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ABSTRACT. In this paper we prove local existence of solutions to the nonlinear heat equation
ue = Au+ alulu, t € (0,T), 2 = (21, ---,2zny) € RY, a = 1, a > 0; with initial
value u(0) € Li,. (R™ \ {0}), anti-symmetric with respect to z1, @2, -+, zm and |u(0)| <
C(-1)"0102 - - - Om(|z|77) for &1 > 0, -+, zym > 0, where C > 0 is a constant, m €
{1, 2, -+, N},0 <y < N and 0 < a < 2/(y + m). This gives a local existence result with
highly singular initial values.

As an application, for a = 1, we establish new blowup criteria for 0 < a < 2/(y + m),
including the case m = 0. Moreover, if (N — 4)a < 2, we prove the existence of initial
values uo = Af, for which the resulting solution blows up in finite time Tmax(Af), if A > 0
is sufficiently small. We also construct blowing up solutions with initial data A, f such that

Y+my—1

1
)\5” 2 ]Tmax()\n f) has different finite limits along different sequences A\, — 0. Our

result extends the known “small lambda” blow up results for new values of o and a new class

of initial data.
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1. INTRODUCTION

In this paper, which is a continuation of our previous article [27], we study the existence

and uniqueness of local in time solutions to the semilinear heat equation
u = Au + alu|u, (1.1)

where v = u(t,z) € R, t >0, x € RV, a = £1, a > 0, with highly singular initial data. In
addition, we obtain several new results on finite time blowup of solutions of (1.1) in the case
a=1.

In [27] we considered initial data of the form
ug = K(—=1)"0102 - - - O, (1.2)

in the case a = 1, where 0 is the Dirac point mass at the origin. In this paper, our motivating

example is the tempered distribution
up = K(=1)"192 0 (| -|77) € S'(RY), (1.3)

where m in an integer, 1 < m < N, 0 < v < N, and K € R. In fact, we consider a more
general class of initial data which are in some sense bounded by (1.3). By a local solution,
we mean a function u : (0,7] — Co(RY), a classical solution of (1.1) for t € (0,77, such that
u(t) — ugp in S'(RV) as t — 0. Here &'(RY) is the space of tempered distributions on RY, and
Co(RN) = {f : RY — R continuous ; lim f(z) = 0} .
|z]—o0

As is standard practice, we study equation (1.1) via the associated integral formulation
u(t) = e®ug + a /Ot elt=)A [|u(o)|*u(o)]do, (1.4)
where e!® is the heat semigroup on RN defined by
P =Gixp, t >0, peSRY), (1.5)
G} being the Gauss kernel given by

N |z
2

Gi(x) = (4mt)"2e 3, t>0, v RV, (1.6)

Throughout this paper, Q C RY denotes the sector

Q:{x:(azl, T9, '--,xN)ERN; x1 > 0, a:2>0,~-,xm>0}, (1.7)

where 0 < m < N is an integer. The case m = 0 corresponds to 2 = RY. We write Q rather
than €, to simplify notation and since the value of m will always be clear in context. The
important observation is that functions in Co(RY) which are anti-symmetric in x1, 29, ..., 2,
restrict to functions in Cp(€2), and functions in Cp(Q2) extend uniquely to functions in Co(RY)

which are anti-symmetric in z1, 9, . .., Z,,. Our basic approach, as in [27], is to study equation
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(1.4) on Q and extend the results by anti-symmetry to RY (in the case m > 1). One advantage
of this approach is the ability to use positivity and comparison properties on €2 which would
not hold directly on RY. Of course, in the case m = 0 the antisymmetry condition is vacuous.

Our first result directly complements the main result in [27] for the absorption case, i.e.
(1.1) with a = —1.

Theorem 1.1. Let a = —1 in (1.4) and let the positive integer m and the real number o be
such that
1<m<N,0<a< .
=M= “SNim
Let K € R, K # 0, and set
ug = K(—l)m8162 e 8m<5 (1.8)

There exists a continuous solution u : (0,00) — Co(RN) of the integral equation (1.4) with
initial value ug and such that u(t) — ug in S'(RN) as t — 0. Furthermore, u(t) is anti-
symmetric in x1,Ta, ..., Ty, and if K >0 then u(t,z) >0 for allt >0 and x € Q.

For m = 0 the previous result is obtained in [3, Theorem 3 and Remark 3, p. 82]. For
m=1and a < ﬁ it is obtained in [10, Corollary 11, p. 6110]. The result of [10] is stated
for a = 1 but the proof is also valid for a = —1. See also [20, 24, 32] and references therein for
the existence of solution to the nonlinear heat equation with other singular initial values.

The main purpose of this paper is to consider initial values of the form (1.3), as well as a
more general class of singular initial values. We have obtained the following result for initial
data given by (1.3).

Theorem 1.2. Let the positive integer m and the real numbers «, v be such that

I<m<N,0<y<N,0<a< :
Y +m

Let K e R, K # 0, and set
up = K(~=1)"0102 - O (| -|77) € S'(RY). (1.9)

There exist T > 0 and a continuous solution u : (0,T] — Co(RY) of the integral equation

(1.4) with initial value ug and such that u(t) — ug in S'(RY) as t — 0. Moreover, u(t) is

anti-symmetric in 1,2, ..., Tm, and if K >0 then u(t,z) >0 for allt € (0,T] and z € Q.
These solutions can be extended to mazimal solutions u : (0, Tynar(ug)) — Co(RY). In the

case a = —1, Tyaz(ug) = 00. In the case a = 1, Tiaq(ug) < 00.

Remark 1.3. The condition o < 2/(y + m) is in some sense optimal. See Proposition 2.8

below for an explanation.
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Remark 1.4. The upper bound a < 2/(y + m) in Theorem 1.2 for which a solution exists
with initial value given by (1.3) is precisely as predicted by a formal scaling argument. The
initial value 9102 - - - O, (| - |77), 0 < v < N, is in the Sobolev space H*"(RY), when

N
s+m+’y<7<7.

On the other hand, the scaling critical exponent s. is given by s. = g — % To see this, we
observe that the transformation )\%u()\Qt, Azx), which leaves invariant the set of solutions to
uy = Au + alu|*u, acts on initial values as )\%uo()\-). Furthermore,
2 2_N
H)\auo()\')HHS,T(RN) = )\a r +8HUOHH5W(RN)7 V )\ > 0
In other words, the homogeneous Sobolev norm of H5" (RY) is invariant under the action of
)\éuo()\-) precisely if s = s.. We expect that solutions exist if the initial value is in some
H*"(RN) with s > s.. With the initial value given by (1.3), this is possible when & — 2 <
N — (y+m)ie a<2/(y+m). A similar explanation for initial data given by (1.2) is given

in [27).

We have also obtained a local existence result for more general class of initial values, in some
sense “bounded by” the distribution (1.3).

Theorem 1.5. Let the positive integer m and the real numbers o, v be such that

1<m<IN,0<y<N,0<ax<

y+m’
Let ug € Li, (]RN \ {0}) be anti-symmetric with respect to x1, xo, ..., Ty and satisfy
lup(z)| < C(=1)"010 -+ O (2] 77), 2 € Q, (1.10)

where C > 0 is a constant. There exist T > 0 and a continuous solution u : (0,T] — Co(RN)
of the integral equation (1.4) with initial value ug and such that u(t) — ug in S'(RY) ast — 0.
Moreover, u(t) is anti-symmetric in x1,22, ..., Tm, and if uo(x) > 0 (ug(x) # 0) for x € Q,
then u(t,z) > 0 for all t € (0,T) and x € Q.

These solutions can be extended to mazimal solutions u : (0, Tyaz(ug)) — Co(RYN). In the

case a = —1, Tpaz(ug) = 0o. In the case a =1, liminfy_, A[(é_vgm)_l]Tmax()\uo) > 0.

See Theorem 3.5 below (in Section 3) for a more general and precise version of the last result,
including uniqueness and continuous dependence. Uniqueness of the solutions constructed in
Theorems 1.2 and 1.5 holds in the space of functions anti-symmetric in x1,z9,...,z, and
bounded by a multiple of the solution of the linear heat equation with the initial value given
by (1.9). See Sections 2 and 3 for more details.

Remark 1.6. The case m = 0 in Theorem 1.5 is known. See [7, Theorem 2.8, p. 313] for
a =1 and [4, Theorem 8.8, p. 536] for a = —1.
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We now turn to the blowup results, and for this discussion we of course take a = 1 in (1.4).
The first result is related to the decay of the initial data at infinity. Let u € C ([0, Tax(u0)))
be the solution of (1.1) with initial data ug € Co(RY), ug > 0. It is shown in [15, Theorem
3.2 (i), p. 372] that there exists C' > 0 such that if

lim inf |2]%/%ug(z) > C, (1.11)

|z|—o00

then Tiax(ug) < 0o. This last condition is improved in [26, Theorem 2, p. 66] to be

liminf |z “uo(z) > C, (1.12)
|z| =00, z€D

where C = C(D) > 0 and D is a conic sector of RY. The result of [26] is valid for ug
nonnegative belonging to the Sobolev space T/VO1 *(0), s large and O C RY a regular domain
containing a sectorial domain D. In [19], the condition (1.12) is both improved and weakened.
The improvement is that domains D which become thin compared to a sector as |z| — oo are
allowed, but the result only applies to ug € L (R™) such that

liminf |z|Tup(z) > C, (1.13)

|x|—o0, z€D

for some 0 < 7 < 2/a, and C > 0 any positive constant. In this case, if ug > 0, then
Tmax(ug) < 0o. A similar result holds if ug € W1 (RY), 1y not necessarily positive, but with
an additional condition on Vug. See [19, Theorem 2.1, p. 1435], and the remark which follows.
Finally, the result of [19] is improved in [25, Theorems 1 and 2, p. 1019] in the case of positive
initial value by giving more precise conditions on the initial value, including the “critical case”,
and by extending the type of domains considered.

We are able to extend and improve some of these blowup criteria. As an example, it
is a consequence of the next theorem that if ug € Co(RY), ug > 0, is such that ug(z) >

|=2/@sin?(log |x|) for ¢ > 0 large enough and for all large |x|, then Ty (ug) < co. See

clx
Remark 1.8(iii) just below for details and Remark 4.1 for more exotic examples. As far as
we are aware, this example is not covered by any previously known results. On the other
hand, it seems that our methods do not recover the results in [19, 25] on domains which are
asymptotically thinner than sectors.

