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LARGE TIME BEHAVIOR OF SOLUTIONS TO THE NONLINEAR HEAT
EQUATION WITH ABSORPTION WITH HIGHLY SINGULAR
ANTISYMMETRIC INITIAL VALUES

HATTAB MOUAJRIA, SLIM TAYACHI, AND FRED B. WEISSLER

ABSTRACT. In this paper we study global well-posedness and long time asymptotic behavior of
solutions to the nonlinear heat equation with absorption, us—Au+|u|*u = 0, where u = u(¢, z) € R,
(t,z) € (0,00) x RM and a > 0. We focus particularly on highly singular initial values which are
antisymmetric with respect to the variables 1, z2, -+, zm for some m € {1,2,--- , N}, such as
ug = (=1)"0102-- - Om| - |77 € S'(RN), 0 < v < N. In fact, we show global well-posedness for
initial data bounded in an appropriate sense by ug, for any a > 0.

Our approach is to study well-posedness and large time behavior on sectorial domains of the
form Q,, = { € RN : 21,--- ,zm > 0}, and then to extend the results by reflection to solutions on
RY which are antisymmetric. We show that the large time behavior depends on the relationship
between a and 2/(y + m), and we consider all three cases, a equal to, greater than, and less than
2/(v + m). Our results include, among others, new examples of self-similar and asymptotically
self-similar solutions.

1. INTRODUCTION

In this paper we study the long time behavior of solutions to the nonlinear heat equation with
absorption,
ur — Au + |u|%u = 0, (1.1)

where u = u(t,z) € R, (t,z) € (0,00) x RY and o > 0, which are antisymmetric with respect to
the variables x1, xg, -, x, for some m € {1,2,--- , N}. Our goal is to see how some well-known
results [1, 4, 5, 6] for the long time behavior of solutions to (1.1) carry over with the additional
hypothesis of antisymmetry. For example, some of the results in the cited works concern positive
solutions. We will see that these results have analogues for antisymmetric solutions which are
positive on an appropriate sector in RY. In particular, these solutions are not positive on R¥.
Moreover, in many cases the range of allowable powers a > 0 will be larger with the additional
hypothesis of antisymmetry than without. Also, the condition of antisymmetry allows consideration
of a class of highly singular initial values.

Our previous paper [9] considered the linear heat equation on RY with antisymmetric solutions.

The results and the theoretical framework from [9] were applied to the nonlinear heat equation
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with source term
up — Au — |u|“u = 0, (1.2)
in [12]. In the current paper, these ideas are applied to (1.1). We mention that this approach
was earlier developed in [11] where solutions to (1.2) with antisymmetric initial values of the form
ug = (=1)m01 0z - - - O were studied. In the current paper, as in [9, 12], initial values of the form
ug = (—=1)m0102 - O - |77, for some 0 < v < N, are considered.
In order to state our results precisely, we begin by recalling the definition of an antisymmetric

function.

Definition 1.1. Let m € {1,2,--- ,N}. A function f:RY — R is antisymmetric with respect to
T1,- -, Ty if it satisfies

Tif=Tof = =Tnf =1, (1.3)
where T; , i € {1,2,--- , N}, denote the operator
(Tifl(1, -+ 5 i1, iy Tig1, -+, oN) = f(T1, 0 Tic1, —Tiy Tt 1, 5 TN)-
We denote the set of functions antisymmetric with respect to x1, -,z by
A=A, ={f:RY = R; f satisfies (1.3)}. (1.4)
A function on RY which is antisymmetric with respect to x1, 2, ---, x,, for some m €

{1,2,---, N}, is determined by its values on €2,,, the sector of R" defined by
Q= {(371, To, +++, TN) ERN: 21 >0, 29>0,-, 2 >O}. (1.5)

Note that by definition, an antisymmetric function must take the value 0 on the boundary 0€2,,.
Since the operators T; defined above commute with the operations in equation (1.1), the study of
antisymmetric solutions to (1.1) reduces to the study of solutions on 2, with Dirichlet boundary
conditions. This point is discussed in detail in Section 3 of [12], and that discussion applies as
well to the heat equation with absorption. Moreover, as in [12], we will construct certain classes
of antisymmetric solutions to (1.1) on RY by constructing solutions on €2, and extending them to
RY by antisymmetry.
Since both the present paper and [12] are based on the framework developed in [9], we need to

recall some definitions and notation used in [9]. Let p,, be the weight function defined on ,, by

| x|’y+2m

pm(x) = ———, for all z € Q,,,
Tl T

where 0 < v < N. We consider the Banach space
Xy =40 QU = R, pth € L®(Un)}, (1.6)
endowed with the norm

[l = lombll e,
for all ¥ € &, 4. The closed ball of radius M on &, - is denoted by

Binqym = {1 € Xy such that [[Y]|x,, , < M} (1.7)
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As observed in [9, p. 344], B:nm u the closed ball By, y v endowed with the weak™ topology of
Xy, is & compact metric space (hence complete and separable).
Let 0 > 0. For each A > 0, we let D denote the dilation operator defined by

DSu(x) = Nu(Ax), (1.8)

where u is a function defined on Q,,, or on RY. A function 9 : ©,, — R is homogeneous of degree
—o if Dy = 9 for all A > 0. The operators DS, A > 0, act on the spaces X, ,, but leave the norm
invariant, i.e. leave the ball By, 5 ys invariant, if and only if o = v 4+ m. In fact, we have

IDS% | 2, = AN om® (M) | oo () = AT O™ i AV (M) | oo () = A7~ [0 2,0 (1.9)

for all A > 0 and ¢ € &}, 5.
The function 9y defined on 2, by

PYo(x) = i (pm (@) ™' = - Tz 7T, 2 € Qp, (1.10)

where ¢,y = 7(7+2) - - - (y+2m—2), will play a central role. It is homogeneous of degree —(y+m),
belongs to &, , and satisfies Yo x,, , = ¢m,y. Moreover,

DSao(x) = A7~ 0Ty (), (1.11)
for all o, A > 0, and so || DSvol|x,,., = A—(Fm)e, . Tts interest lies in the fact that
wo(x) = (—1)m8182 R 8m (’1“_7) , T €& Qm. (1.12)
The heat semigroup on €,,, denoted e*®m is given by
e'Amap(z) = | Kz gy, (1.13)
for all ¢ > 0, where
N o =uil® l; —y;]? 412
Ki(z,y) = (4nt)” 2 H e & H |:6_ i —e 4 |. (1.14)
j=m+1 i=1

See, for example, [11, Proposition 3.1, p. 514]. It is well-known that e/®™ is a Cy semigroup on
Co(Qn), the space of continuous functions f : €, — R such that f = 0 on the boundary 99, and
f(z) — 0 as |z| = 0o in Q. It is also well defined on &, and et : Xy, , — Co(Qn) N Xy is
continuous, for all ¢ > 0. See [9, Theorem 1.1, p. 343]. We recall the commutation relation between
e!®m and the operators DY,

DN tAm — (tAm DY (1.15)
for all A > 0 and o > 0, and for future use we note the following identity, which is immediate to

verify,

Kt(xay) Yr - Ym dyle'-'l‘m, (116)
Qm

for all t > 0 and all x € Q,,.
In terms of behavior on the sectors §2,,,, our goal is to study the well-posedness of the equation
(1.1) on the space X, and to obtain results on the large time behavior of solutions in the three
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cases @ = 2/(y+m), a > 2/(y +m) and o < 2/(y +m). By interpreting these results for
antisymmetric solutions on RY, we will extend some know results, [4, Theorem 1.3, Theorem 1.4]
and [6], in the case m = 0. We now describe these results in detail.

In Section 2, we consider the Cauchy problem

{ u — Au + |ulu = 0,

1.17
U(O) = Ug € Xmﬁ. ( )

It is well known that, given any up € Co(RY) there exists a unique function u € C([0, 00), Co(RY))
which is a classical solution of (1.1) on RY for ¢ > 0 and such that u(0) = ug, which we denote by

u(t) = S(t)uo, (1.18)

where u(t) = u(t,-). Likewise, for any ug € Cp(§2y,), there exists a unique function u € C([0, 00), Co(n))
which is a classical solution of (1.1) for ¢ > 0 and such that u(0) = up. This defines a global semi-
flow Sp,(t) on Co(2y,). In other words,

Sm(t)uo = u(t), (1.19)

where u(t) = w(t,-) is the solution of (1.1) with initial value uy € Cp(€y,). In fact, existence
and uniqueness of solutions in Cy(£2,,) follows from the existence and uniqueness of solutions in
ug € Co(RY) since S(t) preserves antisymmetry: it suffices to consider the anti-symmetric extension
of up € Co(Qy) to an element of Co(RYV) N A.

Similarly, given any ug € L1(Qy,), 1 < ¢ < oo, we deduce by Kato’s parabolic inequality (see
Lemma 8.1 and Corollary 8.2 in the appendix) and the fact that D(€,,) is dense in L%(£2,,), that
there exists a unique u € C([0, 00), L9(£2,,)) which is a classical solution of (1.1) for ¢ > 0 and such
that w(0) = ug. Alternatively, see [6, Proposition 1.1, p. 261] for a proof using accretive operators.
Again by preservation of antisymmetry, the result of [6], valid for RY, holds also on €,,,. Thus, the
semi-flow S, (t) extends to L4(2y,,) and formula (1.19) is valid also for ug € LI(€,).

Here we consider initial data ug € &, . Our first main result is the following.

Theorem 1.2. Let m € {1,2,--- N}, 0 <y < N and o > 0. If ug € Xy, 5, then there exists a
unique solution u € C((0,00),Co(Qn)) of the equation (1.1) such that
(i) u(t) = ug in L}, () ast — 0 ;
(ii) there ewists C' > 0, independent of uo, such that ||u(t)x,, , < Clluollx,, , for all t > 0.
In addition, the following properties hold.
(iif) For all vg € Xy, , |u(t) — v(t)| < e'®m|ug — vo|, where v is the solution of (1.1) with initial
value vy satisfying (i) and (ii).
(iv) There exists C > 0 such that |u(t,z)] < C 1+ (t + |x\2)_w luol|x,, ., for allt >0
and for all ug € Xy, .

(v) The solution u(t) satisfies the integral equation

t
u(t) = ey — /0 el=8m (Jy(s)|*u(s)) ds, (1.20)
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for all t > 0, where the integrand is in L'((0,t); Co(Q)).
(vi) Ifvg € Xy, vo > 0, and |ug| < vo, then |u(t)| < v(t), where v is the solution of (1.1) with
initial value vy satisfying (i) and (ii).

