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(HIGH FREQUENCY-) UNIQUENESS CRITERIA FOR p—GROWTH
FUNCTIONALS IN IN- AND COMPRESSIBLE ELASTICITY

M. DENGLER

ABSTRACT. In this work our main objective is to establish various (high frequency-) unique-
ness criteria. Initially, we consider p—Dirichlet type functionals on a suitable class of measure
preserving maps v : B C R? = R?, B being the unit disk, and subject to suitable boundary
conditions. In the second part we focus on a very similar situations only exchanging the
previous functionals by a suitable class of p—growing polyconvex functionals and allowing
the maps to be arbitrary. In both cases a particular emphasis is laid on high pressure situa-
tions, where only uniqueness for a subclass, containing solely of variations with high enough
Fourier-modes, can be obtained.

1. INCOMPRESSIBLE SETTING AND RESULTS

Let B C R? be the unit ball. For ug € LP(B,R?) with 2 < p < oo and det Vug = 1 a.e. in B
we define

AP = {u e W'P(B,R?) :det Vu =1 ae. in B, u—1ug € C°(B,R?)}

and for every u € ALy we define
(1) B = [ f(z.Vu) ds
B

where f is given by

f(,&) =v(z)[f
for a.e. z € B and ¢ € R?*2. Moreover, v € L*®(B) is supposed to satisfy v(z) > 0 a.e. in
B. Since v is allowed to take on the value 0, the integrand could indeed disappear for some

x € B. Additionally, f(z,-) is convex in its 2nd variable for a.e. x € B. All of the above, is
making E a version of the p—Dirichlet functional.

As usual, we are interested in the corresponding minimization problem

2 inf E(u).

@ B

Notice, that the missing uniformity might cause troubles guaranteeing the existence of a
minimizer, however, this is without any consequence for this work. Assuming for now, that
the situation is such that the minimum is indeed obtained and there are some corresponding
minimizing maps or more generally corresponding stationary points of E, which are defined
as follows:
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2 MARCEL DENGLER

Definition 1.1. (Stationary point) We say that u is a stationary point of E(-) if there exists
a function \, which we shall henceforth refer to as a pressure, belonging to W (B) and such
that

(3) div (Ve f(z, Vu) + pA(z) cof Vu) =0 in D'(B).

Now we can state the main result for the incompressible scenario. Recall, that for any vector
Y = yrer + yoegp € R? we define its maximum norm via |y|e := max{yr, yg}.

Theorem 1.2 (High frequency uniqueness) Let 2 < p < oo, assume ug € LP(B,R?) to be the
boundary conditions and let u € ALY be a stationary point ofE as given in (3). Furthermore,

let o(z) == \/v(2)|Vu(z)[P-2 € L (B) and assume that there exists | € N s.1.
(4) loyg (2)| < lo(x) for a.e. € B
holds.

Then the following statements are true:
i) (purely high modes.) Suppose the corresponding pressure A exists and satisfies

(5) IVA(2)R|oo < —=v(z)|VulP™2 for a.e. z € B

n
V2
for some n € N.

Then u is a minimizer of E in the subclass

Fhot=qve A ln=v—uc Wo’p(B R?) and on = Z(O’T])(j) ,

jzn

where n, := n+1. Moreover, if there exists a constant o9 > 0 s.t. o(x) > 09 > 0 for anyx € B

and inequality (5) is strictly satisfied on a non-trivial set, then u is the unique minimizer in
Fhoe,

it) (0—mode and high modes.) Suppose the corresponding pressure \ exists and satisfies

V3mu(z)|Vu|P~2

(6) IVA(Z) Rl < Vo

for a.e. T€ B

for some m € N.
Then u is a minimizer of E in the subclass

Fhme = Qv e Ay =v—ue WyP(B,R?) and on=(on)O+ Y (on)) 5,

]Zm*
where my, = m + . Moreover, if there exists a constant g > 0 s.t. o(x) > o9 > 0 for any

x € B and inequality (6) is is strictly satlisfied on a non-trivial set, then wu is the unique
manimizer in F e,



(HIGH FREQUENCY-) UNIQUENESS CRITERIA IN IN- AND COMPRESSIBLE ELASTICITY 3

2. COMPRESSIBLE SETTING AND RESULTS
For ug € LP(B,R?) with 2 < p < 0o we define the set of admissible maps by
AL ={u e W' (B,R?) : u—ug € C(B,R*)}.
Here we consider energies given by
(1) I(u) = / (2, Vu) da,

B
where the integrand is of the form

(8) P(z,£) =

Now we want (£,d) — U(z,£,d) to be convex for a.e. x € B, making ¥(z,-) a convex
representative of a polyconvex function a.e. in B. Moreover, the function v € L*°(B),
satisfying v(z) > 0 a.e. in B, is ought to be optimal, in the sense, that there can be no term
of the form a(x)|¢|? for any ¢ > p in U. However, ¥ might be negative. Finally, we want ®
to be of p—growth, supposing that there exits C' € L*°(B) with C(z) > 0 a.e. in B s.t.

e+ 0(s.6,det),

0<d(x,8) < C'](gx) (1+|€P) for all € € R**? and a.e. x € B.

