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Abstract

Persistent homology has been recently studied with the tools of sheaf theory in the
derived setting by Kashiwara and Schapira after J. Curry has made the first
link between persistent homology and sheaves.

We prove the isometry theorem in this derived setting, thus expressing the convo-
lution distance of sheaves as a matching distance between combinatorial objects asso-
ciated to them that we call graded barcodes. This allows to consider sheaf-theoretical
constructions as combinatorial, stable topological descriptors of data, and generalizes
the situation of persistence with one parameter. To achieve so, we explicitly compute
all morphisms in D§_(kg), which enables us to compute distances between indecom-
posable objects. Then we adapt Bjerkevik’s stability proof to this derived setting.

As a byproduct of our isometry theorem, we prove that the convolution distance
is closed, give a precise description of connected components of D%C(kR) and provide
some explicit examples of computation of the convolution distance.
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1 Introduction

Persistence theory appeared in the early 2000’s as an attempt to make some construc-
tions inspired by Morse theory computable in practice. For instance, in the context of
studying the underlying topology of a data set. It has since been widely developed and
applied in many ways. We refer the reader to [Oud15,EH10| for extended expositions of
the theory and of its applications. One promising expansion of the theory, initiated by
Curry in his Ph.D. thesis [Curl4], is to combine the powerful theory of sheaves with ideas
coming from persistence, which are driven by applications in machine learning. However,
sheaf theory takes its full strength in the derived setting and Kashiwara and Schapira de-
veloped persistent homology in this new framework in [KS18|. In this paper, we show that
the main theorems of one-parameter persistence theory (which we recall below) admit an
analogue in the context of derived sheaves on the real line, equipped with the convolution
distance.

To our knowledge, this is the first result allowing to actually use sheaves as topological
descriptors for noisy data sets.

One-parameter persistence

The theory of one parameter persistence mainly relies on one construction and two
theorems that we now explain. Given a real-valued function f on a topological space
X and i € Z, consider S;(f)(s) := H;(f '(—o0;s)) the i-th singular homology group of
the sublevel set of f with coefficient in the fixed field k. Then for s < ¢, the inclusion
fY(~o00;5) C f~1(—o0;t) induces a linear map S;(f)(s) — Si(f)(t), and the functorial
nature of singular homology gives S;(f) the structure of a functor from the poset category
(R, <) to the category Mod (k) of k-vector spaces. This functor, that we still write as S;(f),
is usually referred to as the i-th sublevel-sets persistence module associated to f. More
generally, the category Pers(kR) of persistence modules over R is precisely the category of
functors (R, <) — Mod(k).

In |CB12|, Crawley-Boevey proved that under some finiteness assumptions on f, sat-
isfied for instance when S;(f)(s) is finite-dimensional at every s € R, §;(f) decomposes
as a locally finite direct sum of persistence modules which are constant, with values k,
and supported on a given list of intervals of R. This list of intervals entirely characterizes
the isomorphism class of S;(f) and is called the i-th barcode of f, written B;(f). One
fundamental property that implies that the whole theory can be handled by a computer is
that B;(f) is a complete, discrete invariant of S;(f).

On the other hand, for B;(f) to be a meaningful descriptor of real-word —hence noisy—
datasets, it must satisfy some form of stability with respect to f. More precisely, it is
important to understand under which distance B;(f) and B;(g) are close, for f and g two
functions e-close in Loo-norm, that is in uniform convergence distance. An answer was

first given in 2005 by D. Cohen-Steiner, H. Edelsbrunner, and J. Harer in [CSEHO07| and



is now referred to as the stability theorem. It states that if f,g: X — R are e-close in the
Loo-norm, then there exists a one-to-one pairing between the intervals of B;(f) and B;(g),
such that the right (resp. left) endpoints of each interval within a pair are closer than e,
and intervals can be paired to 0 if they have length less than 2¢. Such a pairing is called an
e-matching between B;(f) and B;(g), and we can define the bottleneck distance between
B;(f) and B;(g) to be the infimum of the values of & for which there exists an e-matching
between B;(f) and B;(g). The stability theorem can now then be restated as follows : the
bottleneck distance between B;(f) and B;(g) is less or equal than the Loo-norm of f — g.

In 2009, Chazal, Cohen-Steiner, Glisse, Guibas, and Oudot |[CSGT09] expressed the sta-
bility theorem algebraically, introducing the interleaving distance between one-parameter
persistence modules and proving that an e-interleaving (a kind of approximate isomor-
phism) induces an e-matching between their associated barcodes. This statement is usually
referred to as either the algebraic stability theorem or the isometry theorem, and is the
cornerstone of persistence techniques in the one-parameter case together with Crawley-
Boevey’s theorem [CB12|.

Persistence and sheaves

The need for studying persistence modules obtained from functions valued in higher-
dimensional vector spaces naturally arises from the context of data analysis, see for example
[Les15,LW]. However, as shown in [CZ09|, the category Pers(k®") of functors (R", <) —
Mod(k) seems to be too general for n > 2. Indeed, it contains a full sub-category equivalent
to the one of finitely generated Z"-graded k[z1, ..., z,]-modules, which implies that there
is no hope for a barcode like decomposition when n > 2. There are mainly two directions
undertaken to handle this issue.

The first one, initiated by Magnus Botnan and Michael Lesnick [Bot17, BL17|, then
pursued by Bjerkevik in [Bjel6], Cochoy and Oudot in [CO17|, consists in restricting the
study of Pers(kRn) to simpler sub-categories, for example, the one of persistence modules
that admit a decomposition into interval modules as in the one parameter case. In |Bjel6],
Bjerkevik proves that the bottleneck distance of two interval decomposable modules is
bounded by a multiple (depending on the number of parameters) of the interleaving dis-
tance, and in [CO17], Cochoy and Oudot prove that a certain kind of persistence modules
over R?, namely the pointwise-finite dimensional exact bi-modules, actually have an inter-
val decomposition. Nevertheless, it remains unclear how likely is the interval decomposable
case to appear in practice.

On the other hand, it seems natural to treat persistence modules as sheaves, which is
precisely what Justin Curry initiated in his Ph. D. thesis [Curl4| by expressing persistence
ideas in the formalism of (co-)sheaves of vector spaces on topological spaces. In particular,
he defined a distance on the category of sheaves inspired by the interleaving distance,
based on convolution. He also asked whether in the case of sheaves over R, this distance
could be expressed as a bottleneck distance. In 2018, Kashiwara and Schapira |[KS18|
introduced independently a derived version of the constructions of persistence theory in
the category of sheaves on real vector spaces, defining the convolution distance on its
derived category, proving a stability theorem and introducing a promising notion of higher-
dimensional barcodes for a large category : the vy-piecewise linear sheaves.

Content of the paper

In this paper, we provide answers to the question asked by Justin Curry at the end of
his thesis, in the setting of Kashiwara and Schapira. We will explain later on our choice



and motivations to work in this derived setting.

It follows from general theorems that D%C(kR) — the bounded derived category of con-
structible sheaves on R — is a Krull-Schmidt category, whose indecomposable objects are
constant sheaves over some real interval, concentrated in one degree. Recording all of the
interval appearing in this decomposition, together with their degree, lead to the notion
of graded barcode. Since Kashiwara and Schapira have equipped this category with the
convolution distance, which is inspired by the interleaving distance, a natural question is
whether the convolution distance between two sheaves in Dﬁ’%(kR) can be computed as a
matching between graded intervals, in the same fashion as the well-known isometry theo-
rem for one parameter persistence. We provide a positive answer to this question, proving
a derived isometry theorem in this setting. One important feature of our work is that the
matching distance associated to the convolution distance allows to match intervals accross
degree, this being due to the fundamentally derived nature of the convolution distance. We
hope that this result will open the door to considering sheaf-theoretical constructions as
tools for applications in machine learning. In particular, one future direction of research is
to elucidate the implications of this derived isometry theorem with level-sets persistence,
which we have undertaken in [BGO19|. Our result might also be of independent interest
for mathematical fields where barcodes techniques have allowed to obtain new results, such
as symplectic topology [PRSZ21],AI20].

The paper is structured as follows :

1. Section 2 aims at introducing the mathematical context of the paper. We give a
general definition of the isometry theorem problem for metric Krull-Schmidt cate-
gories. We also explain the convolution distance and the decomposition result of
constructible sheaves over R obtained by Kashiwara and Schapira in |[KS18|.

2. Section 3 is dedicated to the complete description of the morphisms in D%C(kﬂg), the
derived category of constructible sheaves on R, and to compute the action of the
convolution functor —xK.. Note that the computations of this section (propositions

and , may be of independent interest.

3. Section 4 describes the conditions for two indecomposables sheaves to be e-close,
and introduces the notion of CLR decomposition for any sheaf F' € D%c(kR), which
is adapted to the convolution distance in the following sense : two sheaves are e-
close with respect to d¢ if and only if their central (resp. left, resp. right) parts
are.

4. In Section 5, we prove that given an e-interleaving between the central (resp. left,
resp. right) parts of two sheaves, it induces an e-matching between the graded-
barcodes of their central (resp. left, resp. right) parts. We reduce the proof for
left and right parts to the well-known case of one-parameter persistence modules
by introducing a family of fully faithful functors from sheaves supported on half-
open intervals to persistence modules. The construction of the e-matching between
the central parts is far less direct. We adapt the proof of Bjerkevik [Bjel6| to
our setting, introducing a similar pre-order <, on central parts, enabling us to
“trigonalize” the interleaving morphisms. By a rank argument, this allows us to
apply Hall’s marriage theorem and to deduce the existence of a e-matching. Note
that our definition of <, differs in nature from Bjerkevik’s, for it enables us to
compare elements of the graded-barcodes in different degrees. We conclude the
section by proving the isometry theorem [5.10] which states that “dc = dp”.

