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WELL-POSEDNESS, GLOBAL EXISTENCE AND LARGE TIME BEHAVIOR
FOR HARDY-HENON PARABOLIC EQUATIONS

BYRAME BEN SLIMENE!2?, SLIM TAYACHI', AND FRED B. WEISSLER?

ABSTRACT. In this paper we study the nonlinear parabolic equation dyu = Au + a|z| ™7 |u|*u,
t>0 € R0}, N>1, a€R, a>0 0<~v < min(2,N) and with initial value
u(0) = ¢. We establish local well-posedness in L?(R™) and in Co(RY). In particular, the value
g = Na/(2 — ~) plays a critical role.

For o > (2 — «)/N, we show the existence of global self-similar solutions with initial values
o(x) = w(z)|z| ==/ where w € L=(RY) is homogeneous of degree 0 and ||w||co is sufficiently
small. We then prove that if o(z) ~ w(z)|z|~3"/* for |z| large, then the solution is global
and is asymptotic in the L°°-norm to a self-similar solution of the nonlinear equation. While
if p(x) ~ w(x)|z|™7 for |z| large with (2 — v)/a < 0 < N, then the solution is global but is
asymptotic in the L®-norm to e*®(w(z)|z|~%).

The equation with more general potential, d;u = Au + V (z)|u|%u, V(z)|z|” € L=(RY), is
also studied. In particular, for initial data ¢(z) ~ w(z)|z|~?~7/* |z| large , we show that the
large time behavior is linear if V' is compactly supported near the origin, while it is nonlinear if
V' is compactly supported near infinity.

1. INTRODUCTION

In this paper we consider the singular nonlinear parabolic equation
ou = Au—+al - |77 |u|u, (1.1)
u=u(t,z) €R, t>0, z € RV\{0}, N>1, a €R, a >0, v >0 and with initial value

u(0) = . (1.2)

The case v = 0 corresponds to the standard nonlinear heat equation. For v < 0 it is known
in the literature as a Hénon parabolic equation, while if v > 0 it is known as a Hardy para-
bolic equation. In this paper we are concerned with the case v > 0. We are interested in the
well-posedness of (1.1) with initial data ¢ € LI(RY), 1 < ¢ < oo, and in Co(RY). We also
study the existence of global solutions, including self-similar solutions and prove the existence
of asymptotically self-similar solutions.

In what follows, we denote ||.||Laen) by [|.llg; 1 < g < oc. For all t > 0, e!® denotes the heat
semi-group

(€2 f) (@) = [ Gtz =y )y, (1.3)
where

|=|2
Gt,z) = (4mt) N 2e=3 £ >0, z e RV, (1.4)
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and f € LY(RYN), g € [1,00) or f € Co(RN). For f € S'(RYN), €' f is defined by duality. A mild
solution of the problem (1.1)-(1.2) is a solution of the integral equation

u(t) = ePo+ a/ el=9)A (] . |77\u(s)]au(s)) ds, (1.5)
0

and it is in this form that we consider problem (1.1)-(1.2).

We first consider local well-posedness for the integral equation (1.5). To our knowledge, there
is only one previous result of this type, Wang [15], who works in the space Cp (]RN ) of continuous
bounded functions. For N > 3, a > 0 and v < 2, he proves local existence of solutions to (1.5)
in C([0, T]; C(RY)) for all ¢ € Cg(RY). See [15, Theorem 2.3, p. 563)].

In this paper, we prove local well-posedness in Co(R”), the space of continuous functions
vanishing at infinity, and in LI(R™) for certain values of q. We also require the condition v < 2,
and in fact 0 < v < 2. Throughout the paper we put, for a« > 0, 0 < v < 2,

Na
22—~
The critical exponent ¢. plays a crucial role in this theory. We will say that ¢ is subcritical,

critical or supercritical, according to whether 1 < ¢ < g., ¢ = ¢q. or ¢ > gq.. We have obtained
the following results.

(1.6)

qc =

Theorem 1.1 (Local well-posedness). Let N > 1 be an integer, o > 0 and v such that
0 <~y < min(2, N). (1.7)
Let q. be given by (1.6). Then we have the following.

(i) Equation (1.5) is locally well-posed in Co(RN). More precisely, given ¢ € Co(RN), then
there exist T > 0 and a unique solution u € C([0,T]; Co(RN)) of (1.5). Moreover, u
can be extended to a mazimal interval [0, Tynax) such that either Tiyax = 00 or Tpax < 00
(mdt lm  ||u(t)|leo = 0.

(ii) If q is such that

N(a+1)

> — > and < 00,
N 07 q

then equation (1.5) is locally well-posed in LY(RN). More precisely, given ¢ € LI(RY),
then there exist T > 0 and a unique solution u € C([0,T]; LY(RY)) of (1.5). Moreover, u
can be extended to a mazimal interval [0, Tynax) such that either Tyax = 00 or Tpax < 00
andt lim  JJu(t)||y = oo.

max

(iii) Assume that ¢ > q. with 1 < q¢ < oo. It follows that equation (1.5) is locally well-posed
in LYI(RN) as in part (ii) except that uniqueness is guaranteed only among continuous
functions u: [0, T] — LARN) which also verify

(a) ¢ ||u( )||T zs bounded on (0,T], where r satisfies (3.3) below, q¢ > qc;

(b) SUD¢e (o, T]

gc-
Moreover, u can be extended to a mazximal interval [0, Tiax) such that, in the case ¢ > qc,
either Tinax = 00 or Thax < 00 and t_l}im lu(t)|lq = oo.

max

2

Hu( N» is sufficiently small, where r is given in (4.1) below, ¢ =

(iv) In all the above cases, except where q = q., the minimal existence time of the solution,
denoted by T', depends only on ||¢||ec o7 ||¢|lq respectively.
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Remark 1.1. Wang shows the equivalence of Cz(RY) solutions of the integral equation (1.5)
and weak continuous solutions of (1.1)-(1.2), which are also distribution solutions. See the
remark in [15] just after Definition 2.1 of [15] on page 563. The Cy(R™) solutions above are
included in this situation. For ¢t > 0 the LI(R") solutions are also Cp(R") solutions, and
therefore have the same regularity. See Part (i) of Proposition 3.2 below.

Remark 1.2. Well-posedness of (1.5) breaks down for ¢ subcritical. The proof is based on
the existence of a positive forward rapidly decaying self-similar solution [6, Theorem 1.1, p.
625]. It follows from this result, in analogy with [5], that if 1 < ¢ < g, @ > 0, N > 3 and
2777 <a< 2%, then there exists a positive solution w of (1.5) with initial data ¢ = 0 in
L4(RY). This shows a non-uniqueness result in L9(R") and thus the ill-posedness when ¢ < g..

The proof of Theorem 1.1 is based on arguments and results in [16, 17]. To apply these
methods, a key new ingredient is needed. See Proposition 2.1 below. As the proofs will show,
these solutions depend continuously on the initial data in an appropriate sense. Moreover, if a
given ¢ belongs to two different spaces as described in Theorem 1.1, then the resulting solutions
in the different spaces coincide, and in particular, the maximal existence time does not depend
on the space. In addition we have the following lower estimate for the blow-up rate.

Theorem 1.2 (Lower blow-up rate). Under the hypotheses of Theorem 1.1, let ¢ € Co(RM),
respectively o € LY(RYN), ¢ > 1 with ¢ > q., and suppose that Tax < 00, where Tiay is the
existence time of the resulting mazximal solution of (1.5). It follows

N 2—
[u®)]lq > C (Tomax — )20~ 22, ¥t € [0, Tonax), (1.8)
where C' is a positive constant.

We are unaware of any previous lower blow-up estimates. On the hand, the following upper
blow-up estimate has been established by [1, Theorems 1.2 and 1.3] and [7, Theorem 1.6] in the
case ¢ = oo (with various restriction on «):

u()]|oo < C (Tomax — 1) "5, ¥t € [0, Tonase)- (1.9)

Note that there is a gap between the above lower and upper estimates (1.8) and (1.9), in
particular for solutions blowing up at the origin. The blow-up rate (1.8) can in fact be realized
as shown by the existence of a backward self-similar solution in [3, Theorem A, p. 470 and
Proposition 3.1, p. 477]. We believe that the techniques of [19] can be adapted to show that,
under certain conditions, (1.8) gives an upper bound for the blow up rate. To carry out these
arguments in the present context seems nontrivial.

We now turn to the global existence of solutions. We have obtained the following result.

Theorem 1.3 (Global existence). Let N > 1 be an integer, o, o, v > 0. Suppose that (1.7) is

satisfied and
2—v )
o> N equivalently q. > 1,

where q. is given by (1.6). Then we have the following.
(i) If p € L% (RYN) and ||¢l|q. is sufficiently small, then Tyax = 00.

(ii) If € Co(RN) such that |p(z)| < ¢ (1+ |x\2)_% , for all z € RN with ¢ sufficiently small
and )
-7
1.10
0>, (1.10)

then Tinax = 00.
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(iif) Let p € L} (RN) be such that |o(-)| < c| - |72?TW, for ¢ sufficiently small. Then there
exists a global in time solution of (1.5), u € C ((O, 00); Lq(RN)) for all ¢ > q.. Moreover
u(t) = ¢ in S'(RY) as t — 0.
Remark 1.3. Using the backwards self-similar solution constructed in [3, Proposition 3.1, p.

477] and arguing as in [13, Corollary 1.4, p. 659], we can prove the following result. Suppose
2 — 2 —
N > 3, a > 0 and « such that 77 < a< 2N 72 There exists C > 0 such that if

0 € Co(RM), 0 > 0 and

lim inf |x|2%<p(93) > C,

|| =00

then Thax < 00.

By Fujita type blow-up results, the condition o > (2 —7)/N (g. > 1) is optimal in Theorem
1.3. In fact, if @ > 0 and @ < (2 — «)/N then the solutions of (1.1) with positive initial data
blow-up in finite time. See [9, Theorem 1.6, p. 126]. In [9, Theorem 1.2, p. 125], examples of
global solutions to (1.1) with positive initial data for g. > 1 and a > 0 are constructed. Still for
a > 0, other global existence results for positive initial data are proved in [15] and [6] but only
for N > 3 and under supplementary conditions on «. See [6, Theorem 1.3, p. 626]. Our global
existence results are established without any restriction on a or on the initial data (other than
a smallness condition). In [15], Wang observed that, by modifying the arguments of Lee and

Ni [14], if (1.1) has a global solution, then necessarily liminf,_ ]x\%go(x) < 00, so that our
results in Theorem 1.3 (ii) and (iii) are consistent with this condition.

