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Abstract

Consider the population model with infinite size associated to subcritical continuous-state branching
processes (CSBP). We study the flow of ancestral lineages as time goes to the past and show that,
properly renormalized, it converges almost surely to the inverse of a drift-free subordinator whose
Laplace exponent is explicit in terms of the branching mechanism. The inverse subordinator is shown
to be partitioning the current population into ancestral families with distinct common ancestors. When
Grey’s condition is satisfied, the population comes from a discrete set of ancestors and the ancestral
families have i.i.d. sizes distributed according to the quasi-stationary distribution of the CSBP conditioned
on non-extinction. When Grey’s condition is not satisfied, the population comes from a continuum of
ancestors which is described as the set of increase points .# of the limiting inverse subordinator. The
proof is based on a general result for stochastically monotone processes of independent interest, which
relates f-invariant measures and 6-invariant functions for a process and its Siegmund dual.
© 2022 Elsevier B.V. All rights reserved.

MSC: 60J80; 60J70; 92D25
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1. Introduction

Continuous-state branching processes (CSBPs) are positive Markov processes satisfying
the branching property. They arise as scaling limits of Galton—Watson processes and form
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a fundamental class of random population models. Their longterm behaviour has received
a great deal of attention since the seventies. We refer for instance to the early works of
Bingham [6] and Grey [16]. In the seminal work [5], Bertoin and Le Gall showed how to
encode a complete genealogy of a random branching population by considering a flow of
subordinators (X, ,(x),—00 < s < t < 00,x > 0). In this setting, for any x € (0, 00),
the process (X;(x),t > 0) := (Xo,(x), t > 0) is a CSBP started from x, viewed as the size of
the progeny of all individuals lying in the interval (0, x) at time O.

The initial value x being arbitrarily large, the population in the flow of subordinators
representation has an infinite size at all times. The genealogy is defined as follows: individuals
at time s with descendants at time ¢+ > s are the locations of the jumps of the subordinator
x — X, ,(x) and the descendants at time ¢ of the individuals in the population at time s are
represented by the jump intervals. The flow being defined on R, all individuals have arbitrarily
old ancestors. We shall provide more background on the flow of subordinators in the sequel.

Most works on CSBPs focus on their long-term behaviour forward in time. We refer to
Bertoin et al. [4], Duquesne and Labbé [11], Labbé [19] and Foucart and Ma [13] for studies
in the framework of the flow of subordinators. In this article, we are interested in the backward
genealogy of the continuous population and how it behaves on the long-term. To the best of
our knowledge, fewer works on CSBPs have been done in this direction. We refer however to
the works of Lambert [21], Lambert and Popovic [23], Johnston and Lambert [18] and Foucart
et al. [14]. The representation of the population model through (X, ,(x), s < ¢, x > 0) allows
one to follow the ancestral lineages backward in time. The work [14] initiates the study of the
inverse flow ()?S,,(x), s <t,x > 0) defined for s <t and x € (0, 00), as

X, () =inf{y = 0: X_, _,(y) > x}. (1.1)

This random variable represents the ancestor at time —¢ of the individual x in the population
at time —s. From now on, we consider an arrow of time pointing to the past, and call
X (x) = )A(o,l(x), the ancestor at time ¢ > 0 (backwards) of the individual x of the population
at time 0. Notice that it can also be interpreted as the minimal size which the population
at time ¢ (backwards) should have for the current population to have a size greater than x.
The two-parameter flow ()A(,(x),t > 0,x > 0) is representing the ancestral lineages of the
individuals in the current population. We call ()A( ((x), t > 0) the ancestral lineage process. This
is a Feller process with no positive jumps. Moreover, for any x # y, whenever ()A( (x),t>0)
and ()A(t(y),t > 0) meet, they coalesce and such a coalescence represents the occurrence in
the past of a common ancestor of the individuals x and y. We refer to [14] for a study of the
coalescent processes embedded in the flow ()A(t(x), t>0,x>0).

For any fixed x € (0, co), the Markov processes ()A(,(x), t > 0)and (X;(x),t > 0) are linked
through a duality relationship, called Siegmund duality, of the following form: for any r > 0
and x, y € (0, 00)

P(X,(x) <y) =P(x < X:(). (1.2)

We refer to Siegmund [29] and Clifford and Sudbury [9] for a general study of the duality
(1.2). See [14, Equation (3.5), Section 3] for the case of CSBPs.

We wish to mention that Siegmund dual processes of discrete branching Markov processes
have been already studied by Asmussen and Sigman [1, Example 9], Li et al. [27] and more
recently by Pakes [28]. However no mention was made in these works about the genealogical
interpretation of the Siegmund duals and their almost sure renormalization. Besides the fact
that our study lies in the continuous state space setting, one of the main contributions of this
article will be to provide a genealogical interpretation of the Siegmund duals and their limits.
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We focus in this article on subcritical CSBPs. In such a setting, it has been shown in [14]
that for all x € (0, o0), the Markov process (X,(x),t > 0) is transient. The main aim of
this article is to obtain an almost sure renormalization of the inverse flow X of all subcritical
CSBPs, including those with no quasi-stationary distributions, namely those for which Grey’s
condition does not hold, see Section 2. The limit process is the inverse of a certain subordinator
with an explicit Laplace exponent. Last but not least, we establish that this inverse subordinator
is partitioning the current population into ancestral families with distinct common ancestors.