5. Section 6 provides some applications of the isometry theorem. We start by an
example with explicit computations brought to our knowledge by Justin Curry and



that motivated our work. Then, we prove that the convolution distance is closed
(two sheaves are e-close if and only if they are e-interleaved) thus answering an open
question of |KS18| in dimension one. We provide a counter-example of two non
constructible sheaves F' and G such that do(F,G) = 0 but F £ G. We also prove
that the open balls of the metric space (D%, (kgr),dc) are path-connected, hence
leading to a characterization of connected components of D%_(kg) (Theorem [6.12).
To do so, we introduce an explicit skeleton for D%C(kR) called the category Barcode
of barcodes (Definition|6.11)). The latter inherits an extended metric space structure.

Acknowledgement The authors would like to thank Justin Curry, Steve Oudot, Pierre
Schapira and Magnus Botnan for many enlightening discussions with them.

The first author is supported by Innosuisse grant 45665.1 IP-ICT, the second author
was partially supported by ANR grants Catag and Chrok.

2 Preliminaries

This section aims at introducing the notation that we will use in this paper, presenting
the theoretical framework of [KS18| and explaining precisely the problem underlying the
isometry theorem.

2.1 The isometry theorem problem for metric Krull-Schmidt categories

Let & be an additive category. Recall that an object M € ¥ is indecomposable if
M # 0, and for any isomorphim M =~ M; @& M, either M; or M, is equal to 0.

DEFINITION 2.1 A category % is a Krull-Schmidt category if it satisfies the following
axioms.

(KS-1) ¢ is an additive category.

(KS-2) For any object X of €, there exists a family of indecomposable objects B(X)
of ¢ such that X ~ TeB(X I which is essentially unique. That is, for any other
family of indecomposable obJects B/(X) with the same property, there exists a
bijection o : B(X) — B/(X) such that I ~ (1), for all I in B(X).

(KS-3) For any object X of ¢ such that X ~ @cpx)! with B(X) a collection
of indecomposable objects of %, then HI@B(X)I ex1sts in ¥ and the canonical

morphism :
P r— H I

IeB(X) TEB(X

is an isomorphism.

REMARK 2.2 Note that the usual definition of a Krull-Schmidt category asks, with no-
tations of definition that B(X) is finite (see eg. [Krald]). This will not be sufficient
for our study of constructible sheaves over R Since they are potentially infinite direct sum
of sheaves constant on a real interval (theorem [2.9). However, one important behaviour of
these direct sums is that they satisfy axiom (KS- 3), since they are locally finite.

DEFINITION 2.3 Let % be any category. An extended pseudo-distance on % is a map d
defined on Obj(%) x Obj(¥) satisfying, for all X,Y,Z in ¢:

(M1) d(X,Y) € R>p U {400},
(M2) d(X,Y) = d(V, X),



(M3) d(X,Z) < d(X,Y)+d(Y,Z),
(M4) if X ~ Y, then d(X,Y) = 0.

In this situation, (%, d) will be called a metric category.

Let (¢,d) be a metric category, such that ¢ is a Krull-Schmidt category. For any
object X of €, one denotes by B(X) a collection of indecomposables objects of ¢ such

that X ~ @ I.
I€B(X)

DEFINITION 2.4 Let X,Y € € and ¢ > 0. An e-matching between B(X) and B(Y') is the
following data: two subcollections X C B(X) and Y C B(Y), and a bijection o : X — Y
satisfying:

1. d(I,0(I)) <eforall I in X;

2. d(1,0) <¢g, for all I in B(X)\X or in B(Y)\).

In this situation, we will use the notation o : X 4 Y and designate X by coim(o)
(resp. Y by im(0)).

Since d satisfies (M4), the existence of a e-matching does not depend on the choice of
representatives in B(X) and B(Y).

DEFINITION 2.5 Let X and Y be two objects of €. One defines the bottleneck distance
associated to d between X and Y as the possibly infinite following quantity:

dp(X,Y) = inf{e > 0| there exists an e-matching between B(X) and B(Y)}.
PROPOSITION 2.6 The map dpg is an extended pseudo-metric on €.

PROOF The fact that dp takes values in R>o U {400} and Properties (M2) and (M4) are
directly inherited from d. For the triangle inequality, observe that since d satisfies (M3),
we can compose a e-matching between B(X) and B(Z), with a ¢’-matching between B(Z)
and B(Y') to obtain a e + ¢’ matching between B(X) and B(Y).

Terminology. The isometry theorem problem associated to the metric Krull-Schmidt
category (€,d) is to determine whether d = dp.

2.2 Notations for sheaves and complexes

Throughout the paper and except when stated otherwise, we will follow the notations
introduced in |KS18| and [KS90]. We will also freely refer to some of their proofs.

In the paper, k will denote a field, Mod(k) the category of vector spaces over k,
Mod (k) the category of finite dimensional vector spaces over k. Let X be a topological
space. Then we will note Mod(kx) the category of sheaves of k-vector spaces on X. For
shortness, we will also write Hom for Homyjoq (i )-

For € an abelian category, denote CP(%) its category of bounded complexes, K*(%)
its bounded homotopy category and Db(‘g) its bounded derived category. For simplicity,
we shall write D?(k) instead of D®(Mod(k)) and D®(ky) instead of D®(Mod(ky)). When
the context is clear, we will simply call sheaves the objects of Db(kX). For a complex
F € C*(%) and an integer k, define the k-th shift of F by: for n € Z, F[k]* = FF*" and
Ay = (= 1)FdpHE.

We will use the classical notations of [KS90| for the Grothendieck operations on sheaves.
Moreover, we recall the following : for X; and X5 two topological spaces, we denote p; :



X1 x X2 — X, i = 1,2 the canonical projections. Let F' € Mod(kx,) and G € Mod(ky,),
define their external tensor product F' X G € Mod(kx, x x,) by the formula :

FRG:=p'Fop,'G.

Observe that since we are working over a field, this operation is exact, hence need not
to be derived.

DEFINITION 2.7 For M a real analytic manifold, and F' € Mod(kys), F' is said to be
weakly R-constructible if there exists a locally finite sub-analytic stratification of M =
Lo M., such that for each stratum M,, the restriction Fu, is locally constant. If in
addition, the stalks Fj are of finite dimension for every x € M, we say that F' is R-
constructible. We might often say constructible instead of R-constructible, since, in this
paper, it is the only notion of constructibility we use.

We will write Modg.(kas) for the abelian category of R-constructible sheaves on M, and
D% (k) the full triangulated subcategory of D(kys) consisting of complexes of sheaves
whose cohomology objects lie in Modg.(kps). Note that Theorem 8.4.5 in [KS90| asserts
that the natural functor D’(Modg.(kys)) — D%.(kas) is an equivalence of triangulated
categories.

2.3 Constructible sheaves over R

Theorem below is proved in |[KS18| and generalizes Crawley-Boeyvey’s theorem
|CB12] to the context of constructible sheaves on the real line. Together with T heoremm7
they will be the cornerstone to prove that D% (kg) is a Krull-Schmidt category.

DEFINITION 2.8 Let Z = {I,}aeca be a multi-set of intervals of R, that is, a list of
interval where one interval can appear several times. Then Z is said to be locally finite if
and only if for every compact set K C R, the set {« € A | K N1, # (0} is finite.

THEOREM 2.9 (THEOREM 1.17 - [KS18|]) Let F' € Modg.(kgr), then there exists a
unique locally finite multi-set of intervals B(F') such that

F ~ k[.
IeB(F)

Moreover, this decomposition is unique up to isomorphism.
DEFINITION 2.10 The multi-set B(F') is the called the barcode of F.
COROLLARY 2.11 Let F,G € D%c(kR), and j > 2, then: Ext/(F,G) = 0.

A classical consequence of such a statement is the following:

THEOREM 2.12 Let F € D% (kg). Then there exists an isomorphism in D% (kg):

F ~ W (F)[-]

JET

where H/(F) is seen as a complex concentrated in degree 0. Not that this isomorphism is
not functorial.



DEFINITION 2.13 Let F € D% (kg), we define its graded-barcode B(F) as the collection
(B/(F));ez where B/(F) := B(H/(F)). Furthermore, to indicate that an interval I C R
appears in degree j € Z in the graded-barcode of F, we will write I/ € B(F). The element
I’ is called a graded-interval.

Note that Theorems [2.9] and 2.12] imply that

F’\‘@k[

T eB(F)
Therefore, B(F') is a complete discrete invariant of the isomorphism class of F' in D%C(kR).

PROPOSITION 2.14 The category D%, (kg) is Krull-Schmidt.

PROOF The category D%c(kR) is additive by construction. Moreover, for I C R an interval
and j € Z, the sheaf kj[—j] is 1ndecomposable in D%, (kg). Therefore, we deduce from
Theorems [2.9 and [2.12) - that D%, (kg) satisfies (KS2). Let us now prove that D% (kg)
satisfies (KSB) Let F € DRC(kR), then there exists N > 0 such that B/(F) = 0 for
|j| > N. As a consequence, given z € R, the set {I € L;B/(F) | (x — L, +1)NI #0}is
finite. We deduce that the natural morphism:

FNEBk[ Hkl

IieB(F) I €B(F)

induces an isomorphism when taking the stalk at x. This being true for all x € R, it is an
isomorphism.