We now turn to the existence of forward self-similar solutions. In [6, 15] the existence of
radially symmetric self-similar solutions for 2777 <a< 2% and N > 3 is established. Here
we do not impose radial symmetry of the self-similar solutions. We have obtained the following
result.

Theorem 1.4 (Self-similar solutions). Let N > 1 be an integer, o, v > 0. Suppose that 0 <
v < min(2, N) and
it} 1.11)
a>—0. (1.
Let p(z) = w(:u)]:r|_2%, where w € L>®(RY) is homogeneous of degree 0 and ||w| oo is sufficiently
small. Then there exists a global mild self-similar solution us of (1.1)-(1.2). This solution
verifies us(t) — ¢ in S'(RY) ast — 0.

Concerning the asymptotic behavior of global solutions, we have the following result.

Theorem 1.5 (Asymptotic Behavior). Let N > 1 be an integer, o, o, v > 0. Suppose that
0 <y <min(2,N) and

9 _
T <5< N. (1.12)
o'
Let ¢ € Co(RYN) be such that
c
<——— VzecRY,

for ¢ > 0 sufficiently small, and
p(r) = w(z)|z[™7, |z| = A,

for some constant A > 0 and some w € L®(RY), homogencous of degree 0, with ||w||s suffi-
ctently small.
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Let u be the unique global solution of (1.5) with initial data ¢ given by Theorem 1.3. Let us

be the global self-similar solution of (1.5) with initial data w(:v)|x]72%y, given by Theorem 1.4.
Then we have the following.

(i) Nonlinear behavior: If o = Q?TW, then there exists 6 > 0 such that

u(t) — us(t)]|eo < Ct~ 220, Yt > 0.

where C' is a positive constant. In particular, there exists C1, Cy two positive constants
such that for t large
Cit™ 5 < [lu(t)]|oo < Cat™ 2
(ii) Linear behavior: If o > ZTTV, then there exists 6 > 0 such that
[u(t) = € (W) 7))l < CE7E, VE>0,

where C' is a positive constant. In particular, there exists Cp, Co two positive constants
such that for t large

C1t™2 < ||Ju(t)||lso < Cot™%.

For v = 0, analogous results were obtained in [2] and [12]. For 7 > 0 the only known result
to our knowledge, is a decay rate of the sup norm. See [15]. To prove the previous theorems,
we use some arguments from [2, 12] (see also reference therein), combined with the estimates of
Proposition 2.1 below.

The rest of the paper is organized as follows. In Section 2, we establish the estimate for the
heat semi-group needed to treat the singular potential in (1.1). See Proposition 2.1 below. In
Section 3 we prove Theorem 1.1, except the case ¢ = ¢., and we also prove Theorem 1.2. In
Section 4, we prove Theorem 1.1 for ¢ = g., Theorem 1.3 and Theorem 1.4. In Section 5 we prove
the nonlinear asymptotic behavior in Theorem 1.5. Section 6 is devoted to the proof of the linear
asymptotic behavior in Theorem 1.5. Finally in Section 7, we consider a more general equation
where |z|77 is replaced by a function V(x). In all the paper C' will be a positive constant which
may have different values at different places.

2. A KEY ESTIMATE

In this section we prove the new estimate which is needed for the proofs of essentially all the
results in this paper. Let e'® be the linear heat semi-group defined by: et2p = G(t,.)x ¢, t > 0,
where G is the heat kernel defined by (1.4). We recall the well-known smoothing effect of the
heat semi-group on Lebesgue spaces,

N1 1
le*®ullsy < (4mt) "= 555 fuls,, (2.1)
for 1 < sy Sszgoo,t>0andu€L51(RN).
To treat the nonlinear term in the equation (1.1), which includes the factor |-|~7, we establish

the following estimate, analogous to (2.1).

Proposition 2.1. Let N > 1 be an integer. Let vy such that 0 < v < N. Let ¢; € (1,00] and
g2 € (1,00] satisfy
o<t <2ty
“@ N q
Then, for all t > 0, the following are bounded maps
(i) e[ [« LO(RN) — L2(RY), go < o0;
(i) e |77 : LU(RY) = Co(RY), g2 = oc.
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Furthermore, there exists a constant C > 0 depending on N,v,q1 and q2 such that

tA () |- S (E-5)-% N
e =)l < Ct 2 a2 2| ullg,, Vt>0, VueLl?(RY). (2.2)
Proof. We set m = % Let €,6 > 0 satisfy
1 1 1 1
e<m, — < ——+—< + —<1.

@~ m+o @ m—€ q
Let us consider the following decomposition
77 =1+ 02 Y1 € LPYRY), g € LMTRY),

Using the Holder inequality
[hrullry < ll91llm—ellullg,

where
1 1
o om-—€ q
Similarly
[Y2ullry < 1¥2llm+sllullg:,
where

1 1 1

- 4+ -,
) m—+ 94 q1
So that by the smoothing effect of the heat equation (2.1) we have

JeA 0 e < e (@r)llas + e (Y21 e
< Clrull, + Cllaul,
< C(Itlhmec + [¥2llmss) lulla

where we used 1 < r; < r9 < ¢o. Therefore we obtain

e (|17 u)llg < C(N, v, 41, 2)|ullgy - (2.3)

Since 11 < oo and g < 00, €2 (¥hyu) and e (ou) are in Co(RY), and so therefore is e®(|.|7u).

We now prove (2.2) by a scaling argument. Given A > 0, we define the dilation operator D
by Dyp(x) = ¢(Ax) for all ¢ € S(RY). This operator is extended by duality to S’(RY). Clearly
we have

(i) Da(eX*2p) = e'®(Dyp) for all p € S'(RY),
(ii) D,\(D%np) = ¢ for all p € S'(RY),
(iii) [[Dagllr = A7 ||l for all ¢ € L"(RN), 7 > 1,

(IV) D)\(QO,(b) = DA¢DA¢a for all ©, @ZJ, @"ﬁ € Llloc(RN)a
(v) Dx(].]77) = A77].|77, for all v > 0.

It follows that e’\2mcp = D%etAD)\cp, and so e2p = D\/EetAD%/go for all ¢ € S’(RY).
t
Then, from (2.3), we have that
A _
||D\/fet D%(H WU)HQQ < C(N7’77 qvaZ)HuHQU
and so ~
77@llemD%(I-I_W)Ilqz < C(N, 7, q15 ¢2)l|ullg, -

Therefore
_N 4 _
t 2Q2t;‘|etA(’.| ’YD%’LL)H(]Q < C(Na’Ya QI7QQ)||U||Q1'
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Replacing u by D ;u, we obtain

— Ny A -
t 2tz e (1 u)llg, < C(N, 7, a1, 02) 1D gl
which gives
~ 205 42 ([ A (] [~ —aar
t 2tz e ([ u)llg, < CN,,q1,g2)t 20 [Jullg, -
Hence
tA — _%(i_i)_%
e (-1 u)llgy < C(N, v, q1,02)t 2 o0 27 2 luflg,.
This shows (2.2) and the boundness of the maps. O

Remark 2.2. The conditions on g; and ¢ in the previous proposition can be expressed as
N Naq
—_—, 0> .
N —~ N +vq
Note also that for v > 0, we may take ¢ < ¢1, unlike the case v = 0, where we must have
92 = q1-

q > q

Finally, we mention that Proposition 2.1 can be proved, except in the cases g1 = 0o or g2 = 00,
using Hoélder’s inequality in weak spaces [4, p. 15] and the generalized Young’s inequality [4, p.
63]. The authors thank N. Chikami for pointing this out.

3. LOCAL WELL-POSEDNESS

In this section we establish the well-posedness results for the equation (1.1)-(1.2) in Lebesgue
spaces LI(RY) and in Cy(RY). We do this study via the nonlinear integral equation

u(t) = e + q / 9 (|7 u(s)[u(s)) ds, (3.1)
0

t>0,2€RYN, a>0,acR, v>0. Our aim is to prove Theorem 1.1 for ¢ > ¢. and Theorem
1.2. The proof of Theorem 1.1 for ¢ = g, is given in Section 4.

We first show that Theorem 1.1 Parts (i) and (ii) are immediate consequence of Theorem 1,
page 279 in [16].

Proof of Theorem 1.1, (i)-(ii). Let us define the maps
Ki(u) = e? (|17 u|*u) , t > 0.

(i) Let u € Co(RY). By Proposition 2.1, K;(u) € Co(RY). Moreover, by Proposition 2.1, for
each t > 0, K; : Co(RY) — Co(R¥) is locally Lipschitz with

1K) = Ke(v)lloe < O 7 [[Jul™u = [o] "0l
X
Ct72 (Jullss + [vlISo) e = vllo

<
< 20M°t 2 ||lu — v||oo,

for ||ullse < M and |jv]lsc < M. We have also that t~2 € L1 (0,00), since v < 2. Obviously

loc

t = || K¢(0)]|oo = 0 € L. (0,00), also e*K; = K;,, for s, t > 0. Then the results of (i) follows

loc

by [16, Theorem 1, p. 279].
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(ii) Similarly, by Proposition 2.1, for each t > 0 and if ¢ > YU K, : LI(RN) — LI(RY)
is locally Lipschitz with

,E(Lﬂ,l),l a o
1K) — Kyw)lly < Ot 20073 ufou = fofo] o
< Ot TR (ful2 + Il — vl
— q q q

Na
2

< 20MOt R lu— v,

Na
for |lully < M and |v|l; < M. We have also, that 27 e L} .(0,00), since ¢ > g, = 2.

< = 2=y
Obviously ¢ — ||K;(0)||ec = 0 € L}, (0,00), also e**K; = Ky for s, t > 0. Then the proof of
(ii) follows by [16, Theorem 1, p. 279]. O

We now consider the case where initial data are in LY(R"), ¢ > q., where ¢, is given by (1.6).
We use the method introduced in [17]. However, the abstract Theorem in [17] does not directly
apply if v > 0. Thus we need to give the details of the proofs.