In other words, the nonlinear operators S,,(t), t > 0, extend in a natural way to &,,,. We
remark that in the case a < 2/(y +m), this well-posedness result was established in [12, Theorems
2.3 and 2.6] by a different method and with plus and minus sign in the term of the nonlinearity.
Furthermore, the analogous results on the whole space R follows from [1, Theorem 8.8, p. 536].

Definition 1.3. Let m € {1,2,--- ,N},0 <y < N and o > 0. Given ug € X, , we set

Sm(t)uo = uft),
for all t > 0, where u € C((0,00), Co(€2,)) is the unique solution of (1.1) satisfying (i) and (i¢) of
the Theorem 1.2.

We also establish the continuous dependence properties of solutions of equation (1.1) with initial

values in &, 4.

Theorem 1.4. Let m € {1,2,--- N}, 0 <~y < N and M > 0. It follows that Sp,(t) is continuous
Bfan — Co(Q), for allt > 0, where BE,%M denotes the compact metric space topology induced
by the weak™ topology on By, -

It is well-known that any solution u(t) of (1.1), for example as constructed in Theorem 1.2, is
always bounded by the spatially independent solution, more precisely

1
1\a
t <[ — 1.21
ol < (o) (121)
for all ¢ > 0, throughout the spatial domain of existence. See for example [6, page 261]. In addition,
it is clear from Theorem 1.2 that if w is the solution of (1.1) with positive initial data ug > 0 then

u(t) < emug, (1.22)

for any ¢ > 0. We have the following upper estimate for solutions of (1.1) which combines (1.22)
and (1.21) into one estimate which implies them both. Its proof is given in Section 3.

Proposition 1.5. Let N > 1, m € {1,--- ,N}, 0 <y < N and o > 0. Let ug € Xy, up > 0.
Then the solution u of (1.1) with initial data w(0) = ug satisfies the following upper estimate
etAmag ()

u(t,x) <
(1 + at (eBmug(x))”)

(1.23)

Q=

for allt >0, and all x € Q.

After proving global well-posedness of the Cauchy problem (1.17), i.e. Theorems 1.2 and 1.4, we
seek to describe the large time behavior of solutions of (1.1) on €2, with initial values in X, ,. Our
basic approach is to study the effect of certain space-time dilations on such a solution, and to relate
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the resulting behavior to the effect of related spatial dilations on the initial value. In particular we
consider the space-time dilation operators I'Y, A > 0, defined by

DSu(t, z) = Au(N\t, A\x) = DS[u(\?t)](z), (1.24)

for all \,o > 0. If u € C((0,00),Cy(£y)) is solution of the equation (1.1) then I'{u is solution
of (1.1) if and only if 0 = 2/a. Moreover, if a solution u has initial value ug, either in the sense
of Cy(€2y,) or in some more general sense, then I‘i/ “u has initial value Di/ “ug. If ug € Xy, the
function Di/ “uy belongs to Xy, ., for all A > 0, and the uniqueness of solutions of (1.1) implies

that F?\/ “u coincides with Sm(-)Di/ “ug. Thus, we have the following relation
2/a 2/a
LY (S Yol = Sn() [ DY o] (1.25)

for all ug € X, . We emphasize that at this point there is no assumed relationship between o and
m. Formula (1.25) holds for any semiflow generated by (1.1) in place of S,,,(-), as long as the space
of initial values is invariant under the dilations Di/ % and initial values give rise to unique solutions.

A solution u of (1.1) is self-similar if F?\/ “u =, for all A > 0, or equivalently if
u(t,x) =t~ a f(z/VE) = D f(x), (1.26)
Vi

where f(z) = u(1,x) is called the profile of u. It follows that if a self-similar solution w of (1.1)
has initial value ug, then Di/ “up = ug, for all A > 0, i.e. wug is homogeneous of degree —2/a.
Conversely, if ug is homogeneous of degree —2/a and u(¢) is a solution with initial value ug in some
appropriate sense, then Fi/ “u has the same initial value, for all A > 0. Assuming that uniqueness
of solutions having a given initial value has been proved in the appropriate class of functions, one
then concludes that v = I‘i/ “u, for all A > 0, i.e. that u is a self-similar solution.

More generally, we say that a solution u of (1.1) is asymptotically self-similar if

lim T2 = U, (1.27)

A—00
in some appropriate sense, and that U is also a solution to (1.1). If so, the limit is necessarily
a self-similar solution. See Section 3 of [5] for a discussion of several equivalent definitions of
asymptotically self-similar solutions. Formally, if we put ¢ = 0 in (1.27), we obtain that

lim DY %ug = ¢, (1.28)

A—00

where ¢ = U(0) is homogeneous of degree —2/a. In the Section 4 we study the long time asymptotic
behavior of solutions to (1.1) with initial values in X}, , in the case a = 2/(y+m). The first result
shows that (1.28) implies (1.27).

Theorem 1.6. Letm € {1,2,--- ,N}, 0 <~y <N and ) € By, 1. Let a > 0 be such that

2
oa=—-:
Y+ m
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Suppose that there exists ¢ € By, nm such that )\lim Dz—"mqb = in B;wM' It follows that ¢ is
—00 g

homogeneous of degree —(y+m) and that the solution u(t) = Sp,(t)v is asymptotically self-similar
to the self-similar solution U(t) = Sy, (t)e.

As is by now well established [3, 4, 5], the notion of asymptotically self-similar solution can
be naturally extended by allowing different limits in (1.28) and (1.27) along different sequences
(An)n>0, with A, — co. The next step in our analysis it to generalize Theorem 1.6 in this fashion.
To accomplish this, for ug € &y, , and M > ||uo|| x,, ,, we consider the set of all accumulation points

of Dzﬂnuo, as A — oo, given by
Z7(ug) = {z € Bimym; 3 Ay — oo such that lim DYy = 2 in BZWM} : (1.29)
n—00 n » b

Since B;m, 18 a compact metric space, Z7(ug) is nonempty compact subset, for all ug € Xy, -, and
independent of M > [|uo|| x,, , by [9, Proposition 3.1, p. 356]. In particular, if ug is homogeneous of
degree —(v 4+ m), then Z7(ugp) = {uo}. We set u(t) = S, (t)up and we also define the omega-limit

set of all accumulation points of Fj}trmu(l, )= tWTmu(t, Vt-), as t — oo, by

Q7 (ugp) = {f € Co(Sn); 3ty — 00 such that Tim [[T7E7 S, (1o — fl () = o}. (1.30)

The relation (1.25) and Theorem 1.4 are the essential elements needed to investigate the relationship
between Q7 (up) and Z7(ugp), which is given by our next main result.

Theorem 1.7. Let m € {1,2,--- N}, 0 <~y < N and let « > 0 be such that
2

o= —-—-:
Y+ m
If ug € Xy, then
Q7 (up) = S (1) 27 (uo).

In particular, Q" (uo) C Sn(1)By, ., 5y and is therefore a compact subset of Co(m).

The last relation shows that in the case a« = 2/(y+m) the complexity in the large time behavior
of a solution, as expressed in Q7(ug), is determined by the complexity in the spatial asymptotic
behavior of its initial value as expressed in Z7(up). Furthermore, Theorem 1.7 above is inspired
from [4, Theorem 1.3, p. 83] which requires « > 2/N, and we observe that in Theorem 1.7, if
v+m > N, then a < 2/N. Since B}, _ ,, is separable and Z7(ug) can contain any countable subset
of By, .y, we show that Z7(Up) = By, , 5, for some choice of Uy € By, _ ).

Using [9, Theorem 1.4, p. 345], we obtain the following result.

Corollary 1.8. Let m € {1,2,--- N}, 0<~y < N and M > 0. Let o > 0 be such that

2
=

(0%

Then, there exists

Uy € Bm,'y,M N COO(Qm) N C()(Qm)
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such that
Q" (Vo) = Sm(1) By,

Remark 1.9. If ug belongs to Xy N Ay, v with v <" < N, then 27(up) = {0}. In fact, for all
A>0,
| D3 ()| = X+ o (A)] < €A a7 5,

as A — oo uniformly on {x € Q,,; |z| > €}, for all € > 0. Thus, Z7(ug) = {0}. For example, if
a=2/(y+m) > 2/(y + m), the function ¢(z) = z; - --$m|x|_7,_2m]l{|x|>1} € Xy N Xy It
follows, from Theorem 1.7, that Q7(¢) = {0}. However, we might have Q' (¢) # {0}.

In Section 5 of this paper, we consider the case a > 2/(y + m). Since o # 2/(y + m) there is a
disconnect between the transformations which preserve the set of solutions to (1.1), i.e. Fi/ ¢ and
those which leave invariant the norm of the space X, , where the solutions live, i.e. F}er. Indeed,

by (1.24) and (1.9) it follows that for ug € Xy, 5

T8 Sm ()0 ]| &,y = DS Sm (N t)tt0]| 2,0, = A7~ ™S (Ao | 0, (1.31)
Since [|Sm (A ?t)uol|x,, ., < Clluol|x,, ., for some C > 0, by Theorem 1.2, it follows, setting o = 2/a
in (1.31), that if 2/a < v+ m, then ||F?\/a5m(t)u0H;(m7 — 0 as A — oo, uniformly for all up in a
bounded set of X, and all ¢ > 0.

It is clear from (1.31) that for ug € &, the transformations most likely to yield some nontrivial
asymptotic behavior are F}\+m. In other words, we still need to study Q7(ug) as given by (1.30),
and likewise Z7(ug) as given by (1.29). However, we cannot expect the relationship between these
two objects to be given as in Theorem 1.7 since the transformations do not preserve solutions of
(1.1).

If u is a solution of (1.1) then v =

FKeru is the solution of the equation

vy — Av + A2-OFme ey =, (1.32)

If a > 2/(v+ m), it follows that as A\ — oo, the function v satisfies an equation which approaches
the linear heat equation. Hence, we should not be surprised if in this case QY (ug) and Z7(ug)
are related by the linear heat equation. The next theorem makes this idea precise, both in the
asymptotically self-similar case, and the more general case of arbitrary ug € &, 5. It is analogous
to [4, Lemma 5.1, p. 110].

Theorem 1.10. Let m € {1,--- ,N}, 0 <~y < N and M > 0. Let o be such that
2

o > .
Y+ m

(1.33)

We then have the following conclusions.

(i) Ifuo, € B~ m is such that /\lim D}eruo = in B then @ is homogeneous of degree

—00 myy,M?
—(v+m) and u(t) = Sy (t)uo is asymptotically self-similar to U (t)
(i) Q7(up) = emZ7(ug), for all ug € Xy~

= etAmp,
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iii) There exists Uy € By~ a0 N C® () N Co(Qy,), such that QY (Upy) = eAmB .
777 777

In Section 6 of this paper, we consider the case a < 2/(y+ m). As in the case of Theorem 1.10,
the transformations which leave solutions invariant, i.e. I‘i/ ® do not leave invariant the norm of
X, which is the space where the solution lives. Nonetheless, unlike in the case o > 2/(y + m),
the transformations I‘i/ “ reveal nontrivial asymptotic behavior. Because of (1.31), to study this
asymptotic behavior, we need to leave the context of the space X, .