The paper is organized as follows. Further background on CSBPs and their representation
in terms of flow of subordinators are provided in Section 2. Fundamental properties of the
ancestral lineage process (X,(x), 1 > 0), such as its Siegmund duality relation with the CSBP
(X:(x),t = 0) and the representation of its semigroup, are also recalled. Our main results are
stated in Section 3 and proven in Section 4. The proof is based on a general result, established in
Theorem 4.1, for stochastically monotone Markov processes by showing how to link (infinite)
f-invariant measures of a process (X;,t > 0) with (increasing) @-invariant functions of its
Siegmund dual process (X, t > 0). We apply this result in the setting of CSBPs.

2. Background on CSBPs and the flow of subordinators

We first recall basic definitions and properties of CSBPs and their representation in terms of
flows. These processes are continuous time and continuous space analogue of Galton—Watson
Markov chains. They have been introduced by Lamperti [24] and Jifina [17]. CSBPs are positive
Markov processes satisfying the branching property: for any x, y > 0 and fixed time ¢t > 0,

Xi(x +y) = X;(x) + X/(¥), 2.3)

where (X,(x + ), 7 > 0) is a CSBP started from x + y, and (X;(x), 7 > 0) and (X/(y),t > 0)
are two independent copies of the process started respectively from x and y. We refer the reader
to [26, Chapter 3] for an introduction to CSBPs. Denote by L the generator of (X;(x), t > 0).
For any ¢ > 0, set e,(x) := e 9" for any x > 0. The operator £ acts on the exponential
functions as follows. For all ¢, x > 0,

Ley(x) = V(q)xe,(x), 2.4)

where V¥ is a Lévy—Khintchine function and is called the branching mechanism. We refer e.g. to
Silverstein [30]. The linear span of exponential functions A := Span({e,, ¢ € [0, 00)}) is a core
for generator L.

We shall merely be interested in subcritical CSBPs for which ¥ is of the form

2 00
U(u) = %uz + yu +/ (™ — 14 ux)m(dx) for all u > 0, 2.5)
0
where y = ¥/(0+) > 0, 0 > 0, and 7 is a Lévy measure, i.e. a Borel measure such that

fooo(x A x2)1(dx) < co. We assume that either m # 0 or o > 0, so that ¥ is not linear. The
semigroup of (X,(x), t > 0) satisfies for any A € (0, 00), t > 0 and x € [0, c0)

E[ef)LX[(X)] — e*XUr()L)’ (26)

with for any A € (0, 00), ¢t — v,(A) defined as the solution to the integral equation

A
/  _, 2.7
wy Y)
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Note that ¢t — v;(A) solves %v,(k) = —U(v,(1)) with vp(A) = A. As a first consequence
of (2.6), the process (X,(x),t > 0) is extinct at time ¢ with probability e *"(  where
v,(00) := lim, _, x v;(A) € (0, oo]. The latter is finite if and only if ¥ satisfies Grey’s condition

/ T (2.8)
U(u)

Lambert [22] and Li [25] have studied the subcritical CSBP (X,(x), ¢ > 0) conditioned on
non-extinction and established the following weak convergence when (2.8) holds:

B(X,(x) € - 1X,(x) > 0) —> vo(-)

where v, is the (minimal) quasi-stationary distribution of the CSBP and has Laplace transform

oo _du

o0
/ e y(dx) = 1 —kao(q) =1 — e VO 36w ¢ > 0. (2.9)
0

An interesting phenomenon for CSBPs is that when Grey’s condition (2.8) does not hold, the
latter are persistent in the sense that although subcritical, they are not getting absorbed at the
boundary 0, but are decreasing towards 0 while keeping positive mass at all times. In particular,
no quasi-stationary distributions exist in this setting.

The branching property (2.3) can be translated in terms of independence and stationarity
of the increments of a process (X;(x),x > 0) for any fixed time ¢. The latter is therefore a
subordinator and according to (2.6), its Laplace exponent is A — v,(}X). Starting from this
observation, Bertoin and Le Gall in [5] showed that a complete population model can be
associated to CSBPs through a flow of subordinators (X, ,(x),s <t,x > 0).

More precisely, the collection of processes (X, ;(x), s <, x > 0) is satisfying the following
properties:

(1) For every s < t, x — X,,(x) is a cadlag subordinator with Laplace exponent A +—
Vi—s(A).

(2) Forevery t € R, (X, ;,r <s <t)and (X,,,t <r <s) are independent.

(3) Foreveryr <s <t, X,; = X5;0X,; as.

The two-parameter flow (X,(x),x > 0,7 > 0) = (Xo,(x),x > 0, > 0) is a flow of
CSBPs with branching mechanism ¥, each starting from an initial population of arbitrarily
large size x. The three-parameter flow above provides a complete genealogy of the underlying
(infinite) population: let y € (0, 00), if X;,(y—) < X, ,(y), then the individual y at time s has
descendants at time ¢ and those are represented by the interval (Xw(y—), Xs,t(y)); see Fig. 1.

