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SPHERICAL CONES: CLASSIFICATION AND A VOLUME
MINIMIZATION PRINCIPLE

TRAN-TRUNG NGHIEM

ABsTRACT. Using a variational approach, we establish the equivalence between
a weighted volume minimization principle and the existence of a conical Calabi-
Yau structure on horospherical cones with mild singularities. This allows us to do
explicit computations on the examples arising from rank-two symmetric spaces,
showing the existence of many irregular horospherical cones.

1. INTRODUCTION

1.1. Background, motivation and main results. Since the resolution of the
Calabi conjecture by Yau and Aubin, the problem of finding canonical metrics has
been essential in Kéahler geometry. It has been formulated and shown by vari-
ous authors in the last three decades that the existence of Kéahler-Einstein metrics
on Fano manifolds is equivalent to a purely algebro-geometric condition called K-
stability [T1a97,[Don02l/CDS15allCDSI5bCDS15¢]. Even if the corresponding picture
of non-compact varieties is still largely unexplored, partial results have been made
in the case of normal affine varieties.

A normal Q-Gorenstein affine variety with klt singularities and a good action
of a complex torus T is often called a Fano cone (or a Fano cone singularity as
in [LWX21]). Here, by a good action, we mean that the action of the torus is effective
with a unique fixed point that is contained in the closure of any T-orbit.

Consider a Fano cone X with a unique singularity at the fixed point {Ox}. Let &
be a vector in the Lie algebra of the maximal compact torus 7, C T such that —J¢&
is a homothetic-scaling vector field on X. The element £ is said to be a Reeb vector.
A conical Calabi-Yau metric on (X,&) is a Kéhler metric w on X\ {Ox} which is
Ricci-flat and two-homogeneous under —J¢, i.e.

[,,ng = 2w

When X is toric, a result of Martelli-Sparks-Yau relates the existence of a conical
Calabi-Yau metric to a volume minimizing condition [MSYO08|. This was generalized
to any Fano cone with an isolated singularity by Collins and Székelyhidi [CS19],
broadening the volume minimization principle (as & varies) to a suitable notion of
K-stability for the pair (X,£). The Fano toric case with non-isolated singularities
was settled recently by Berman [Ber20|, recovering and extending the main result
of [MSYO08]. Finally, a generalized notion of volume minimization was obtained by
Li for any Fano cone and shown to be in fact equivalent to K-semistability [Lil7].
Interestingly, a conical Calabi-Yau structure on a Fano cone can be translated to a
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particular g-soliton structure on quasi-regular quotient orbifolds [LH21]. In algebro-
geometric words, the K-stability of the cone is equivalent to the g-weighted K-
stability of any quotient orbifold. Both conditions can be verified over special test
configurations only [Li21 Theorem 2.9].

Even then, the K-stability condition still remains hard to be checked in practice,
since there is generally an infinite number of special test configurations to consider.
However, on varieties with low-complexity group actions (e.g. toric varieties), the
condition becomes more or less simplified. For instance, the central fiber of any
test configuration of a toric Fano variety is always isomorphic to the variety itself,
hence the vanishing of the Futaki invariant (which is equivalent to the barycenter of
a polytope being zero) is necessary and sufficient for K-stability. The main objective
of this article is to conduct a case study of conical Calabi-Yau metrics on a class
of spherical cones, called horospherical cones, and find an equivalent combinatorial
K-stability notion for these cones.

To do this, we first provide a classification of conical embeddings using ingredients
from the Luna-Vust theory. Before stating the classification theorem, let us give some
preliminaries. Let G be a complex connected linear reductive group.

Definition 1.1. A spherical space is a homogeneous space G/H containing a Zariski-
open orbit of a Borel subgroup B. A G /H-spherical embedding is a pair (X, x) where
X is a normal G-variety such that G.x is an open G-orbit in X and H is the stabilizer

of x.

Such variety is called spherical. A spherical cone is a spherical affine variety with a
fixed point under the action by automorphisms of a non-trivial torus that commutes
with G. If a spherical embedding G/H C X is moreover a spherical cone, then X is
said to be a conical embedding of G/H. Spherical cones form a large class of affine
cones which contains notably the toric cones. The description of the latter is very
simple: a toric cone can be completely characterized by a polyhedral convex cone of
maximal dimension.

Analogously, the spherical embeddings of G/H are classified by combinatorial
objects in a vector space, called colored fans. A colored fan is a collection of strongly
convex and polyhedral colored cones satisfying certain compatibility conditions (see
Defn. 212 Defn. for the precise definitions). A color in G/H is an irreducible
B-stable divisors in G/H.

Theorem 1.2. Let Y be a conical embedding of a spherical space G/H. Let V(G/H)
be the valuation cone of G/H, i.e. the set of G-invariant valuations on the rational
functions of G/H. Then the following assertions are equivalent:

(i) Y is a spherical cone.
(ii) Y has a unique fized point under the action of G.
(iii) The valuation cone V(G/H) contains a line, and the colored cone of Y is
(Cy, D) where Cy is a strictly convex polyhedral cone of maximal dimension,
and D is the set of all colors of G/H.

A horospherical variety is a spherical variety whose open G-orbit is an equivariant
torus bundle over a flag variety. The class of horospherical cones, which has a rather
simple description, contains strictly the class of toric cones. Moreover, horospherical
cones can be shown to satisfy a Yau-Tian-Donaldson correspondence.

Theorem 1.3. LetY be a Q-Gorenstein G-horospherical cone and Ty the connected
component of the group of automorphisms commuting with G. Then the following
are equivalent:
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(i) Y admits a &-conical Calabi-Yau metrics.
(i) (Y,Tp,&) is K-stable.
(iii) & minimizes the normalized Duistermaat-Heckman volume of Y .

Our proof of the theorem, which is based on [Ber20], uses the variational approach
by Berman-Berndtsson [BB13] to solve a weighted real Monge-Ampére equation with
exponential right-hand side and a relatively gentle condition on weight. The combi-
natorial condition is then equivalent to the existence of a locally bounded solution on
the open dense orbit G/H. This solution is actually smooth if the weight is smooth
(see Thm. B2T]), and extends to a locally bounded conical Calabi-Yau potential
over all Y (thanks to a C-estimate). We then use a regularity result, shown in a
companion paper [Ngh22|, to conclude.

The volume minimization principle implies that there is a unique choice of a
Reeb vector giving rise to a conical Calabi-Yau structure on the horospherical cone.
This allows us to verify K-stability by explicit computations, thus producing many
new examples of irregular Calabi-Yau cones. In the context of string theory, an
infinite family of irregular toric cones (with an isolated singularity) was constructed
by Gauntlett-Martelli-Sparks-Waldram [GMSWO04]. These are the first examples of
irregular Sasaki-Einstein manifolds, contradicting a conjecture of Cheeger and Tian
that such manifolds do not exist. In our article, we construct a possibly infinite family
of irregular Q-Gorenstein horospherical cones, arising more or less unexpectedly from
symmetric spaces.

Theorem 1.4. There exist irreqgular Calabi-Yau horospherical cones arising from
wrreducible rank-two symmetric spaces of type BC.

In fact, another motivation of our result comes from the problem of finding asymp-
totic cones for Ricci-flat symmetric spaces. It turns out that we can build horospher-
ical cones from combinatorial data associated to rank-two symmetric spaces. Such
conical embeddings, endowed with their conical Calabi-Yau metrics, are expected to
be asymptotic cones of suitable Ricci-flat metrics on the symmetric spaces considered
in this article. This will be studied in a future paper.

1.2. Organization.

e We start in Section ] with generalities on the theory of equivariant em-
beddings of spherical spaces, as well as a brief description of the canonical
divisor and Q-Gorenstein singularities. We then give a combinatorial nec-
essary and sufficient condition for a spherical embedding to be a cone, and
show that a Q-Gorenstein spherical cone is a Fano cone. Several examples
of homogeneous spaces (not) admitting conical embeddings are gathered at
the end of the section.

e Section Bl aims to study conical Calabi-Yau metrics on Q-Gorenstein horo-
spherical cones. We derive an explicit expression of the canonical volume
form. The conical Calabi-Yau problem is then translated into a weighted
real Monge-Ampére equation with exponential right-hand side, which can
be solved using the variational approach of [BB13].

e In Section ] we provide examples of regular and irregular cones arising from
irreducible symmetric spaces of rank 2.

1.3. Notations.

e In this text, G is a complex simply connected linear reductive group, while
B, T, U denote respectively the Borel subgroup, maximal torus of G and
maximal unipotent subgroup of B. Under an embedding of G into GL,,,
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B,T,U can be identified with subgroups of upper-triangular, diagonal, and
upper-triangular matrices with ones on the diagonal, respectively. Likewise,
the opposite Borel subgroup B~ (resp. opposite maximal unipotent sub-
group U~) can be identified with subgroups of lower-triangular matrices
(resp. lower-triangular matrices with ones on the diagonal).

e G denotes the connected component of a group G.

e A (G, B, T)-root system is a root system (G,T') whose positive roots are the
roots of (B, T).

e Letters in fraktur are used to denote the corresponding Lie algebras. The
reductivity of G is equivalent to the existence of a real maximal compact
subgroup K such that g = € & it.

e Throughout the article, by a variety we mean an irreductible complex al-
gebraic variety (or an integral separated scheme of finite type over C). A
smooth point on the variety is understood to be smooth in the algebraic
sense (hence smooth in the analytic sense).

e Recall that a variety is complete (in the algebraic sense) if and only if it
is compact for the Euclidean topology. To avoid confusion with the metric
notion of completeness, a complete algebraic variety will be called a compact
variety in this paper.

e Given a set F in a real vector space, the cone generated by E, denoted by
R>oF, is the set of all finite nonnegative linear combinations of elements in
E.

e Given a lattice M and its dual lattice N' = Hom(M, Z), we denote by (.,.)
the natural pairing between them.

Acknowledgements. This paper is part of a thesis prepared under the supervi-
sion of Thibaut Delcroix and Marc Herzlich, partially supported by ANR-21-CE40-
0011 JCJC project MARGE. I would like to thank Thibaut Delcroix for many illu-
minating discussions and remarks.

2. SPHERICAL VARIETIES

Our main references in this section are [Bri97|, [Kno91]. Recall that a spheri-
cal space is a homogeneous space G/H containing a Zariski-open orbit of a Borel
subgroup B C G. The only new results in this section are Thm. [2.35] and Prop.
237

2.1. Classification of embeddings.

2.1.1. Combinatorial data of a spherical space. Let G/H be a spherical space. By a
theorem of Chevalley, we may view G/H as a smooth quasiprojective variety. Let
C(G/H)™®) be the set of rational functions on G/H which are eigenvectors of B. An
element of C(G/H)™®) is called a B-semi-invariant function. The set of B-invariant
rational functions C(G/H)? is actually C by Rosenlicht’s theorem.

Definition 2.1. To a spherical space are associated two lattices.
o The weights M of C(G/H)P), called the weight lattice.
e The dual lattice N := Hom(M,Z), called the coweight lattice.

We will use Mg and Ng to denote the real vector spaces M @R and N @ R. The
dimension of Mg is called the rank of G/H.

