition of a constant term, that a; =
-+ =ay =0 and that m = Tr(U(a1 Id, ..., ar1d)) = 0.

First step : upper bound on U. Since TrU(X), as a function of the
coefficients of the matrices X, is a polynomial function that reaches its local
minimum in 0 and whose value is 0, then necessarily Tr U has no constant
term and no terms of degree 1. Therefore U is a sum of monomials of degree
at least 2. Let ¢ = X, ... X, be a monomial of degree k < 2D in U, and
observe that by non-commutative Holder’s inequality:

| Trq(X)] < ((Tr [ X3, [F) - (Tr | X5, ) F < max Tr [ Xi)F < 3 Tr(X24X2P)
7 .
(2

since for every 2 < k < 2D, |z|* < 224 22P. By combining such inequalities

we deduce that there is some finite constant 0 < A < oo(which only depend
on U) such that for all X € (HY(C))*%

0< TrU(X) < AT S Tr(X? + X2P).
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Second step : lower bound on the partition function Z{/\; . First
make the change of variables \/3X; = Y; and then use Jensen’s inequality:

%111 Z > ]\12 ln/ ~NTEW —NBATE S, Tr(XP4+XPP) v

1 —NTrW(Y —NATr Tr(Y24+p81-Py2D
Z—Elnﬁ—kmln/e ( /\/5)1;[(3 (VP+6-PY2P) gy,
> (I f+ 7 n ZNZ y2

1 Y 1 e—NA Tr(Y.Q)dY
- —TrW(— +A51_D — Tr YfD S b
[ (5w 2y M7y
> —lInp+0(Q1)

where we used that moments of Gaussian matrices are bounded, as well as
the partition function which was computed by Selberg [1, 42]. Here, the
term O(1) is uniform in g > 0.

Third step : conclusion. Finally, by Tchebychev’s inequality we find
when § > [y

1 Ny fInp+ M
N2 IDQVB (NTYU(X ) > ﬁ)
1 Zvﬂ —N2(B—Bo) I L o N
ﬁln ZNO /6 dQvﬁo
Vs
Ing+ M
<O(1)+ fln - (8- o) L —0(1) - M
ZN
where we used that 5 In — —$50 < ¢1In B+ O(1) by the second step and (23).
v,

0

5. STRONG UNIFORMLY CONVEX POTENTIALS

The three remaining sections are devoted to the study of particular cases
of low temperature asymptotics. We begin by the simplest case as in a way
it can be converted to the well known high temperature regime. Indeed,
in this section we look at a f-uple of random N x N Hermitian matrices
XN = (X{,..., X}) under the law :

1
(24) O, (dXN) = s exp (=N Tr Va(XV)) ax
N
where Vj is a self-adjoint polynomial that satisfy the following convexity

assumption.

Assumption 5.1. Let C be a real number. We say that a self-adjoint poly-
nomial V- € C(X1,...,Xy) is C-convex if for any dimension N, the Hessian
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of the function oy (XN) = TrV (XN) on the set of -tuple XN of £ N x N
Hermitian matrices is bounded from below uniformly :

Hess(py (XY)) > C.1d

for any l-tuple of N x N Hermitian matrices X~ and any integer number
N. Then we assume that

Vs(X) = BU(X) + W(X)
where U and W are self-adjoint polynomials such that:

e U is c-convex for some ¢ > 0 (therefore X : (Hy(C))t — TrU(X) is
strictly convex),
o W is A-convex for some A finite (but possibly negative).

It is not hard to check the following example.

Example 5.2. If U(X) = X, Pi(X;) with polynomials P; with real coeffi-
cient such that P'(z) > ¢ > 0 for allz € R and W(X) = W(X)+3; a; X?P
for an integer number D > 1, some polynomial W with degree strictly
smaller than 2D and positive real numbers (a;)i1<i<¢, then (U, W) satisfies

our hypothesis with constant ¢ and some finite A.
The main result of this section is

Theorem 5.3. Under Assumption 5.1, there exists a finite positive constant
Bo such that for B > [y, the non-commutative distribution of X~ converges
almost surely under Q% towards a non-commutative law Ty, : for any poly-

nomial P € C(X1,...,Xy)

1
lim — Tr (P(XY)) =7, (P)  as.
N—oo N (X7) vs(P)

We next characterize the limit 7y,. Observe that oy achieves its minimum
value at a unique point in any dimension by uniform strict convexity. In
fact we can prove that these minimizers are characterized as follows.

Lemma 5.4. Assume that U is c-convex with ¢ > 0. Let o = (a,..., ) €
R’ be the unique minimizer of U on RY. Then, for any integer number N,
ou(XN) is minimized on the set of {-tuples of N x N Hermitian matrices
at the point (a1In, ..., arlN) where I is the identity in the space of N x N
matrices.

Proof. We first fix the dimension N. Then, by strict convexity we know
that ¢y is minimized at a unique f-tuple (AY,..., AY) of Hermitian ma-
trices. But by invariance of ¢y by the change of variables (Xy,..., Xy) —
(OX,0%,...,0X,0%) for any unitary matrix O, and uniqueness of the min-
imizer, we see that for all i € [1,£], OANO* = AN. This implies that
AN is a multiple of identity, AN = al¥I. But then py(AY, -, AN) =
NV(al, - al) so that (af,...,«)) minimizes U and therefore equals
(a1y...,qp). O
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To prove Theorem 5.3, we first do a change of variables related with the
matrix

(25) Cuy(ij) = 04,0:,U(x1, ..., %p)|z=a > c.1d

In the following, for any ¢-tuple of self-adjoint operators X = (X1,..., Xy),
and any matrix M € H*(C), we denote by MX the /-tuple of self-adjoint
operators (25:1 M;;X;)1<i<e. We let

Y = /BCH*(X —al).

In these variables, let us write the decomposition

(26) BU(X) Z Y2+ Z fm 6 (Y

where the n; are integers numbers greater or equal to one and the ¢;’s are
monomials coming either from W (and then with degree n;) or from U (and
then with degree n; + 2).

We next characterize the distribution of Y = /3C// Y/ 2(X —al) under Ty,
as a generating function for the enumeration of planar maps. Recall [28]
that a star of type ¢(X) = X, --- Xj, is a vertex embedded into the plane
with r colored half-edges rooted at the first half-edge of color i1, second of
color 79, until the last one of color i, (following the orientation of the plane).
A planar map build over k; stars of type ¢;, 1 < ¢ < p, is a matching of
the half-edges of the same color resulting into a connected graph with genus
zero. M ((k;, ¢i)1<i<p) denotes the number of planar maps build over k; stars
of type ¢;, 1 < i < p, counted with labelled half-edges. If M ((ki,qi)1<i<p)
denotes the number of planar maps build over k; stars of type ¢;, we have

Proposition 5.5. Under Hypothesis 5.1, with o = (a1, ..., o) € R be the
unique minimizer of U on RY and Cy given by (25), there exists a finite
positive constant By such that for 8 > By, such that for any monomial q

v, (a(VBCHH(X — al))) =3 H

1<i<p

nz)k
—————M((1,q), (ki, ¢i)1<i<p) -

Proposition 5.5 implies Theorem 5.3. We can also use [32] to see that
T8,u,w is a push-forward of free semi-circle laws by smooth functions (namely
series which are uniformly converging when evaluated at self-adjoint opera-
tors with norm bounded by 3). Hence we deduce that

Corollary 5.6. Under the assumptions of Theorem 5.3, T3 yw s described
as follows. If Si,...,Sq are € free semi-circular variables, Ty, is the non-
commutative distribution of

1 1
XZ:aZI—i_iSZ—i_*ESla7S€71§Z§€7
VRN R )
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where Fi,...,Fy are functions which expand as converging power series in

1/v/B:

Fi(Xy,..., X Z Pu(X1,..., X))
n>0

with non commutative polynomials P, such that 3, , VB || Pyl is finite.
Here, the operator morm is taken uniformly over all f-tuple of self-adjoint
operators bounded by 3. In particular the C* and the von Neumann algebra
of Tv, is the same than those of free semi-circular provided (3 is finite and
large.

6. STRONG SINGLE VARIABLES POTENTIALS

In this section we study more closely the model where the strong poten-
tial constrains the eigenvalues of p < ¢ matrices, but this constraint is not
convex. More precisely we assume:

Assumption 6.1.
V(X) = BUN(X1) + -+ + UP(Xp)) + W(X)

where p < £, U and W are self-adjoint polynomials such that:

e There exists fg > 0, 1 >0, A < oo and a partition I so that for all
B = Bo, Vp is (n, A, I)-trapping.

e For i € {1,...,p}, U" achieves its minimal value at real numbers

i\2k

j) J when belongs to a small

neighborhood of xé, for some positive constant cg- and integer num-

bers k; .

Pl with UH(a) gy ¢z — 2

We then prove that the spectrum of the matrix XiN following Q% con-

centrates in a neighborhood of the minimizers of Ut for i € {1,...,p}. To
state our result, we will denote ﬂ% = N1 Z 21 0),(x) the empirical mea-
sure of the eigenvalues of a N x N normal matrix X Moreover, we recall
that [|X;||c denotes the operator norm of the matrix X; and we set, for
X = (X1,.., Xp), [Xlloo = maxi<ice | Xilloo -

Theorem 6.2. Assume Vj satisfies Assumption 6.1. For a positive real
number R, we denote by

6 _L B 211ci.

Then, for all k € (0,1), there exists R > 0 and By > 0,s0 that for all B > By,
forallie {1,... p},

K} p = Ui<j<m, 25 — R(

(27) i sup 1 0 O, (A (5 p)7) £0) < 0
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Besides, if K; = ZJ i, there exists By finite such that for 8 > By, for every

je{l,...m;}, we have almost surely:

B\ "w B

, T ma R

wa j+max Sy
To describe more precisely the asymptotic distribution of our matrix

model, recall [6] that in the case of a single matrix model and a poten-

tial V' (corresponding to ¢ = 1), the empirical measure of the eigenvalues

ﬂ% converges almost surely to the unique minimizer py of

28 Bvl =5 [ [ (V@) + V) - 3hnle - ol) dulo)duto).

Such a convergence is also true in the multi-matrix model satisfying Hy-
pothesis 6.1 in the limit where [ goes to infinity in the following sense. For
r > 0 and an integer number k, let 0¥ = p,,2x be the unique probability
measure minimizing E, 2x. Observe that when k = 1, ¢¥ is the semi-circle
law with variance r

1 -

C K
) -2 < oo,

hmsup VInpg ],uXN —max R(

-1

Corollary 6.3. Assume Vj satisfies Assumption 6.1. Then there exists
Bo finite such that for B > By the empirical distribution Y of XN =
(XN, ..., Xév) is tight almost surely. Denote v a limit point. Then, there
exists R € (0,+00) such that for 8 large enough, for any i € {1,...,p}

yf(i (Kp)=1.

Moreover, the filling fraction aﬁ(ﬁ) = V)B(z([a:;—R(ﬁ) 25 xz—i—R(%)_ﬁ])
satisfies

4 Kt R
i J

ki
Finally, the distribution of X; under vg is close to o 6 near x : for any
Tig
smooth compactly supported function f

a%m1/<ﬂﬁim—xp>wq )~ [ @y

where vy = 4 and || flly2 = (5 tlfiPde) V2.

Hf||1/2

)| <

min; ﬁw

The proof of Theorem 6.2 follows again from a wise change of variables
and Lemma 8.3. We first construct this change of variables in the next
subsection: it is based on the explicit joint law of the eigenvalues of a one
dimensional matrix model and change of variables involving the eigenvalues
of a single matrix. Indeed, the interaction between the matrices being of
lower strength, such change of variables will be sufficient for our purpose.
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6.1. Proofs of Theorem 6.2 and Corollary 6.3. To simplify the nota-
tions we will take p =1, k‘jl = kj, azjl = z;. The proof extends readily to the
general case.