We will now always work on the probability space on which the flow of subordinators
(X5.4(x),s <t,x > 0) and thus the inverse flow ()E'S,,(x),t >s,x > 0), see (1.1), are defined.
We stress that the statements below hold true with general branching mechanisms, including
those that are not subcritical. We shall explicitly mentioned the condition ¥’(0+) > 0 when
this is needed. Similarly as for the forward flow, we summarize here fundamental properties
of the inverse flow, see [14, Section 3]

(1) For every t > s, x > X si(x) s a cadlag inverse subordinator.
(2) For every t € R, (X”, r<s< t) and (X”,t < r <s) are independent.
(B) Forallr <s <t, XV,_X,,oX,,as

The ancestral lineage process, defined as
(Xi(x). 1 = 0) := (Xo,(x), 1 = 0),
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A z = X 4(x)
Xs,t(y) ' ‘
Xs,t(y_) : :
% >

Fig. 1. Schematic representation of the genealogy forward in time.

is a non-explosive cadlag Feller process with no positive jumps, namely for all x € (0, 00),
TOO inf{r > 0 : X,(x) 00} = oo a.s. and P(supl>0(X (x) — X, (x)) > O) = 0. Property
(3) entails that the flow of processes (X (x),t = 0,x € (0, oo)) is coalescing, in the sense
that, when two ancestral lineages ()A(,(x), t > 0) and ()A(,(y), t > 0) meet, they merge. Such a
coalescence represents the occurrence in the past of a common ancestor of the individuals x
and y. We refer the reader to [14, Section 5.2] for a study of coalescent processes embedded in
the flow (X”’ s < t). The next theorem characterizes the semigroup of ()A( ., t > 0). We denote

it by (Q;,t > 0).

Theorem 2.1 (Theorem 3.5, Proposition 3.6 in [14]). For any continuous function f defined
on (0, 00) and any q > 0,

E[Qif(Gq)] = E[f(ev,(q))]s (210)

where for any ) € (0, 00), €, is an exponential random variable with parameter A. The process
X admits an entrance boundary at 0+ if and only if (2.8) is satisfied.

When (2.8) holds, the process started from O, (X (0+),t = 0), is defined at any time as
X 1(0+) = lim, o X «(x) a.s. This corresponds to the first individual at generation ¢ backwards
in time, with descendants at time 0.

We now verify that X satisfies some properties of regularity. For x, y € (0, 00), set

V= inf{r > 0: X,(x) > y) =inf{r > 0: X,(x) = y}. (2.11)

We shall sometimes write YA"‘ = f"yx to emphasize on the initial state x of the process.

Lemma 2.2 (Regularity). If — W is not the Laplace exponent of a subordinator, i.e. W(u) > 0 for
some u > 0, then the process X is regular on (0, 00), namely for any x <y, x(T, < 00) > 0.

Proof. Let x,y € (0,00), for any t > 0, P.(T, < 1) > IP()A(,(x) >y) =P(x > X,(y)). B

assumption, — ¥ is not the Laplace exponent of a subordinator, this ensures that the CSBP is

not almost surely non-decreasing, see e.g. [6, page 220], and that the event {X,(y) —> 0} has
11— 00

positive probability. Hence, }P’X(YA} < o0) > limHooIF’(x > X,(y)) > P(X,(y) =2 0)>0. 0O
—00
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In the subcritical case, for which ¥'(0+) = y > 0, one has lim,,v,(1) = 0 and all
families forward in time are getting extinct. As mentioned in the introduction, in this case the
ancestral lineages are transient.

Proposition 2.3 (Proposmon 3.8 in [14]). Assume W’(O—i—) > 0. For any x € (0,00), the
ancestral lineage process (X,(x) t > 0) is transient, i.e. X (x) —> o0 a.s.

The following versions of Siegmund duality relationships will be more convenient to work
with in the sequel. They will allow us to apply a general result, Theorem 4.1, about invariant
functions and invariant measures for a given process and its Siegmund dual.

Lemma 2.4. Foranyt > 0 and x,y € (0, 00),
{)A(,(x) >y} = {x > X_;0(y)} almost surely, (2.12)

and

P(X,(x) > y) = P(x > X,(»)). (2.13)

Remark 2.5. We stress here on the strict inequalities in (2.13). This form of duality is actually
the one used by Siegmund in his fundamental article [29].

Proof. Lett > 0 and x,y € (0, 0c0). We establish that {)A(,(x) <y} = {x < X/(y)} almost
surely Note that this is equivalent to (2.12). According to [14, Lemma 3.3-(1), Section 3],

{Xt(x) < y} = {x < X,(y)} almost surely, therefore we only need to focus on the events
{X,(x) = y} and {X,;(y) = x}. Recall the definition of X (x)in (1.1),

{Xt(x) =y} = {sz,o()’—) <x< sz,o()’)} U {Xft,o(y—) = Xfr,o()’) =x}.