0

2.4 Metric for sheaves

In |Curl4|, Curry defined an interleaving-like distance on Mod(kx), for (X, d) a metric
space. It is based on what he calls the smoothing of opens. For F' € Mod(kx), define F* €
Mod(ky) as the sheafification of U +— F(U®), with U¢ = {z € X | Ju € U,d(z,u) < &}.
This yields a functor [¢] : Mod(kx) — Mod(kx) together with a natural transformation
[e] = idpfod(ky)- Although this seems to mimic the construction of interleaving distance
for persistence modules, one must pay attention to the fact that [¢] is only left-exact. Since
topological informations are obtained from sheaves by considering sheaf-cohomology, one
needs to derive the functor [¢] in order to keep track of cohomological informations while
smoothing a sheaf. This is precisely the sense of the construction of Kashiwara and Schapira
using convolution of sheaves, which has the advantage to have a nice expression in term of
Grothendieck operations (that allows appropriate operations for sheaf cohomology).

In this section, we make a short review of the concepts introduced in |[KS18|. The
framework is the study of sheaves on a real vector space V of finite dimension n equipped
with a norm || -||. For two such sheaves, one can define their convolution, which, as the
name suggests, will be at the core of the definition of the convolution distance (definition
2.20).

The construction of the convolution of sheaves is as follows. Consider the following
maps (addition and the canonical projections):

5:VxV =V, s(zy) =z+y,
¢ :VxV=V (i=12) qy) =z gy =y



DEFINITION 2.15 For F,G € D(ky), we define the convolution of F and G by the
formula:
FxG=Rs(FXG).

This defines a bi-functor : D°(ky) x D?(ky) — Db(ky).

In the following, we will be interested in a more specific case : the convolution will be
considered with one of the sheaves being the constant sheaf supported on a ball centered
at 0.

For r > 0, we denote B, := {z € V | ||z|| < r} the closed ball of radius r centered at 0,

(¢]
and B, its interior, that is, the open ball of radius r centered at 0. For € € R we define :

kp. ife>0
ks [dim(V)] if e <0 (1)

—€

K. =

with ka [dim(V)], seen as a complex concentrated in degree —dim(V). We have the

following properties:

PROPOSITION 2.16 (SECTION 2.1 - [KS18]) Let e,' € R and F € D’(ky) .
1. One has functorial isomorphisms (F x K;) x Koo ~ F x K. o and F x Ky ~ F.

2. If ¢ > ¢, there is a canonical morphism K, — K, in Db(kv) inducing a natural
transformation ' K.» — F x K.. In the special case where ¢ = 0, we shall write
¢ for this natural transformation.

3. The canonical morphism F'x K. — F x K. induces an isomorphism
RIN(V; F % K.)SRI(V; F*K.).

DEFINITION 2.17 With the same notations as in the previous proposition, the morphism
¢F. is called the &’-smoothing morphism of F'.

In particular, Proposition implies that any map f : F'x K. — G induces canonical
maps
f*K; :FxKeys ~FxK.xK; — G* K. (2)

The following definition is central.
DEFINITION 2.18 (DEFINITION 2.2 - [KS18|]) For F,G € Db(ky) and € > 0, one
says that F' and G are e-interleaved if there exists two morphisms f : '« K. — G and
g:G+K. = F (in D’(ky)) such that the compositions F  Ko. Ll K.+ G % F and

G * Ko RhliS Kcx F N G are the natural morphisms F' * Ko, ¢F—>2€ F and G* Ky, ¢G—>25 G,

that is, we have a commutative diagram in Db(kV) :

¢F,25

f*/Ke_\

FxKy o5 GxK. L =F

Gy e rek. L 2a

¢G,25

In this case, we write F' ~. G.



Observe that F' and G are O-interleaved if and only if F' ~ G.

REMARK 2.19 One must be aware that in |[KS18|, the authors call this data an e-
isomorphism. Here, we choose to follow the usual terminology of persistence theory.

Since 0-interleavings are isomorphisms, the existence of an e-interleaving between two
sheaves expresses a notion of closeness. This leads the authors of [KS18| to define the
convolution distance as follows:

DEFINITION 2.20 (DEFINITION 2.2 - [KS18]) For F,G € D’(ky), we define their
convolution distance as:

do(F,G) :=inf ({+00} U{a € R>¢ | F and G are a-interleaved})

PROPOSITION 2.21 (SECTION 2.2 - [KS18]) The convolution distance is an extended
pseudo-distance on DP(ky) that is, it satisfies (M1)-(M4) from definition

The following proposition expresses that the functors RI'(V; —) and RI'.(V; —) define
some necessary conditions for two sheaves to be at finite convolution distance. This is
similar to the case of interleaving distance for persistence modules M : (R", <) — Mod(k),
where the role of RI'(V; —) is played by the colimit functor over R™.

PROPOSITION 2.22 (REMARK 2.5 - [KS18]) Let F,G € D°(ky).
1. If de(F, G) < 400 then RI(V, @) ~ RI(V, F) and RT.(V; G) ~ RT.(V; F).
2. If supp(F'), supp(G) C B, then do(F,G) < 2a if and only if RT'(V,G) ~ RI'(V; F).

There is a fundamental example to keep in mind in the context of sheaves. This
example is the one mimicking the persistence modules S;(f) of a continuous map: given
X a topological space and u : X — V a continuous map, one can consider the sheaves
Ru.kx and Rujkx. Roughly speaking and under some smoothness assumptions on X and
f, they contain the information on how the cohomologies of the fibers of u evolve when
moving on V. For this information to be meaningful for applications in machine learning,
it has to be stable when we perturb w, that is, Ru,kx must stay in a neighborhood in the
sense of the convolution distance, controlled by the size of the perturbation of u. This is
what expresses the following theorem, which is the analogous of the stability theorem in
the context of persistence theory.

THEOREM 2.23 (THEOREM 2.7 - [KS18]) Let X a locally compact topological set,
and u,v : X — V two continuous functions. Then for any F € D’(kx) one has :

do(RusF,Ru F) < |[lu —v| and do(RwF,RnF) < |lu— ||

where we define ||u — v|| = sup,cx ||u(z) — v(x)].

2.5 The isometry theorem problem for (D% (kg),dc)

In the previous sections, we have shown that (D%_.(kg),dc) is a metric Krull-Schmidt
category, see Propositions and We will prove later (see that the isometry
theorem holds in this context, that is, the convolution distance equals its associated bot-
tleneck distance. In other words, we can compute the convolution distance between two
sheaves F,G' € D%, (kg) as a matching distance between the multiset of graded-intervals
appearing in their decomposition, which we will later call their graded-barcodes (see Defini-
tion . This matching between barcodes will be similar to the usual matching between
barcodes (that is in terms of comparing end points of bars and overall length) but will take
into account shift of degrees and types of bars as well.
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3 Computations in D%, (kg)

This section aims at making explicit all the computations of morphisms in D%C(kR),
and determine the action of the functor — x K.. Combining Theorems and we
see that any object of D%C(kR) is isomorphic to a direct sum of sheaves constant on an
interval seen as a complex concentrated in one degree. Hence, to give a full description of
the morphisms, it is enough to compute RHomyjoq(ky)(kr, k) for I, J two intervals — in

the sequel, we shall write for short Hom for Homyoq(iy)- Indeed, for F,G € D%c(kR) we
have by local finiteness of the barcodes of F' and G:

RHom(F,G) ~ €5 RHom(ks k,)[i — jl,

I'eB(F)
JIeB(G)

and we recall the classical formula Hompy ) (F, G) =~ R°Hom(F, G).

Our approaChE will rely on the use of the duality functor D introduced, for instance, in
|[KS90| 3.1.16], that we will quickly review. Regarding the computations of the convolution
with K., we will make use of a classical lemma for convolution of sheaves, that we will also
review.

3.1 Duality and morphisms in D} _(kg)

Since R is a smooth manifold, it has finite c-soft dimension, and the dualizing complex
WR 1= a!k{pt} ~ kg[1] is well defined, where a : R — {pt}. One defines the triangulated
functor D : D’(kg)® — DP(kg), by D(F) = R#Fom(F,wr). We recall the following
proposition, which is a weaker version of [KS90, 3.4.3 and 3.4.6] adapted to our setting,
since constructible sheaves are in particular cohomologically constructible.
PROPOSITION 3.1 Let F,G € D% (kg), then:

1. the canonical map F = D o D(F) is an isomorphism,

2. R#om(F,G) ~D(D(G) ® F).

For an open subset U C R, one has D(ky) =~ kg[1], where U is the closure of U, from
which we deduce the following computations:

PROPOSITION 3.2 Let a < b € R, then:
1. D(k{a}) ~ k{a}a
2. D(kpp)) = keop[1]-

Proo¥F To prove these results, one simply applies successively the contravariant triangu-
lated functor D to the distinguished triangles

kR\{a} — kR — k{a} JL>1 and k(a,b) — k(a,b] — k{a} JL>1 .

O

By definition, given F, G € D%_(kg), one has RHom(F, G) ~ RI'(R; R om(F,G)). We
now review the computations of derived global sections of indecomposable constructible
sheaves on R.

