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ABSTRACT. A systematic theory of structural limits for finite models has been developed
by Nesettil and Ossona de Mendez. It is based on the insight that the collection of finite
structures can be embedded, via a map they call the Stone pairing, in a space of measures,
where the desired limits can be computed. We show that a closely related but finer grained
space of measures arises—via Stone-Priestley duality and the notion of types from model
theory—Dby enriching the expressive power of first-order logic with certain “probabilistic
operators”. We provide a sound and complete calculus for this extended logic and expose
the functorial nature of this construction.

The consequences are two-fold. On the one hand, we identify the logical gist of the
theory of structural limits. On the other hand, our construction shows that the duality
theoretic variant of the Stone pairing captures the adding of a layer of quantifiers, thus
making a strong link to recent work on semiring quantifiers in logic on words. In the
process, we identify the model theoretic notion of types as the unifying concept behind this
link. These results contribute to bridging the strands of logic in computer science which
focus on semantics and on more algorithmic and complexity related areas, respectively.

Key words and phrases: Stone duality; finitely additive measures; structural limits; finite model theory;
formal languages; logic on words.

* This is an extended version of a paper with the same title which has appeared in the proceedings of
the International Conference on Foundations of Software Science and Computation Structures (FoSSaCS),
299-318 (2020).

Mai Gehrke acknowledges support from the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation program (grant agreement No.670624).

Tom4&s Jakl has received partial support from the EPSRC grant EP/T007257/1.

Luca Reggio has received funding from the European Union’s Horizon 2020 research and innovation
programme under the Marie Sklodowska-Curie grant agreement No.837724.

Preprint submitted to © M. Gehrke, T. Jakl, and L. Reggio
Logical Methods in Computer Science @ Creative Commons


http://creativecommons.org/about/licenses

2 M. GEHRKE, T. JAKL, AND L. REGGIO

1. INTRODUCTION

While topology plays an important role, via Stone duality, in many parts of semantics,
topological methods in more algorithmic and complexity oriented areas of theoretical
computer science are not so common. One of the few examples, the one we want to consider
here, is the study of limits of finite relational structures. We will focus on the structural
limits introduced by Nesettil and Ossona de Mendez [25, 27]. These provide a common
generalisation of various notions of limits of finite structures studied in probability theory,
random graphs, structural graph theory, and finite model theory. The basic construction
in this work is the so-called Stone pairing. Given a relational signature ¢ and a first-order
formula ¢ in the signature o with free variables vy, ..., v,, define

(o, A) = Hae A" | A= p(a)}] (the probability that a random
A= |A|™ assignment in A satisfies ).

(1.1)

Nesetfil and Ossona de Mendez view the map A — (-, A) as an embedding of the
finite o-structures into the space of probability measures over the Stone space dual to the
Lindenbaum—Tarski algebra of all first-order formulas in the signature . This space is
complete and thus provides the desired limit objects for all sequences of finite structures
which embed as Cauchy sequences.

Another example of topological methods in an algorithmically oriented area of computer
science is the use of profinite monoids in automata theory. In this setting, profinite monoids
are the subject of the extensive theory, based on theorems by Eilenberg and Reiterman,
and used, among others, to settle decidability questions [28]. In [7], it was shown that
this theory may be understood as an application of Stone duality, thus making a bridge
between semantics and more algorithmically oriented work. Bridging this semantics-versus-
algorithmics gap in theoretical computer science has since gained quite some momentum,
notably with the recent strand of research by Abramsky, Dawar and co-workers [2, 3]. In this
spirit, a natural question is whether the structural limits of Negettil and Ossona de Mendez
also can be understood semantically, and in particular whether the topological component
may be seen as an application of Stone duality.

More precisely, recent work on understanding quantifiers in the setting of logic on finite
words [10] has shown that adding a layer of certain quantifiers (such as classical and modular
quantifiers) corresponds dually to a space-of-measures construction. The measures involved
are not classical but only finitely additive and they take values in finite semirings rather
than in the unit interval. Nevertheless, this appearance of measures as duals of quantifiers
begs the further question whether the spaces of measures in the theory of structural limits
may be obtained via Stone duality from a semantic addition of certain quantifiers to classical
first-order logic.

The purpose of this paper is to address this question. Our main result is that the Stone
pairing of Nesetfil and Ossona de Mendez is related by a retraction to a Stone space of
measures, which is dual to the Lindenbaum—Tarski algebra of a logic fragment obtained
from first-order logic by adding one layer of probabilistic quantifiers, and which arises in
exactly the same way as the spaces of semiring-valued measures in logic on words. That is,
the Stone pairing, although originating from other considerations, may be seen as arising by
duality from a semantic construction.
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A foreseeable hurdle is that spaces of measures are not zero-dimensional and hence
outside the scope of Stone duality. In fact, this issue stems from non-zero dimensionality
of the unit interval [0, 1], in which is the classical measures are valued. This is well-known
to cause problems e.g. in attempts to combine non-determinism and probability in domain
theory [20]. However, in the structural limits of NeSettil and Ossona de Mendez, at the
base, one only needs to talk about finite models equipped with normal distributions and
thus only the finite intervals T',, = {0, %, %, ..., 1} are involved. A careful duality theoretic
analysis identifies a codirected diagram (i.e., an inverse limit system) based on these intervals
compatible with the Stone pairing. The resulting inverse limit, which we denote T, is a
Priestley space. It comes equipped with an algebra-like structure, which allows us to
reformulate many aspects of the theory of structural limits in terms of I'-valued measures as
opposed to [0, 1]-valued measures.

Some interesting features of I', dictated by the nature of the Stone pairing and the
ensuing codirected diagram, are that

e T’ is based on a version of [0, 1] in which the rationals are doubled;

e T' comes with section-retraction maps [0,1] —— I' — [0,1];

e the map ¢ is lower semicontinuous while the map ~y is continuous.

These features are a consequence of general theory and precisely allow us to witness continuous
phenomena relative to [0, 1] in the setting of T".

Our contribution. We show that the ambient space of measures for the structural limits
of Nesetfil and Ossona de Mendez can be obtained via “adding a layer of quantifiers” in a
suitable enrichment of first-order logic. The conceptual framework for seeing this is that of
types from classical model theory. More precisely, we will see that a variant of the Stone
pairing is a map into a space of measures with values in a Priestley space I'. Further, we
show that this map is in fact the embedding of the finite structures into the space of (0-)types
of an extension of first-order logic, which we axiomatise. On the other hand, I'-valued
measures and [0, 1]-valued measures are tightly related by a retraction-section pair which
allows the transfer of properties. These results identify the logical gist of the theory of
structural limits and provide a new interesting connection between logic on words and the
theory of structural limits in finite model theory.

Outline of the paper. In section 2 we briefly recall Stone-Priestley duality, its application
in logic via spaces of types, and the particular instance of logic on words (needed only to
show the similarity of the constructions featuring in logic on words and in the theory of
structural limits).

In Section 3 we introduce the Priestley space I" with its additional operations, and show
that it admits [0, 1] as a retract (the duality theoretic analysis justifying the structure of T’
is deferred to the appendix). The spaces of I'-valued measures are introduced in Section 4,
and the retraction of T" onto [0, 1] is lifted to the appropriate spaces of measures.

In Section 5, we introduce the I'-valued Stone pairing and make the link with logic on
words. Further, we compare convergence in the space of I'-valued measures with the one
considered by Nesetiil and Ossona de Mendez. In Section 6, we show that constructing
the space of I'-valued measures dually corresponds to enriching the logic with probabilistic
operators.
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To avoid overburdening the reader with technical details, we have decided to postpone
the derivation of I'' and its structure until the appendix. This derivation relies on extended
Priestley duality and the theory of canonical extensions, which we recall in Appendix A. This
general theory is then applied in Appendix B to explain how the space I' and its algebra-like
structure are derived.

2. PRELIMINARIES

Notation. Throughout this paper, if X i> Y £ Z are functions, their composition is denoted
g- f. For asubset S C X, fis: S — Y is the obvious restriction. Given any set 7', §£(T)
denotes its power-set. Further, for a poset P, P°P is the poset obtained by turning the order
of P upside down.

2.1. Stone-Priestley duality. In this paper, we will need Stone duality for bounded
distributive lattices in the order-topological form due to Priestley [29]. It is a powerful
and well established tool in the study of propositional logic and semantics of programming
languages, see e.g. [15, 1] for major landmarks and [8] for an overview of the role of duality
methods in logic and computer science. We briefly recall how this duality works.

A compact ordered space is a pair (X, <) where X is a compact space and < is a partial
order on X which is closed in the product topology of X x X. (Note that such a space
is automatically Hausdorff.) A compact ordered space is a Priestley space provided it is
totally order-disconnected. That is, for all x,y € X such that = £ y, there is a clopen (i.e.
simultaneously closed and open) C' C X which is an up-set for <, and satisfies x € C' but
y ¢ C. We recall the construction of the Priestley space of a distributive lattice D.!

A non-empty proper subset F' C D is a prime filter if it is (i) upward closed (in the
natural order of D), (i) closed under finite meets, and (%ii) if a Vb € F, either a € F or
b € F. Denote by Xp the set of all prime filters of D. By Stone’s Prime Filter Theorem,
the map

[-]: D— ®(Xp), a~[a] ={F € Xp|acF}

is an embedding. Priestley’s insight was that D can be recovered from Xp, if the latter is
equipped with the inclusion order and the topology generated by the sets of the form [a] and
their complements. This makes Xp into a Priestley space—the dual space of D—and the
map [-] is an isomorphism between D and the lattice of clopen up-sets of Xp. Conversely,
any Priestley space X is the dual space of the lattice of its clopen up-sets. We call the latter
the dual lattice of X.

This correspondence extends to morphisms: if h: D1 — D» is a lattice homomorphism,
then h=1: Xp, — Xp, is a morphism of Priestley spaces, i.e. a continuous monotone map.
In the other direction, if f: X; — Xs is a morphism of Priestley, then f~! is a lattice
homomorphism from the lattice of clopen up-sets of X5 to the lattice of clopen up-sets of Xj.

Priestley duality states that the ensuing functors are quasi-inverse, hence the category
DLat of distributive lattices with homomorphisms is dually equivalent to the category Pries
of Priestley spaces and continuous monotone maps. When restricting to Boolean algebras,
we recover the celebrated Stone duality between the full subcategory BA of DLat defined

lThroughout, we assume all distributive lattices are bounded, with the bottom and top elements denoted
by 0 and 1, respectively. Further, lattice homomorphisms are required to preserve these bounds.
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by Boolean algebras, and the full subcategory BStone of Pries on those objects carrying
the identity order. These can be identified with the Boolean (Stone) spaces, i.e. compact
Hausdorff spaces in which the clopen subsets form a basis for the topology.

DLat ; > Pries®P

T |

BA —— BStone®

Figure 1: Priestley and Stone dualities.

2.2. Stone duality and logic: type spaces. The theory of types is an important tool
for first-order logic. We briefly recall the concept as it is closely related to, and provides
the link between, two otherwise unrelated occurrences of topological methods in theoretical
computer science.

Consider a first-order signature ¢ and a first-order theory 7' in this signature. For
each n € N, let Fm,, denote the set of first-order formulas whose free variables are among
v ={v1,...,v,}, and let Mod,,(T') denote the class of all pairs (A, «) where A is a model of
T and « is an interpretation of ¥ in A.

Then the satisfaction relation, (A,«a) = ¢(7v), is a binary relation from Mod, (T to
Fm,,. It induces the equivalence relations of elementary equivalence and logical equivalence
on these sets, respectively. That is,

(A,a) = (A,d) iff Vo) eFm, (A4 a)kE o) < (A d)E o@)
and
p(0) @) i V(A a)eMody(T) (4,) (@) < (4,0) = ¢().

The quotient FO,(T") := Fm,,/~ carries a natural Boolean algebra structure and is
known as the n-th Lindenbaum—Tarski algebra of T, while Typ,,(T) := Mod,,/= is naturally
endowed with a topology, generated by the sets [¢(7)] = {[(4,@)] | (4,a) = ¢(v)} for
»(v) € Fm,, and is known as the space of n-types of T. Often, the Lindenbaum—Tarski
algebra is defined by quotienting Fm,, with respect to provable equivalence, where ¢(v) and
1 () are provably equivalent (modulo T') if T'F ¢(v) <> (7). Goédel’s completeness theorem
states that these two quotient algebras are isomorphic or, equivalently, that Typ,,(T) is the
Stone dual of Fm,, modulo provable equivalence.