Since X_,( is a subordinator, it has no almost sure fixed discontinuities and the event
{X_10(y—) < X_;0(y)} for fixed y has probability 0. Thus

{X,(0) = y} = {X_10(y) = x} as.,

and (2.12) is established. Since X_; o(y) has the same law as X,(y),
P(X,(x) = y) = P(X_; o(y) = x) = P(X,(y) = x),

and the identity (2.13) holds. O

3. Results

Assume that the branching mechanism ¥ is subcritical, namely ¥’(0+) > 0. For any
A € (0, 00), define the map on [0, co):

78 u
K0 > ¢ VO T (3.14)

We shall see that «; is the Laplace exponent of a drift-free subordinator, namely it takes the
form «;(0) = fooo(l — e )u,(dx), for any § > 0, where v, is a Lévy measure, i.e. a Borel
measure on (0, co) such that fooo(l Ax)v(dx) < oo. The latter is finite when «; (00) < oo. This
occurs if and only if Grey’s condition holds, f e wdfdu) < 00, see (2.8). In this case, the function
K defined in (2.9), is the Laplace exponent of a compound Poisson process with jump law
Voo, the quasi-stationary distribution of the ¥-CSBP conditioned on non-extinction.
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Theorem 3.1. Assume V'(0+) > 0. Fix A € (0, 00). Then, almost surely
v,()»))?,(x) — W’\(x), for all x ¢ Jh = {x >0: Wk(x) > W’\(x—)},
—00
where the process W* has cadlag paths and its right-inverse process W, defined for any y > 0
by
W*(y) := inf{x > 0: W (x) > y},

is a drift-free subordinator with Laplace exponent k, defined in (3.14). In addition, the
following dichotomy holds:

@) IffOO ‘;“M) < 00, then for any ) € (0, c0] the process (W*(x), x > 0) has piecewise

constant sample paths almost surely. A
(ii) Iffoo % = oo, then for any » € (0, 00) the process (W*(x), x > 0) has continuous

sample paths almost surely.

Remark 3.2. In case (i), since the Lévy measure v, is finite, (Wk(x), x > 0) is the inverse
of a compound Poisson process with Laplace exponent «;,. It is natural to choose A = oo in
which case the following almost-sure convergence holds

v (00) X (x) — W>(x) for all x ¢ J®,

where (W™(x), x > 0) is the inverse of a compound Poisson process with Laplace exponent
Ko, Whose Lévy measure is the quasi-stationary law of the CSBP. In case (ii), one cannot take
A = 00, since when Grey’s condition does not hold, v;(c0) = oo for all ¢ > 0.

Recall 77 the Lévy measure in the Lévy—Khintchine form (2.5) of ¥. The following corollary
shows that the ancestral lineage process (X;(x),# > 0) has an exponential growth when the
measure 7 satisfies an L log L condition.

v’ (04)t

Corollary 3.3. For any X > 0, v;(X) ey cre” for some constant ¢, > 0 if and only if
—00

floo ulogum(du) < oo. Moreover, under this latter condition, almost surely

e VOPR (%) — W), forall x ¢ J:={x>0: W) > Wx—)l,
—00
where W is the inverse of a subordinator W with Laplace exponent

0 1
k:0 €[0,00) —~ eV ODh (v~ &"(u))d“

Remark 3.4. Corollary 3.3 is reminiscent to results for supercritical CSBPs with an L log L
moment, which have an exponentlal growth when they are not getting extinct, see [16] and
e.g. [26, Chapter 3].

Example 3.5. Let y > 0. Consider the subcritical Neveu CSBP whose branching mechanism
is defined by ¥(u) := y(u + 1)log(u + 1) for all u > 0 Note that ¥'(0+) = y > 0 and

/= ;g’u) — 0. Solving (2.7) yields v,(1) = (» + 1) 7" — I~ log(l+A)e v, where W is

the inverse of a subordinator W with Laplace exponent

—X

K(@):ylog(l—i-@):/ (1 — e ")y S dx
0 X

The limiting process W is therefore an inverse Gamma subordinator.
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The next observation ensures that the choice of the parameter A is arbitrary in both cases
(1) and (ii) in the sense that a change in A only affects the limit by a multiplicative factor.

Lemma 3.6. For any A" # A € (0, 00) and x € (0, 00),

A7 ~ / 2 _du
w* xX)=cua Wk(x) almost surely, with cy/ , = eV Or) ki T,

The process (W’\(x), x > 0) can be interpreted as follows. Define a random equivalence
relation .27 on (0, 00) via

2 yif and only if W*(x) = W*(y).

This induces a random partition' of the set (0, 0o) into open intervals of constancy of W A
simple application of Lemma 3.6 ensures that this partition does not depend on A. By definition,
the subintervals of the partition &/ are made of individuals whose ancestral lineages have the
same asymptotic behaviour. These subintervals correspond to the jump intervals of W*, the
subordinator obtained as the right-inverse of W*, that is to say

o = {(Wk(u—), Wk(u)); u > O} a.s.

In other words the families in <7 are separated by points x;,i € I, in the support . of the
associated Stieltjes measure dW*, S = {W*u) :u > 0}.

The next theorem states that .7 corresponds actually to the families of current individuals
having a common ancestor.

Theorem 3.7. For any x,y € (0, 00),
X 2 y if and only if)A(,(x) = X,(y) for some t > 0.

Theorems 3.1 and 3.7 complete the results obtained under Grey’s condition, in Foucart
et al. [14, Sections 3, 4 and 5.3], on the long-term behaviour of the ancestral lineages, as
well as on the representation of the ancestral partition when Grey’s condition is not in force.

As stated in Theorem 3.1, there are two separate cases to treat according whether Grey’s
condition holds or not.