Proof of Theorem 1.1 (iii)-(iv) when q > q.. Let ¢ be such that
qg>¢q. and 1<g<oo. (3.2)

We begin with the observation that, since ¢ > 1, there exists r > ¢ satisfying
1 1 N —

gla+1) N(oj—k )7 Na +’y1)'
The two inequalities in (3.3) imply that we may apply Proposition 2.1 with ¢; = aLJrl and g2 = q.
Also we may apply Proposition 2.1 with ¢1 = 17 and ¢2 =1

We then observe that, since ¢ > ¢., we have

1 2 1 ~y

¢ Na+D “qlatrl) Natl)
Hence any r > ¢ satisfying (3.3) verifies

1 2 1

— <=
g N(a+1) r

(3.3)

This last inequality implies that

Bla+1) <1,

where N N
- _ 4
2g 2r (3 )

This estimate is crucial to the local existence argument below.
In what follows we fix a value of r > ¢ satisfying (3.3), and let 3 be given by (3.4). Let
M >0,p>0,T>0and ¢ € LY(R") be such that

lelly < p, (3.5)

Na

p+ KMOHITY 2073 < M and KMOT'" 2% <1, (3.6)

where K is a positive constant. We will show that there exists a unique solution w of (3.1) such
that u € C ([0, T]; LYRY)) N C ((0,T]; L™ (RY)) with

sup |lu(t)|lq < M and sup t6||u(t)HT < M.
te[0,T] t€(0,7]

Na
2q
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The proof is based on a contraction mapping argument in the set

Yar = {u € C([0,T]; LYRN)) 1 C((0,T); L' (RY));max] sup ||u(t)[ly, sup °[lu(t)],] < M}.
t€[0,T] te(0,77]

Endowed with the metric

d(u,v) = max[ sup [lu(t) — v(t)]lg, sup t*|u(t) = v(t)]],
t€[0,T] t€(0,T)

Y)s is a nonempty complete metric space. Given u € Yy, we set

Fou)(t) = o +a /0 U2 (|| u(s)[*u(s)) ds, (3.7)

where ¢ € LI(RY). We will show that F,, is a strict contraction on Y.
Let ¢, v € LY(RY) and u,v € Y. Using Proposition 2.1 with ¢1 = r/(a + 1), q2 = ¢, it
follows that

[Fo(w)(t) = Fy(0)(®)llg <
12 (0 — )l + !al/ le®IA L7 (lu(s)[*uls) — o(s)*0(s)]lds
0

a+1 1

< o= ¥llq+ lalC /0 (t— )" 2T D73 |u(s)[u(s) — [o(s)]*v(s)]| - ds

a+1

a+1 1)_'y

t
<|lo—vlq+ (2\a|(a+1)0Mo</ (t—s)_%( r T zs—ﬂ<a+l>d8> d(u,v).
0

Using the fact that g = 2—]\2 — 2—]\1{, we get

1Fo(u)(t) = Fy(0)(O)llg <

1
o —llq + <2|a|(a+1)CM°“t1_g_]§q/ (1-0) 27
0

Since r > ¢ > 21\170; 1= ¢, it follows that

v Na N (fa+1 1 v N {fa+1 1 v Na v
-2 2% 2 e e S N
2 2 T2 < r q * 2 2 r r +2 2r +2
Using also the fact that S(a+ 1) < 1, we get
_2_Na
1Fo(w)(8) = Fp(@)(Ollg < llp = bllg + CrMT 727 20 d(u, v), (3.8)

a+1

! —Natl_ 1y o _ 1 . . .
where C1 = 2|a|(a + 1)C’/ (1—0) 20 ~d)72 oAl gs s a finite positive constant.
0
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Similarly, using the smoothing effect of the heat semi-group (2.1) with s; = ¢ < sy = r and
Proposition 2.1 with ¢; = r/(a+ 1), g2 = r, we have

1Fo () () = Fyp(0) (@)l <
IIBtA(sO—lb)IIrHaI/ le@IA L7 (lu(s)*uls) — o(s)|*0(s))]]l-ds
0

a+1 1

t
_N _1y_2 o «
<Pl = vl +1alC [ (0= FERD o)l uls) = o) 0(s) s, ds

t
<t Bl — 1|y + (2\a|(a 4 1)C’M°‘/ (t—s) 203 sﬂ(a+l>ds> d(u, v)
0

t
<t Pl — |, + (2\a|(a + 1)CM°‘/ (t—s) 23 sﬁ<a+1>ds> d(u, v).
0
Hence, it follows that
t7)| Fo(u)(t) — Fp(0)®)lr <

Na

t
le —¥llq + <2|ay(a+ 1)0M%ﬁ/ (t—s) 2 2 sﬂ(a+l>d5> d(u,v)
0

Y_Na _Na

1
<l —llq+ <2|a(a +1)CMot 2 / (1—0)" 22 aﬁ(aH)da) d(u,v),
0
and so, by the conditions on 3, ¢ and r we have

)| Fo(u)(t) — Fy@)(B)lr < llip — ¥llq + CoaMOT 3755 d(u, v), (3.9)

1 Noa v
2

where Cy = 2|a|(a+ 1)0/ (1—0) 2
0
and (3.9) it follows that

0%+ o is a finite positive constant. From (3.8)

A(Fp(u), Fs(v)) < llo = wlly + KMOT ™33 d(u, v), (3.10)

where K = max(C1, Cy).
It is clear that if u € Yjs and since 1—%—]\5—5‘ > 0 (ie. ¢ > qc), then Fy(u) € C ([0, T]; LY(RN))N

C ((0,T]; L"(RY)). Setting ¢ = 0 and v = 0 in (3.10) and using (3.5) and (3.6), we obtain

d(Fyp(u),0) < p+ KMaHTk%,% <M.
And so F, maps Yy, into itself. Letting ¢ = ¢ in (3.10), we get

d(Fp(w), Fplv)) < KMOT'™ 375 d(u, v).

Hence, using (3.6), it follows that F., is a strict contraction mapping from Yy into itself. So F,
has a unique fixed point in Y}, which is solution of (3.1). The proof of uniqueness for arbitrary
M follows by taking T' sufficiently small in (3.6). This solution can be extended to a maximal
solution by well known argument. The proof of part (iv) follows by the previous calculations.
We note also that by the previous calculations, precisely (3.10) we have the following continuous
dependence property: Let ¢, ¢ € L9(RY) and let u and v be the solutions of (1.5) with initial
values ¢ and respectively ¥, with supyco 7y [[u(t)lly < M and supcjo 1y [[v(t)]lq < M for some
M > 0. Then
apl—H2—2\ -1
sup [Ju(t) —v(t)llg < (1 — KMT" 20 72) "o — ¢llq,
t€[0,T]

for t € [0,T] and for some positive constant K. O
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Remark 3.1. Using a fixed point argument on

Yip = u e C((0, T L"(RY)); sup t*[lu(t)]l, < M 5,
te(0,7T
endowed with the metric d'(u,v) = sup;¢ (o, t2)lu(t) — v(t)||,, we can prove the local existence
in Yy, with initial data in LI(RY),

q>qe, 1 <g<oo. (3.11)

That is we may include the case ¢ = 1 if ¢, < 1. In fact, we can choose r > ¢ satisfying:

1 2 1 N-—~

g—m<;<m. (3.12)

The inequalities (3.12) imply that we may apply Proposition 2.1 with ¢; = a%_l and g2 = r, and
implies also that f(a + 1) < 1. Hence, we may perform a fixed point argument on Yj,. But it is
not clear that if ¢ = 1, the solution is still in L'(RY), for ¢ > 0.

To see how one can choose r > ¢ satisfying (3.12), note first that the inequality % — m <
N— . . N 1) _
le) is equivalent to ¢ > st;—y) =gq.. If g = % < 1, then ¢ < 1 and so ¢ > 1 > g,.

If g = 21\170; > 1, then ¢, > ¢ and so ¢ > ¢ > ¢r. The conditions (3.11) therefore imply

% - N((12+1) < N](Vaﬂ)’ which means that there exists » > ¢ which verifies (3.12).

We have also the following result.

Proposition 3.2. Let a > 0 and let v be such that 0 < v < min(2, N). Assume the hypotheses
of Theorem 1.1. Let Tiax(p, q) denotes the mazimal existence time of the solution of (1.5) with
initial data ¢ € LY(RY). Then we have the following.

(i) Ifpe Lq(RN)a then for t € (0, Tmax(,q)) , u(t) € Co(R™).

(i) If o € LPRN) N LYRY), 1 < ¢ < p < 00 and ¢ > Ge- Then Tonax (9, p) = Tinax(9: )

Proof. (i) Let ¢ € LY(RY), ¢ > q. and ¢ > 1. Let 7 and § be as in (3.3) and (3.4). Let p be such
that » < p < co. Hence p > ¢,
a+1

T

v
0< — 1
= <N+ <

D=

and for 0 < T < Tax(p, q), we have

vl

t _Nat1l_ 1y % N
lu@®ll, < el + lalC /0 (t—0) 25 70 2 fu(o) |0 do

< (amt) FEDgl + falorTFET DA gup (D ys))et) x
s€(0,T7

1
/ (1—0) 2733 5Bt gy
0

IN

1
_N(1_ 1 1—2Y_N(atl 1 _N¢at+l 1y _ v _
q —
(47Tt) 2 ( p)”SDHQ + |a‘MC¥+ICt 2 2 ( q p)/ (1 O') 2 ( - p) 2 ,B(Clt“rl)do_
0

Since r > q > q, it follows that if

a+1 2—'y<1 1
T N p T
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then u(t) is in LP(RYN) for all ¢t € (O,Tmax(go,q)). The result for general p > ¢ follows by
iteration. Hence u(t) is in L®(RY), for t € (0, Tmax(¢,q)). The fact that u(t) € Co(RY), for
te (0, Tnax (¢, q)) follows by Proposition 2.1.