The Boolean algebra FO(T") of all first-order formulas modulo logical equivalence over
T is the directed colimit of the FO,(T") for n € N while its dual space, Typ(T), is the
codirected limit of the Typ,,(T") for n € N and consists of (equivalence classes of) models
equipped with interpretations of the full set of variables.

Now, consider the set Fin(7T") consisting of isomorphism classes of finite 7-models.
Because two finite models are elementarily equivalent precisely when they are isomorphic,
Fin(T') can be identified with a subset of the space Typy(T") of 0-types of T'. If we want to
study finite models, there are two equivalent approaches: e.g. at the level of sentences, we
can either consider the theory T§, of finite T-models, or the topological closure of Fin(T') in
the space Typy(T"). This closure yields a space, which should tell us about finite T-structures.
Indeed, it is equal to Typy(Tfn), the space of pseudofinite T-structures. For an application
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of this, see [16]. Below, we will see an application in finite model theory of the case T' = ()
(in this case we write FO(o) and Typ(o) instead of FO(0) and Typ(0)).

In light of the theory of types as exposed above, the Stone pairing of Nesetfil and Ossona
de Mendez (equation (1.1)) can be seen as an embedding of finite structures into the space of
finitely additive probability measures on Typ(c), which set-theoretically are finitely additive
functions FO(o) — [0, 1]. In fact, we will see that a finer grained variant of the Stone pairing
corresponds precisely to embedding finite structures into the space of 0-types of an extension
of first-order logic, ¢f. Theorem 6.5 and the discussion that follows the theorem.

2.3. Duality and logic on words. As mentioned in the introduction, spaces of measures
arise via duality in the study of semiring quantifiers in logic on words [10]. In Section 5.1,
we will show that basically the same construction yields the Stone pairing of Nesettil and
Ossona de Mendez. To make this analogy precise, here we provide a brief overview of logic
on words and the role of measure spaces. As the technical development of the paper is
independent from this material, the reader can safely defer the reading of this section.

Logic on words, as introduced by Biichi, see e.g. [23] for a recent survey, is a variation
and specialisation of finite model theory where only models based on words are considered.
Le.,a word w € A* is seen as a relational structure on {1,...,|w|}, where |w| is the length
of w, equipped with a unary relation P,, for each a € A, singling out the positions in the
word where the letter a appears. Each sentence ¢ in a language interpretable over these
structures yields a language L, C A* consisting of the words satisfying . Thus, logic
fragments are considered modulo the theory of finite words and the Lindenbaum—Tarski
algebras are subalgebras of §2(A*) consisting of the appropriate Ly’s, ¢f. [16] for a treatment
of first-order logic on words.

For lack of logical completeness, the duals of the Lindenbaum—Tarski algebras have
more points than those given by models. Nevertheless, the dual spaces of types, which
act as compactifications and completions of the collections of models, provide a powerful
tool for studying logic fragments by topological means. The central notion is that of
recognition, in which a Boolean subalgebra B C §?(A*) is studied by means of the dual map
n: B(A*) — Xp. Here S(A*) is the Stone dual of §(A*), also known in topology as the
Cech-Stone compactification of the discrete space A*, and Xg is the Stone dual of B. The
set A* embeds in (A*), and 7 is uniquely determined by its restriction ny: A* — Xpg. Now,
Stone duality implies that L C A* is in B precisely when there is a clopen subset V C Xp
so that 7, 1(V) = L. Anytime the latter is true for a map 1 and a language L as above, one
says that n recognises L.?

When studying logic fragments via recognition, the following inductive step is central:
given a notion of quantifier and a recogniser for a Boolean algebra of formulas with a free
variable, construct a recogniser for the Boolean algebra generated by the formulas obtained
by applying the quantifier. This problem was solved in [10], using duality theory, in a general
setting of semiring quantifiers. The latter are defined as follows: let (S,+,+,0g,1g) be a
semiring, and k € S. Given a formula 9 (v), the formula 3g ,v.¢)(v) is true of a word w € A*
if, and only if,

lg+---+1g = k

m times

2Here, being beyond the scope of this paper, we are ignoring the important role of the monoid structure
available on the spaces (in the form of profinite monoids or BiMs, cf. [16, 10]).
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where m is the number of assignments of the variable v in w satisfying ¥ (v). If S = Z/qZ,
we obtain the so-called modular quantifiers, and for S the two-element lattice we recover the
existential quantifier 3.

To deal with formulas with a free variable, one considers maps of the form

f:B(AX2)7) = X,

where the extra bit in A x 2 is used to mark the interpretation of the free variable. In [10]
(see also [11]), it was shown that L., is recognised by f if, and only if, for every k € S the
language L3, 4.4 (v) is recognised by the composite

X R a ¥ S(f)

A" —— S(B((A%x2)") ——
where §(X ) is the space of finitely additive S-valued measures on X, and R maps w € A*
to the measure i, : $((A x 2)*) — S sending K C (A x 2)* to the sum 1g+ -+ 1g, ny i
times. Here, n,, g is the number of interpretations « of the free variable v in w such that

S(X), (2.1)

~

the pair (w, @), seen as an element of (A x 2)*, belongs to K. Finally, S(f) sends a measure
to its pushforward along f.

3. THE space I

Nesettil and Ossona de Mendez observed in [25] that the Stone pairing (-, -) (¢f. equa-
tion (1.1)), with its second argument fixed, yields a finitely additive function FO(c) — [0, 1].
In other words, given two first-order formulas ¢ and ¢ and a finite o-structure A,

(0, A) + (¥, A) = {0 V), A) + (p A1), A)
and also (f, A) = 0 and (t, A) = 1, where f and t denote false and true, respectively. By
Stone duality, we can identify FO(o) with the Boolean algebra of clopen subsets of the space
of types Typ(o). By assuming that clopen (equivalently, first-order definable) subsets of
Typ(o) form the Boolean algebra of measurable subsets, we view Typ(o) as a measurable
space. Then, assigning to the second argument of the Stone pairing yields an embedding
of Fin(o), the set of isomorphism classes of finite o-structures, into the space of finitely
additive measures:

Fin(o) — Mi(Typ(0)), A (-, A).

The main obstacle in being able to use duality theory to investigate the logical nature
of the space Mi(Typ(c)) is the fact that this space is not zero-dimensional, and thus not
amenable to the usual duality theoretic methods. This is a direct consequence of the fact
that My(Typ(c)) is a closed subspace of the product [0, 1]¥°(?) and thus inherits most of its
topological properties from the unit interval [0, 1]. Consequently, in order to exploit duality
theory, e.g. in the form of Priestley duality, we need to find a suitable Priestley space I'" that
will play the role of the unit interval.

The construction of I' comes from the insight that the range of the Stone pairing (-, A),
for a finite o-structure A and formulas restricted to a fixed number of free variables, can be

confined to a chain of the form

1 2
r,=4{0,—,—,...,1},

nn

where n = |A[¥ if k is the number of free variables. Each T, with the obvious total order
and the discrete topology, is a Priestley space. To allow for formulas with any number of
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free variables, we require that I' is obtained as a codirected limit of all finite chains I';,. If
the maps in the codirected diagram, say I';,, — I';,, are monotone, we are guaranteed that I"
is a Priestley space, see e.g. [17, Corollary VI.3.3]. There are two natural candidates for
such maps, namely the floor and ceiling functions

|-]: Thm =T, and [-]: Ty, —» Ty

which send % to % where b = |a/m| and b = [a/m], respectively.

Lastly, we require that I" comes equipped with some algebraic structure which is rich
enough so that we can define I'-valued measures. Since I' will be computed as a limit of
the finite chains I';,, the natural way to identify this algebraic structure is to analyse the
arithmetic operations available on those finite chains. Given that we need to represent finite
additivity, it is natural to consider partial addition z +y on T',,, defined whenever z 4y < 1.3

The partial addition on I';, behaves well in many respects, and even has a right adjoint:
r+y<z <<= rx<z-—y

where z — y is the partial subtraction defined whenever y < z. However, partial addition is
not compatible with floor and ceiling functions. Indeed, the operator dual to the partial
addition on chains T, is not preserved by the lattice homomorphisms dual to the floor
functions |-|: Iy, — Ty, nor by the duals of the ceiling functions |-]: Ty, — I'y,. For
more details, see Appendix B.

On the other hand, as we shall now see, the partial subtraction is compatible with floor
functions. Note that, by the adjointness property stated above, addition and subtraction
are interdefinable, and so we preserve our ability to express finite additivity. Let L,, be the
lattice dual to the Priestley space I',,, i.e. the lattice of up-sets of I';,. In other words, L, is
the finite chain

L, = (J_<1<L_1 <...<g<1<0)'
n n o n
The following lemma provides a description of the operator on L,, dual to partial subtraction
on I';,, and relies on extended Priestley duality between lattices with operators and Priestley
spaces with partial operations (or relations), see e.g. [15] and also [12, 13]. The necessary

background on extended Priestley duality, and a derivation of the following fact, are offered
in Appendix B.

Lemma 3.1. The operator ®: L, X L, — Ly, defined by

a b 1L ifa+b>n
D= atb

= , and lou=uel=1
n o n otherwise
is dual to the partial subtraction —: I'y, x 'y, = I'y, with domain dom(—) = {(z,z) | x < z}.

It is immediate to see that the lattice homomorphisms dual to floor functions are the
lattice embeddings in nm: Ln < Lypm. Moreover, these embeddings preserve @, i.e.

inam(UW B V) = lnnm(U) B innm(v)

for all u,v € L,,. Note that this is not true for the duals of ceiling functions (see Appendix B
for details).

3Measures valued in partial monoids have been considered in several places in the literature, see e.g. [4].
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3.1. A concrete representation of I'. In view of the discussion above, we define I' as
the limit of the codirected diagram

{|-]: Ty > Ty | myn € N},

where N carries the (opposite of the) divisibility order. Since this is a codirected diagram
of finite discrete posets and monotone maps, I' is naturally equipped with a structure of
Priestley space, see e.g. [17, Corollary VI.3.3]. The most lucid description of I' is obtained by
dualising this construction. Because the category of Priestley spaces is dual to the category
of distributive lattices, I" is dual to the lattice obtained as the colimit L of the directed
system of lattice embeddings

{inmm: Ln <= Lypm | m,n € N}.
The lattice L is given by
L={L1}u([0,1]nQ)*,
with L <y, ¢ and ¢ <y, p for every p < ¢ in [0,1] N Q. We can then identify the points of T’
with the prime filters of L. Each ¢ € [0,1] N Q yields a prime filter ¢° = {p € L | ¢ < p}, and

each r € (0, 1] yields a prime filter v~ = {p € L | r < p}. It is not difficult to see that all
prime filters of L are of one of these types, and so I" can be represented as based on the set

{r=1re(0,1]}U{¢" ¢ €[0,1]NQ}.
The order of I' is the unique total order which has 0° as bottom element, satisfies r* < s* if
and only if r < s for « € {—, 0o}, and such that ¢° is a cover of ¢~ for every rational ¢ € (0, 1]
(i.e. ¢~ < ¢°, and there is no element strictly in between). In a sense, the elements of the
form ¢° are regarded as ezact values, and those of the form r~ as (lower) approzimations.
Cf. Figure 2. The topology of I is generated by the sets of the form
tp°={z el |p°<z} and |¢ ={ze€l[z<q}
for p,q € QN [0, 1] such that ¢ # 0.

1_:10 -0
r— =
T = q_:qo AN~ L =
Aoo J_:l

Figure 2: The Priestley space I' and its dual lattice L.

3.2. The algebraic structure on I'. Because the embeddings iy pm : Ln < Ly preserve
the operators @&: L, x L, — Ly, the colimit lattice L is naturally equipped with the operator
@: L x L — L obtained by gluing together all the operators on the finite sublattices L,,. By
extended Priestley duality, the operator @ on L is dual to a pair of partial operations — and
~ on I'.* The first one, —: dom(—) — T, has domain dom(—) = {(z,y) e T xT' |y < z}

4Note that the finite chains T',, come equipped, not only with the partial subtraction — as explained above,
but also with a second partial operation ~. However, this additional piece of information is not needed in
order to recover @ on L,. This is a specific feature of finite lattices.
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and is defined by

r°—s> = (r—s)° r°—s‘} _ {(r—s)o ifr—seQ

r-—s> = (r—s)” r-—s (r—s)~ otherwise.

The second partial operation is definable in terms of — and is given by
~:dom(—) — T, acwy::\/{:v—qo|y<qo <z}
Explicitly, we have z ~ x = 0° and, whenever y < z,
r° ~ s°
(r—s)° ifr—seQ
(r—s)” otherwise.

The proof of the correspondence between @ and the pair (—, ~) is included in Appendix B.