Proof of Theorem 6.2 We denote by {z1,...,x;} the minimizers of
U'. Without loss of generality we may assume that the minimum value of
U' is zero and it is achieved at the origin so that U'(0) = 0. We set for
n >0

I={zeR:UYz)e0,n]}

to be a neighborhood of the minimizers of U'. 7 is a constant depending
on 3 that we will choose later. We let € > 0 be such that U'(z) < n/2 for
|z| < e. We shall prove the theorem by sending all eigenvalues outside of I
in [—¢,¢|. To this end we first remark that for each M > 0

(29) of, ({aX, (1) # 0} N {IX]lo < M})
N n
=Yoo, ({0 = 5} n X < 00y
n=1

It is sufficient to show that each term in the above right hand side decays
like some stretched exponential provided M > L is chosen large enough as
in Theorem 2.2 so that

—K

(30) QY ({1 X[l > M}) < eV’

for some k € (0,1). We assume without loss of generality that M > 1. To
bound each term in the right hand side of (29) we perform the previous
change of variables, keeping fixed the n eigenvalues in I, as follows. Let
(z1,...,zy) be the eigenvalues of X7 inside I and let us apply the change of
variables ¢ constructed in Lemma 8.10 on the remaining eigenvalues, with
a = 0 and ¢ small enough so that U(z) € [0,7/2] for x in [—¢,¢]. Then, we
have constructed ¢ so that

3N(N—n
€ > ( )6—2NTr1n(1+|X1\1X1€1)—2(N—n)Trln(l—HXl\lXeI)

> (=
J¢/<4e

and the spectrum of Ul(¢(X7)) is included in [0;5]. Note also that each
eigenvalue y outside of I is send in [—¢;¢] and thus Ul(y) — Ul(¢(y)) >
n/2 + (1 + |y|1y> 4, ) for all y € I¢ and a fixed large Ay which depends
only on U! (this comes from the fact that U' grows at least like a quadratic
at infinity). As a consequence, we get

e~ NBTHU (X))

—BN(N—n)n/2—pN Trin(1+|X1]|1 ) )
BTG S © e

We can extend the change of variables ¢ to the other matrices by just setting
it equal to the identity ¢(X;) = X;,7 > 2. Noticing that X; — ¢(X;) has
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rank at most N —n, we find that if W is a polynomial of degree 2D, we can
find a finite constant C7 which only depends on W such that

o~ N Tr(W(X))

2D
—vawer) < eP{C(IXIE + DNV —n)N}

Therefore, Lemma 8.1 gives (up to eventually change a bit the constant Cy/)

n

Q¥ ({0 = 5} Xl < 21

< ¢~ BN(N=n)n/2+C1(M?P41)(N—n)N <s> —3N(N-n)
b 4e

< NWN=n)(C(M)—fn/2-31n(e))

where C(M) is some finite constant which only depends on M,U' and W
and in particular does not depend on (. Finally, we take n = 8~ 'LInf
with L large enough. Because U! is C?, ¢ is of order 1 and in particular
Ine = o(nB). Therefore C(M) — n/2 — 31n(e) will be large and negative,
say smaller than —27!L1In 3, for large 3. Consequently by (29), we find

N
QY ({aX, (1) £ 0} N {IX [l < M}) < 3 e NN=mZIA < ge=NF 15
n=1
which implies by (30) that there exists x € (0,1)

QU (M) =1}) 21—V

and concludes the proof that almost surely ﬂ%l (I€) vanishes for N large
enough. It also implies (27) because U! is C? and with finitely many mini-
mizers, for 3 large enough, the set I = {x : |[U(x)| < f~'L1n B} is included
in the set )

Ui{z : |z — ;| < L'(B(In B)~1) %}
for some L’ large enough. Therefore, we deduce that almost surely

L L
1’85) ki + L'(lﬁﬁ) 2k ]) =1 for N large enough
n n

We now estimate the filling fractions, namely the masses around each min-
imizers. From the previous considerations, if we set

X, <U1§j§k[wg’ - L(

B\ 1 B o\—a ) }

— +L(—) ] ) =1 {|X]|eo <M

) W L) ) (Xl < M}
then Qg (A€) goes to zero exponentially fast. We will therefore restrict

ourselves to the set A. We diagonalize X7 and write for a unitary matrix V'

A= {a, (Uhiles - L'

X, =V*zV + V*A(B)V



MATRIX MODELS AT LOW TEMPERATURE 27

with = = Diag(z1,...,21,22,...,%2,...,2p) where x; has multiplicity N;
and
5—1/2/€1A1 0 o --. 0
0 B=U2%2p, 0 ... 0
A(B) = 0 0 L0 0
0 0 0 0 p~Y2kyp,

1 1
with A; a N; x N; real diagonal matrices with entries in [—L'(In 3) %% ; L' (In 8) **4].
Recalling our hypothesis on the minimizers x; of U?,

BU(m; 4 B~ ?kiz) = ¢z + P81/ ?Fig)

with ¢; a positive constant and P; a polynomial with a zero of order p;
strictly greater than 2k; at 0. Note that on the set A:

BTrUNX1) =Y ¢ Te(A) + Tr P87/ A;)

the second term is small when 3 is large since it is bounded by C'N 3(In 8/ 5)Pi/2:
for some integer number p; > 2k;. Setting Y = (Xy,..., Xy), we can give a
new expression for 1 Ad@% which is equal to

1
Z%@—BNTrUl(Xl)fNTrW(Xl,Y)XmdY
Vs

—N . C; r(AZF v BP; (B~ Y/ 2ki A —Tr W (z+A(B),Y
(S rmesn s )—Tr W (A (8) ))A2<x+A(ﬁ))dAdY

— ¢ r(AZF ) o —Tr Wiz,
! V(S B ol pN- T W Y)>A2(x—|—A(B))dAdY

_ 1
where o(3) goes to zero like § 2maxFi as 3 goes to infinity while M is fixed.
In the square of the VanderMonde A%(z + A(f)) there are factors with
the differences coming from two different global minima:

I1 II s — x5 + By — 2))
zi+B 1/ 2kiyeSp(Ay) szrB_l/ij z€Sp(Aj)
_ |-7f'z _ :L,j|NiNjeo(5)NiNj
where |o(5)] < Cﬁ_ﬁx’%, and the factors coming from the same mini-
mum:
_1 _Ny(Vi=1)
11 11 B Ry — 2 =57 A(N)?

zi+B7 1 2kiye Sp(As) xi+B81/2ki zeSp(A;)
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Finally we get,
(32)
N 1 NV —1) N2 Ne: Tr(A2ki N2
14Qy, = ZTlAﬂﬁ i N T[N AT A(A) AN Y
Vs i i

where X=V*2V + V*A(B)V in the above RHS and O(N?) bounds NTrW
uniformly on A. We deduce a lower bound of the partition function by
conditioning by N;/N = n; to see that

7L2

(33) Z, > p 2wt

where we used [6, 2] to see that for all 4, with the notations of (28), we have

. 1 _ Ne, Tr(A2ki .

Jim ln/e Ne AT A(A)2dA; = — inf{E, -1, 2, }

o 7
where the supremum is taken over all probability measures p on the real line.
In particular, the limit does not depend on 3 large enough, even though we

1 1
integrate a priori on [—L'(In )% ; L'(In 8)*7], because the supremum of
En;l T taken at a compactly supported probability measure. We can
2

optimize over the choice of n; in (33), that is minimize (n;) — >, 2"—,; while
>-n; = 1. We find that we should take n; = n = k;/ > k;. Plugging back
this lower bound on the partition function into (32) we find

; n? ny)?
ol (N5 =m0 a) < epl-N a0 - 3 U 4o

(n})?

2
Noticing that % - X = Si(ni — n?)?/k;, we conclude that there
exists R finite so that for 5 big enough

Ni - -
Q% ({max\N—nﬂ > RyInp 1}OA) <e N

which completes the proof when p = 1. It is straightforward to generalize
the proof to more general p as we can do the change of variables for any
matrices separately to localize the spectrum of each of the p matrices and
then expand around the minimizers the spectrum of each of these matrices.

Proof of Corollary 6.3. The first points are direct consequence of
Theorem 6.2. The main point is hence to show convergence of the rescaled
distribution near a minimizer. But, coming back to (31), if we condition
by the event N = (Ny,...,N,) = N(ny,...,np) = Nn, X; is fixed up to

— min L
terms of order 8~ " 2% | and therefore the interaction term N TrW (X,,Y)

_ min L
is fixed up to order 8~ " 2% N2. Hence, the previous proof shows that for
any measurable set B of the set of probability measures on the real line,

N

1 —N| ¢ Tr A?ki o(B)N
@, (i, € BYNAIN) = = [ e (5o 0N) 2y anay
B /i EB
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and therefore again by [6] the right hand side goes exponentially fast to zero
unless

ﬁng{ECﬂL;lekl (,LL)} S lnf Ecin;1x2ki + O(B) -
Put r; = ¢;/n; and using that af?;’ satisfies
riz?h — /m | —yldoli(y) > C

everywhere, with equality Jff;’ almost surely, we find that the above inequal-
ity holds iff for all 4 € B,

D(p,o)? i= = [ Inla = yld(u — o)(@)d(n ~ ok) (1) < o(8)

Moreover, for any probability measures p, v, we have [6]

D(u,v) = (/OJrOO % ‘/eitzd(,u —v) 2dt> " .

so that D defines a distance on the set of probability measures and moreover,
Cauchy-Schwartz inequality shows that

| [ fdta = )] < 1812 D0.0)

1
and the fact that o(3) is of order at most § 2™k completes the proof.

6.2. Low temperature expansion. In this section we consider a special
case of the previous one where the interaction term vanishes at the minimiz-
ers of U'. This additional hypothesis will allow us to obtain results when /3
is sufficiently large but finite.

Assumption 6.4.

P ¢
Va(X1,..., X)) =B UXy)+ > V(X)) + Z(Xy,...,Xe)
i=1 i=p+1
where

o (U')i<icp and W(X) = Zf:m_l ViX;)+ Z(Xq,...,Xy) satisfy As-
sumption 6.1. Moreover V',p 4+ 1 < i < £ is uniformly convex and
the k; are equal to one.

e Z can be decomposed, up to cyclic invariance as >t _| Z;( X1, ..., Xy)
with some polynomials Z;(X1, ..., Xy) whose trace vanishes at any (-
tuple (X1, ..., Xy) of operators such that the eigenvalues of X; belong
to the set {:1:;, 1 < j <m;} for any choice of operators X;, j # i.

Remark 6.5. e Potentials of the form
mi
ZiX1, o X0) = T[(X - a) Q' (Xa, .. X))
j=1

with polynomials Q° fulfill the second point of Assumption 6.4.
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e By closer inspection of the proof, we see that it is enough to as-
sume that for any £ tuple of unitary matrices O1,...,0Op and diag-
onal matrices D1, ..., Dy such that the eigenvalues of D; belong to
the set {x},1 < j < m;} and for € small enough fip,({z}}) belongs
to [1/m; —€,1/m; + €,

1
N Tr (Z(OlDlOT, ce 704DZOE)) =0.

Also, our result could extend to more general integer numbers k! but
we chose to take ki =1 for simplicity.

e Moreover, we might have generalized our result to functions U*, V¢, Z
which are not polynomials in the sense that tightness could be proved
directly in this setting without the trapping conditions. For consis-
tency we however restrict ourselves to polynomials functions.

Then, we prove the following low temperature (namely large 3) expansion,
which is based on the fact that, up to rescaling, our hypothesis insures that
the interaction is small with overwhelming probability under our hypothesis
so that we can use [14, 30].