When f *© % < oo (Grey’s condition), the process (Wk(x),x > 0) is the inverse of a
compound Poisson process for any A € (0, 0o]. By taking A = oo, the latter has for jump
measure the probability law v, and the partition <7 is thus constituted of i.i.d. families with

lengths of law v, i.e. &7 takes the form of a consecutive partition into intervals:
o = ((0, x1), (x1,x2), ...) as.,

where (x;,7 > 1) is a random renewal process with jump law v,,. An important example is
the subcritical Feller diffusion, for which ¥(q) = 0%/2¢ + yq and v is the exponential
law with parameter 2y /o, see [22, Section 5.2]. According to [14, Theorem 4.2], the flow of
ancestral lineage processes (X,,t > 0) has in this case the same law as a flow of supercritical
Feller diffusions with constant immigration (at rate o2). The almost-sure convergence stated
in Theorem 3.1 can also be shown by applying Theorem 1 in Foucart et al. [15], where an
almost-sure renormalisation of supercritical branching processes with immigration is provided.
The following figure provides a schematic representation of the families, their lineages and

1 Up to a negligible set.
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A

T3

Xi(w2) ~ W (22) /ve(00)
T . N 200
Xi(1) ~ W (21) Jvi(0) Wee(z1) —
o i Wee(0) p—
X:(04) ~ W (0)/ve(00)

time 0 1 T2 3

A

\

Fig. 2. Schematic representation of ancestral families under Grey’s condition.

the process W, under Grey’s condition. We mention that in the Feller case, only binary
coalescences are possible. When ¥ is not the branching mechanism of the subcritical Feller
diffusion, i.e. # # 0, coalescences between the ancestral lineages inside each family are
possibly multiple and can be described using the notion of consecutive coalescents, see [14,
Section 5].

When f *© % = 00, the description is more involved since the process (W’\(x), x > 0)
has singular continuous paths and any fixed subinterval of (0, co) of finite length contains
infinitely many small families with positive probability. Recall that . is the support of the
random singular measure dw?.

Proposition 3.8. Ser ¥'(c0) = limt,%oo@ € (0,00]. For any x > 0, the Hausdorff
dimension of . N[0, x] is

v'(04)
¥'(00)
From (2.5), one sees that ¥/(00) = 02~oo+y+f0°° xm(dx) € (0, oo]. In the case of a CSBP

with unbounded variation, namely with o > 0 or /01 x7(dx) = 0o, one has ¥'(c0) = oo and
the Hausdorff dimension of .# is zero. In the bounded variation case, (3.15) can be rewritten
as

dimy (% N[0, x]) =

€ [0,1) as. (3.15)

14

di = as.
imy (7 N[0, x]) y +f000 e @) a.s

Remark 3.9. If one denotes by PPP, =3 ., 8((1[_1’ AY) the Poisson point process associated to

the subordinator W*, the atoms (Aik, i € I) are by definition the sizes of the different families
in &/ and the atoms of jump times (a}', i € I) are related to the rate of escape of the ancestral
lineages and can be thought as some ancestral types. Let € > 0. The restriction of PPP; to
the set (0, 00) x (€, 00) takes the form PPP; ¢ o0)x(c,00) = Zjozl 8(®;_D;), where (ej.,j > 1)
is a sequence of i.i.d. exponential random variables with parameter v,(¢) := v, ((e, oo)) and
(DS, j = 0) are i.i.d. random variables with law vgjfg)l(eqw)(x). The exponential random
variables allow one to distinguish families between each others. If e is larger than e, then
the ancestral lineage of the jth family with size larger than e, diverges slower than that of
the ith. Note that when Grey’s condition holds, the characteristic measure of the Poisson point
process PPP, is finite and one can take ¢ = 0. When Grey’s condition fails, one needs first to
restrict ourselves to families of size greater than € > 0 in order to be able to rank the atoms of
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times of PPP;. In the schematic representation given in Fig. 2, the divergence of the ancestral
lineage of the family (x,, x3) is faster than those of (x1, x») and (0, xy).

Example 3.10. Let ¥ be the branching mechanism with drift y = 1 and Lévy measure
7(dx) = x~*le~*dx with « € (0, 2). Then by a Tauberian theorem, see e.g. Feller’s book [12,
Chapter XIIL.5],

¥(x)
X

oo
~ / (I —e™Mhahydh ~ cox*",
X—>00 0 X—> 00
where for all & > 0, w(h) := w((h, 00)) and ¢, is a strictly positive constant.

() If @ € (1,2), then foo ;(”u) < 00, hence ¥'(0c0) = oo, and . is a discrete set, thus

dimg (. N[0, x]) = 0 a.s. for all x > 0.
(ii) If « = 1 (Neveu case), then f 55 and ¥/(00) = 00, hence . is not a discrete

Tu)
set, but dimg (. N[0, x]) = 0 a.s. for all x > 0.
(i) If « < 1, ¥'(0c0) < o0, hence foo Wd—(”u) = oo and .¥ is not a discrete set, and
dimy (" N[0, x]) = =g 2 for all x > 0.

In general, inverse subordinators do not have the Markov property. The joint density of the
finite-dimensional marginals of (Wk(x), x > 0) is thus rather involved to study. We refer to the
works of Lageras [20] and Veillette and Taqqu [32] for information on inverse subordinators.