All of the above combined guarantees that = +— ®(x, Vu(z)) € L*(B) for any u € W1P(B,R?)
and hence the corresponding energy is finite.

The corresponding minimization problem

9 inf I(u
(9) Jnt 1)

might lack a minimizer in general. Assuming, that such a minimizer/stationary point of I
exists, motivates the following definition:

Definition 2.1. (Stationary point) We say that u € Al is a stationary point of I(-) if u
satisfies the Euler-Lagrange equation given by

(10) div (v(2)|VulP~2Vu + 0: ¥ (x, Vu, dyy) + 04% (z, Vu, dy,,)cof Vu) = 0 in D'(B).
Now we can give an analogous result for these types of integrands.

Theorem 2.2 (High frequency uniqueness). Let B C R? be the unit ball. Furthermore,
let 2 < p < oo, assume ug € LP(B,R?) to be the boundary conditions and let u € A}, be a

stationary point of I, as given in (10). Furthermore, let o(z) := \/v(x)|Vu(z)[P~2 € L (B)
and assume that there exists | € N s.t.

(11) lo,g (2)| < lo(x) for a.e. € B

holds.

Then the following statements are true:
i) (purely high modes.) Assume there exists n € N s.t.

(12) V204U (2, Vu(z), dyy(z)) Rl < \%V(:UHVUV’*Z for a.e. x € B.
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Then u is a minimizer of E in the subclass

Fpo = Qve M [n=v-ueWy?(B,R) and on=3 (o))

jZn*

where n, := n+1. Moreover, if there exists a constant oy > 0 s.t. o(x) > 09 > 0 for anyx € B
and inequality (12) is strictly satisfied on a non-trivial set, then u is the unique minimizer in

o
Frl .

i1) (0—mode and high modes.) Assume there exists m € N s.t.
V3mu(x)|Vul|P~2
22

(13) V204V (z, Vu(z), dyy(e)) Rl < for a.e. x € B.

Then u is a minimizer of E in the subclass

Fom, =sveA | n=v—-uec Wol’p(B,Rz) and on = (on)® + Z (on)) & |

where my = m + . Moreover, if there ezxists a constant o9 > 0 s.t. o(x) > o9 > 0 for
any v € B and inequality (13) is strictly satisfied on a non-trivial set, then w is the unique
minimizer in Fg .

Here, we contribute to John Ball’s objectives, as formulated in [1, § 2.6], which tries to get
an understanding of questions related to uniqueness in elastic situations. We recently started
this discussion in [8], where we presented a uniqueness criteria, in the incompressible case?, for
quadratic uniformly convex integrands f(z,€) and subject to suitable boundary conditions.
Here we go beyond the latter first by allowing the more general p—Dirichtlet integrands but
also by discussing high-pressure situations, where uniqueness can only be guaranteed for
a subclass of variations which consist of purely high-modes. We also provide the analogous
results for polyconvex-type functionals, which are of p—growth, in the compressible case. The
work, which is certainly most relevant to ours is the one by Sivaloganathan and Spector [19].
In particular, in [19, Theorem 4.2 they consider the same functionals I, as given in (7-8),
however, on a suitable class of admissible maps satisfying the constraint det Vu > 0 a.e.
and subject to suitable boundary data. Assuming then that u is a weak solution satisfying
the corresponding equilibrium equation and the condition given by

(14) 1049 (2, Vu, dy,)R| < v(z)|Vu|P~2 for a.e. x € Q.

Then v must be a global minimizer of 1. Additionally, if the latter inequality is in some sense
strictly satisfied then u must be the unique one. It is crucial to realise, that the criterion given
by Sivaloganathan and Spector differs from ours. Indeed, (14) involves a 1st order derivative
of U while in (13) a 2nd order derivative is used.

1Recall, that we call situations, where the energies remain finite either incompressible elastic, if the con-
sidered admissible maps must be measure-preserving, otherwise we call it compressible elastic. Moreover, we
call a model (fully) non-linear elastic, if the considered integrand f, ignoring any other dependencies, satisfies
f(€) = 400 for any ¢ € R™™" s.t. det& < 0 and f(£) — +oo if det & — 0T or det £ — +o0. Notice, that in the
latter model some of the consider energies might be infinite.