Throughout this paper, we let D) denote the dilation operator

(Daf) (@) = f(Ax) (1.14)

for all A > 0. For future reference, we recall the commutation relation between the operator

D, and the heat semigroup on R,
Dye™2 = ™D, (1.15)

for all A > 0 and 7 > 0.
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Theorem 1.7. Let a = 1 in equation (1.4) and let the integer m and the real numbers «, =y
be such that

0<m<N,0<y<N,0<a< .
+m

Let ug € Co(RYN), anti-symmetric with respect to x1, 2, ..., Tm, and letu € C ([0, Tmax(u0)) , Co (RN))
be the mazximal solution of (1.1) with initial data ug. Let f € Co(RN) be such that
(i) f is anti-symmetric with respect to x1, T2, ..., Tm,
(i) uole) > f(x) > 0 forz € Q,
(iii) there exists K > 0 such that

f(z) < Kzyxg - 2|z 772, 2 € Q. (1.16)

Suppose there exist a sequence A, — oo and z € L{. (]RN \ {O}), z £ 0, anti-symmetric with

respect to x1, T9, ..., Ty, such that

)\Z+mD)\nf|Q — o) (1.17)
in D' (), asn —o0. Ifa= vfm’ assume in addition that
e
€2 2| oo vy > (a) : (1.18)
Then Tiax(ug) < 00.
Remarks 1.8.
(i) By comparison on €, it suffices to prove this result with uwg = f. Furthermore,

Theorem 1.7 applies not just to uy € Co(RY), but to any anti-symmetric ug €
LL . (RV\ {0}), with up > f on €, for which a local solution of equation (1.4), with
a = 1, exists (and is nonnegative on ). This includes, for example, the initial data
prescribed in Theorem 1.5.

(ii) It follows from the considerations in [5, Section 2| and [21, Section 3] (see also [6,
Section 5]) that under condition (1.16), then for any sequence A\, — oo there is a
subsequence, which we still call \,, and z € L} (RN \ {0}), anti-symmetric with

loc

respect to 1, T2, ..., Ty, such that (1.17) holds. The issue in Theorem 1.7 is that we
need z # 0, or large in some sense if o = wim Also, in the case m > 1 we need to show
that e®z is well defined. This follows from the results in [21] and will be explained in
Section 4.

(iii) In the case m = 0, i.e. © = RY (and so the anti-symmetry condition is vacuous),
taking a = 2/v, one can see that if f € Co(RN) is such that f(z) = clz[~?/® for
large z, for example |z| > p, then A¥°Dyf(z) = A \x|~?/* = ¢|z|~/* for all
lz| > p/A. Thus \/*Dyf — ¢| - |72/® in D'(RV), as A — 0o and we recover the result

of [15]. Furthermore, if f(z) = c|z|~%/*sin?(log |z|) for all |z| > p, then N/ D, f(z) =
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clz|7?/*sin?(log |z| + log \) for all |z| > p/), and so one may take A\, = ¢™ in order
to apply to above result.
(iv) If @« < 2/(N + m) then the anti-symmetry of uy and the condition uy > 0, up # 0 on
Q are enough to guarantee Tiax(ug) < oo. This is true thanks to Fujita-type results
([1, 17, 18, 14]) on the sector €. In other words, the above result is only of interest in
2

the range WQm <a< T and it is the case o = %Lm which is of most interest.

The other main blowup results in this article concern initial values ug = Af, where f €
Co(RM) is anti-symmetric in 21,22, ..., Zm,, but f is not necessarily positive on Q. We give
conditions on f which imply that Tinax(u0) = Tmax(Af) < oo for all sufficiently small A > 0.
Results of this type were first obtained by Dickstein [7], and our methods are inspired by those
in [7]. In addition, we obtain information about the asymptotic behavior of T ax(Af) as A N\, 0
and as A " 0.

Before stating the principal new result of this type, we complement our previous result of
[27, Theorem 1.2, p. 508|.

Theorem 1.9. Let a =1 in (1.4) and let the positive integer m and the real number o be such

that
1<m<N,0<a< .
=m=a Y +m
Let f € Co(RN) be anti-symmetric with respect to 1,22, , Tm, and suppose that there exist
to > 0 and K > 0 such that
|f(2)] < K|0105 - - - O Gy (z)],¥ 2 € RY. (1.19)
Moreover, assume that
Ky = / r122 - o f(z)dz # 0. (1.20)
RN

Let uy : [0, Tnax(Af)) = Co(RYN) be the mazimal solution of the integral equation (1.4) with
initial value A\f. By [27, Theorem 1.2, p. 508], Tiax(Af) < 0o for A > 0 sufficiently small. In

addition, we have

;\1{% )\[(éiN;m)_l}Tmax(Af) = Tmax(u())a
where ug = Ko(—1)"0102 - - - O, and Tyax(up) < oo is the mazimal existence time of the

solution w of (1.4) with initial data ug, constructed by [27, Theorem 1.1, p. 506].

The previous result for m = 0 is obtained in [7, Theorem 1.4, p. 307].

We now counsider initial data having polynomial decay at infinity. In [15] the asymptotic
behavior of the life span Tiax(Af) is studied for small A > 0 and with f € C,(RY), f > 0
under the condition o < 2/N. (In this case Tyax(Af) < oo by the Fujita results.) It is shown
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in [15, Theorem 3.15 (ii), p. 375] and [15, Theorem 3.21 (ii), p. 376], among other results,
that if « < 2/N, 0 <y < N, and

0 < liminf |z|7 f(z) < limsup |z|7 f(z) < oo, (1.21)

then

0< liminf)\[(é*%)_l]Tmax(/\f) < limsup )\[(é*%)_l]TmaX()\f) < 0.
A=0 A—0

In [19, Theorems 2.3 and 2.4, p. 1436] it is shown, for a certain class of f (not necessarily
positive) which satisfy the condition (1.13) with 0 < v < 2/a on the same type of “thin”
domain used in [19, Theorem 2.1, p. 1435] cited earlier, that Tiax(Af) < oo for all A > 0 and

7y—-1
2

A2 < ANGD I (M) <275 as A \0,

for all € > 0. In [7, Theorem 1.3, p. 307] it shown that if 0 < v < N, a < 2/v, (N —2)a < 4
and lim|,| o0 [2]7f(2) = ¢ # 0 (without imposing that f > 0) then

lim AG=2) 71T (0 f) =
)\1{‘% 2 a ( f) C > 0,
where C' > 0 is a finite constant.

The following two theorems extend and improve some of the above mentioned results.

Theorem 1.10 (new Dickstein-type blow-up results). Let a = 1 in (1.4) and let the integer

m and the real numbers o, v be such that

2
0<m<N,0<y<N,0<a< , (N =2)a< 4.
v+ m
Let f € Co(RYN), not necessarily positive, be anti-symmetric with respect to x1, Ta, -+, Tpm,
and suppose that

‘x|'y+2m |$|’y+2m
0 < liminf f(z) < limsup f(z) < o0. (1.22)

|| =00, 2€Q T1 -+ T || =00, zeQ 1" Tm

Then there exists Ao > 0 such that for all 0 < X\ < Ao, the mazimal solution uy : [0, Tmax(\f)) —
Co(RN) of the integral equation (1.4) with initial value \f blows up in finite time. Moreover,

y+

0< lim lnf)\[(é_ 2m)71]1—‘max()\f) S lim sup )\[(é_
AN0 N

Hmy—1)

Tinax(Af) < 0. (1.23)

Remarks 1.11.

(i) Dickstein proved the first small-A blow-up results in [7]. Theorem 1.1 in [7] assumes
a < 2/N with f € L{RY)NCo(RY) and [ f # 0. Subsequent results of this type were
obtained in [10] for o < 1/(N + 1) for f € LY(RY) N Cy(RY) and [z f # 0 and later
in [27] for « < 2/(N +m) and f € L*(RY) N Co(RY) with [ @1+ a2 f # 0.
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(ii) Theorem 1.10 broadens the range of initial data in the case m = 0 as treated in [7,
Theorems 1.2 and 1.3, pp. 306-307] (but not for the single point blowup result in [7,
Theorem 1.3, p. 307]). Furthermore, it extends the results to the cases 1 < m < N.
Theorem 1.10 also improves the range of allowable o compared to [27] since we may
take 2/(N+m) < a < 2/(y+m). Note that both [7, Theorem 1.2, p. 306] and Theorem
1.10 above allow values of a > 2/N.

(iii) The hypothesis (N —2)a < 4 implies type I blowup, a condition used in the proof in an
essential way. This hypothesis also is needed in [7, Theorems 1.2 and 1.3, pp. 306-307].

(iv) If @ > 2 and ¢ € L%(RY), g. = Y%, then by [29, Theorem 3(b)], Trmax(Ap) = 0o
for X\ sufficiently small. (The positivity condition in [29] is clearly not needed.) If we
consider Theorem 1.10 above in the case o > %, it is clear that f ¢ L% (R™). Indeed,
for f to be in L% (RY) would require that N(y +m)a/2 > N, ie. a > 2/(y+m).

(v) Let a > 'ﬁ»im There exist f € Co(RY), anti-symmetric with respect to x1, x2, -+, Ty,
satisfying (1.22) such that Tiax(Af) = oo for A sufficiently small. This follows by
Proposition 2.8 below and a reflection argument. If in addition, « > 2/N, it also

follows since such f are in L% (R") as described in the part (iv) above.
The following result gives a refinement of Theorem 1.10.

Theorem 1.12. Let a = 1 in (1.4) and let the integer m and the real numbers o, v be such

that
0<m<N,0<y<N,0<a< , (N =2)a< 4.
Y+ m

Let f € Co(RY), not necessarily positive on Q, be anti-symmetric with respect to x1, T2, -+ , T,
and suppose that

If(x)| < Kzyzg - || 777%™, € Q, (1.24)
for some K > 0. Suppose there exist a sequence p, — oo and z € Li_ (]RN \ {0}), anti-
symmetric with respect to x1, T2, -+, Tm, such that

1y " Dy, flo = 20 (1.25)

in D'(Q), as n — 0o, so that in particular, z satisfies the same estimate (1.24). Let Tiax(z) be
the mazximal existence time of the solution to (1.4) with ug = z, as constructed in Theorem 1.5.
It follows that

’Y+m)—1]

)\L(é_ 2

Tmax(Anf) — Tmax(z) (126)

[2—(y+m)]

where A\, = fin — 0. In particular, if Thax(2) < 00, then Thax(Anf) < oo for all

sufficiently large n.