This is best illustrated by the result of Gmira and Véron [6] in the case of RY. If we express the
upper bound (1.21) in terms more suggestive of the long-time asymptotic behavior of the solution,

we see that, considering only positive solutions,

Q=

(o)1) = thult, Vi) < (;) . (1.34)

The main result of [6] can be stated as follows. Suppose a < % Let ug € LY(RY) for some
1 < ¢ < oo, or Co(RY), with ug > 0, be such that for every k > 0, there exists Ry > 0 such that

up(z) > klz|~2/*, |z| > Ro, (1.35)

i.e. iminf |, |22/ ug(2) = oo. Tt follows that if u(t,z) is the resulting solution of (1.1), then

1
1\ =
tau(t, 2vVE) — <> (1.36)
«
uniformly on compact subsets of RY. In light of the upperbound (1.34), the result (1.36) is rather
sharp.

In the case of the sector €2,,, we have the following result, where Cg’u (Q,) denotes the space of

bounded uniformly continuous functions on €2,,, which are zero on 9€2,,.

Theorem 1.11. Let m € {1,--- N}, 0 <~y < N and o > 0 be such that
2

a < .
Y+ m

(1.37)

Let ug € Xy with ug > 0, and let u(t) = Sp(t)ug be the resulting solution of (1.1) as given by
Theorem 1.2. Suppose that there exist Ry > 0 and cg > 0 such that

uo(z) > cotbo(z), € O, |z| > Ro, (1.38)
where 1y is given by (1.10). Then
lim tau(t, zvE) = g(), (1.39)
t—00
uniformly on compact subsets of Q,,, where g € Cg’u(Qm) is the profile of the self-similar solution
of (1.1) given by Proposition 6.3.
Remark 1.12. The condition (1.38) implies that, for any ¢ > 0,

lim 2>/ *ug(z) = oo,
|z| =00, 1 xm ||~ ™>C

since 2/ > v + m.
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Remark 1.13. Using (6.15) below and (1.14), we have that ¢ in (1.39) satisfies the explicit bound
oMLy (1,2) < g(x) < (ae) VL ((1 = ), 2), @ € O,

" 1 % 2
I, (6,2) = H (/ eV dy) .
1 \VT s

In the Section 7 of this paper, we reinterpret the results of the previous sections on the global

for all 0 < £ < 1, where

well-posedness and the asymptotic behavior of Sy, (t)ug, ug € X, in the case of antisymmetric
functions defined on the whole space R"V. Recall that the heat semigroup on RY is given by

o =Gy * o, (1.40)

for all ¢ € S’'(RY), where Gy is the Gauss kernel on RY,

||

Gi(z) = (Ant) "2 e 1, (1.41)
for all £ > 0 and 2 € RV, The heat semigroup e was studied in [4] on the space
= {u € Lo RMN\{0}); [2|7u(z) € L¥(RY)}, (1.42)

with 0 < o < N. It was observed in [9], that we can consider the case N < o < 2N for some class
of antisymmetric initial values in W?. See [9, Corollary 1.7, p. 346] and the discussion just after.
If ¢ : Q. — R, we denote by v its pointwise extension to RY which is antisymmetric with

respect to 21,22, -+ , Ty, If ) € Xy, 1; has a natural interpretation as an element of S’(R™). See
[9, Definition 1.6, p. 346]. We also define the space
Xy = {{/?; b€ Xmﬁ} c SRV, (1.43)
with the norm oo~ = ll¢|,, [, ., for all ¢ € Q/C:n/,y We also consider,
m,y m ’
Binym = {&7 (VNS Bm,%M} . (1.44)

We denote by B* M the ball Bm ~,m endowed with the weak™ topology B* .o inherits the metric
space structure from Bm’% - In addition, we observe that Xmﬁ c wrtm Wlth continuous injection.

However the two norms are not equivalent. On the other hand, By, _ ,, C (B ™)* where (B} ™)*
denote the closed ball of radius M on W™ endowed with the weak* topology, but here the metric

—_~—

on 87*71, S M 1S equivalent to the one it inherits from the metric space (Bﬂ'm)*. See Proposition 7.1
below.

The heat semigroup e'® is well-defined on ./E\n/y and

ethmyp = ¢t (1.45)
See [9, Proposition 5.1, p. 361]. The last formula is the key to the study the equation (1.1) in the
space Xy, . The following result is essentially a reformulation of Theorem 1.2 for antisymmetric
functions on RY.
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Theorem 1.14. Let m € {1,2,--- N}, 0 <~y < N and o > 0. Ifvg € /'T,’;;, there exists a unique
solution v € C((0,00), Co(RY) N A) of the equation (1.1) such that

(i) v(t) = v in Li (RN\{0}) ast — 0 ;

loc

(ii) there exists C > 0, independent of vy, such that ||1)(7f)||5{;:Y < C||1)0H5(;; for allt > 0.
In addition, the following properties hold.
(iii) For all wy € 2::,, lo(t) —w(t)| < e®|vg —wo| ; where w is the solution of (1.1) with initial
value wq satisfying (i) and (ii).

(iv) v(t) satisfies the integral equation

t
oft) = oy — / =9 (ju(s)|"0(s)) ds,
0
for allt > 0.

Since /?,;/7 C WYt™_ where WYT™ is given by (1.42), the last result gives a new class of initial
values for which we have global well-posedness of solutions in the case « < 2/N (when y+m > N).
See [1] and [4, Section 4] for information about non-uniqueness of solutions in the case av < 2/N.

The semiflow S(t) defined by (1.18) extends to /'/\,’:n/7 as the following.

Definition 1.15. Let m € {1,2,--- N}, 0 <~y < N and a > 0. Given vy € Q/Y;\nj, we set
S(t)vg = v(t),

for all ¢ > 0, where v € C((0,00), Co(RY) N A) is the unique solution of (1.1) given by Theorem
1.14.

From the construction in Theorem 1.14 and the uniqueness part we have the following formula

S(t)ug = S (t)uo (1.46)
forallt > 0 and ug € Xy, 5. As in the case of the sectors Q,,, i.e. the flow S(t) depends continuously
on the initial values. The following is an adaptation of Theorem 1.4.

Theorem 1.16. Let m € {1,2,--- N}, 0 < v < N and M > 0. Then, S(t) is continuous

B . Co(RN), for all t > 0.

m,y,M

We now consider the long-time asymptotic behavior of the solutions described in Theorem 1.14.
In analogy with (1.29) and (1.30) above, and using a notation consistent with formulas (1.17) and
(1.18) in [3] and [4, Definition 1.2], we make the following definitions. For vy € /'?;; we define the
w-limit set of possible asymptotic forms of vy, by

myy,M> m,y,M (147)

e~ e~ }
)

QM (vg) = {z € B ; 3 A\ — oo such that li_>m DYy =z in B
n—00 n

and the w-limit set of all limits of Fj};mS(l)vo, as t — oo, by

Wt (vg) = {f € Co(RN); 3t,, — oo such that li_)m HI‘:’;mS(l)vo — flloo(mnvy = 0}, (1.48)
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The following three theorems are reformulations of the results above on the asymptotic behavior

of solutions, adapted from the case of the sectors €2, to the case of antisymmetric functions on

RY | in the three cases: « equals, is greater than, and is less than —2—

yt+m*
Theorem 1.17. Let m € {1,2,--- ,N}, 0 <~y < N and M > 0. Let a > 0 be such that
2
o= .
Y +m
It follows that
(i) if vo,p € m are such that )\lim D;\’ervo = p in Bm, then ¢ is homogeneous of
—00 2L
degree —(y +m) and the solution v(t) = S(t)vo of (1.1) is asymptotically self-similar to

U(t) = S(t)e; -
(ii) WYt (vg) = S(l)Qﬂvo), for all vy € Xy, 5 -
(ili) There exists Vo € Bpy~ym N C>=(RYN), such that W+ (V) = S(1)Brm -

Theorem 1.18. Letm e {1l,--- ,N},0<~y < N and M > 0. Let a > 0 be such that
2
y+m

a >

It follows that

(i) if vo, € B~ are such that )\li_)nolo D:\Hmvo =@ n B:an, then ¢ is homogeneous of

P

degree —(y + m) and the solution v(t) = S(t)vy of (1.1) is asymptotic to the self-similar
solution of the linear heat equation U(t) = e'®y;

(ii) W™ (vg) = 2™ (), for all v € Bm;

(iii) there exists Vj € Bm N C>®(RYN), such that W'+ (Vpy) = eABm.

Theorem 1.19. Let m € {1,--- N}, 0 <y < N and a > 0 be such that
2

a < .
Y+ m

Let vy € .5(_,;; with volq,, > 0, and let v(t) = S(t)vy be the resulting solution of (1.1) as given by
Definition 1.15. Suppose that there exist Ry > 0 and ¢y > 0 such that

vo(z) = covpo(), T € L, |z > Ry,
where 1y is given by (1.10). Then
Jim tav(t, zve) = g(x), (1.49)
— 00

uniformly on compact subsets of RN, where g € C**(RY) is the antisymmetric (bounded, uniformly
continuous) profile of the self-similar solution of (1.1) given by Proposition 7.3.

Finally, in the appendix, for completeness we give a proof of Kato’s parabolic inequality and
the main application for which we use it. Also, we present some results which we found during
the course of research for this article, which we feel have some independent interest, but which
ultimately were not needed for the proofs of the main results. One of them concerns the lowest
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eigenvalue and corresponding eigenfunction for —A on By = {x € Q,, : |z| < 1} with Dirichlet
boundary conditions.

The authors wish to thank Philippe Souplet for several very helpful remarks concerning this
research.

2. EXISTENCE AND CONTINUITY PROPERTIES OF SOLUTIONS

The purpose of this section is to study well-posedness of the equation (1.1) with initial values
in X,,, and to give the proofs of Theorem 1.2 and Theorem 1.4. For this purpose, we need
several results from [9], sometimes in a slightly stronger version. The first result below is a slight

improvement of [9, Proposition 2.5, p. 353].

Proposition 2.1. Let m e {1,--- N}, 0 <y < N and ¢ € Xy, . Then,
eBmeh —sap, as t—0 on L. (Qm).

In particular, the convergence is also in D'(y,).

Proof. Let ¢ € X, 4 and K be a fixed compact in €,,. Let ¢ = d(0,K) > 0 and n € C>=(RN)
denote a radial cut-off function, satisfying:
(i) 0<n <1, forall z € RY,
(i) n(z) = 1, for all z € RY with |z| < e/4,
(iii) n(x) =0, for all z € RN with |z| > /2.