Theorem 6.6. Assume Assumption 6.4 holds. Then, for B large enough,
the empirical distribution iy of XN converges Q%— almost surely towards

_1
Tg. Moreover, the moments under T3 expand as a converging series in 3 2.

Too 1S the law of £ free variables, the pth first having law % Z;n:ll 0, and

J
the £ — p last ones following the minimizer i of the energy Ey;.

Proof. By Theorem 6.2, we can restrict the domain of integration to

~ 7 [i ¢ 4 : ¢
B = Nigyp{ Ay (K p) = 1 Mo {ly (2§ —n, &5 +) = | < W)

(3

where C is finite and > 8% with d > % fixed. We next condition Q% by
the values of N} = Nﬂ%\,([x;‘. -, z} +17)]), 1 <j < m;, and diagonalize the
matrices X}V = O0;D;0; with unitary matrices O;. Under this conditioning,
D; is the block diagonal matrix with NNV, ; entries close to xz We let D7* be
the matrix with N]’f entries exactly equal to :1:3 : it is therefore fixed. We
denote by A; = B4(D; — D{°) with d € (0,min; 3) so that the matrices A;
stay bounded on B uniformly on § and let Y; = (Xj,j # ¢). Moreover, by
assumption, TrZ;(0;D*O?,Y;) vanishes so that

TI‘ZZ‘(X) = TI‘(ZZ'(OiDZ'O;k, YZ) — ZZ(OlDfOO;k, Yl))
1
= BT Z; (OiAiOf / Dy, Zi(0; D O; + af~0; M, 07, Yi)) dov.
0

Consequently, since this is true for all i, we find a polynomial P? with
coefficients which are polynomials in =% and such that

Tr Z((0;D;0})1<i<;) = B~ Te(PP((0;D3°0%, 0;A;07) j<p, (0;D;0%) j>pt1))
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Following [22, Theorem 2.3] and [30], when f is large enough, we know that
]\}?/eNTrZ(OlDlof,...,Ongoz‘)dOI”_dOe
= B Fs((ipge ) 1<i<ps (A, )pr1<i<e) + (1)

where Fjz is a smooth function of the joint distributions fipe A, of the
diagonal matrices (D, A;), 1 < i < p, and of the empirical measures of
the eigenvalues fip,,% > p + 1 of the remaining matrices. Moreover, Fj
expands as a converging series in 3~/2. Note that by construction for any
polynomial P(X,Y) =P (X)Q1(Y)... P(X)Q.(Y),

fipee n,(P) = W] 1T Pk(fﬁ?)%g(ﬂ Qr)
j=1"" k=1

is in fact completely determined by the empirical measure of D;, that is of
X; = D* + B~4A; for 3 large enough. fi A is the empirical measure of the
eigenvalues of X; close to x; for any bounded continuous function f

() = 1 — ] < ) = i)
Ha) = H CE T T (X — i < )

Hence fipe a, 1s a smooth function of fix;. it is a smooth function of the
latter. We therefore can write

F((fipge a; )1<i<ps (D, )pt+1<i<e) = G211 <jm, ((fps )11§<a§<m , (Ap;)p+1<j<e) -
1 _l_p

We deduce by large deviations techniques, see [6, 2], that if N;/N goes to
ng,
i

N? . 9 9
N D ) < J — dY ~ o= N?In((pi)1<i<e)+o(N?)
Qy (BN {lrgggkd(uxmuz) <Oy =mi) e

i) —

where
P m; VA
In(pi, 1 <1< 4) = Z Z n?Eci(ni)—lx%; (MAg) + Z Eyi(pi)
i=1j=1 515 j=p+1

—d .
B G (0, jn, (g1 125 <mas T < Dy () pra<j<e)
where finally u; = > n; e pd, OF in otherwords f1, 5 is the law y1; conditioned to

be in the neighborhood of the minimizing point $; The rate function for Q%
is deduced by optimizing over the n;. Minimizers of such rate functions were
studied in [22, Lemma 3.1]: it was shown that when the potentials V* are
uniformly convex and k:; = 1 and [ is large enough then there exists a unique
minimizer because the rate function stays strictly convex under transport
maps. This implies convergence of fix,,...[lx, towards some M? ye .,Mf
when f is large enough. To deduce the convergence of the joint distribution
of X = (01D107,...,0¢D,0y5) it is enough to show the joint convergence
of the distribution of O = (O4q,...,0y) knowing that the distributions of
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Dy, ..., Dy converges towards ;ﬂf, .. .,uf. But the law of O is absolutely
continuous with respect to Lebesgue measure and with density

dPY (O) = — NB~ THPA(0;D5705,038507):(03 D30} )szp41))) gy
B ZN ’
Vs
with Pg a polynomial with coefficients bounded independently of 3 such
that
B~ Tx P5(0; D505, 018;07) j<p, (03 D;05) j2p+1))
= Tr(Z((0;(D5° + 4;)05)j<p: (05 D;05)j2p+1)) -

We can now use [30, 14] to deduce that when 3 is large enough and the laws

of fix,,...fix, converging towards some ,uf, e ,,u?, the joint distribution of
(0:DF0;,0:M0; i < p,Upi1Dp1Upyyy, ..., UgDUf) converges towards
a non-commutative law 73 whose moments are iteratively determined by
Dyson-Schwinger equations. Moreover, the moments under 73 expand as a
converging series in $71/2 and 7. is the law of ¢ free variables, the pth first
having law K% > k;éx; and the ¢ — p last ones following the minimizer py-:
of the energy Ey/i.

O

Notice that an analogue of Corollary 5.6 should also hold in the setting
of Theorem 6.6 but its proof would necessitate to extend [32] to the case
of perturbative potentials depending on random matrices and deterministic
projections, a project that we do not pursue here.

7. STRONG COMMUTATOR, INTERACTION

In this section we consider the case where the strong interaction is given
by a commutator.

Assumption 7.1. There exists polynomials Vi and Vo such that
Va(X) = —B(X1 X2 — X2X1)? + Vi(X1) + Va(X2).

Moreover, Vi and Va go to +oo at infinity (and therefore faster than cx? for
some ¢ >0).

We already know that X; and X3 commute asymptotically when N and
then 8 go to infinity by Corollary 4.4, since it implies that the trace of
the moments of the commutator U(X) = —(X;Xs — X5X1)? goes to zero.
However there are many ways to insure this is the case: for instance X3
and X9 can have asymptotically the same basis of eigenvectors but a non
trivial spectrum or Xy or X5 could converge to a multiple of the identity. In
fact it turns out this two strategies have the same small entropy: Because
the eigenvalues of X; follow a Coulomb gaz, the event {||X; — Il < €}
has probability of order £°V /2. But similarly if we diagonalize X; and
write Xo = UDU™ with D and X; commuting, and U a unitary matrix, the
eigenvalues of U follow a Coulomb gas and therefore the event {||U —I||oc <
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¢} has probability of order %V /2. As noticed by D. Shlyakhtenko in a
private communication, this implies that if we have a 3(or more)-matrix
model such as

V (X1, X2, X3) = —B[X1, Xo)* — B[ X1, X3)* + W (X1, Xa, X3)

then the most likely strategy is that X, is close to a multiple of identity
rather than to force X7 to commute with both X5 and X3. We show in the
sequel that with only one commutator the situation is more interesting and
the matrices in general do not converge to a multiple of identity.

First we consider the case where one of the potential is quadratic. We
define the following functional on the space of probability measures on R:

B 1 Blz —y|”
= // (2(V(9C) +V(y)) —In me_y‘g> dp(z)dp(y)

and its off diagonal version J X +(p) given by

I —ul2
T2 (n //1x;«éy ( (z) +V(y)) —In M) dyu()du(y)

Proposition 7.2 (Asymptotics if one potential is quadratic). Let
XN YN be two N x N random Hermitian or symmetric matrices with dis-
tribution:

1 y?
d@% (X,Y) = TN exp(—N Tr(—g[X, Y2+ V(X)+ 7))dXdY
Vs
where V' is a polynomial going to +0o at infinity and B a non-negative real
number. Then under QNB, the law of the eigenvalues x1,...,xn of XN is
given by:
1 1Y
Q%(daj) Z{/V exp( NQJ/;# NZ ))dxy...dxy
B :
(1) Moreover,
1 1
Jm g nzly = Jm i [ eslNG D) di
= —c}; = —infjg.

(2) Under Q{}; (or Q%};), the law of fi¥ satisfies a large deviation prin-
ciple with speed N? and good rate function p — Jg(u) — c‘ﬂ/. In
particular ﬂ% converges almost surely towards the unique minimizer

1% JV
g of Jg -

(3) Assume thatV achieves its minimal value O at real numbers {x1, ...,z }

so that V() = c;(x—z;)?Pi(1+0(1)) for some integer numbers p; > 1
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and positive real number c¢;. Let p = max p;. Then, there exists a fi-
nite constant A(V) such that

(34) lim sup — ln(@VB(HYHOo > A(V)ﬁ_5(25+1)) <0.

Proof. The fact that the law of (z1,...,zy) has distribution Q% follows
from the fact that we can assume without loss of generality that X is diago-
nal as the law of Y is invariant under conjugation by the unitary group and
then
Tr(—[X,Y]?) = Te(—(XY - YX)*) =2 (z; — z;)°|Vy]*.
1<J
Integrating over the entries of the matrix Y , we get the distribution
7 o 10+ i — ) e VSNV e T oy — P [
1<J 1<j
The large deviation principle and the convergence of the free energy are
a direct consequence of a general large deviation principle proved by Garcia
Zelada [23] and Ben Arous-Guionnet [6, 2]. It is classical to prove that
J/‘; is a good rate function ( Jg differs from the usual Beta-ensemble rate
function by a smooth smooth and its behavior at infinity is balanced by the
logarithmic entropy). We show below that it is strictly convex and therefore
has a unique minimizer. Because Jé/ is a sum of the linear term p — [ Vdu
and Jg, it is enough to show that Jg is strictly convex. The argument is

similar to the one used for Beta-ensembles [2, Lemma 2.6.2]. Let € be a
postive real number. We define the regularization Jj of Jg by setting, for

any probability measure u,
e+ Blz —y|?
In ————=du(x)d
= [ [w i dn()an)
Then, by monotone convergence theorem, for any probability measure pu,

0 1 €
Jp(p) = lim J5(p)-
Moreover, for 0 < a < 1, we find :
(@l —a)"Hadj(p) + (1 = a)J5(v) — J5(ap+ (1 - a)v))

B 1+ flz —yl? / /
-/ <1n€+m$_y|2> A — i) (@) — 1) ()

L] = @) - i)
= /2 /5 (/ exp(—(a + Bz — y\Q)t)dt> d(p — i) (x)d(p — 1) (y)da

- [ [ e VB s (o) ) dtdad e ) )l 1))
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where v is the standard Gaussian measure. Thanks to the regularization,
we can use Fubini’s theorem. As a consequence, we find that

(a1 = a))"H(ad5(n) + (1 = a)J5(v) = J3(ap + (1 - a)v))
/ / /geR e / eINVBL (1) () Py (g)dtda

The right hand side is always non-negative so that Jj is convex for every
€ > 0 and therefore Jg is convex by passing to the limit. Jg is in fact strictly
convex since, if Jg is finite at x4 and v, Jg(a,u + (1 — a)v) is also finite and

(a1 = )M (@J§0) + (1 = a)J3) = Yo+ (1 = @)

// / at‘/ SV — 1) () Py (g)dtda

The RHS can only vanishes if ;1 and v have the same Fourier transforms
almost surely which implies 4 = v. This proves the strict convexity of J 23/
and the uniqueness of its minimizer ug. As a consequence, if d is a distance
compatible with the weak topology, for any d > 0, there exists ¢s > 0 such
that for N large enough

QY (d(aX. ) > 6) < e

We take d(u,v) = sup{| [ fd(u — v)|} where the supremum is taken over
functions f with Lipschitz norm bounded by one.