(ii) To emphasize the dependence on ¢ let us denote the metric space (Y, d) by (Yar(q),dq).
Let p € LP(RY) N LY(RY). Let u, be the solution with initial data ¢ € LI(RY). Let u, be the
solution with initial data ¢ € LP(RY). We can show, by similar calculations that the mapping
defined by (3.7) is a contraction on Yas(q) N Y (p) endowed with the metric d = max(dy, dp).
This gives the existence of a unique solution in Yjs(q) N Yar(p). Hence the solutions u, = uy,
for t € [0,T], T small. We deduce also, by well known arguments, that the maximal time of
existence is independent of ¢. This finishes the proof of the proposition. O

Proof of Theorem 1.2. Let ¢ € LI(RY) be such that Ty < 0o and u € C([O,Tmax),Lq(RN)>
be the maximal solution of (1.5). Fix s € [0, Tinax) and let

w(t) =u(t+s), te€[0,Tnax—5),

with w(0) = u(s). Then we have, as in the proof of Theorem 1.1 Part (iii),

Na
u(s)llq + KM (Tpax — 5)' 20 2 > M, ¥ M >0. (3.13)
In fact, if not, there exists M > 0 such that

Na

() g + KM (T — )53 < 1,

w will be defined on [0, Tax — s] in particular u(Tax) is well defined, a contradiction. Hence
(3.13) is verified, for any t € [0, Tmax) fixed and for all M > 0. Let

M = 2[u(t)q-
From (3.13) we have

_No_y
lu(®)llg + K2 w8 (Tomax — 1) 20 2 > 2[Ju(t) |-
Then

1—Na_ vy

K2a+1||u(t)|yg‘(Tmax —t) 2 2>1, Vte|[0,Tmax)-

Hence we derive a lower bound of the blow-up rate

[u(®)llg > C(Tmax — )2 22, ¥t € [0, Thnax)-

The proof in the case where ¢ € Co(RY) is similar. This finishes the proof of Theorem 1.2. [

Remark 3.3. By the same methods used to prove Theorem 1.1 (i), (ii) and Proposition 3.2,
one can show that (1.5) is well posed in

- C&(RN) = {u S Co(]RN), Vu € CQ(RN)} LJif0 <y <1,

- WHRN), 0 <y <1, ¢> 22 and ¢ > ML

Moreover under some conditions on 7, «, and g, the solutions constructed in Theorem 1.1, are
in C}(RY) and WH4(RY) for ¢ > 0.
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4. GLOBAL EXISTENCE

In this section we prove Theorem 1.1 Part (iii) for ¢ = g. > 1, Theorem 1.3 and Theorem 1.4.
We consider the solutions of the integral equation

u(t) = e® a te(t_S)A ST u(s)|“u(s)) ds
(1) = Bt a [ 93 (o) u() ds

where t > 0, z € RV, a € R, 0 < v < min(2, N) and a > (2 —v)/N, i.e. ¢ = 2]\1% > 1. Given
such an «, one can choose r > ¢, such that
1 2 1 N —x
g N@+1) “r N+l
This relationship is analogous to (3.3) with ¢ = ¢.. In fact
1 2 1 v
@ N(+1) qlat+1) N@+1)
The existence of such an r > g, follows from the fact that ¢. > 1.
While r is not uniquely determined, we consider r fixed and set

_N _N_2-9 N (4.2)

(4.1)

One verifies that

Na vy Na v _

We have obtained the following global existence result.

Theorem 4.1 (Global existence). Let 0 < v < min(2,N) and o > (2 —)/N. Let r and 3
verify (4.1) and (4.2). Suppose that p > 0 and M > 0 satisfy the inequality

p+ KM < M, (4.4)

where K = K(a, N,7,r) > 0 is a constant and can explicitly be computed. Let ¢ be a tempered
distribution such that

supt?|[e 2o, < p. (4.5)
t>0
It follows that there exists a unique global solution w of (3.1) such that
sup ¢ u(t)], < M. w6
t>0
Furthermore,
(i) u(t) —et®p € C([0,00); L*(RN)), i <logqanl
(i) u(t) — e2p € L2((0,00); L*(RY)), L <1< 3ot

i)
(iii) hm u(t) = ¢ 1in the sense of distributions.
v)

(i

Moreover, let ¢ and v satisfy (4.5) and let w and v be respectively the solutions of (3.1) with
initial values p and 1. Then

2—v N
supt 2=~ l|u(t)]lg < o0, ¥ q € [r, od].

2=y_ N
supt 2o 2a|ju(t) — v(t)|; < Csupt?|e (o — )|, ¥ q € [, 00). (4.7)
>0 >0
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If in addition, '™ (o — 1) has the stronger decay property
sup t+ e (5 — )|, < o, (4.8)
>0
for some 6 > 0 such that B(a+ 1) 4+ 6 < 1, and with M perhaps smaller, then
sup 4 u(t) — v(B)lly < Csup e (o — )]s, (4.9)
>0 >0
where C' > 0 is a constant.

r

Remarks 4.1. (a) If we suppose that ¢ — 1 € L*(RN), q—lc <l <atl 4 X then (4.8) is

verified with § = % - 22_—&7 > 0. By the conditions on s we have § < dy where
Na+1) v 2—v
bg=—+ - — —. 4.10
0 o 2 oa (4.10)

Since B(a+ 1) + dp = 1, it follows that (4.9) holds for all 6 € (0,d).
(b) If the hypotheses of Theorem 4.1 are verified on some finite interval t € (0,T), instead
of V't > 0, the conclusion still holds, but only on the interval (0,T).

The following corollary gives the proof of Theorem 1.1 Part (iii) for ¢ = ¢, > 1. The proof of
parts (i)-(iii) below is similar to that in [11, Corollary 2.6, p. 1296], so we omit it. The proof of
part (iv) is similar to that in [10, Theorem 20.19(iii)], so we likewise omit it.

Corollary 4.2. Suppose the hypotheses of Theorem 4.1 are satisfied.

(i) If p € L% (RYN) and ||¢l|q. is sufficiently small, then ¢ satisfies (4.5).

(i) If ¢ € L%(RY) (without any assumption of smallness), then there exists T > 0, such
that ¢ satisfies (4.5), but only on (0,T).

(iii) In the above two cases, if u is the resulting solution of (1.5), thenu € C([0, 00); Li(RN)),
respectively, u € C([0, T]; L9 (RY)).

(iv) If ¢ € L9«RN) and ||p| is sufficiently small and if u € C([0,00); L%(RYN)) is the
resulting solution, then ||u(t)|lq, — 0 as t — oo.

Proof of Theorem 1.1 Part (iii) for ¢ = q. > 1. The proof follows by Theorem 4.1 and Corollary
4.2. The fact that u : [0,T] — L% (R") is continuous and the condition (iii) (b), imply (4.6) on
(0,T) and then is sufficient to guarantees uniqueness. U

Using now the previous results we give the proof of Theorem 1.3.

Proof of Theorem 1.3. Part (i) follows by Corollary 4.2 and Theorem 4.1.
(ii) By the condition on o, ¢ verifies the hypothesis of (i).

(iii) Since ¢ € L} (RY) and |p(-)| < ¢ - |7ZTTW, then ¢ € S'(RY). By writing | - |7QTT7 =

loc

@1 + 2, with o1 € LS(RY), 1 < 5 < Na/(2 —7), v2 € L"(RY), 7 > q. it follows by
4

the smoothing properties of the heat semigroup that e®| - |7QT € L"(RN), V¢ > 0 and by

homogeneity, we have that supt?e!?] - *Q?TWHT < 0. Since |p(+)] < ¢ - |7%, ¢ verifies (4.5)
>0

for ¢ sufficiently small. Then the first statement of Part (iii) follows by Theorem 4.1. The fact
that u € C ((0, oo);Lq(RN)) for all ¢ > q. follows by iteration as in the proof of Proposition
3.2 and by Theorem 4.1 (i). The last statement of Part (iii) follows by Theorem 4.1 (iii). This
completes the proof of Theorem 1.3. O
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Proof of Theorem 4.1. The proof is based on a contraction mapping argument. Let X be the
set of Bochner measurable functions u : (0,00) — L"(RY) such that sup,-qt?||u(t)||, is finite.
We denote by X the set of u € X such that sup,-(t°||u(t)|, < M. Endowed with the metric,

d(u,v) = supt®||u(t) — v(t)||,, Xps is a nonempty complete metric space. Consider the mapping
>0
defined by
t
Fola)(t) = ¢+ a [ eI us)u(s)ds, (111)
0
where ¢ is a tempered distribution satisfying (4.5). We will show that F,, is a strict contraction
on XM
Let ¢ and 9 satisfy (4.5) and u,v € Xps. It follows that
t7 Fo(w)(t) = Fp) )l < 71 (o =) +
t
|a|1ﬁ’8/0 =27 (Jus) [ *uls) — [o(s)*0(s))] | ds.

Using Proposition 2.1 with (q1,¢2) = (57, 7), we obtain

a+1
Nao

<C@t—s)" 2 2(a+ D([[uls) 7 + [[o(s)[7)[uls) —v(s)llr
< 2(a+1)C(t — s)" 2 257 PlFD pragy, v).

[ [ (Ju(s)Pu(s) = [o(@) o)l < Ot = )75 "% [Ju(s)|"u(s) = lo(s)|"v(s)]| =

By (4.3), we obtain

1| Fp () (1) = Fy(0)(0)lr < 71 (0 = )l + KM d(u, ), (4.12)

1
where K = 2|a|(a + 1)0/ (1— U)*%*%U*B(O‘“)da is a finite positive constant.
0
Setting ¢ = 0 and v = 0 in (4.12), we see that

sup | Fp(u) (0)]- < p+ KM < M.
>

That is, F, maps Xy into itself. Letting ¢ = 1 in (4.12), we observe that
A(Fo(u) = Fp(v)) < KM d(u, )

Since KM < 1, we see that F is a strict contraction on X, and so F, has a unique fixed
point u in Xy solution of (3.1).
We now prove that u(t) — e!®¢p € C([0,00); L¥(RY)) for s satisfying
2—v 1 v o+l

< <L . 4.13
Na s N+ r ( )

Since continuity for ¢ > 0 can be handled by well known arguments, we only give the proof at
t=0. Write

u(t) —e®p =a te(tfo)A A7 u(e)|*u(o))do.
(t) @ /0 ([ u(o)[*u(o))d
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Then for s satisfying (4.13) and by Proposition 2.1 with (g1, g2) = (557 $), We obtain

u(t) —ePolls < la te(tfg)A.fuaaua sdo
[[u(t) olls < H/OH (177 u(o)|[*u(o)]]lsd

y_ N(atl)

t
< JaC / (t— o) 335 (o) |2 do
0

N _~n_ N(atl)

t
§a|CM°‘+1/(t—J)2s2 2 o Pl g
0

1
_ ‘a|CMa+1t%f;’ N(§f1)+lﬁ(a+1)/ (1— U)%*%*w(jfﬂ(oﬁl)da
0
Therefore we obtain
— 1 N(a+1)
lu(t) — ePo|ls < |a|C MO 25 / (1- o)~ 375 g Altyy, (4.14)
0
N(a+1) _
By (4.13), fol(l —a)%_%_ 5 oA+ gy is finite and that ¢~ 2" converges to zero as t N\, 0.