1. which was suggested by the referee, that we wish to thank.
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PROPOSITION 3.3 Let a < b € R, then:
L RT(R; kjg 1o0)) = RI(Rs k(_oo ) = RE(R; kg ) =~ RT(R; kygyy) ~ RT(R; kg) ~ k,
2. RI(R; K(g,400)) = RO(R; k(oo py) = 0,
3. RI(R; k(q,p)) = k[-1],
4. RI'(R; kg py) ~ RIO(Rs kg p)) = 0

PRrooOF 1. Let I be any of the interval [a,+00), (—00,b],[a,b],{a} and i : I — R
be the inclusion. Then by definition k; = i,i 'kg, and we have the following
isomorphisms:

RI(R; k) ~ RHom(kg; ii ™ ‘kg)
~ RHom (i 'kg;i 'kg)
~ RI'(I; ky)
~ k.
2. This is a consequence of 1. by applying the triangulated functor RI'(R; —) to the dis-
tinguished triangles K, ;o) = KR = K(_o0,q]  and Kooy = kr = Kb 400) H
3. This is a consequence of 2. by applying the triangulated functor RI'(R; —) to the
distinguished triangle k(4 3) — kr — K(_o0,0] D K[, +00) t
4. This is a consequence of 3. by applying the triangulated functor RT'(RR; ) to the
distinguished triangles kg 3) — kq5) = K3} H and Ko = Koy — k{a}

O

REMARK 3.4 Let a < b € R. For simplicity, we adopt the following convention. When
stating results about the interval (a,b), we will always implicitly assume that a <b .

PROPOSITION 3.5 Let a < b and ¢ < d in R. We have the following derived morphism
groups, where the first column defines the support of the left-side object (i.e. the source)
in RHom(—, —) and the first line the right-side one :
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PROOF Since all computations work similarly, we shall only treat the case where I = [a, b]

and J = (c,d) # (. By proposition [3.1}

];{HOHl(k]7 kJ) ~ RF(R, D(D(k]) & k]))

We have D(k;) =~ ki q[1]. Therefore, D(D(k;) ® k;) ~ D(kicgnjas) =1 If [c,;d] N
[a,b] = 0, then RHom(kr, ky) = 0. Otherwise, let S = [¢,d] N [a,b]. Then S is a closed
interval.

Let us first assume that S has non empty interior Int(S). Then D(ki gnja,p)[—1] =
Knt(s), and from proposition

RHom(k;, k) ~ RI'(R; k() =~ k[-1].

If S has empty interior, since S is a closed interval, there exists ¢ € R such that S = {¢}.
Therefore, from proposition , we have D(ki gnjas)[—1] = kg [—1]. Consequently, we
obtain from proposition [3.3}

RHom(k, k) =~ RT'(R; kyyy [-1]) >~ k[-1].
To sum up, we have proved that:

k[—1] if [a,b] N [c,d] # O

RHom(ks, k) ~ {0 olse

3.2 The functor — x K,

We start by recalling the following classical lemma about convolution of sheaves:

LEMMA 3.6 (EXERCICE I1.20 - [KS90]) Let A, B C V two closed subsets of the fi-
nite dimensional real vector space V (endowed with the topology inherited from any norm)
satisfying:

1. the map sjqxp: A X B — V is proper,

-1
|AxB

Then kg xkp ~kayp with A+ B={a+b|ac€ Abe B}.

2. forany x €'V, s (x) is contractible.

Given € > 0 and I C R an interval, we compute the convolution (Definition [2.15))
k; x K. (see Equation |1, Section . The case where [ is closed is a direct consequence of
lemma 3.6l We then deduce the other cases using distinguished triangles.
PROPOSITION 3.7 Let £ >0, and a < b in RU {00}, then :

1. kR * Kg ~ kR,

2. k[a,b} * K ~ k[afs,bJrs]a

. b—a
k(a+6,b75) if e < %

b e {k[b_wn—u it o>
4. k(a,b} * KE ~ k(a—i—e,b—i—a]»
5. k[a,b) * K6 >~ k[afs,bfs)~
ProoOF We can obtain the computation for k() by using the distinguished triangle

K(ap) — kr — K\ (a0 Ll>, as kp\ (4,) 18 the direct sum of one or two sheaves constant
over closed intervals. Similarly for the case of ky, ;), we can use the distinguished triangles

1
Kiap) — Koy — Ky ——-
0
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4 Structure of c-interleavings

In this section we investigate the structure of e-interleavings between constructible
sheaves over R. We start by giving explicit conditions on the support and degree of two
indecomposables sheaves ky[—i] and k;[—j] to be e-interleaved. Then, we introduce for
any constructible sheaf F' on R its CLR decomposition (Proposition , which expresses
F as a direct sum of three sheaves F, F; and Fr whose interval decomposition have
specific properties. We further show that the CLR decomposition decomposes the notion
of interleaving in the following sense: F' and G are e-interleaved if and only if Fo and G,
Fr, and G, Fr and GR are (Theorem (4.8)).

4.1 Characterization of c-interleavings between indecomposable sheaves

For any interval I and real number € > 0, we will write ¢ = UI B(z, &) where B(z,¢) is
S

the euclidean closed ball centered at x with radius €. Moreover if I = (a,b) with a,b € R,
and e < 5% = diaTm(I), define I7¢ = (a+¢&,b—¢). If I is bounded, we write cent([) for its
center, that is (b + a)/2 where a,b are the boundary points of 1.

The following proposition describes the condition for sheaves constant on open/closed
intervals to be e-interleaved.

PROPOSITION 4.1 (CLOSED/OPEN) Let S,T (resp. U,V) be two non-empty closed
intervals (resp. non-empty open intervals), and € > 0. Then:
1. kg ~ kp if and only if S C T and T C S,
2. ky ~. ky if and only if U C V€ and V C U°®.
3. Assuming that S and U are bounded, kg ~¢ ki7/[—1] if and only if ¢ > dk%w) and
S C [cent(U) —(e— dL%(U)),cent(U) + (e — dk%(U))]

PROOF 1. Consider f : kg x K. — kr and g : kr x K. — kg the data of an e-
interleaving. Then f and g are in particular not zero since

RI(R, ¢ie.2:) = RO(R, g) o RT(R, f x K.)

is an isomorphism between RI'(R, kg * K3.) and RI'(R,ky) which are non zero.
Remark that kg x K. ~ kge and k7 x K. ~ k7e by Proposition From our
computations of morphisms (Proposition , we have necessarily S C T° and
T C S¢. Conversely, if S CT¢ and T C 5%, it is easy to build an e-interleaving.

2. Consider f: ky+xK. — ky and ¢ : ky x K. — ky the data of an e-interleaving. For
the same reason as above, f and g are not zero. Hence, f*K_. : ky — ky * K_. is
not zero. As ky x K_. ~ ky<, by our computations of morphisms (Proposition
we get that U C V&, Similarly we have V C U*®.

Conversely if we assume U C V¢ and U C V¢, it is easy to construct an e-
interleaving.

3. Let f: kg K. — ky[—1], g : kpy[—1] x K. — kg be the data of an e-interleaving.
For the same reason as above, f and g are not zero. Suppose € < dk%(m, then
Proposition implies that ky[—1] x K. ~ k;-<[—1], hence the fact that g is not
zero is absurd.

diam(U)
2

Therefore we have ¢ > , and

kU[_l] * Ko = k[cent(U)—(a—idian;U)),cent(U)-‘r(e—idiar;(U) )]°
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Hence the existence of g implies that .S C {cent(U) — (e — dmmT(U))? cent(U) + (e — dmmT(U))} .
Also the existence of f implies that S N U ## (), but this condition is weaker than
the previous one.

Conversely, if e > 50 and § C [cent(U) - (¢ — 25(0), cent(U)) + (e — L2

we can construct the desired morphisms (using Proposition [3.5)) and have to check
that their composition (after applying e convolution to one of the two) is not zero,
which can be obtained by taking stalks at any x € J.

PROPOSITION 4.2 (HALF-OPEN) Let I = [a,b) and J = [¢,d) with a,c € R and b,d €
RU{+oc},and € > 0. Then k; ~. k; <= |a—c|<cand |b—d|<e.
Similarly for I = (a,b] and J = (¢,d], k ~. k;j <= |a—c|<eand |b—d|<e.

PrRoOOF The proof works exactly the same as the open/closed case, that is Proposition

0

4.2 CLR Decomposition

In order to define a matching between graded barcodes, we have to distinguish between
the topological nature of their support interval as the existence of shifted morphisms be-
tween them precisely depends on this nature (proposition [3.5)).

DEFINITION 4.3 Let I C R be an interval.
1. I is said to be an interval of type C if there exists (a,b) € R? such that I = [a, b] or

I =(a,b).

2. I is said to be an interval of type L if there exists (a,b) € R? such that I = (a, ],

I =(—00,b] or I =(a,+0o0).

3. I is said to be an interval of type R if there exists (a,b) € R? such that either

I =1a,b), I =(—00,b), I =[a,+0)or I =R.

PROPOSITION 4.4 For F' € D%C(kR), there exists a decomposition, unique up to isomor-
phism, F' ~ Fo & Fr ® Fp, such that:

1. the cohomology objects of F are direct sums of constant sheaves over intervals of

type C,

2. the cohomology objects of F are direct sums of constant sheaves over intervals of

type L,

3. the cohomology objects of Fr are direct sums of constant sheaves over intervals of

type R.

We will call Fio (resp. Fr, Fr) the central (resp. left, right ) part of F', and name this
splitting the CLR decomposition of F.