Remark that there exists a natural bijection between M and C(G/H)P)/C*,
which sends a weight to its eigenvector. Indeed, let f, g be two functions of the same
weight, then f1/fo is a B-invariant rational function, hence constant.
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The open B-orbit in G/ H, which is isomorphic (as an affine variety) to (C*)* x C™
[Ros63 Theorem 5], is an open affinet subset of G/H, hence its complement in G/H
is a collection of B-stable irreducible divisors. They are the only B-stable irreducible

divisors of G/H.

Definition 2.2. The set D of irreductible B-stable divisors of G/H is called the set
of colors of G/H.

After perhaps conjugating H, we can identify the open B-orbit with BH/H.
Recall that a valuation of a normal variety X is a map v : C(X) — Q satisfying:

o v(fi+ f2) 2 v(f1) +v(f2), for all fi, fo € C(X)\ {0} such that fi + f2 # 0.
o v(fif2) = v(f1) +v(f2) for all f1, fo € C(X)\{0}.
e v(f) =0 if and only if f is constant.
If X is a G-variety, the valuation is said to be G-invariant if v(g.f) = v(f) for all
g € G and f € C(X), where (g.f)(.) := f(g71.).

Proposition 2.3. [Kno91| Denote by V the set of G-invariant rational valuations
of G/H.

e The natural mapping
p:V — Hom(M,Q) = Ny
v—(x = v(fy)
is a well-defined injection. In particular, we can identify V with a cone in

N, called the valuation cone of G/H.
e The valuation cone V is a strictly convex and polyhedral cone in Ng.

Definition 2.4. Each element in D induces a valuation of C(G/H), hence a natural
map D — Ng as above, still denoted by p. We call p(D) the images of the colors of
G/H.

Remark. Note however that in general, p is not injective on D. Indeed, for a flag
variety, D is generally of cardinality > 1 by Bruhat’s decomposition, but the image
of D by p is identically zero since the set of B-semi-invariant functions on a flag
variety is trivially C.

Definition 2.5. Let G/H be a spherical space. We call (M,V, D) the combinatorial
data associated to G/H.

Example 2.6. Let G = SLs act on C? on the left. The stabilizer H of (1,0) is then
U. Let B C SLs be the Borel subgroup and « the unique positive root corresponding
to B with coroot V. Let B~ be the opposite Borel subgroup of B. The open G-orbit
is isomorphic to SLy/U ~ C?\ {0}, with open dense B~-orbit isomorphic to B~ /U.
The fundamental weight of B~ is
w(bij) = bu1

The H-right-invariant eigenvector of B~ with weight w is then f(A € SL2) = aga.
It follows that M = Zw. The coweight lattice N is Z(a" |p), and Mg coincides with
the valuation cone V. The unique color of G/H is D = {f = 0}. Since p(D)(f) =
vp(f) = 1, we have that p(D) = V| .

Example 2.7. Now let G = SLs and H = U~. The space G/H is a fibration over
the flag G/B~ with fiber the torus B~ /U~ ~ (C*)2. The open B-orbit of SL3/U~

is isomorphic to B/U~. Let {a1,as} be the positive simple roots corresponding to
(G,B,T). The fundamental weights wy,ws of B are

wi(bij) = b11, wa(bij) = br1bao
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Let f1,fo € C(G/H)®) be two eigenvectors of B with weights w12, defined by
H-invariant functions on G:

fi1(A € SLj) = axass — assase, f2(A) = ass
The B-stable sets D; = {f; = 0} are the colors of SL3/U~. The lattice M is then
identified with Zw; @ Zws and its dual A is the lattice Zay @ Zay generated by
coroots. In particular, rank(SLs/U~) = 2. Moreover, p(D;)(f;) = vp,(fj) = dij. It
follows that p(D;) = &/ | m.

2.1.2. The Luna-Vust theory of spherical embeddings. Recall that a spherical em-
bedding is a G-equivariant embedding of a spherical space G/H. It is clear that a
spherical embedding is a spherical variety. Conversely, let X be a spherical variety
with an open orbit G.z. Then we can always choose a stabilizer H of x such that
BH/H is open in G/H, hence (X, z) is a G/H-spherical embedding. When there is
no confusion, we remove z and simply say that G/H C X is a spherical embedding.

Definition 2.8. Let G/H C (X, x) be a spherical embedding.

o The divisors of D whose closure in X contains a closed orbit are called the
colors of X. The set of colors of X is denoted by Dx.

e We set Vx to be the G-stable divisors of X, which are the irreducible com-
ponents of X\Gx. If D is a G-invariant divisor, then by normality of X,
we can associate to it a unique primitive G-invariant valuation vp, hence
under the map p, Vx injects to a finite subset of V.

Remark. We distinguish between the colors of G/H and the colors of G/H as a
trivial embedding of itself. The latter is always empty.

Definition 2.9. A spherical variety is said to be simple if it contains a unique closed
G-orbit.

Proposition 2.10. [BLVS6|

e Let X be a simple spherical variety with the unique closed G-orbit Y. There
exists a unique B-stable affine subset Xy,p C X, which meets Y along a
Zariski-open B-orbit in Y. Moreover, X = G Xy p.

e X\ Xy p = D\Dx is a union of B-stable Cartier divisors, generated by global
sections, and do not intersect Y.

e Fvery G-spherical variety admits a finite cover by simple spherical varieties.

Example 2.11. Consider Ex. The natural embedding X = C2 > G/H is an
affine simple embedding with the unique closed G-orbit Y = {0}. The unique open
affine B~ -stable subset Xy p- containing {0} is X itself.

If we identify the elements in D with their closure in X, then the elements of
D\Dx correspond to B-stable divisors of X not containing any G-orbit.

Definition 2.12. Let G/H be a spherical space. A colored cone is a couple (C,F)
where C C Nr and F C D that verifies:

o 0 ¢ p(F) andC is a strictly convex polyhedral cone generated by p(F) (which
might be empty) and a finite number of elements of V.
o The relative interior of C meets V.

A face of the colored cone (C,F) is a couple (C', F') such that C' is a face of the cone
C, the relative interior of C' meets V , and F' = F N p~1(C').

The following theorem classifies all the simple embeddings in terms of colored
cones.
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Theorem 2.13. [Kno91] Let G/H be a spherical space and G/H C X a spherical
embedding with Vx,Dx as in Defn. [ZZ8 Let Cx be the cone generated by Vx, p(Dx).

The map X — (Cx,Dx) is a one-to-one correspondence between isomorphism
classes of G-equivariant simple embeddings of G/H and colored cones.

Example 2.14. Consider the action of SLs in Ex. Apart from the trivial
embedding, all possible colored cones are

e {R>op(D), @}, which is X = Bly(C?).

e {R<op(D),@}. The corresponding embedding is X ~ P?\[1:0: 0].

e {R>op(D), p(D)}, with X = C? as the embedding.
Remark that C? has no SLs-stable divisor and Bly(C?) has no color.

Definition 2.15. A colored fan is a finite collection F of colored cones such that:

e Fuvery face of a colored cone in F belongs to F.
e For allv €V, there exists at most one (C,F) € F such that v € Rellnt(C).

The support of F is defined as:
Supp(F) =V N0 U, 7)erSupp(C)

Theorem 2.16. [Kno91] Given a spherical space G/H, there exists a one-to-one
correspondence between the isomorphism classes of G-equivariant embeddings X D
G/H and the set of colored fans.

Moreover, X is compact if and only if the support of the fan F(X) coincides with
the valuation cone V.

Example 2.17. Let us come back to Ex. The colored fans of non-simple
embeddings of SLy/Us are

i {{0’ @} ’ {RZOp(D)a p(D)} ’ {RSOp(D)a @}}

i {{0’ @} ) {RZOp(D)a @} ) {RSOP(D)’ @}}
The associated embeddings are P? and BlyP?.

Let X be a spherical variety. Any G-orbit Y is contained in a unique simple

spherical variety Xy, which is a union of the orbits whose closure contains Y. By the
classification of simple embeddings, Xy corresponds to a colored cone (Cx, ,Dx, ).

Proposition 2.18. [Kno91| Let Y be any G-orbit in a spherical variety X. There
exists a bijection between the G-orbits in X whose closure contains the G-orbit Y
and the faces of the colored cone (Cx, ,Dx, ), given by Z — (Cx,,Dx,).

Let D € D be a color of G/H. Its stabilizer Pp D B is a parabolic subgroup of G.
For all subset F C D, let Pr := NpecrePp. In particular, Pp = G. The following is
a quite simple dimension formula for a closed orbit of a spherical embedding.

Proposition 2.19. [Kno91, Theorem 7.6] Let X be a simple spherical embedding
with a unique closed G-orbit Z. Let (Cx,Dx) be the colored cone of X. Then

dim Z = rank(X) —dimCx + dim G/Pp,

If X is non-simple then we have the same equality for every colored cone in the
colored fan of X.

2.1.3. Some classes of spherical varieties.

Definition 2.20. Let X be a spherical variety. If Dx = &, we say that X is a
toroidal variety.
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Proposition 2.21. [Bri91l, 3.3] Every G-spherical variety X with colored fan Fx
is dominated by a G-toroidal variety X with colored fan F = Uc, er, (Cx, D), i.e.

there exists a proper birational G-equivariant map 7 : X — X. The datum (X, )
is called the decoloration of X.

Example 2.22. In Ex. 214] the toroidal embedding Bly(C?) is the decoloration of
c2.

Definition 2.23. A spherical space G/H s called horospherical if H contains a
mazximal unipotent subgroup of G.

Proposition 2.24. [BP87| [Pas08] Let (G, B,T) be a root system. Let M(B) =
M(T) be the weight lattice of B.

e A horospherical space G/H is uniquely determined by a couple (M, Pr)
where Py is a parabolic subgroup of G associated to a subset I of simple
roots of G, and M is the sublattice of M(B) vanishing on coroots of I.

e A spherical space G/H is horospherical if and only if the valuation cone V
is the whole vector space Ng.

e Moreover, let (Q be the left-stabilizer of the open Borel orbit and P its oppo-
site parabolic subgroup. Then P = P = Ng(H) and G/H is a equivariant
torus bundle over the flag variety G/P with fiber the torus P/H.

Remark. Let U be a maximal unipotent subgroup of B. If H D U, then the
horospherical space G/H has an open dense orbit under B, isomorphic to B~ /B~ N
H.

Example 2.25. The spaces SLo/U and SL3/U~ in Examples 2.6 2.7 are all horo-
spherical.

2.1.4. Affine embeddings.

Proposition 2.26. [Kno91 Theorem 7.7

(i) A spherical space G/H is quasiaffine if and only if p(D) does not contain 0
and generate a strongly convex cone.

(ii) Let X be a spherical embedding of G/H. Then X is affine if and only if X
is simple and that there exists y € M satisfying

X’V <0, X‘CX =0, X’p(Dg() >0

In particular, G/H is affine if and only V and p(D) are separated by a
hyperplane.

Example 2.27. Following Ex. TI4] the only affine embeddings of the spherical
space are the trivial embedding C2\ {0} and C2, as one can readily check from the
previous criterion.

2.2. Automorphisms group and canonical divisor.

2.2.1. Automorphisms group. Let G/H be a spherical homogeneous space. We de-
note by Ng(H) the normalizer of H in G, which acts on H on the right by p.gH =
gp~'H. The quotient Ng(H)/H is then identified with a subgroup of G-equivariant
automorphisms of G/H as follows.