This proves the statement (i) and (iii) of Theorem 4.1. Statement (ii) with s = Na/(2 — )
follows from (4.14) which still holds if s = Na/(2 —7) := ¢..

To prove the stronger decay estimate (4.9), we observe that, by the previous calculations we
have,

t
lu(t) = v(®)]lr < € (0 =) lr + 2la|M*C(a + 1) /0 (t =) 2 725 u(s) — v(s)|ds.
Let § > 0 be such that B(a+ 1) +§ < 1. For arbitrary 7" > 0, we have

PHu(t) —o®)], < 7 (o — )l + 2lalMC(a + 1)t x

t
( sup tf3+5||u(t) - v(t)Hr) /0 (t — s)_%—%s—ﬂ(aﬂ)—ads

0<t<T

< tﬁ+5”€tA(§0 o w)”r + KMat,B-H;—%—%-Fl—B(OH-l)—(s %
1
sup 99 u(t) — vo(t)]|, / (1- o) 33 pBlar1-5g,
0<t<T 0
< e (o — ) + KMO ( sup 949 u(t) - v(t)Hr> x
0<

t<T
Na o4

1
/ (1—0) 2 20PN Vo<t <T.
0

Since the constants does not depend on 1" and finite by the hypothesis on 4, the result follows.
We now prove (iv) of Theorem 4.1 for ¢ = oo. The result for the other values of ¢ will then
follows by using the Holder inequality and (4.6). We need the following Lemma.
Lemma 4.3. Let N be a positive integer and s, q be two real numbers, and suppose that
1 v o+l N a+1 1 %
1<s<g< 0<-< = <1, — —-—)<1l-_.
ot SR A4=0 ~q N+ s ’2( s q) 2
Let u be the solution of (8.1) with initial data ¢ € S'(RN). Assume that

sup £ s lu(t)|ls < oo.
>0
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It follows that
2=y _ N
supt 2o 24 |lu(t)]|q < oo.
t>0

Assuming this Lemma for the moment, we continue the proof of the Theorem. Let us consider
the solution of (3.1) constructed by the first part of Theorem 4.1. We have

supt 2 2 |[u(t)|, < oo,
t>0

for r satisfying the conditions specified in (4.1). We use the Lemma 4.3 with an iterative
argument as in [12]: s; will play the role of s, and s; 41 will play the role of ¢, for i = 0,1,---.
Let sg = 7, and choose s; satisfy the hypothesis of Lemma 4.3. Then by Lemma 4.3 we get that

2=y N
supt 2 251 ||u(t)||s, < 0o.
>0

We iterate this procedure. For the next step it is clear we can choose so so that

1 a+1 Na+l 1
atl<s <s<o0,0<— <Ly <1, 2 ~y<1- 2L
ss N $1 2" s S9 2

Then we conclude that ) N
=7 _ N
supt @ 22 ||u(t)||s, < 0.
t>0

One can check easily that by this iterative procedure, we can reach s;11 = oo for some finite i.
This proves (iv) for ¢ = oco. The other cases follows by interpolation. The continuous dependence
relation (4.7) with ¢ = r, of the solution on the initial data can be easily deduced by setting in
(4.12) Fy(u) = u and Fy(v) = v. Formula (4.7) for all ¢ € [r,00], can be proved by using an
iterative procedure similar to the proof of (iv). In particular, one can prove a version of Lemma
4.3 with u replaced by u — v. This completes the proof of Theorem 4.1. ]

Proof of Lemma 4.3. We use similar argument as in [12]. Set

2-y N
_ B(s) v
A supt lu@®lls, B(s) = ==~ 5
We use the integral equation (3.1) from § to ¢:
t
u(t) = ez®u(t/2) + a / =D (|7 u(o)|*u(0))do. (4.15)
t
2

It follows from the smoothing properties of the heat semigroup, with so = ¢, s1 = s and (2.2)
with g2 = ¢, ¢1 = s/(a + 1), that

[u@®llg < HeSAU(tﬂ)!qHal/t le®2 (7 ulo)|*u(o)[lgdo

_N1_ 1 t N _y_ N(at1)
< ¢t =G 3>\u(t/z)us+0\a|/(t_a)gq NG o) e o
t
2
Nl N_y_ N+ 4
< Ot G |u(t/2)|], + Cla| A>T ¢ri 35 I-BE @t D)
1 «
/ (1 — o)2i 35 5 B() () g
%
_ 1 o
< O’tévq%c?A+0|a|Aa+1ti%+éi/ (1— o) 35 ()t g,
1

2
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Therefore we obtain
2y N / a+1
5 R u()ll, < C'A+ClalACy,

where

1 o«
Cr = / (1— o) F (5 0) -2 g8+ g,
1
3
By the conditions imposed on the parameters in the Lemma, C is positive and finite. Thus, we
get

2-y_ N
supt 2 2 ||u(t)]lq < C(A) < oo,
t>0

where C(A) is a positive constant. Remark that C(A) — 0 as A — 0. This completes the proof
of the Lemma. O

We now give the proof of Theorem 1.4.

Proof of Theorem 1.4. Due to the homogeneity properties of (1.1)-(1.2), and hence (3.1), it is
clear that the set of solutions of (3.1) is invariant under the transformation v — uy for all A >
0, where

up(t, ) = )\Q_Tvu()\zt, A\z), t>0, zeRY. (4.16)
A self-similar solution is a solution such that uy = u for all A > 0. We claim that solutions
given in Theorem 4.1 with homogeneous initial data of degree —(2 — 7))/« are self-similar.

In fact, let ¢ be a tempered distribution satisfying (4.5). Let u be the solution of (1.5) with
initial data ¢ given by Theorem 4.1. Now define the scaling function ¢y by

ox(z) = A%ngo()\x) YA>0, zeRY.
This makes sense for distributions by duality. Since sup,-qt?||e/®¢y|r = sup,sq t?]e!? |, for
all A > 0, it follows that o) satisfies also (4.5) for all A > 0. We can easily compute that the
function uy given by (4.16) is the solution of (3.1) with initial data ¢y. Finally, if o\ = ¢, that is
¢ homogeneous of degree —(2 — 7)/a, and since sup,~q t*||ux(t)|l» = sups=q t?[|u(®)|r, ¥ A > 0,

then u) = u and thus u is self-similar. Let us denote it by us. The fact that us(t) — ¢ in
S'(RN) as t — 0 follows by Theorem 4.1 part (iii). O

5. ASYMPTOTIC BEHAVIOR: NONLINEAR CASE

In this section we give the proof of Theorem 1.5 Part (i). In fact, we will prove the following
more general version. In particular the asymptotic behavior is given in LI(RV) for all ¢ > 7.

Theorem 5.1 (Nonlinear behavior). Let 0 < v < min(2, N), a« > (2—+)/N. Let r and 8 verify
(4.1) and (4.2). Define 5(q) by
2—v N

=20 2 4>l
Bla)==—5, ¢
Let ® be given by

_ 2=~

O(z) = w(z)|e[ "=

with w homogeneous of degree 0, w € L=¥(SN™1) and ||w||s is sufficiently small. Let
7
NG

be the self-similar solution of (3.1) with initial data ® given by Theorem 1.4.

2—y

us(t,x) =t 2 us(l,
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Let ¢ € Co(RY) be such that
c N 2
lp(x)] < ———=, VZ ERT, p(r) = w(@)|z|” o, 2| > A,
(14 [x[?) ==

for some constant A > 0, where c is a small positive constant. (We take ||w|oo and c sufficiently
small so that (4.5) is satisfied by ® and ).

Let u be the global solution of (1.5) with initial data ¢ constructed by Theorem 1.3. Then
there exists § > 0 sufficiently small such that

luft) — us(®)ly < Cot=0=3 ¥ >0, (5.1)
for all g € [r,00]. Also, we have
t2u(t, Vi) —us(1, ), < Cst™0, V£ >0, 5.2
q

for all q € [r,o0].

Remark 5.1. In the previous theorem, if § is sufficiently small, then all the quantities on the
right hand side of inequalities (5.1)-(5.2) converge to zero as t — o0o. Also, the difference v — ug
goes to zero as t goes to infinity more rapidly then each of them do separately.

Proof. We have that |®(z) — ¢(z)| = 0 for |z| > A and |®(z) — ¢(z)| < (||w]/e + €) \x|72?T7 for
|x| < A. Then

|[© — ¢l < (lwlloo + ¢) 1,
with ¢ = | - |72?TV Liz1<ay € L5(RY), 1 < s < Na/(2 — 7). By the smoothing properties of the
heat semigroup (2.1), we have that e**¢; € L"(RY) and

N 2-
sup t7H et o1 ||, < 00, for 0<d < = — 7
t>0 2 2a

From the latter part of Theorem 4.1, and, in particular, formula (4.9), we have that

sup 70 u(t) — us(t)[|, < Csupt?*[e'®(® — )|, = Csupt? || |,
t>0 t>0 t>0

That is

sup t7 u(t) —us(t)||r < C, (5:3)
t>0

for § > 0 sufficiently small and C a finite positive constant. This gives (5.1) directly, and (5.2)
by a simple dilation argument for ¢ = r.
We now turn to the asymptotic result in the L°-norm. Write

. t
u(t) —us(t) = e2® (u(t/2) — us(t/2)) + aﬂ R (ulo)|*ulo) — |us(o)|*us(0)) | do.