PROOF Observe that the types C,L,R do form a partition of the set of intervals of R, and
apply the decomposition and structure theorems from section

O

DEFINITION 4.5 Let F € D% (kg). F is said to be a central sheaf if F ~ Fp. Similarly,
F is a left (resp. right) sheaf if F' ~ Fp, (resp. F' ~ FR).
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We have the following easy properties.

PROPOSITION 4.6 Let F € D% (kg), ¢ € R and o € {C, L, R}. Then F is of type « if
and only if F'x K, is of type a.

Proor It is sufficient to prove the statement for sheaves of the form k;[i] for I C R an
interval and 7 € Z, which is a direct consequence of proposition

O

PROPOSITION 4.7 Let F and G be two sheaves of type a € {C, L, R}. Then any mor-
phism F' — G that factorizes through a sheaf H as F' — H — G, with H of type
B €{C, L, R}\{a}, is necessarily zero.

PRoOOF It is sufficient to prove the statement for F' = k;[i|], G = k;[j] and H = kg[l],
with I and J two intervals of type «, L an interval of type 3, and 4, j,[ € Z. This is then
a direct consequence of our computations of morphisms in Dﬁ’{c(kR) (proposition .

0

The CLR decomposition is compatible with the relation of being e-interleaved in the
following sense.

THEOREM 4.8 Let F,G € D% (kg)) and & > 0, then the following holds :

Fo ~c Ge
Fr~G <= (F, ~. G
Fr~c: Gr
PROOF The right to left implication is an immediate consequence of the additivity of the

convolution functor.
We choose two isomorphisms, that will remain the same through all the proof:

FeFo®FL®Fr and G~Gecd G ®Gpg.

Then by proposition with n € R, applying the functor — x K;, to the above iso-
morphisms gives us the CLR decompositions of F'x K,, and G x K;, in terms of those of F'
and G. Now let us consider the data of an e-interleaving between F' and G, that is, two

morphisms F x K, i> G and G x K, 94 F such that f*xKcog: Gx Koo — G is the
smoothing morphism ¢ 2. (see definition [2.17)) and similarly g x Koo f 1 F % Ky, — F
equals ¢po.. For o, f € {C, L, R}, we denote by f, 3 the composition

fap=FaxKe — (Fo® FL® Fp) %Ko~ FxK. 15 G~ Ge @ G & G — G,

We denote fu.o by fo, and use similar notations for g and the smoothing morphisms
of F and G. By proposition [£.7] we have:

g*Kgof :gC*KEOfC+gL*KEOfL+gR*K€OfR7
frxKeog=fexKeogo+ frxKeogr + fr*xKeogr.
Therefore, for a € {C, L, R}, projecting the above equations onto the summands of
type « gives:
ga*Keo fo = ¢Fa,2€ and foxK:.o0g, = ¢Ga,257
since (Pr2e)a = OF, 2: and (9G 2:)a = ¢, ,2e- Consequently, we deduce that Fjy ~¢ Go.

O
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5 Isometry theorem and graded barcodes

This section presents the proof of the isometry theorem problem associated to the
Krull-Schmidt metric category (D%, (kgr), dc) (see section . The inequality do < dp is
an easy consequence of the additivity of the convolution functor.

In order to prove the reverse inequality, we prove that an e-interleaving between two
sheaves induces a e-matching between their graded-barcodes. To do so, we construct the
matching according to the CLR decomposition. We reduce the construction of the matching
between the left and right parts to the well-known case of persistence modules with one
parameter. To this end, we first prove that interleavings between right (resp. left) parts
of two sheaves happen degree-wise at the level of their cohomology objects. This enables
us to define functors W%, that send the j-th cohomology of the right part of a sheaf to a

one parameter persistence module. We prove that \Ilg% are barcode preserving, and send
interleavings of sheaves to interleavings of persistence modules.

5.1 The easy inequality

We start by proving the easy direction of the inequality.

LEMMA 5.1 Let F and G two objects of D%_(kg), then:

Proor If dg(B(F),B(G)) = 400, then the inequality holds. Let us now assume that
dp(B(F),B(G)) < +00. Let § € {¢ > 0| there exists a e-matching between B(F') and B(G)}.
Then for any n > § there exists two subsets X C B(F') and Y C B(G) and a bijection
o : X — Y such that for all I' € X, with o(I') = J7 there exists an 7-interleaving between
k;[—i] and kj[—j] given by the two morphisms :
f[i : k[[—l] *Kﬁ — kJ[—]] and gri : kJ[—j] *KU — k][—i],
and for all K* € B(F)\X UB(G)\Y, ki [—k] ~;, 0.
Therefore, the morphisms:
fiFxK, — @ kil * K, 5 @ ki) — G

Iiex Jiey

g:GxKy— @ ksl « K, B P ki[~i] — F
Jiey I'ex

form an n-interleaving between F' and G. Consequently,

{e > 0| there exists a e-matching between B(F') and B(G)}
C {e > 0 | there exists a e-isomorphism between F' and G}

which proves the lemma by taking the infimum of both sets.

5.2 The cases I'r <> Gr and F;, < Gy,

In this section, we give a description of the e-interleavings between the right parts of
two complexes of sheaves. The proofs and statements for the left parts are analogous.
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5.2.1 Construction of \Iif;2

PROPOSITION 5.2 Let F,G € D% (kg) and ¢ > 0 with right parts Fg and Gr. The
following holds :

Fr~: Gr <= Vj € Z, W(Fg) ~. H(Gp).

PROOF The right to left implication is clear, so let us consider an e-interleaving given by

FrxK, N Gr and G+ K. -2 Fp. Let j € Z and pick k; a direct summand of H’ (FR)
(I is a half-open interval of the type [a,b)). We consider again the composition :

Fp FR
k[—j] * Ko Uy Frx Ko i GrxK. % Fp ™0 kr[—j]

From our computations of derived morphisms (Proposition [3.5)), this is equal to :

Fr

‘FR ) )
ki j]xKoe 2 FrxKor 55 1 (GraKo) [~ ] @ (GraKo)[—j—1] -2 Fr 25 k[—j].

We obtain using our computations of convolution (Proposition that, since Gr has
only half-open intervals in the decomposition of its cohomology objects, H/ (Gr*K.)[—j] ~
H/(GR)[—j] K. and HITH(GRr « K.)[—j — 1] ~ HITH(GR)[—j — 1] x K-..

It follows again from Proposition that any morphism of kj[—j] x K. — ky[—j] that
factors through a complex concentrated in degree j + 1 must be zero.

Finally, the first composition is thus equal to

Fp ] Fr
kr[—j] % Koe s Fpx Koo 755 W (GR)[—j] » Ko —% Fr 25 k[—4).

As this is true for any summand of H’/(Fg) we get that the composition :

W (F)[—j] % Kae — Fr* Koo 755 Gr Ko -4 Fp — W (Fg)[—J]

is equal to the composition
HY (FR)[~j] x Ko: — Fr* Ko — H/(GRg)[—j]*x K: — Fr — H/(Fg)[—j].

This gives the first part of the e-interleaving. We get the second one by intertwining the
roles of Fr and Gp.

O

The result above shows that when one wants to understand a morphism between the
right parts of two sheaves, it is sufficient to understand it at the level of each of their
cohomology objects, degree wise. We will show that the behavior of e-interleavings between
sheaves with cohomologies concentrated in degree j € Z decomposing into direct summands
of type R, is essentially the same as looking at e-interleavings in the opposite category of
one-parameter persistence modules, which is well understood. We quickly introduce all
the necessary definitions and results needed, but we refer to |[CdSGO16| for a detailed
exposition about the isometry theorem for one-parameter persistence.

We denote Persy (kR) the category of pointwise finite dimensional persistence modules
over R, that is, the category of functors M : (R, <) — Mody(k) where Mody(k) is the
category of finite dimensional vector spaces over the field k.
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There is a notion of e-interleaving (for € > 0 ) in this context based on the shift functor
‘[e] defined as M(e](s) = M(s+¢) and M[e](s <t) = M(s+e <t+¢) for s <t two real
number. There is also a canonical natural transformation s : M — M[e]. We will say
that M and N in Pers; (k™) are e-interleaved if there exists two morphisms f : M — Ne]
and g : N — Me] such that g[e] o f = s} and f[e] o g = si..

The pseudo-distance induced on Pers(k®) by:

dr(M,N) :=inf{e > 0| M and N are € — interleaved}

is called the interleaving distance, and was first introduced in [CSGT09|. In this text, for
I C R an interval, we will write k! the object of Persy (kR) defined, for s <t, by:

kifsel idy if s,t €1
K(s)=4 """ K(s<)=¢ x" %
0 else 0 else

Let D{Q be the full sub-category of D%C(kR) of complexes of sheaves F' such that F' ~ F
and H'(F') = 0 for i # j.

PROPOSITION 5.3 There exists a functor \I!%12 : Dg_z — Pers(kg)?? such that :
1. for F € D/, such that H/(F) ~ ®;cpky, we have W, (F) = ®repk/,
2. W, is fully faithful,
3. for e > 0 and F € D}, W(F % K.) = W(F)[e] and W (pp.) = sgg{(F),
4. \I’% is isometric with respect to do(+,-) and dg(-,-).
ProoF This is a combination of the computations of morphisms and convolution (Propo-

sitions 4.4), together with the observation that for I,J two intervals of type R
and j € Z, then we have the functorial isomorphisms :

Hompy gy (kr[=j], ks[=j]) =~ Homypeaqs) (k1 k) ~ Hompersigy) (k7. k7).