We write
A, tA, A
ety — et [y 4 etBr[(1 = ). (2.1)
Using the inequality
)2 oty )2 22 2 e ()2
e_( 14?1) o e_< 11;?1) _ e_zlfte_zlt/ 2t esdg S xzyle_( 2432)
_Ziyi

for all : € {1,--- ,m}, we deduce from (1.14) that for all z,y € Q,,,

Ki(z,y) <t™™ (H %yz) Gi(z —y). (2.2)

i=1

Therefore,
Aol < C [ K)o )l
< CtMas xm/ Gi(z —y)ly[ " dy.
lyl<e/2
Since, for € K (hence |z| > ¢) and |y| < £/2, we have |x — y| > |z| — |y| > &/2, it follows that

g2
|2 ] (z)| < Oy - - -t~ (MNP e~ T / ly| Yy, ¥z € K.
ly|<e/2
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This implies that e/®m[n)] — 0, a.e. pointwise on K, as t — 0. Moreover, by Proposition [9,
Theorem 1.1 (i), p. 343], we have

"4 (]| < Cho, ¥ ¢ >0,

Thus, by the dominated convergence theorem, et )] — 0 on L*(K), as t — 0.
On the other hand, since (1 — 1)y € LP(Q,,) for p > max{1,N/(y + m)}, it follows that
etAn(1 —n)y] — (1 —n)y in LP(Qy,), as t — 0. In particular, since K C €, is compact,
tAm[(1 —n)y] — ¢ in LY(K), as t — 0. Using (2.1), we obtain that e'®m1) — 1 in L} (), as
t — 0. This completes the proof. O

We also need to use a stronger version of [9, Lemma 2.6, p. 355], as follows.

Lemma 2.2. Let m € {1,.., N} and 0 <y < N. There exists C > 0 such that

[eBmap(a)| < Cary oo (4 [2f2) 2 WHXM, (2.3)
forallt >0, x € Qp, and Y € Xy, .

Proof. Tt suffices to prove the Lemma for 1) = 1)y. Since v is homogeneous, we know that e*®m g

is self similar and so

N (ﬁ) | (2.0

where f := e®ma)y. By [9, Propostion 2.2, p. 349], we have
f(x) = eAmipo(z) < Crpo(x) < Cay - - - || T772™
for all z € . Therefore, there exists C' > 0 such that
’Y+2m

fla) < Cayam(L+ )™,

for |x| > 1. On the other hand, for all z € Q,,, we have

- / K1 (2,9) o(y) dy
Qm

Using the inequality (2.2), we obtain that

fl@) < Caieap | Gilz—y)yi-ymly| 7" dy

Qm

_lz—y

S C:L'lmm/ e 4
RN

< Cl“l"'xm( )

by [1, Corollary 8.3, p. 531]. Hence, for |z| < 1, we have

’y+27n

fla) < Car- a1+ |2f*)”
Therefore, there exists C' > 0 such that

2m

fle)<Cuxy- xpym (14 ]x\2)77+2 ,
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for all x € ,,. Using the relation (2.4), we deduce that

+2m

emmwo(x) <Cx1-xm (t + |ac]2)_

This proves the result.

The following is a version of [1, Corollary 8.3, p. 531] adapted from RY to ,,

Corollary 2.3. Letm e {1,--- ,N},0 <y < N and A > 0 There exists C' > 0 such that if 7 > 0
and ug € X~ is such that lug(z)| < Azy - (7 + |22 )"z for & € Qu, then

2m

‘em’"uo(:c)‘ <Cuxy-am (THE+ ]3:|2)_ 2,
for allt > 0 and all x € Oy,

Proof. From Lemma 2.2, the result is true for 7 = 0. Next, we consider the case 7 = 1. We put
g(z) = @12 (1+]z2)~ "2 . Using (2.2), we obtain that

_ot2m
¢Brg(z) < My / Gilz—y) 2y (L+ 22 dy

~

< tm.'rl---fvm/ Giz—y) (1+1yf*) 2 dy.
]RN

By [1, Corollary 8.3, p. 531], we have

v

g(x) < Car-apt ™ (L+t+|z)?) 2
“+2m

< Cux1 oy (1+t+|x!2)_%,

for t > 1+ |z|?, so that (26)™™ < (1 +¢t+ |z2) ™.
y+2m y+2m
If t <1+ [z|?, we have (1+ |z[?)" 2 < C(1+t+]|z[*) 2 , so it suffices to prove that

+2m

_
eBmg(z) < Cuay-- -z (14 z?) 2

Using (1.16), we obtain that

+2m
/ Ki(z,y)y (1+\y|) dy < x1- Ty

Hence for |z| <1,
_at2m
eBmg(z) < Cay-- -z (L4 |z?) >
In addition, g € &},  so by [9, Theorem 1.1 (i), p. 343],
eAmg(a) < Cho(a) < Cay -+ |27,

y+2m
Therefore, if |z| > 1, so that (14 |z]?) 2 < (2]z[)7*?™, we have

eBmg(x) < C oy am (14 |2)?)”
It follows that

y+2m

‘emmuo(az)‘ <eBmg(z) < Cay-- oy (T+t+z)?) 2, (2.5)
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for all x € ,,, and all ¢ > 0. This proves the result for 7 = 1.
For the general case, we proceed by scaling and observe that

_yt2m

g(z) = @1 am (1 + |2*) 77

D
%
Using formula (1.15) and the inequality (2.5), we obtain
y+2m

|efAmug(z)| < e [DY Mgl (@) = DM er A gl(w) < C wree e (T4 4+ [2f?)
v vr

This completes the proof. O

We will also use the following lemma, which gives a property of convergence in Lll0 - (£,) which

is not shared by convergence in D' ().

Lemma 2.4. Let (wg)k>1 C By m and w € By, 4 v be such that wy, k—> w in L}OC(Qm). Then
- —00

eBmlwy| — ePmw| in Co(Qn).
k—ro0

Proof. Since wy — w in LL _(Q,), then |wg| — |w| in LL () hence |wg| — |w| in D'(Qyy,). From
[9, Proposition 3.1 (i), p. 356], and since (|wk|)k>1,|w| C Bm~,m we deduce that |wg| — |w| in

By, ., - Since by [9, Proposition 4.1 (ii), p. 359], etAm : B — Co(€2y,) is continuous, it follows
that e*2m |wy| — et®m|w| on Co(Qy), as k — oo. O

We now give the proof of Theorem 1.2.

Proof of Theorem 1.2. Let ug € &, and let (KC,)n>1 be the sequence of nondecreasing com-
pacts in €2, defined by:

1
n

Ky = {x € Q, such that d(z,98,) > — and |z| < n} .

We consider the function
u0,n = Enllo,

where &, is a cut-off function satisfying

(i) & € C®(Qm),

(ii) 0 <&, <1, for all z € Qyy,,

(iii) &(z) =1, for all z € Iy,

(iv) &n(z) =0, for all z € Q,,\Kpp1.

Note that, ug, € Xy, ,, for all n > 1, and

b ||u07n||Xm,'y S ||u07n+1||-){m,'\/ g ||u0H/Ym,'y ’

e ug, — up pointwise and in Ll (€,,) (hence in D'(2,,)) as n — 00 ;

e for a fixed compact K on £, then there exist ng such that ug, = up on K, for all n > ny.
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Existence: The proof is motivated by the proof of [1, Theorem 8.8, p. 536]. Since ug, €
LP(Q,,), 1 < p < oo, we consider the unique solution u, € C([0,00), LP(£2,,)) N C((0,00), Co(2m))
of (1.1) with initial value ug € LP(£y,). It follows from Kato’s parabolic inequality (see Corollary
8.2 in the appendix) that, Vn, ¢ € N*,

|un (1) — ue(t)] < 2™ ugn — uoel, ¥t > 0. (2.6)

Since |ug,n — uoe| < |uo,n — uol, for all £ > n, we have that
[un () = ue(t)] < €2 ugp — uol, (2.7)
for all £ > 0 and £ > n. In addition, |luon — uollx,,, < 2[|uollx,,., ¥ > 1, and (ug, — ug) — 0

: 1
in L,

n — oo. Therefore, from (2.7), u,(t) is a Cauchy sequence in Cy(£2,,), for all ¢ > 0, and so there

Q) as n — 00, and so it follows from Lemma 2.4 that e*Am|ug, — ug| — 0 on Co(Q), as

exists a function u(t) such that u,(t) converge to u(t) in Co(€2,). Furthermore, by letting £ — oo
in (2.6), we obtain that

[un () — u(t)] < eU=8m (28 fug , — ug]

for all t > & > 0. Since €27 |ug,, — up| — 0 in Co(Qyy,), as n — oo, and =94

on Cy(y,), we deduce that u, converges to u on L*([e,00),Co(Q,)), for all € > 0. The limit
function u € C((0, 00), Co(€2y,)) is clearly a solution of (1.1).
Again by Corollary 8.2, we have that

m is Cy contraction

[un(t)| < €2 fug | < € fug| € Xy,
for all n > 1. In addition, by letting n — oo, we obtain that
Ju(t)] < € ugl, (2.8)
and so, by [9, Theorem 1.1 (i), p. 343], we deduce that
[u(®)l 2, < Clluollx, - (2.9)

for all t > 0. This proves (ii).

It remain now to show that u(t) — ug on Li (), as t — 0. We fix a compact subset K C Qy,

and n such that ug, = ug on K. Thus,

[ttty =wl = [ 1) = w0l < [ Jut) = unlo)]+ [ Junlt) =,

By letting ¢ — oo in (2.6), we have that
[un(t) = u(t)] < € fugn — uol.

The Proposition 2.1 shows that e!®m|ug , — uo| — |uon — uo| on LL (Qy,), as t — 0. Therefore,

/ etAm|u07n —uo| — / |uo,n — uo| =0,
K t—0 K
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and so [ [u(t) — un(t)| — 0, as t — 0. Since u, € C([0,00), LP(Qy,)), we have u,(t) — ug, on
LP(Q,,), as t — 0, so that

/ |un(t) —uon| =0, as t—0.
K

This proves that u(t) converges to up on Li _(Q,), as t — 0, and so (i) is proved.
Uniqueness: Let s > 0 and u,v two solutions of (1.1) satisfying (i) and (ii). We have that

ut + ) — olt + )| < e [u(s) — v(s)] < e fuls) — up| + € Ju(s) — uol

forall t > s > 0. Let M > Clluo| x,, .. Since u(s),v(s) € By, . 5, for all s > 0 and u(s), v(s) = uo
in Llloc(Qm), as s — 0, it follows from the Lemma 2.4 that the right hand side of the last inequality
tends to 0 in Cy(€y,), as s — 0. This gives that |u(t +s) —v(t+s)] — 0, as s — 0. But since
u,v € C((0,00),Co(y,)) we deduce that |u(t +s) —v(t +s)| — |u(t) —v(t)|, as s — 0, for every
fixed t > 0. By uniqueness of the limit, we have u(t) = v(¢), for all ¢ > 0.