2
Let T" > 0 be an arbitrary real number. By using the smoothing properties of the heat semi-group
and Proposition 2.1 with (g1, g2) = (00, 00), we have that

() —us@lle < 45 €38 (ult/2) — us(t/2) |+ lalt= 0
oo

< O u(t/2) — us(t/2)], +

\GICt%;”[ (t = )77 (J[u(@)l|% + llus(@)[|%) llu(o) — us(0)]lcdo-

2

=% (L7 (ju(o) "u(o) = [us(@)[*us())] | _do
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2=y

Using (5.3) to estimate the first term and the fact that |Jus(t)||cc < Ct™ lu(t)]|oo < Ot

to estimate the last term, we get

52 u(t) — us(t)o < C(8) +2C%[alC x

1 _ _
/ (1— g);{g(a+1)22076d0'] sup (t%””u(t) - US(t)Hoo) :
1

5 te(0,77]

This gives that, sup;c( 1) t%MHu(t) —us(t)|loc < C’(8). Since the constant C’(§) does not
depend on T" > 0, one can take the supremum over (0,00). It follows that for all 6 > 0
sufficiently small there exists a constant C’(d) such that

lu(t) — us(t)l|eo < C'(O) 32,
for allt > 0. This prove (5.1) for r = co. The general result (5.1) follows now by the interpolation
inequality. The estimate (5.2) follows by a simple dilation argument. O

6. ASYMPTOTIC BEHAVIOR: LINEAR CASE

In this section we give the proof of Theorem 1.5 Part (ii). To prove the asymptotic linear
behavior, we need to establish an adequate global existence result.

6.1. More global existence results. We have the following lemma used to establish the

needed global existence result. We denote, for a € R, a4 by a4 := max(a,0) and ai = 1if
+ a

a >0, and oo if a < 0.

Lemma 6.1. Assume that 0 < v < min(2, N) and o > (2—+)/N. Let oy be a real number such

that 5
a > o > T’y

Let r1 be a real number satisfying

N 1) N N 1
max< (o + ), ol ) <r < arfor +1) (6.1)
N-vy '2-vy (2—v(a1+1)),
Let o
= — 6.2
2 a17“17 ( )
2—~v N
_ v 6.3
Bl 2041 27"1 ( )
2—~v N
= —F — — 6.4
62 2 27’2 ( )
Define r1o and B2 by
a+1 o+ 1
= = . 6.5
12 +11,512 a+151 (6.5)

Then we have the following
(i) 51>0 B2 >0, B2 >0,

(i) A< F+2 <1, <P+,
(iii) (ar—;l_l —l—g ];[(:+;<1
(iv) BQ(OH— 1) <1, Bra(a+1) <1,

Y O B
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(i) Bl—g(a+1—l)—f—ﬂlg(a+1)+1 0.

T12 r1
The proof of Lemma 6.1 is given in the appendix. We now give the following global existence
result.

Theorem 6.1. Let 0 < v <min(2,N) and a > (2 —7)/N. Let ay be a real number such that

9 _
o> oq > T’Y
Letry, ro, T12, 81 and B2 be real numbers as in Lemma 6.1. Suppose further that M > 0 satisfies

the inequality

KM®* <1, (6.6)
where K is a positive constant. Choose R > 0 such that
R+ KM < M. (6.7)
Let o be a tempered distribution such that
max [sup 71| e2 ol , sup tﬁﬂemgo\m} <R. (6.8)
>0 >0
It follows that there exists a unique global solution u of (3.1 ) such that
max [suptﬁlHu(t)H,«l,supt’BQHU(t)Hm] < M. (6.9)
>0 >0
Furthermore,
(i) u(t) — etAcp € C([O,oo);LS(RN)) for s satz&fymg Nocl < % < % + L;Jlr;
(i) u(t) —ePyp € LOO((O, oo);LS(RN)) for s satisfying 2 o 7 < % <y +S ot

i)
(iii) hm u( ) = ¢ in the sense of distributions.
2-—y_N
(iv) supt2a1 20 fJu(t)]lq < oo, Vq € [r1,00].
N
(v) supt EE |u(t)]lq < 0o, Vg € [rg, ).
>0

Moreover, let p and ¢ satisfying (6.8) and let u and v be respectively the solutions of (3.1) with
initial values  and i respectively. Then

max {supt’g1 |lu(t) — v(t)]|r,,sup t’BQHu(t) — v(t)H,«Q} <(1- KMO‘)_1
t>0 t>0

max [sup e (0 — ) |y, sup £ ! (1o — wum] (6.10)
t>0 t>0

and

2— —
max [Suw“z [ut) = v(t) oo supt = [lu(t) — v(t)loo} <
t>0 t>0

C max [sup 11" (0 = ) |y, sup [ (o — wnm] . (6.11)
t>0 t>0

Proof. The proof is based on a contraction mapping argument and uses some idea of [12]. Let
X be the Bochner of measurable functions u : (0,00) — L™ (RY) N L™2(R") such that

i [suptﬁluuwm supt&uu(t)rm} <.
t>0 t>0
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We denote by Xy the set of u € X such that max [supyq 7 |u(t)|lr,, sup,so 72 Ju(t) ||, ] < M.
Endowed with the metric: d(u,v) = max [suptﬁlﬂu(t) — () ||y sUp 22 || (t) — 0(E)|lry | s Xas
t>0 t>0

is a nonempty complete metric space. Let M, R be two real numbers satisfying (6.6)-(6.7).
Consider the mapping defined by

Fow)t) =P +a [ D2 u(o)|u(0))da, (6.12)
0

where ¢ is a tempered distribution satisfying (6.8). We will show that F, is a strict contraction
on X M-
Let ¢ and 9 satisfy (6.8) and u,v € Xjy. It follows that

P Fp(u) () = Fyp@) Ol < 7] (0 =)y +
\a!tﬁl/ =2 [1177 (lu(o)|*u(o) = |0(0)|*v(0))] |lrydo
0

It follows, by Proposition 2.1 with (q1,q2) = (3%, 71) due to Lemma 6.1 Part (ii) and Holder
inequality that

=2 117 (ju(o)u(@) = [o@l v(@)] Iy < Clt =)= T2 770 7E x

[fu(o)[*u(o) —[o(o)[*v(o)] ziz
_ﬂ(a+1 1

<Ot =) 2 5E T ) (Ju(0) 3, + 0@, ) (@) = 0(0) s

Using the interpolation inequality

o)l < (@)l @), 5 =+ =2, (0.13
where 6 = a}rl and s = r1o along with the fact that u, v are in X; we see that
=2 1177 (Ju(0)[*u(o) = [v(0)|*v(0))] I, < 2(a+1)C x
(t — o) T (e )73 g Bralatl) prag(y, v).
Hence,

H/O AL (@) u(o) — [o(0)*v(0))] dollr, < 2a+1)CM® x

t (o]
[ / (t— o) 2T ") "3 g B2t g | gy, )
0

(E -3

N
< 2(a 4+ D)OM®d(u,v)t P22 (G5 -7 =3+

1
[a-o
0
Then, using Part (vi) of Lemma 6.1, we obtain
| Fp(w)(t) = Fyp (@)Dl < 72 (0 = )y + 2al(e+ 1)OM® x
1
[/ (1- U)_%(O;—lgl_%)_%07512(a+1)d0 d(u,v)
0

t9 e (o — )|y + C1M d(u, v), (6.14)

vl

a+1 1
(%55 7E)7%J—512(a+1)d0'

IN
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where

¢y = 2lal(a + 1)0/1(1 _ o) 2 T TR g Al gy,
On the other hand, we have ’
2| Fou)(t) — Fp(0) @)y < t72[€"2 (@ = )|y + laft™ x
/Ot =2 L1 (Julo) [ ulo) = [v(a)[*0(e))] llrsdo

It follows by Proposition 2.1 with (¢1,¢2) = (r2/(a + 1),72) and with the fact that u,v are in
XM that

y

€= [ (Ju(o)*u(o) — (@) v(@)] Iy < Clt—0) =2 x
llu(@)]*u(o) = [o(e) o) =,
Ct— o) #5 Ha+ 1) (Jlu@)5, + 0@, ) lu(0) = v(@)]),

< 2a+1)C(t — o) 22 Fo— P+ prag(y, 1),

IA

This together with Part (v) of Lemma 6.1 gives

172 Fy (u)(t) = Fp(0)(O)lry < %1€ (0 = 9)lr, + C2Md(u, v), (6.15)

1
where Cy = 2|al(a+1)C [ (1—0) — b ~3 y—Ba(atl) g
0
Due to Parts (iii) and (iv) of Lemma 6.1, C; and Cy are finite positive constants. Now we

get by (6.14) and (6.15) that,
i [sup 2 |7, (1)) = Fo0)(0 s sup 17, (0)(0) - Ful) D)l | <
max [sup e (o — D)l sup 2 [ (0 — ) M FEMAd(,y),  (616)
>0 >0
where K = max(C1,C3). Setting ¢ = 0 and v = 0, and using (6.8), (6.7) we obtain
max [Sup tﬁl||]-'<p(u)(t)]\rl,suptﬁz’Hf@(u)(t)Hm] <R+ KM < M.
>0 >0

Then F, maps X/ into itself. Letting ¢ = v, we get
A (F (), Fp(v) < KMd(u,v).

Hence inequality (6.6) gives that F, is a strict contraction mapping from Xy, into itself. Then
F, has a unique fixed point w in Xy, which is solution of (3.1).
We now prove that u(t) — e'®¢ € C([0,00), L*(RY)) for s satisfying
2—v 1 v o+l

< -< = .
NOél S N+ 12

First, the existence of such s is insured by Part (iv) of Lemma 6.1. Write

(6.17)

u(t) —ePp=a te(tfg)A A7 u(o)|*u(o))do.
(1) =20 = a [ DA ulo) Pue))d
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Then for s satisfying (6.17), we obtain by Proposition 2.1, with (¢1, ¢2) = (334, ),

t
lu(t) — ¢y < Ial/0 =2 (|7 u(o)|*u(o) ) |sdo
t

a+1 1

N
< JalC | (t—0) 2 )72 u(o) |2 do
0

a+1 1

t
< |a|CMO‘+1/(t_O-)g(T12 5)*%0.—512(a+1)d0
0

_Niot+l _1y_y_
e |CL|CM0£+1t 2(7-12 s) 2 ,312(a+1)+1 «

1
/"(1_%ﬂ—¥(ﬁ;—b—30—m2m+nda
0

Therefore we obtain

atl 1

N _2— 1 N
||u(t)—et%||s<\a|CMa+1t2s‘2af/ (1—0) 2z 75) 72 g Pralatl) gy (6.18)
0

1 N a+l_l)_
s

Owing to (6.17) we can see that / (1— a)_7( 12

2 N _2—y
2 5= F12(a+)) g5 is finite and that ¢25 2o

converges to zero as t N\, 0. This grove the statements (i) and (iii) of Theorem 6.1. Statement
(ii) with s = % follows from (6.18) which still holds if s = ]2\%1;

The proof of Parts (iv)-(v) for r = oo follows by iterative argument as in the proof of Theorem
4.1 Part (v) so we omit it. The result for the other values of r will then follows by using the
Holder inequality and (6.9).