5.2.2 Matching of the right parts

THEOREM 5.4 (MATCHING OF RIGHT PARTS) Let F,G € D% _(kg) be e-interleaved

with respect to the morphisms F' x K. i> G and GxK. -4 F. Let j € Z. Then there
exists an e-matching 0% : B/ (Fg) /— B/(GR) (see definition .

PROOF Observe that \I/%(FR) (resp. \Il%(GR)) is a persistence module with the same
barcode than H’(Fg) (resp. H/(GR)). Also, from proposition 5.3, \IIE(FR) and \IIQ(GR)
are e-interleaved as persistence modules. Hence, we can apply the isometry theorem for
pointwise finite dimensional persistence modules [CdSGO16, Theorem 4.11] to W% (FR)
and \Ilg{(G r) and deduce the existence of a e-matching of barcodes of persistence modules
between B’ (Fg) and B?(Gg). This matching is what we ask for 0';2 by Proposition

O
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5.3 The case Iy < G¢

In this section, we construct the e-matching between the central parts of two sheaves,
assuming they are e-interleaved. Using ideas of Bjerkevik [Bjel6| Section 4|, we introduce
a pre-order <, on the set of graded-intervals of type C whose purpose is to prove the
existence of the e-matching using Hall’s marriage theorem. To do so, we must prove that
given a finite list of interval in the barcode of one of the two sheaves, there exists, at least,
the same number of intervals in the barcode of the second sheaf which are at distance less
than ¢ from an interval in the first list.

We will show that ordering the graded-barcodes of the central sheaves according to <,
will actually lead to a very nice expression of the interleaving morphisms, allowing us, by
a rank argument, to deduce that this condition is satisfied.

5.3.1 Ordering graded-intervals of type C

Recall that we defined a graded interval to be an interval I together with an integer
j € Z. Tt will be written I/ henceforth. For I of type C such that either I = [a,b] or
I = (a,b) with a,b € R, define diam () = b — a to be its diameter.

DEFINITION 5.5 The relation <, on the set of graded intervals of type C is defined by :
1. For R', TJ two closed intervals in degree i and j : R' <, 77 <= i = j and
diam(7) < diam(R),
2. for U*,VJ two open intervals in degree i and j : U’ <, VJ <<= i = j and
diam(U) < diam(V),
3. for R’ a closed interval in degree i, and V7 an open interval in degree j : R <,
Ul < i=j+1.
PROPOSITION 5.6 The relation <, is a partial pre-order over the set of graded intervals
of type C, that is, it is reflexive and transitive. Moreover, it is total if restricted to sets of

graded intervals containing only, for a given ¢ € Z, open intervals in degree ¢ and closed
intervals in degree 7 + 1.

The following is the analogous result in our setting to [Bjel6, Lemma 4.6].

PROPOSITION 5.7 Let I, J?, S! be three graded intervals of type C and € > 0 such that
I' <, J7 and there exists two non-zero morphisms x : kg[—I] x K. — k;[—i] and ¢ :
kj[—j] * Kc — kg[—{]. Then either kg[—I] ~¢ ki[—i] or kg[—I] ~¢ ks[—]].

PROOF By definition of the pre-order <., we only have to investigate the three cases of
the above definition (.5 :

1. Let i € Z and R, T be two open intervals such that R* <, T*, that is, diam(7T) <
diam(R). Let S' be a graded interval such that there exists some non-zero y and
&. Then S must be a closed interval, and [ = i. As a consequence, R C S¢ and
ScCTe.

Assume that kg[—i] #c kg[—i]. Then, as R C S%, S ¢ R°. So either min(S) <
min(R) — &, or max(S) > max(R) + . Assume the latter.

As S C Rf, min(S) — ¢ < min(R), we get subtracting the first inequality to this
one : diam(S)+¢e > diam(R) +¢. Hence S <, R. We get the same thing assuming
min(S) < min(R) — e.

Moreover, one can prove this way that kp[—i] 4. kg[—i] implies S <, R.

As we assumed R’ <, T?, one has kg[—I] ~¢ k;[—i] or kg[—1] ~- kj[—j].
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2. The proof for U*, V' where U and V are open intervals is similar.

3. Let R' a closed interval, V7 an open interval, with i = j + 1. Let S' be a graded
interval and e such that there exists x and § such as in the proposition. Then S
must be an open interval and [ = j. By the existence of x, we have that ¢ > %(U)

and R C [cent(U) — (¢ — dk%w)),cent(U) + (e — dh%([]))], which, according to
our characterization of e-interleaving between indecomposable sheaves (proposition
[4.1), is equivalent to kg[—j — 1] ~- ks[—j].

5.3.2 Induced matching

We now have the ingredients to prove the theorem. We start by introducing a sign
notation. Given two intervals I and J of type C, we define:

0 if I and J are both closed or both open,
d(,J) =< 1if I is open and J is closed,
—1if I is closed and J is open.

THEOREM 5.8 (MATCHING OF CENTRAL PARTS) Let F and G¢ be two central
sheaves (definition [4.5), and € > 0 be such that F and G¢ are e-interleaved with re-

spect to maps Fo % K. L Ge and Go x K. -%5 Fe. Then, there exists a bijection
oc : B(Fo) — B(Ge)

such that, for I’ € B, with J = oc(I), we have JIH0U) e BItOUD)(Ge) and k ~
k;[=o(1, J)].

Our proof will use a generalization of Hall’s marriage theorem to the case of countable
sets. For a reference, see for instance |PS76|.

THEOREM 5.9 (HALL) Let X and Y be two countable sets, let P(Y) be the set of
subsets of Y and M : X — P(Y). Then the following are equivalent :

1. there exists an injective map m : X — Y satisfying m(z) € M (z) for every = € X;

2. for every finite subset A C X, |A| < |Ugzea M(z)|. Where |A] is the cardinality of
A.

We let Fo and G¢ be two central sheaves. We set two isomorphisms :

Fcﬁ @ k[[—j] and Gcﬁ @ k[[—j].

i eB(F¢) IieB(Ge)
For any morphism f : Fg — Gg, given I' € B(F¢) and J7 € B(G¢), we will write
fri g =kil=i] — Fo -5 Go — k-],
Similarly for A C B(F), let fi4 be the composition :

@ kr[—i] — Fc L) Ge.
IeA
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We now assume that Fo and G¢ are e-interleaved with respect to Fo* K, i> Gc and
Ge* K. L5 Fo. For I' € B(Fg) and J7 € B/ (G¢), we deduce from our computations of

propositions [3.5] and [£.1] that:

I, J are closed and i = j,
(f *Ke)gigi 0 gyi i # 0 implies either : ¢ I is open, J is closed and j =i + 1,
J is open, I is closed and i = j + 1.

PROOF (MATCHING OF CENTRAL PARTS) Our strategy is to adapt Bjerkevik’s proof
of [Bjel6, Theorem 4.2] to our setting. The pre-order <, we have defined has exactly the
same properties as the one defined in his proof.

To define o¢, we will apply Hall’s theorem. From the local finiteness properties follows
the fact that the graded-barcodes of Fo and G are countable. We here consider multi-sets
as sets, to make the proof easier to understand. Nevertheless, it would not be difficult to
write the proof properly using multi-sets. Let M : Bo(Fo) — P(Bco(Ge)) defined by :

M(I') = {J? € B(Ge) | ki[~i] ~e ky[—j = 0(1, )]}

for I' € B(F().
We define the following partitions : B(F¢) = 'I_IZ Z%C and B(Gc¢) = .I_IZ EiGc where,
1€ 1€

Yr, = {J7 € B(F¢) | J is open and j =i or J is closed and j =4 + 1 },
= {J7 €B(G¢) | J is open and j =i or J is closed and j =i +1 }.

We will define o¢ according to these partitions, that is, we will construct some bijections
EZ — E’G for all ¢ € Z and set oc = UzeZUC

Let i € Z, A be a finite subset of X%, 7. and M(A) = UrieaM(I%). To apply Hall’s
theorem and deduce the existence of o, we need to prove that |A| < |M(A)|.

By proposition <, is a total pre-order on A. Hence, with r = |A|, there exists an
enumeration A = {Ifl7 ..., I'r} where i; = n if I; is an open interval and i; = n + 1 if I} is
a closed interval, such that for 1 <7 < j <r we have I; <, I;.

We have by assumption go (f*xK:) = ¢ra. (see definition , also, the additivity of
the convolution functor implies the following equality for I ll e A

OF,2
Dy —ir)2e = ki[—il] x Ko — Fx K. =5 F — k;[—i].

Therefore :

P[], 2e = Z 931t ° (f*KE)Iz”Jj

JIeB(G)

Z gﬂﬂl [”Jj*Kg}.