Additional properties: We next give the proof of the statements (iii), (iv) and (vi). In fact,
by (2.8), we have

[u(t)] < e fu),

and so, from Lemma 2.2, we obtain
_y+2m
u(t, 2)| < Car e am (E+2]?) 2 [Juollag,.

for all t > 0 and z € Q,,. In addition, if ug, vy € X}, -, we denote u(t) and v(t) the corresponding
solutions. For all n > 1, we let ug , = uo&, and vo, = vo&, where &, is the cut-off function defined
by (2). Then, for all n > 1,

un(t) — vn ()] < €™ ug n — V0,0
Letting n — oo and using Lemma 2.4, we deduce that

lu(t) —v(t)| < etAm\uo — vp.

Finally, assertion (vi) is true since, under the same conditions, |u,(t)| < wv,(t), by well-known
comparison results.

Integral equation: Since ug, € LP(Q,), for all p > max[1, Na/2], the corresponding solution
un(t) satisfies the integral equation

t
up(t) = etAmuovn — / et=5)Am (Jun(s)|%un(s)) ds
0

for all ¢t > 0, where each term is in C([0,00); LP(£2,)).
Since ug, — ug in B;’L,’y,M as n — oo, we know, for example by Lemma 2.4, that etAmugﬁn —
etAmug on Co(Qyy,) as n — oo, for all t > 0. On the other hand, for all 0 < s < t,

el IR (|u (5)*un(5)) = 72 (Ju(s)|*u(s))
on Cp(y,), as n — oo. From property (iii) above and [6, Inequality (1.8), p. 261], we have

a2

lun(s)| < C @y x (s+ |:E]2) 5 and lun(s)| < (Ozs)_l/o‘,
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for all s > 0. Therefore, for all 0 < e < 1,

[ ()1 = Juun (5)[*0 7 Jun (5)] 179

< Clun ()]0 (w(@)) (s + [af?)~HFH(0F0)

"’er) (I+ae)

< @) (s + o)

where w(x) = @1 -+ Ty (s+]2[2)”2 < 1. We then take & <
with 0 <+ < N, and 0 < v < ~'. It follows that,

(v+m) so that (y+m)(14+ae) =

Jun (8)[2T < Sisxl"' T (54 |2[2)” w+2m.
We deduce by Corollary 2.3, that
e(t—s)Am|un(8)|a+1 < 510—5 21w (E+ |~’U\ ) “/+2m’
for all t > s > 0. Likewise, since u,(s) — u(s) in Co(2,),
3 fu(s)| S g (44 )R

— 8176

for all t > s > 0, so that s — e(*=9)2m |y(s) |2 is in L1((0,t); Co(Qn)).
We deduce, using the dominated convergence theorem,

[ (s ds = [ eI o)) s,

as n — oo and so that the solution u(t) satisfies:

u(t) = Mg — /0 =2 ([y(5)|?u(s)) ds.

This proves (v).
Note that (2.11) implies that

ol +2m

t
| / =80 (|u(s)|"u(s)) ds| < Ctémrmy - wm (+ [22) 52,
0

with € and +' as above.

The following lemma is needed to establish Theorem 1.4.

19

v +m

(2.10)

(2.11)

(2.12)

Lemma 2.5. Let (uy)n>0 be a sequence of solutions of (1.1), up, € C((0,00),Co(n)), satisfying

lun(t, @) < Cay -z (t4|2)2) 72, V& € Qu, Vit > 0.

(2.13)

There exists a subsequence (up,)r>0 and a solution g € C((0,00),Co(n)) of (1.1) such that

Up, — ¢, as k — oo, in C([1,00),Co(m)), for every T > 0.
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Proof. Fix 7 > 0. Using (2.13) with ¢t = 7/2, we deduce that the set {u,(7/2),n > 1} is bounded in
LP(Q,), for all p satisfying max (1, N/(y +m)) < p < co. By standard smoothing effects, we see
that the wu, (1) = Sy (7/2)un(7/2) are uniformly bounded in W% (Q,,). Thus, {u,(7)} is relatively
compact in C(QF) for all R > 1, where QF = {z € Q,,,; |z| < R}. Using the decay estimate (2.13),
{un(7)} is also relatively compact on Cy(£2,,). By continuous dependence in Cy(€2,,) of (1.1) it
follows that {u,(-),n > 1} is relatively compact in C([7,T], Co(§2n)), for all T > 7, the limit points
being solutions of (1.1). Since, by (2.13), ||un(t)||L~ — 0 as ¢t — oo, uniformly in n > 1, we may
let T' = oo in the previous property. By letting 7 — 0 and using a diagonal procedure, we see
that there exists a solution g € C((0,00), Cp(£2y,)) of (1.1) and a subsequence (up, )r>0 such that
Up, — ¢, as k — oo, in C([r,00), Co(y,)), for every 7 > 0. O

*

Proof of Theorem 1.4. Let (uon)n>0 C Bm,y,m and ug € By, 4 ar such that ug, — ug on B, M

as n — 00. Let u(t) = Sy (t)up and up(t) = Sy (t)uon, for all £ > 0 be the corresponding solutions
of (1.1) as in Definition 1.3. By Theorem 1.2 (iv), we have

_y+2m

[un(t,2)| < Cay--oam (E+ [2) 772, (2.14)

for all x € Q,, and t > 0. It follows from the Lemma 2.5 that there exists a solution g €
C((0,00),Co(2p,)) of (1.1) and a subsequence (uy,)r>o such that u,, — g, as k — oo, in
C([r,00), Co()), for every 7 > 0. To see that g(t) — ug in L} (Qp) as t — 0, we consider

a compact K C €2, and let O be an open, bounded and regular subset of €2, with K C O. By

(2.14), we have that [up(t,z)] < C for all z € O, t > 0 and n > 0. Since ug, (uon)n>0 C By, -\

and uo,n — up on By, .y, as n — 0o, we have by [9, Proposition 3.1 (i), p. 356] that ug, — up in

D'(Qy,), we conclude using [4, Lemma 2.6, p. 89] that g(t) — ug in L'(O), as t — 0. Therefore,
g(t) — ug in L}

1oc(Q2m) as t — 0, and from uniqueness of solutions of (1.1) we have g = u so that the

limit ¢ is determined by wug. In particular, it does not depend on the subsequence (uy, )r>0, so that
the whole sequence (up)n>0 converges to u in C([1,00), Co(§y)), for every 7 > 0. This completes
the proof. O

3. AN UPPER BOUND ON SOLUTIONS

In this section we prove Proposition 1.5. This proposition is stated for solutions on the domain
Qn, but in fact is valid for solutions of (1.1), or rather the associated integral equation, on any
domain 2. Accordingly, we state here the more general version. Both the statement and proof are
inspired by the statement and proof of [13, Theorem 1]. Moreover, we introduce some notation
which will be used solely in this section.

Let Q ¢ RY be a domain, not necessarily bounded, and let Cy(€2) be the space of continuous
functions f : @ — R such that f = 0 on the boundary 99 and f(z) — 0 as |z| — oo in Q. Let e
be the heat semigroup on Cp(f2), given by a kernel k; = ki as follows;

A1) = [ ) s ). (3.1)

In particular, if f € L} (Q), f > 0, then e'®f is likewise defined by formula (3.1).
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Theorem 3.1. Fiz o > 0. Let ug € L} (), ug > 0, and suppose that the continuous function

loc
u: (0,T) — Co(R2) is a nonnegative solution of the integral equation

t
u(t) = e®ug —/ eli=9)A (u(s)*) ds. (3.2)
0
It follows that
a —1/a tA
ult,2) < ((uo(@) ™ +at) = ol (33)
(1+ at (e®up(z))?)
for all0 <t <T and all x € .
Proof. Fix 0 < 7 < T, and set
t
G(t) = T D2y(t) = e™ug — / T2 (u(s)* ) ds (3.4)
0

for all 0 < ¢t < 7. It is clear from the integral expression in (3.4) that G : [0,7] — Cy(Q) is a
continuous, decreasing function, with G(0) = e™®ug and G(7) = u(r). Furthermore, G : (0, 7] —
Co(Q) is continuously differentiable, and

G'(1) = 0% () = = | kealephult. )y,

Since for all z € Q the measure k,_(x,y)dy on 2, has total mass less than or equal to 1, Jensen’s
inequality implies that

G'(t) = — /Q kr (- y)ult, y)*dy

< — (/Q kT_t(ny)U(t’y)dy> "
= (er0%(r) "
= —G(t)*"h

Integrating this last differential inequality on [0, t] we obtain
1
(G(0)=o + at) /™’

G(t) <

which is the same as
1

_ o’
((eTAuo) 4+ at)
This is true for 0 <7 < T and 0 <t < 7. The result follows by setting ¢t = 7 > 0. O

Remark 3.2. Using an argument similar to the above, one can obtain an analogous estimate for
positive solutions of the more general equation

up = Au — f(u),
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where f is a positive, convex, increasing C? function in (0, 00) such that F(s) = [ ﬁa)da < 00
for all s > 0. Precisely, we have

u(t) < F71 (F(e®ug) + 1),

where F~1 is the inverse function of F.

4. SELF-SIMILAR ASYMPTOTIC BEHAVIOR ON SECTORS

In this section we consider equation (1.1) in the case 2/a = v+ m. Let ug € X, 5 and set
u(t) = Spm(t)ug. Using (1.25) we can re-write the definition (1.30) of the w-limits set Q7(up) in the
following equivalent form,

QY (up) = {f € Co(m); 3\ — 00 such that lim S (1)DY o — fl|z= (0, = o}. (4.1)
n— 00 "
We begin by proving the Theorem 1.6 which corresponds to the particular case when Q7(uq)
contains one nontrivial element.
Proof of Theorem 1.6. Using limits in the sense of D’(Q,,), we have
+ — + ; YEM N + ytrmo s ytm
D)o = D], m(}\lgroloD)\ P) = Algl;oDZ "D = )\ILH;ODM P =,
for all p > 0. It follows that ¢ is homogeneous of degree —(y + m). By uniqueness of solutions of
(1.1), we deduce that the corresponding solution U(t) = Sp,(t)p is self-similar. By Theorem 1.4,

we have
lim S, (1) DY = Sia(t) 0,
A—00
in Cyo(Qy,), for all £ > 0. From (1.25), and Theorem 1.2(iii), we obtain
lim TS, () = U(-
Jim DSy () = U(),

in C([r,t]; Co(Qp), for all 0 < 7 < ¢, so that S,,, ()1 is asymptotically self-similar to the self-similar
solution U(t). O

We give now the proof of Theorem 1.7.