The following result shows that the second inequality in (1.23) may be strict.
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Corollary 1.13. Let a = 1. Let the integer m and the real numbers a, v be such that

0<m<N,0<y<N,0<a< , (N =2)a< 4.

m

Then there exists f € Co(RYN) satisfying the hypotheses of Theorem 1.10 such that

—1} _otm

nggm[(é”%’”) TmaX(Af)<1ir;1sgpAKé =) T (V).
—

Remarks 1.14.

(i)

(iii)

As noted in Remark 1.8(ii), it follows from the considerations in [5, Section 2| and
[21, Sections 3 and 5] that under condition (1.24), for any sequence p,, — oo there is
a subsequence, which we still call p,, and z € L] _(R"\ {0}), anti-symmetric with
respect to x1, T2, ‘-, Tm, such that (1.25) holds. In fact, one can easily choose
f which admit two such limits z; and zo with 0 < Tipax(21) < Thmax(22) < 00. See

[5, Theorem 1.2 and Proposition 2.9] and [21, Theorem 1.4]. For such a function f,

1 Yt+m

limy_o MG~ )_1}Tmax()\ f) does not exist and takes different finite nonzero values
for different sequences A\, — oco. See the proof of Corollary 1.13 in Section 4 for more
details.
The situation described in Corollary 1.13 is quite different from previously known life-
span results. For example, if f € Cy(RY), f > 0, and limpy o0 f(2) = foo > 0,
then

lim X Tha(Af) = - "
Furthermore, when f € Cy(RY), f >0, f # 0, then

Jim AT (V) = 170

For these two results, see [13, Theorem 1, p. 167]. See Proposition 4.6 below for a result
1_a+my—1
a5

analogous to Corollary 1.13, but with A — oo, and for which Tyax(Af) ~ A7
as A — oo, instead of A™%.

2 2
If ~N < a< yEm?
for which two functions z; and zo # 0 can be obtained as limits as in (1.25) and such

there exists f satisfying the hypotheses of Theorem 1.12, fio > 0,

that 0 < Tmax(21) < Tmax(22) = co. In this case, there is a sequence A,, — 0 for which

_7+m)

)\%é 2

—1
]Tmax()\nf) — Tmax(zl) < 09,

and another sequence ), — 0 for which

_atm

NG T (N f) — 00,

Moreover, since f > 0 on €, it follows from Theorem 1.7 that Tiax(Af) < oo for all A >
0, and it must be a monotone function of A > 0 (by comparison). This example shows

shows that )\[(éfme

different behavior along different sequences of A — 0.

)_I]TmaX(A f) need not be monotone, and can exhibit qualitatively
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To justify the existence of such z; and z9, see [5, Lemma 2.7], as well as the proof
of [5, Theorem 1.2, p. 1114] and the proof of [21, Theorem 1.4, p. 358]. In order
to guarantee that Tyax(22) = oo, it suffices to require that ||z2||re be small, where
gc = Na/2.

(iv) It is shown in [7, Theorem 1.3, p. 307] that if lim,|_, [|7 f(z) = ¢ > 0 then

lim AG =270 (A f)

A—0
exists and is finite. This is a special case of Theorem 1.12 for m =0. For 1 <m < N
Theorem 1.12 implies that if lim|, o %f(x) = ¢ > 0 then
lim AG =75 T (V)

A—0

exists and is finite.
(v) It is possible that, using the ideas described in [6, Section 7], one could construct initial
values f for which AT ax(Af) admits different finite, nonzero limits along different

subsequences A, — 0, and for different values of o > 0.

See also Remark 4.4 below.

We close the introduction with a few words about the proofs. As mentioned earlier, the basic
approach is to study equation (1.4) on the domain 2 defined by (1.7), and then to reformulate
the results for solutions on RY which are anti-symmetric with respect to z1, a2, ..., Zm.

Theorem 1.1 and Theorem 1.9 follow from straightforward adaptations of the methods in
[27], using in addition in the case of Theorem 1.9, that the blowing up solutions are type I
[11, 12] and the continuity of the maximal time of existence shown in [§].

To prove the existence results Theorems 1.2 and 1.5, the methods of [27] do not directly
apply. Since the distribution (1.8) is in fact 0 as an element of D'(€), in [27] the integral

equation (1.4) was studied on 2 in the form

u(t) = o(t) + /O =2 |u(0)|*u(o) ] do, (1.27)

for t > 0, without any specified initial value. In this paper, we need to make explicit the initial
values described in Theorem 1.5, (in terms of their restriction to €2). The key hypothesis is
that

T
/ e ouq | dt < oo, (1.28)
0

where g is given by (1.9), but restricted to 2, and e?2 is the heat semigroup in Co(f2). This
condition enables one to do a contraction mapping argument to prove existence of solutions
to the integral equation (1.4) on € which are bounded by a multiple of e**?uy. We make
extensive use of the results in [21], which is devoted to the study of e!A2 on the set of initial

values of Theorem 1.5 (again, restricted to €2).
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As for the blowup results, the proof of Theorem 1.7 is a relatively straightforward application
of [31, Theorem 1] along with [21, Theorem 1.1(ii)], or in the case m = 0, [5, Proposition 3.8(i)].
It is interesting to note that the current paper, along with [15, 26, 19], use four essentially
different methods to obtain the same type of results. In [15], Kaplan’s eigenvalue blowup
method on a centered ball is used; in [26], self-similar subsolutions are used; and in [19] energy
methods with self-similar variables are used.

The proofs of Theorem 1.10 and Theorem 1.12 follow the basic plan developed in [7], using
some results from [11, 12, 8] on type I blowup and the continuity of the blowup time. In addi-
tion, the local theory of Theorem 1.5, including the continuous dependence result Theorem 3.5,
below, is essential.

The rest of this paper is organized as follows. In Section 2, we prove well-posedness on sectors
() for the nonlinear heat equation (1.4) with initial data bounded by the distribution (1.3). See
the definition of the space X given by (2.6) below. We also establish some nonexistence, blowup
and global existence results. See Theorem 2.6 and Proposition 2.8 below. In Section 3 we apply
the results of Section 2 to solutions on RY which are anti-symmetric in x1, o, 23, - , Tm.
In particular, we establish the local existence with initial data of the form (1.3) and prove
Theorems 1.1, 1.2 and 1.5. In Section 4, we prove Theorems 1.7, 1.9, 1.10, 1.12 and Corollary
1.13.

2. WELL-POSEDNESS ON SECTORS

The purpose of this section is to study well-posedness of the integral equation (1.4) on the
sectors Q C R defined by (1.7), with the integer m € [1, N]. To be more precise, we first

recall that the heat semigroup on Q, which we denote e*22, is given by

120 f () = /Q Ky (. 9)f (y)dy, t >0, (2.1)

where

N o lej—y;1* 15 |y —v; | |+, |
Ki(x,y) = (4nt)” 2 H e 4 H e” A —e At |, (2.2)

j=m+1 i=1

See, for example, [27]. It is well-known that e®22 is a Cj contraction, positivity preserving

semigroup on Cy(£2), where

CO(Q):{fGC'(Q),f(x)zO,Va:EC?Q, and lim f(x):O}

|z|—o0

Thus, instead of (1.4), we write

u(t) = vy +a /0 =% (|y(0)|*u(0))do, (2.3)
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where a = +1 and a > 0. The initial value vy is in D’(Q), the space of distributions on
Q, and belongs to a specific class of distributions defined below. We study solutions u €
C((0,T); Cp(€2)) such that u(t) — vy in D'(Q) as t \, 0.

In order to define the class of initial values vy = ¢ which we consider in (2.3), we recall the
following notation and definitions from [21] and [27]. For 0 < v < N and integer 0 < m < N,
we let ¥ : 2 — R be given by

Vo() = ey Tz T V2 € Q, (2.4)

where
Cmy =Yy +2) - (v +2m —2). (2.5)

In the case m = 0, then ¢,, , = 1 and ¢o(z) = |z|77, for  # 0. We are mainly interested in the
case m > 1, but since some of our results are new for m = 0, i.e. 2 =R, we need to include
m = 0 in the basic definitions. In what follows, some of the statements need to modified in a
trivial way if m = 0.

Clearly v is homogenous of degree —y — m, 1y € C*°(Q) but ¥y & Cy(2), being singular
at the origin. Also, ¥g(z) > 0, V 2 € 2. We define the Banach space

X = {w € Lip.(); ¥ L“(Q)} : (2.6)
Yo
with the norm s
== 2.7
=5 7)
for all ¢ € X, so that
6] < [l ebo- (2.8)

The set X will be the space of initial data for the integral equation (2.3) on Q. The norm used
in [21] for X differs from (2.7) by a factor. This has no effect on the results we will use from
[21]. Note that with the choice of norm (2.7), we have |[¢o|lx = 1.

By [21, Theorem 1.1, p. 343] the heat semigroup e is well defined on X. In particular,

there exists a constant C > 1 such that
le" 2 g)lx < Cllllx, VE>0, Vip € X. (2.9)
Also e'?9 is a bounded map from X to Cy(Q) for all ¢ > 0. Consider the Banach space
Vi={we Lo (@ vvo e L' @)} (2.10)
Clearly, X is the dual of ), that is )/ = X. Let

By Z:{lﬁ € X, ”1/1”/\/ < K}, (2.11)

where K > 0. Endowed with the weak* topology, By, is compact (see [2]) and metrizable since
Y is separable.



14 S. TAYACHI AND F. B. WEISSLER
Definition 2.1. We denote by B the ball Bx endowed with the weak™ topology on X.

We know that By is a compact metric space, hence complete and separable, for all K > 0.
By [21, Proposition 3.1, p. 356], we also know that if (1,,)2° ; is a sequence in Bx and ¢ € By,
then 1, — ¢ in B}, if and only if ¢, — ¢ in D'(Q).