We finally deduce the bound on [|Y||s. By Lemma 8.13, we know that
there exists a finite constant C' such that for any interval I3 of length 2e3
with 8%,@ — 00,

1
py (Ig) < CBICD | /25
We take I = [z—eg, x+eg] for a real number « and approximate the indicator
function of I3 by a Lipschitz function with support in [z — 2eg, x + 2] and
Lipschitz norm bounded by 1/e3. Therefore, for any § > 0, on d(4¥, ,u}g/) <
4, we have

1
(35) AN ([ = p, 2 + 25]) < CHTT /55 + —
B

with probability greater than e~ ? for some ¢s > 0. This upper bound can
be made uniform on x by using a finite covering of [—M, M] and the fact
that || X||oc stays bounded by some finite M with overwhelming probability
since Vj is (n, A)-trapping for some n > 0, A finite and the trivial partition

1
{{1},{2}} by Theorem 2.5. We now fix § = C'f2@+1) 52/2, As a consequence,
we find a positive finite constant ¢’ such that, with probability greater than
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1 —e N for some ¢ > 0 and N large, if we order the (xi)1<i<n we have
1
(36) inf {m —alli—jl 2 054<2p+1>‘@1v} > 925

Indeed, otherwise the interval Iz = [z;; ;] with x;,x; achieving the above
minimum would contradict (35). Next, we consider the matrix Y condi-
tionally to the (x;)i1<i<n satisfying (36). We first observe that, under this
conditional law, the Y;; are independent centered Gaussian variables with
variance N ~1(1 + 28(z; — z;)?) 1. Define ng = Cﬁm /€5, we make the
following decomposition

Y=A+G

where A is the band matrix with entries (Yj;1;_j<p,n)i; and G collects
the remaining entries. The variance of these entries is bounded by 1/N and
therefore, by Lemma 8.7,

P (Al > C\/p) < e N

On the other hand, when (36) holds, the entries of G have variance bounded
from above by N~(1+28(eg)?) L. Therefore, if W is a N x N matrix from
the GOE, [26][Lemma 5.4] shows that

1Glloo < (1428(£5)*)|IW oo

so that the large deviation principle for |[W{|« (see [4] or [2, Theorem 2.6.6])
implies that there exists finite non negative constants ¢, C' such that

P (G 2 4 (1+28(5) ") < Compf-eN}.

_1_8p+5
Taking eg = 52+ (it is easy to check that we always have €%ﬁ — 00)

and putting these two bounds together gives a positive finite constant C
such that for g and N large enough

___pr
(37) P (HYHOO > Cﬁ*m) < Ce=CB TN
0

Amazingly, in the simpler case where both potentials are quadratic, the
asymptotic distribution of the matrices can be computed explicitly.

Proposition 7.3 (Asymptotics if both potentials are quadratic). Let
XN YN be two random matrices following

doY(x,v) = L, (=N Tr(-B[X,Y]* + X - Y—Q))dXdY
BT = N () P : ’ 2 2 '
Then under the law Qév, the sequence of empirical distribution i,

BEX,B5Y
1 1

of (B X, B8Y) is tight almost surely. Besides, if Tg is an accumulation point

of (N then T converges when 3 — oo towards the commutative distribution
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of the first two coordinates of a point taken uniformly in Bgs(0,2/4(3m)1/%).
In other words, for any P € C(X,Y), almost surely,

8,5 (0,3m)1/3) D@, y)dadydz
lim li —T P(BsxN BsyN
Jim limsup 5 Tr PSEX, gEY™) = S S

and the same result holds if we replace the limsup by a liminf.

Remark that the uniform law on Bgs (0, (37)'/3) is in a way a 2-dimensional
analog of the semi-circular law seen as the first coordinate of a uniform point
on Bp2(0,2).

Proof. This is a consequence of the previous results. We know that 1V bx by
6

is tight ( since both X» and YV have a bounded spectral norm Wlth large

probability by (34)) and let 73 be a limit point. By the previous propo-

2
sition, the distribution of x and y under 73 is the minimizer '“Z /2 of the

2
rate function J; /2, By the second point of Proposition 8.13, we know that

2
the rescaling 3/ G#MZ /2 of the equilibrium measure by 56 is supported

n [—Ly, Ly|. Therefore the distribution of (B%x,ﬁ%y) under 73 is tight.
Let 7o, be a limit point. Moreover, —[X%, YN ] is a non-negative matrix
with a first moment converging to 0 at speed by Proposition 4.5. There-

fore Tg(—[ﬁﬁx, ﬁ6y] ) =0(npp~ ) still goes to 0 when 3 goes to infinity.
Hence, 7 is the distribution of commuting variables. Lemma 8.13.4) shows
that the distribution of x under 7o, is the probability distribution with den-
sity (2m)"1(A — 2%/2), with A = %(3%)2/3. Finally there is only one law
of two commutative variables on R? with a distribution invariant by rota-
tion with a fixed marginal distribution. Indeed, the law of two commutative
variables is encoded by a probability measure P on R?. Because of the in-
variance by rotation of P, we see that for any vector A € R?, (\, (z,y)) has
the same law that ||\ if (z,y) follows P, which is thus uniquely defined if
the law of x is prescribed. Since the distribution of the first two coordinates
of an uniform points Bgs (0, (37)'/3) is invariant by rotation and they have
this marginal (27)~ (A — 22/2), this must be the distribution 7.

O

Theorem 7.4. We let V and W be two non-negative polynomials of one

variable, going to +oo at infinity. Let z1 < z9 < --- < zp, be the zeroes of V

and assume there exists c1,...,cp € RT™* such that, for every j € {1,...,k},
V(z) = ¢j(z — 2)* + oz — z)°

Assume moreover that W achieves its minimum value (equal to0) at yy,. .., ye
and there exists finite integer numbers p1,...,pe and positive real numbers
di,...,dg such that W(z) ~ d;(x — y;)*7 in a neighborhood of y;. Let

d@% (X, Y) _ (Z%)flefN Tr(fﬁ[X,Y]2+W(X)+V(Y))dXdY )
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Then, for all € > 0, Q% almost surely, we have

. . . ~N
(38) ﬂh_)n;o lﬂoréf fy (Ujlzj —e,zj+¢]) =1
Moreover, for every j € {1,...,k} and € > 0, we have almost surely

_1
lim liminf 2 ([2; — €, 2 +€]) = o == (g)72

B—o00 N—o0 J Zé(cﬁ)ié

and the above liminf can be replaced by a limsup. Besides,

(QiN)N(Nl)/2 Z{/\; = exp (—NQ(CB—% + 0(5%)) i o(NQ))

[NIE

where ¢ = CW(Z]- cj_ )—% and cw is a constant depending only on W defined

in Lemma 8.13.

Theorem 2.9 follows from Theorem 7.4 by assuming that the integer num-
bers p; are all equal to 2 and exchanging the roles of X and Y.

Proof. Compactification : We first show that we can replace W,V by
uniformly Lipschitz finite variation functions, up to a quadratic term. First
notice that our assumption on V and W and Theorem 2.5 implies that
the potential V3(X,Y) = —B[X,Y]?> + W(X) + V(Y) is (n, A)-trapping for
some 1 > 0, A finite and the trivial partition {{1},{2}}. We may assume
A > 0 without loss of generality. Therefore, Theorem 2.2 implies that the
operator norms of both X and Y stay bounded by Lx*3 with overwhelming
probability, with some L depending only on n and A. As a consequence,
taking M > L%Jr%, we can replace Q{); by Q%’M = 1BMQ%/Q]‘>[B(BM)
where By = {|| X||cc < M}N{[|Y|lcoc < M}. On By, we can replace V' and
W by V and W given for any real numbers z,y by:

V(y) = 152 +V(en () = Tou ()% W(a) = 1o+ W(on () — o (x)?
where ppr(x) = x on |z|] < M. We choose next ¢y outside of the ball so
that that ¢/ (x)z is non negative for all real number x, ¢/ is increasing and
converging to +M’ when z goes to +00 with some M’ > M (e.g M +1). We
now wish to remove the restriction to the ball Bjs to consider instead Q‘{/\;

with V3(X,Y) = —B[X,Y]> + W(X) + V(Y). To this end we need to check
that we can choose M, M’ large enough so that Q‘{/\; (BS;) is very small (in

particular summable so that Borel-Cantelli’s lemma applies) . It is enough to
show that Vj is also (7', A')-trapping again by Theorem 2.2.(n’, A’) must not
depend on M but can be different from (7, A) (up to take M large enough).
We have seen that the commutator is (0,0)-trapping so we only need to
check that the functions V and W are (1/2, A)-trapping. This amounts to
show that for every real number z,

(39 aV'(@) = D22+ (Vo (@) - Do (e)agh () 2

5 22— A.

N3
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But our choice of ¢y, insures that this is true for |z| < M. Moreover for all
z, xpp(z) @) (z) is non-negative and moreover, since V' is (), A)-trapping

n n
(V(ou@) - Four(@)) onl@) = Fon(@)? - A
Hence the LHS is non-negative as soon as M? > 24 /n which shows that (39)
is true also for |z| > M. Assuming this, we conclude that V3 is (1/2, A)-
trapping so that again up to choose M slightly bigger, we conclude that
for M large enough (depending on A and 7 only), @]V\; (BS§;) goes to zero

exponentially fast by (4). Finally, observe that V(¢ (Y)) — Z¢m(Y)? and
W(pm(y)) — Zom(y)? are uniformly Lipschitz and with finite variation.
Hence, we may and shall assume in the sequel that V' and W are the sum
of a quadratic potential and a Lipschitz function with finite variations.

Lower bound : Let z; < --- < 2z, be the minimizers of V. Choose
n=1min;,;|2—2;| and z5 = min(ﬁ,n/Q). Thus 2zg+n < ming; [2;— 2]
and xg goes to zero when (3 goes to infinity. We first condition by the
number of eigenvalues (\;)1<i<n of Y close to each of these minimizers. For
n = (nq,...,ng) such that Y n; = N, we denote by

In =0 {8{0 0 N — 20| <28} =00}
Then for any n such that > n; = N,

25N N(N-1)/2 N .
)" o

where we have set :
N(N-1)/2
z8, = (251\7) / o~ N T (= BIXY AW (X)+V () 1 gV |
ﬂ- n
Next we write the integral as an integral on the eigenvalues of Y:

28N - Y :
7, :/ I <B()\j_)\i)2>e N(BY, O AJ)2X3].+TrW(X)+ZV2(A1))dXHd}\i

hjcj N T

We denote ¢ ~ j if for some r € {1,...,k} we have \;, \j € [z, — 23, 2 +
xg]. We write i » j otherwise. We set

Xij = 1i~inj'

X is a block diagonal matrix whose blocks on the diagonal X (1), ..., X (k)
are of size ny,...,n,. We can also recover directly X (r) by writing X (r) =
mp X7, with m,. the N x n, matrix whose coefficients are (m,);; = 1 iff A; is
the jth eigenvalue in [z, — xg, 2, + 2] and 0 otherwise.

Because we assumed that W (z) = az? + J(z) with some uniformly Lip-
schitz function ¥ and some a > 0, we know by Hoffman-Wielandt’s lemma
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[2][Lemma 2.1.19] that there exists a finite constant C' such that
1 1 ~ 1
FOWE) - TW(X) < apTr ((x)2=(X) )+C( Tr(X — X)?)2

N
C? fﬂ
< Goapton B- X)?

where we finally assumed without loss of generality that § > a®/4 and used
that Tr X2 — Tr X2 =Tr(X — X)2 As a consequence, we get

f
/1“1<j<

o VB, (i=2)2XE, FTH(W (X)+/BX—X)2)+> V(N dXHdA

Therefore, integrating over the entries of X — X, we deduce:

L O 2BN(Nj — i) BN\ — )
By ze /z H < T ) H (BN()\j — )2+ Nﬁ)

ng~g %]

X exp (—Nﬂ > (= N)PXG - NTe(W(X) + V(Y))) dX [ dX
~] 3

Then we break X in the blocks of size n, along the matrices X (r) observ-

BN(Aj—\i)? .