The continuous dependence relation (6.10) of the solution on the initial data can be easily
deduced by (6.16) with F,(u) = u, Fy(v) = v. Formula (6.11) can be proved starting with
(6.10) and using an iterative procedure. This completes the proof of Theorem 6.1. ]

We now turn to establish the linear behavior.

6.2. Linear behavior. The following technical Lemma will be needed in the proof of the linear
asymptotic behavior.

Lemma 6.2. Let 0 < v < min(2, N). Let the real numbers ay and o be such that

a> o > —.
1=7N

Let r1 and ro be two real numbers as in Lemma 6.1. Let 1 and B2 be given by (6.3) and (6.4).
Then there exists a real number 69 > 0 such that, for all 0 < § < g, there exists a real number

0<6s <1, (6.19)

with the properties that, the two real numbers r' and ' given by

1 0 1-46 2—79) 05 —a1) + N
r 1 T2 2001« 2r

(6.20)

satisfy the following conditions
1 v +1
(&) = <X+ %57 <1,

r/

(b) Br+6—5(FH =) =3 —Flat+1=0,

r

() F(H -5 +3<1, fla+1)<l.

T
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Moreover, the real number 65 satisfies

_ 1 n 201« 5
Ca+l 2-9)(a—a)(la+1)

Os (6.21)

The proof of the previous lemma is given in the appendix. We now give the asymptotic
behavior result. We have the following more general version. In particular the asymptotic
behavior is given in LI(RY) for all ¢ > r1.

Theorem 6.2 (Linear behavior). Let 0 < v < min(2, N). Suppose that

a>o > —.
127N

Let r1, r9 be two real numbers as in Lemma 6.1. Let 31, B2 be given by (6.3), (6.4) and define
Bi(q) by
2—~v N

Al =5~ 5 4> (6:22)

2
Let ¥ (z) = w(:r:)]:vrle, where w € L®(SN~1) is homogeneous of degree 0. Let o € Co(RY) be

such that
C _2—y
lo(z)]| € ———=, Yz RN, o(z) =w(@)lz| o1, |z| > A,

(1+ |z[?)2er
for some constant A > 0, where ¢ is a small positive constant and ||w||~ is sufficiently small.
Let u be the solution of (3.1) with initial data p, constructed by Theorem 6.1 and let w be
the self-similar solution of (3.1) constructed by Theorem 6.1 with a = 0, and with initial data
W. Then there exists o1 > 0 such that for all 6, 0 < & < 61, and with M perhaps smaller, there
exists Cs > 0 such that

u(t) = w(t)]ly < Cst™ @0 V>0, (6.23)

2
1£250 u(t, VE) — w(L, )l < Cst™®, Vit >0, (6.24)

for all q € [r1,00]. In particular, there exists di > 0, dy > 0 two constants, such that
O < uft) |y < ot~

for large time and for all 1 < g < co.

2
Proof. By writing | - |~ @1 = fi + fo, with fi € LS(RY), 1 < s < Na1 /(2 — ), fo € L' (RV),
it follows by the smoothing properties of the heat semigroup that e!A¥ € L™ (RY) and by
2—
homogeneity, we have that sup,.q |2 V|, < oo. Since |p(z)| < (¢ + ||lwlleo)|z|” @1 , and

because a; < «, and by conditions on ¢, we have also |p(z)| < (¢ + ||w||oo)|a:|_2%, then

supyo 71| ¢l < 0o and supg ot et pll,, < co. Hence ¢ verifies (6.8) for ¢ and ||w]|oo
sufficiently small. We have also that |¥U(z) — p(x)] = 0 for |z| > A and |¥(z) — p(x)] <

2

(lwllo + ¢) 2]~ @1 for |z| < A. Then
W — ] < (lwlloo + ) 1,
2
with ¢ = |- |_‘717 Lyjzj<ay € L*(RN), 1 < s < Nai/(2 — 7). By the smoothing properties of the
heat semigroup (2.1), we have that e'®¢p; € L™ (RY) and

N  2-
) A ol
+ ||et o1lry <00, for 0 <9< 5 TR

sup th
t>0
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Let v be the solution of (3.1) with @ = 0 and with initial data ¢. We have

ut) = o(t) = a [ DA uto) (o) dor
and so
o) = o) < el [ 12 (1 ) (o) (6.25)

Let 0 < § < &g, where g is as in Lemma 6.2 and consider the two real numbers v’ and 3’ given
by (6.20). Then thanks to (a) of Lemma 6.2, we obtain

t ,ﬂ(ﬂ,i),l 1
HU(t)—v(t)HnS\a\C/(t—ff) 2T 2 lu(o) || do. (6.26)
0

Using the fact that u and v belong to Xj; and the interpolation inequality (6.13) with s = 7/
and 05, given by (6.21), we deduce from (6.26) that

_Niat+l 1\ _~y_ p
) — vl < lalCMerP I FER D e

1
/ (1—0) 27 )T et g,
0

1
%(a-&-l 1)_

By Lemma 6.2 / (1—-0)
deduce that

2578 (@) s is finite. Now by (b) of Lemma 6.2 we

1 u(t) = o), < Cs.
And so
u(t) —v(t)]l,, < Cst™P70 V0. (6.27)
Then, we obtain
() = w(®)lry < [lu(t) = v(E)llry + [l (e = W)l < Cst™ 70 + Cjt=H7, (6.28)

where § > 0 sufficiently small. Hence (6.28) gives (6.23) for ¢ = 1.
We now turn to the asymptotic result in the L>-norm. Write

u(t) —w(t) = e3® (u(t/2) — w(t/2)) +a / A7 (o) |*u(o))do.

2

Let 6 > 0 sufficiently small. Let 65 be given by (6.21), where § > 0 is chosen such that
fs < 1. By using the smoothing properties of the heat semi-group and Proposition 2.1 with
(q1,q2) = (00, 0), we have that

() —w®lle < 62 A (u(t/2) = w(t/2)) oo + lalt T x
t
/t =% (117 u(0)*u(@)) ocdo
2
< CO P u(t/2) — w(t/2)|r, +

2—y

t
alCt= 0 [ o) Fu(o) |5 o

2
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. —[0s 32 +(1-05) 32 ] . . . atl
Using the fact that, ||u(0)|ec < Co a1 > to estimate this last term, that is [|u(o)||% <
Caﬂo_ﬁ_&r%_l, we get

2— 1 o
wﬁ“mw—MMMscm+O%%w/<vvr%245%1
1

2

Thus, it follows that for all § > 0 sufficiently small there exists a constant C’(d) such that

do.

Ju(t) - w(t)]oo < C'(B) 31,

for all ¢ > 0. This prove (6.23) for ¢ = co. The general result (6.23) follows now by the Holder
inequality. The estimate (6.24) follows by a simple dilation argument. The proof of the Theorem
is now complete. ]

We now give the proof of Theorem 1.5 for the linear case.

Proof of Theorem 1.5 part (ii). Let a1 be as in Theorem 6.2. Put ¢ = (2 — v)/a;. Since a >
a; > (2 —7)/N then (2 —v)/a < o < N. Then (ii) follows by Theorem 6.2, precisely by (6.23)
with ¢ = oo. O

7. GENERAL SINGULAR PROBLEM
In this section we study the general singular nonlinear parabolic equation
t
u(t) = e%+/ A [V ()u(o)|*u(0)] do, (7.1)
0
u=u(t,r) €R, t>0, z € RY, a>0and ¢ € S/(RY). The potential V verifies
V(@) < Clz[™7, ¥z € RM\{0}, (7.2)
and satisfies one of the hypotheses:

(H1) V(z) = a(l — f(z))]x]7,
(Hz) V(z) = af(z)[z]"7,

where a € R and f is such that

@y, Lot oz el LD 2 a
f(@)|=|™7 € L3(R™), N<S<N+ " o s N7 (7.3)
with r satisfies (4.1). As an example for such function f we may take a cut-off function compactly
supported and f = 1 near the origin.

It is clear that Proposition 2.1, the Cy-well-posedness, L%-well-posedness and the global exis-
tence results hold as for the case V(z) = a|x|™7. In particular, we can prove similar results of
global existence as in Theorem 1.3. Here, we are mainly concerned by the asymptotic behavior
of global solutions with initial values @(x) ~ cu(ac)\sn]‘QTT7 as |z| — oo, where w € L®(RM)
is homogeneous of degree 0 and |w||o is sufficiently small. We show that for the case (Hj),
we have the same asymptotic behavior as for the equation (1.1). While for the case (Hz) the
behavior is linear, in particular it is different from the case of equation (1.1). Precisely, we have
the following result.
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Theorem 7.1 (General Potential). Let 0 < v < min(2, N). Suppose that

2-7
—_— A4
o > N (7 )

Let p € Co(RYN) be such that

&
()] € ————=, Yo €RY,

(1t [o2)
for ¢ > 0 sufficiently small, and

2
plr) = wa)le|~"s, |2] > 4,

for some constant A > 0 and some w € L®(RY), homogencous of degree 0, with ||w||s suffi-
ciently small. Assume that V satisfies (7.2).

Let u be the global solution of (7.1) with initial data ¢. Let us be the global mild self-similar
solution of (1.1)-(1.2) with initial data ®(x) = w(:n)|:v\_2?77, given by Theorem 1.4. Then we
have the following.

(i) Nonlinear behavior: If V(z) = a(1— f(z))|z|™7, where f satisfies (7.3), then there exists
0 > 0 such that

lu(t) — us(t)]| o < Ot~ 0, ¥t >0,

(ii) Linear behavior: If V(x) = af(x)|x|™7, where f satisfies (7.3), then there exists 6 > 0
such that

~

2— 2—
Hu(t) — A (w(-)| : —T) H <Ct 2 0, Vt>0,
oo
where C is a positive constant.