JieBl(Q)

Now observe that if g ; o |:flil 5 * KE} # 0 then ky,[—4] ~¢ kj[—j], hence :
sty 1

¢k[[—il],28 = Z gJ] Ill f*K ) lil?Jj

JieM(A
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Similarly for I,,, # I,y in A,

0= Z 93,1z © [fﬂ'/"},ﬂ *KE} :
m

JieBl(Q)

Hence if m < m' and g; ;i © [f *Ka] # 0, then kj[—j] is e-interleaved with

il .
Im’”’},JJ

either ky, [-m] or k; ,[~m/]. Therefore :

0= ngJ;'nmo |:fli§77Jj*K€:| .
JieM(A) m
For m > m’/, we can’t say anything about the value of ZJJEM(A) 93 pim © [fjién 5 x KE]
ml7
Writing those equalities in matrix form, we get :
K K brir o ? ? ?
Ipor - I Jio pxKe oo i pxKe 0 . ? 9
. . . o ¢1;2,25 : :
: : : : : : . )
Gyagin o0 Yy ffil g *Ke o e gox K 0 0
... ¢I;T726

Now recall that RI'(R, —) is an additive functor. Hence, applying RI'(R, —) to the
above equality, we get :

RT(R, g, n) - RT(R.gp i) RT(R, i o #Ke) - RU(R, fpir o +Ko)
RT(R.g,. 1) - RT(R.g,. i) RT(R, fyi . K)o RU(R, fpi 5. +Ko)
RT(R, 6, ,.) ? ? ?
B 0 RI(R, 6,1 ,.) 7 ?
- : : - ?
0 0 .. RT(R, ¢, ,.)
1 7 ?
0 1 ?
- o .7
0O o0 ... 1

Each entry in those matrices is uniquely characterized by one scalar. Hence, we can
consider their rank. The left hand side has rank at most equal to the minimum of r and s,
in particular it is less or equal to |M(A)|. The right-hand side has rank r = |A|. Therefore
we obtain the inequality we wanted.

0

5.4 Isometry theorem

In this section, we put together the results proved before to prove that the convolution
distance between two sheaves is exactly the same as the bottleneck distance between their
graded-barcodes.
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THEOREM 5.10 (ISOMETRY) Let F, G be two objects of D% (kg), then :

PROOF By Lemma [5.1] there only remains to prove that do(F,G) > dp(B(F),B(G)),
or equivalently, that any e-interleaving between F' and G induces an e-matching between
B(F) and B(G).

According to sections 5.3 and 5.4, this interleaving induces a e-matching between the
central, left and right parts of F' and G, which proves the theorem.

6 Applications

In this section, we expose some corollaries of the isometry theorem. We start with
some explicit computations on an example, showing the fundamentally derived nature of
our graded-bottleneck distance. Then, we prove that d¢ is closed, that is, two sheaves are
e-close if and only if they are e-interleaved, which in particular implies that do induces a
metric on the isomorphism classes of D%C(kR). We then provide a counter-example of two
non constructible sheaves being at convolution distance zero, but which are not isomorphic.
These results answer an open question asked by Kashiwara-Schapira in [KS18| in the one
dimensional case. The fact that d¢ is closed allows us to consider the set of isomorphism
classes of D%C(kR) as a topological metric space. We prove that it is locally path-connected
and give a characterization of its connected components.

6.1 Example : projection from the circle

We aim here to explain and compute an explicit example that was pointed to us by
Justin Curry. It consists of two simple maps from the euclidean circle to the real line.
Understanding this example has been at the origin of our work. It is simple yet general
enough to exhibit the phenomenons and issues that can happen with the matchings of
graded barcodes.

Let S' = {(z,y) € R? | 22 + y? = 1} be the one dimensional circle seen as a sub-
manifold in R2. Let f :S! — R be the first coordinate projection and g : S' — R be the
constant map with value zero. Let F' = R f.kgi and G = Rg.kg1. Since ||f — g|| = 1, the
stability theorem by Kashiwara and Schapira [KS18|, theorem 2.7| implies :

do(F,G) < 1.

The CLR decomposition (Deﬁnition of this two complexes of sheaves is easy to compute
(and depicted in the figure below).

PROPOSITION 6.1 The complexes F' and GG have non-zero cohomology spaces at most in
degree 0 and 1. Moreover :

1. HO(F) ~ k(—l,l) @ k[—l,l} and Hl(F) ~ O
2. HY(G) ~ k{oy and HY(G) ~ kioy
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S! ¢ R? St ¢ R?

flz,y) =2 \/ g(z,y) =0

v

1 1 R -1 0 1 R

H(Rfkst) | } . H°(Rg.ks1)
L. hY
€ ]

Hl(R'f*kSL) 0 . Hl(Rg*kSl)

Hence, F and G are central sheaves and B(F) = {[—1,1]°, (=1,1)°}, B(G) = {{0}", {0}'}.
Even in this simple example, there could be no e-matching between the graded-barcodes
if one was working in the ordinary graded category of sheaves. Indeed, d¢ (k{o}[—l], 0) =
+00. However, using our derived notion of interleavings and matching distance we get
the expected answer and in fact prove that in this case the bound given by the L.,-norm
between the function is optimal.

Indeed, let o be the matching defined by :

o([-1,1 = {0}° and o((~1,1)°) = {0}".

Then we claim that o is a 1-matching between B(F') and B(G). Moreover, since the
convolution distances between any pair of graded intervals is at least 1, there can not exist
an e-matching between B(F') and B(G) for 0 < ¢ < 1. Hence we have F' ~; G and further

PROPOSITION 6.2 The convolution distance between F' = Rf,kg1 and G = Rg.kg1 is

do(Rfikst, Rgikg) = 1.

6.2 About the closedness of d¢

In this section we apply our isometry Theorem to answer an open question
of Kashiwara-Schapira on the closedness of the convolution distance (see Remark 2.3
of [KS1§|) in the one dimensional case. More precisely, we show that the convolution dis-
tance is closed between constructible sheaves over R. We also provide a counter-example
to this statement without constructibility assumption.

THEOREM 6.3 The convolution distance is closed on D% (kg). That is, for F,G €
D%, (kg) and e > 0: do(F,G) <e <= F~.G.

We start with the following easy lemma, whose proof is left to the reader.

LEMMA 6.4 Let I', J7 two graded intervals (possibly empty, we set kg = 0) and & > 0.
Then :
do(ki[—i], ks[=j]) <€ < ki[—i] ~c ky[-/]
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PROOF (OF THE THEOREM) Suppose do(F,G) < e. Then by definition there exists a
decreasing sequence (g5,) such that €, — ¢ when n goes to infinity and for every n € N,
F ~. G. For simplicity of the proof, we will assume the graded-barcodes of F' and G to
be finite, but the proof generalizes to the locally finite case. Then by applying the isometry
theorem, for n > 0, there exists a €, matching o, : B(F') — B(G).

Now by finiteness of the graded-barcodes, the set of matchings between B(F') and
B(G) is finite. Hence, we can extract from (o) a constant sequence, say (o,(,)). Applying
lemma 4.1 and making n going to infinity, we see that o := o,,(g) is an e-matching between
B(F) and B(G).

REMARK 6.5 One must observe that in the case of persistence modules, the interleaving
distance is not closed. There exists some ephemeral modules at distance 0 from 0 : consider
the one parameter persistence module K10} (keeping notations of section 5.2). To avoid
this issue, Chazal, Crawley-Boevey and de Silva introduced the observable category of
persistence modules Obs(Pers(kgr)) in |[CCBS16|. It is defined as the quotient category
of Pers(kg) by the full sub-category of ephemeral persistent modules, which has objects
M € Pers(R) such that M(s < t) = 0 for every s < t € R. By construction, the
interleaving distance on Pers(kg) induces a closed metric on Obs(Pers(kg)). Note that
this construction has since been generalized by the first author in [BP19].

COROLLARY 6.6 The functors \I!g{ : D{é — Pers(R) (see proposition induces an
isometric equivalence of categories between D7, and Obs(Pers(RR))%.

We now explicit a counter-example to the closedness of do without constructibility
assumptions. More precisely, we will construct two sheaves F,G € Db(kR) such that
dc(F,G) = 0 but F 2 G. We consider the sets X = QN [0,1] and Y = +/2Q N [0,1] =
{V2¢|qeQ}no,1].

PROPOSITION 6.7 There exists a sequence of functions (ry, )nez-, from X to Y satisfying:
1. for any n € Z~g, r, : X — Y is bijective,

2. sup,cy |mn(x) — | m 0.

PROOF Let n € Zsg. We define r,, piecewise on [0,1 — %] NQ and |1 — %, 11N Q. For

q€f0,1— %} NQ, we set 7,(q) = W\/lio(n)q’ with [v2]10(n) = “[0175}1/]51 the n-th ceil decimal

approximation of v/2. Then Tn|j0,1—1]NQ is injective, and

1 1—1/n ] }
n 10,1 ——|N = 2 0, ——| N
’ <[ n Q) {f"’ 0 [ V2ot 1Y
1-1/n
—vnlo, \/5]
[ [v2]10(n)
Cv.
Now, since |1 — %, 1]NQ and Y\rn ([O, 1— %] N Q) are both infinite subsets of Q, there

exists a bijection

O }1—1,1]m<@1>y\rn ([0,1—1]m<@>.
n n
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We define Tnji—L 1]nQ = ¥Pn- Then Tnf1—1 1]nQ is injective and

ra(]l - % 11NQ) =Y\ry ([07 1- %J ”@> :

Finally, 7, is indeed a bijective function from X to Y =+1/2Q N[0, 1].

0 0.2 0.4 0.6 08 1
1-1/n

Graphical representation of ry

Observe that :

sup |r,(x) — x| = max sup |rn () — 2|, sup Irn(z) — 2| | .
zeX z€XN[0,1-1] zeXn[i-11]

The first term of the maximum is worth (% — 1) (1 —1/n), and the second term

is bounded from above by the diameter of the interval [\@{1\/5}711(/)?”), 1] which is worth

1-— \@ﬁ Since both of these terms go to 0 as n goes to infinity, we deduce the
10

desired property :

ascg)pé |rn(z) — 2| R 0.