Proof of Theorem 1.7. Let ug € X, and M > 0 be such that M > |luollx,, . If f €
Sm(1)Z27(up), there exists z € Z7(up) such that f = Sp,(1)z. Since z € Z7(up), there exists \,, = 00
such that Dz:muo — zin By, s We deduce, by Theorem 1.4, that Sm(l)DZ:muo = Sn(z=f
in Co(Qy,). Then f € QY (ug) and so S, (1) 27 (ug) C Q7 (up).

Conversely, if f € Q7(ug), then there exists A, — oo such that Sm(l)Dz:mU() — f on Co(Qn).

Since B, | s is compact, there exist a subsequence (A, )r>1 such that D:\Hmuo — w on B
b I - nk

m,y,M*
Again by Theorem 1.4, Sm(l)DK:kmuo — Spn(1)w on Cy(Qyy,), as k — co. Therefore f = S, (1)w €
Sm(1)Z7(ugp). This proves the result. O

Proof of Corollary 1.8. This follows immediately from [9, Theorem 1.4, p. 345] and Theorem
1.7. O
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5. LINEAR ASYMPTOTIC BEHAVIOR ON SECTORS

In this section, we study the long-time asymptotic behavior of solutions to (1.1) in the case
2/a < v+ m. The key point is that under the dilations Dj}trm, which preserve the norm of &, -,
the integral term in (1.1) decays faster than the difference between the two other terms. This is

the content of the next proposition.

Proposition 5.1. Let m € {1,--- ,N}, 0 <y < N and let « > 0 be such that
2

y+m’

Let ug € Xy and u(t) = Sy (t)ug. It follows that

a >

D'\Y/ng (u(t) — emmuo) — 0,
in Co(Q), ast — oo.
Proof. We know that, for all ¢ > 0,
t 1
u(t) — By = — / = (|uy(s)[*u(s)) ds = —t / =000 (1u (o) [*u(ot)) do.
0 0

Therefore, using (1.15), we have

1
D'\y/—‘,i-m (u(t) . etAnLUO) _ _t/o D://—%-met(l—U)A"L (Ju(ot)|*u(ot)) do

1
= —t/o e=0)Am (D%m|u(at)|au(ot)> do.

On the other hand, estimating as in (2.10), we see that

)" < e (ot + o)
for all 0 < £ < min (1, océX/—T—Z’L))’ where v < 7' < N satisfies v — v = —ae(y + m). Therefore,
DY ()] = 5 ju(ot, Vi) < <a§1—st79' £ (o [2f?)
By Corollary 2.3, we deduce that
=8 (DT (o)) < (ng_gtvz“xy--xm (14 [22) 5" < W(;_t

It follows that

1
D72 (u(t) = eArug)| <t /0 =01 (DY (o)1) do

’ 1
SCt’Y;’Y +£/ dO'
0

O.l—a

_ a(v;-m)>

< Cts(l
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Since a(y +m) > 2, we see that

D'\Y;m (u(t) — etA’"UQ) —0

in Co(€y,) as t — oo. This proves the result. O

Proof of Theorem 1.10. The three statements in this theorem follow from Proposition 5.1 and,
respectively, Corollary 4.2, p. 360, Corollary 1.3, p. 345 and Theorem 1.4, p. 345 in [9]. O

6. NONLINEAR ASYMPTOTIC BEHAVIOR ON SECTORS

In this section we consider the equation (1.1) with non-negative initial value uy € X, 4 in the
case a < 2/(v 4+ m), and our goal is to prove Theorem 1.11. First however, we need to show that
the hypothesis on the initial condition ug, which gives a lower bound for large |z|, implies a lower
bound on the resulting solution at any fixed positive time. The key point is the behavior near the
boundary. We prove the following result.

Proposition 6.1. Let ug € X, 4, with ug > 0, and suppose that there exist p > 0 and ¢ > 0 such
that for all x € Q,, with |x| > p,

uo(z) > eho(x), (6.1)

where 1y is given by (1.10). Let u(t,-) = u(t) = Sm(t)uo be the resulting solution of (1.1) as given
by Theorem 1.2, and fix any to > 0. It follow that vy = Sy, (to)ug verifies the condition

dxi1xe - T, 0<|z| <1
wlz) >4 TR 2l < (6.2)

dx1xg - Tpp|z| O 2| > 1,
for some ¢ > 0, where the constant ¢ may depend on tg.

We refer the reader to [8] for results of this type on a general domain. The present situation
differs from that in [8] in that the sector €, does not have the required regularity, and also that
here we include the possibility that ug could be identically zero on a bounded subset of €2,,,. Unlike
[8], our proof makes use of the explicit form of the kernel for the heat semigroup on €,,.

Proof. We first note that it suffices by comparison to prove this for the specific initial value

0, T € Qp, x| < p;
wo(x) = =l < (6.3)
C¢0($)7 HANS Qm7 |$| > P

where 1)y is given by (1.10), and p > 0 is arbitrary. To accomplish this, we first prove that for any
fixed tg > 0, vg = eloA
estimate is linear, the value of ¢ > 0 in (6.3) is of no importance.

myq verifies (6.2), where wg is given by (6.3). For this purpose, since the

Thus, we consider e/®mug on Q,, given by (1.13) and (1.14), where ug is given by (6.3). Using
the fact that e® —e™° > 2s for all s > 0, we see that if z,y € Q,, and 1 < i < m (so that z; > 0
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and y; > 0), then

|z —y;1? |2 +y;l2 Iz lyl® T owy ziy; Tivi 2512 lygl? T 2512 Jygl?
e T — e I = e 1 e 1 [@ 5 — e étl} > |: Zyl} e 1t e 1 > [ zyz:| e % e 2t
- t — Lt
(6.4)
In addition, for m + 1 < j < N, we have (since (s — r)? < 252 + 2r?),
2=y, |2 2512y,
e at >e 2 e 2t .,

It follows that

etAmuo(x)Z/Q Ki(z,y)uo(y)dy

N N loj—v;1% 1 | —y; 12 |2 +y;12
—(47rt)_2/ H e~ 4 H e @ —e 4 |ug(y)dy
0

m j=m41 i=1
—m _N _J=? _lv?
> cx1xo Tyt (ATt) T 2 e 2 Y1y2 - yme 2t up(y)dy
Q77L
_ -m _y a2 2.2 o o
=cr1xy - Tyt (4AWt) T 2 e 2t ca,, Y1Y2  Yme ™ % Y| dy. (6.5)

ly|>p

This shows in particular that for any ¢ > 0, e'®m g satisfies (6.2), but only on any give bounded
set in €,,.

We turn our attention to the case where |z| is large.

For x € Q,,, let

Qn(z) ={y € Q1 0 < x; <y <max[2x;,2],1 <i <m,0 < |z;| < |ys| < max|2|x;],2],m <i < N}.

(6.6)
If y € Qp(z), then
N N N
=392 <3 max(2lai], 22 < 3 (402 + 4) = 4faf? + 4N.
i=1 i=1 i=1
Since this calculation is for large |x| we may suppose that
2> > N, (6.7)
and so we see that
Y€ Qn(z) = |y < 2V2z| < 4zl (6.8)
Also, we want to use the specific formula in (6.3), so we impose
2] > p, (6.9)

where p is as in (6.3). Hence

y € Qm(z) = [yl > p. (6.10)
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We can now calculate.

Brug(z) = [ Kz, y)uo(y)dy > / il uuo)dy
Qm m(x

= / Ki(z,9)y1y2 - ymlyl 7" dy
Qm ()

> 4_7_2m\$l_7_2m/ Ki(x,9)y1y2 - - ymdy

Qm ()
m max|[2z;,2] |z —u;)2 o+, 12
:4*’772m‘$|*’772m(4ﬂ-t)7% (H/ {e T —e ot :|yidyi
i=1"%i
N |z u
><< 1 / el dyz>
i=1+m 24| <|yi|<max(2|z;],2]
m max|[2z;,2] |z —u;)2 o+, 12
= 472 | 2m () <H/ {e W o—e }yidyi (6.11)
i=1" T
N max|[2|z;|,2] |2 —y; |2 g +
x( H / [e_ Eo +e yl ]dyz .
i=14m 7 |l

We first need to examine the integral

max|[2z;,2] B 2 —y; |2 B 2+ |2
e T e | yidy,
z;

for 1 < i < m, under two different circumstances, 0 < x; < 1 and z; > 1. Consider first the case

x; > 1. We have, since y; > x;,

max|[2z;,2] Jag—yl? EL 2x; Jagmwl? Jagtl?
e it —e it yz'dyz' > x; e It —e it dyi
x; T4
O lwl? |22 +y,
e —e dy;
il C2e? 0 yl?
e~ At — e 4t e 4t dyi

|22; |
1—e "2 |dy;

/1 Iy1\2
at dyZ
0

Il

8

&
S—
8
&

®
E
[\)
| — |
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We next consider the case z; < 1. We have, by (6.4),

max(2ei,2) [,y gy 2 2raiyil el wl?
/ |:6_ w —e 4 :| yidy; 2/ [ ;yl} e 2t e 2t ydy;
s 1

Vv
&
RX
15
|
N
N
[\]
| — |
~+ ‘F
| I
)
|
S
[\V)
<
=

We second need to examine the integral

max|[2|z;],2] | —y; |2 o +u;)2
e 4t +e 4 dyZ
|

for m + 1 < ¢ < N, under two different circumstances, 0 < |z;| < 1 and |z;| > 1.
Consider first the case |z;| > 1. We have, if in addition x; < 0, that is —x; > 1,

max2(2i 2 gy jeptl? T2 eyl el
e 4t + e 4t dyl = e 4t + e 4t dyl
|24 —Z
—2x; 2
_ lzity;l
Z/ [6 a :|dyi
—z;
2

We have, if in addition x; > 0, that is x; > 1,

max[2|z;|,2] _ |l —y;1? _ | ;12 2@; _ o —y; 12 _ o +y; 12
e It +e it dyi = e it +e It dyi
| T
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lz;12  Jy 2

> e 2t e 2t , we have

maX[Q‘xi‘72] ‘zz yz‘2 |24+l lzi—y;l® yz
/ e = > [ ]dyi
;]

_lwil?