(HIGH FREQUENCY-) UNIQUENESS CRITERIA IN IN- AND COMPRESSIBLE ELASTICITY 5

A possible incomplete list of results regarding the compressible setting might look as follows:
Initially, it is well known, that uniformly convex functionals possess unique global minimizers,
see for instance [13, § 3.3]. Knorps and Stuart showed in [14], that for a strongly quasiconvex
integrand defined on a star-shaped domain and subject to linear boundary data ug = Ax,
any C?—stationary point needs to agree with Az everywhere. A generalisation can be found
in [22]. These results have been transferred to the incompressible by Shahrokhi-Dehkordi
and Taheri [17] and the fully non-linear case by Bevan [4]. In [11], Cordero presented a
uniqueness result guaranteeing a unique minimizer for strongly quasiconvex C?—integrands if
the given boundary data is smooth and small enough. Zhang [25] discusses situations, in in-
and in compressible ones, where the considered energies are polyconvex and the under pure
displacement boundary conditions and subject to that the Jacobian must be strictly positive
a.e. Then the corresponding minimizer must agree with the solution of the corresponding
Euler-Lagrange equation, which is highly non-trivial due to the weak spaces involved and
the lack of compactness of the constraint. On the contrary, non-uniqueness for minimizers
of strongly polyconvex functionals has been established by Spadaro in [20]. However, these
counterexamples rely highly on the fact that the determinant can take on negative values,
which is neither possible in the incompressible nor in the NLE-stetting. John [12] and Spector
and Spector [21] obtain uniqueness of equilibrium solutions for small enough strains and un-
der various boundary conditions. In sharp contrast, Post and Sivaloganathan [16] construct
multiple equilibrium solutions in finite elasticity.

A first treatment of uniqueness in incompressible elasticity can be found in [14, Section 6].
Much research in the incompressible setting is concerned with the double covering problem,
that is, given the Dirichlet Energy D(¢) = |£|?/2 on the unit ball in 2d and subject to double
covering boundary conditions given by us = (cos(26),sin(26)), first considered by Ball [2].
Since then a lot of progress towards a solution has been made and partial results are avail-
able. For instance, Bevan [5] showed that ug is the unique global minimizer up to the first
Fourier-mode. This paper is central for several reasons, firstly, it introduces the type of
uniqueness argument we provide here and in [8]. Moreover, it also contains the concept of
high-frequency uniqueness. In [7] Bevan and Deane obtained that wug is the unique global
minimizer for either purely inner or purely outer variations and local minimality is shown for
a subclass of variations allowing a certain mixture of both types. In contrast, in [6], equal
energy stationary points of an inhomogeneous uniformly convex functional (z,§) — f(z,€)
depending discontinuously on x are constructed. It remains unknown for now if these sta-
tionary points are actually global minimizers.

In the fully non-linear case Bevan and Yan [10] show, that the famous BOP—map, constructed
by Bauman, Owen and Phillips [3], is the unique global minimizer in a suitable sub-class of
admissible maps.

Finally, many papers address uniqueness questions, in situations where the reference domain
agrees with an annulus, see for instance [9,12,15,16,23,24].

Plan of the paper: After introducing the most important notation, which we will use in
this paper, Then the proof of theorem 1.2 will be given in §.3 followed by some important
remarks in the incompressible situation. §.4 then discusses the compressible case instead and,
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in particular, a proof of theorem 2.2.

Notation: For any 2 x 2—matrix A we define its cofactor by
(15) cof A = < 422 —a21) :
—aiz2  a11

Moreover, we will make use of the shorthand d4 := det A.

The Fourier-representation for any n € C*°(B,R?) (For members of Sobolev- spaces one might
approximate) is given by

2m
1) = S 09@), where 70 () = S Ao(R), AofR) = / n(R,0) df
0

; ™
j=0
and for any j > 1 we have

19 (z) = A;(R) cos(j0) + B;(R)sin(j6),

where
] 21 21
AR = - / 0(R,6) cos(j8) df and B,(R) = 2i / n(R, 0)sin(j) do.
T T
0 0

Further we use 7 := n — n(®.

3. THE INCOMPRESSIBLE CASE

We immediately start with the proof in the incompressible setting. The proof is obtained
by comparing energies and gaining a lower bound by means of the ELE and a Poincaré-type
inequality.