The two partial operations on I' have specific topological and order-theoretic properties
which are crucial in order to be able to reconstruct &. Moreover, we need both operations
in order to recover the classical [0, 1]-valued measures as retracts of I'-valued measures (cf.
the proof of Lemma 4.7 essential for Theorem 4.10).

Here, we collect only the necessary properties of — and ~ needed in Section 4. Recall that
a map between ordered topological spaces is lower (resp. upper) semicontinuous provided
the preimage of any open down-set (resp. open up-set) is open. The next lemma shows, in
particular, that — and ~ are semicontinuous, a key observation which will allows us to show
that the space of I'-valued measures is a Priestley space (Proposition 4.3).

Lemma 3.2. If dom(—) is regarded as an ordered subspace of I' x I'°P, the following hold:

(1) dom(—) is a closed up-set in T' x I'°P;

(2) —:dom(—) = I and ~: dom(—) — IT' are monotone, i.e. if (z,y) € dom(—), = < 2/
andy' <y, thenx —y<a' —y andx ~y <2’ ~v;

(3) —:dom(—) — T is lower semicontinuous;

(4) ~: dom(—) — I is upper semicontinuous.

Proof. The properties (1)—(3) as stated above follow from the general theory of [12, 13] and
we also included a direct proof in Appendix A. Item (4) requires extra care because we
extended the natural domain of definition of ~ for our application.

The general theory entails that the partial map ~' defined as the restriction of ~ to
{(z,y) | y < x} is upper semicontinuous and also that dom(~') is an open up-set in I x I'"°P.
To deduce (4), let ¢ € (0,1] N Q. Observe that x = y implies that x ~ y = 0° ¢ 1¢°.
Consequently, the preimage of 1¢° under ~ is equal to (~')~1(1¢°), which is open in the
subspace topology of dom(~'). Since dom(~') is open in T x T', the preimage (~)~!(1¢°) is
open in I' x I and thus also open in the subspace topology of dom(~). []

3.3. The retraction I" — [0,1]. In this section we show that, with respect to appropriate
topologies, the unit interval [0, 1] can be obtained as a topological retract of T', in a way
which is compatible with the operation —. This will be important in Sections 4 and 5, where
we need to move between [0,1]-valued and I'-valued measures. Let us define the monotone
surjection given by collapsing the doubled elements:

v:T'—=1[0,1], r—,r°—r. (3.1)
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The map v has a right adjoint, given by
r° ifreQ

r~ otherwise.

t:10,1] = T, r— { (3.2)

Indeed, it is readily seen that, for all y € T and = € [0,1], v(y) < x if and only if y < ¢(z).
The composition v - ¢ coincides with the identity on [0, 1], i.e. ¢ is a section of 7. Moreover,
this retraction lifts to a topological retract provided we equip I' and [0, 1] with the topologies
consisting of the open down-sets:

Lemma 3.3. The map v: T' — [0,1] is continuous and the map v: [0,1] — T is lower
$eMicONntinUoOUS.

Proof. To check continuity of v observe that, for ¢ € QN (0, 1), the sets v~ (¢, 1] and v~1[0, q)
coincide, respectively, with the open sets

Jtr° [pe@n0,1] and ¢ < p} and | J{lp™ |p€ QN (0,1] and p < g}.
Also, ¢ is lower semicontinuous, for :~!(¢~) = [0, q) whenever ¢ € QN (0, 1]. ]

It is easy to see that both v and ¢ preserve the minus structure available on I" and [0, 1]
(the unit interval is equipped with the usual minus operation z — y defined whenever y < x),
that is,

* y(& —y)=~(x~y) =7(x)—7(y) whenever y <z in T, and

o (z—y)=1(x)— t(y) whenever y < z in [0, 1].

Remark 3.4. ¢: [0,1] — T is not upper semicontinuous because, for every ¢ € Q N[0, 1],
1) = {x € 0,1 [ ¢° < u@)} = {z € [0,1] | v(¢°) < 2} = [g,1].

Remark 3.5. The map v: I' — [0, 1] has, in addition to the right adjoint ¢, also a left adjoint

L—, given by

0° ifx=0

x~ otherwise.

t—:[0,1] = T, m»—>{

The latter is also a section of ~, but in the following we shall mainly work with the map ¢.

4. SPACES OF MEASURES VALUED IN I' AND IN [0, 1]

The aim of this section is to replace [0, 1]-valued measures by I'-valued measures. The
reason for doing this is two-fold. First, the collection of all I'-valued measures is a Priestley
space (Proposition 4.3), and thus amenable to a duality theoretic treatment and a dual logic
interpretation (c¢f. Section 6). Second, it retains more topological information than the space
of [0, 1]-valued measures. Indeed, the former retracts onto the latter (Theorem 4.10).

Let D be a distributive lattice. Recall that, classically, a monotone function

m: D — [0, 1]
is a (finitely additive, probability) measure provided it satisfies m(0) = 0, m(1) = 1, and

m(a) + m(b) = m(a VvV b) + m(a Ab) for all a,b € D. The latter property is equivalently
expressed as

Va,b € D, m(a) —m(aAb) =m(aVb)—m(b). (4.1)
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We write My (D) for the set of all measures D — [0, 1], and regard it as an ordered topological
space, with the structure induced by the product order and product topology of [0, 1]D . The
notion of (finitely additive, probability) I'-valued measure is analogous to the classical one,
except that the finite additivity property (4.1) splits into two conditions, involving — and ~.

Definition 4.1. Let D be a distributive lattice. A T'-valued measure (or simply a measure)
on D is a function p: D — I such that

(1) w is monotone,

(2) pu(0) =0° and p(1) =1°, and

(3) for all a,b € D,

pu(a) ~ plaAb) < p(aVb) — p(b) and u(a) — pla Ab) = p(aVb) ~ wu(b).
We denote by Mr (D) the subset of I'P consisting of the measures p: D — T,

Note that, if we only required one of the two inequalities in item (3) above, we would
essentially be considering finitely subadditive measures.

Since T is a Priestley space, so is I'P equipped with the product order and topology.
Hence, we regard Mrp(D) as an ordered topological space, whose topology and order are
induced by those of I'P. Explicitly, given measures p,v € Mp(D) we have yu < v if, and
only if, u(a) < v(a) for all a € D. Moreover, the topology of Mr(D) is generated by the
sets of the form

[a <q] ={veMr(D)|v(a)<q°}
and

o> ] == {v € Mp(D) | v(a) > ¢°},
for alla € D and ¢ € QN[0, 1]. Note that the sets [a < g] are clopen down-sets, while the sets
[a > q] are clopen up-sets. It turns out that Mp(D) is a Priestley space (Proposition 4.3).
The proof of this fact relies on the following lemma:

Lemma 4.2. Let X,Y be compact ordered spaces, f: X — Y a lower semicontinuous
function and g: X —'Y an upper semicontinuous function. If X' is a closed subset of X,
then so is {x € X' | g(x) < f(z)}.

Proof. Whenever g(z) € f(z) for some z € X, there are an open down-set U and open up-set
V of Y which are disjoint and satisfy f(z) € U and g(x) € V. See e.g. [24, Theorem 4 p. 46].
Then, the open set f~1(U) N g~ 1 (V) contains x and is disjoint from {z € X | g(x) < f(z)}.
Since x was arbitrary, we conclude that the set £ = {x € X | g(x) < f(x)} is closed.
Therefore, if X’ is a closed subset of X, we deduce that {x € X' | g(z) < f(x)} = ENX'is
also a closed subset of X. ]

Proposition 4.3. For any distributive lattice D, Mrp(D) is a Priestley space.

Proof. Tt suffices to show that Mrp(D) is a closed subspace of T'P. Let
Cro={f TP f(0) =07} {f eT? | f1) =1} N [J{f €T”| f(a) < f(1)}-
a<b

Note that the evaluation maps ev,: I'” — T', f — f(a) are continuous for every a € D.
Thus, the first set in the intersection defining Cf s is closed because it is the equaliser of
the evaluation map evq and the constant map of value 0°. Similarly for the set {f € T'" |
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f(1) = 1°}. The last set is the intersection of sets of the form (evq,evy) (<), which are
closed because < is closed in I' x I'. Whence, (2 is a closed subset of | 2 Moreover,

Mrp(D)= () {f €Cizl| fla)~ flanb) < flaVb)— f(b)}

a,beD

N () {f €Cral fla) = flanb) > faVb) ~ f(B)}.
a,beD
From semicontinuity of — and ~ (Lemma 3.2), and Lemma 4.2, we conclude that Mp(D) is
a closed subspace of T'P. ]

It turns out that the construction D — Mrp(D) is functorial:

Lemma 4.4. The assignment D — Mrp(D) can be extended to a contravariant functor
Mr: DLat — Pries by setting, for all lattice homomorphisms h: D — E,

Mr(h): Mp(E) = Mp(D), p— p-h.

Proof. First, we show that if h: D — FE is a lattice homomorphism and u: F — I' is a
measure, the composite map p - h: D — I is also a measure. Since y and h are monotone,
so is p - h. Further, u(h(0)) = 1(0) = 0°, and p(h(1)) = p(1) = 1°. For the third condition
in Definition 4.1 observe that, for all a,b € D,

p(h(a)) ~ p(h(a A b)) = p(h(a)) ~ p(h(a) A h(b))
< p(h(a) V h(b)) — u(h(b))
= pu(h(a Vb)) — p(h(b)),
where the middle inequality holds because p is a measure. The inequality

p(h(a)) — p(h(a A D)) = p(h(a v b)) ~ p(h(b))
is proved similarly. Thus, - h: D — I' is a measure.

The mapping Mr(h): Mr(E) — Mr(D), u— - h, is clearly monotone. With respect
to continuity, recall that the topology of Mp(D) is generated by the sets of the form
[a <q] ={v e Mp(D)|v(a) <q¢°} and [a > q] = {v € Mp(D) | v(a) > ¢°}, with a € D
and ¢ € QN [0,1]. We have

Mr(h)™H([a < q]) = {n € Mr(E) | u(h(a)) < ¢°} = [h(a) < q]
which is open in Mp(E). Similarly, Mr(h)" (Ja > q]) = [h(a) > ¢], showing that
Mr(h) is continuous. Hence, in view of Proposition 4.3, Mr(h) is a morphism of Priestley
spaces. It is not difficult to see that identities and compositions are preserved, therefore
Mr: DLat — Pries is a contravariant functor. L]

Remark 4.5. We work with the contravariant functor Mrp: DLat — Pries because Mrp
is concretely defined on the lattice side. However, by Priestley duality, DLat is dually
equivalent to Pries, so we can think of Mr as a covariant functor Pries — Pries (this
is the perspective traditionally adopted in analysis, and also in the works of NesSetfil and
Ossona de Mendez). From this viewpoint, Section 6 provides a description of the endofunctor
on DLat dual to Mr: Pries — Pries.

Next, we establish a property of the functor Mrp: DLat — Pries which is very useful
when approximating a fragment of a logic by smaller fragments (see, e.g., Section 5.1).
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Proposition 4.6. The contravariant functor Mr: DLat — Pries sends directed colimits
to codirected limits.

Proof. Let D be the colimit in DLat of a directed diagram
{hij: Di = Dj}icj,

with colimit maps ¢;: D; — D (where i and j vary in a directed poset I). We must show
that the cone {Mr(¢;): Mrp(D) — Mrp(D;)}icr is the limit of the diagram
Mr(hi,j)
{Mr(D;) ¢——= Mr(D;)}
Let Y be a Priestley space and {g;: Y — Mrp(D;)}icr a set of Priestley morphisms such
that g; = Mr(hi;) - gj, for every i < j. We need to prove that there is a unique Priestley
morphism &: Y — Mp(D) such that My (i;) - £ = g; for every i.

Note that, since directed colimits in DLat are computed in the category of sets, for

every element a of D there is an index i € I and an element a; € D; such that ¢;(a;) = a.
Define

i<y’

&Y - Mp(D), y~— (D % L, a— gi(y)(ai)),

where a; satisfies ¢(a;) = a. This definition is independent of the choice of a;: for any other
a; € Dj such that ¢j(a;) = a, we have that h; ;(a;) = hj(a;) for some k > 4, j, and so
9i(y)(ai) = g (y)(hig(ai))
= gk () (hjr(aj)) = g;(y)(a;)
for all y € Y. Observe that, for every y € Y, {(y) is indeed a measure D — I'. For example,

let a,b € D. Then, because I is directed, there is an index ¢ such that a = ¢;(a;) and
b = 1;(b;) for some a;,b; € D;. Since g;(y) is a measure, we have that

E(y)(a) ~ E(y)(aAd) = gi(y)(ei(ai) ~ gi(y)(ei(ai) A Li(bi))
< gi(y)(ti(ai) V ei(bi)) — gi(y) (i (bi))
=&(y)(a Vv b) —&(y)(b).