BN(\j—Xi)2+N+/B

when i ~ j. Moreover, there is eg = O(zp) so that if ¢;(8) = (1 + eg)c¢y, for
any A € [z; — xg, 2i + 2], V(N) < ¢i(8)(2i — A)?. Therefore, we find

NZ )2
Z‘r}ﬂ ZGO(n g)H/ dX(T)Hd)\i H (W\JM)
[2r—x 3,20+ ] i T

" 1<i<j<ny

ing that the factor is uniformly bounded below by e V@12

Ny

xexp{—NB Y (\i—X)2X(r)} — NTTW(X(r)) — Nev(B) Y (N — 2)°}-

1<i<j<n, i=1

Now, we diagonalize the matrices X (r) with eigenvalues {u;}i1<i<pn, and
integrate over the matrices Y (r) with eigenvalues {\; — 2,,1 < i < n,} to
obtain:

10} L2 2 N | — Mq 2
Y ()| so<as ; 1<i<j<n, T

X exp{=NBY (i — p1)*Y (r)}; — Neo(B)TrY (r)? NZ W (i)}

)

To compute the RHS note that we can remove the indicator function on
_ p
the set ||Y (r)|| < 23 by Proposition 7.2 (34) as long as x5 > 3 5C»+1 with
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p = max p;. This is the case since x5 goes to zero like 1/1In . Then, we can
compute the integral over Y (r), getting, with the notations of Proposition
7.2,

Zy, > ¢’ H/H +5 Mmz Mz) exp (—NZW(M)) Hdﬂi
= O(W)H/GXP ”rjélfcm)# Z‘Sm Hd“t

Finally if for all r, n,/N — «a, €]0; 1], we get by Lemma 8.13.1) that

o(&= +o (N?) ar
Zy, =z e Hexp nrcﬁ/c( ))

,l
(40) _ OEron N N 1t0p)s dew X, 0l Her()}

Y

with og (resp. on) going to zero as  (resp. N) goes to infinity. At this

stage recall that ¢.(8) goes to ¢, as 8 goes to infinity. Moreover observe

that if u; and k are positive constant, the minimizer of @ — Y7 a}'”"’ui in

1/k

the simplex is such that the x; are proportional to u; " and then the value

of the minimum is (}°; u; 1/k)

1
We apply this with k£ = 1 — % = % and u, = cr(ﬁ)% ~ ¢? to get that

[un

2

the best lower bound is taken at o proportional to ¢, 2. To conclude we

obtained the lower bound
(41)

N(N=1)/2 ) —-2/3
(W> Z{}; > exp (—N2(1 +05(1))B 3ew ( E cT1/2> ) .
i

Upper bound : To get the corresponding upper bound, we first show
that, under Q% , the eigenvalues of Y concentrate in a neighborhood of
the minimizers of V. We recall that V3 is trapping by Theorem 2.5 and
Remark 2.6 so that we can restrict ourselves to the ball By = {|| X1]|co <
M, ||Y]loo < M}. Next, we take k > 0 and choose an interval I such that
V|1 > k> 0. We fix a positive constant ¢ and bound from above

29N

N-1)/2
An(e) := ( ) / e~ NTr(=BIXYP+W(X)+V (V) g x gy
T {83 (1)>e}

by noticing that, since V' is non negative, TrV (Y) > Nex on {iy (I) > €}.
Hence, after diagonalizing X, we find that Ay (g) is bounded from above by

26N _ _
EK/l_[( p )\ - \i) )e Nﬁzi,j()\’ XY P =N Y W (N dYHd)\

1<J
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Integrating over the Yj;’s gives

(42) An(e) < €_N2€H/HdAie_NZW(Ai) < e~ N?er+O(N I N)

Hence, together with (41), we deduce that Q% (ad (1) > ¢) goes to zero

exponentially fast as soon as ex > C3~Y/3 if C is large enough (and fixed
hereafter). We take x = k(e) small but fixed so that I¢ is included in a e-
neighborhood of the minimizers and assume 8 small enough ex(e) > C3~1/3.
If there were 0(6*1/ 3N) eigenvalues inside I, we could just remove these
eigenvalues up to a negligible cost (compared to the partition function) and
find again ourselves with eigenvalues in independent wells. To find ourselves
in such a situation we shall use a discretization of the set I. Let n be a
small positive real number and partition [z; + €, z; + 2¢| and [z; — 2¢, z; — €]
into intervals of width 2n < e for i € {1,...,k}. There are about ke/n
such intervals and their union lies inside I which has at most C5~ /3N
eigenvalues. Therefore, on the set {fiy (I) < C3~1/3}, we know that there
must exists an interval J; = [z; + & + 20, z; + e + 2(¢F + 1)n] and J; =
[2i —e—20;n, 2z —e—2(¢; —1)n] for some integer Efc in which there are at
most 2CnB~1/3N eigenvalues. Even though Zfﬁ are random, we have at most
(Ce/2n)%* choices for these numbers and therefore can just optimize over
their choice at the end. We hence consider these intervals fixed. We let V; =
[zi—e—2(; —1)n, zi+e+20;n] and F; = [z;+e+2(¢ +1)n, ziy1—e—24; 1],
Fy = (—00,21 —e — 20y ] and F}, = [z, + € + 20} 0, +00). We let k ~ j (resp.
k ~ j) iff there exists i such that both Ag, A\; belong to the same V; or the
same F; (resp. Ag, A\¢ both belong to the same Jj or in J; ). Then we set

Xio = Xpolpets Xpo = Xpelpmr -

Then, X has at most rank CnB~'/3N so that since W(z) = az?® + 9(z)
with ¥ with finite variations,

TrW(X)—TrW(X —X) >aTr X2 — |9l py NCps~1/3.

Moreover, because ¢ is Lipschitz,
_ - . . oN1/2
TrW(X-X)-TrW(X) > aTr(X—X—X)?—||9|| . VN (Tr X - X — X|2) /

Therefore if we let I, m be the set where there are n; eigenvalues in V;, m;
eigenvalues in Fj, Y(n; +m;) > N — Cnf~ /3N, we get after integrating
over the entries of X (which are very few) and the entries of X — X — X
(which are such that |[A\; — A;| > 2n. Recall we only imposed that € > 7
with ¢ fixed such that ex(e) > 871/3. We choose > C3~'/12 so that the
contribution of the expectations over the entries of X — X — X is negligible
(i.e such that (v/Bn?)~' < 73, that is n > f~1/12)))
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Q%(Inym) < ecN2B*1/3(1+OB,n)/ H <W>

Iom i m

xexp( Nﬁz — NTr(W NZV )dXHd)\i

where og, goes to zero when 8 goes to infinity and n to zero. We can
next decompose X in block diagonal matrices corresponding to entries with
eigenvalues either both in a V; or in a F; and remark that the above integral
factorizes and so for B, =V, or F,, we have

Q%(In,m)SGCNQB_I/S(HOE’") H Ry, +(V;) H R, (F)

1<r<k 0<r<k
28N (p Hi
Ry, »(By) == / H <H>
spec(Y)eB, 1<i<j<n, 7T
X exp ( NB> (pi — p1j)?Y55 = N> W (i) — NTr(V(Y))) ay [ dui

We can bound R, ,(F,) exactly as in (42) as V is lower bounded by d. =
inf,_., > V(z) on Fj. On V;, the eigenvalues are close to 2, and we can
therefore approximate V by c,.(¢)(z — z.)? with some c,(¢) going to ¢, as e
goes to zero and use Proposition 7.2. Hence, we find

2 NW/"LT

Q]\y[;(]n,m) < ecN26*1/3(1+0[3m)e—582mf H e %/ er(e)
1<r<k

For f large enough, the above right hand side is maximized when m, = 0 (as
J¢ is bounded below independently of ) and the probability that maxm; > 1
goes exponentially fast to zero. Moreover, thanks to Lemma 8.13.1)

Q%(In) < (CN2BY3 (1405, )~ N2~ 30y 3 e 13 (g y3/3
from which we see by summing over all possible filling fractions n, /N that it

converges towards the optlmlzer of o =3, cl/ 3( T)5/ 3 on 3oy = 1, which
1/2
is given by (¢, 7/ > o )lgrgk-

O
8. APPENDIX

8.1. Random matrix inequalities by flow. In this paper, many controls
are based on change of variables. The most basic one is the following:
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Lemma 8.1 (Inequality by mapping). Let f : R? — R be a measurable
function with finite L' norm [ f(z)dz. Let X be a RY valued random variable
with distribution p absolutely continuous with respect to Lebesgue measure
and density proportional to f. If ¢ : A — R? s a C' diffeomorphism onto
its image then @

flx

FX D < 7 o))

where Jy is the Jacobian of ¢ : Jy(x) = | det(0;¢;(x))|.

Proof. If f is the density of u (up to multiplication by a constant c)

= CcJ\x X sSu L C x x)ax
POCe ) = [ ef@)in < sup ot [ ef (o) @)

(z) -1
< sup —P(Gﬁ (X) € 4)
zea f((x))Jy(2)
where we did the change of variable z — ¢(z). The lemma follows since the
Jacobian and f are non negative. O

\

Change of variables were already used to derive concentration of measure,
see e.g. [30, Section 6.2], in the context of unitary matrices. However,
this strategy may be difficult to apply in non compact manifolds as the
reminders may be large. The strategy to use flows allows to bypass this
issue.

Lemma 8.2 (Inequality by flow). Let X be a R? valued random variable
with, distribution p(dz) = ce=WV® )dx with W R? - R a C' function going
to infinity fast enough so that ¢t = [e=W “)dz is finite. Assume that there
exists a flow (V) ,crd tep+ On RY such that Yo' =z and 8Y" = Zyz with
Z, a C* vector field from R< into itself. We fix t > 0 and assume that for
s <t, x = YT is a diffeomorphism onto its image. Then, for any finite
time t > 0,

t
P(X € A) <supexp (/ (VyzW.Zyz) — Tr Diffyz Z)ds)
x€A 0

where (x.y) is the scalar product on R?,

Proof. This is a direct application of the previous Lemma with f(z) =
exp(—W(x)) and ¢(x) = Y*. Because we assumed that z — Y7 is a dif-
feomorphism onto its image, for any given z in a bounded subset of RY, Y;*
stays bounded and therefore we may assume without loss of generality that
x — Z, is uniformly Lipschitz.

We just need to compute

o) exp(=W(z) + W(Y")) = exp(/ot O, W (Y)ds)

t
= exp(/ (VyzW.Zyz)ds)
0 :
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Moreover, we can compute the Jacobian of this change of variables by
noticing that

8, Diff Y;* = Diff 8,Y;* = Diff Zys = Diffys Z Diff Y;*

Now since for A invertible: Diff 4 det.H = det(A) Tr(A™'H), we deduce
that

O det Diff ;" = Diffyz det .0; Diff ;"
= det Diff Y;” Tr((Diffy;z) ! Diffy+ Z Diff V")
= det Diff ;" Tr Diffy» Z
This computation is true whenever Diff Y/* is invertible i.e. det Diff Y,* # 0,

which is true at ¢ = 0 and thus for small time s till some time « > 0. Thus,
we can solve the ODE :

det Diff Y, = exp(/ Tr Diffy« Zds) .
0

Because the RHS is uniformly bounded below as Y* stays uniformly bounded,
we conclude that we can take v = t. Finally, putting things together we get:

Featm o () (Vw2 - ity 2as)

and we can apply the previous Lemma.

We deduce from this an inequality by flow for matrix models.

