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Abstract.

A plasma fluid model is being developed for the simulation of a direct current

plasma discharge simulation including the sheath regions. The code uses a second

order centered finite difference scheme and time integration is done by strong stability

preserving third order Runge-Kutta method. The separation of scalar and vectorial

quantities in two different grids gives stable results. After validation by comparison

with theoretical ion sheath profiles, a one dimensional direct current argon discharge

was simulated and compared to 1D3v particle-in-cell simulation results. It is shown

that the inclusion of a non constant ion temperature profile is mandatory in fluid

models in order to recover correct increase of ion velocity in sheaths and thus to

simulate direct current (DC) discharges where collisions are not negligible in the

sheaths.
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1. Introduction

Since its discovery in 1879 by William Crookes, plasma rapidly became one of the

base of modern techniques and knowledge through its industrial applications. Besides

microelectronics which could not exist without plasma based etching technology, one

can also list light source [1, 2], ion thruster [3], protection of aircraft against lightning

strikes [4], plasma medicine [5] and even food packaging treatment [6] as notable plasma

applications. Its potential is not limited by this non exhaustive list. Plasma is also

a potential candidate as a new sustainable energy source involving an international

collaboration: nuclear fusion power plants [7, 8].

However, plasma is a very complex system to study because it involves charged

particle interactions and related non-linearities. Plasma discharges contains three

distinct zones having different physical properties, namely the quasi-neutral bulk

plasma, the sheath which is a buffer zone between the plasma and the confining walls

in which quasi-neutrality does not hold, and an intermediate transition zone between

the bulk and the sheath called pre-sheath [9]. The sheath is the zone of particular

interest when studying plasma discharges since this is where the plasma interacts with

the boundaries. However, the bulk plasma-sheath transition is still a subject of active

research today mainly due to its complex structure [10,11]. Consequently, the modelling

of an entire plasma discharge including the dynamics of sheath is not a trivial problem.

Plasma can be described with different physical models. The microscopic level is the

base of Particle-In-Cell (PIC) models. Kinetic models give statistical descriptions via the

Boltzmann equation and distribution functions. Finally, the attempt of describing the

plasma at a macroscopic level using the first few moments of the Boltzmann equation

can be done using a plasma fluid model. With the development of microelectronics,

modelling and computer simulation are widely used approaches in plasma physics. PIC

and kinetic simulations are usually preferred for their precision since they do not rely on

many hypotheses that limit the model applicability, but they demand huge amount of

data storage and computational resources [12–16]. On the contrary, fluid models offer

better performance at the cost of precision. However, the use of fluid description for a

plasma is sometimes questionable. For example, at a very low pressure (usually lower

than tenths of pascal), particle interactions (collisions) are not numerous enough to

observe equipartition of energy between heavy (neutrals and ions) and light (electrons)

particles: they do not have the same temperature. Thus, in many low pressure plasma

fluid models, ions are often assumed to be thermalized with the neutral background

gas. Also the existence of sheath is another obstacle to overcome since its description

demands more physical details than the quasi-neutral bulk plasma (the resolution of

the Poisson’s equation for the space charge evolution is the very least requirement) and

appropriate boundary conditions. Therefore many simulations based on fluid models

only describe the quasi-neutral bulk plasma.
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Different approaches were employed in order to overcome the limits of a plasma

fluid model. Hagelaar et. al. uses a mix of kinetic and fluid approaches called

hybrid model [17, 18]. Becker et. al. introduced a four-moments methods for the

electrons including the effects of the anisotropic parts of the electron velocity distribution

function [19–21]. Sahu et. al. propose to revisit the sheath boundary flux expressions

and use an isentropic description of the sheath for improved fidelity [22, 23]. However,

it is still common to assume the ions thermalized with the neutrals (consequently a

collisionless sheath). In that context a new and reliable numerical plasma fluid model is

currently under development in order to be able to simulate accurately and efficiently

the sheath region of direct current argon plasma discharges. Under moderate to high

pressures (> 101 − 102Pa), we propose to investigate the influence of collisions and ion

temperature profile in the sheaths as a perspective to enhance fluid model fidelity.