Remark 2.2. The function vy is simply the distribution ug given by (1.3), with K = 1,
realized as a point function on Q. The relationship between et®21)y and e!®ug was studied

in [21] and will be crucial in the next section to interpret the results of this section as results
about (1.4) on R,

We now introduce the space in which we will construct the solutions of (2.3). We set
(t,z) = ePopy(x), t >0, z €Q, (2.12)

and we sometimes write W(t) = e!®2¢y. By [21, Theorem 1.1, p. 343], it follows that ¥ :
(0,00) = Cp(92) is a continuous map. Since () > 0 for z € 2, we also have

U(t,x) >0, Vt >0, VY € Q.
Moreover, it follows from (2.8), (2.9) and (2.7) that
U(t) = ey < [le 4ol xtbo < Clltbollxtbo = Cibo, VE > 0. (2.13)
For a given T" > 0, let X be defined by
X=Xr= {u e C((0,T];Co(Q)); IM >0, |u(t,x)| < M¥(t,x), Vte (0,T], Vze Q}

The space X = X7 equipped with the norm

Il = Mellbee = sup  SGees

is a Banach space. Clearly,
lu(t)| < |||ul||e22y (L), forall 0 <t <T. (2.14)

If needed for clarity, we may denote X by Xr or X7y and the norm |||ul|| by |||u|||x, or even
[[lul[| x4 In addition, we observe that if ¢ € X, then

T I G L1
e 22|l x, = sup —
0<t<T.zeq V(t,T)  oct<T.zcq  V(t, )
Ao || 9
= P 7”7“ = lll¥lllx- 2.15

It also follows from [21, Theorem 1.1, p. 343] that ||W(t)||ze(q) < Ct=(r+m)/2 for all t > 0.
In fact, by [21, Relation (1.15), p. 344] and since 1)y is homogeneous of degree —y — m, we
have that

D (") =t/ 2ehay, vt > 0, (2.16)
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where the operator D is given by (1.14), so that
1 ()| oo () = 2290l 1o (0) = 1Dz (€"2%0) | oo () = le® o]l oo ()t~ OT™/2, Wt > 0.
(2.17)

It follows, and this is fundamental in our existence proofs, that for any 0 < a < 2/(y + m),
A
o
/0 D)9 sy dE < 00, ¥ A > 0. (2.18)

We can now state and prove our existence result for (2.3) with more general singular initial
data.

Theorem 2.3 (well-posedness in X'). Let the integer m and the real numbers «, ~ be such
that

0<mMmIN,0<y<N,0<a<

v+m
Let K >0, M >0 and T > 0 be such that
T
K +2(a+1)MoH / 19 (0)[|Fe (ydo < M (2.19)
0
and
T
2a + 1)Ma/ 19 ()3 o < 1, (2.20)
0

where W is given by (2.12). Let a = +1. For every ¢ € X with ||¢||x < K there exists a

unique solution u € Xt of

u(t) = "2 4 g /O =22 |y (0)|*u(0) ) do (2.21)

such that

llulllxy < M.

The integral in (2.21) is absolutely convergent in Cy(2).

Furthermore, we have the following additional properties.

(i) u(t) = ¢ ast — 0 in L (), hence in D'(Q) and in By, where M' = CM, and C is
the constant appearing in (2.9).

(ii) Let 11 and g be in Bg. Let uy € Xp, with |||ui]l|x, < M, and uy € Xp, with
||uzl||x, < M, be the solutions of (2.21) with respectively initial values 1 and o. It

follows that

llur = wal|[x, < Clle2 (1 — 2|7 < Cllghr — ]|, (2.22)

where C' > 0 is the constant given by (2.25) below.
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(ili) Let (vr)32, C By and € By Let uy, € Xp, with |||ug|||x, < M, be the corresponding
solution of (2.21) with initial data ¢y and let w € Xp, with |||ul||x, < M be the
corresponding solution of (2.21) with initial data . If ¥y — ¢ as k — oo in D'(Q)
(that is also in Bj.) then u(t) — u(t) as k — oo in Co(Q) for all t € (0,T], and
uniformly in [to, T], ¥V tg € (0,T).

(iv) Let v € By, let u be the solution of (2.21) with initial value 1) and v be the solution of
(2.21) with initial value |¢|. Then

lu(t)] <w(t), Yte (0,T].

(v) If ¢ >0 then u(t) > 0 on Q for all t € (0,T).
(vi) Let )y and e be in By. Let up and ug be the solutions of (2.21) with respectively initial
values 1 and Po. If 1 < 1bg then uy(t) < us(t), Vit € (0,T].

Proof. The proof uses and adapts some arguments of [27] in conjunction with some results
established in [21, 5]. For simplicity, we consider only the case m > 1. For m = 0, the results
cited below in [21] need to be replaced by corresponding results in [5]. Let K > 0, M > 0 and
T > 0 satisfying (2.19) and (2.20). Let

B0, M) :={ue Xr : |[[ulllx; < M},
which is a complete metric space, with the metric
[lw = vlf|x7-
Fix 1) € X such that ||¢||x < K. Define, for v € B(0, M),
t
Fyu(t) = e + a/o elt=0)A (Ju(o)|*u(0))do.

We will show that Fy is a contraction on B(0, M). (For simplicity, we denote | - ||z () by
| - lloo-) Let ¥, ¥ € Bg and let uy, ug € B(0,M). Then

For()(0) = Fsu2)(0) = 27 =)+ a [ =720 (21 (0) = s (7)) o
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Using the fact that e is positivity preserving, and (2.14), we get that
Fon()(®) = Fo () (0] <[22 (r = i) +
t
(@+1) [ e (|ur(0) = ua(o)|(jur )" + fuao)]") ) dor
0
< o0l — ol + (a4 1) /t (e(t—o')AQ\I/(O_) lui (o) — u2(0)\) »
N 0 V(o)
(Ite1 (@) 15 + lfuz(@) % ) dor
t
< ey — ]+ (a+1) [ (209(0)) [un — wal L x
0
(lur (@)% + luz(0) % ) do

t
< B0y — | + (1) (2Ma<a+ 1) /0 ||\If<a>||g;da) lur — ualllxp- (2:23)

Let now 91 = ¢ € Bk, up = u € B(0,M) and 3 = 0, ug = 0. Then, by the previous
inequality and (2.8), we get

Falt)] < <Sotpl+0(0) (231%(a+ 1) [ 190) 2o ) llallx,
< o ulevn+ () (207 0k ) [0 o
< KU(t)+ () <2Ma+1(a+1) /Ot|]\11(o)|]g‘oda>
t
< W) [K+2M"‘+1(a+1)/0 ||\I!(a)||g‘oda} .
That is,
’F\%f)t)' < K +2M“ Y a+1) /OT ¥ (0)||% do, Vit € (0,T].

Thus by (2.19), ||| Fyul||x, < M, and hence Fy, maps B(0, M) into itself.
Let now ¢ = 9 = 1 € Bk in (2.23). This gives

1 Fy (ur) = Fy(uz)l|lxp = iy ‘f¢(U1)(t)\Ifzt)Fw(U2)(t)|

T
< (a+ 0 [ 1))l = el

Then by (2.20), F is a strict contraction from B(0, M) into itself. It follows, by the Banach
fixed point theorem that there exists a unique solution u € X of the integral equation (2.21)
such that |||u|||x, < M.
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Let u be the solution of the integral equation constructed by the above fixed point argument.
Then

do

[e.o]

t et=9)Ba 1y ()% (o do t =2y ()N |lu(a)||®
/0” [u(@) (o) | ocd §/0H< [u(@)) (o) 1%
< M) / 19(0) % dor, (2.24)

which shows that the integral in (2.21) is absolutely convergent in Cp(£2).
We now prove the additional properties.
(i) By (2.14) and (2.13),

u(t)] < |lull|x, U (t) < MCio, forall 0<t<T.

Hence u(t) € X for all t € (0,7] and [Ju(t)||x < MC, where C is given by (2.9). On the one
hand we have that

u(t) — ey =q /0 =% (|y(0)|*u(0))da,

and, again using (2.14) and (2.13),

/ elt=9)Aa (|u(o)|*u(0))do

t
Mot / =920 (3 (0) [0 (0)|*) do
0 0

IN

IN

t
et / (=205 (0)) | T ()%, do

t
= M) [ u)ade
0
t
< CMO‘“%/ 10 (0)[%do — 0, ast — 0,
0
in L} (), hence in D'(2). On the other hand, by [21, Proposition 2.5, p. 353] and Remark
2.4 below, e!22¢) — ¢y as t — 0 in LL (), hence in D’(2). We thus conclude that u(t) — ¢
ast — 0in Llloc
(i), p. 356].
(ii) By (2.23), (2.14) and the fact that Fy, (u1) = w1 and Fy,(u2) = ua, we have that

(€2), hence in D’(2). The convergence in B}, follows by [21, Proposition 3.1

T
42 1 = o)+ 9(0) (20 + )M [ 90 ) [ = el

T
V()20 (w1~ vl + WO (20 + DM [ [8(0)|% do)lur ~ el
0

|1 (t) = ua(t)]

IN

IN

T
= (0 Il ~ vl + (20 + D217 [ 100 o)l — vl |



NONLINEAR HEAT EQUATIONS INVOLVING HIGHLY SINGULAR INITIAL VALUES 19

Consequently,

T
Il = el < 116 (=)l + (2e+ 2% [ 190 do) s = sl

Thus, by (2.20), the first inequality in (2.22) follows with

C— ! (2.25)

1 (Q(a +1Me [T 1w (o)), da) '

The second inequality in (2.22) then follows from (2.15).
(iii) Since ug € X, with |||ugl||x, < M, it follows from [21, Lemma 2.6, p. 355] that

)~

lug(t, )] < MU(t,z) < Ot + |z|? , te(0,T), z€Q, (2.26)

for some C' > 0 independent of k. In particular, for any fixed ¢ € (0,77, the functions wug(t) are
uniformly bounded in Cy(€2). It follows by standard parabolic regularity arguments, along with
(2.26), that the sequence (uy)32, is relatively compact in C'((to, T]; Co(€2)), for any 0 < tg < T.
By a diagonal argument, it follows that there exist v € C((0,T]; Co(R2)), and a subsequence
ug, such that ug, — v in C((to, T]; Co(R2), for all 0 < ¢ty < T. It follows that v € Xp, with
o]l x7 < M.