The other properties are proved in the same spirit. Next, we show that £ is a Priestley
morphism. Monotonicity is immediate: if y <%’ in Y and a; € D;, then
§(y)(ei(a:) = gi(y)(as)
< gi(y")(ai) = &(y) (eilas)).
For continuity, for all a; € D; and ¢ € QN [0, 1], we have
7 ([uilar) < a) = {y | €(w) (@) < ¢} = {y | 9i(y)(a:) < ¢°} = g; " ([ai < a)

and, similarly, €1 ([t;(a;) > q]) = g; *([ai > q]). Lastly, we show that ¢ is unique with
these properties. Let A\: Y — Mp(D) be a Priestley morphism such that g; = Mrp(¢;) - A for
every i € I. For every a € D, and element a; € D; such that ¢;(a;) = a, we get

A)(a) = Ay)(vilai)) = gi(y)(ai) = £(y)(ei(ai) = £(y)(a)
for all y € Y. Whence, A = &. L]
Recall the maps v: I' — [0, 1] and ¢: [0, 1] — T from equations (3.1)—(3.2). In Section 3.3

we showed that this is a retraction-section pair. In Theorem 4.10 we will lift this retraction
to the spaces of measures. We start with an easy observation:
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Lemma 4.7. Let D be a distributive lattice. The following statements hold:
(1) for every p € Mr(D), v-p € Mi(D),
(2) for every m € Mi(D), v-m € Mr(D).

Proof. (1) The only non-trivial condition to verify is finite additivity. As pointed out after
Lemma 3.3, the map ~ preserves both minus operations on I'. Hence, for all a,b € D, the
inequalities pu(a) ~ p(a Ab) < p(a VvV b) — u(b) and p(a) — ula Ab) > p(aV b) ~ u(b) imply
that v - p(a) —v-plaAb) =~-plaVb) —v-pu(b).

(2) The first two conditions in Definition 4.1 are immediate. The third condition follows
from the fact that ¢«(r —s) = ¢(r) — ¢(s) whenever s < r in [0,1], and z ~ y < z — y for every

(z,y) € dom(—). ]
In view of the previous lemma, there are well-defined functions
A Mp(D) = My(D), p—~-p and o My(D) = Mp(D), m - m.
Lemma 4.8. y#: Mp(D) — Mj(D) is a continuous and monotone map.

Proof. The topology of Mi(D) is generated by the sets of the form {m € M;i(D) | m(a) € O},
for a € D and O an open subset of [0,1]. In turn,

(v%)"H{m € Mi(D) | m(a) € O} = {nn € Mr(D) | p(a) € v1(0)}
is open in Mrp(D) because v: I' — [0, 1] is continuous by Lemma 3.3. This shows that
y#: Mr(D) — Mj(D) is continuous. Monotonicity is immediate. []

Note that 4 : Mp(D) — M(D) is surjective, since it admits :# as a (set-theoretic)
section. It follows that Mi(D) is a compact ordered space:

Corollary 4.9. For each distributive lattice D, My(D) is a compact ordered space.

Proof. The surjection v#: Mp(D) — M(D) is continuous (Lemma 4.8). Since Mr (D)
is compact by Proposition 4.3, so is Mi(D). The order of Mi(D) is clearly closed in the
product topology, thus Mi(D) is a compact ordered space. []

Finally, we see that the set-theoretic retraction of Mp(D) onto Mi(D) lifts to the
topological setting, provided we restrict to the down-set topologies. If (X, <) is a partially
ordered topological space, write X+ for the space with the same underlying set as X and
whose topology consists of the open down-sets of X.

Theorem 4.10. The maps v*: Mr(D)* — My(D)* and 1 : My(D)* — Mrp(D)* are a
retraction-section pair of topological spaces.

Proof. Tt suffices to show that v# and (# are continuous. It is not difficult to see, using
Lemma 4.8, that 47 : Mp(D)t — My(D)* is continuous. For the continuity of :, note
that the topology of Mr (D)} is generated by the sets of the form [a < ¢], for @ € D and
g € QN (0,1]. We have
(") a < q) = {m € Mi(D) [ m(a) € " (Lg7)}
— {m € M(D) | m(a) < g}

which is an open set in Mj(D)*. This concludes the proof. ]
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5. THE I'~-VALUED STONE PAIRING AND LIMITS OF FINITE STRUCTURES

In the work of Nesetfil and Ossona de Mendez, the Stone pairing (-, A) is [0, 1]-valued, i.e. an
element of M1(FO(0)). In this section, we show that basically the same construction for the
recognisers arising from the application of a layer of semiring quantifiers in logic on words (cf.
Section 2.3) provides an embedding of finite o-structures into the space of I'-valued measures.
It turns out that this embedding is a I'-valued version of the Stone pairing. Hereafter we
make a notational difference, writing (-, -); for the (classical) [0, 1]-valued Stone pairing.
The main ingredient of the construction are the I'-valued finitely supported functions.
To start with, we point out that the partial operation — on I' uniquely determines—by
adjointness—a partial “plus” operation on I'. Define
+:dom(+) - I, where dom(+):={(z,y) |z <1° -y},

by the following rules (whenever the expressions make sense):

4+ =0r+s)° r+s°=(r+s)", r°+s =(r+s), and r +s =(r+s)".
Then, for every z € T, the function (-) 4+ 2 sending y to y + z is left adjoint to the function

(-) — 2 sending y to y — x. This is the content of the next lemma; for a proof, see the end of
Appendix B.4.

Lemma 5.1. For every x € T, the monotone map (-) + x: [0°,1° — x| — [x,1°] is left
adjoint to (-) — x: [x,1°] — [0°,1° — z].
This plus operation allows us to define the notion of finitely supported I'-valued function:

Definition 5.2. For any set X, F(X) is the set of all functions f: X — I such that
(1) the set supp(f) :={z € X | f(x) # 0°} is finite, and
(2) f(z1) 4+ -+ f(zn) is defined and equal to 1°, where {x1,...,z,} = supp(f).

To improve readability, if the sum y; +- - -4y, exists in T, we denote it > ;" | y;. Finitely
supported functions in the above sense always determine measures over the power-set algebra:

Lemma 5.3. Let X be any set. There is a well-defined mapping [: F(X) — Mp(8(X)),
assigning to every f € F(X) the measure

S M= [y f=3{f(x)]2eMnsupp(f)}.

Proof. We wish to prove that [ f is a measure for every f € F(X). First, observe that
f@ f=0°and fX f = 1° by definition. Moreover, M +— fM f is monotone because x < x +y
for all x,y € T for which x 4 y is defined.

It remains to show that, for any M, N C X,

S~ S I < Juon £ = Inf and - [y f = Jyen f = Juon £~ In f- (5.1)
To simplify these expressions, set m = fM\N f,n = fN\M f,and i:= [, f. Then, we
see that
Jyf=m+i, [yf=n+iand [, y=m+n+i.
Consequently, the inequalities in (5.1) can be rewritten as
(m+i)~i < (m+n+i)—(n+i) and (m+i)—i > (m+n+1i)~(n+1).
By Lemma 5.1, these are equivalent to

(m+i)~i)+(n+i) <m+n+i and (m4+n+i)~n+i)+i<m+i.
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Next, observe that, for all z,y € T' for which x + y is defined, (x +y) ~ y is always of ~-type
or equal to 0°, and so (z +y) ~y = t_(y(x)) (where the map ¢_: [0,1] — T is defined as
in Remark 3.5). Consequently, (m+1i) ~i)+n+i=1t_(y(m))+n+i<m+n+iand
(m4+n+i)~n+i)+i=1_(y(m))+i<m+i. []

5.1. The I'~-valued Stone pairing and logic on words. Fix a countably infinite set of
variables {v1,vg,...}. Recall that FO, (o) is the Lindenbaum—Tarski algebra of first-order
formulas with free variables among {vy,...,v,}. The dual space of FO, (o) is the space of
n-types Typ,, (o). Its points are the elementary equivalence classes of pairs (A, «), where A
is a o-structure and a: {vi,...,v,} — A is an interpretation of the variables. Also, recall
that Fin(o) denotes the set of isomorphism classes of finite o-structures.

We would like to define a function Fin(o) — F(Typ,, (o)) which, intuitively, associates
with a finite o-structure A the (normalised) characteristic function of the finite set

{(A,a) | a: {vy,...,v0} = A},
which assigns value (W}O to (B, B) if A= B, and 0 otherwise. However, we need to slightly
modify this definition to take into account the fact that elements of Typ,, (o) are elementary
equivalence classes of pairs (B, ), and such an equivalence class may contain several pairs
whose first component is A.
Define the map Fin(o) — F(Typ,, (o)) which sends the isomorphism class of a finite

o-structure A to the finitely supported function f;:‘ whose value at an equivalence class
E € Typ, (o) is

1\° 1 yo - -
fNE) = Z ( ) (Add (175=)° for every interpretation a of the free

(AareE |A| variables s.t. (A, ) is in the equivalence class).

It is not difficult to see that this definition does not depend on the choice of a representative
in the isomorphism class of A.

By Lemma 5.3, we get a measure [ f: §(Typ,(c)) — T'. Now, for each ¢ € FO, (o),
let [¢]n € Typ, (o) be the set of (equivalence classes of) o-structures with interpretations
satisfying ¢. By Stone duality we obtain an embedding [-],: FO,(c) — &(Typ,(0)).
Restricting [ f& to FO,(0), we get a measure

fi: FOp(0) = T, @ f[[cp]]n £k
Summing up, we have the composite map
Fin(o) — Mr(8(Typ,(0))) = Mr(FOn(0)), A [ fil = pf. (5.2)
Essentially the same construction is featured in logic on words, cf. equation (2.1):

e The set of finite o-structures Fin(co) corresponds to the set of finite words A*.

e The collection Typ,,(¢) of (equivalence classes of) o-structures with interpretations
corresponds to (A x 2)* or, interchangeably, B(A x 2)* (in the case of one free variable).

e The fragment FO,, (o) of first-order logic corresponds to the Boolean algebra of languages,
defined by formulas with a free variable, dual to the Boolean space X appearing in (2.1).

e The first map in the composite (5.2) sends a finite o-structure A to the measure [ [ which,
evaluated on K C Typ,, (o), counts the (proportion of) interpretations a:: {vy,...,v,} — A
such that (A4, ) € K, similarly to R from (2.1).
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e Finally, the second map in (5.2) sends a measure in Mp(§(Typ,,(7))) to its pushforward
along [-]n: FO,(0) < §(Typ,(c)). This is the second map in the composition (2.1).

On the other hand, the assignment A ~ p defined in (5.2) is also closely related to
the classical Stone pairing. Indeed, for every formula ¢ in FO, (o),

> im-Y % ()
E€<e]n Ecfe]n (A,)EE

_(HaeA" | AEp@)]\° _ o
_ < o ) — (, A)y)°. (5.3)

In this sense, u;? can be regarded as a I'-valued Stone pairing, relative to the fragment
FO, (o). Next, we show how to extend this to the full first-order logic FO(c). First, we
observe that—as in the classical case—the construction is invariant under extensions of the
set of free variables:

Lemma 5.4. Given m,n € N and A € Fin(o), if m > n then (ué)[pon(a) = ul.

Proof. Every variable assignment a: {vi,...,v,} — A has |A|™" possible extensions
o {vy,...,um} — A, to account for the m — n unused variables. Moreover, for every
¢ € FO,(0), (A,a) | ¢ if, and only if, (A, ) |= ¢. Because p and uZ} take only values of
°-type, and p° + ¢° = (p + ¢)°, we see that

uﬁ(gp)zZ{(Vin)o\a: {01, v} — A and (A, ) pp}
zz{<|‘|“AT:)o|a: {01, on} = A and (A, ) ):go}
—Z{(,Amy\“': (V1. om} = A and (A4,d) lz(p} —ii ). O

The Lindenbaum-Tarski algebra of all first-order formulas FO(o) is the directed colimit
of the chain of its Boolean subalgebras

FO()(O') — Fol(O') — FOQ(U) —

Since the functor Mr turns directed colimits into codirected limits (Proposition 4.6), the
Priestley space Mp(FO(0)) is the limit of the diagram

{Mp(FOn(o)) & Mp(FOm(0)) | mn €N, m > n}

where, for every measure p: FO,,(0) — TI', the measure ¢y, (1) is the restriction of p to
FO,(0). In view of Lemma 5.4, for every A € Fin(o), the tuple (u2),cn is compatible with
the restriction maps. Thus, recalling that limits in the category of Priestley spaces are
computed as in sets, by universality of the limit construction this tuple yields a measure

(-,A)p : FO(o) =» T

in the space Mr(FO(o)) whose restriction to FO,(c) coincides with uZ, for every n € N.
This we call the I'-valued Stone pairing associated with A. As in the classical case, using the
fact that any two non-isomorphic finite structures are separated by a first-order sentence, it
is not difficult to see that the mapping A — (-, A);- gives an embedding

(-,-)p : Fin(o) = Mp(FO(0)).
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The following theorem illustrates the relation between the classical Stone pairing, namely
(-,-); : Fin(o) < M(FO(0)), and the I'-valued one.