This article presents the preliminary results of a 1D fluid code, focusing on a DC

argon (Ar) plasma discharge including the sheath regions. The fluid model and its

numerical implementation are presented respectively in Section 2 and Section 3. Then

the first results from the fluid code are compared with 1D3v PIC simulation results

performed with the commercial code VSIM [24] are presented in Section 4. The current

version of the code itself is self-consistent for low temperature plasma discharges with

cold ions assumption, but it will be shown that in moderate pressure range (>10Pa),

a non constant ion temperature profile (not calculated self-consistently for now) will

significantly improve the precision of the result, especially in the sheath region. Finally,

in the last section, a conclusion of the present work is given.

2. Fluid model of a DC plasma discharge

2.1. Governing equations

A plasma fluid model is based upon the fact that average macroscopic physical

quantities of the system are studied in a similar way to classical neutral fluid. However,

a plasma fluid model presents major differences compared to neutral fluid models. A

plasma is a fluid constituted of multiple, potentially charged species (at the very least

electrons and a positive ion) with radically different physical properties such as their

masses and their charges. This obliges the handling of collisional source terms for the

ion species (for example, X + e− → X+ +2e−). In addition, since the physical medium

contains charge carriers, the time evolution of the electromagnetic field needs to be

included too. Thus, classical fluid equations such as the Navier-Stokes equations are not

applicable. Plasma fluid models are derived from the first few moments of Boltzmann

equation coupled to Maxwell equations.

Our model contains two fluids, electrons and Ar+ ions, in a fixed Ar neutral background.

The energy distribution functions of the different species are assumed to be regular under
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some hypothesis [25]. The system of plasma fluid equations are as follows:

∂ns

∂t
+∇Γ⃗s = Ss, (1)

msns

[
∂v⃗s
∂t

+ (v⃗s∇)v⃗s

]
= qsns

(
E⃗ + v⃗s × B⃗

)
−∇

#„
#„

P s (2)

−msnsfmsv⃗s

(
1 +

Ss

nsfms

)
,

∂(neεe)

∂t
+∇Γ⃗εe = −Γ⃗e · E⃗ − θene. (3)

The first three moments of the Boltzmann equation are used: continuity (Eq. 1),

momentum transfer (Eq. 2) and mean energy transfer (Eq. 3) (the last one only for

the electrons for now). Here, t is the time, s is an index depending on species (e for

electrons and i for ions), ns is the particle density of the specie s, ms is its mass, v⃗s its

mean velocity, fiz the ionization frequency via electron-neutral collision, fms the total

momentum transfer frequency via particle collisions between s and neutrals, E⃗ and B⃗

are the electric and magnetic fields,
#„
#„

P s is the pressure tensor, qs is the particle charge

(−e for electrons and +e for ions, where e is the elementary charge), εe is the electron

mean energy, θe is the energy loss rate via electron-neutral collisions, Γ⃗s = nsv⃗s is the

particle flux and Γ⃗εe = ne < εev⃗e > is the electron mean energy flux.

The elastic collisions between electrons-neutrals and ions-neutrals for momentum

exchange are taken into account. The only inelastic collisions considered in the

model are electron-neutral direct impact ionization collisions. Thus in our model,

Ss = Se = Si = fizne. The ion temperature profile is user-defined. It can be set

constant as usually done in low temperature plasma fluid models or a predefined profile

can be used.

Poisson’s equation completes this model. It is necessary to simulate the space charge

distribution evolution inside the plasma:

∆V = − e

ε0
(ni − ne), (4)

which gives the electric field E⃗:

E⃗ = −∇V. (5)

A constant electric potential difference is applied between the two electrodes which

are the physical boundaries of the system. Thus, the resultant electric field is the

combination of external (bias of electrodes) and internal (evolution of space charge)

influences.
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2.2. Charged species transport

Electron momentum is treated in the drift-diffusion expression as it is commonly

done in low temperature plasma models. The electron particle and mean energy fluxes

expressed in the drift-diffusion form require transport coefficients which are computed

using BOLSIG+ [26–28].