We next observe that v satisfies the integral equation (2.21). This follows easily since

t
() = 204+ a / =2 (uy (o) |"u, (o)) do,
0

forall 0 < ¢t < T, and letting n — oo. Indeed, e!A24y, — e!A21) as n — oo, by [21, Proposition

4.1(ii), p. 359]. Moreover, by the dominated convergence theorem, since
[~ D22 uy,, (o) k() [loo < MOTHT(E)]loo ()%,

as in (2.24), the integral terms converge to a fg e(l=0)Aq (Jv(o)|*v(o))do.

Since v € X, |||v]||x;, < M, and v satisfies the integral equation (2.21), it follows from
uniqueness that v = wu, so ug, — u on C((to,T];Co(Q2)), for any 0 < tp < T. A standard
subsequence argument shows that in fact uy — u on C((to,T]; Co(£2)), for any 0 < to < 7.

(iv) By [21, Proposition 3.2, p. 357], we know that Bx ND() is dense in Bj. Let (1,)52; C
Bk N'D(,) such that ¢, — 1 as n — oo in B}, hence in D’(Q2). In fact, the proof of [21,
Proposition 3.2, p. 357] shows that we may choose (¢,,)52; so that in addition ¢, — 1 as
n — oo in L{ (Q). Thus, (J1,|) C Bk N Co(2) and [¢h,| — [¢] as n — oo in L (), hence
in D'(Q2) and Bj,. Let u, the solution of (2.3) with initial data ¢, € Cy(2) and let v, be
the solution of (2.3) with initial data [i,| € Co(2). It is well known, by the Cy(Q2) local

well-posedness and comparison argument, that

lun(t)| < wvn(t), Yt e (0,T].
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Letting n — oo we get by Part (iii) that u,(t) — u(t), v,(t) = v(t) in Cy(Q) for t € (0,T] and

hence
lu(t)| <w(t), ¥Yte (0,T].

(v) This is an immediate consequence of Part (iv).

(vi) The proof is analogous to the proof of Part (iv). O

Remark 2.4. There is a small error in the proof of [21, Proposition 2.5, p. 353]. It claims to
show that if ¢ € X then e'®24) — ) a.e. as t — 0. The proof in fact shows that 22y — o
in L{ .(Q2) as t — 0, which is indeed sufficient to guarantee convergence in D’(£2). The authors

of [21] regret this error.

Remark 2.5. By well-posedness of the integral equation in Cy(2), the solution u of (2.3)
with initial data i € By, constructed in Theorem 2.3 above, can be continued to a maximal
solution u € C ((0, Timax(¥)); Co(£2)) . If Tinax () < oo then limy_, 7, . () [|[u(t)|loo = o0

We have also obtained the following result.

Theorem 2.6. Assume the hypotheses of Theorem 2.3. Let ) € By and letu € C ((0, Timax(¥)); Co(2))
be the solution of (2.3) with initial data ¢ constructed by Theorem 2.3, extended to its mazximal
existence time. Then we have the following.

(i) If a = —1 then Tiax(¢) = oc.

(ii) If a =1, then there exists ¢ > 0 such that

AG=F T () > ¢ (2.27)
for all X > 0.
iii) If a = 1, then Tyax(1g) < co. Moreover,
(iii) If (tho)
NG5 T (Mho) = Trnax(0) (2.28)

for all A > 0.
Proof of Theorem 2.6. (i) If a = —1, we claim that
lu(t)]| < et®efep| for all 0 < t < Timax(¥). (2.29)

To prove this, let 0 < tg < T', where T is as in the fixed point argument. Since u(ty) € Co(R2), we
know (by Kato’s parabolic inequality) that |[u(t4tp)| < e!22|u(to)| for all 0 < t < Tiax () —to.
We next let ¢y — 0, so that u(ty) — v, and likewise |u(to)| — |4, in LL (€2) by Theorem 2.3(i),
and therefore in Bj. Finally, by [21, Proposition 4.1, p. 359], it follows that e'®2|u(ty)| —
et®oly| in Co(Q) as t — 0, which establishes (2.29). Global existence now follows since

etBoly| € Cop(Q) for all t > 0.



NONLINEAR HEAT EQUATIONS INVOLVING HIGHLY SINGULAR INITIAL VALUES 21

(ii) It is clear that Ti,ax(1)) is bigger than the T' obtained from the fixed point argument.
Hence, by condition (2.19), which implies (2.20), we must have that

_atm
2

_ytm
1=

-1
K +2(a+ )M <1 a> €224 || % Tinax (¥) *> M.
for all M > K, where we have used (2.17) to simplify f(;f H\IJ(U)H%OO(Q)dJ. Likewise, it must

be that

1_"/+m

-1
+m
- a> l€22900| % Tinax (Ap) '~ 72 * > M.

MK +2(a 4 1) Mt <1 5

for all M > MK, for all A > 0. If we set M = 2)AK, we obtain the desired relationship.

(iii) We first show that Timax(10) < 0o. Let u be the solution of (1.4) with initial data vy,
extended to its maximal solution in Cy(£2). Since 1pg > 0, u is positive on Q. By [31, Theorem
1, p. 546], we have that

e 2240 ]| 0 < (at) ™, t € (0, Tinax(t0))- (2.30)

Since o < 2/(y + m), formula (2.17) implies that Tiax (1) < oc.
The formula for Tiax(A)g) follows by a rescaling argument, using the fact that g is homo-

geneous of degree —(y + m). More precisely, we know that

Mo (z) = p? o (px),

where A = ,u%_(“”m). Furthermore, if u(t, z) is the maximal solution of (2.3) with initial value
1o, then p?/%u(pt, px) is the maximal solution with initial value p?/®tg(u-), so that
— (L —xtkmy—
Tmax(A@ZJO) = Trnax(,UQ/a@ZJO(/IL')) =W 2Trnax(w0) =A (G- meax(wO)- (231)

0

Remark 2.7. It is well-known that a fixed point argument used to prove local existence to
a nonlinear integral equation can yield lower estimates for the blowup rate. The idea is to
observe that the fixed point argument can not work on the interval [0, Tinax — to] with initial
value u(tp). To our knowledge, this idea was first used in [29, Section 4 and Remark 6(2)]
and then formalized more clearly in [22, Proposition 5.3, p. 901]. We are unable to apply
this method in the present context since it is not clear that the solution with initial data in
X will remain in X' throughout its entire Cy(2) trajectory. On the other hand, as the proof
of Theorem 2.6(ii) shows, a similar idea can be used to obtain lower estimates for Tax(Auo),
for all A > 0. The idea is to observe that Tyax(Aup) is larger than the T' obtained by the fixed
point argument, and then apply the fixed point argument to initial values which are multiples

Aug of a given function ug. This idea is developed more fully in [28].
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We have the following proposition showing in particular that the local existence result of

Theorem 1.2 is optimal. We also give initial data which give rise to global solutions for
a>2/(y+m).

Proposition 2.8. Let the positive integer m and the real numbers «, v be such that

1<m<N,0<vy<N, a>2/(y+m).

Then the following holds.

(i)

(i)

Assume a = 1. Let ¢p € X such that ¥ > 0 and there exist ¢ > 0 and L > 0 such that
(a) > cbo(z), Vo € Q, Ja] < L.

Then there is no local nonnegative solution of (2.3) on Q with initial data 1.
Assume a = 1. Let ¢ € X. Assume that there exists to > 0 such that

ih| < eloBaqy.

Then for A > 0 sufficiently small there exists a global solutions u of (2.3) on Q with
initial data \p. Moreover, there exists M > 0, such that

lu(t, z)| < MetFto)dey(x), V>0, Ve Q.

Remarks 2.9.

(i)

(i)

(iii)

The case m = 0 of (i) in the previous proposition is known, see [23, Theorem 15.2, p.
76 and pp. 85-86].

In [16, 17, 18, 14] global solutions of (2.3) are proved to exist in the case a > 2/(N +m).
The initial data giving global existence, considered in these papers, are dominated by
Gaussian functions. In the part (ii) of the previous proposition, the initial data may
have polynomial decay.

It is known that if & > 2/N and for ¢ € Co(RY), and

lp(z)| < C(1+ |2[})72, 0 > 2/a (2.32)

with C' is sufficiently small, then the solution of (1.4) with initial value ug = v is global.
See [29, Theorem 3, p. 32]. Indeed, ¢ € L% (RY) with ¢. = Na/2 > 1. By the previous
proposition part (ii), using [21, Lemma 2.6, p. 355], the initial value v satisfies (2.32)
with ¢ = v+ m > 2/a. But here we do not impose the condition o > 2/N. In other
words, this proposition allows the possibility that ¢ € L% (R™) with ¢. = Na/2 < 1.

Proof of Proposition 2.8. (i) Assume that a local nonnegative solution u of (1.4) exists on
(0, T] with initial data t. Then we have

u(t) = etAﬂz/;+/t e(t—0)Aq (u(o.)aJrl)dU
0
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on (0,7] x Q. As in the proof of Theorem 2.6 (iii), by [31, Theorem 1, p. 546], we have that
Aoy < (at) ™V on (0,T] x €, (2.33)
for all T' < Tinax(v0). Write
¥ = ¥lei<sy + ¥ljep> 13-

Then

ot

E2 200 > 72 [l (Pl gpacrylloo — 72 [ (W1 j0151) - (2.34)

Using the relation (2.16), we get first that

yt+m tm
72 et (Wl llo = et 2 €22 (Yol g2yl
ytm
= ct72 [ (Polqu<ry) (VE)loo

= c|le? (1/’01{@5%})”00 — cfe®plloe as t — 0, (2.35)
and second, we have

+m yt+m
7 e (Plyps ) oo < 9llat 2 1622 (ol g 1y)lloo
ytm
= [0llat™2 (e (ol fai> 1) (VE ) loo

= ||¢||XH€A“(¢01{|JE|>% Moo =0 as t —0.  (2.36)

The convergence results follow by [21, Proposition 4.1 (ii), p. 359]. Then for ¢ > 0 sufficiently
small, by (2.34), (2.35) and (2.36), there exists C' > 0 a constant such that

rt

[etAoq|| > Ct™ 2. (2.37)

By (2.30) and (2.37), we have
0 < C < tOFM/2||ethay| < (at)™Ht0F™/2 ¢ e (0,T).