Theorem 5.5. The following diagram commutes:

Mr(FO(0))

<‘v'>r/7

Fln(U) L# fy#

Mi(FO(0))

Proof. Fix an arbitrary finite o-structure A € Fin(o). Let ¢ be a formula in FO(o) with free
variables among {v1,...,v,}, for some n € N. By construction, (¢, A)p. = u(¢p). Therefore,
by equation (5.3), (¢, A)p = ({®, A);)° and thus the statement follows at once. ]

Remark 5.6. The construction in this section works, mutatis mutandis, also for smaller logic
fragments, i.e. for sublattices D C FO(o). This corresponds to composing the embedding
Fin(o) < Mr(FO(0)) with the restriction map Mp(FO(o)) - Mr(D) sending a measure
p: FO(o) = T to uyp: D — I'. The only difference is that, in general, the ensuing map
Fin(o) — Mr(D) need not be injective.

5.2. Limits in the spaces of measures. By Theorem 5.5, the I'-valued Stone pairing
(-,-)p and the classical Stone pairing (-, -); determine each other. However, the notions
of convergence associated with the spaces Mp(FO(¢)) and M(FO(c)) are different: since
the topology of Mp(FO(0)) is richer, there are “fewer” convergent sequences. Recall from
Lemma 4.8 that v#: Mp(FO(0)) — Mi(FO(0)) is continuous. Also, v#((-, A)p) = (-, A);
by Theorem 5.5. Thus, for any sequence of finite o-structures (A, )nen, if
(-, An)p converges to a measure y in Mp(FO(0))

then

(-, Ap)y converges to the measure v (u) in My(FO(0)).

The converse is not true. For example, consider the signature o = {<} consisting of a
single binary relation symbol, and let (Ay),en be the sequence of finite posets displayed in

the picture below.
SN
A

1 Ax A3 Ay As Ag

Consider the formula
P(z) =Vy[~(z <y ATz[~(z <z) A=(z = )]
stating that x is maximal but not the maximum in the order given by <. Then, for the

sublattice D = {f,,t} of FO(0), it is not difficult to see that the sequences (-, Ay)p and
(-, Ap); converge in Mr (D) and Mi(D), respectively. For instance,

((, An)p)n = (0%, (3)°,0% (3)°,1%,(3)°,...),



20 M. GEHRKE, T. JAKL, AND L. REGGIO

which converges to 0°. However, if we consider the Boolean algebra B = {f,, =), t}, then
the (-, A,);’s still converge whereas the (-, A,)p’s do not. Just observe that the following
sequence does not converge in I' because the odd terms converge to 1°, while the even terms

converge to 17:

({0, An)p)n = (1°,(3)°,1%,()°,1°,(3)°, ).
Nevertheless, there is a sequence (-, A},) which converges in Mr(B) to a measure whose
image under 4# coincides with the limit of the (-, A,);’s (e.g., take the subsequence (A/,)nen
of (Ap)nen consisting of the even terms). In the next theorem, we will see that this is a
general fact.

Identify Fin(o) with a subset of Mp(FO(0)) (resp. Mi(FO(o))) through (-, -) (resp.
(-,-)1)- A central question in the theory of structural limits, cf. [26], is to determine
the closure of Fin(o) in M(FO(0)), which consists precisely of the limits of sequences of
finite structures. The following theorem gives an answer to this question in terms of the
corresponding question for Mp(FO(0)).

Theorem 5.7. Let Fin(o) denote the closure of Fin(o) in Mpr(FO(c)). Then the set

7#(Fin(o)) coincides with the closure of Fin(a) in My(FO(a)).

Proof. Write U for the image of (-, -)p : Fin(o) — Mrp(FO(0)), and V for the image of
(-,-)1 : Fin(o) < M;(FO(o)). We must prove that v#(U) = V. By Theorem 5.5, we
have 4% (U) = V. Recall that v#: Mp(FO(o)) — M1(FO(0)) is continuous (Lemma 4.8),
and the spaces Mp(FO(0)) and M1(FO(o)) are compact Hausdorff (Proposition 4.3 and
Corollary 4.9). Since continuous maps between compact Hausdorff spaces are closed, we

obtain Y7 (U) = +#(U) = V. []

6. THE LOGIC OF MEASURES

In view of Proposition 4.3 we know that, for any distributive lattice D, the space Mp(D) of
I'-valued measures on D is a Priestley space, whence it has a dual distributive lattice P(D).
In this section, we show that P(D) can be represented as the Lindenbaum—Tarski algebra
for a propositional logic PLp obtained from D by adding probabilistic quantifiers.

The set of propositional variables of the logic PLp consists of the symbols P>, a, for
every a € D and p € QN [0, 1]. The logical connectives that we shall consider are t,f, A, V,
and the top and bottom elements of D are denoted t* and f*, respectively.® The logic PLp
is specified by the following rules, for all p,q,7 € QN [0,1] and a,b € D (along with the
usual ones for the connectives t,f, A, V):

(L1) P>4at P>pa whenever p < ¢

(L2) t = Psof*, t - P5,t*, and P>, £* - f whenever p > 0

(L3) P>4at P>,b whenever a <b

(L4) Ps>pa A P>gbFPspirg—r (@V D) V P>, (a Ab) whenever 0 <p+¢q—1r <1

(L5) Pspig—r (aVb) APsp(aAb)FPspa V Psqb whenever 0 <p+qg—r<1

5To avoid cumbersome notation, we use the same symbols for infima in D and conjunctions in PLp,

namely A, and for suprema in D and disjunctions in PLp, namely V. It will be clear from the context to
which concept we are referring.
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The logic PLp can be interpreted in the space of measures Mp(D) by setting, for every
ne MF(D)a
pEPspa < pla) = p° (6.1)
This satisfaction relation extends in the obvious way to the closure of the set of propositional
variables under finite conjunctions and finite disjunctions. For any two formulas ¢, ¢ in the
language of PLp, we write ¢ |= v provided that

Vi € Mr(D), = ¢ implies p = 9.
The interpretation of PLp in Mp(D) given in (6.1) is sound:

Lemma 6.1 (Soundness). If ¢ 1 is any rule in (L1)-(L5), then ¢ |= 1.

Proof. (L1)-(L3) are easily verified, and we leave the details to the reader. We spell out the
case of (L4); the proof of (L5) is the same, mutatis mutandis.

Fix arbitrary a,b € D and p,q,r € QNJ[0,1] such that 0 < p+g—r < 1. Let u € Mp(D)
be any measure satisfying p = P>pa A P>4b, i.e. p(a) > p° and p(b) > ¢°. We must prove
that ot = P>pig—r (@ V) V P>, (aAD), that is either p(aVb) > (p+qg—1)° or p(aAb) > r°.
Using the fact that u is a measure, we get

P ~ pla Ab) < pla) ~ pla Ab) < plaV b) — u(b) < plaV b) — .
If 1 does not satisfy p(a A b) > r°, i.e. u(a Ab) < r~, then
p°~rT <plavd) -
and therefore
(P+q—r)°=@"~r7)+¢ < (ulaVvd)—q°)+ ¢ < plaVvb). N

In Theorem 6.4 below we will see that, in fact, PLp is complete with respect to this
measure-theoretic semantics. In other words, PLp is the logic of the space of measures
Mr(D). To start with, we let P(D) be the Lindenbaum-Tarski algebra of PLp, that is the
quotient of the free distributive lattice on the set

{Psya|peQn0,1], ac D)

with respect to the congruence generated by the conditions (L1)-(L5). In particular, recall
from Section 2.2 that elements of P(D) are provable equivalence classes of formulas ¢, v in
the logic PLp. Moreover, considering representatives, we have ¢ < v in P(D) if, and only
if, ¢ - 1 holds in the logic PLp.

In order to show that every prime filter of P(D) yields a measure in Mp (D), we need
the following lemma:
Lemma 6.2. The following statements hold:
(1) for every x,y € T such thaty <z, x ~y =\ {p° —¢° |y < ¢° <p° < x};
(2) for every x € T, the map x — (-): [0°,z] = I' sends suprema to infima.

Proof. (1) Recall that, for every z,y € I" such that y < z,

r~y=\{z—¢ly<q <a}

So, it suffices to show that, whenever ¢° < x,

r—q¢"=\/{p"—¢" | ¢ <p° <2}
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If = r° for some r € Q N[0, 1], the supremum belongs to the set {p° — ¢° | ¢° < p° < x},
and it is precisely r° — ¢°. Thus, suppose = = r~ for some r € (0,1]. To show the non-trivial
inequality, pick z € I such that p° —¢° < z whenever ¢° < p° < x. Note that y(z) —q < v(2),
for otherwise we could find p € QN [0, 1] satisfying ¢ < p < vy(x) and y(2) < p — ¢, and so
z < p° —¢°. It follows that
r—¢ =) —q <7((z) <=z
(2) Fix x € T'. We must prove that, for every subset {y; |i € I} C [0°, z],
z—\wi=/\(@-w)
icl icl
By Lemma 3.2, the map = — (-): [0°,2] — T is lower continuous and order reversing. Since
the interval [0°, 2] is closed in T', it is a compact ordered space with respect to the induced
order and topology (in fact, it is a Priestley space). The supremum \/,;#; then coincides
with the limit of {y; | ¢ € I'}, regarded as a net in [0°, z] (¢f. [14, Proposition VI.1.3]). By
lower continuity of x — (-), we have that 2 — \/,_; i, regarded as an element of I'°P, is less
than or equal to the supremum (computed in I'°P) of the = — y;’s. That is,

2=\ wi>/N\@-w)
i€l i€l
in I'. The other inequality follows at once from the fact that = — (-) is order reversing. []
Proposition 6.3. Let F C P(D) be a prime filter. The assignment
a— \/{qo | P>ga € F'}  defines a measure pp: D —T.

Proof. Condition (L2) entails at once that pup(f*) = 0° and pup(t*) = 1°. Further, suppose
a,b€ D and a <b. Then {¢q | P>4a € F} C {q|P>,b € F} by (L3), and thus

pr(a) = \/{d° | Pzqa € F} < \[{¢® | Px¢b € F} = pup(b).
That is, ur is monotone. This shows that up satisfies the first two conditions defining

I'-valued measures (cf. Definition 4.1). We prove the first half of the third condition, as the
other half is proved in a similar fashion. We must show that, for every a,b € D,

pr(a) ~ pp(aAb) < pp(aVb) — pp(b). (6.2)
By item 1 in Lemma 6.2, the left-hand expression in (6.2) can be written as
pr(a) ~ pr(anb) = \/{p° —r° | pr(anb) <r° <p° < pr(a)}.

Furthermore, we have pp(b) = \/{¢° | ¢° < ur(b)}. Just observe that P>,b € F entails
q¢° < pr(b), and so

prb) = \/{a° | Psgb e F} < \/{¢° | ¢ < ur(b)} < pp(b).

By item 2 in Lemma 6.2, the right-hand expression in (6.2) is equivalently expressed as
pr(aV b) = pp®) = pr(avb) = \/{¢° | ¢© < pr(b)}
= N\ {ur(aVvb)—q¢° | ¢ < pr(b)}.

Therefore, we must prove that

\/{po—r°|up(a/\b)<7“° <p° SHF(G)}S/\{NF(G\/Z’)_QO|qO§:“F(b)}'
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That is, whenever pp(a Ab) <r° <p° < pur(a) and ¢° < prp(b), we have
(p—7)° < pr(aVvd)—q°.
In view of Lemma 5.1, the latter inequality is equivalent to (p+ ¢ —7)° < pp(aVb). In turn,

using (L4) and the fact that F' is a prime filter, P>, a,P>,b € F and P>, (a A b) ¢ F entail
P>pig—r (a V) € F. Whence,

,uF(a\/b):\/{so|IP’ZS(a\/b)€F}Z(p+q—r)°. ]

We are now in a position to show that the dual lattice of the Priestley space M (D)
is isomorphic to the Lindenbaum-Tarski algebra P(D) for the logic PLp, built from
the propositional variables P>, a by imposing the laws (L1)—(L5). This amounts to the
completeness of PLp with respect to its interpretation in Mrp(D).