The ion momentum transfer equation cannot be solved in a similar manner. Due to

their masses, the ion inertia term cannot be neglected in equation 2. In an attempt

to express the ion flux in drift-diffusion form, an effective electric field E⃗eff can be

introduced [29–31]:

Γ⃗i = niv⃗i ≡ µiniE⃗
eff −∇(Dini). (6)

Furthermore, the time evolution of the mean ion velocity can also be simulated using

the effective electric field [32]:

∂E⃗eff

∂t
= fmi

(
E⃗ − E⃗eff

)
− fiz

ne

ni

v⃗i
µi

− 1

µi

(v⃗i∇)v⃗i. (7)(
E⃗ − E⃗eff

)
reflects the fact that due to their inertia ions cannot follow the system’s

electric field E⃗ evolution in real-time. E⃗eff can be interpreted as the real electric field

seen with a time delay. This interpretation allows the use of E⃗eff in experimental

databases to obtain ion mobility µiN = f( E⃗
eff

N
) along with Einstein’s relation to obtain

Di and fmi. In the literature, these database are available for ions in equilibrium with the

applied electric field. The reference database for ion mobility are given in Refs. [33,34].

They give the values of ion mobility as a function of the equilibrium reduced electric

field. This database is well fitted by the empirical Frost’s formula [35]. A modified

version of Frost’s formula taking into account the dependence of ion mobility on ion

temperature [36] is used in this work.

2.3. Boundary conditions

The model describes the quasi-neutral plasma and the non-neutral sheath in an self-

consistent way, where sheath evolution is stimulated by the boundary conditions. The

plasma is bounded by two conducting electrodes where boundary conditions on fluxes

and electric potentials are imposed: a grounded anode (V = 0) and a negatively biased

cathode (V = −Vc). The ion flux normal to the boundary is given by the following

expression [32]:

Γ⃗i =
1

4
niv⃗thi + δµiniE⃗

eff , (8)

where vthi =
√

8kBTi

πmi
is ion thermal velocity and δ is n integer equal to 0 or 1 depending

on the orientation of the effective electric field:

δ = 1 if E⃗eff brings ions to the wall
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δ = 0 otherwise.

There are two components in the boundary ion flux: thermal diffusion flux which always

exists and drift flux induced by E⃗eff only when it is oriented towards the wall.

The electron flux normal to the boundary has a similar expression:

Γ⃗e =
1

4
nev⃗the + δµeneE⃗, (9)

where vthe =
√

8kBTe

πme
. However, the electron flux has an additional term at the cathode

boundary which reflects the secondary emission due to ion impact:

Γ⃗2nd
e = −γiΓ⃗i. (10)

The secondary emission coefficient γi is set to 0.1 according to Ref. [37]. For the electron

mean energy flux, the expressions are similar with the particle density ne replaced by

the energy density nεe = neεe:

Γ⃗εe =
1

4
nεe v⃗the + δµεenεeE⃗. (11)

Similarly, it has an additional term in the cathode:

Γ⃗2nd
εe = Γ⃗2nd

e ε2nde , (12)

where the secondary electrons are considered to have a constant mean emission energy

of ε2nde = 3eV which lies between the range of 2− 6eV given in Ref. [38].

3. Numerical implementation

The code written in Fortran is parallelized using message parsing interface (MPI).

The parallelization is on the geometrical domain of simulation, more specifically on the

spatial distribution of main fields (densities, fluxes, electric potential and field) among

the processors. Since this is a boundary value problem, all equations can be solved

locally if the boundary values are provided. In addition, Poisson’s equation is solved

iteratively at each time step to compute the electric potential and field.

The system geometry is discretized using a second order centered finite difference

scheme. However, classic centered finite difference discretization struggle describing stiff

variations of fluxes induced by the boundary conditions and the strong electric fields,

thus yields growing and propagating numerical oscillations [39]. In order to overcome

numerical instabilities, the vector and scalar quantities are discretized on different grids

similar to the finite volume method while keeping the finite difference scheme. In a

simulation with N grid points, the scalar quantities are expresses at the normal grid

indices j = 1..N while the vectorial quantities have shifted to half indices j = 3
2
..N − 1

2
.

This yields stable solution but the spatial discretization might be improved in the next

version of the code by implementing the weighted essentially non oscillatory (WENO)

method [40–42] in order to get higher order precision and better numerical stability

at the boundaries. The boundaries are treated in a particular way. Only the electric

potentials are known at physical boundaries (electrodes) at j = 0 and j = N + 1. All
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other quantities have their boundary conditions defined at j = 1
2
and j = N + 1

2
as

shown in figure 1:

Figure 1: Shifted meshing and boundary definition.