The following proposition is a side result on the one-dimensional laws of the limiting process
(W’\(x), x > 0). Recall that v, denotes the Lévy measure of the subordinator (W*(x), x > 0)
and D, is its tail: for any x > 0, D,(x) := v ((x, 00)).

Proposition 3.11.  The law of W (x) admits the density g* defined on (0, 00) by

ghw) = / by (x — 2)P(W(u) € dz). (3.16)
0
When [ Wdélu) < 00, W(x) has density g>° :
o0 u [*
gl(u) =e" g ;/(; Voo(x — 2)V 0 (dz). (3.17)
4. Proofs

The most demanding part in the proof of Theorem 3.1 lies in the almost-sure convergence.
The convergence in law will be established from a direct argument involving the subordinators
(X—;0(x), x = 0) rather than their inverse, we refer to the forthcoming Lemma 4.14. In order
to show the almost-sure convergence, we first establish a general result of independent interest
relating f-invariant functions of stochastically monotone processes, with f-invariant measures
of their dual processes, see Section 4.1. We then apply this result in the setting of CSBPs.
The asymptotics of a certain f-invariant function for the dual process X is studied. It enables
to find a new martingale associated to the ancestral lineage process. We shall see how the
renormalization v,(\) appears in this martingale and deduce the almost sure convergence of
the process (vt()»)f(,(x), t > 0) started from a fixed value x, see Lemma 4.10. We study the
associated limiting process in x and show that it satisfies the properties stated in Theorem 3.1,
see Lemma 4.11.
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Theorem 3.7 will be established with the help of some previous results obtained in [14].
Proposition 3.8 will be a consequence of Theorem 3.1. The proof of Theorem 3.1 is divided
into several lemmas. The first are needed to show the almost sure convergence towards some
positive random variable Vi/k(x).

4.1. Invariant functions of stochastically monotone Markov processes

In this section, we consider a “general” standard Markov process X = (X,,r > 0) with
state space [0, oo), and denote by (X,(y), t > 0) the process started from y € [0, c0). Recall
that the process X is said to be stochastically monotone if for any + > 0 and x € [0, c0), the
map y — P(X;(y) > x) is non-decreasing. Siegmund [29] has established that if the process
X 1is stochastically monotone, non-explosive or with boundary oo absorbing, and that for any
fixed r and z, the map y — P(X,(y) > z) is right-continuous then there exists a unique Markov
process X, the so-called Siegmund dual process, such that for any ¢ and x, y

P(X,(y) = x) = P(X,(x) < y). (4.18)
The latter identity can be rewritten as
P(X,(x) > y) = P(x > X,()). (4.19)

Our first result shows how to find fundamental martingales for the Siegmund dual process
(X:(x), t = 0) of any stochastically monotone Markov process (X;(x), ¢ > 0). Recall T, defined
in (2.11).

Theorem 4.1 (Invariant Functions of X). Let (P,,t > 0) be the semigroup of the process
(X;,t = 0). Let 8 € R If uy is a positive Borel measure on (0, 00) satisfying for any
t >0 uP, = e"’,ug, then the functions x +— ([0, x)) and x — pge((x, 00)), provided
they are well-defined, are 0-invariant functions, namely functions fy such that for any t > 0
and x € [0, 00),

E[f5(X:(x)] = " fy(x),
so that
(e fo(X,(x)), t > 0) is @ martingale. (4.20)

In particular, if the process (X,,t > 0) has no positive jumps and [y is finite on [0, x) for all
x >0, then fy : x — ue([0, x)) is a well-defined increasing and left-continuous function, and
forally>x >0,

([0, x))

E e = .
([0, ¥))

4.21)

Remark 4.2. A measure py satisfying py Py = €% 11y is sometimes called an eigen-measure
or a f-invariant measure.

Remark 4.3. Let £ be the generator of the process (X;,¢ > 0). The Kolmogorov forward
equation entails that the condition py P, = e’y for all t > 0, is equivalent to gL = Oy,
where oL is by definition the measure such that (s L, f) := [ L f(x)e(dx) for any function
f € C}(0. 00)).
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Proof. Set fy(x) = uy([0, x)) for all x > 0. For any x € (0, o) and any ¢ > 0,
P o) =E[ fo(%,(x)) | =E [ f ﬂ{g,(xw}ue(dy)}

=E [/ ]l{x>xt(y)}u9(dy)} by the duality relation (4.19)

= 11y P, ([0, 1)) = " 119 ([0, x)) = & fo(x).

The martingale property (4.20) follows readily from the Markov property. Note that the map
Jo © x = ([0, x)) is left-continuous. We now apply the bounded optional stopping time
theorem at time t A T:

E[e™"T fy(R,,1,(0)] = fox).

Since fy is non-decreasing and )A(va (x) <y as, one has for any t > 0, fp ()A(Mfy (x)) < fo(y).
On the event {YA} < 00}, the left-continuity of f; and the absence of negative jumps in the
process (X;, t > 0) ensure that fy (mey (x)) —> fy(y). This yields

11— 00

fot) = EmE[e" 3R, 4 (0)] = E[e™"D fo0) 1, o))

which provides the identity (4.21). [

Remark 4.4. Theorem 4.1 holds in general for any stochastically monotone Markov process.
In particular, the process is not required to have one-sided jumps. The state space [0, co] could
also be replaced by a more general nice ordered state space.