Lemma 8.3 (A random matrix inequality). Let XV = (X} ... X}V)
be random Hermitian matrices with law P proportional to
exp(—N Tr V(XV))dx?¥.
Let XN be the solution of X3 = XV and Oy( X))y = —g:;(X{). Then
(43)
t

P(XN € A) < sup exp(— / (NTeDV(XN).g(XY)= Tr @ Tr(9g(XN)))ds) .

Xx{Nea 0
Here A.B =Y'_, AiB; and g;(X) = Pi(f1(X1),..., fo(Xy)) with self-adjoint
non-commutative polynomials Py, ..., Py and C' bounded functions f; : R —
R. Moreover, we set for f C1, 0f(X) = fol flaX®1+ (1-a)l®X)da
and with A ® B#(C ® D) = AC ® DB,

L

99(X) = _(0x, P)(f(X))#0fi(X) -

i=1
Proof. This is again a direct application of the previous Lemma since g is
uniformly Lipschitz so that the solution of

0 Xy = Zxn
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with Zx = g(X) is such that X" — X}V is a diffeomorphism onto its image.
One notices that

ONTrV(XY) = —Vyn(NTrV).Zyn = =N Te DV (X)).g(X]),

whereas
¢ N
TrDiffynv Zxn = > > 279 (Opx, g + i0s(x, (1.5)) ) 9p(X) (1, 5)(X)
p=1i,j=1
= Tr@Trag(XY)

where the term Jgx, (i,5)) should be put to zero. Observing that (Ox(x, i)+
i@g(Xp(i,j)))ng = 2li#j 1;j—ex gives the last equality and completes the proof.

O
Lemma 8.4. For matrices X = (X],...,X}) we define the following
dynamic in the space of N x N Hermitian matrices :
xNo) = x¥
ZNt) = (X)) + -+ (X (1)
axXN(t) = —((ZNW)F XN () + XN (2N (1)F)

Then, for anyt > 0, Xév — XN is a diffeomorphism onto its image so that
(43) extends to the polynomial g;(X) = (3 X?)kXi—l—Xi(Z XJQ)k Moreover,
for alln, % Te(ZN ()" is a decreasing function of t. Furthermore, for any

positive real number B such that % Tr(ZN(0))*! > B, for t € [0, —],
NFE+I

1 2k+1

S T2V () > B —d(k+ 1)tN 1 BT

Proof. Because g is locally Lipschitz, X}V is well defined until a short time
from any given initial condition. To show it is globally well-defined it is
enough to show that the spectral radius of the solution remains bounded in
time. But

8 n __ n
aT]r(ZN(t)) = —2n Te(Z" (t))"F

- 2niTr (XiN(t)(ZN(t))kXiN(t)(ZN(t))n_l>
i=1

which is non-positive since Tr XAXB = Tr(BY2XAY2)(BY2X AY?)* is
non-negative if A and B are non-negative and X self-adjoint. Therefore
Tr(ZN (t))™ is decreasing in ¢, and hence the spectral radius of the solution
is bounded by the one of the initial condition. This is enough to guarantee
that X' — X} is a diffeomorphism onto its image and therefore extend
the inequality (43) to this case. Besides, using Lemma 8.5 for the second
term in the above inequality, we get
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9 Te(ZN () > —4(k + 1) Tr(ZN (1)) 2+

ot
> —a(k -+ 1)(|| 2V (][5 T Te( 27 (1))
—A(k + 1) (Te(Z™ (1) 1) 7 Ta(Z7 (1))
= —4(k -+ D(Tr(ZN ()
As a consequence, y(t) = Tr(ZN (t))**! satisfies the one dimensional dif-

ferential inequality
, 2k+1
y = —4(k+ 1)y +#
starting from y(0) > NB. Therefore, solving this differential inequality
gives,

y(t) > (4kt +y(0) F1) " = y(0)(1 + dkty(0)F1) "%

As a consequence if y(0) > BN and t < 1/Nki+1, using that for x > 0,
(I+z)" % >1—51g we get

k+1

Te(ZN () = y(t) = BN(1 + 4kt(BN)&1) =5
> BN(1—4(k + 1)t(BN)F1).

8.2. Matrix inequalities.

Lemma 8.5. If X, Y are two N x N hermitian matrices and u and v are
integers then if either u+ v is even or X is positive.

Tr(X*™Y?) > Tr(X“Y XY).

Proof. To prove this, we may assume that X is a diagonal matrix. If the
x,’s are the eigenvalues of X then,

Tr(X“TY?) - Tr(X“YXY) = > V|22l — Y Yyl zlia}

1<a,b<N 1<a,b<N

1

3 Do Yalal — af)(ap — )
1<a,b< N

which is non-negative if the x,’s are positive or if u and v have the same
parity. O
Lemma 8.6. Forall D € N, ¢ € N* for any Hermitian matrices, Xi", ... Xév
if 28 = (X2 + -+ (X2,

)

Te((ZM)*P) < P Te((ZM) é(va)zD)-
i=1
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Proof. A difficulty of this result is that in general (X + Y)2P is not smaller
than 4P (X2P + Y2P) as in the commutative case.

First step : k=0. We first prove the case k = 0 by using the non-
commutative Holder’s inequality: for any choice of i1, ...,i2p € {1,... ,E}QD,

N N Ny 2D
Tr(XG) ... X)) < m?XHXi I155-

Therefore after expanding the product we get :
Tr(ZN)P < P max Tr(XN)2P.
Second step : general case We apply the case k = 0 to the new matrices
XY = (2V) (x))(2N))2
ZN = (2N (XN 4+ (X)) (2N = (M)
Therefore,

Te((ZV)H+P) = T ((ZN)P) < ¢P i Te((ZN)75 (X N)?(2V)75)P.
=1
Finally we use the Araki-Lieb-Thirring inequality [38] on the right hand side
Te((ZV)+P) < P iTr((ZNﬁ(XfV )2P(ZN)3).
=1
]

Lemma 8.7. If XV is an Hermitian matriz with Gaussian independent
centered entries with variance uniformly bounded by K and such that Xg =

0 if |i — j| > ulN, then with probability greater than 1 — %e_“N
1X¥ oo < CKVal
for some universal constant C.
Proof. Define alY = [kuN] and by induction (with convention a¥; = —o0)

define for k£ > 0,

N,k N
Aij o Xij (1akN<i7j<aljeV+2 N 1a{cv—1<i7j<aljcv+1)+

Since Agk has only non zero coefficients in a block of size at most 2uN + 1
we deduce from [44, Corollary 4.4.8] that

P(||ANF| > CK(V2uN +t)) < 4e™ "
Now
XN = AN + BN
with

AN — AN,0+AN,2+_ . _+AN,2L(2U)—1J+2’BN _ AN,I_’_AN,?,_’_‘ . ._'_AN,2L(2u)_1J+3
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Moreover AV has independent blocks coming from each AN
P(|AY | = CK(V2uN + 1))
=1-JJ(1 =P(|AY?| o = CK(V2uN +1)))

k

<1—(1—supP(|AV*|0 > CK(VBUN + p))lew ) < Lo
k

Q

The same result holds for By and therefore the result follows for X~ =
AN + BN Taking t = vuN allows to conclude.
O

8.3. Change of variables in one-matrix models. We compute the Ja-
cobian of a change of variables acting only on the eigenvalues of matrices.

Lemma 8.8 (Jacobian of a function of hermitian matrices). Let f be
a C' function from R into R. Let ¢ be a function from H™ (C) into H(C)
acting on the eigenvalues X\ = (A1 > --- > Ay) so that if Diag(\) is the
diagonal matriz with entries A and U is any unitary matriz,

»(U* Diag(\)U) = U™ Diag(f(\)U .
Then if A(x) = [l;<j(x; — ;) is the VanderMonde determinant, then the

Jacobian of ¢ is )
_ (AU 1o prx)
o= (Sagy )

Remark 8.9. In fact we only need f to be C' in a neighborhood of the
spectrum.

Proof. We decompose the map ¢ in three parts : first the reduction of X
into its eigenvectors, eigenvalues. The Jacobian of this change of variable
is A(A\)72. Then f is applied to each eigenvalue which creates the factor
[1; f/(N\i). Finally the last factor comes from the map (U, f(A)) — U* f(A)U.
Roughly, if Wx C Vx is the subset of hermitian matrices where f is still C!
in each eigenvalue,

(X)) JgdX = / h(X)dX = (U AU)A(A)2dAdU
Wx #»(Wx) d(Wx)

. / U™ (A D2TT f'(\)dAdU

= h(f(U*N)U N2 ' (\o)dAdU
Wx

= h )2 2dx
W (f(X N*IIF

And we identify J, by comparing the first and last integral. U

The main result of this section is to construct a change of variables map-
ping the eigenvalues outside some interval I to the neighborhood of some
point and bound its Jacobian from below.
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Lemma 8.10. Let I be an open set. Forn € {0,...,N} and (x1,...,x,) €

I, let HE(z1,...,3y,) be the set of X € HY(C) with eigenvalues in the in-
terior of 1¢ except for n of them which are equal to (x1,...,x,). Let a be a
real number and fix € € (0,4). Then, there exists an injective map ¢ from

HE (21, .., 2) into HN (C) such that if X = U* Diag(21, . .., Tny Ant1s - -, AN)U
with U unitary and Apy1, ..., An belongs to the interior of I¢ then

¢(X) =U" Diag(:ﬁl? i 'axn7¢n+1> s 7¢N)U
with the ¢; in Ja —e; a0+ €] and

3N(N-n
€ ) ( )6—2NTrln(1+|X|1X$I)—2(N—n) Trin(14|X |1 xes)

Jo 2 | —
¢ <4€

As an immediate application with I = () we see that there is an injective
map ¢ : HY(C) — {X € HN(C) : ||X — af| < €} such that

2

e\ 2N TrIn(14|X|)
Jp = | — - &
g (46) ‘

A key step of the proof is the next lemma.

Lemma 8.11. Let I be a bounded close interval and x1, ..., x, in R be fized.
Let 0 < n < 1. Then, there exists y in I at distance greater than nul from
{z1,...,2,} such that
I I|(1 -
Zln(wl ’ |) /nlnM.
2e
More generally, for any integer number N > n+1, there exists (Tp41,...,TN)
at distance greater than 77% from {x1,...,z,} such that for all j € [n +

1, NJ,
j-1 _
>t (Joi o — gyt ) > G- D G,

Proof. Let ¢ = n5, Ul and define

Vige = sulen |z —y| —¢).
yel ;4
Observe that by a simple dilatation of the space by a factor ae > 0 we have
Voa],ax,oza - Vl,x,a +n In «.

1]

Now since € < 5., we can consider Y to be the random variable uniformly

distributed on
E =1\ U]xz — &z +el.
i=1

and U = "7, In(|z; — Y| —¢). Since In |z is locally integrable, U is L' and
its expectation is bounded from below
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1 S n [l —2n
EU:—/ In(|z; —y| —e)d 2—/ In dy > ———
V)= 17 f, e =l =<y > g [ oy > 7=
As a consequence
—2n
Vigee 2 EU] > ———
1ee 2 E[U] 2 |I| — 2ne
But due to the scaling argument we see that
-2
Vige = sup Vo117 4-14 -1 + nlna > sup{ ne +nlna}
a>0 ’ ’ a>0 |I| — 2ne

Taking the optimal value oo = (1/2)(|I| — 2ne) shows that

111 =)

n
Vige = sulen(m —y|—¢)>nln "

yel i=1

Finally, since y — >/, In(|z; — y| — €) is continuous and concave on each
of the interval when it is not equal to —oo, it achieves its maximal value on
the closed set I. We take y to be such a maximizer.

The generalization is straightforward if we assume that the logarithm in
the right hand side is negative (because in that case we can add the points
one by one using the above argument). To conclude we again use the scale
invariance which allow us to go back to the case where the right hand side
is negative.