Time resolution is done by explicit strong stability preserving 3rd order Runge-

Kutta method (SSP-RK3). The time step ∆t is limited by the speed at which physical

quantities vary inside the system. As a consequence, the time step ∆t has to be smaller

than the Maxwell relaxation time [43] in order to correctly describe charged species

transport in the system. This relation represents the condition for a slow enough

variation of electric field between each time step ∆t. Moreover, if there are many physical

processes inside the system, the most restrictive space-time resolution should be selected

to choose the simulation time order. Finally, ∆t and the spatial step ∆x are related to

each other by the numerical stability constraint of the method used. One common and

crucial condition is the Courant-Friedrichs-Lewy (CFL) stability condition [44]:

C = u
∆t

∆x
≤ Cmax, (13)

where C is called the Courant number and u is the magnitude of the velocity of particles.

The value of Cmax depends on the chosen time integrator. Besides its strong stability

preserving property, a four stage SSP-RK3 method also has a Cmax value twice as big

as compared to classic explicit time integrators [45].

4. Simulation results

4.1. Simulation of theoretical plasma sheath

In order to test the code, we first simulated a simplified plasma sheath configuration

as described in [46]. We consider the case where the wall has a negative potential

with respect to the plasma potential (ion sheath). Assuming a collisionless sheath,

Maxwellian electrons and Bohm criterion, the densities of charged particles are expressed



8

as:

ne(x) = ns exp(
e(V (x)− Vs)

KTe

), (14)

ni(x) = ns

[
1− 2e(V (x)− Vs)

KTe

]− 1
2

, (15)

where Vs = Vplasma − KTe

2e
is the electric potential and ns = nplasmae

−0.5 is the plasma

density at the sheath entrance.

A test simulation was run with the simulation parameters shown in table 1:

Table 1: Test simulation parameters.

L initial plasma density initial εe Vcathode P Tgas Npts dt

3 cm 1014 m−3 3 eV 0 V 30 Pa 300 K 300 10−12 s

These parameters were chosen in order to simulate a pseudo-post discharge scenario,

where we can observe the decay of electron and ion density profiles near the electrodes.

Total simulation time was 15 µs, enough time for the electrons to be thermalized with

the neutral background gas without reaching the ambipolar diffusion regime which time

scale is in order of ms. The comparison of theoretical and numerical density profiles is

shown in figure 2:

Figure 2: Comparison of sheath density profiles. Red color stands for ions and blue

for electrons. Computed electron density is represented by ’o’. Computed ion density

is represented by ’+’. The plain lines are theoretical sheath density profiles calculated

with Eq. 14 and Eq. 15

.
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We observe a very good agreement for the electron density profile. The ion density

profile shows a good agreement too, except on the first few points near the boundary

which show small oscillations. However, this instability does not propagate to the rest

of the system during the simulation.

4.2. Simulation of a DC Argon discharge

After recovering the classic sheath density profiles, a DC argon discharge was

simulated and compared to PIC results obtained using the commercial VSIM code [24]

in order to investigate the physical mechanisms involved in the sheath region and the

limits of the fluid model. The simulation parameters are shown in table 2:

Table 2: Simulation parameters.

L initial plasma density initial εe Vcathode P Tgas Npts dt

3 cm 1014 m−3 3 eV -205 V 30 Pa 300 K 1500 10−13 s

These parameters are typical to a low temperature DC plasma discharge [47].

The voltage bias has been adjusted according to the breakdown voltage for an argon

discharge [48]. The simulation started with a flat density profile in order to test stability.

It was run for a few tens of inverse ion plasma frequency, until the system reached a

steady state. The main plasma parameters (densities, electric potential, electron mean

energy and ion relative velocity profile) are shown in figure 3:

The electric potential profile and electron mean energy profile are close to the

expected profile in a low temperature DC plasma discharge [49]. Note the potential

fall near the cathode, generating the cathode sheath where electrons are accelerated

towards the plasma. Electrons lose their energy due to ionizing collisions in the sheath-

plasma interface. However, in the fluid simulation, the peak of ionization is located

inside the sheath rather than at its entrance. This might indicate that one is dealing

with a collisional sheath in this pressure range. Two slopes in the electron density

sheath profile are also observed: the first one from the left is the exponential density

decrease and the second one reflects the secondary electron emission from the cathode.