Theorem 6.4 (Completeness). Let D be a distributive lattice. Then the lattice P(D) is
isomorphic to the distributive lattice dual to the Priestley space Mr(D).

Proof. Let Xp(p) be the Priestley space dual to P (D). By Proposition 6.3, there is a map
V: Xp(py = Mr(D), F'— ppr. We claim that 9 is an isomorphism of Priestley space, i.e.
a continuous bijection which is also an order embedding. The statement then follows by
duality.

It is not difficult to see that 1 is monotone. Just observe that F; C F5 implies

pr(a) = \/{d” | P>ga € Fi} < \/{¢" | P>qa € F1} = up,(a)
for all a € D. Moreover, if pp, (a) £ pup,(a) for some a € D, then

\VAG" | Poga € B} = (@) £ (@) = \ {5~ | Popa & Fol, (6.3)
where the last equality follows from the following fact:
Claim. For every prime filter F' € Xp(p), \V{q¢° | P>qa € F'} = N{p™ | P>pa ¢ F}.
Proof of Claim. Fix an arbitrary a € D. By (L1), it follows at once that

\/{qO|P2qa€F}§/\{p_ | P>pa ¢ F}.

Suppose, by contradiction, that the inequality is strict. Then there must be r € Q N (0, 1]

such that

VAe IPsgac Fy =1~ <1°= N{p” |Pspa ¢ F}.
(Just observe that {¢ | P>qa € F} and {p | P>pa ¢ F} form a partition of Q N [0,1].) If
P>, a € F, then r° < \/{¢° | P>ga € F} = r~, a contradiction. Similarly, if P>, a ¢ F we
get r° = A{p~ | P>pa ¢ F} <r~, a contradiction. ]

Equation (6.3) implies the existence of p,q satisfying P>,a € Fi, P>,a ¢ F5 and
¢° £p~, i.e. ¢ > p. It follows by (L1) that P>, a € Fi. We conclude that P>, a € Fy \ F,
whence Fy € Fy. This shows that 1 is an order embedding.

Next, we prove that 9 is surjective. Fix a measure p € Mrp(D). It is not hard to see,
using Lemma 6.1, that the filter Fj, C P(D) generated by

{P>gala€D, ¢geQnI0,1], ¢° < p(a)}

is prime. Further, 9(F,)(a) = \/{¢° | P>qa € F,} =\ {¢°|¢° < p(a)} = p(a) for every
a € D. Hence, 9(F,) = p and 9 is surjective. Since ¥ is an order embedding, it is also
injective, whence a bijection.
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To settle the theorem, it remains to show that 1 is continuous. For every subset of
Mr(D) of the form [a > p] = {p € Mp(D) | p(a) > p°} where a € D and p € QN [0, 1],

0~ ([a > p]) = {F € Xp(p) | ur(a) > p°}

:{FGXP(D)\\/{QO | P>qa € F} >p°}
:{FEXP(D) ‘]P’ZPCLEF}

which is an open subset of Xp(p). Similarly, for a subset of Mrp(D) of the form [a < ¢] =
{ue Mr(D) | pla) < ¢} witha € D and g € QN (0,1], in view of the Claim above we
have that 97! ([a < ¢q]) = {F € Xp(p) | P>¢a ¢ F'}, which is again open in Xp(p). Hence,
9 is continuous. []

Adding Boolean complements. By Theorem 6.4, for any distributive lattice D, the
lattice of clopen up-sets of Mp (D) is isomorphic to the Lindenbaum—Tarski algebra P(D)
of our “positive” propositional logic PLp. Moving from the lattice of clopen up-sets to the
Boolean algebra of all clopens logically corresponds to adding negation to the logic. The
logic obtained in this way can be presented as follows.

Introduce a new propositional variable P, a for each a € D and ¢ € QN [0, 1]. We add,
along with the propositional connective —, also a new rule to the logic PLp, stating that
P-4 a is the negation of P>, a:

(L6) PegaAPsqatfand t-PogaVPsqa
(Equivalently, P>, a - —P<ga and =P, a F P>, a.) Write PL], for the ensuing logic.
For a measure y € Mrp (D), the new propositional variables are interpreted as

pEPya < pla) <.

Clearly, (L6) is satisfied in Mp(D). Moreover, it is not difficult to see that the Boolean
algebra of all clopen subsets of Mp (D) is isomorphic to the quotient of the free distributive
lattice on

{P>pa|peQnl0,1], ae D} U{P,b|qeQnNI0,1], b€ D}
with respect to the congruence generated by (L1)—(L6). In turn, the latter is isomorphic to
the Lindenbaum-Tarski algebra of the logic PL},. That is, PL7}, is complete with respect to
its interpretation in Mp(D).

Specialising to FO(o). Let us briefly discuss what happens when we instantiate D with the
full first-order logic FO(o). For a formula ¢ € FO(o) with free variables among vy, ..., v,
and a rational ¢ € QN [0, 1], we have two new sentences P>, ¢ and P., . For a finite
o-structure A identified—via the I'-valued Stone pairing—with the measure (-, A),

AEPs ¢ if and only if, (o, A)p > ¢°
and
AEP. ¢ if, and only if, (¢, A)p < ¢°.
That is, P>, ¢ is true in A precisely when a random assignment of the variables v1,..., v,
in A satisfies ¢ with probability at least g. And similarly for P, ¢.
For example, in the language of (undirected) graphs, i.e. when o consists of one binary
relation R(-,-), the formula Py 1 R(x,z) in PLpo(s) expresses the property that at least

half of the vertices have a loop.
The following is a special instance of the results presented above:
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Theorem 6.5. The Boolean space Mr(FO(0)) is dual to the Lindenbaum—Tarski algebra of
the propositional logic having as atoms P>q ¢ and P, ¢, for each ¢ € FO(o) and ¢ € QNI0, 1],
and the following inference rules (along with the usual ones for the Boolean connectives):

P>q if p<a) P>qp (if o) (if ¢>0) P>q¢
1 1 1
Pspp Psg) = Psol Pl ° P>y T Pego
P>po A Pxgtp Popig—r (V) AP (@A)
(if 0<p+q—r<1)
Popigr (V) V Psr (0 AY) Popo vV Poqy

Therefore, if we regard P>, and P., as probabilistic quantifiers that bind all free
variables of a given formula, then the Stone pairing (-,-)p : Fin(o) - Mp(FO(0)) can
be seen as the embedding of finite structures into the space of O-types for the logic with
probabilistic quantifiers axiomatised in the previous theorem.

CONCLUSION

Types are points of the dual space of a logic (identified with its Lindenbaum—Tarski algebra).
In classical first-order logic, 0-types are just the models modulo elementary equivalence. But
when there are not ‘enough’ models, as in finite model theory, the spaces of types provide
completions of the sets of models.

In [10], it was shown that for logic on words and various quantifiers we have that,
given a Boolean algebra of formulas with a free variable, the space of types of the Boolean
algebra generated by the formulas obtained by quantification is given by a space-of-measures
construction. Here we have shown that a suitable enrichment of first-order logic gives rise
to a space of measures M (FO(c)) closely related to the space M(FO(o)) used in the
theory of structural limits. Indeed, Theorem 5.5 tells us that the ensuing Stone pairings
interdetermine each other. Further, the Stone pairing for Mp(FO(0)) is just the embedding
of the finite models in the completion/compactification provided by the space of O-types of
the enriched logic (Theorem 6.5).

These results identify the logical gist of the theory of structural limits, and provide a
new and interesting connection between logic on words and the theory of structural limits in
finite model theory. But we also expect that it may prove a useful tool in its own right.

For instance, for structural limits, it is an open problem to characterise the closure
Fin(o) of the image of the [0, 1]-valued Stone pairing [26]. The same question translates
equivalently to the I'-valued setting (Theorem 5.7), native to logic and where we can use
duality. The closure Fin(o), seen as a subspace of Mp(FO(0)), is also a Priestley space
and this embedding dually corresponds to a quotient of the Lindenbaum—Tarski algebra of
the enriched logic. Understanding this quotient is crucial in order to characterise Fin(o).
One would expect that this is the subspace Mrp(FO(T%,)) of Mr(FO(c)) given by the
quotient FO(o) = FO(Tf,) onto the theory of pseudofinite structures. The purpose of such
a characterisation would be to understand the points of the closure as “generalised models”.

Another subject that we would like to investigate is that of zero-one laws. The zero-one
law for first-order logic states that the sequence of measures for which the nth measure,
on a sentence 1, yields the proportion of n-element structures satisfying 1, converges to a
{0, 1}-valued measure. Over I" this will no longer be true as 1 is split into its “limiting” and
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“achieved” personae. Yet, we expect the above sequence to converge also in this setting and,
by Theorem 5.5, it will converge to a {0°,17,1°}-valued measure. Understanding this finer
grained measure may yield useful information about the zero-one law.

Further, it would be interesting to investigate whether the limits for schema mappings
introduced by Kolaitis et al. [21] may be seen also as a type-theoretic construction. Also,
we would want to explore the connections with other semantically inspired approaches to
finite model theory, such as those recently put forward by Abramsky, Dawar et al. [2, 3].

Finally, we mention that the axiomatisation of our logic with probabilistic quantifiers
(¢f. Theorem 6.5) seems to be related to other axiomatisations of logics arising from space-
of-measures constructions which have appeared in the literature. See e.g. [22, 5] for an
axiomatisation based on the language of o-Boolean algebras, and [30] for an axiomatisation
employing the language of propositional geometric logic. The main difference resides in
the fact that our axiomatisation is based on a finitary logic which involves only the basic
Boolean connectives.

APPENDIX A. EXTENDED PRIESTLEY DUALITY AND CANONICAL EXTENSIONS

The purpose of this section is to provide the necessary background on extended Priestley
duality so that, in Appendix B, we can justify the definition of I and its structure. There
is a rich literature on extensions of the duality between distributive lattices and Priestley
spaces to dualities for lattices with additional operations, see e.g. [15]. The prototypical
example (in the case of Boolean algebras) is the celebrated Jénsson—Tarski duality [18, 19],
from which most of the theory originates.

We present an algebraic approach to extended Priestley duality which is based on the
theory of canonical extensions. Its main feature is that both the space X and its dual
lattice A embed (order-theoretically) into a complete lattice A%, the canonical extension of
A. This allows us to capture Priestley duality in purely algebraic terms, and is an incredibly
powerful approach for dealing with additional operations on lattices. For example, if A
comes equipped with a binary operation h: A x A — A then, by studying the relationship
between the graph of h and the points of X in the product A% x A% x A% we can identify
two partial binary operations on X that fully capture h. An instance of this situation is
studied in this section. Our main inspiration comes from [12, 13] and also [6].

A.1. Basic notation and terminology. The canonical extension of a (bounded) distribu-
tive lattice A is an embedding e: A < A% of A into a complete lattice A° which is dense
and compact:

(Dense) Every element of A% is both a join of meets and a meet of joins of elements in
the image of e.

(Compact) Given subsets S and T of A with A e(S) < \/e(T), there are finite sets S’ C S
and 7" C T such that A e(S") <\ e(T").
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Canonical extensions of distributive lattices always exist and are unique, up to isomorphism.
In fact, A% is isomorphic to the lattice of all up-sets of the Priestley space dual to A.5 In
the following, we will always identify A with a sublattice of its canonical extension A°.

Open elements of A® are those of the form \/ S, for some S C A. The set of all open
elements of A% is denoted Z(A°). In fact, there is a bijection between open elements of A°
and ideals of A, given by i € Z(A°) +— liN A and I C A+ \/I. The latter restricts to a
bijection between the set M>(A°%) of completely meet-irreducible elements of A% and prime
ideals of A. Recall that p € A% is completely meet-irreducible if, for all S C C, NS < p
implies a < p for some a € S. The set F(A®) of closed elements of A%, and the set J°°(A?)
of completely join-irreducible elements of A% are defined order-dually.

Note that M (A%) does not include the top element of A%. However, it is sometimes
useful to add it, and so we will denote by M$°(A?) the set M>(A%) U {1} and, similarly,
J$°(A?%) denotes the set J>°(A%) U {0}.

For a distributive lattice A, every element of A% is a meet of completely meet-irreducible
elements and a join of completely join-irreducible. Moreover, if we equip J>°(A%) and
M>(A%) with the partial orders induced by A°, we have an order-isomorphism

R T(A%) = MZ(A%), o \[{a€ Alj £ a}
satisfying, for every m € M™(A%),j € J®(A%) and u € A%,
u<k(j) = j£u and Kk '(m)<u <= uLm.