Let 0 € Autg(G/H) and G/H C (X,z) be a spherical embedding, then H is
also the stabilizer of o(x). However, o is only a bijection between the colors of
(G/H,z) and the colors of (G/H,o(x)) (see [Los09]), but if o € Autd(G/H), then
it is exactly the identity mapping between these sets of colors, therefore (X, z) and
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(X,0(z)) are determined by the same colored fan. It follows that o extends to
a G-equivariant automorphism of X by the classification theorem 216l Moreover,
by [Tim11l Proposition 1.8], we have Autq(G/H) ~ Ng(H)/H. In particular,

Proposition 2.28. Let X be a spherical embedding of G/H. Then
Autd(X) ~ Autd(G/H) ~ (Ng(H)/H)"

Proposition 2.29. [BP87, 5.2| Let linV be the linear part of the valuation cone V.
The group Ng(H)/H is diagonalizable, of dimension equal to dimlin).

2.2.2. Canonical divisor.

Definition 2.30. A normal variety X is said to be Gorenstein (resp. Q-Gorenstein)
if the canonical divisor Kx is Cartier (resp. Q-Cartier, i.e. mKx is Cartier for some
integer m > 0).

Now let G/H C X be a spherical embedding. Recall that Vx and D denote the set
of G-stable divisors of X and colors of G/H, respectively. The following description
of the canonical divisor in terms of those data is due to Brion.

Proposition 2.31. [Bri89| The canonical divisor of X can be represented by

Kx =-— Z D,,—ZQDE

D,eVx DeD

where D denotes the closure of the color in X and ap depends only on the spherical
space G/H.

The property of being Cartier for Kx can be determined by a linear function.

Proposition 2.32. [Bri89] Let G/H C X be a simple embedding with colored cone
(Cx,Dx). Then X is Gorenstein (resp. Q-Gorenstein) if and only if there exists
B € M (resp. € Mg) such that for every D, € Vx and every D € Dy,

(B,p(Dy)) =1, (B,p(D)) =ap

If X is a non-simple embedding with colored fan F(X), then X is (Q-)Gorenstein iff
the property above holds for every colored cone in the fan F(X).

2.3. Classification of spherical cones. If G/H admits a conical embedding, then
it is necessarily quasi-affine. In what follows, we shall consider only quasi-affine
spherical spaces, unless mentioned otherwise.

2.3.1. Classification and properties.

Definition 2.33. A spherical cone is an affine spherical G-variety Y that contains
a (necessarily unique) fived point under the right-action of a (non-trivial) torus in
Autd(Y) ~ (Ng(H)/H)°.

The fized point, denoted by {0y}, is called the vertex of Y. If Y is the embedding
of a spherical space G/H, then'Y is said to be a conical embedding of G/H.

Proposition 2.34. [Sum74] [KKLV89| For any spherical cone Y, there exists a
G-equivariant embedding of Y in an affine space CV such that {0y} is sent to {0},
K corresponds to a subgroup of SUy with its standard action on C, and the torus
corresponds to the standard right-action of a diagonal group.

Notation In what follows, we will denote the neutral component of Ng(H)/H
by Ty.
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Theorem 2.35. Let Y be a spherical embedding of G/H with colored cone (Cy, Dy ).
Then the following conditions are equivalent:
i) Y is a spherical cone.

ii) The valuation cone V contains a line, the cone Cy is of mazimal dimension
and Dy = D.

Remark. Since dimlin)V > 1, the rank of a conical embedding is always positive.

Proof. i) = ii).

a) The valuation cone contains a line.

If YV is a cone, then it admits a unique fixed point {z} under the action of
Ng(H)/H, so by 229, dim Ng(H)/H = dimlinV(G/H) > 1. It follows that V
contains a line.

b) Cy is of mazimal dimension.

The unique fixed point {x} is also a fixed point of G. Indeed, for all t € Ng(H)/H
and g € G,

t.gx=gtxr=g.ux,
hence g.x = x by uniqueness of the fixed point. The closed orbit {z} of G is of
dimension 0, hence by 219

0 = rank(Y) — dimCy + dim G/Pp,,

This combined with the dimensional equality dimCy + dimC;> = rank(Y") implies
that dimC;s = dim G/Pp,. = 0, hence dim Cy = rank(Y).

¢) The colors of Y are Dy =D

Since Y is affine, by 2220, there exists x € Cy = {0} such that Xy r) = 0 and
X| p(Dy)e < 0. These last conditions are simultaneously possible only if p(D§,) = &,
or equivalently D = Dy-.

By assumption, we have C# = {0} and D = Dy, hence the affineness criterion
is automatically satisfied for Y. It follows that Y is a simple embedding, hence
contains a unique closed orbit Z. Since Pp, = Pp = G, by the dimension formula:

dim Z = rank(Y') — dimCy + dim G/Pp,,
= rank(Y) — dimCy =0
It follows that Z = {z} is the unique fixed point of ¥ under the action of G. Again

by assumption, the linear part of V is non-empty, hence Ng(H)/H contains a torus
which commutes with G, so fixes {x}. O

Proposition 2.36. Let G/H C Y be a conical embedding and C[Y] the ring of reg-
ular functions, viewed as a rational G-module. We have the following decomposition:

CY]= P Cl¥h

AeCynM

where the C[Y], are pairwise distinct simple G-modules with dominant weights A,
and Cy is a strictly convex, polyhedral cone of maximal dimension in Mg.

Let us first give some preliminaries. Recall that a dominant B-weight is a lattice
point in the positive Weyl chamber of a root system (G, B, T). The simple G-modules
are classified by dominant B-weights (see e.g. [Hum?75, 31.3]). More precisely, a G-
module V is simple if and only if the set of B-eigenvectors V(5 is a B-stable line
V;B) with dominant B-weight A\. Conversely, a dominant weight A determines a
simple G-module V) up to G-isomorphisms.
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A G-module V is said to be multiplicity-free if V' is a direct sum of pairwise distinct
simple G-modules V) (or equivalently dim V;B) <1 for all V). A G-affine variety Y
is spherical if and only if C[Y] is multiplicity-free [VK78, Theorem 2|. In particular,
ClY] decomposes into pairwise distinct simple G-modules.

Proof. Denote by C[Y](B) the set of all B-eigenvectors of C[Y]. We have the following
decompositions:

cyl =@l cy® =Pyl
AeB AeB
where B is a subset of M. Let f € C(G/H)®) with weight \; , then f € C[Y] if
and only if (A¢,v) > 0 for all v € Vy U p(Dy) (recall that D = Dy for a cone), i.e.
Aj € Cy, hence B=Cy N M.
Finally, since Cy is strictly convex, polyhedral of maximal dimension, its dual cone
Cy also has these properties. This completes our proof. ]

Remark. The monoid T'y := Cy N M is of finite type as follows from Gordan’s
lemma. It is moreover saturated (i.e. I'y coincides with the lattice points of R>oIy)
since Y is normal (cf. [Vus76), 1.2, Thm 1| and [KKMSD73, Ch. 1, §1, Lemma 1]).

2.4. Proof of Theorem In the demonstration of our classification theorem
[2.35] we have shown that a spherical cone has a unique fixed point under the action
of G. In fact, the converse is also true.

Proposition 2.37. Let Y be an affine spherical G-variety. Then Y is a cone if and
only if Y # {0y } and contains a fixed point under the action of G.

Before giving the proof, we will need some preliminaries. Let X be a normal
G-variety and v a valuation on C(X)*. The center of v is a closed subvariety Z
of X such that Ox z C O, = {v >0} and mx z C m, = {v > 0}. Here Ox z =
{f/9,f,9 € C[X],g|z # 0} is a local ring and myx z is the unique maximal ideal of
Ox z.

Definition 2.38. Let B be a Borel subgroup of G. A G-invariant discrete Q-
valuation of C(X) is said to be central if it vanishes on C(X)P\{0}. A proper
source of X is a G-stable proper subvariety of X which is the center of a central
valuation.

Given a normal G-variety X, every closed G-stable subvariety Z is the center of
some G-invariant valuation of C(X). Indeed let (X, ) be the blow-up of X along Z,
then X is still a normal variety. Now let Z be an irreducible component of T 1(Z).
By normality of X, there exists a natural valuation vy of C(X) = C(X) associated
to Z. The center of vz in X is then Z.

Proposition 2.39. [Kno93, Theorem 8.2], [Kno94, Corollary 7.9] Let X be a normal
affine G-variety containing a proper source. Then there exists a non-trivial positive
grading of C[X] induced by the action of a subtorus C* C Autg(X), where Autg(X)
is the group of automorphisms of X commuting with G.

Corollary 2.40. If X is a G-spherical affine variety, containing a proper and closed
G-stable subvariety then Autg(X) contains a non-trivial subtorus.

Proof. Indeed, in the spherical case C(X)? = C, hence every G-invariant valuation
of C(X) is central. It follows that every proper closed G-stable subvariety of X is a
proper source. We conclude by the preceding proposition. O
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We now proceed to the proof of Prop. 2.37]

Proof of Prop. [Z237. If Y is a sherical cone then Y contains a fixed point under the
action of G by the proof of the part “i) = i), (b)” in Thm. Conversely, the
fixed point of G in Y is a proper subvariety of Y, hence by the previous corollary,
Autg(Y') contains a non-trivial torus. It follows that dimlinV = dim Ng(H)/H =
dim Autg(Y) > 1, hence V contains a line. O

Proof of Theorem [L.3. Direct consequence of Prop. and Prop. 237 O

2.5. Relation with Fano cones. Recall that a T-affine cone is a normal affine
variety with a good action of T' (i.e. T acts with a fixed point, contained in the closure
of any orbit). A Fano cone is a Q-Gorenstein T-affine cone with klt singularities.

Proposition 2.41. Let Y be a spherical cone. Then Y is a normal Ty-affine cone.
If moreover Y is Q-Gorenstein, then Y is a Fano cone.

Proof. 1t is clear by definition that Ty acts effectively and holomorphically on Y
with a unique fixed point {0y }.

Next, let us show that Tp defines a good action. Let C[Y] be the ring of regular
functions on Y and M(Ty) be the weight lattice of Ty, with dual lattice being
N (Ty). Under the right-action of Ty, we have a decomposition

ClY]=E@DRa, T :={a € M(Tu),Ra # 0}
ael
where R, is a simple T-module of C[Y] with weight «. The cone 0¥ C M(Ty)r
generated by I is strictly convex by Sjammar’s criterion [Bri97, 1.2, Corollaire|, and
of maximal dimension since Y has a fixed point under Ty (see [AHOG]).

It follows from the orbit-faces correspondence for Ty-affine varieties that {0y}
correponds to ¢V, and that the closure of any orbit of Ty in Y contains the fixed
point [Bri97, 1.2, Remarque|.

Finally, since any Q-Gorenstein spherical cone has klt singularites (cf. e.g. [Pas17,
Proposition 5.6] for a short proof), this completes our proof. O
By duality, the cone o = (0¥)V is also strictly convex, of maximal dimension,
and is said to be the Reeb cone. In particular, the interior of ¢ is non-empty and
coincides with its relative interior:

Int(o) = {£ € N(Ty)r, (§,a) > 0,Va € T'}

Definition 2.42. The set Int(o) is called the set of Reeb vectors of Y. A couple
(Y,€), & € Int(o), is said to be a polarized cone.

If £ € N(Th)q, then it is called quasi-regular, otherwise it is said to be irregular.
A polarized cone with a quasi-reqular (resp. irregular) Reeb vector is called a quasi-
regular (resp. irregular) cone.