O

Proof of Lemma 8.10. In the following, (z1,...,z,) are fixed and we wish to
map (Ap41, -+, An) to some neighborhood of « at sufficient distance from
the x;’s to bound from below the associated Jacobian. We first choose a
family of points {zy+1,...,2zn} as in Lemma 8.11 with I =] —¢; a+¢[ and
fix them: they are some measurable functions of {z1,...,z,}. We construct
Ok close to x4k for k € [1, N — n] by putting
Gtk = Tntk + 55\7% = Tnik + SLNw(ATH-k‘)

with ¢(x) = (1 + |z|)~!. Since ¢ is a diffeomorphism from R into [—1,1],
(T, Ty A1, AN) = (T, - Ty Pl - - -, ON) 1S also a diffeo-
morphism. Now we use Lemma 8.8 to compute the Jacobian Jy of ¢ which
is equal to

[ emzal o e bl | X G S

1<i<n |)‘n+k - $Z| 1<k<Kk'<N—n |)‘n+k - )‘n-i-k/‘
1<k<N-n ==
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To bound the denominator, we use the inequality In |z — y| < In(1 + |z —
v]) +In(1 + |y — 7]) so that
2

2(N—1) TrIn(1+]X]1
H ’)\n-‘rk_xi’ H ’)‘n+k_>\n+k’| <e ( ) TrIn(1+]X]| Xg]))‘
1<isn 1<k<k'SN—n
1<k<N-n

To bound the numerator we use our construction of the x,, 1, since |, —
Tpyk| < g and Lemma 8.11 holds, to find that for all k£ € [1, N —n]:

c c (n+k-1)
11 ¢nsr—il ] 1¢nsr—nsw| = ]I (lznsn—il=15) 2 (4@)

1<n k' <k i<n+k—1
Putting everything together we get,
Ty > (2N TrIn(1+[X|Lxg )+ 3 (N—n)(N+n+1)In £ +(N-n)In {0

Finally the bound follows from $(N +n—1)In £ + In &£ < 3N.
(]

8.4. Study of the energy functional related to the commutator
model.

Lemma 8.12 (Energy problem without a potential). Let 5 be a pos-
itive real number. Define for a measure pu on the real line its energy:

Blz —y|?
— [ [m? Tr oty )dnty).

(1) Jg s a lower continuous strictly convex function on the set of prob-
ability measures on R equipped with the weak topology.

(2) Let I =[a,b], a <b, be a closed non empty bounded interval. Then,
there is a unique probability measure ,ué supported on I such that

. T
T3 (ah) = inf{IG(n) = p(D) = 1} =:
,ué has no atoms.

(3) For every positive real numbers o, a, we have c2, 5= cg“ so that

g = Ciﬂﬂ' Moreover, for every real number b and any measurable
subset B of 1

Hozp(B) = pg" ™ (a(B + 1)) .

(4) The application [ — cﬁ is a strictly positive decreasing continuous
function on (0,00) and

27 — O(ﬂ*i) < VBep <2

In particular, for any positive real number a,

2ma

Ch ~Bortoo —7=-
VB
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Proof. The first point was proved in the proof of Proposition 7.2 and the
second point is clear as a simple change of variable hq () = ax + b shows

that Jg( abFI) = JO o(p) if h#p denotes the push-forward of p by h.

This insures by uniqueness of the minimizers that h, b#ua2 5= ,ugl +* and

Coy 5= = ¢3". Hereafter we denote by

Blt? 1

T g~ 0t )

and observe that ¢g > 0 is continuous except at 0 where it blows up. More-
over # — ¢g(t) is decreasing for every real number ¢. As a consequence,

Pp(t) == —In———>

B—chb= inf J(u)= inf // x —y)du(x)d
7= pertony ) = ehby | ] P 9AR)dn(y)

is a decreasing function from (0, 00) into itself. ¢! is moreover continuous.
Indeed, it is is lower semi-continuous since it is decreasing. The upper semi-
continuity can be checked by noticing that for every e € [0, 3)

r—y)2) (B —
Jo(n) = J§_( +/1 < ] 6)()96)_(6)2)2) du(z)dp(y)
)

> Jp—e(p) +In(1 - B

which implies

%) >ch, +o<%>.

We next show that the function ¢ (5) := (céz)_l is subadditive. To this end,
we cut the interval [0, 1] in two subintervals [0;u| and [u; 1]. Let us denote

¢k = I8 = T3 (u") + n(1 -

= [0 1]([O u]), since ,ug);l] has no atoms and we integrate a non-negative
functlon

0;1
cb = 3™ = T30
(44) >~ch+ (1 —7)%c }3 u

> inf {0%c,op+ (1= 0) ctyyy-p} = ((cuzg) ™ + (fauyes) )

) + I3 )

Therefore 9 is subbaditive since for all u € [0, 1]
P(B) < 9(Bu) +¢(B(1 —w)).

As a consequence there exists a constant ¢ such that ckz ~ ¢c/B, as B goes
to infinity. The aim of the rest of the proof is to show that ¢ = 27, which
requires extra work. As in (44), we find

0;1 I 0;1
1) = g N 2el > p 1)y

c JO(
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Therefore, we deduce that if |I5>8 — oo then

M[O;l} I,B Cl
(45) limsup —2—2 < lim sup — 5
B |15] ’Iﬁ‘cuﬂpg

As a consequence, for every measurable decreasing function f : [0;1] — R™T,
we have:

NG

Indeed it is trivially true for f(z) = 1,<; and then one can extend the result
to all decreasing f by linearity and monotone limit.

Now let us prove that the support of ug);l}

. ! [0;1] 1 1
(46) hmsup/ fdug™ < 2/ f(z)—=dx
g Jo 0

is the whole interval [0;1].
Since Jg is left constant under translation of the measure and decreases by
dllatatlon we already know that the convex closure of the support of ,u[o ]
is [0;1]. We therefore only need to make sure that there is no hole in the

Support We know that there exists a constant C'g such that u[ ’ ]

1+ﬁ!m—y| 1] [01]
—2/1 d —2/ (x —y)d =C

and everywhere on [0;1], U(z) > Cp. Indeed, this can be deduced from
the fact that JB( 1] ov) > JO( 1 ]) for any measure v on [0, 1] such
that u% 1 + dv is a probability measure. But U(x) is strictly convex on

the complementary of the support of Mg);l] (since ¢g is strictly convex) and

[0;1]

therefore the support of g™ is connected and therefore equals [0,1]. So

U is constant equal to Cg on [0;1]. Therefore its integral with respect to

d,u[ﬁoﬂ] is the same than its integral with respect to the uniform measure on
I, from there we get the new formula for the energy:

1+ Bl .
T35 //1 mf' y12| ydp () // Oa(e=y)dy)dus" (2)

Now for any 0 < x < 1, because ¢g is non negative,

\@/01 dp(x —y)dy < \/B/R%’(Z)dzz /R¢1(2)d2

2

(47) =[zln T2

+ 2arctan(z)]>,, = 27

oo

Therefore ck < 2—7;3 and we have the upper bound in the fourth point of the

proposition. We finally prove the converse inequality and notice that for all
real number x,
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27r+f/1 = VB [, 08@ =y

1+B!
- 5
S/—oo dy /\[ac—i-\[ )dy
1
75t vma )

where we used that the left hand side is bounded by 27 and ¢;(z) < 272
From this we deduce, using (46) that

<2m(IA(

1
lim;up Bi(27r — \/Bcé) < limﬁsup Bi47r/05 (1 A \/153) d,ug);l]
< limsupBiSﬂ'/é <1 A 1) Ldx =327.
8 0 VBz) Va
O

We next consider the case where the energy functional to minimize con-
tains a non trivial potential.

Lemma 8.13 (Energy problem with a potential). Let V : R — R
be a continuous functions such that lim, o, V(z) = +o0 and V achieves
its minimum value (equal to zero) exactly on the finite set x1,...,x, with
V(z) = ci(x — 2;)®(1 4+ O(|x — x;])) near z; for eachi € {1,...7} for some
positive integers p;. We set p = maxp; and for a measure u, we recall that

JY (1) =/<;(V(w)+v(y)>—ln m> dp(z)dp(y) -

1
We define B, = BQPPT and v, = B 2@+ . Then:

(1) JX is a lower continuous stricly convex function on the set P(R)
of probability measures on the real line. It achieves its minimum
value at a unique probability measure M‘é and there exists a constant
0 < cy < oo such that

cg:: inf J/‘g/ = Bp_lcv + o(ﬁ_l)

where o(3, 1Y goes to zero as (3 goes to infinity. The constant cy

satisfies the scaling property coy = a2p+1 cy for every a > 0. Besides
we have an explicit expression for cy:

4p+1
1

) P (Y Y

Cy = (1 +
2p Jpj=p
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(2) There exists a constant Ly < oo such that for all § > 1, ug 18
compactly supported in

U {:vz 5<2pz)<2p+1>[ Ly; Ly]}

Moreover, for every interval Ig of length |1| such that |I5]*8 — oo
then

1
n (Is) = O(BT@70)/|I5].
(3) There ezists a constant 0 < C < oo such that for all i:

1

___—p _ 1
Jim “g(xl + BEIEHD [~ Ly; Ly ) = 1p,=pC ey ™
B—ro0

(4) Recall that ho(x) = ax. If V has a single minimum at v1 = 0 and
V(x) ~ cz® in a neighborhood of the origin, then

il |

g e P g Ly L)

1
du(z) == %(A — c2%) 1dz

where A is the only constant such that the RHS is a probability
measure. More precisely, the Wasserstein distance W1 between these
1

two measures is bounded by Bp

In other words, the energy is of order 3, L and 1, is the typical length of
the support of the minimizer around the minima.

Remark 8.14. As a special case of interest we get that if all global minima
of V' are quadratic (p = p; = 1) then the minimizer has its support with

endpoints at distance of order B_% of the minima of V and inf Jg is of
order Bfé

Proof. The strict convexity of J X is a direct consequence of the strict con-

vexity of Jg as they differ only by a linear term. We next estimate c};. We
will assume without loss of generality that 0 minimizes V' and that near 0,
V(z) = cx®(1 4 o(1)) with ¢ > 0. Recall that ué denotes the minimizer of
Jg on P(I). We have:

6 < mf Jv( (- 77] <1nf{07 P(1+0(y ))4_0;7} :jrvlf{%?p(l—ko('y))—i-c}wzﬁ}

where we used Lemma 8.12. Recalling that c}hg g~ 7/vv/B, and taking
Y = Yp, We get

(48) ¢y <O(8,).

where f3,, 7, are defined in the statement of the Theorem.