/ 2t e 2t dyi
2
> e 2t/ \y2zt\ dyZ
1

2
_=i- y]\

We next consider the case |z;| < 1. By the inequality, e

ey
In all cases, we have
max[21‘i,2] |x; — i‘2 lzi+ i|2
/ [6—43 e ] yidy; > Cix; (6.12)
T
for 1 <i<m and
max[2|$i|72] |zi7yi\2 lzi+y;l
/ [e_ i fe @ ] dy; > Cy (6.13)
||

for m+1 <i < N, whenever z €
It therefore follows from (6.11), (6.12), (6.13) that, if x € €2, then

eBmug(z) > Crayxy - - - T |2 777%™, || > max[VN, pl. (6.14)

Combining (6.5) and (6.14), we obtain that for any fixed t > 0, e!Amuq satisfies (6.2).

We next show the same result for u(t, ) = u(t) = Sp(t)up be the resulting solution of (1.1),
where ug is given by (6.3). To do so, set w(t) = ettu(t), where u = [cp?T™]* > ||u0|]%oo(9m). Since
u(t) < luoll oo (q,,) for all > 0, we have u(t)® < u for all £ > 0. It follows that

w' (t) = e (t) + e pu(t) > e/ (t) + e u(t)u(t) = e Au(t) = Aw(t).

Hence w(t) > e®mw(0) = e®mug. In other words u(t) > e #etAmyg, which implies the desired
result. O

Remark 6.2. In addition to being well-posed in Cp(£2y,), in L1(Q,,) for 1 < g < oo, as noted in the
introduction, and in A}, -, as per Theorem 1.2, equation (1.1) is globally well-posed in L*°(,,) in
the following sense. For every ug € L>(£2,,), there is a unique solution u € C((0, c0); Cg’“(Qm)) of
the integral equation (1.20), where Cg’“(Qm) denotes the closed subspace of L>(,,) of bounded,
uniformly continuous functions on €, which are zero on 9,,, but not necessarily as |z| — oo.
This solution has the following additional properties: the function w is a classical solution of (1.1)
on (0,00) X Qp, |Ju(t) — etAmuOHLoo(Qm) —0ast—0,and |u(t)] < (at)V/®, for all t > 0. One way
to see this is first to establish the corresponding result on L>(R™), but of course with C*%*(R")
instead of C’g’“(Qm), and then to restrict to anti-symmetric functions on RY. The result on RY
follows from standard arguments, i.e. contraction mapping, parabolic regularity, and comparison.
We refer the reader to Appendices B and C of [2] for detailed information about e on C*%(RY). In
particular, [2, Lemma B.1] establishes that e!2h € C**(RY) for all h € L=®(RY) and [2, Theorem
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C.1], which still valid for the nonlinear heat equation with absorption, establishes the necessary

regularity.

Proposition 6.3. Let m € {1,2,--- N} and a > 0. There exists a self-similar solution V (t,x) =
t_l/o‘g(%) of equation (1.1) such that g € Cg’u(Qm), the space of bounded uniformly continuous

functions on Qy, which are zero on Ay, g > 0, and
aVeehmp < g < (ae) Vae=)Amp, (6.15)

for all 0 < e < 1, where h(x) =1 is the constant function on Q.

The self-similar solution V is characterized by
V= lim TY% (6.16)

A—00

where v is the solution to (1.1) with initial value vo = h, as described in Remark 6.2, the dilations
Fi/a are defined by (1.24), and where the limit (6.16) is uniform on compact subsets of (0,00) X Q.

We observe that in the case m = 0, the corresponding self-similar solution is (at)~%/.
Proof. Throughout this proof, we let h € L*°(£),,) denote the specific function
h(z) =1, z € Qp,. (6.17)
It follows from (1.15) that
(B p)(Az) = (e"2mh)(z) (6.18)

Next we let v = v(t,z) be the global solution of (1.1) or (1.20) with initial value vy = h, i.e.
vo(z) = v(0,2) =1, for all x € Q,,, as described in Remark 6.2. For all A > 0,

oa(t, ) = A 0(N\2t, Ax)
is likewise a solution of (1.1) or (1.20), but with initial value
vor(T) = vA(0,2) = N %(\x) = NH/ (6.19)

for all x € €,,. Since A — vp ) is an increasing function, by comparison so must be A — vj.

Moreover, we know that
oa(t, z) < (at) ™M, (6.20)
so that the vy must converge to some function

V(t,z) < (at)~Ve,

and in particular V(¢) € L>(Q,,) for t > 0. Since each vy is a solution of the integral equation
(1.20) on every interval [e, T] C (0, 00), the same must be true for V', by the monotone convergence
theorem. Hence V' is a solution of (1.1) and V' € C((0, c0); Cg’" (Q,)) since initial values in L>°(Qy,)
give rise to solutions of (1.20) in C'((0,c0); C’g’u(Qm)) as per Remark 6.2. Note that by parabolic
regularity and standard compactness arguments, the convergence of the vy to V is uniform on
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compact subsets of (0,00) x Q,,. Moreover, V a self-similar solution, being the limit of the dilated

solutions vy. Thus we can write
x

V(t,x) = t—l/ag(ﬁ

) (6.21)

where g = V(1) € Cg’"(Qm) is the profile of V.
As for the behavior of g we first observe that, for ¢ > 0 and € > 0, by (6.20),

oAt +6) < e (03(6)) < (ae) Ve,
Letting A — oo, we see that for t > 0 and € > 0,
V(t+e) < eBmV(e) < (ae) V/etbmp,
so that
g=V(1) < (e)Vaell=98mp, (6.22)
for all small 0 < e < 1. Also
V(2t) < (at)"HetAmp, (6.23)
On the other hand, we claim that for all ¢t > 0
V(t) > (at)"Veetbmp, (6.24)
To see this, we first show that
v(t) > (1 + at)~VeetAmp, (6.25)

Indeed, if we set w(t) = (1 + at)/*v(t), so that w(0) = v(0) = h, then since v(t) < (1 + at)~1/e,
(which follows in particular from Proposition 1.5 since |e!Amvg| < 1) we get that

W () = (1+ at)eo(t) + (1+ o)/ (1)
> (1 + at) %) + (1 + at) V' (t)
= Auw(t),

which implies that w(t) > e!Amw(0) = e!®mh. This proves (6.25). By (6.18), it follow that
or(t,2) = A1+ ant) V(N Ay (Az) = (A2 + at) et Bmp, (6.26)
The lower bound (6.24) now follows by letting A — oo in (6.26). Hence
g=V(1)>a Vehnp, (6.27)
Finally, we note the perhaps curious result that
V(2t) < (at)"YBAmh < V(1) (6.28)

for all ¢ > 0.
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Proof of Theorem 1.11. By the hypotheses on ug and by Proposition 6.1, we have that for tg > 0,
u(to, z) > cxy -+ - 2y min(1, [z]7772™), (6.29)

on Q,, and we know that u(tg) € Co(2,,). Up to a translation in time and since we are concerned
with the large time behavior, we may suppose that ug € &y, N Co(Q), up > 0 and verifies (6.29).
In fact, it suffices to assume

ug(z) = cxq - - - Ty min[1, |z 77 72M). (6.30)

Indeed, suppose ug(x) = cxy - - - Ty min[1, |2|7772™] < vg(x) < ¢ for some ¢ > ¢, and that u(t, ),
v(t,z) and w(t, z) are the solutions of (1.1) with initial values respectively ug, vo and wy = . We
know by comparison that

tau(t, ave) < tav(t, zVt) < taw(t, o). (6.31)
Hence if we prove that
1
li o =
Jim t2u(t, zvt) = g(x)
uniformly on compact subsets of €1,,, then clearly, since by Proposition 6.3

lim tifw(t,x\/i) =g(x)

t—o00

also uniformly on compact subsets of €2,,, it follows that
lim t%v(t,x\/i) =g(x)
t—o00

uniformly on compact subsets of ,,. Thus, we now assume the initial value ug € X~ is given by
(6.30), and we denote by u(t) = Sp,(t)ug be the resulting solution of (1.1) given by Theorem 1.2.

We use a method introduced in [7]. Consider the space-time dilations functions defined by (1.24)
with o = 2/a:

ux(t,z) = Fi/au(t,x) = /\Q/O‘u()\Qt, Ax), A>0,t>0, 2 € Q. (6.32)
In particular, u)y is the solution of (1.1) with initial data
up () = Di/auo(x) =M% (Ax) = A2y -+ T min A, AT 2| T2, € Q. (6.33)

Since 2 > ~ + m, it follows that ug (z) is an increasing function in A > 0, for all z € Qy,. (It’s
the minimum of two functions which are obviously increasing in A.) Consequently, the solutions
ux(t, z) are likewise increasing in A > 0. We note also that the solutions w) (¢, z) are increasing in
A > 0 (as in the proof of Proposition 6.3), where w is the solution with initial value wy = ¢ as
above.
Since
ux(t,z) <wy(t,z) < V(t,z), in (0,00) X Oy,

where V is the self-similar solution of Proposition 6.3, it follows that the following limit

lim wuy(t,z) =U(t,z) < V(t,x), (6.34)

A—00
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exists and
ux(t,z) <U(t,z), (6.35)

for all A > 0. Moreover, by parabolic regularity and standard compactness arguments, the limit
(6.34) is uniform on compact subsets of (0, 00) X Q.
We next wish to show that

U(t,z) =V(t,x) (6.36)

on (0,00) X Qy,. For this we need to obtain a lower bound for U.
Let A > 0, and consider the family of truncated initial values

ujoél,)\(l‘) = min[uo,k(l‘)a A]a HS Qm
Let zf be the solution of (1.1) with initial data ué ,- By comparison principle and (6.35)
2t x) <un(t,z) < Ut z), in [0,00) X Qu, (6.37)

for every A > 0 and A > 0. Moreover, it is clear from (6.33) that for each fixed A > 0, the initial
values u', () are an increasing function of A > 0, and so therefore must be the solutions 2z{!(¢, z).
Furthermore, the initial values satisfy the monotone limit

lim ufly(z) = A, (6.38)

A—00

and the corresponding solutions converge in a monotone fashion to some function

lim 24 (t,x) = Za(t,z) < U(t, z). (6.39)

A—00

We next consider the integral equation satisfied by z{(t), i.e. equation (1.20) with initial value
uf'y. Using (6.38) and (6.39) along with the monotone convergence theorem, we see that Z4(t)
satisfies

t
Za(t) = etdm A — / =9 (17, (5)[*Za(s)) ds, (6.40)
0
i.e. Z4 is the solution of (1.20) with initial value Z4(0) = A on Q,,.
We know by (the proof of) Proposition 6.3 that
lim Z4(t) =V (t),

A—o0
which implies, along with (6.39), that V(¢,x) < U(t,z). Thus by (6.34), V(t,z) = U(t, ).
Thus we have shown that

lim wy(t,2) = lim Au(N2t, \z) = V(t,z) = 25_1/0‘9(i

A—00 - A—00 \/1?)’ (641)

where the limit is uniform on compact subsets of (0,00) x €,,. The result now follows first by
setting ¢ = 1 in (6.41), and then by replacing A? by 7.
O
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7. CASE OF RY

In this section, we consider the extension of the results in the previous section on the sectors
O, to the case of antisymmetric functions on RY. Recall that if ¢ : Q,,, — R, then zz denotes
its pointwise extension to R which is antisymmetric with respect to 1,29, - ,&y,. Similarly, if
K C Q,,, then K C RY denotes its antisymmetric extension. Similar notation is used for spaces of
functions, etc.