This corresponds to the fact that the complement of a prime filter is a prime ideal, and vice
versa. For more details, we refer the reader to [9].

A.2. Priestley duality. Thanks to the correspondence between prime filters (resp. prime
ideals) of a distributive lattice A and completely join-irreducible (resp. completely meet-
irreducible) elements of A%, we can retrieve the Priestley space X = (X, <, 7) dual to A by
endowing either the set M>(A°), or the set J°°(A%), with an order and topology. Both
choices result in the same space, but we opt for the former as it provides a minor technical
advantage in our applications. The order on M®(A°) is inherited from A° and the subbase
of the topology is formed by the sets {m | a £ m} and their complements, for every a € A.

Remark A.1. We warn the reader that, with the definition of dual Priestley space given in
Section 2.1, the Priestley space X just defined is, in fact, dual to the lattice A°P and not A.
Just observe that, for m,n € M>(A9),

m<n < Im - In < Fﬁ—l(m) D) Fﬁ—l(n),

where I, = {a € A | a < m} is the prime ideal corresponding to m € M>(A%) and
Fj ={a € A|j <a} is the prime filter corresponding to j € J°°(A?%). When working with
canonical extensions, it is convenient to order prime filters by reverse inclusion, so that
both X and its dual lattice A order-theoretically embed into A%. However, we opted for the
inclusion order in the main text because it gives the usual pointwise order between measures.
To apply the general theory to I', in Appendix B we will take order-duals on the lattice side.

6Note that, with respect to the convention of Remark A.1 below, A° is actually isomorphic to the down-sets
of the dual space.
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To also capture the duality between lattice homomorphisms and Priestley morphisms,
we recall how maps between lattices extend to maps between their canonical extensions. For
a monotone map f: A — B between distributive lattice, its sigma extension f7: A® — B9
is defined by

f7(k) = N\{f(a)|a€ A and k<a} forall ke F(A)
f7w) = \/{f7(k) | k€ F(A°) and k <u} forallue A’
and, dually, its pi extension f™: A — B? is defined by
f7(@) = \/{f(a)|a € A and a <i} forallie IZ(A%)
frw) = N{f7(i) | i € Z(A%) and uw<i} forall uc A°.

The two extensions are closely related as they agree on open and closed elements. Moreover,
if f preserves binary joins, then f? preserves all non-empty joins and, similarly, if f preserves
binary meets, then f7 preserves all non-empty meets.

Whenever f7 = f7, we say that f is smooth and denote the unique extension by f?.
This happens, for example, when f preserves finite (possibly empty) joins or finite meets.
Recall that a monotone map f between complete lattices preserves all joins if and only if it
has a right adjoint f# and, dually, it preserves all meets precisely when it has a left adjoint
f?. Moreover, if h: A — B is a lattice homomorphism, the right adjoint h%% of h%: A% — B?
preserves completely meet-irreducible elements and, dually, the left adjoint h%” preserves
completely join-irreducible elements. We can compute the continuous monotone map dual
to a homomorphism h: A — B as the restriction of h*#: BY — A% to the completely meet-
irreducible elements. Note that, if we defined dual Priestley spaces as based on J OO(A5), we
would have to take the restriction of h®: B® — A% to completely join-irreducible elements.

A.3. Duality theory for operators. In this section we outline some facts about the duality
theory of normal double quasioperators A — A based on [12, 13]. Double quasioperators are
double operators where arguments can have different monotonicity types. In order to avoid
the notational difficulties that arise when presenting the theory for different monotonicity
types, we assume that we have a three-sorted binary operator which is monotone in both
coordinates.

Definition A.2. Let A, B and C be distributive lattices. A mapping h: Ax B — C between
lattices is a three-sorted operator if

e h is a double operator, i.e. h preserves binary meets and binary joins in both coordinates,
e h is dual-normal, that is, h(a,1) =1 = h(1,b) for every a € A and b € B, and
e 1(0,0) =0.

Remark A.3. Everything true of three-sorted operators can also be applied to the dual
scenario as well, that is, to the double operators g: A x B — C' such that g(a,0) =0 = g(0,b)
and g(1,1) = 1. In this case, we simply treat g as a three-sorted operator of the type
A°P x B°° — (C°P. Similarly, the same definition can be used to deal with different
monotonicity types, such as a double operator which is antitone in the second coordinate
A x B°P — (. Here, only the coordinates that are antitone have to be considered dually.
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Throughout this section we fix a three-sorted operator h: A x B — C. We denote the
Priestley spaces dual to the distributive lattices A, B and C by X, Y and Z, respectively.
Because h: A x B — C preserves finite meets (including the empty meet 1) and binary joins
in both coordinates, its pi extension f := h™: A% x B> — C° preserves all meets in both
coordinates and its sigma extension g := h?: A% x B% — C9 is a complete operator (i.e. it
preserves all non-empty joins in both coordinates).

We will also make use of the map @: A — C defined as a — h(a,0). Observe that it
preserves finite meets and finite joins, hence it is a lattice homomorphism. The continuous
monotone map i: Z — X dual to @: A — C' is simply the restriction of the right adjoint of
@ A% — % to M™(C%) — M>=(A%).

Lemma A.4. For every u € T(A%) U F(A%) we have @u = f(u,0) = g(u,0).
Proof. For i € T(A%), f(i,0) = \/{h(a,0) | a € A and a < i} = @™ = @% because
(A x B)? = A% x B and Z(A? x B%) =2 I(A%) x Z(B®). Also, @% = ¢(i,0) holds because f

and g agree on open and closed elements. The same proof, mutatis mutandis, shows that
@k = g(k,0) = f(k,0) for all k € F(A?). O]

A.4. The first partial operation. Traditionally, given a distributive lattice with a quasi-
operator, one endows the dual Priestley space with two ternary relations satisfying certain
topological and order-theoretic properties which uniquely characterise the quasioperator.
As was already evident in [12, 13] (and successfully applied in [6]), these two relations arise
from two partial operations, by taking the upwards or downwards closures of the codomains.
The first partial operation represents the pi extension of our operator h: A x B — C.
Fix u € A%. Since f(u,-) preserves all meets, it has a left adjoint f7: A% x C® — B?, i.e.

f(u,w) < v if, and only if, w < f(u,v) Yo e B, we CY.
In fact, this left adjoint can be restricted to the points of the dual Priestley spaces.

Lemma A.5. The following statements hold:

(1) For allw € C%, f(-,w) is antitone and sends meets to joins;

(2) f1 restricts to a map M™®(A%)°P x J=(C%) — J§°(B°);

(3) Forz € X and z € Z, fi(x,k 1(2)) # 0 iff x < i(2).

Proof. Ttems 1 and 2 follow by Proposition 4.1 and Theorem 4.4, respectively, in [12].
(3) By Lemma A.4 and the definition of i, f7(z,x71(2)) £ 0 iff x71(2) £ f(2,0) = @x

iff @%Sziﬁ”wgi(z). ]
Recall that we assumed that Priestley duals are based on the sets of completely meet-

irreducible elements of the respective canonical extensions. Therefore, Lemma A.5 shows
that we can define the first partial operation

—ZxX =Y
with dom(—) = {(z,2) | # <i(2)},” by setting
-z = R(fi(x,r (),
where £ is the order-isomorphism between J>°(C?) and M>(C?).

"Observe that we decided to flip the arguments of f. This is because we typically think of the minus
operation as being antitone in the second argument, whereas f° is antitone in the first argument.
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Lemma A.6. If dom(—) is seen as a subspace of Z x X°P, the following hold:
(1) dom(—) is a closed up-set of Z x X°P;
(2) —: dom(—) = Y is lower semicontinuous and monotone.

Proof. (1) dom(—) is an up-set because i: Z — X is monotone, and is closed as it coincides
with the preimage of the closed subspace > of X x X under the continuous map i x id.

(2) Givena € A, set @ = {z € X | a £ z}. First, observe that (—)~!(a) is equal to the
following open subset of dom(—):

dom(—) N | J A h(b,a) x (X \ D).
beA

For the right-to-left inclusion, assume that h(b,a) £ z, b < z, and = < i(z). Since
h(b,a) = f(b,a), we have f(zx,a) % z iff k12 < f(x,a) iff fi(v,n12) <iffa £ 2 — z.
Conversely, if (z,z) € dom(—) then a < x — z iff fi(z,x7'2) < aiff f(2,a) £ 2. Since
x =\, b; for some non-empty subset {b;}; of A, and f agrees with g on open elements and
g distributes over non-empty joins, f(z,a) ¢ z iff \/, h(b;,a) £ z iff h(b;,a) £ for some i.
Consequently, (z,z) belongs to hm) X (X\ l/);)

This shows that —: dom(—) — Y is lower semicontinuous. Monotonicity follows from
item 1 of Lemma A.5 and the fact that x is monotone. L]

We can recover f just from the partial operation —: dom(—) — Y as follows:
Lemma A.7. For every u € A° and v € B?,
flu,v) = /\{Z €Z|dreX st u<z, (2,7) € dom(—) and v < z — z}.
Proof. For (x,y,z) € X XY x Z, we have
flay) <z it w7'2) £ fley) i f(z,s7(2) £y

Moreover, f(z,x~"(2)) £ y implies 2 < i(z) because the latter inequation is equivalent to
f2(z, 5k~ 1(2)) # 0. We obtain that

flr,y) <z iff [kl (z—2) £y and 2 <i(2)] iff [y<z—2 and x <i(2)].

Lastly, since f(-,-) preserves arbitrary meets in both arguments, and every element of A?
and BY is the meet of the completely meet-irreducible elements above it, f (u,v) < z precisely
when z < i(z) and y < z — z for some (z,y) € X x Y satisfying u < z and v < y. ]

A.5. The second partial operation. In the previous section, we presented a partial
operation that is mirroring the role of the pi extension f of h: A x B — C on the space side.
Although any three-sorted partial operation Z x X — Y satisfying the same topological and
order-theoretic properties stated in Lemma A.6 corresponds to a mapping A% x B — C?
which preserves meets in both coordinates, it does not necessarily follow that its restriction
to A x B — (' is a double operator. This is the reason why we also need to compute the
partial operation corresponding to the sigma extension g: A% x B% — C? of h.

This time, given an arbitrary u € A% we do not have that g(u,-): B — C® preserves 0.
On the other hand, since g is monotone, we know that g(u,0) is the smallest element in
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the image of g(u, -), and so the restriction g;(u,-): B® — 1g(u,0) preserves all joins and as
such it has a right adjoint gf:

g(u,v) <w iff g(u,0) <wandwv < g#(u, w) Yo e B, we C°.
Lemma A.8. The following statements hold:

(1) g# s antitone in the first argument;

(2) On its domain of definition, gi* is a partial map J>(A%)P x M>®(C?) — M5 (BY);
(3) Forz € X and z € Z, g(k (2),0) < z iff i(2) £ =;

(4) For allu € A% and z € Z, g#(u,z) # 1.

Proof. Ttem 1 is easily verified, and item 2 follows from the proof of Theorem 4.4 in [12].
(3) Because k™ '(z) is a closed element, g(k~!(z),0) = f(r~(z),0) = @ (s~(z))
and so @ (k~(x)) < z iff k71(z) < @#(2) = i(2) iff i(2) £ @, where the penultimate
equivalence follows from Lemma A.4 and the definition of 7.
(4) We have 1 < g#(u, z)iff 1 = g(u, 1) < z. But this cannot be because z is an element
of Z = M>(C?%) which does not contain 1. ]

As before, we obtain a partial map
~Z XX Y,
where dom(~) = {(z,z) | i(z) £ x}, computed as follows:

zex o= gl (@), 2).

Lemma A.9. If dom(~) is seen as a subspace of Z x X°P, the following hold:

(1) dom(~) is an open up-set of Z x X°P;
(2) ~:dom(~) =Y is upper semicontinuous and monotone.

Proof. (1) By the same argument as in Lemma A.6, {(z,z) | i(z) < z} is closed and so its
complement dom(~) is open. Further, dom(~) is an up-set because ¢ is monotone.

(2) The argument is essentially the same as in Lemma A.6. Pick a € A and (z,z) €
dom(~), and let {b;}; C A be such that x 1z = A, b;. Then, a <z ~ z iff g(k 'z,a) < 2
iff A\; h(bs,a) < z iff h(b;,a) < z for some i, where the second equivalence follows from the
fact that f and g agree on closed elements of A% x B%. Therefore,

()@ = dom(~) N () ((Alb,a) x X)U(Z x (X\D))).
beB
The monotonicity of ~ is a consequence of Lemma A.8 and the monotonicity of . []

Next, we show that ~ is second-order-definable in terms of —. The proof follows the
same ideas as the proof of Proposition 3.14 in [6].