While the anode sheath density profiles showed good agreement with the theory, an

anomaly is observed in ion density profile in the cathode sheath. This was also backed

by the ion relative velocity profile. The ions are too slow compared to the expected order

of magnitude of the normalized exit velocity at the cathode: vexit,theoryion ≈
√
Vcathode ≈ 14.
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a) b)

c) d)

Figure 3: Plasma parameters from 1D DC Argon discharge fluid simulation: a)

electron and ion densities, b) electron mean energy and ionization source term, c)

plasma potential and d) ion relative velocity.

4.3. Comparison of fluid simulations with PIC simulations for the sheath formation

An anomaly was observed in the sheath region with the fluid model as expected.

A particle-in-cell simulation using VSIM/Vorpal [24, 50] was run with similar input

parameters in order to investigate the discrepancy between the expected and simulated

cathode sheath profile and to identify the main physical mechanism needed for the

improvement of the fluid model. The precedent fluid results suggest a collisional sheath

at least for the electron-neutral ionizing collisions. A quick estimation of collisionality

inside the sheath according to Ref. [51] indicates that there are around 0.8 ion-neutral

collisions per Debye length inside the sheath, which is not negligible. Thus, a 1D3v

(x,y,z) configuration was chosen in order to investigate the importance of ion-neutral

elastic collisions inside the sheath. The results from the 1D3v PIC simulation are

presented in figure 4:

We can observe a good agreement with the fluid simulation in electric potential

and electron mean energy profiles. The most noticeable difference is the ion density and

velocity profiles. The advantage of a PIC simulation is that one has direct access to the

ion velocity distribution function. As expected, a shifted velocity distribution in the

x direction due to the electric acceleration is observed, and a Maxwellian distribution

was observed in the y and z directions. From the width of the distributions functions in

the y and z directions, it was found that the ion temperature profile is far from being

constant across the simulation domain as shown in the figure 5.a). The assumption of

cold ions is clearly falling apart in the sheaths.
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a) b)

c) d)

Figure 4: Plasma parameters from 1D DC Argon discharge PIC simulation: a)

electron and ion densities, b) electron mean energy, c) plasma potential and d) ion

relative velocity.

0 0.01 0.02 0.03

100

102 a) b)

Figure 5: a) Ion total energy and thermal energy profile obtained from PIC

simulation, b) Comparison of normalized ion mobility computed in fluid simulation

A new fluid simulation was then ran injecting the ion temperature profile obtained

from the PIC simulation inside the fluid code. In order to correctly reflect the influence

of a varying ion temperature profile, the modified Frost formula from [36] was adopted.

Figure 5.b) shows the comparison of the ion mobility as a function of ion temperature

computed by the fluid code. The results of the new fluid simulation are presented in

figure 6:

We now observe a better agreement between the two models, including the cathode
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a) b)

c) d)

Figure 6: Plasma parameters from 1D DC Argon discharge fluid simulation with

injected PIC ion temperature profile: a) electron and ion densities, b) electron mean

energy and ionization source term, c) plasma potential and d) ion relative velocity.

sheath profile. It clearly demonstrates the importance of a non constant ion temperature

profile and therefore the necessity of the inclusion of the ion energy evolution equation

in low temperature plasma fluid model under moderate to high pressure range.

5. Conclusion

This paper presents the preliminary results of a new plasma fluid code currently

under development. The code aims at the simulation of the whole discharge including

the sheath regions. First one dimensional results of a DC argon discharge show good

agreement between theory and simulations (PIC and fluid). In particular, the fluid

outputs in the sheath region are greatly improved when a non constant ion temperature

profile is considered. It demonstrates the importance of implementing the ion energy

evolution equation for low temperature plasma simulation. This result can justify the

use of plasma fluid models to study the sheath region. We are currently working on the

ion energy evolution equation. The associated collision term will be inspired from the

PIC results. A fluid closure concerning the ion heat flux is also necessary. Preliminary

results show that one possibility would be to solve the even higher moment equation

of heat flux, as done by Hagelaar for the electron heat flux in his fluid model. After

improvement of numerical stability and precision and the implementation of the ion

energy equation, the code will be used to simulate real experimental devices in order to

refine our understanding of the dynamics of the physics of DC plasma discharge. Two

dimensional plasma model including magnetic field is currently being developed in order
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to study boundary interactions in magnetized sheath region.
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