2.6. Examples.

Example 2.43. Every normal affine toric variety defined by a strictly convex cone
of maximal dimension is a toric cone. On the other side, flag varieties are projective,
hence never admit any conical embedding.

Example 2.44. Consider the spherical space SLy/U of Ex. From the colored
fans of all spherical embeddings of SLs/U (cf . Examples 214 217, we see that
the only conical embedding is C2
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Example 2.45. Now consider G = SL3 and H = U~ as in Ex. 27 Since H is
maximal unipotent, it is a horospherical subgroup of G.
The embedding defined by the colored cone

(Rxo(a [ a1, a3 | M), (@ i, a5 m))
clearly satisfies the criterion 2.35] hence is a conical embedding. The automorphism

group T is exactly the maximal torus 7" acting on the right.
We can identify this embedding with the 5-dimensional affine quadric

3
Q = {(xlax2ax3aylay25y3) € ((C)G, szyl — 0}
i=1

The S Ls-orbits of @, which correspond to the faces of the colored cone, are the open
dense orbit SL3/U~, two copies of C3, and the unique fixed point {0}. In fact, Q
is the affine cone over the complex grassmannian G(2,4). In particular, Q is a cone
with a unique isolated singularity.

We also have that Q is Gorenstein, since the element § = 2w; 4 2ws clearly satisfies

(B, |m) = 2,0 € {1,2}.

p(D2)
N}

p(D1)

F1cURE 1. Colored cone of a horospherical conical embedding.

Horospherical spaces of rank 0 are flag varieties, hence never embed into spherical
cones. Below is an example of a rank-one horospherical space not having any conical
embeddings. This behavior is completely different from toric spaces, which always
admit conical embeddings.

Example 2.46. Again we consider G = SLj3. Fix a root system with simple roots
(a1, ) and fundamental weights (w1, ws) (see Ex. 2.7 for their expressions). Let
H = ker(w; — we). In particular,

H = {(blj) c SLg,bQQ = 1}
Clearly, H D U, so it is a horospherical subgroup. The weight and coweight lattices
are M = Zw; and N' = Zay. The images of colors are easily determined to be

—ay|m, @ |m. From these data, one can see that the only embedding with all colors
is determined by the colored fan

{(RZO(O‘Y% a\l/) ) (RZO(_QY)’ _QY)} )
This is a compact embedding by Thm. 2.T6] hence non-conical.
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—ay|m oy |m
S >

FI1GURE 2. Horospherical space without conical embeddings.

Not all open orbits of conical embeddings are horospherical, as the following ex-
ample shows.

Example 2.47. Let G = SLyxC* and H = N x{1} where N is the normalizer of the

maximal torus in G. The homogeneous space G/H is then a reducible symmetric

space. Fix a root system of SLs with a as the unique simple root. Let e be a

primitive character of C*. The weight lattice is M = Z~ @ Ze, where v = 2a.

Let (v* = wV/2,e*) be the dual basis, where w" is the unique coweight. Then

N = Z~* & Ze*, and there exists a unique color D whose image in A is p(D) = 2~v*.
The valuation cone of G/H is a half-space defined by the hyperplane

{(z,y) € Mr,x <0},

Consider the embedding defined by (R>o{27*,e* —2v*},2v*). This colored cone
is clearly of maximal dimension and contains the unique color, so defines a conical
embedding of G/H, which is symmetric and non-horospherical (since the valuation
cone is not a vector space).

p(D) = 27"

1
1
1
' Reeb cone
1
1
1
1

F1GURE 3. Conical embedding of a symmetric space. The dashed
half-line represents the Reeb cone

While many familiar spherical spaces admit conical embeddings, there exists a
large class which does not, as shown by the following example.

Example 2.48. A spherical space G/H is said to be sober if H is of finite index
in Ng(H). This is equivalent to the fact that V(G/H) is a strictly convex cone (cf.
Prop. [2.29), hence does not contain any line. It follows that sober spaces never admit
any conical embedding. In particular, semisimple symmetric spaces do not embed
equivariantly into any symmetric cone, since their valuation cone is the restricted
negative Weyl chamber, which is strictly convex.

On the other hand, notice that sober spaces always embed into a canonical compact
and toroidal embedding, whose colored cone is exactly the valuation cone. When the
embedding is smooth, it is called a wonderful embedding.
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FIGURE 4. Valuation cone of a semisimple symmetric space.

3. CONICAL CALABI-YAU METRICS ON HOROSPHERICAL CONES
3.1. Preliminaries.

3.1.1. Structure of horospherical cones. Let us recall some basic properties of horo-
spherical varieties. For more information, the reader might consult Pasquier’s the-
sis [Pas08].

Definition 3.1. A horospherical cone is a conical embedding of a horospherical space.

Consider a conical embedding G/H C Y of a horospherical space of rank r > 0
with colored cone (Cy,Dy). Let K be the maximal compact subgroup of G and T'
be a maximal torus of G such that 7'N K is the maximal compact subtorus of 7.

Denote by (.,.) the Weyl-invariant scalar product on t, whose restriction to the
semisimple part t N [g, g] coincides with the Killing form. For all my,my € t*, we
denote by ¢,,, the unique element in t such that

(ml’ m2) = <m1’ tm2>

Recall that the connected automorphism group compatible with G is isomorphic to
the torus Ty := (Ng(H)/H)°. In the horospherical case, Ng(H) = P (see Prop.
224), so Ty = P/H. In particular, P is the right-stabilizer of the open Borel-orbit.
After choosing an adapted Lévi subgroup of @, (cf. [Bri97, 2.4, Proposition 2]), we
have Q/H = T/T N H = Ty. We can thus identify Ty with T/T N H as a group,
and the weight lattice M(G/H) with the weight lattice M(Ty) of the torus Tg.
Moreover, r = rank(G/H) = dim T}.

Remark. We emphasize here the fact that Ty acts on G/H in two different ways:
on the left and on the right. In the rest of this article, unless stated otherwise, by
an action of Ty, we mean its action on the right, i.e.

p.(gH) =gp 'H, Vg€ G,pe Ty

By a G x Ty action, we mean the combined action of G on the left and Ty on the
right.

Let ty be the Lie algebra of Th. The compact and non-compact part of ty are
denoted by tgy . and tg,.. They are respectively the Lie algebras of the compact
real torus T ~ (S')" and T e ~ (R>o)" in the decomposition Ty = T e X TH ne-
Moreover, we can choose the maximal compact subgroup K such that Ty . = TpNK.

Recall that there exists a natural isomorphism between ty . and N(Ty)r. We
identify an element { € tgy. in the Reeb cone with the vector field it generates
(called the Reeb vector field). Let J be the complex structure on Y;es. The vector
field generated by —J¢ € ty . defines a radial right-action of R*} on Y.



16 TRAN-TRUNG NGHIEM

Remark. The reader should be aware that for a horospherical cone, the Reeb cone
is exactly the opposite of the cone Cy. Indeed, if we look at the decomposition of
ClY] into T-modules with respect to the left-action of T, then the cone generated
by the weights is exactly Cy. However, with respect to the right-action, it is —Cy.
Below is the Reeb cone for the conical embedding in Ex.

p(D2)
X

v}

Reeb cone p(D1)

FIGURE 5. The Reeb and colored cones of a SLs/U ™ -conical embed-
ding.

Denote by T¢ the compact torus generated by &, which is the closure of exp(R)
in Autg(Yreg)O. In particular, T¢ is a compact subtorus of Ty .. If dimT¢ = 1, or
equivalently & € N(Ty)qg, we say that & is quasi-reqular. If dimT; > 1 it is called
wrregular.

Let ® be the root system corresponding to (G,T). Let us denote by ®7 the set
of positive roots (with respect to a choice of the Borel subgroup) and S the positive
simple roots. Let P" (resp. Q") be the nilpotent radicals of P (resp. @). The choice
of the parabolic group P = Ng(H) is equivalent to the choice of a subset I C S (cf.
Prop. [224). Moreover, let ®; be the root system generated by I, the set of P“-roots
is then ®pu := ®T\®;. In particular, ®pu = —Pgu. The Lie algebra of G can be
decomposed as:

g=q"®lap"
where q%, p* and [ are the Lie algebras of Q%, P“, and the adapted Lévi subgroup
L=PNQ. Since G/H is a bundle with fiber P/H ~ Ty over G/P, we have:

n=r+|®pu|

We will denote by Spu := ®pu S = S\I the set of simple roots of P* and (two
times) the sum of roots in Q" (resp. P" ) by:

aE‘IJQu
The following proposition describes the colors in a horospherical space in terms of

coroots.

Proposition 3.2. [Pas08| The images of the colors D in a horospherical space are
exactly the restriction to M of the coroots associated to Spu:

p(D) = {a"|m,a € Spu}
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Since we only work with quasi-affine spherical spaces, p(D) does not contain 0,
ie. for all @ € ®pu, a¥|pq # 0. Moreover, Q>op(D) is a strictly convex cone, i.e. its
dual cone is of maximal dimension equal to r.

The following proposition follows straightforwardly from our criterion in Thm.
2.30

Proposition 3.3. Let Y be a horospherical affine variety with open G-orbit G/H
and colored cone (Cy, Dy). The following assertions are equivalent :

(i) Y is a cone.

(ii) Cy is full dimensional and Dy = D.
(iii) G acts on Y with a fixed point.
(iv) Th acts on Y with a fixed point.

Example 3.4. The spaces SLo/U and SL3/U~ in Examples 2.6] 2.7] are all horo-
spherical. The parabolic subgroups P = Ng(H) are respectively the Borel subgroups
of upper-triangular matrices B C SLs and lower-triangular matrices B~ C SLj3. The
torus Ty in both cases is exactly the maximal torus of diagonal matrices.

Both spaces admit conical embeddings as in Examples 2.44]

3.1.2. Conical Calabi-Yau metrics on horospherical cones. Let Y be a Q-Gorenstein
horospherical cone of rank r and of dimension n , which is G x Tg-equivariantly
embedded in CV. Let us first state a useful remark.

Remark. By the Iwasawa decomposition of G, cf. [Del20al Prop. 2.7], exp(tp ne)H =
Ty defines a fundamental domain for the K-action on G/H, i.e. G/H can be written
as a disjoint union of K-translated copies of Ty. It follows that every K-invariant
function u on G/H restricts on Ty to a function left-invariant by T .. In particular,
in the coordinates (z1,...,z2,) of TH,

U(Zl, s 527“) = u(log |Z1|2 g ,10g|ZT|2)

As a consequence, u is also right-invariant by T .. Therefore every K-invariant
function on G/H is automatically (K X Ty .)-invariant. The same goes for K-
invariant forms on G/H.

Definition 3.5. A K-invariant plurisubharmonic (psh) function on Y is a function
f such that for every local K -equivariant embedding of Y, f is the restriction of a
global SU -invariant psh function on CN.

Definition 3.6. Let (Y, &) be a polarized horospherical cone. A K -invariant &-radial
function (or &-conical potential) on Y is a positive K -invariant strictly psh function
p> Y — Ryg such that p2\G/H is smooth and

L_jep® =2p°

on Yyeg. If moreover p? is locally bounded on'Y, the K -invariant Kihler (1,1)-current
defined as

w = dd°p?
15 then called a Kéhler cone current.