Let us now prove that the support of a minimizer of J é/ is concentrated
in a neighborhood of the minima of V. Let u be a measure such that there
exists z in the support of u such that V(z) > 213, ! for some constant L to
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be chosen later. Choose ¢ such that V > L3, ! on I := [z — ¢,z + €] and
define 1. = p(I) " plre. Now we can define:

pe = pr+t(Ay, — pz)

with A, the uniform measure on [—7,,7,]. p is a probability measure for
t €0, u(I8)] and po = p. Besides

0T (pollimo = [ Vi, = ) +2 [ Gl = pdu(a)d(r, - 1))

< sup V- LB;I + 2sup / dp(u —y)dry, (y)

[=¥p>7p]

where we again used that ¢g is non-negative. It is easy to see that the
supremum in the last term is achieved at v = 0 and then by similar com-
putations as in (47) to see that this term is at most of order O(f, ). Since
the first term as the same order of magnitude, we conclude that there exists
a finite constant Ly such that if L > Ly the above right hand side is non-
negative.Then, u can not be the minimizer of Jg. Hence, the support of ug

is included in S(Ly) = Uj_{zi + ,3(21’1';(517“) [—Lv; Ly]}. For 8 sufficiently

—_P
large, the restriction of V' to each of the interval x; + S ®@r@+0 [~ Ly ; Ly|

is convex (and strictly convex except at the point {z;}) and an argument

identical to the one for ug];l] in the proof of the previous Lemma 8.12 shows

—_p
that the restriction of the support of ,ug in x; + @I [—Ly; Ly] is
an interval. Let us call 723 the length of this interval and define a% =

—_p
,ug (4B @+ [~ Ly; Ly]). Then, we get the complementary lower bound
to (48) by using again that ¢z and V' are non-negative:

cg > Z I_I;f Jg(a%u)
bpeP(zi+B CPICHTD [ Ly Ly)))

49 = o ah)? 27
(49) (1+ (1));( 5) B8

where we finally used Lemma 8.13. We notice that for ¢ such that p; = p
VBB TEID = g = g,

__p
whereas for i such that p; < p, /B8 2@t < ,. Since we have seen in
(48) that c‘é is at most of order 8,1 we conclude that for i such that p; < p,

. P _ p
aj goes to zero with 3 (is in fact bounded by B(Pz‘ 1)4<2’P+1>) and also that
0 < liminf ﬁpc‘ﬂf < lim sup chg < 00, i.e.

(50) ch =Byt
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This allows us to complete the proof of Lemma 8.13 (2) and show that
,u‘ﬂ/ can not concentrate too much on small intervals. Indeed, let Ig be a

sequence of intervals of Lebesgue measure |I3| such that [I5]?3 — oo, then,
since V' and ¢g are non-negative

I
e} = I8l 11,) = b (Ig)%e”

and therefore by Lemma 8.12(4) we get

WY (Is) < = OB \/BlI]) = 087 ) /|15,

\Iﬁ\zﬁ

We next complete the proof of the first point of Lemma 8.13, as well as
its third and fourth points. First notice that we can remove the interaction
between wells since they are at distance of order one, up to an error of order

1/5:

ZJ,B af Mz ) +0(1/8)

where uf is the restriction of ,ug to the neighborhood z;+5 preTERY [—Ly; Ly]
of the minimizer {z;}. We estimate now the energy in each of these wells.
The energy problem with one well
Assume that V(z) = cx®’. With the previous discussion in mind we look
at the rescaled energy functional for a probability measure p on [—Ly; Ly |:

Ty () = BpJy (h #)

g 20@pt1) +1)

= / cx®dp(x) + f / / In ¢z (x — y)dp(z)dp(y).

We are going to show that the infimum of jé/ over the set of probability
measures on [—Ly; Ly] is converging to a constant depending only on p and

4p+1 1
c. More precisely, with a, = (1 + ) el Wl_m, we show:
~ 1 _L
(51) inf J& = a4+ 0B, 7).

To this end, let m be a large integer (to be chosen later) and cover
[~Ly; Ly] by the union of segments [z;;2;11] of width m™! with 2, =
—Ly + (i+1)/m, -1 <i < |2Ly].

We first lower bound the infimum of .J 23/ . Again this infimum is achieved

at a unique probability measure that we denote Vg. We let of*(8) =
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([zz, zi+1]) and notice that, because ¢p2 s non-negative,
m
JY(
J5 (vg) Z 5 (V5 |izzi)

L2LVJ
> {04?7’(5)0 inf Z2p+(a;ﬂ(ﬁ))Qjﬂo((a?l(ﬁ))_llu|[zi;zi+1})}

= [2i52i41]
1 L] ) .
>(1-0(=) Y- {al'(B)es” + (o] (8)Byey” }
i=—1
[2Lv ]
—(-0() 3 {ar@esd + (@ (e)Pman(1 - O((2) 2}
1=—1
(62)  =(1-0(1)~O(Z)2)6(a™(5)
where
[2Lv |
Om () = Z {aicz?p+27rm(ai)2}
i=—1

and we assumed that (3,/m is large to use the fourth point of Lemma 8.12.
Now let @™ = (&]")i=1,.» be the value which achieves the minimum of the

strictly convex functional ¢,, on the convex set {oy; € [0,1] : >y = 1} and

u[;“z”ﬂ the probability on [z; zi+1] minimizing jg. From the above we

deduce that

inf I > (1= 0() — O((2) %)) inf gy (0™(5)
(53) = (-0~ o((Zy ) I )

where we define y to be the probability measure
Z Oé M ZZ7Z’L+1]

We next prove the complimentary upper bound. In fact:
ViV 3%
Jg (vg) < Jg (™)

N\
|'M3
SQ\

sup 2% + (@) T (s ™)
[Z'Lyzz+1] p
2

GG 5 _9’2 [zz,zz+1] [25525+1]
_ arg, [ [ TRl T 7 g (@)dpgs ™" (y)

Our goal is to get rid of the last term. Define the function :

i T g
b 1+62|x yl?
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The function g}; is positive and decreases when y goes away from [z;; z;11].
Moreover, for y € [z;; zit1], g}j(y) is constant and its value is

. 2iy%4 % ﬁ —
gh(y) = alu(B) = BT (s ™) = Be = 2mm(1 4+ O("2) ™),

where we again assumed that (,/m is large. This is sufficient to get a
bound on our sum. Indeed, for j > i, we get for all n € [0, %],

/ gh(w)dugt () < / gy 7))
Ziv1+tn iirin .
S / gzﬂ(ziﬂ)dﬂ[ﬁéﬂy +2](y) + 95(zi+1 + 1)

Zi41
2,2
(0;1/m] 0 Byn
< 0; z1) — Bpln ———.
Nﬂ% ([ 77])95( 1) /Bp 1+ﬁ12)772
Now according to (45), uga'/" ([0:n]) = s}, (05 mn]) = O((mn)!/?) as

long as 18, — oo. Therefore, we deduce that if 13, — oo,

~m =m i 252541 B L
Zai @ /gﬂ(y)dﬂgg - ](y) = O(m3/2n1/2(1 4 (l)1/4)) +5p 177 2)

— m
i#J

_1 Bl

We finally choose m,n so that n = B, *°,m = |Bp*|. With this choice,

together with (52), we have proved
_1 - _1
(54) Pm (@™ (B)) + OBy ) < J¥ (V) < dm(@™) +O(B, ™)
Because ¢p, (@) < ¢ (a™(B)) we conclude that
. . Vo .

(55) 611_}120 inf Jg = im inf ¢y,

if these limits exists. We finally show that the above limits are positive and
finite, and moreover that ajf' — a™ goes to zero. Looking at the critical
points &™ of ¢, on {a; € [0,1] : 3, s = 1} we see that for the indices in
S = {i:af" > 0} we must have

2p A
cz;m +2mmaog” = Am,

where A, is a constant. Hence, the minimizer of ¢,, is given by

_ 1 9
= g Am = ez

L

where A,, is the only positive solution to
1
> —(Ap - ez, =1.

; 2mm

The continuum limit of this minimizer is given by the probability measure

(56) v(dz) = QL(A _ ™), da

™
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where A is the only positive solution to [ %(A —c2?),dz = 1. This can be
solved directly and gives :

_2p
A c2p+1 <(2p + 1) ) 2p+1 '
2p
Plugging this formula in ¢m we see that

inf ¢y, Z{

1
— cz?p)Jrcz?p + —(Am — czfp)i}

27rm 4mm
2p dl/c(x) 2p
(57) — cxPro(dz) +m . dve(x) =: F(cx*P)
A direct computation proves that
1 4p+1
Pl = (145 ) 7 ot et
2p

This completes the proof of (51) . We can also see that A, = A+ O(1/m)
and Wi (v,>; al"0,,) = O(1/m).

We next can quantify this convergence as follows. Indeed, for any sequence
a;" on the simplex:

Pm (™) — dm(a™)
= Z(azm — o?%”)(cz?p + 2rma)") + Z?Tm(a:-” —am)?
=Y (" =@ An + Y af'(ez” = Ap) + Y wm(af — ai")?

i#Sm

> Y mm(a]" —af")? = mm[a™ — a™||3
Therefore (54) implies that

_1
mmlla™(8) —a™[3 < OB, ™).
This allows us to bound the Wasserstein distance between the correspond-
ing measures:

Wi (Z 54?1521'7 Za;n(/@)(szl) < 2dTV(Z 5‘?1521-: Zaln(ﬂ)&

=2[[a™(B) — ™|y < 2[a™(B) — ™2

1

1 _1
<2\ 0(m=16, ") = 0(Bp ).
Finally :

W(l/c,l/ﬁ < Wy ( Z/C,Zoz dz,) + Wi( Za 521,Za

+ Wi ( Za ZZ,Vﬂ
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1

and the first and last term are bounded by O(m~!) = O(3, ') So we

1
conclude that Wl(uc,yg) =06y ).
End of the proof of the Lemma. We have already proved that:

inf Jﬁ inf{Jg(n U {:1:1 + 5@“)(2”“ [—Lv;Lv]}) =1}
But on {u: u(Ul_i{z; + ﬁ@”)_@”” [—Ly; Ly|}) =1},

2 K2
sup Jy (u ZJC’(JJ T —p
x;4+4@P)EPHY) L Ly

—p(2p;+1)

< O(;) + O(mlaxﬁm) = 0(871?)

Indeed neglecting the interaction term gives an error of order 5~! and re-
—p(2p;+1)
placing in the i th well V' by ¢;(x — 2;)?P gives an error of order §®@ri)2r+1)

whose maximal value is obtained for p; = p. Therefore,
ci(x—x;)3Pi —
inf JY = inf {3 JFET T () s =1} + 0(57Y?)

where in the above sum we take the infimum on « in the simplex and p;

is a measure of mass «; (The minimisation problem forces the optimal p;
—_Pp

to have a support in x; + f@)@+D [~ Ly; Ly] if Ly was taken sufficiently

large). We next notice that we can remove the terms with small os. Indeed,

if for € > 0 we set T, = {i : a; > €}, we have

inf{) " Jc”C =)’ Zal—l} <1nf{ZJC”C @)’ ) > oy =1}

’LGT&

. ci(x—x;)2Pi
gmf{z JB( ) (p4) Zaizl}
i€Te 1€Te

2p;
where in the left hand side we just used that Js cile—ma) ™ g non-negative and

in the right hand side that we restrict the set of measures where we take

the infimum. We set n(e) = > ;cqe @ < re. Rescaling in the left hand side
2p;

{aj,i € T.} by {a;(1 —n(e))~t,i € T.} while using that Jcl(x @) (api) >

aQJEi(xfxi)Qpi (u;) for all a € [0,1] since the potential is non negative, we

conclude

(1—re) mf{z ch(a: #i) 2% (ps) Z a; =1}

ZGTE ZETE

< inf{ S I5 T (1) Y e = 1)

We have seen that the masses «; for i such that p; < p go to zero with 3 like
P _1y—P
B(Pi V1@ and so we may assume that they are in T,. Then, factorizing
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the masses «; gives for 3 large,

meﬁ = (14 o(e) 1nf{z a2

)

) S ei=1) 057

i€Te €T
1. 2_W1+1 2p11+1 %
= (1+o0(€))B, mf{z Q; ap, C; + O(Bp, " Zal =1}
ieT.

where we finally used (51) assuming that ¢;/«; does not blow up, namely
«; does not go to zero. Finally, we see that the above infimum is taken at
1 1

*

;

= ci_ » /> ci_ % vielding

inf JY = (1+0(1) | B, ap( 32 o /Phma—t L o(s12)
J:pj=p

The expression for ¢y and its scaling property cqy = aﬁc‘/ is a trivial
consequence from this formula. Moreover, our proof shows that {a}1<i<, is
the limit of the mass of the neighborhood of the minimizers {z;}1<;<, since
it is the unique minimizer of the above approximation of the energy. This
proves the third point of the Lemma.
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