Lemma A.10. For all (z,z) € dom(~),
Z~T = \/{z —2' |2 € X s.t. 2’ £z and (z,2') € dom(—)}.
Proof. First, observe that for all y € M>(B?),
R z~va) SETHY) = AT Eea
= g (@), 57 () £ 2
= f( (@), () £ 2
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= kNz) < f( (@), (y))

= filxH @),k (2) <K Y) (A1)

where the third equivalence follows because f and g agree on open and closed elements of
the product A% x B°.

Further, because every element £~ (z) is equal to the meet of elements of X = M (A?)

above it, and fkl’ transforms meets into joins in the first argument (item 1 of Lemma A.5),

A @),k \/{f133 £7H(2)) |2’ € X and k71 (z) <2}
—\/{/1 ]a: € X, 2’ £ x and (z,2) € dom(—)}

where the second equality holds because f2(z’,x"'(2)) = 0 whenever (z,2’) ¢ dom(—).
Consequently, by equation (A.1),

Kl (z~a) <kl (y) = k1 (z-2)< H_l(y)

for every 2/ € X such that 2/ £ z and (z,2’) € dom(—). The desired equality then follows
because k! is an order-isomorphism. []

APPENDIX B. EXTENDED PRIESTLEY DUALITY: THE CASE OF I

In this section, we exploit the theory exposed in Appendix A to provide a detailed justification
of the definition of T" and of its algebraic structure. As explained in Section 3, we wish to
obtain I' as a codirected limit of finite chains I';, = {0, ~,...,1}. Each such chain, with its
natural order and the discrete topology, is a Priestley space. Its dual lattice is (L, )°P, where

1 2
L, = 0<—-<—-<---<1<T).
n n

Note that in Section 3, we denoted by L,, the order-dual of the lattice (of the same name)
just defined. We make this change here to be able to view I';, as order-embedded into L,,
(¢f. Remark A.1). Observe that L, is isomorphic to its canonical extension because it is
finite and hence complete. The image of the order-embedding I';, < L,, coincides precisely
with the set M*°(L,,) of (completely) meet-irreducible elements of L.

Next, we define two binary operators, with the first &: L, x L, — L, given as

a b {T ifa+b>n
and — @ — =

Thu=ud T =T VYué€ Ly, ath
n

n otherwise

and the second &: L, x L, — L, as

—b+1
Te0=T T@ﬁzw (for b > 1)
n n

“==  otherwise

a b 0 ifb>a

GZ{G_b ueT =0 VYué€L,.

n_n
In fact, these two operators are adjoint to each other: for all u,v,w € Ly, u©v < w if, and
only if, u < v @ w. Since L,, is isomorphic to its canonical extension, ®" = ©&7 = ® and

o" =6 = 0.
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B.1. Dualising ¢ on L,. Observe that @ is a three-sorted operator of type Ly, X Ly, — L.
Because adjoints are uniquely determined, the left adjoint f2(u,-) to f(u,-) = u ® (-) is
given by f2(u,v) = v © u. Then, by Lemma A.5, the corresponding partial operation

z—x=kr(fl(z,k'2)), for z<z,

is well defined. The order-isomorphism x: J*°(L,) — M®>(L,,) is given by T + 1 and
T “T_l, for a > 0. Consequently, it is not difficult to see that —: dom(—) — T, is precisely
the partial subtraction on I',,.

B.2. Dualising © on L,. The assignment f(u,v) = v©wu is a three-sorted operator of type
L, x LyP — LyP. Just observe that u© T =0=0Su and TS0 = T. Using Lemma A.5, we
see that the right adjoint f (u,-) to f(u, -) restricts to M (L) x T (L¥F) — J&° (L),
which is simply a monotone map M>(L,) x M*>(L,) — L,. Because right adjoints are
unique, fl#(u,v) = u @ v. Hence, the dual of & on I'), is the partial plus = + z, defined
whenever ¢ <1 — 2.

In this specific case, the formula in Lemma A.10 to recover © from the partial plus looks
as follows:

flu,v) = \/{j € T¥(Ln) | 3w € M®(Ly) s.t. u < x, (z,k(j)) € dom(+),
and k1 (z + k(j)) < vl

B.3. Duals to floor and ceiling functions. Let ¢: I';, — I';;;, be the obvious inclusion.
Floor and ceiling functions are right and left adjoint, respectively, to €. Just observe that,
for all 2 € T';, and % € Iy, we have

c(M)<am = fslanl ad [<h = Fp<e(d)
Therefore, the floor function uniquely extends to the right adjoint of the lattice embedding
L,, < Ly;,. On the other hand, the ceiling function naturally extends to the left adjoint of
the lattice embedding Ly < L:. | with

nm?

n—1

1
L#:(J_<0<;<-~~< <1)

and L;. = defined similarly. Therefore, as a matter of convenience, we prefer to view ceiling
functions as functions of the type J*°(L.,,) — J*(Ly) (cf. Section A.2). To summarise,

the duals of floor functions are the lattice embeddings
Z.n,nm: Ly, = Ly,
and the duals of ceiling functions are the lattice embeddings

. t 1
i Ly — L s LE = Lo,

n,nm"*
where t: L, — L is the renaming T + 1, 0 — L and o aT_l The duals of floor and

ceiling functions can also be computed in terms of plain Priestley duality, c¢f. Section 2.1.
Observe that i, L, < Ly, preserves & but not ©, because

inmm(T © %) = in,nm(n_f;—i—l) — n—gﬂ

whereas
in,nm(—r) © Z'n,nm( b) = Ma

n nm
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for 1 <b <n. A similar argument shows that 4, ,,,, does not preserve @ nor ©.

The previous discussion justifies why we take the floor functions |-]: 'y, — Ty, as the
comparison maps in the codirected diagram that defines I' and, moreover, why we equip the
finite spaces I';, with partial minus, rather than partial plus.

B.4. The partial operations on I'. Saying that I' is the codirected limit of the system of
floor functions |-]: 'y, — Iy, is equivalent to saying that I' is the Priestley space dual to
the directed colimit of the lattice embeddings L,, < Lyn,. It is readily seen that this colimit
can be identified with the lattice L = (QN[0,1]) < {T}. Its canonical extension has the
following properties.

Lemma B.1. The following statements hold:
(1) L® can be identified with the lattice having underlying set
{0°,07 U {r=,r " |7 € (0,)\Q}U{g™,¢° ¢ [ g€ (0,1)NQ}U{17,1° T}
and the linear order defined by the following conditions:
(a) r= < 71T forallr € (0,1)\ Q (b) g~ <q° < q" forallqe (0,1)NQ
(c)0° <0 and 1~ <1°<T (d) z+ <y ifx <y inl0,1]
where < is the covering relation, i.e. a < B if a < 8 and, whenever a <~ < 3, either
a=vyorf=-7.
(2) M®@) =L\ ({TIu{rt [r€[0,1)}) and T*(L°) =L\ ({0°}U {r~ | r € (0,1]})
(3) The order-isomorphism k: J® (L) — M>(L°) is given by
n {aco ifxeQ o

T 1° x> ) @ —q .
z~  otherwise

Proof. (1) Tt is easy to see that L’ is a complete lattice and that the embedding L < L9,
defined as a +— a® and T ~— T, satisfies the density and compactness conditions. Items (2)
and (3) are easily verified and left to the reader. []

Because the lattice embeddings L,, < Ly, preserve the operators @&: L, x L, — L,
also L comes equipped with an operator @&: L x L. — L obtained as the colimit of the
corresponding operators on the finite sublattices L,. This can be expressed as follows:

a b_{T if am + bn > nm

ThOu=udT =T, VYuel, and - P — =

n m

an;biern otherwise.

This time, though, © does not have a left adjoint because T © - cannot be defined on L. This
mirrors the fact that the inclusion maps L,, < L,,,, do not preserve & defined on finite lattices.
Following the recipe of Section A.4, we compute the partial operation —: dom(—) — I from
the left adjoint a @™ (-) of a @™ (-). The pi extension @ is commutative because so is @.
Therefore, the following lemma provides us with a full description of &™: L — L.

Lemma B.2. Suppose x,y € [0,1]. Then

@y’ = (x+vy)° T o™yt
sty <1 = °@7y" (ot y) and rz4+y<1l = 278"y 3 = (z+y)t,
= (z
T QT y” Y zt ey~

whenever the expressions make sense. In all the remaining cases, we get T.
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Proof. Suppose z +y < 1. It is not difficult to see that the set of open elements of L is
Z(LY) = ML) = M>(L%) U {T}. Just observe that every proper ideal in a linearly
ordered lattice is prime. Hence, by item 2 in Lemma B.1,

ZL) = {0} u{r  [re (0,)\Q Ufg .¢° g€ (0,1)NQ}U{17,1° T}
By the definition of pi extensions on open elements (cf. Section A.2), we get
z° @ y° :\/{a@b\a,bEL, a<z®and b<y°} = (z+y)°.

The same equation also tells us the results of z° @™ y~ and x~ @™ y—, since all the involved
elements are open:

xo@”yfz\/{a@b]a,beL, a<z®and b<y }
=\ {zaoblbeQn[0,1], b<yl=(z+y),

and
x*@”y*:\/{a@b\a,be@ﬂ[o,l], a<zandb<y}=(r+y) .

Suppose now that « +y < 1. The definition of pi extensions on possibly non-open elements,
along with the cases covered in the first part of the proof, yield

eyt Z/\{w@”z | w,z € Z(LY), ¥ <w and y* < 2}
:/\{wf@ﬂz* |w,z € (0,1], x <wand y < z}
:/\{(w+z)_ lw,z2€ (0,1], r<wand y < z} = (z+y)*.
All the remaining cases are computed similarly. []

Since the assignment a — a ® 0 is equal to the identity, its dual i: I' — T is also
the identity. Therefore, dom(—) is equal to {(z,z) | * < z}. Moreover, it follows from
Lemma B.1, along with Lemma B.3 below, that the partial operation z — z = k(z @™" k™ '2)
is exactly the one described in Section 3.2.

Lemma B.3. Let u,v € L. If u < v, then u @™ v =0°. Otherwise, for x,y € [0,1],

@ﬂ'b yo y— y+
2 | (w—y)° | (@—y)" | (@—y)”
v J(e—y) |(@—y) | (@—y)
et -y [@—y"[(@—y"
whenever the expressions make sense (read as: (row) @™ (colon)). Finally,

T =Ta 2" =1-—2)" and T&azt =1 —-2)".

Proof. Follows by a routine computation using the usual description of left adjoints in terms
of infima, i.e. u @™ v = \{w € L’ | u < v @™ w} for every u,v € L. []

Lastly, we compute the expression for the second partial operation ~: dom(~) — T
However, instead of computing the sigma extension of @ and its (partial) right adjoint, as
in Section A.5, we use the formula from Lemma A.10. Because i: I' — T is the identity
mapping, dom(~) = {(z,2) | = £ 2} = {(z,z) | < z}. Furthermore, by Lemma A.10, for
every (z,x) € dom(~) we have

Z~T = z—x |z el'st. x<x <z}
\Vi{z—a'|a'eT "<z}
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Now, since x < z, there are two possible cases. Either x = ¢~ < ¢° = z for some rational
q € (0,1], in which case the unique " such that x < 2/ < z is ¢°, or x is not an immediate
predecessor of z. In the latter case, by a similar argument, for every z < z’ < z there
is a rational g € (0, 1] such that < ¢° < 2/. Thus, because — is antitone in the second
coordinate, we obtain exactly the same expression as used in Section 3.2 to define ~:

ZNx:\/{z—:):']qe(O,l]ﬂQs.t. x < ¢ <zl

The only difference is that z ~ x, as described in Section 3.2, is also defined for z = .

To conclude, we offer a proof of Lemma 5.1, which relies on the theory exposed above.
Proof of Lemma 5.1. Let f be the pi extension &7 of @. Then,
Jay) <z < w2 £ flay) < flan 2ty < y<z-a
for every y € T and (z,x) € dom(—). By Lemma B.2, the restriction of f to

(% 9°), (2% y7), (z7,9°), and (z7,y")
where x + y < 1 (whenever the expressions make sense), is a well defined partial operation

on I'. Observe that this domain of definition is precisely {(z,y) | * < 1° — y} because
r<1°—yiff f(z,y) <1°if f(z,y) #T. []
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