Note that w is well-defined by the local theoy of Bedford-Taylor [BT76]. Since T; C
Ty e, a K-invariant {-radial function is automatically -invariant. Before stating the
definition of conical Calabi-Yau metrics on Y, let us first make some digressions on
linearized line bundles.
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Definition 3.7. Let G be a linear algebraic group and X be any G-variety. A G-
linearized line bundle on X is a line bundle L over X endowed with an action of G
such that (i) the projection 7 : L — X is G-equivariant and that (11) G acts linearly
on the fibers of L.

For all section s € H%(X, L) and z € X, G induces an action on H°(X, £) by:

(g-5)(x) = g.s(g" ")

The group G then acts on H°(X, £) and the latter is a rational G-module. For every
reductive group G and every line bundle £ over a normal G-variery, there exists a
positive integer m > 0 such that mL is G-linearized. If in addition C[G] is factorial,
then one can choose m = 1. Every G-linearized line bundle over G is trivial. We
refer the reader to [KKLV89] for proofs of these assertions.

Example 3.8. Let H be any closed subgroup of G. Every G-linearized line bundle
L over G/H is determined by a character x g of H. Indeed, given x g, the quotient
Ly, of G x C by the action:

h(ga Z) = (ghil, XH(h)Z)
is a G-linearized line bundle over G/H. Conversely, if £ is G-linearized, then H acts
on the fiber L. by a character xr . We can then directly prove that G x L.y — L,
(9,2) = (gH, g.z) induces an isomorphism between L, and L.

Let us come back to the setting of our cone Y. Since Y is Q-Gorenstein, the
canonical bundle mKy is a well-defined Cartier divisor and naturally (G x Tx)-
linearized for some integer m > 0.

Note that the Picard group of Y is trivial (since Y = Y{o,y p by Thm. 10, and
Pic(Y{o,1,8) = 0 by [Bridll 2.1, Proposition]). It follows that there exists a nowhere
vanishing holomorphic (G x Ty )-invariant section s of mKy, and a K-invariant
volume form dVy defined by

an
dVy = (vV=1"" s n5)Y/m

Remark. To simplify the notation, we will sometimes abuse the language and say
that s is a “multivalued” holomorphic section of Ky and simply write dVy = i’ SA.

The Q-Gorenstein singularities of Y implies the existence of a linear function
l:(—=Cy) = Rsq (which is —f in Prop. 2:32]) such that for all D, € Vy and D € D:

{(I,p(Dy)) = =1, {l,p(D)) = —ap

where ap is the coefficient of D in the expression of Ky-.

Definition 3.9. A Ty .-invariant nowhere-vanishing section sy € HO(Y, Ky) is said
to be a canonical section if
L_jgesy = (1,§) sy
on Yyeq for all § € Int(—Cy), where —Cy is the Reeb cone of Y and L_ j¢ is the Lie
derivative for the right-action of —J¢&.
A wvolume form dVy on'Y is called canonical if on Y,

,C_Jngy =2 (l, f> dVy

Remark. Since every Q-Gorenstein spherical variety has klt singularities [Pas17],
it follows from [MSYO0§| (see also [CS19l Lemma 6.2]) that a canonical volume form
always exists. In the subsequent, we will give an explicit expression of the canonical
volume form on Y.
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Remark. A canonical section sy determines a canonical volume form by setting
dVy = in? sy ASy. Conversely, let dVy be a canonical volume form determined by
a multivalued holomorphic section s. For each &, there exists a real function f¢ such
that

L_ JES = fgs
It follows that £_jedVy = 2f§i"23 A3, hence fe = (1,&) for all £ € —Cy.

Remark. A canonical section is unique up to a constant. Indeed, for any two
canonical sections, there exists f € C[Y]* = C such that s; = fso. In particular, a
canonical volume form is unique up to a constant.

Definition 3.10. Let (Y,§) be a Q-Gorenstein polarized horospherical cone of di-
mension n and dVy its canonical volume form. A K-invariant conical Calabi-Yau
metric on Y is a K-invariant Kdhler cone current w on Y satisfying

w" = (dd°p*)" = dVy

such that the &-radial function p? is smooth on the regular locus Yieq. The function
p? is then said to be a conical Calabi-Yau potential.

As one will see, the above equation takes the form of a real Monge-Ampére equa-
tion due to symmetry by K.

3.2. Curvature and canonical volume form.

3.2.1. Curvature form. The expression of a K-invariant Kahler form w on G/H was
given by Delcroix [Del20al. Let us first introduce some terminologies.

Recall that tg . >~ R" is the Lie algebra of Tp. Let p* be the Lie algebra of the
unipotent radical P“. Denote by J the complex structure of G/H, and v/—1 the
complex structure coming from the complexification of the real vector space g/b,
which can be decomposed as

g/h = @ Cua @ tH,nc @ \/__1tH,nc

aeq4
Here u,, is the eigenvector with weight « of q“.

Let us come back to our conical embedding G/H — Y. Consider a (G x Tx)-
linearized line bundle £ over G/H with a K-invariant hermitian metric h. Let i*L
be the line bundle over T induced by the natural inclusion i : Ty — G/H, endowed
with the T .~invariant metric 7*h.

After replacing ¢*£ by a multiple large enough, we can suppose that ¢*£L is Tx-
linearized and trivial over T. In particular, the metric ¢*h is the curvature form of
a Ty ~invariant global potential w.

By pullback using the map exp : tg,. — Tx, we can consider v as a function
u: tgne ~ R" — R. This potential in turn defines the metric, as shown by Delcroix.

Proposition 3.11. [Del20a, Proposition 2.7] The metric h is completely determined
by the global potential u : tz . — R of the metric i*h, called the toric potential.

By the Iwasawa decomposition in loc. cit., the K-invariant curvature form of h,
denoted by w, is uniquely determined by its restriction to Ty.

Let (Ij)1<j<r be areal basis of ty ne, (J1j)1<j<r a basis of Jty ne, (U—qa)acdp. the
basis of the root decomposition in q“.

Consider the associated holomorphic vector

(= %(zj —V=1J1;), ws = %(u_a —V=1Ju_,)
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and associate to them the Tp-invariant holomorphic vector fields of the tangent
bundle of G/H by translation under the action of T4, i.e. for all p € Ty, we define:

3500 = (Rp-1)+(j, 104 :p— (Ry-1)swq

Let {3;}1<j<ru{m(’;}a€(bpu be the dual (1, 0)-forms of the vector fields {3;}U{ro,}.

Proposition 3.12. [Del20a] For all = € tg ne,

1 % R
Wesp(a)H = Z 150 Boe or, 3]1/\3J2+ Z (a,d u+w)2ma/\m;;
1§j1,j2<r ‘71 OJE@pu
where (dyu+wq, a) = (Vu(x) + toy, ). In particular, the volume form defined by
w is:
n ’I’L' —<zUQ x> 2 i * X i * o
Wexp(a)H = o€ “) det(dzu) H (o, dyu + wgQ) /\ 2% N3] /\ §m°‘ A 1o,

acPpu 1<5<r acedpu
3.2.2. Canonical volume form. We provide in this part an expression of the canonical
volume form of a Q-Gorenstein horospherical cone.

Proposition 3.13. The canonical volume form on Y is K-invariant on G/H and
writes in Ty as (up to a constant):

— Z * X Z * ok
(AVY )exp(a) i = elfm=as) /\ 597 N3j /\ 3Ma A tog,
1<j<r a€®pu
for all x € tg e
Proof. Let dVy be the canonical section of Y (which always exists, cf. the remark
that follows Defn. [3.9]). Consider the following K-invariant volume form of G/H as

constructed in [Del20bl Prop 2.6]:

dv:axp(:v)H = e<_wQ7z> /\ <3j 3 )exp(x)H /\ % (mz /\Fz)exp(x)H

1§j<7" Clle‘i)pu
Now for all (z1,...,2,) € Ty and @ = (a1,...,0,) € Q7, let 2% := 27" ... 28 and
z; = log |z;|*. Consider the following K-invariant volume form:

(dv{/)exp(a:)H = ‘Z’2ﬁ d‘/exp(a:)H
Let us prove that dViy restricts to dVy- on G/H. Indeed, since dV is K-invariant,
L_jedV = 0, hence:
L_yedVy = (L_ye|2[*)dV
By embedding equivariantly Ty into (C*)" with coordinates (z1,...,z2.), one can
identify —J¢ with

Zgj (2j02.), & >0

where &; is the weight of ve = (—J§ —+/—1£)/2 on z;. By integration, one finds that
the one-parameter right-action generated by —J¢ is

go?lg(zl, cz) = (e e B )
A computation on Ty then yields:

d — n s ! .
L_Je |Z|2B = ah:oe 2t3 51 P& H |Zj|25]
j=1

= 2(—8,6) |2|*
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It follows that L_ jedVy = 2(1,§) dVy,, where | = —f3 as in Defn. There exists
thus a K x (—J¢)-invariant smooth non-vanishing function f on G/H such that
dVy|g/p= fdVy.. In particular, f is also {-invariant for all £ Since (ve)ec—cy
generate the action of Ty, f is Ty-invariant and thus descends to a K-invariant
function on the K-homogeneous manifold G/P, whence f is constant. The canonical
volume form restricted to G/H is therefore (up to a constant)

(dVY)exp(:v)H = |Z|26 d‘/exp(:v)H
Since |z|26 = e'8%) this completes our proof. O

3.2.3. Real Monge-Ampére equation. Let G/H C Y be a Q-Gorenstein horospherical
cone of dimension n, with colored cone (Cy, Dy ) and canonical volume form dVy, as
constructed in the previous part.

The Duistermaat-Heckman polynomial Ppp associated to G/H is defined as

Pou(p) = [] (ep)
acedpu

for every p € i e

Lemma 3.14. Let £ be a Reeb vector and p a &-conical potential on Y. Then
p is uniquely determined by a smooth and strictly convex positive function u, =
exp*(plry) == u + Q| .. * tHne — R, satisfying

U (2 — t€) = ug(2)
for all £ € R. Here, u is a smooth, strictly convex funtion t3; ., — R. We shall call
U a E-horospherical cone potential and u a £-toric cone potential.

Proof. By the Iwasawa decomposition and K-invariance, p is uniquely determined
by its restriction on Tp. Following [Del20al, Proposition 2.7|, for all x € ty e :

P*lr (exp(x) H)) = u(z) + wq(2) (= ux(2))

hence £_jep? = 2p? if and only if um(z —t€) = e'uy(x). It is clear that p is positive

and smooth over G/H iff u is also positive and smooth on Tx. In particular, u is
smooth.
In the local coordinates z of T, by T .-invariance, we have

p*(2) = p*(log |1]?, ... log| 2 [*)
Since p? is smooth and strictly psh on Ty, a direct computation of the Levi form
shows that the function us = p?(exp(.)H) is strictly convex. In particular, u is also
strictly convex since wg is linear. O

Proposition 3.15. Let w be a K-invariant Kéhler cone current defined by a horo-
spherical cone potential u = u + wg on tj,,.. The Calabi-Yau equation on G/H
is equivalent to the real Monge-Ampeére equation

(1) det(d*u) H (a,du + wg) = CeP

acdpu
where C'is a constant depending only on the dimension n. Moreover, u is a solution
of @) iff um = u + w(q is a solution of

(2) det(d*ug)P(dug) = €
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Remark. By rescaling of variables and using homogeneity of Ppp, we see that
solving (2)) is equivalent to solving
det(d?v) Ppy (dv) = CerB)

for all real positive A and some positive constant C' > 0 depending only on A.