This leads to a contradiction for ¢ sufficiently small and o > 2/(y +m). Then there is no local
nonnegative solution.

(ii) Let tp > 0 and ¢ € X be as in the statement of the proposition. Let
Uy, () = U(tg+1), t > 0.
Then by (2.17), we have
1% (D) lloo = [[¥(t0 + 8)lloo = le®Wolo(to + )" OF™/2 W ¢ > 0.

Hence, for any o > 2/(y + m),

|1l < o (2.39)
0
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That is, (2.18) is satisfied by ¥, with A = oo, in place of ¥. We will apply Theorem 2.3 with
V¥ replaced by Wy, and T' = oco. Let K > 0, M > 0 be such that

K+ 2 + 1)Ma+1/ 1, (o) %do < M
0

and

2(a+ I)MO‘/ |y, (0)]|Sdo < 1.
0

Let A > 0 be such that ||[A¢||x < K. Then by Theorem 2.3, there exists a unique solution
u € Xoow,, of (2.3) on (0,00) such that

el sy, < M.
This proves the existence of global solution of (2.3) satisfying the estimate
lu(t)| < MWy, (t), Vt >0,

on (). This finishes the proof of the proposition. (|

3. WELL-POSEDNESS ON THE WHOLE SPACE

In this section we use the results of the previous section and an anti-symmetric reflection
argument to construct a solution of the nonlinear heat equation (1.4) on RY with singular
initial values. In particular, we prove Theorems 1.1, 1.2 and 1.5. As in [27], for 1 < i < N, let
T; be the operator defined on the space of functions f by

[Tifl(@1, - 5 @im1, Tiy Tig1, -5 oN) = f(T1, -0, Tic1, =%, Tig1, © -, TN)-
A function f is anti-symmetric in z1, --- , x,, if it satisfies
Tf =Tof = =Tuf = ~F. (3.1)
We denote the space of functions which are anti-symmetric in 21, --- , Z;, by
A= {f:RY 5 R; f satisfies (3.1)}. (3.2)

Definition 3.1. Let Q C RN be the domain given by (1.7), and suppose g : Q — R is such
that gipo = 0. We denote by g : RN — R the anti-symmetric extension of g, i.e. g € A and

5\9 =g
If g € Co(R), then g € Co(RY). It is proved in [27, formula (3.6), p. 514] that
etAQg — (etAg)

o V>0, Y g € Co(RM). (3.3)

Moreover, the commutation relation (1.15) is valid with e!A2 instead of e/2, and in particular
D je'fe =e2D ; (3.4)

for all ¢ > 0, where the dilation operators D) are given by (1.14).

The following proposition is immediate.
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Proposition 3.2. Let g € Cp(2) and let v : [0, Tmax(g)) — Co(2) be the mazimal solution of
(2.3) with initial value vo = g. It follows that v : [0, Tmax(g)) — Co(RY) N A is the mazimal
solution of (1.4) with initial value ug = g € Co(RY). In particular, Trmax(g) = Tmax(9)-

Similarly, let f € Co(RN)YN A and let u : [0, Tnax(f)) — Co(RY) be the mazimal solution
of (1.4) with initial value ug = f. It follows that u(t) € A for all 0 <t < Tmax(f) and that
U [0, Tmax(f)) = Co(Q) is the maximal solution of (2.3) with initial value vy = fa € Co(9).
In particular, Tax(f) = Tmax(fjq)-

The analogous result is clearly true in other spaces where the two integral equations are
well-defined. The point of this paper is to use the solutions on € to construct solutions on RV,
which is not quite the same as the above proposition.

If ¢ € X, given by (2.6), it is proved in [21, Definition 1.6, p. 346 and Proposition 5.1, p.
361] that the pointwise anti-symmetric extension 1; of 1 to RY has a natural interpretation as

a tempered distribution. It is natural to define
X ={pe Ll ®R\{ONNA glaex}={0]|vex}cS®RY). (3.5)
and
B :={¢ | ¢ € B}, (3.6)
where By, K > 0, is given by (2.11). Also B\}; inherits the metric space structure from Bj
(recall Definition 2.1). If m = 0, then X = X and Bx = Bk.

We recall the following result from [21] and [5] showing the equivalence of various kinds of

convergence.

Proposition 3.3 (Propositions 3.1(i) and 5.1 in [21] and Proposition 2.1(i) in [5]). Let 0 <
v < N and m an integer with 0 < m < N, and let (Y1), C Bix and 1 € Bg. The following
are equivalent:
(i) Y =Y in By ask — oo ;
(ii) Y = Y in D'(Q) as k — o0 ;
(iii) o — ¢ in &' (RY) as k — .

Remark 3.4. If (1), C Bg, ¢ € LL _(Q), and ¢, — ¢ in D'() as k — oo, then in fact

loc
1 € Bk and the above conditions hold. This follows either from the compactness of B}, ( so

that the (1), must have a convergent subsequence in B}, ), or from the fact that convergence

in D’'(Q2) preserves a uniform bound.
Moreover, ([21, Proposition 5.1]),
chagy — o AF V>0, Vi€ X
For 0 < v < N, we put
o= (=1)"0102 0 (|- |77) € S'(RM). (3.7)
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By [21, Proposition 2.1 p. 347], it follows that

o = ¢o, (3.8)
in S'(RV).
By (3.7), if follows that
B(t) =ePpy = Girpo=Do(t) x| |7 (3.9)
= (=1)"010s - O ("] 77), (3.10)
in S’(RY), where ® is given by
Bo(t) = (—1)"010y - - - OmGy, t > 0. (3.11)

We have that @ : (0, 00) — Co(RY) is a solution of the linear heat equation such that T;®(t) =
—®(t) for all 1 < i < m. The key observation, to use the results of the previous section, is
that, by [21, Proposition 2.1, p. 347 ], we have

B(t)g = (") g = "¢ = W(t), V1 > 0.
Also
U(t) = (t), Vit >0,
where U(t) is the unique anti-symmetric extension of ¥(¢) to RY. In particular, we have
1R ooy = ([ () ]loo, V> 0.

We now wish to re-formulate Theorem 2.3 in terms of a result on the whole space RY.
This reformulation is possible thanks to [27, Proposition 3.3, p. 515], which is analogous to
Proposition 3.2. The following theorem is thus an immediate consequence of Theorem 2.3 and

Proposition 3.3. Of course in the case m = 0, the following result is the same as Theorem 2.3.

Theorem 3.5 (well-posedness in 2?) Let the positive integer m and the real numbers a, v be
such that

0<m<N,0<y<N,0<a< .
7+m

Let K, M, T > 0 be satisfying (2.19) and (2.20). Then for every ug € X with uol| 5 < K,
there ezists a solution u € C ((0,T); Co(RN) N A) of (1.4) such that u(t) — ug in S'(RY) as
t — 0. Furthermore,
(1) |u(t)] < Metapg, ¥Vt € [0,T], Vx € Q.
(i) If v € C((0,T]; Co(RN) N A) is a solution of (1.4) such that |v(t)| < Me'P g, V t €
[0,T], V2 € Q, with v(0) = ug then u(t) =v(t), Vt € [0,T].
(iii) Let (upp) C Br, uo € By with uo.n — up in S'(RN). Let uy, be the solution of (1.4) with
initial data ug, and u be the solution of (1.4) with initial data ug. Then up(t) — u(t)
in Co(RN), ¥Vt € (0,T], and uniformly in [to, T], ¥ to € (0,T).
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Moreover u can be continued to a mazimal solution u € C ((0, Trmax); Co(RY)) and u(t) € A
for all 0 <t < Thax.

We now give the proofs of Theorems 1.1, 1.2 and 1.5.

Proof of Theorem 1.1. The proof is the same as in [27, Theorem 1.1, p. 506] which is valid
also for minus sign in front of the nonlinearity. The last statement in the theorem follows by
the fact that in the absorption case the solutions are global. This completes the proof of the

theorem. OJ

Proof of Theorem 1.2. Theorem 1.2 is a particular case of Theorem 3.5 with ug = K. Here
we fix K and we take M, T such that (2.19) and (2.20) are satisfied. Hence the proof of the

existence follows. The others statements follows by Theorem 2.6. O

Proof of Theorem 1.5. The proof follows by Theorem 3.5 with ug € X and by Theorem 2.6. [

4. BLOW-UP RESULTS

This section is devoted to the proofs of Theorems 1.7, 1.9, 1.10, 1.12 and Corollary 1.13.
Let K > 0. For ¢ € By, given by (2.11), where 0 < v < N and m an integer with 0 < m < N,
we recall from [21, Formula (1.18), p. 344] for 1 <m < N and [5, Formula (1.17), p. 1107] for

m = 0, the following definition
Z() = {z € Br, 3\, = 00,n — oo, such that ILm NITM Dy ) = zinB}} , (4.1)

where B denotes Bx endowed with respect to the weak™ topology on X and the dilation

operator D) is given by (1.14). By [21, Proposition 3.1 (iii), p. 356] and [5, Remark 2.4(iii), p.

1112], Z(1)) is a nonempty, compact, and connected subset of the compact metric space B,.
Also, it is important to remark that the conditions on z € L, (R \ {0}) in the statements

of Theorems 1.7 and 1.12 can be interpreted to say that 25 € Z(f‘ﬁ).

Proof of Theorem 1.7. This result concerns solutions in Co(R™) N A, where A is defined by
(3.2), i.e. solutions which are anti-symmetric in x1,x2,...,2,. Moreover, the solutions in
question are positive on 2. It is clear from Proposition 3.2 that it suffices to consider the
restrictions of these solutions to €2, as solutions of (2.3), rather than as solutions on RY of
(1.4). This will enable us to use the positivity.

To simplify the notation, we will use, by abuse of notation, the same letters to denote
functions on RYV and their restrictions to . For example, if f € Co(RY) is as in the statement
of the theorem, and therefore in A, in this proof f will denote its restriction to €, as an element
of Cy(R2). Also, we consider the case m > 1, the case m = 0 being entirely analogous.