Remark 4.5. Let £ denote the generator of the process X. An invariant function fo for the
semigroup of X can be thought as a solution to the equation L fo = 6fy. However, when the
process has jumps, L is an integro-differential operator and no general theory allows one for
identifying solutions of this equation. Theorem 4.1 reveals that for stochastically monotone
processes finding a f-invariant function corresponds to finding a #-invariant measure for the
dual process. This is reminiscent to a result of Cox and Rosler [31].

4.2. Application to CSBPs and proof of Theorem 3.1

Recall the definition of ()A(,(x), t > 0) as the right-continuous inverse of (X_, o(x), ¢ > 0),
Lemma 2.4 and the duality relation (2.13). This relationship matches with (4.19) and we will
be able to apply Theorem 4.1.

Recall the action (2.4) of the generator £ on exponential functions. We now look for the
f-invariant measures [y in our setting and their Laplace transforms explicitly in terms of V.
The following Lemma holds for general branching mechanism (i.e. not necessarily subcritical).

q _du
Lemma 4.6. For any 6 > 0, the map ¢y : q — e N T s the Laplace transform of a Borel

measure [y on [0, 00). Moreover, the measure g is O-invariant for the semigroup (P;,t > 0)
of the CSBP (X;,t > 0).

Proof. Recall that £ denotes the generator of the CSBP (X,(x),t > 0). Let 6 > 0. It is
easily checked from the expression of ¢y that (—1)”63‘) > 0 on (0, c0). Bernstein theorem,
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see e.g. [33, Theorem 12.b, page 161], guarantees that there exists a certain Borel measure 1
(possibly infinite) on [0, co) such that co(g) = f0°° e " ug(dx) for all ¢ > 0. We now check
that the measure g solves upL = Oug. Let g > 0, recall that 1 > 0 is fixed. Observe first
that ¢y satisfies the equation

— W(q)cy(q) = Oco(q),  co(1) = 1. (4.22)

Recall e, : x — %" for any x, g > 0. Since the linear span of exponential functions is a
core for the generator £, it is enough to verify that

o]

(oL, eg) = / Leq(X)pto(dx) = Brug. e) = 6 / ¢ pg(dx). (4.23)
0 0

One has on the other hand Le,(x) = ¥(q)xe,(x) and (4.23) is equivalent to

U(q) /00 xe P ugdx) =0 /‘00 e 1 g (dx), (4.24)
0 0

which holds true by using (4.22). O

Remark 4.7. In the subcritical or critical cases, the map g — cy(q) is completely monotone
on (0, co) and not defined at 0. This entails that the measure py is infinite. In the supercritical
case, cg is completely monotone and well-defined and right-continuous at 0, in this case the
measure [y is finite. Lastly, observe that py gives a mass at O if and only if Grey’s condition
holds (which ensures that cg(c0) > 0).

AAccording to Theorem 4.1, the map fy : x — wp([0, x)) is a O-invariant function for
(X;,t = 0). The following simple calculation provides an expression of the Laplace transform
of fy. For any g > 0,

€0(q) ::fo Jo(y)e™#dy :/0 /0 Lu<yye™ po(du)dy = 569(6])- (4.25)

Inverting & in order to find fy does not seem to be feasible in a general setting, however we
shall see in the next lemma that &; has regular variation properties at 0, Tauberian theorems will
then allow us to find an equivalent at co of the function fy and hence enable us to investigate
more precisely the martingale (e fp ()A( ((x)), t = 0). Arguments for establishing the three next
lemmas are lifted from those in Pakes [28, Theorem 10] and Barbour [2] and adapted to the
setting of continuous-state space branching processes.

du
Lemma 4.8. Assume ¥'(04) # 0. The map R : q — e_f'q T ils regularly varying at 0

with index —1/ W' (0+). In particular it takes the form R(q) = q %O Ly(1/q), where L is
a slowly varying function at co. Moreover, for any 0 > —W'(0+),

fu) o LY = RO/ (426)

6 0
r (1 + gb’(0+)) r (1 + w’(0+))

Proof. For any g > 0,
/1 du /1 1 1 /' du
= — — ——— |du+ -
s YW ¢ \P@) ¥ (O0+Hu ¢ Y(O+Hu

l/q 1 1 1
- /1 <u2 v(1ju) @’(O+)u> S )
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Set e(u) = for u > 0 and notice that e(u) —> 0. One has

u—>00

1 1
u@(1ju)y ~ 0+
1 l/q
R(q) =q o/ (0+) exp (/ @du)
1 u
and by Karamata’s representation theorem, see e.g. Bingham et al. [7, Theorem 1.3.1], we see
q _du
that Li(x) := exp (fx E(:)du) is slowly varying at co. Recall ce(q) = 0N T, By (4.25),

& 1q—~ is regularly varying at 0 with index p = —1 — g,,(o - The Tauberian theorem
with monotone density, see e.g. [12, Chapter XIII.5, Theorem 4], provides (4.26). O

co(q)
q

From now on, we focus on the subcritical case ¥'(0+) > 0. We now establish an almost

sure limit theorem for the first passage time above level y, T, when y goes to co.