The following two results show the equivalence of various kinds of convergence on €, to the
corresponding convergence on RY.

Proposition 7.1. Let m € {1,--- N}, 0 < v < N and M > 0. Let (Y)r>1 C Bmm and
Y € Bin~y,m- The following are equivalent:

(i) Y = in By, \p as k — o0;
(ii) ¢k—>¢ in D'(Q) as k — oo;
(iii) ¢k—>¢ mS’(RN) as k — oo;
)
)
)

(iv) vp = ¥ mB*VMask—>oo
(v ¢k—>w in D'(RVM\{0}) as k — oo;

(vi Ve — 1 in (B ™) as k — oo.

Proof. From [9, Proposition 3.1 (i), p. 356] and [9, Proposition 5.1, p. 361] the statements (i),
(ii), (iii) and (iv) are equivalent. From [3, Proposition 2.1 (i), p. 1110] we have (v) and (vi) are
equivalent. It is clear that (v) implies (ii) and (iii) implies (v). This proves the result. O

Proposition 7.2. Let m € {1,--- N}, 0 < v < N and M > 0. Let (¢Y)r>1 C Bmym and
Y € Biny,m- The two following statement are equivalent:

(i) Y — P in L} Q) as k — oo;

(if) v — ¢ in Li (RN\{0}) as k — co.

Proof. (i) = (ii). It suffices to show that f<\x|<R|¢k Yldz — 0 for all 0 < p < R < co. We
know by assumption (i) that for every 6 > 0, [ g, — |dz = 2m Ji; Ve — ¥ldz — 0 as k — oo,
where K5 = {x € Qp, : p < |z| < R, dist(x,0Q,) > d}. On the other hand, ng |t — Y|de <
2M ng Yodr — 0 as § — 0, where K§ = {x € Qp, : p < |z| < R, dist(x,00m) < 6}. Thus, given
e > 0, fix 6 > 0 so that ng [ — ldr < g for all k& > 1 and then choose kg > 0 so that
Jig, b — ldz < ger for all k> ko.

(ii) = (i). Let K be a compact of Q,,. Then by continuity of the reflection function, K is a
compact of RV\{0} and [} |ty — ¢|dz =27 [ |1f/)vk — |dz — 0 as k — co. Hence (i) holds. This
establishes the result. O

In light of Propositions 7.1 and 7.2, Theorems 1.14, 1.16, 1.17, 1.18, and 1.19 are now immediate
consequences of the analogous results on the sector €,,, either by re-interpretation as results about
antisymmetric functions on RV as described in [12, Section 3], or by simply re-doing the proofs
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essentially line for line but considering the antisymmetric extension to RV of all the functions
defined on €2,,.

We wish, however, to specifically identify the self-similar solution on RY which is the antisym-
metric extension of the self-similar solution constructed in Proposition 6.3, as we think it is of
sufficient independent interest.

Proposition 7.3. Let m € {1,2,--- N} and o > 0. There exists a self-similar solution V (t,x) =
t_l/o‘g(%) of equation (1.1) such that g € C**(RN), the space of bounded uniformly continuous

functions on RN, ¢ is anti-symmetric in 1, %2, , Tm, and
a VoA n(z) < g(a) < (o) V9P n(z), 2 € Qp, (7.1)
for all 0 < e < 1, where h € L™®(RY) is the antisymmetric function such that h(x) = 1,2 € Q.
The self-similar solution V' is characterized by
.2/
V= ,\113;0 Y% (7.2)

where v is the solution to (1.1) on RN with initial value vo = h, as described in Remark 6.2, the
dilations Fi/a are defined by (1.24), and where the limit (6.16) is uniform on compact subsets of
(0,00) x RV,

8. APPENDIX

We give here the proof of the parabolic version of the Kato’s inequality, and we use it to establish
a basic estimation used to prove Theorem 1.1. See also [10, Lemma A.1, p. 570].

Lemma 8.1. (Kato’s parabolic inequality) Let Q@ C R x RY be any open set. Let u € L} .(Q) be
such that:

uw —Au=f in D'(Q);
with f € L} (Q), then

loc

|uly — Alu| < sign(u)f in D'(Q).

where
1 if u>0,
sign(u) =< —1 ifu <0,
0 if u=0.

Proof. If F: R — R is a C? convex function and z : Q — R a C? function, then
(0, — A)F(2) = F'(2)02 — [F'(2)Az + F"(2)|Vz|]
= F'(2)(0 — A)z — F"(2)|V2)?
< F'(2)(0, — A)=.
Mollify w to ux = pr *x u such that up € C*°(Q), where py is a sequence of mollifiers. Note that

up — w and (0 — A)ug — (0; — A)u in L} (Q) as k — oo. It follows that

loc

(9 — AV F(ug) < F' (up)(0 — A)ug.
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We set F(z) = Ve? + 22. We obtain then

By a simple calculation, we have
|F(uk) = F(u)| < [Jug| = |ul| < ug — ul

then F(ug) — F(u), as k — oo, in L}, (Q) as well as pointwise a.e. and (8; — A)F(ug) —
(0 — A)F(u), as k — oo, in D'(Q). Since ‘%’ < 1 then the dominated convergence theorem

U

implies that —’“k) — = as k — oo, in L} (Q) . Letting k — oo in (8.1), we obtain that

F(u F(u)’ loc
(0 — A)F(u) < —— (B — Ayu= ——f (8.2)
t = Fu) ~ F(u)” '
Since F(u) — |u| uniformly, as ¢ — 0, such that (0 — A)F(u) — (0 — A)|u| in D'(Q). Also
% — ﬁ in L}, (Q) (again by the dominated convergence theorem). By letting ¢ — 0 in (8.2),

we obtain that
(0 — A)|u| < sign(u) f.
This completes the proof. ]

We have the following result, which is an application of Kato’s inequality.

Corollary 8.2. Let X = Cy(dy,) or LP(Qyy,) for some 1 < p < co. Let u,v € C((0,00), X) be two
solutions of the equation (1.1) with initial values respectively ug,vo € X. Then

Ju(t) — ()] < e fug — vol,
for all t > 0.

Proof. Denote by w the unique solution with initial value wy = w € X.
Let z = |u — v|. Applying Lemma 8.1 with @ = (0,00) X Q,, and f = |v|*v — |u|*u € C(Q), we
have that
2zt — Az + ||u]%u — |v|*v| < 0.
Since, ||u|%u — |[v|*v| > 27%u — v|*T! = 27922+ we deduce that
2 — Az + 279207 <.
Let z = 5. Then
Z — AZ+ 72T <0 =w — Aw + wtL.

Since z(0) = w(0), it follows from the comparison principle, that Z < w. Since
t
w(t) = ePmwy — / elt=8)Am (w(s)**!) ds < etBmapg,
0

the result follows. O
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Finally, we give two results which we found during our research for this article, and which we
believe have an independent interest, but which ultimately were not needed for the proofs of the
main results.

Consider the eigenvalue problem, on some domain B ¢ RV

—AH =AH (8.3)
where A € R. We look for a solution of the form
H(x) = 129 - 2, Q(r) (8.4)

where 7 = (22 + 23 + - + x?v)lﬂ. We note that for 1 < i < m,

OH(z) = zxe- % 2nQ(r) + v1209 - - 2, Q' (1) 88;
— xm...ji...me(r)+x1$2...$mQ/(r)%’
where Z; means that x; is missing from the product, and
O?H(z) = 2xymo---&4-- -me'(T)% +T1T2 Ty [Q”(T) (%)2 + Q'(r)r2 7'_33;’2}
= 2x1T9- ..me;ET) +x1Ty Ty, [Q”(r) (%)2 n Q’(r)ﬁ T_sﬂff] :
and if m < i < N, then
O2H (z) = 1132+ [Q”(r) (%)2 Q" ;3‘””2] ,
It follows that
AH(2) =3 FH() = vty 0+ Q)+ Q)
i=1
=T1To T [Q”(T) + N—i_im_lQ'(r)] . (8.5)

Proposition 8.3. Let By = {z € Q,,, : |#| < 1} C RV, and let A > 0 be the lowest eigenvalue of
—A on By with Dirichlet boundary conditions. It follows that there exists an eigenfunction Hi :
B1 — [0,00) of the form (8.4) where Q : [0,1] — [0,00) is decreasing with Q(0) =1 and Q(1) =0
andr = (z3+23+- - -—l—x?\,)lﬂ. Moreover, the value of A > 0 is precisely the lowest eigenvalue of —A

RN+2m ith Dirichlet boundary conditions, and its corresponding eigenfunction

/2

on the unit ball in
is precisely Q(r') where 7' = (x1 + 23 + - + 234 0,)

Proof. Let Q(r'), where r' = (23 + 23+ + 9:?\,+2m)1/2, denote the radially symmetric, radially
decreasing, nonnegative eigenfunction of —A on the unit ball in RV+2™_ [normalized so that Q(0) =
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1], with eigenvalue A > 0. In particular, the function @ : [0,1] — [0, 00) satisfies the differential
equation

N+2m—1

@i TEEmD

Let H : By — RT be given by (8.4), where r = (23 + 25+ --- + x%\,)l/Q. It follows from (8.5) and

(8.6) that —AH = AH on B and that H(x) = 0 for all z € 9B;. Since H(z) > 0 for all x € By,

it follows that A is the lowest eigenvalue of —A on Bj. O

Q'(s)| =AQ(s), 0<s<1. (8.6)

Let us now give a remark about the elliptic equation verified by .

Remark 8.4. Let N > 1, m € {0,1,--- ,N}, 0 <y < N and 1 be given by (1.10). Then

Ay = (7 4+ 2m)(N — 2 7)@02, (8.7)

for all z € Q,,.
Proof. By (1.10) the function 1y can be written in the form (8.4), that is

Po(x) = x1 - 2mQ(1),

with Q(r) = ¢ r 772", r = (23 4+ + a2, + - +2%)Y2, where ¢y = (7 +2) - (Y +2m —2).
For such a @) we have

N+2m—1 e —2m—
Q')+ ————Q() = cmy(y+2m)ly+2m+ 1= (N+2m — 17722
= Cm~y(y+2m)(y+2— N)r 7722,
The result follows then by (8.5). O
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