Proof of Theorem 1.2:

i) Let u € ALY be a stationary point of E and let v € F5:”° be arbitrary and set n :=v—u €

Wol’Q(B,]RQ) and on = Y (on)¥) with n, = n + [ assuming wlog. 1 € C°(B,R?) and
J =M

o€ C®(B).

We start by the standard expansion

B(v) - E(u) = / v(@)(|Vu+ Vil — |Vu]?) do

B

(16) >? / () [Vl 2| Vnf? + pu(a) [VulP -2V - Vi de,
B

where we used the following inequality?

1 1 1
17 Z1BP > ZlalP + |alP2a(b — a) + =|a|P72|b — al’.
(17) pH p|\ lal”"a(b — a) + S a7 \

2see, [19, Prop A.1]with o = 0.
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Henceforth, we shall denote the rightmost term in (16) by

H(u,n) := /pu(q:)|Vu|p_2Vu -Vn dx.
B

Recall, the ELE (3) is given by

(18) /py(a:)|Vu\p2Vu -Vnde =— /pAcof Vu - Vndz for all n € C°(B,R?).
B B

In order for us, to control H from below, we start by rewriting said term via the relation
det Vi) = —cof Vu - Vi a.e. and lemma 2.1(v) of [8] in the following way

d
(19) H(u,n) =~ é’/R((cof Vn)VA) - %
B
~ ~ ~ ~ (&
- g/(AvR Rer + Ajgeg) - (71177279 - 77277179)§R
B
. - dx
+ (72m1,rR — M72,R)€0) R

An application of Hélder’s inequality in R?, that is, for any 3, z € R? it holds |y- 2| < |y|eo|2]1,
yields

1 dx
(20) H(u,n) > — g/'RV)\($>|oo' {|771772,9 — nznmlﬁ + |m2m,R — M2, R R
B

By applying (12) and Cauchy-Schwarz inequalities with weight & = % we get

pnin n
H(u,n) > W) [ﬁHamH%?(dx/R?) T EHUWH%Q(dm/RQ)

1
i E(”"nlﬁﬂiadwm) +llon2,0ll 2z r2)
+ H0771,RH%2(dx) + HUUQ,RH%Q(dz))}-

Using (21) and collecting terms yields

P 1
)2 = 8 [10m0 2 50,1 + 3o 2000
> _ g/u(x)|Vu|p2\V7]|2 dr,
B

completing the proof. For the last step we made used of the following version of the Fourier-
estimate given by

dx
(1) ot [t 5 < [ onal? da.
B B
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This is indeed true, for this sake, first assume that o € C°°(B). We will make use of a Poincare
type inequality, first established in [5],

(22 [ reo o= N* [ ReR
B B
which holds true for any ¢ € C*°(B,R?) if ¢ only consists of Fourier-modes N or higher.

Then an application of (22), the product rule, Minkowski’s inequality and (11) yields
Ny||o =\ Z||(on), .
| 77HL2<%) [(em)oll, 12(2%)
<||07779 HLz(dL) + H0'79 77||L2(—§)
(23) <ol (am) + 1] 5y

Absorbing the rightmost term of the latter expression into the LHS yields (21). Additionally,
(23) justifies its own upgrade by remaining valid for any o € L?(B), satisfying (11).

ii) Let u € Ay be a stationary point of E and let v € F{'7® be arbitrary and set 7 := v —u €
W(}’z(B,]RZ) and on = (on)© + Z (on)) with m, = m+l assuming wlog. n € C2°(B,RR?)

J>m
and o € C*°(B).
Notice, that
(24) B() - E(u) 2§ [ v(@)|Vul? (Vo do -+ H(u.n),
B
remains valid with the same mixed term
(25) H(u,n) = /pu(:r)|Vu\p_2Vu -Vn dx.
B

From here on we have to argue more along the lines of the proof of [8, thm 1.2]. Again, by
the ELE (3), the identity det Vi) = —cof Vu - Vi a.e. and by [8, lem 2.1.(vi)] we get

H(u,n) = —p/ (cof VOV A(z)) - 7} da —p/ (cof V'V A(z)) - n dx =: (I) + (II).
B B
Now by noting that the 0—mode is only a function of R, we get

(?7501);;772 né ) i71).

(cof VOV A(z)) - 7 7

Instead of just A,g on the right hand side of the latter equation we would like to have the full
gradient of A\. This can be achieved by using the basic relations ey - eg = 1 and eg - e = 0 to
obtain
(0) s 0) - (0) ~
(cof ViOVA@)) - 71 = (\r Rer + Mo ¢g) - (1 %1z — 0 piin) 7
Arguing similarly for (II), and a short computation shows

€R

H(u,n) = — p/()\,R Rer + Ageg) - [(?71772,9 — 772771,9)§
B
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- - dx
(26) + (772(77@% +n1,r) — M (775% + 772,R))€9] ik

By Holder’s inequality in R? we get

o o 1
H(u,n) > —p/ IVA(7)R| {!7}1772,9 — 12716 =
B

- . dx
+ ‘772(775?1)3 +n1,R) — 771(775?23 +12,R) H —.