Let ug and f be as in the statement of the theorem (restricted to ). By comparison, it

suffice to show that Tiax(f) < co. We argue by contradiction and assume that Tiax(f) = 0.
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By [31, Theorem 1, p. 546], since f > 0, it follows that

€49 £ oy < (at) ™/, ¥t > 0. (4.2)
Moreover, by (3.4) we have

€29 fll ooy = 1Dz (€22 f) Il zoo(e) = €22 D fi.f I poo (-

Hence,
a+m +

- (00|

8 i@y = [0 (85 Dyif )| L g (4.3)
By the hypotheses of the theorem, f € Cy(Q2) N Bg, where Bk is defined by (2.11). Let

z€ Ll (Q), 2#0, and A, — oo be such that

loc

)\?l+mD)\nf — 2

in D'(Q), as n — oo. We claim that z € Z(f) and A} Dy, f — z in Bi, where Z is defined in

(4.1). In fact, since Bj; is compact, there exists a subsequence (A, )32, and ¢ in Bj; such that
)\Z,ijAnk f — ¢ in Bj;. But convergence in B}, implies convergence in D'(2), so z = ¢ € Bj,.

It then follows from Proposition 3.3 that A} Dy, f — z in Bj as n — oo, and so z € Z(f).
atm
Let now t, = A2 — oo, as n — oo. Then ¢, D g f — 2z In By, as n — oco. By [21,

Proposition 4.1(ii), p. 359], it follows that

ytm
6tAQ <tn2 D\/Ef) — €AQZ, in C()(Q), (44)
as n — 0o, and so
. ’Yj;m tnAQ Aq
Jim 2,2 {720 fl oo () = (1€ 2| () # O (4.5)

Using (4.2), we get

Y+m yt+m
tn 2 ||€tnAQfHL°°(Q) < afl/atnz

_1
“ Vn>0. (4.6)
By (4.5) and (4.6), we see that for any ¢ > 0,

=

yt+m 1
||€AQZHLOO(Q) —e<a Y%, 7 "% for large n.
Letting n — oo in the last inequality, we get a contradiction if @ < 2/(y + m) with the fact
that ”eAQZHLoo(Q) > 0. We also get a contradiction if & = 2/(y + m) by letting n — oo, since
in this case ||€AQZ||L00(Q) > a~ e, It follows that Tiax(f) < co. This completes the proof of
Theorem 1.7. U

The following remark, inspired by [5, Proposition 2.12, p. 1117], gives some examples of
functions [ satisfying the conditions of Theorem 1.7 such that Z(f,g) # {0}, i.e. for which an
appropriate z € Lllo .

in Remark 1.8(iii).

(R \ {0}) N A exists. In particular, it generalizes the example discussed
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Note first that if v +m < N and f € LP(Q) for some 1 <p < N/(vy+m) then Z(f) = {0}.
This follows by scaling argument. See [5, Proposition 2.5 (iii), p. 1112] for the case m = 0.
Also, if f € Co(RY) N A has compact support, then Z(f) = {0}.

Remark 4.1. Let 0 < m < N be an integer and 0 < v < N. Let g € C(R,R) be a bounded
function such that g(t) > 0 for t € R. Let ¢ € C(SN~1)N A, and suppose that f € Co(RV)N.A
is such that flﬁ > 0 and satisfies

x

() = (o (os(la) ¢ (

where g is given by (2.4) and A is given by (3.2). Then there exists K > 0 such that
fia € Co(€) N Bg. Moreover, we have

> , T €|z >p, (4.7)

A D 1(0) = (e (gl +10g )¢ (5 ) o € a2 p/

It is now a simple matter to choose a wide variety of functions g such that Z(fg) # {0}. For

example, if g is periodic, then the function z, given by expression in (4.7) is an element of

Z(f)-

Remark 4.2. We wish to point out that the proof of Theorem 1.7, which gives a genuine
improvement of known blowup results for equation (1.1), including in the case m = 0, depends
only on calculations with the (linear) heat semigroup. The first ingredient of the proof is [31,
Theorem 1, p. 546], which gives a necessary condition on the heat semigroup for existence
of nonnegative solutions to (1.1) on a certain time interval. The second ingredient is [21,
Proposition 4.1(ii), p. 359], and [5, Proposition 3.8, p. 1123] in the case m = 0. In particular,
the example discussed in Remark 1.8(iii) could have been observed after the appearance of [31]
and [5].

Both Theorem 1.10 and Corollary 1.13 are consequences of Theorem 1.12. The key argu-
ments of the proof of Theorem 1.12 i.e. the rescaling and the continuity of blowup times,
are inspired by the paper [7]. Furthermore, in order to apply these methods, we need the
well-posedness of the integral equation (1.4) on the space X given by (3.5), which was shown
in Theorem 3.5. The following theorem is a slight reformulation and generalization of Theo-
rem 1.12. (Recall Proposition 3.3 and Remark 3.4 above.)

Theorem 4.3. Let the integer m and the real numbers o, v be such that

0<m<N,0<y<N,0<ax< , (N —2)a < 4.

Y+ m

Let ug € X and let u € C ((0, Tmax(u0)); Co(RY) N A) be the mazimal solution of (1.4) given
by Theorem 3.5 such that u(t) — ug in S'(RN) ast — 0. Let f € Bk, for some K > 0. For
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A >0, let ut € C((0, Tmax(Af)); Co(RN)) be the mazimal solution of (1.4) given by Theorem
3.5 such that u(t) — \f in S'(RV) ast — 0.

Suppose that there exists a sequence (7,,)02 ¢, with T, > 0, such that

n=1»
_ytm
Tn 2 D%f—>u0 in S'(RY) as n — oc. (4.8)
It follows that
: (2-25m)=1)
h_)m Ap® 2 Tinax(Anf) = Tmax(uo), (4.9)

1 _~yt+tm

where \p, = 7,7 2 . In particular, if Tymax(uo) < 00 then Tynax(Anf) < 0o for all n sufficiently
large.
Furthermore, if 7, — 0 as n — oo, then A\, — 0 asn — oo, and if T, — 00 as n — oo, then

Ap — 00 a8 N —» 00.

Proof. By the standard invariance properties of solutions to (1.1), for any 7 > 0,
t x
A _ =1/ a, A
ta) = S 4.10
Wta) = e (£, 2) (4.10)
is the maximal solution of (1.1) with initial value
A -1/ N
Uy, = AT D eB
0,7 %f DK

1_~ytm

in the sense of Theorem 3.5, where p = M~ (G=57) For 7> 0 we let A = A(T) be given by

1_yt+m

A=ANT1)=7T0""2 .

With this choice of A = A(7), we refer to the solutions ui(T) as u,. It follows that the initial

data of ur, is up» = fr where

foo= T*Wsz%Ff € By. (4.11)
By (4.10), o
Tonax (t0.+) = TTmax(Af) = G271 (A F). (4.12)

Moreover, f;,uo € Br, given by (3.6).

Since uo.n,, = fr, — up in S’'(RY), by (4.8), it follows from Theorem 3.5 that there exists
T > 0 such that ur, (t) — u(t) in Co(RY) for all t € (0,7]. Fix 0 < § < T and let u,, s5(t) =
Uz, (t +6) and us(t) = u(t + 0) with maximal existence times respectively Tiax(uo,r,) — 9 and
Tmax(up) — 9. Since (N — 4)a < 2, we know by [11, 12] that blowing up solutions are always
type I. Hence, by continuity of the maximal time of existence in Co(RY) for type I blow-up
solutions (see [8]), in the case where Tiyax(ug) < 0o, and by the lower semi-continuity of the

maximal time of existence in the case Tax(ug) = 00, it follows that

Tnax (s, (8)) = Tinax (u(6)),

which implies that

Tmax(uo,q—n) — Tmax(uo)-
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The relation (4.9) now follows from (4.12).
Finally, since o < 2/(y +m), we have that as 7,, — 0 (respectively oo) if and only if \,, — 0
(respectively o). O

As mentioned above, Theorem 1.12 is included in Theorem 4.3, and has thus been proved.
We next turn to Theorem 1.10.

Proof of Theorem 1.10. Let f € Co(RY) N A satisfying (1.22). It follows that there exist two
constants, 0 < ¢ < C < oo and L > 0, such that

Cwoﬁf(ﬁU) §C¢07 V’.’IJ‘ ZL7{E697
where 1) is given by (2.4), and so
Cwo < fT(x) < C¢O> V|x\ > L\/;a HAS Q?

where f; is given by (4.11). Hence, if ug and 7, satisfy the hypotheses of Theorem 4.3, and if
T — 0, we must have that
co < up(x) < Cipg, Va € Q.

By comparison, and Theorems 2.6 and 4.3, that

7’Y+m)—1}

1
Tmax(0¢0) S Tmax(uO) = ILm )\'[rfa 2 Tmax(Anf) S TmaX(CwO) < 00, (4-13)
l_’Yme)
where \, =m* 2 " —0asn— oo.
It follows from (4.13) that
Tinax (Cbo) < liminf AG="2") 10 (0 f) < limsup MG =2 T (M) < T (ctho)
A—0 A—0
(4.14)

1_ytmy-—1
To see this, suppose to the contrary there is a sequence A,, — 0 such that )\5 a2 ) }Tmax()\n f)

does not ultimately fall in the range given by (4.14). Passing to a subsequence, we may assume,
by the compactness of Z(f), defined by (4.1), and by [21, Proposition 5.1 p. 361], that there

_’Y+2m)—1}

1
exists ugp such that the hypotheses of the Theorem 4.3 are satisfied with 7, = )\7[1(“ ,

and hence we obtain (4.13). This completes the proof of the theorem. O
We now give the proof of Corollary 1.13.

Proof of Corollary 1.13. As in the proof of Theorem 1.7, it suffices to consider the restrictions
of functions to Q. By [5, Proposition 2.9, p. 1115] and [21, Section 3], given 0 < ¢; < cg < K <
00, there exists f € By N Co(Q2), such that Z(f) = {cto;c1 < ¢ < ca}. (A result analogous to
[5, Proposition 2.9, p. 1115] was not explicitly given in [21, Section 3] but is easily proved.) It
follows that

lig\n inf )\[(é*WTm)_l}TmaX()\f) = Thmax(c2t) < Thmax(c10) = limsup /\[(é*me)_l]TmaX()\f),

where we have used formulas (1.26) and (2.28). O
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Remarks 4.4.