Proof. Indeed, using the expressions of the curvature and volume forms as in Prop.

312 and B.I3l we have
W' = dVy <= n!det(d’u) H (o, du + wg) = 2"eP
Q’E@pu
Since the real Monge-Ampére operator (in Alexandrov’s sense) is invariant under
translation by an affine function, we obtain the equivalence between () for u and
equation (@) for ug, up to a positive constant C. Since C' depends only on G/H,
rescaling by a positive constant and using homogeneity of Ppg, we can suppose that

C=1. g

Example 3.16. Consider the unique conical embedding C? of SLo/U (cf. Examples
214, 244). Let « be the unique positive simple root of the system (SLq, B,T),
defined on t := {diag(z, —z),z € C} by :
(o, z) = a(diag(z, —2)) = 2z
We have (a,a) = 1; Q@ = B~ is the stabilizer on the left of the open B-orbit,
hence P = B, and wg = —wp = —2a. Recall that the image of the unique color
is oV, hence B = « is the linear function associated to Kc2. Next, we have the
Duistermaat-Heckman polynomial:
Ppu(p) =pla,a) =p, Vte t,, ~R*
In the basis {a} of t;

* ., one has d;u = u/(x)«, and the Calabi-Yau equation becomes

u (z) (' (2) — 2) = el®®) = 2

A solution is then
u(z) = e* + 2x
This defines a SUs-invariant conical potential with with Reeb vector £ = —aV /2.
3.3. Proof of Theorem [I.3l Let (Cy,Dy) be the colored cone of Y. Since the
support of Cy contains p(D), the dual cone Cy is then contained in
{m € Mg, (m,p(D))} >0

It follows that

Pprley 20, Pprlmcy) >0
Recall that 5 is the linear function on Cy corresponding to the Q-Cartier divisor Ky .

In what follows, d\ will denote the Lebesgue measure on an appropriate affine space
(which will be clear in the context).

Remark. To simplify our exposition and to avoid confusion due to Ty acting in two
different ways, we will work on the cone Cy of opposite Reeb vectors and consider
the normalized opposite Reeb vectors defined by

(6,6&-) =1, €Cy

Note that the conical condition of u, under —J¢, where £ € —Cy, then becomes

U (2 + t€_) = lug(x), for £_ € Cy
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Let (.,.) be the natural bilinear form on M x N, and (41,...,0,-1,03) a basis of
M such that :
(0;,6-)=0,1<j<r—1
We will denote as in Hamiltonian mechanics the coordinates of (N, M) by (z,p)
respectively. Consider the polytopes

Ae={peCy, (pe)=1}, Al:=Ac—p
with Duistermaat-Heckman barycenters barpg(A¢) and barp H(Ag) Let

pao(®) = sup (z,p), Yac=pa0+ 0
pEAg

be the support function of the polytopes Ag and Ag.

Definition 3.17. The Pp-weighted volume function, or Duistermaat-Heckman vol-
ume, is defined over the normalized opposite Reeb vectors as:

& — volpp(é-) = volpu (Cy N{(¢-,.) < 1})

Lemma 3.18. The Ppg-weighted volume function has the following global expres-
sion:
ntvolpi(€-) = [ e P Poy(p)axe),
cy
In particular, volpy is smooth and strictly convex, and its minimum is attained in

Int(Cy).
Proof. Let g := Ppy and C := Cy. By the (m — r)-homogeneity of g:

/' km@wwzﬂj’ Levg(p)AA(p)
{(&-,.)<s} {(€-,)<1}

From this, we have:

— *Sd
/ e~ 6P g(p)dA(p) = / e / levg(p)dA(p) | ds
cv {s>0} S {6, )<s}

= / ne *s""!voly(£_)ds = m!vol, ()
{s>0}

It follows that vol, is continuous and convex as the average by the positive measure
gdX of the continuous and convex function p — e~ {P£-). To show that vol, attains
its minimum in the interior of the cone, it is enough to show that voly({_) — oo
when £ — & € 9C. Indeed, since & € (C*)* and that £_ is normalized, there exists
po,p1 € C* such that (o, po) = 0, (£0,p1) = 1. It follows that the polyhedra P, :=
{{&,.} =1} is not bounded since it contains p; + cpg, Ve > 0, hence voly(&p)

i) P gdX\ = 0o, which finishes our proof.
0

IEAVAN

Since we want the conical condition uy(z + t£_) = eluy(z) for all £ € Cy, it is

natural to impose that dus(R") = Int(Cy), or a relatively weaker one as follows.

Proposition 3.19. Let £ € —Cy be a Reeb vector and £_ its opposite. The following
assertions are equivalent
(i) There exists uniquely up to translation a strictly convex smooth function
u: R” — R that satisfies uy(z + t€_) = e'uy(z) and
(3) Ppi(dug) det(d®ug) = €, dug(R") = Cy,

(ii) barpu(Ag) = 6.
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(iii) The normalized opposite Reeb vector £_ is the unique minimizer of the
volume volpg.

Proof. Let v := ug, g := Ppy and C := Cy. Set v = ¥ = ¥, The asymptotic
condition dv(R™) = CV and the fact that v(z +t£_) = e'v(z) gives dyy(R") C Int(CY)
and (di(.),£_) = 1, hence

dp(RT) = Ag,  dp(R71) = A¢
It is immediate to check that the function ¢ is strictly convex, smooth and satisfies
as a function on R":

ple+t€) = p(x) +t—t(0,§-) = p(x)
by the normalization condition on £_. It follows that ¢ depends only on the coordi-
nates . A straightforward but tedious computation gives us:

det(d*v) = det(d?;ﬁ(e“"'w)) = "H79) det (d2¢p)

and
g(dv) = g(ds ge? ")
= el g(dsp + B)
We then obtain the following equivalence under the conical condition
det(d*v)g(dv) = ™, dv(R") =CY —

det(d3p)g(dsp + B) = e ™, dp(R™T) = A

Since barg(Ag) = 0 iff bary(A¢) = f, the equivalence between (i) and (i) is a direct

consequence of Thm. 3271
For the equivalence between (ii) and (7i7), first remark that:

_ Jevpe” S Pg(p)arp) _ |
= g B

—dg log(m!voly(£-))

Indeed:

/ pe” =P g(p)dA(p) = / / pe*g(p)d\(p)ds
cv evAe,)=s) J{s>0}

= / pg(p)d\(p) / s"e "ds
CVN((E—,.)=1) {s>0}

By the same token,

/ ei<5"p>g(p)d)\(p) :/ g(p)d)\(p)/ sMe 5ds
cv CVN{(¢-,)=1} {s>0}

Since £ — —logml!voly(£_) is a convex function, going to co when (- — &y €
O0C, its unique minimizer belongs to C and coincides with the critical point. As a
consequence, &_ is the unique minimizer of vol, if and only if bary(A¢) = 5. O

Proposition 3.20. The following are equivalent:

1) The polarized horospherical cone (Y, ) admits a unique K-invariant conical
Calabi-Yau metric.

2) There exists uniquely up to translation a strictly convex smooth function
u: R” — R that satisfies ug (2 + t£_) = eluy(z) and

Ppp(dug) det(d2uw) =éP, dug(R™) = Cy,
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Proof. The implication (1) = (2) is obvious.

(2) = (1). From the assumption, the function u, corresponds to a conical Calabi-
Yau potential smooth over G/H. Let us show that it can be extended to a locally
bounded function over Y. First, by Prop. 2.2] there exists a proper and birational
morphism d and a toroidal horospherical variety Y such that

d:Y »Y
The torus T is identified under pullback by this morphism to the open dense orbit of
a toric variety Z whose fan Cz (in the toric sense) corresponds exactly to the opposite
of Cy with its colors removed. In particular Z is a toric cone by our criterion
The toric cone potential u then corresponds to a potential, still denoted by u, over

the open dense orbit Ty C Z.
By the C%estimate in Thm. B.2I] one obtains:

Ug < exp(pa,) = exp (@Ag + ﬁ) )

It is then enough to show that the function exp(sup,e A (x,p)) pulled back by Log :
Ty — tHne extends to a continuous function over Z. This is well-known in the toric
situation (cf. e.g. [BB13| Proposition 3.3|, [Ber20, 3.3]). We provide a proof here
for the reader’s convenience. The toric variety Z is endowed with an action of R*
generated by —J¢. Let (n;)1<i<n be a collection of lattice points of C¥, satisfying
(n;, &) < C, where C is a positive constant. Consider an action of R* on (Cgh...ZN
defined by:
e.Z; = c\&nil 7,

Since Z is a Ty-toric affine variety, for C sufficiently large, we have a Tr-equivariant
(hence R* -equivariant) embedding:

Ey: Ty~ (C) = CN 2= (2™,...,2")

such that the closure of its image coincides with Z. Now by Kakutani’s thereom,
there exists a finite number of elements pq,...,pys, which are the vertices of Ag,
satisfying

exp psellfg (z,p) | =  nax exp (2, pi)
It is then enough to show that for all p;, Log™ exp (z,p;) extends continuously over
Z. We remove the index 7 in what follows. Since p € M(Tx)NC} and that C is of
maximal dimension, there exists lattice points n;,,...,n;, € M(Ty)NCy such that
p = ain;, +---+arn;, . Under push-forward by F), the function Log* exp (z, p) then
corresponds to:
|Zi1 |2a1 s |ZiL |2aL

which is clearly continuous on CV. As a consequence, exp N, extends to a con-

tinuous function on Z. Finally, we obtain a locally bounded (in fact continuous)
conical Calabi-Yau potential ug over Y. This completes our proof of the (2) = (1)
direction, except the smoothness of the radial function on the regular locus of Y.
The smoothness over the regular locus results from [Ngh22|. 0

Proof of main Theorem [I.3. We shall prove that (i) = (i7) = (#ii) and (i) < (i17).
It is known that existence of a £-conical Calabi-Yau metric implies K-stability for

(Y, Ty, ) (cf. [LWX21) Corollary A.4]). From [CS18| Theorem 6.1] (see also [LX18|
Remark 2.27]) if (Y, Ty, §) is K-stable, then ¢ minimizes the volume functional on
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the space of normalized Reeb vectors (i.e. £_ is a minimizer of the Ppp-weighted
volume functional in our case).

The equivalence between conical Calabi-Yau metrics existence and volume mini-
mization is a direct consequence of Prop. B.I9 and Prop. O

3.4. Variational approach on weighted real Monge-Ampére equations.

3.4.1. Ezxistence condition on a Kdhler-Einstein-related equation. We have shown
that the study of (2]) is equivalent to solving an equation of the type :

(4) 9(dp + B)MAR(p) = ™%, dp(R™~1) = A
where MAR denotes the real Monge-Ampére operator in the sense of Alexandrov. It
is clear that g > 0 on Ag and g > 0 on Int(Ag).

In the next part, we will study (4)) in the more general setting where A is any
convex body and g a bounded function satisfying.

gla >0, glmyay >0

Theorem 3.21. Let A be a convex body in R"™,m € N* such that 0 € Int(A). Let
g be a bounded function, > 0 on A and > 0 on Int(A). Then there exists a strictly
convex function , unique up to translation, satisfying :

(5) 9(dp) MAR(p) = €77, dp(R™) = A
in the weak sense if and only if bary(A) = 0. Moreover, there exists a constant C > 0
such that

sup [ —pal < C
R’I‘
If g is smooth, then the weak solution ¢ is actually a smooth solution.