PROPOSITION 6.8 Let (F});c; and (G)jes two families of objects of D’(ky). Assume
that there exists a bijective function ¢ : I — J, and € > 0 such that for all i € I,
dC(Fi7Ga(i)) <. Then :

do | P F. PG| <e
iel jeJ

PROOF Let & > e and i € I. Then by assumptions, there exists £’-interleaving morphisms
between Fj and G,(;), i : Fi x Koo — Go(;) and 9 1 Gy x Koo — Fj. Since —x Ko/ is
a left-adjoint functor, it commutes with arbitrary colimits. Therefore, by taking direct
sums of the previous &’-interleaving morphisms, we get ¢’-interleaving morphisms between

Dicr Fi and D,c; Goi) = D,y G, which proves the result.
([l

Let F' = ®x€X k{x} and G = ®y€Y k{y}
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PROPOSITION 6.9 F is not isomorphic to G and d¢(F,G) = 0.

PROOF F and G cannot be isomorphic since F; ~ k and G1 ~ 0.
Let 7, : X — Y be as in proposition [6.7] Using proposition [6.8] and the fact that, for
z,y € R, do(k(y), kgy)) = |7 — y|, we obtain that, for any n € Z-:

do(F,G) < sup |ry(x) — z|.
xeX

Taking the limit as n goes to infinity, we deduce that do(F,G) = 0.

6.3 Description of the connected components of D (k)

In this section, we study the connected components of D% (kg) with respect to the
metric. In order to make sense of this, we introduce the small category Barcode which is a
combinatorial description of D% (kg) and is equivalent to D%, (kg). The category Barcode
is shown to be skeletal (any two isomorphic objects are equal), and is equipped with the
graded bottleneck distance. From Barcode we thus obtain an extended metric space, which
will be proven to be locally path-connected, see Theorem To do so, we first prove an
interpolation lemma in the same fashion as Chazal et al. [CdSGO16, Theorem 3.5|, which
stands that if two sheaves are e-interleaved, there exists a 1-lipschitz path in D&c(kR)
between them.

LEMMA 6.10 (INTERPOLATION) Let F,G € D% (kg) be such that F ~. G for some
€ > 0. Then there exists a family of sheaves (Ut)g[o,¢] in D% _(kg) such that :

1. Uy=F and U, = G.

2. Fort € [0,¢], do(F,U;) <t and do(G,Us) < e —1t.

3. For (t,t') € [0,¢)?, de(Uy, Up) < |t —1/].

PROOF Let F xK. - G and G x K. %% F be the interleaving morphisms between F
and G.

We start by constructing Uy for ¢ € [0, £]. The interleaving morphism and the canonical
maps in D%C(kR) give (by Proposition [2.16| and ) the following diagram ID:

G x Kt_g Fx K_t
* Ky
(p*Kft
bG,2t*Ki—¢ OF 2 —2txK ¢
G*K,t,E F*Kt72€

Taking resolutions in Mod(kg ), one can assume this diagram is actually given by a diagram
still denoted Dy in C'(Mod(kg)) which we assume from now on. One can note that this
diagram defines two maps 0y, ¢ : (G*x Ki—o) & (FrxK_t) — (Grx K_4—2) & (F x Ki_2¢)
given by
) .
(2,9) *5 (9% K 4(), 0 % Ki—o(x)) and (2,9) =™ (b2 % Ky (), 6pae—20 % K-1(1)).

The limit lim Dy of the diagram is precisely (isomorphic to) the equalizer of the two maps
and thus to the kernel ker(6; — &t) of their difference. It is now enough to define U; :=

29



holim D; to be the homotopy limit in (the model category of sheaves [Cra95|) C(Mod(kg))
of the diagram I, together with the canonical maps from the kernel to U; and from U; to
F x K_; given by the diagram to conclude. This is what we do below using an explicit
model U; without further reference to or use of homotopy limit.

Let us denote A; :== (Grx Ky—.) ® (F*xK_;) and By := (G* K_;_.) ® (F % K;_o.). We
define U, := cocorze(At — By) that is the complex of sheaf A; ® B;[—1] endowed with the

. . d 0

differential < 6, — &t B )

We need to prove that U, is t-interleaved with F. Note that the canonical projection
Ay @ Bi|—1] — Ay gives a chain map U, — A;. Since Ay = (GxKi—o) ® (FxK_4) we can
compose the latter with the projection on either factors of A; as well, and in particular we
have f : U, — Ay — F « K_; and hence (by proposition @ the map

U,+«K, -5 F (3)

We now need to~deﬁne amap g : FFx Ky — f/t. First note that the furst summan~d
inclusion of A; into Uy is not a chain map but the composition ¢ : ker(6; — ¢¢) — Ay — U
is a morphism in C(Mod(kgr)). Now, the interleaving map ¢ : F' * K. — G induces the

map
(pxKi—e,pF,2t% K1)
=

F*Kt (G*Kt_g) D (F*K_t) (4)
which makes the following diagram
F Kt
GZV Wjﬁ
G * ths Fx K,t
*ths
PxK ¢
oG 2tx Kt OF2e—2t% Kt
G * K—t—e F x Kt—2€

commutative since @, 1 defines a e-interleaving. This implies that the map factors
through lim D, = ker(6; — ¢¢) and hence we get the map

g: FxK; — limD; = Uy

in Dﬁ’{c(kR). The maps f and g gives us the required interleaving because ¢ and 1 are.
For t €]5, €], we construct Uy in a similar fashion by intertwining the roles of I’ and G
in the diagram C'(Mod(kg)).
Let A. = {(x,y) € R? | 0 <y —z < £} be equipped with the standard product order
of R? : (z,y) < (2/,y') <= =z <2’ and y < y'. Observe that the mapping :

Ae > (x,y) ~ Uy—z *fofy

induces a well defined functor (A., <) — D%, (kg) whose restriction to the poset {(z,) €
R? | y — 2z = t} is the functor : (z,y) — U; * K_,_, with internal maps given by the
natural morphisms (¢, ). Hence, for e > ¢,¢' > 0, U; and Uy are |t — t/| interleaved.

O
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We will now define the category Barcode we mentioned earlier.

We first setup notations and terminology for (graded) intervals (with multiplicity). Let
Int(R) be the set of intervals of R and pj, pa be the two first coordinate projections of
Int(R) X Z X Z>p. Let B be a subset of Int(R) X Z X Z>o. Then B is said to be

— locally finite if p1(B) N K is finite for all compact subsets of R;

— bounded if p2(B) C Z is bounded,

— well-defined if the fibers of the projection (p1, p2) have cardinality at most 1.

In a triple (I,j,n) € B, the first integer will stand for the degree on which the interval I
is seen and the second non-negative integer n stands for its multiplicity.

DEFINITION 6.11 The category Barcode has objects the set
Obj(Barcode) = {B C Int(R) x Z X Z>o | B is bounded, locally finite and well-defined}.

For any B and B’ € Barcode, the set of their morphisms is

Hom parcode (B, B) =[] Hompy oo (k7[5 K5/ [=) -
(I,j,n)EB
(I’J,,TL/)GBI

We define the composition in Barcode so that the mapping :

¢ : Obj(Barcode) > B — @ k7 [—j] € Obj(D%.(kg))
(Ijn)eB

becomes a fully faithful functor :
v : Barcode — D%, (kg).

Note that this is possible only because the objects of Barcode are locally finite. The-
orems and assert that ¢ is essentially surjective, therefore is an equivalence. We
also deduce from these theorems that Barcode is a skeletal category: it satisfies for any
B, B’ € Barcode,

B ~ B’ if and only if B = B’.

The notion of equality is well-defined here since Obj(Barcode) is a set. Therefore ¢
identifies its image as a skeleton of D]lf{c(kR), a full-subcategory which is dense and skeletal.

Moreover, Theorems and allows us to equip the set Obj(Barcode) with the
graded-bottleneck distance (definition . The derived isometry theorem implies
that, for any B, B’ € Barcode, one has :

dc(u(B),u(B)) = dp(B, B').
THEOREM 6.12 The following assertions hold:

1. (Obj(Barcode),dp) is an extended metric space,
2. (Obj(Barcode),dp) is locally path-connected.

PRrRoOOF 1. The fact that dp is a pseudo-extended metric is inherited from the prop-

erties of d¢o (proposition [2.21) by the derived isometry theorem. Moreover, if
dp(B,B’) = 0 then B =B’ by theorem [6.3
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2. We will prove that open balls are path-connected, that is, any two barcodes at
finite distance can be connected by a continuous path. Let By and B, in Barcode
such that dp(Bg,B:) = €. According to the interpolation lemma there exists
a family of objects (F});c(o,¢) of D% (kg) such that Fy = «(Bo), F. = «(B.), and
for any t,t' € [0,¢], do(Fi, Fy) < |t —t'|. Given t € [0,¢], define B; to be the
graded-barcode of F;. Then, it is clear thanks to the derived isometry theorem that
(t — By) defines a 1-lipschitz path between By and B..

6.4 Algorithmic remarks on computing one best matching

The formulation of the convolution distance as a matching distance we obtained in
Section 5 turns the computation of an algebraic problem into minimizing the cost of a
matching, which is of combinatorial nature. This is in fact a variant of a very classical
problem of linear programming, for which there exists an abundant literature that can be
solved in polynomial time using the Hungarian algorithm |Kuh09|. Hence, distances in
D%c(kR) can be implemented in a computer and computed.
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