One should emphasize that the equation (7.1) has no self-similar structure in general, but
the previous result shows that global solutions are asymptotically self-similar. In [8], Pinsky
consider all positive solutions to the equation (7.1) where 0 < V' € C%(R™N) and that for large
|z| and constants c¢1,c2 > 0,

alz|”? <V(z) < ez, 0<7y<min(N,?2).

He shows that if 0 < a < (2 —+)/N, then (7.1) does not have global solutions, for any choice of
initial data ug(xz) > 0. This shows that the condition (7.4) is optimal.
Proof of Theorem 7.1. Let r and [ verify (4.1) and (4.2). Define 5(p) by
2—~v N
2T Y yps1
B == =5, VP
Let ¢ > 1 and ¢’ > 0 be such that

vy o a+1l 1 2y 2a+1) 2-—4

v il - 75

N+ r <q<N+ r Na '’ (7.5)
N/l a+1 v N /(1 1

P (L S A (2o < .
2<q r ) 2’ 2(61 1">< (7.6)

Proof of Part (i). We will show the following:
lu(t) = us(®)l, < CtPP=, v p € [r,00]. (7.7)
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We have
) —ust) = o= 0)+ [ IS VO] "ulo) -~ al| Tus(o) uso)] do
= o=@t a [ Al u(o) - lus(o)us(o)do
—a [ A SO (o) o) do

Then using Proposition 2.1 with (g1, g2) = r) we obtain

(&
P ut) — us@®)l: < A (o - @), +
aft?+? / |2 (L (@) u(o) ~ lus (@) us(@))]

Hal ™ [ O o) o) do
< e (i — @), + O /0 (t =) 5% (Ju@)? + Jus(@)I2) [u(@) - us(@)ll-do

Ha ™ [ [FOL o)l u(o)] | do

We begin by estimating the first term in the left hand side of the previous inequality. Since ¢

satisfies (7.5) it follows that 0 < ¢’ < 5 — 2277 and so as in the proof of Theorem 5.1 we obtain
the estimate of the first term

do

T

7 [ (o — @)|, < C.

We now estimates of the second term. Let T' > 0 be an arbitrary real number. Since
Sup;so ||u(t)||r < M and sup,sq ||us(t)||r < M and by using the expression of 3, we have

t Na_ v
CtP+ /0 (t— o)™ (Ju(@)|I? + llus(@)) l[u(o) - us(o)]do <

t
20 M (tﬁ”’ / (t — a)‘ﬁf‘—la—m%l)—yda) ( sup 777 [Ju(t) — us(t)l!r>
0

te(0,T

1
< 20M“ (tﬁ+5/_1;7;1_g—ﬁ(a+1)—6/+1/ (1 70_)—%—7 —B(a+1)— 6ldo’> «
0

< sup 7+ |u(t) —us(t)\r>
te(0,T]

1
<20M*° </ (1— a)—ﬁf—éa—ﬁ‘(aﬂ)—é’da) ( sup 949 ||u(t) — us(t)||r>
0

te(0,T

< ( sup 77 ||u(t) — us(t)HT) ,

te(0,T

Na

where O’ = 20 M* fol (1 —J)_Tr_%a*fj(a“)*é/da. By the hypotheses on r, ¢ and the expressions
of B and ¢, C’ is a finite positive constant.
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We turn now to estimate the third term. Let r’ be such that

11 1
LR (7.8)

q 7 r

By the assumptions on f we have that f(.)|.|7 is in L” (RV). Using the Holder inequality

£ (@) u(@) g < 1F QL e llulo) ][+
By the smoothing effect (2.1) with (s1, s2) = (q,7),
2T FOL T (o) [*u (o),

C(t — o)~ 543 |u(o) |2t

=2 F L u(o) [ *u(o) |-

A IA
Q
!
2

Then, by (4.3) and (7.6), we obtain

Since the constants in the estimate of the three terms do not depend on 7', we obtain the
asymptotic behavior (7.7) for p = r.
We now turn to the asymptotic result in the L°°-norm. Write

t

u(t) —us(t) = 2 (u(t/2) - us(t/2)) +ﬂ IRV (O)u(o)[*u(0) = al-| 7 (Jus(0)|*us (o) ] do

2

= 2% (u(t/2) — us(t/2)) +a£ R (Ju(0)|*ulo) — fus(0)|*us(0))ldo

2

a / =8 ()] u(o)|*u(or)do.

2

By using the smoothing properties of the heat semi-group, we have that
2— ! /
2 () —us(®)oo < CF [lult/2) = us(t/2)ll +
t
2— ’ _ _
jalt s+ ﬂ =2 (117 (Ju(o)*u(0) — |us(0)|*us(0))) | sodo +
3

2

a|t2a”5'ﬂ =2 (1L (£ (o) *u(0))) [|sodo

v

Using the fact that [|us(t)]|co < Ct_%, lu(®)|loo < Ct— % we get

CE [ (L (o) (o)~ fus (o) s () fodo < Cx

1 p 1 2—~ 6/ 22—~ 5/
/1 (1— g)—ig_((” )2a o sup (tWJr [ u(t) —Us(t)||00> .

3 te(0,T7]
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We turn now to estimate the last term. Let 1’ be given by (7.8). By the smoothing effect

=2 (FOLT @) w0 oo < Ot = o) 3 L (o) *u(o)]
< Ot = o) | FOL o llu() &

S C/Ma+1(t o U)*WU*%(O#FI)‘

Since 1’ satisfies (7.8) and ¢’ satisfies (7.6) we have,

a / [ (LI (@) *u(0))) | aodor < C.

A

Finally we can conclude that, sup;c( t%“"yHu(t) —us(t)]lo < C'(d"). Since the constant
C’(0") does not depend on T > 0, one can take the supremum over (0,00). It follows that there
exists a constant C’(4’) such that

2—y ’

lu(t) — us(t)]loo < C'(8")t 27,

for all t > 0. This prove (7.7) for r = co. The general result (7.7) follows now by the Holder
inequality.
2
Proof of Part (ii). Let v(t) = e® <w()\ : ]_Tv) . We will show the following:

u(t) — v(t)], < CtPP= v p e [r, o0).
We have

u®) —olt) = ¢e-0)+ [ VOl ulo)]do
0

= P (p— D)+ / et=IA (af|| T u(o)|*u(o))do.
0

Then we obtain
lu() —v@®)], < (e =)+ ICLI/0 =2 (FOLI77) u(o)|*u(o)| do.

The rest of the proof is similar to that of Part (i), so we omit the details. O

APPENDIX A. AUXILIARY LEMMAS
The proof of Lemma 6.1 follows by the following two lemmas.

Lemma A.1. Let N > 1 be an integer. Let v be a real number such that 0 < v < min(2, N).
Let the real number a1 be such that

2
a1 > 7N .
Given such v and a1 one can always choose r1 such that
(i) F+2H <1,
(i) 52+ 3 <1,
(iii) (322 — X)(ag +1) < 1.

2000 2r

Proof of Lemma A.1. Note that (i)-(iii) are equivalent to

N N
(i) Mot <y,

(i) 12%1 <ri,
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Naj(ai+1)
2—v(a1+1)
Since a; and ’y satisfy the conditions of Lemma A.1 we can easily show that if 2 —~y(a3 +1) > 0,
that is aq <=2 , then

(iii) m < if 2 — (a1 +1) > 0.

N(ag +1) - Najg(ar +1)
N —~ 2 -y +1)
Nay Naj(ag +1)
2—v " 2—vy(a;+1)
And so we can choose rq satisfying Lemma A.1. O

Next, we set

Lemma A.2. Let N > 1 be an integer. Let v be a real number such that 0 < v < min(2, N).

9 _
Let the real number o be such that o > T’y Let the real number o such that

2—y
o> o > T

Choose r1 satisfying (6.1) and ro satisfying (6.2). It follows that

(i) 7”1 < ra,

(i) % "1+1<1,N+a+1<1,

(iii) ]\2[7?11 + <1, ]2\22‘—1- <1,

(iv) (552 — Qfl)(al +1) <1, (5 - go)(a+1) <1,

V) ¥ <F+E+2<1,

(vi) 2 < F+a+L <1
Proof. The proof of Lemma A.2 is obvious and can be omitted. O

We now give the proof of Lemma 6.2.
Proof of Lemma 6.2. One verifies, using the expression for v/, 8" and Bi, that condition (b) is

equivalent to (6.21). Since § > 0, one must have 65 > — +1 Write now

1
a+1

05 = +e.
In the limiting case € = 0, we see that 05 = a%rl, r’ =119, B/ = B12 and § = 0; and so conditions
(a), (b) and (c) are consequence of Lemma 6.1. Since conditions (a) and (c) are open, it is clear
that they still hold for small ¢ > 0, assuming (6.21).

In order to get a specific bound on allowable £ > 0, note that (a)-(c) are equivalent to

(@) = < ¥+ te(a+1)(F-5) <1,

) (2 (ot 1) )
(b ) 5 ! 30&10& S

(') N +e%(; — g> +3<1, Bula+r)+e(a+1)(B—p) <1,

2ro

where 719 and f12 are as in Lemma 6.1. We clearly have 65 < 1, for small ¢, and thanks to
(ii)-(iv) of Lemma 6.1, (a’)-(c’) are satisfied for

0 < € < emin = min{ey, e2,€3,£4}, (A.1)
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where
€1 = @ .
1 — Og—i—l,
1 1.1 1
g o= ——(1- Lo )
a—+1 N 712 1 9
2 (2—7 Na 1 1.4
€3 = - ) (— - —)
3 N(a—|—1) 2 2r9 "y 79 ’
1
= 1— 1 — B 7L
€4 oz—l—l( Bra(o + ))!51 fa|

That is (6.19), (a)-(c) are satisfied for 0 < § < &y, where
2—y)(a+1)(a—a)

5 pu— M A.2

0 Emin 2or0r , ( )

and e,y is given by (A.1). O

. . 1 «
Remark A.3. One can verify easily that % = %H% + o%l%’ B2 = po 1B1 + po 1B2 =
2—vo1+1 N
— ,and By = 21534,
2000 a+1 2r12 and f; o i
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