Proof. In |[BB13|, the weight ¢ is supposed to be > 0 everywhere, but the proof can
be adapted almost word to word from [BB13| Theorem 1.1] to our setting, ezcept
the reqularity of ¢, as remarked after formula (2.1) in ibid.. Instead of repeating the
authors’ proof, we indicate below the places where the arguments involving g are
used, and show that our assumptions on g do not affect the validity of the theorem.
For regularity of the solution when ¢ is smooth and the CY-estimate, see Lem. [3.23]
and Lem. 3.241

Let ¢ : R" — [—00,00[ be a convex proper function (i.e. non identically equal to
—00 ). The subdifferential O of ¢ is defined as :

Op(x0) :={z € R", @(x0) + (2,2 — x0) < p(x), Vz € R"}
Denote by P(R") and P*(R") the set of proper convex functions ¢ in R” such that
0p(R") C A and 0p(R") = Int(A), respectively.
e The g-weighted Monge-Ampére measure in Alexandrov’s sense is again well-
defined: for every Borel subset E C R" and convex proper function ¢:

/E MA,(p) = /8 o 9(p)dA(p)

This still makes sense even if g is any L*(R™) function.

e The measure gdA still defines a positive finite Borel measure on A because
g vanishes only on A and that dA does not put mass on OA. In particular,
for all p € PT(R"),

MAy(p) = / gdA = voly(A) >0
R” Int(A)
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e There exists a unique functional &, called g-energy, defined on P (R") such
that
dyEg = MA4(p)
The proof is the same as in [BB13| Proposition 2.9]. A fact used by the
authors in the proof is the following: for all non-negative continuous function

,.
/ FMA(p) = / F(de™ 1) g(p)dAN(p)
R7™ A

where ©* is the Legendre transform of ¢. The equality still makes sense in
our setting since dp* exists dA-a.e., hence gdX-a.e..
e &, extends uniquely to an increasing u.s.c. functional P(R") — [—00, 400]

by:
(6) &,(¢) = 1! /A & (1)g(P)AAD)

The hypothesis g > 0 on A guarantees that &, is an increasing and u.s.c
functional on P(R"). Indeed, since the Legendre transform is decreasing and
g > 0, we see that &; is increasing. The upper-semicontinuity now follows
from Fatou’s lemma (which applies to the positive measure gd\) and the
fact that for every sequence ¢; — ¢ in P(R"), inf ¢F > ¢F.
Let E1(R") be the set of ¢ € P(R") whose g-Monge-Ampére mass is voly(A) and
whose g-energy is finite. Notice that PT C E'. Let

Z(yp) := —log/e_‘p(x)d)\(x) €] — 00, +0]

The Ding functional D, : B! —] — 00, +00] is defined as

Doa(¥) = s gayo®) ~ 1)

The geodesic between two strictly convex and smooth functions ¢g and ¢; in P(R")
is the function ¢ € [0,1] — ¢ = (tgo + (1 — t)p1)* € PT(R").
The following properties of D, still hold in our setting:
e D, is strictly concave along geodesics in PT(R"), L.e. t — Dy(¢y) is a concave
function which is affine iff the geodesic is a translation ¢(p) = ¢(p + ta)
[BB13| Proposition 2.15|. The proof uses the Prekopa-Leindler on t — Z (),
which is independent of g, and the affineness of £, along a geodesic(this is
clear by equation ([]))
e The coercivity of D, [BB13|, Theorem 2.16|: for all € > 0, there exists C. > 0
such that
Dy < (1—-¢)&y+C-
[BB13, Lemma 2.14, Theorem 2.16]. Here, the proof uses concavity of
D, as well as affineness of £, along geodesics, and refinement by scaling of
the functional —Z (which is independent of g). The latter is based on the
following inequality [BB13, Formula (2.16)]: for a well-chosen ¢ € P(R"),

e 0 < CMAy(po)

e D, is bounded iff Dy(p(. + a)) = Dy(yp) iff bary(A) = 0. Again, concavity
of D, and affineness along geodesics of £, are used in the arguments. The

proof for the direction “barg(A) = 0 = Dy bounded” uses the coercivity of

D,.
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Conclusion: Suppose that bary(A) = 0, then sup,cp1 Dy is attained. This can be
seen by showing that D, is u.s.c. But since & is already u.s.c. (the non-negativity of
g is required for this property), it is enough to show that —Z is u.s.c.. This functional
is actually continuous and the proof is the same as in [BB13| because the expression
of —7 does not involve g. The maximizer of Dy actually satisfies () in the weak
sense, and is unique up to translation by strict concavity of D,.

Conversely, if there exists a maximizer ¢ satisfying (Bl in the weak sense, then Dy
is bounded, hence barg(A) = 0.

Finally, apply Lem. for y1 = e~%d\ yields the C%-estimate. The assertion on
smoothness is proved in Lem. B.23] which completes our proof of the theorem. [

Let us recall the following regularity properties, which go back to Caffarelli [Caf90bl,
Caf90a] (see also [BB13l Theorem 2.24)):

Theorem 3.22. Let 2 be an open bounded convex set in R" and f > 0. Then every
convex solution @ on §2 of the equation:

MA(p) = fdX(z), ¢ =0 onoQ

18
(i) strictly convex and C);

such that 1/C < f < C.
(ii) W2P(Q) for all p > 1 if f is in addition continuous.

loc

(Q) for every o > 0 if there exists a constant C' >0

Lemma 3.23. Let ¢ € PT(R") be a weak solution of MA,(¢) = e ¥d\. If g is
smooth, then ¢ is actually smooth.

Proof. Since ¢ is proper, Qr := {¢ < R} € R" are bounded convex and relatively
compact domains in R" which cover R". In particular, e™%,e¥ € L*(B(0, R)) for all
R > 0. By assumption g > 0 on Int(A), hence :

Cy:=supg >0
A
It follows that for all Borel set F,

Cy / MAg(p) = Cy d\(p) > / 9(p)dX(p)
E Op(E) 0p(E)

:/156_¢dA(m) > e_R/Ed)\(x)

hence MAg(¢) > (e71/Cy)dA(z) =: Cry4dA(z) on Qp in the sense of measures.
We assert that dp(Qg) is compact in Int(A) for all R. Indeed, by definition of
subdifferential
Ip(Qr) = U, cq,00(x) C Op(R") = Int(A)
Since Qg is compact, dp(Qr) is also compact (for a proof, see e.g. [Figl7, Lemma
A.22]), so it is a compact of Int(A). By our assumption g > 0 on Int(A) and bounded
on A, so we have:

inf  g> min g>0
90(Qr) ~ 9p(Qr)

As a consequence, there exists a constant Ca r = 1/1infy,q,) g > 0 (depending only
on A and R) such that :
MAR(p) < Ca,rdA(z)

on Qg in the sense of measures. It follows that
Cr,gd\(x) < MAR(p) < Ca,rdA(x)
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By Caffarelli’s regularity results in Thm. B.22) ¢ € C1¥(Qp) for all R > 0, hence
dp € CO(R"). Therefore :

MAR(p) = hdA
for the continuous function h = e7%/g(dp) on Qg satisfying Cry < h < Cag.
Finally, ¢ € I/Vli’f(Rr) for all p > 0. A bootstrapping argument of Evans-Krylov
and smoothness of g allow us to conclude that ¢ € C*°(Qp) for all R > 0, hence
p € C(R"). O

Lemma 3.24. Let A be a convex body in R" and p a measure of total mass voly(A)
on R”. Suppose that there exists a weak convex solution ¢ : R™ — R to the following
problem:

(7) MAy(p) = p,  (9p)(R") = Int(A)
Then after normalizing ¢ such that sups(¢ — ¢a) = 0, we have for all ¢ > r the
following inequality:

sup o —al < Cla,m A, p)

where C(q,r, A, 1) is a constant that depends only on ¢,7, A and the measure p.
More precisely:

(A d(A)=r/) 14
C(Q7T7A7M) = VOE(A)) - ’I" n + Cq,T‘(VO)IT </T ’x’q ,LL)

where d(A) is the diameter of the convex body A. In particular, ¢ € PT(R"), hence
has full gdA-mass.

We will consider the following Sobolev space:
WA, gd\) = {h € LY(A, gd)\), weak first derivatives of h are in LY(A, gd\)}

Proof. Let ¢ be a weak solution with supa(¢ — ¢a) = 0. The Legendre trans-
form f := ¢* defines a convex function on Int(A). Since ¢ € PT(R"), we have
f € LY(A, gd)\) because the Legendre transform is a bijection between P*(R") and
bounded convex functions on A [BBI13, Proposition 2.3]. Using MA,(¢) = p =
(dg*)(dX) (cf. [BB13| Lemma 2.7]), we have

J 1@ swirg = [ M) = [ ol Va0

hence f € WH9(A, gd)).
If ¢ > r, then by Sobolev’s inequality for the continuous embedding W14(A, g\) C
L>(A, gd)\), we have:

b d\ + C, 7d( o df1? gd\ e
<
Sip‘f’—vol(:)/A’f’g ol (/ ldf|?g )

The proof is exactly the same as in e.g. [Bre83, Theorem IX.12], where it is given
when A is a cube of length d and containing 0 in the interior, but this generalizes
word-by-word to any convex body of diameter d, containing O in its interior. The
second integral term on the rhs is exactly

([ attn) "

Now let pa the support function of A. Using that —sup(¢ — ¢a) = infa f [BB13|
Proposition 2.3] and the normalization condition sup(¢ — ¢a) = 0, we have:

—sup(p —pa) = inf f =0
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Let pg € R” such that f(pg) = infa f. By the convexity of f, the differential exists
Lebesgue-a.e. (hence gdA- a.e.), so we have gdA-a.e:

[f(P)l < df (p)-(p — po),
which implies by Cauchy-Schwartz inequality:

/ £ g)dAp) < d(A) / 14 ()| 9(p)dA(p) = d(A) / 2]
A A R7

This allows us to conclude. O

4. EXAMPLES OF CALABI-YAU HOROSPHERICAL CONES
4.1. Regular Calabi-Yau cones.
4.1.1. An easy example.

Example 4.1. Consider the conical embedding of SL3/U~ in Example 2.7l Fixing
a root system (SLs, B,T) with positive roots (a1, a9, a1 + as). The linear function
associated to the canonical divisor is 8 = a1 + ao.

The cone admits a regular conical Calabi-Yau metric for the normalized (opposite)
Reeb vector £ = (af +ay)/4. Although it is possible to prove this by direct compu-
tations, we will employ a symmetry argument. Note that the volume minimization
condition is invariant by the symmetry exchanging two roots, hence by uniqueness of
the solution, the opposite Reeb vector is also invariant by this symmetry. Therefore,

letting £ = (zay + ay)/4, we have zay + o = zay + oy, hence z = 1.
p(D2)
X
e
»
p(D1)
FIGURE 6

4.1.2. Examples arising from symmetric spaces. Let us give a brief overview about
the structure of (algebraic) symmetric spaces. The reader may consult [Vus74],
[Vus90] or [DCP83| for a detailed treatment. Let G be a complex connected semisim-
ple group, endowed with an algebraic involution ¢ # Id. Let H be a closed subgroup
such that G C H C Ng(G?). The homogeneous space G/H is called a symmetric
space. It is well-known that a symmetric space is spherical (see [Vus74]).