R
By |[VA(2)R|oo < \/?:2170\/;(@ and a weighted Cauchy-Schwarz inequality, we see
V3mp

1
> ~ 12 ~ 12 X (0) 2
H0)2 = S 20l g+ 20l g+ Sl el

()]

Applying the Cauchy-Schwarz inequality, inequality (21), and combining some of the norms

yields
\/gmp 2a 1 -9
H(uﬂ?)Z_ 4\& |:<,rng+a> HJ7779HL2<UI

sl + Sllon + o Rl + o
a 2,6 L%%) a ,R M,RIIL2(dz) a m.e

2 0) 12
) + 5”0—7%]% HLz(dac)

Rg
2 2
+a||0-777R ‘|L2(dx):| :

. ~ 0 .
By using 7,6 = 1,0 and HUTLSR) H%Q(dac) < HUTLR ||%2(dm) we obtain

\/gmp 2a 1 9 4 )
_ 4\/§ |:<77’L2+a> ||0'7]79 HL2<%>+5HO’T}’RHL2(C&)
V3m

Choosing a = 3 and combining the norms even further yields

H(u,n) >

Hun) = =5 [ v(@)|Vur vyl dz,
B
completing the 2nd part of the proof. ]

Remark 3.1. 1. Notice, that (11) is especially satisfied if p = 2 and v(x) = v(R). So
condition (11) can be thought of as a natural extension of this fact to the case, where p might
be arbitrary and o(x) depends on x instead of R.

2. Despite the fact that the sets Fy”° and F&’;L’f depend on o it remains true that if n, =0 or
my € {0,1} one gets uniqueness in the full class AP°. Indeed, there are two cases to consider.
Firstly, let n, =0 or my <1 s.t. n=0 orm =0. Then VA =0 and by (16) and (18) one
obtains

B) = B > [ L wulr 29l
B

implying, that w is a global minimizer in the full class AP°. Assuming, additionally, that
o(x) > o9 > 0 for a.e. x € B then one can conclude that it needs to be the unique one. In the
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case when m, =1 and m = 1,1 = 0, then 09 = 0 and (21) can be applied with m, =m =1
completing the argument.

4. COMPRESSIBLE UNIQUENESS CRITERION

Here we outline the proof for the analogous compressible results, where the proof strategy
remains the same.

Proof of Theorem 2.2:

i) Let u € A%, be a stationary point of I and let v € F47 be arbitrary and set n:=v —u €

Wol’2(B,R2) and on = 3 (on)Y) with n, = n + | assuming wlog. 7 € C®°(B,R?) and
jZn*

o € C®(B). Again, by the standard expansion, the subdifferential inequality for ¥, and

inequality (17) we obtain

10) - 1) = [ L2 (90 + 9317 - [7up)
B
+ U(x,Vu+ Vn,det Vu + V) — ¥(z, Vu,det Vu) dx

2/ V(zx) [VulP 2Vl + v (@) | VulP?Vu - Vi
B
+ 0V (x, Vu, det Vu) - Vi + 0q¥ (z, Vu, det Vu)cof Vu - Vi da.
Then by applying the ELE (10) we get
(27) I(v) — I(u) > / ”(Q@va—?\vny? + 049 (x, Vu, det Vu)dy, da.
B

Replacing A by 9,V in the argument given in the 1st part of the proof of theorem 2.2, see
§.3, completes the argument.

ii) If o) can be such that the first Fourier-mode (o7)(®) # 0 then (27) does still hold, but one
needs to conclude similarly to the 2nd part of the proof of theorem 2.2. O

Remark 4.1. 1. Arguing as in Remark 3.1 in §.3, assuming, additionally, that o(x) > o9 > 0
for a.e. x € B then it remains true that if n, =0 or m, € {0,1} one gets uniqueness in the
full class AP.

2. It seems reasonable to believe, that similar uniqueness criteria could be given in many
other elastic scenarios if the considered situation is such, that the describing functional de-
composes into two parts, the main one and the perturbative one acting like the pressure. If the
perturbation then is assumed to be small in some sense there might be a chance of obtaining
uniqueness.

Data Declaration Data sharing not applicable to this article as no datasets were generated
or analysed during the current study.
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