(i) Let f € Co(RY) N A be a universal solution in as in [21, Theorem 1.4, p. 345], or
[5, Theorem 1.2, p. 1108] in the case m = 0. More precisely, for some K > 0,
fio =9 € Bk N C*™(Q) N Cp(£2) and

where Z(g) is defined by (4.1). Hence Z(f) = % = Bx. It follows that for every
z € By there exists a sequence i, — oo such that (1.25) holds. Thus, assuming the

conditions on « in Theorem 1.12, it follows that

_’Y+m)—1]

1
)\[TSQ 2 Tmax(Anf) — Tmax(z)

12 (yam
where \,, = un[a (y+m)] — 0.

This adds to the examples described in the previous remarks.
(ii) If the initial data f in Theorem 1.10 satisfies also

f(z)

|x|—00, 2€Q wo (iL‘)

=c> 0,

Then
Z(fia) = {cto} -

Hence
2+

-1
/1\1{‘% A(é*T) Tinax(Af) = Trmax(cthy) < oc.

In particular, the last limit exists and is finite. The case m = 0 is known, see [7,
Theorem 1.3, p. 307]. See also [13, Theorem 2, p. 172] for the case m = 0, but only

for a more restrictive class of initial data.

The following two results are analogues of Theorem 1.10 and Corollary 1.13 where the

asymptotic behavior of Tax(Af) as A — oo is studied, as opposed to A — 0.

Proposition 4.5. Let a =1 in (1.4) and let the integer m and the real numbers «, v be such

that
0<m<N,0<y<N,0<a< , (N =2)a< 4.
Y+m
Let f € f, not necessarily positive, be anti-symmetric with respect to x1, T2, -+, Tm, and
Yy Y
suppose that
‘x|’y+2m |x|'y+2m
0 < liminf f(z) < limsup f(z) < oo. (4.15)
|z|—=0,2€Q X1 - - Tm |z|—0,zeQ T1 " Tm

Then there exists \g > 0 such that for all A > Ao, the maximal solution uy : (0, Tyax(Af)) —
Co(RN) of the integral equation (1.4) with initial value \f blows up in finite time. Moreover,
_atm Y+m

0<11An}infx[<é 7)) N T () < limsup AG =271 (A F) < oo (4.16)
s A oo
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Proof. The proof follows exactly the same steps as the proof of Theorem 1.10 with the obvious
modifications. For example, the first inequality in the proof is true for |x| < L, instead of
|x| > L, etc.

O

Proposition 4.6. Let a = 1. Let the integer m and the real numbers a, v be such that

0<m<N,0<y<N,0<a< , (N =2)a< 4.
Y+m
Then there exists f € X satisfying the hypotheses of Proposition 4.5 such that
liminf AlG =270 (V) < limsup MG =2 T (A ).
A—00 A—ro0

Proof. The proof is same as that of Corollary 1.13, however taking into account Remark 2.4 (vi)

of [5]. More precisely, if we set
J f(a) = |20 f (/)

for all f € f)’\;{, then J is a homeomorphism of B , J leaves invariant all functions which are

homogeneous of degree —(y + m),
XNFTMDNT = (1/A) T Dy

and
H(f) =T 'Z(T(f)),

where

H(f) = {z € B, 3hn — 0,1 — 0o, such that lim X)*™Dy f = zinB}}. (4.17)

n—oo

Thus, there exists f € B}, such that H(f) = {cpo;c1 < ¢ < e} O

Remarks 4.7.

(i) The functions f € X satisfying the hypotheses of Propostion 4.5, and in particular
fe X such that H(f) = {cbo;c1 < ¢ < ¢a}, contructed in the previous proof, clearly
can not be bounded in any neighborhood of 0.

(ii) On the other hand, if v+ m < N, there exist f € X satisfying the hypotheses of
Propostion 4.5 with f € L1(Q), ¢ > 1 and ¢. < ¢ < W_Lm, where q. = % In other

words, the “classical” theory of local wellposedness for (1.1) in L7 includes such initial

values.

We conclude with the proof of Theorem 1.9.

Proof of Theorem 1.9. This result is just a small addition to [27, Theorem 1.2, p. 508] and
the proof is almost completely given there. To complete the proof, it suffice to observe, using
the notation established in [27, pp. 521-523], that Tax(vr(t0)) = Tmax(u(to)) as 7 — 0. This
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is true by continuity of the maximal time of existence in Co(R”) for type I blow-up solutions
(see [8]). This implies, continuing with the notation established in [27, pp. 521-523], that

}\ii% /\[(é_N%) I]TmaX()\f) = 11_% Tnax(fr) = Tmax(vr(to)) + to = Tmax(u(to)) +to = T'(uo).
This finishes the proof of the theorem. 0
REFERENCES
[1] C. Bandle and H. A. Levine, On the existence and nonezistence of global solutions of reaction-diffusion
equations in sectorial domains, Trans. AMS, 316 (1989), 595-622.
[2] H. Brézis, Functional analysis, Sobolev spaces and partial differential equations, Universitext, Springer,
New York, 2011.
[3] H. Brézis and A. Friedman, Nonlinear parabolic equations involving measures as initial conditions, J.
Math. Pures Appl., 62 (1983), 73-97.
[4] T. Cazenave, F. Dickstein, M. Escobedo and F. B. Weissler, Self-similar solutions of a nonlinear heat
equation, J. Math. Sci. Univ. Tokyo, 8 (2001), 501-540.
[5] T. Cazenave, F. Dickstein and F. B. Weissler, Universal solutions of the heat equation in RY, Discrete
Contin. Dynam. Systems, 9 (2003), 1105-1132.
[6] T. Cazenave, F. Dickstein and F. B. Weissler, Multi-scale multi-profile global solutions of parabolic
equations in R | Discrete Contin. Dynam. Systems - Series S, 5 (2012), 449-472.
[7] F. Dickstein, Blowup stability of solutions of the nonlinear heat equation with a large life span, J.
Differential Equations, 223 (2006), 303-328.
[8] C. Fermanian Kammerer, F. Merle and H. Zaag, Stability of the blow-up profile of nonlinear heat
equations from the dynamical system point of view, Math. Ann., 317 (2000), 347-387.
[9] H. Fujita, On the blowing up of solutions of the Cauchy problem for uy = Au+u'T, J. Fac. Sci. Univ.
Tokyo Sect. I, 13 (1966), 109-124.
[10] T. Ghoul, An extension of Dickstein’s “small lambda” theorem for finite time blowup, Nonlinear Anal-
ysis, T.M.A., 74 (2011), 6105-6115.
[11] Y. Giga, S. Matsui and S. Sasayama, Blow up rate for semilinear heat equations with subcritical non-
linearity, Indiana Univ. Math. J., 53 (2004), 483-514.
[12] Y. Giga, S. Matsui and S. Sasayama, On blow up rate for sign-changing solutions in a conver domain,
Math. Methods Appl. Sci., 27 (2004), 1771-1782.
[13] C. Gui and X. Wang, Life span of solutions of the Cauchy problem for a semilinear heat equation, J.
Differential Equations, 115 (1995), 166-172.
[14] O. Kavian, Remarks on the large time behaviour of a nonlinear diffusion equation, Ann. I. H. Poincaré,
Anal. non linéaire, 4 (1987), 423-452.
[15] T.Y. Lee and W. M. Ni, Global ezistence, large time behavior and life span of solutions of a semilinear
parabolic Cauchy problem, Trans. Amer. Math. Soc., 333 (1992), 365-378.
[16] H. A. Levine and P. Meier, The value of the critical exponent for reaction-diffusion equations in cones,
Arch. Ration. Mech. Anal., 109 (1990), 73-80.
[17] P. Meier, Existence et non-exzistence de solutions globales d’une équations de la chaleur semi-linéaire:
extention d’un théoreme de Fujita, C. R. Acad. Sci., Paris Ser. I, 303 (1986), 635-637.
[18] P. Meier, Blow up of solutions of semilinear parabolic differential equations, Z. Angew. Math. Phys.,

39 (1988), 135-149.



[19]
[20]
21]
[22]
23]
[24]
25)
126]
27]

[28]
[29]

[30]

31]

32]

NONLINEAR HEAT EQUATIONS INVOLVING HIGHLY SINGULAR INITIAL VALUES 35

N. Mizoguchi and E. Yanagida, Blowup and life span of solutions for a semilinear parabolic equation,
SIAM J. Math. Anal., 29 (1998), 1434-1446.

L. Molinet and S. Tayachi, Remarks on the Cauchy problem for the one-dimensional quadratic (frac-
tional) heat equation, J. Funct. Anal., 269 (2015), 2305-2327.

H. Mouajria, S. Tayachi and F. B. Weissler, The heat equation on sectorial domains, highly singular
initial values and applications, J. Evol. Equ., 16 (2016), 341-364.

C. E. Mueller and F. B. Weissler, Single point blow-up for a general semilinear heat equation, Indiana
Univ. Math. J., 34 (1985), 881-913.

P. Quittner and Ph. Souplet, “Superlinear parabolic problems. Blow-up, global existence and steady
states”, Birkhauser, Basel, 2007.

F. Ribaud, Semilinear parabolic equations with distributions as initial values, Discrete Contin. Dynam.
Systems, 3 (1997), 305-316.

P. Rouchon, Blow-up of solutions of nonlinear heat equations in unbounded domains for slowly decaying
initial data, ZAMP, 52 (2001), 1017-1032.

Ph. Souplet and F. B. Weissler, Self-similar sub-solutions and blow-up for nonlinear parabolic equations,
J. Math. Anal. Appl., 212 (1997), 60-74.

S. Tayachi and F. B. Weissler, The nonlinear heat equation with high order mized derivatives of the
Dirac delta as initial values, Trans. AMS, 366 (2014), 505-530.

S. Tayachi and F. B. Weissler, Some remaks on life span results, in preparation.

F. B. Weissler, Ezistence and nonezistence of global solutions for a semilinear heat equation, Israel J.
Math., 38 (1981), 29-40.

F. B. Weissler, Rapidly decaying solutions of an ordinary differential equation with applications to
semilinear elliptic and parabolic partial differential equations, Arch. Rach. Mech. Anal., 91 (1985),
247-266.

F. B. Weissler, L?—Energy and blow-up for a semilinear heat equation, Proceedings of Symposia in
Pure Mathematics, 45 (1986), Part 2, 545-551.

J. Wu, Well-posedness of a semilinear heat equation with weak initial data, Jnl. Fourier Anal. Appl., 4
(1998), 629-642.