Let T, C G be a maximal torus satisfying o(t) = t~!, V¥ ¢t € T,. The rank of the
symmetric space coincides with the dimension of Ts. After choosing a Lévi subgroup
adapted to H, we have an identification M(G/H) = M(Ts/Ts N H). Moreover,
Ts/Ts N H is a subgroup of finite index in Ty (cf. [Vus90, 2.2]), whence

M(G/H)r = M(Ts)r

Let t; be the Lie algebra of T,. The non-compact part t,.s of ts is isomorphic to
N (Ts)r ~ Hom(C*, T5) @ R.
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Definition 4.2. [DCP83] [Vus76]
o There exists a o-stable mazximal torus T containing T.
o Let O the root system (G, T). The restricted root system of G/H, which has
the same rank as G/H, is defined by:

R:={a#0,a=a—-o(a), a € &}

In particular, @, = 2aly, .

o After firing a restricted root system, the valuation cone V of a symmetric
space can be considered as the negative restricted Weyl chamber, which is
always strictly convex (if G/H is semisimple) and polyhedral of mazimal
dimension.

The multiplicity of an element @ is

mg=#{y€P, a=v-0(7)}
The set of multiplicities of a symmetric space is defined as the set of multiplicities of
its restricted root system. Let n and r be respectively the dimension and the rank

of G/H; we have:
n=r+ Zma

Definition 4.3. [Vus90, Lemma 2.3 Let « be a root of ®. The restricted coroot
of @ is defined as

o (@)Y =35a" ifo(a) = —a

o (@)Y =35(a¥ —o(a)Y), if (a¥,0(a)) = 0.

o (@) =a" —oc(a)Y,if (a¥,0(a)) = 1.
Proposition 4.4. [Vus90, 2.4, Proposition 1] The images of the colors in N (Ts/TsN

H) are in bijection with the restricted coroots of G/H. More precisely, let D be the
colors of G/H. Then

1
2
1
2

p(D) ={(@)",a € R}
If G/H is not hermitian (i.e. the center of G7 is discrete), then p is injective on D;
if not, then each fiber of p contains at most two points.

WR = Z Mgl = Z a
aceRt aedt
the sum of positive restricted roots (counted with multiplicities). The Killing form
K of ts, allows us to identify Ng with M.

Now consider an irreducible semisimple symmetric space G/H of rank 2 with
valuation cone V. For all £ € Int), the colored cones generated by £ and the images
of the colors cover the whole valuation cone V, hence define a compactification X¢
(cf. Thm. 2.I6). The unique G-stable divisor Dg of X¢ corresponds to the ray
generated by &.

We denote by
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(@2)" =@

€ € Int(V)

F1GURE 7. Compactification of As-symmetric spaces with a unique
G-stable divisor.

The open G-orbit of Dg is then G-isomorphic to a horospherical space G/Hy. This
can be seen from the combinatorial data (Mg, Ny, Vo, Dg) of G/Hy, which in turn
can be read from G/H thanks to the work of Brion-Pauer [BP87].

Let us briefly describle the combinatorial data of G/Hy. Let Mg be the weight
lattice of G/Hp. Then

Mo=(M&Z)N(Ng™
Let Ny be the lattice of coweights. Define:

T NDZ — Ny

as the natural dual application to the inclusion My C M. We have Vy = mp(V) =
(No)o (cf. [BP8T, Théoréme 3.6]), so G/Hy is horospherical. By loc. cit., the (left)-
stabilizer @y of the open Borel-orbit of G/Hj is exactly the stabilizer of the open
Borel-orbit of G/H. Let Py be the opposite parabolic subgroup to Qq. Let Iy be the
positive simple roots in G associated to FPy. We then have by Prop.

po(Do) = {a"|m,, @€ S\Ip}
where S is the set of positive simple roots of GG, and one can show that po(Dp)
actually consists of multiples of 7y ((@1)") and mo((@2)") (cf. [Vus90, 2.3, Remarques
).

Consider now the horospherical space G/Hyx C*. It is immediate that M(G/H X
C*) = Mo@Z. Its dual lattice N (G/Hyx C*) is then Ny@Z. In particular N'(G/Hx
C*)r ~ NR. The colors of G/Hy x C* are exactly Dy x C* := {D x C*, D € Dy}.

Let Cy be the colored cone generated by the images of Dy x C*; then Cy coincides
with the cone generated by restricted coroots. It follows that Cy does not depend
on the choice of £&. Denote by Cy the dual cone, generated by primitive directions
orthogonal to po(Dy x C*); then Cy is exactly the negative Weyl chamber V.
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(q)¥ =y
—Cy
\ (@)Y =a
C\/
’ mo((@1)V)

F1GURE 8. Horospherical cone constructed from a As-symmetric
space. Note that po(Dy) consists exactly of the images of the re-
stricted coroots by .

Lemma 4.5. The embedding G/Hy x C* — Y} associated to (Cp,Dy x C*) is a
horospherical cone.

Proof. The cone Cqy is a polyhedral cone of maximal dimension containing all the
colors, hence defines a horospherical cone by Thm. 2.35] O

Now consider the real vector space t;..
)

of the positive Weyl chamber, such that:
We are interested in finding a vector 7 satisfying the barycenter condition for the
existence of a conical Calabi-Yau metric on Y. The vector 7 might be interpreted

as the opposite Reeb vector —¢ as we explained in the previous section.
For practical reasons, we parametrize the orthogonal direction ¢ by:

with basis (4, 7) where 7 is in the interior

0 =—xa1 + ag, x €R
Here ay, as denote the directions of the Weyl wall orthogonal to @, @ defined as

. o /@(51,52)_ . o /@(51,52)_
0] =01 — —(—— 0, Q=02 — —F——~
K (i, i)
It is then easy to see that 7 belongs to the interior of the cone Cy iff x > 0.
Let

/@(51,61)

P(p)= [] @ pé+@r)™=, p€ .,
aERt
Consider the polytope A; = [A_(x), A+ (z)] where A_ and A, are the intersections
with the Weyl walls of the line containing wg and orthogonal to 7. In more explicit
terms: @ ) @ )
—k(@1,wR —k(@y, wR
Me) === M= —E
By our main theorem, the polarized cone (Yp,§) admits a conical Calabi-Yau metric
if and only if:
barp(A;) = wpr
where barp is the barycenter with respect to the measure P(p)dp. Equivalently, we
have:
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Proposition 4.6. There exists conical Calabi-Yau metrics on Yj if and only if the
polynomial equation equivalent to

At (2)
(8) / pP(p)dp =0
A_(z)

admits a (necessarily unique) positive root. In particular, Yy is a quasi-regular
Calabi-Yau cone if and only if the root is positive and rational.

Example 4.7. Consider the symmetric spaces G/H of rank 2 whose root system is
of type As. The multiplicities of the two simple restricted roots oy, @ all equal to
m, hence
wgr = 2m(a; + as)
We also have :
ﬂ(@l,al) = Ii(ag,ag) =1, Ii(al,ﬁg) = —1/2, ﬂ(@l,&l) = ﬂ(@g,&g) = 3/4

so k(@1,wr) = k(ae,wr) = m and k(@ + @2, wr) = 2m. It follows that the
polynomial equation (8) remains unchanged under the symmetry of t;,. ; exchanging
two roots, hence the (opposite) Reeb vector is fixed (by uniqueness of the volume
minimization condition) and ¢ is sent to its opposite under this symmetry. It follows
that
0 = —xaq + ap =z — Q1
hence x = 1 and 7 = @ +@s. As a consequence, the horospherical cones constructed
from
SL3/SO3, SL3 X SL3, SL6/Sp6, EG/F4

(which are symmetric spaces of type Ay with multiplicities m = 1,2, 4, 8 respectively)
all have quasi-regular Calabi-Yau structures with a rational Reeb vector.

4.2. Irregular Calabi-Yau cones. We consider in this part rank-two symmetric
spaces with root system of type B(C)y of multiplicities (my,mg,ms). Let (o, @s)
be the simple restricted roots with multiplicities (mq, mg). The positive roots of
multiplicity m; are (@i, a; + 2a@2), the ones with multiplicity mqy are (aq,@; + @a),
and those with multiplicity mg are (2aq, 2a; + 2as).

We also have

k(ay,an) = 2, k(ay,az) = —1, k(ag,a) =1,
k@, aq) =1, k(a@g,as) =1/2

Moreover,

wr = (2mq + 2ma + 4ms)as + (2my + ma + 2ms)a;
A direct calculation gives us (up to multiplying by a constant) :

P(p) =(2my — px)™ (2my + 2mg + 4ms + p(1 — z))™

(2ma + 4ms3 + p)™2 T3 (4my + 2my + 4ms + (1 — 2z)p)™2t™s

The vertices of the polytope A, have coordinates

Ay (x) = _’Z(éll:f;}z) _ 27;21’ A(z) = % = —(2mg + 4m3)

Example 4.8. Let G := SLp/SLy x SLi_5 be the complex grassmannian of mul-
tiplicities (my, mo, ms) = (2,2k — 8,1),k > 5, which we can view as the tangent or
cotangent bundle over a real grassmannian, endowed with an appropriate complex
structure. If SL; acts on CF on the left, then geometrically, Gy, is SLj-isomorphic
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to a pair (V,W) of vector subspaces of C* with dimensions (2,k — 2) such that
CF=veoWw.

Consider the complex grassmannian Gi_5, with multiplicities (mq,mg, mg) =
(2,2,1). We have :

wr =801 + 120, A_=—6, Ay = %
The polynomial P then becomes
P(p) = (4 —px)* (12 + p(1 — 2))*(16 + p(1 — 22))°(8 — p)’
and the barycenter condition is thus equivalent to the following polynomial equation
(1 + 2z)1 (=42 — 84z — 6322 + 602° + 2402 + 33625 + 2242°) = 0

This equation has a unique irrational positive root, as follows from the Eisenstein’s
criterion for the prime number 3. In particular, there exists no compactification with
a unique SLs-stable Kéhler-Einstein divisor, but the horospherical cone Y} still has
an irregular conical Calabi-Yau structure.

We believe that the following holds.

Conjecture. For each k > 5, the horospherical cone constructed from Gj has a
irregular conical Calabi-Yau sructure.

Example 4.9. Now consider the following symmetric spaces
SOs5 x SO5/S05, Sps/Sps x Spa, SO10/GLs, Eg/SO19 x SO4,
They are respectively of multiplicities
(2,2,0), (3,4,0), (4,4,1), (6,8,1),
The polynomial equations resulting from (g]) are, respectively:

(14 2)%(=7 — 152 — 142” 4 22° + 242 + 282°) =0

(3 +42)15( — 99 — 319z — 5452 — 5492 — 140"
+ 61625 + 12962° + 136027 + 7042%) = 0

(2 + 32)'( — 6006 — 250252 — 55770z% — 808502°
— 693002 + 49142° + 1348202°
+ 26488027 + 3141602% + 2402402° 4 960962°) =0

(3 +52)3L( — 6128925 — 38326211z — 12985149122 — 30912165923
— 5636333852 — 802569405z — 8498527292°
— 498060849z" 4 3754290542° + 1679517840°
+ 30590560002 + 4002942944211 + 4101349824212
+ 33126466562 + 20328844802 + 859541760210
+ 191009280z'%) = 0

One can check directly using e.g. Mathematica that the unique positive solution of
these polynomials are irrational. As a consequence, we obtain examples of irregular
horospherical cones.
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