Lemma 4.9. For any x > 0, almost-surely

7 / L s
_ ),
Y 1/y W(u) y—>0o0

where S(x) is a finite random variable with Laplace transform

E[e’es(")] =TI <1 + !F/(G()—i—)) fo(x) for all 6 > —¥'(0+). 4.27)

Proof. We establish first a convergence in law. By the asymptotic equivalence (4.26), for any
0 > —¥'(0+),

X 1 du 9
E _G(Ty _fl/ y W(m) r 1
e ) ]}—>,_>OO 0D Jo(x).

One obtains by applying a continuity theorem for the moment generating function, see [10,
Theorem 3], that as y goes to oo,

Ay ' du L
T, —/]/y 0 — S(x), (4.28)

where S(x) has Laplace transform (4.27). We now show the almost sure convergence. Let
(yn, n = 0) be an increasing sequence such that y, —> oo and with yy := x. Write
n—00
n

R 1/x 1/yk du
T)‘n _'/] W(u) Z ( Vel Y / W(”)) :
/yn 1/ yk+1

Since the Markov process X has no positive jumps, the summands are independent and by
(4.28), the series on the right-hand side converges in law, one can apply [8, Theorem 9.5.5],
which ensures that the series actually converges almost-surely. We finally get that

T / C L swas O
. X) a.s.
» Ty W %

We now deduce the convergence of the process (v,()\)f(,(x), t > 0) for fixed x and a
representation of its limit W*(x).

523



C. Foucart and M. Mdhle Stochastic Processes and their Applications 150 (2022) 510-531
Lemma 4.10. Let A > 0. For any x > 0, the following almost sure convergence holds:
VOVX(x) — WH(x) == c()e™ V' ODS®) (4.29)
11— 00

where c(A) is a constant independent of x.

Proof. We first establish the almost sure convergence towards some random variable Wk(x).
By applying Theorem 4.1, the process (e~ f1(X,(x)), t > 0) is a positive martingale. Therefore,
the latter converges almost surely towards some random variable Z(x). Recall Lemma 4.8. Set

B 1) = it and Ry(1/y) = exp (ff/y %) — exp (]1A %) R(1/y). Recall that
)A(t(x) —> oo a.s, see Proposition 2.3. By Lemma 4.8,

e fl(X,(x)) ~ e 'B, MR, (1/X,(x)) — Z(x) as.

Hence
A e'Z(x)
Ry (1/X ~ . 4.30
H(1/30) = 25 (430)
Now, using the fact that R, is non-decreasing and regularly varying at O with index —m,

we see that R;l is regularly varying at co with index — ¥’(0+). Taking R;l in the asymptotic
equivalence (4.30) yields

t —v'(0+)
_ 1 N R;?l (e Z(x)> - ( Z(x) ) R;l(et).
X, (x) =00 B, 1)) =00 \ B(1,2)

By the definition of A — v,(}), see (2.7), one has Rx(vt()»)) = ¢'. This allows us to conclude
that

bR, ) — WA = (Z)/pc1, )" a

We now explain the relation between Wk(x) and the randgm variable S(x) introduced in the

previous lemma. Denote by (F;),>¢ the natural filtration of X. Let (M,, t > 0) be the martingale

defined by M, := E[e5®|F,] for any ¢ > 0. Note that M, — ¢~5*) almost surely. Moreover
11— 00

by Lemma 4.9, and Lebesgue’s theorem, for any ¢ > 0,

= limE [e‘(ff—fl'/y ) |-7:z:| :

y—00
For any fixed y, conditional on {f)’f > t}, we have that f"; = f‘f 00; 4+t with f‘f 00, = inf{s >
0: )A(S+,(x) > y}. By the Markov property, we get almost surely
£ (%5 0)
Siky)

Therefore, almost surely

M, = li elin b —tnfy
= —_— Ax y
=T AG) fl( InTy (x))e

1 —t
_r (1 + wo+)> ARiGe

A ATX
t/\Ty )

Ele ™ | 7] =
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Hence,

N 1
Z(x) = lime™ fi(X,;(x)) = —le_s(") >0 a.s.,
—00
(14 55)
and we have W*(x) = c(A\)e~ 7' ODS® a5 [

The almost sure convergence in Lemma 4.10 holds for fixed x. We now further investigate
the limiting process in the variable x and establish a stronger convergence.

Lemma 4.11. The process (W’\(x),x > Q) admitsAa non-decreasing right-continuous
modification. Moreover, setting J* = {x > 0: W*(x) > W*(x—)}, one has almost surely,

Vx ¢ J*, u(M)X(x) — W (). (4.31)

Proof. For technical reasons it will be easier to establish the result first with a left-continuous
limiting random process instead of the targeted right-continuous one. Once a version with
left-continuous paths and right limits is constructed, one can easily consider the associated
right-continuous version of it. Recall that by Lemma 4.10, for any fixed x, v,()»))A( +(x) converges
almost surely as ¢ goes to oo towards a random variable denoted by W*(x). Consider the almost
sure event {2; on which all random variables (W'\(q), q € Q) are defined. Since for any ¢t > 0,
the process (}A(,(x), x > 0) is non-decreasing then for any rational numbers ¢’ > ¢ > 0, one
has W*(g') > W*(¢). We work deterministically on {2, and define for all x > 0,

WH(x) = lim W(q).
qeQ4
The process (W*(x), x > 0) is well-defined on {2; and we define it as the null process on {2\ {2;.
By construction, (Wk(x), x >0)is left—continuqus. It has right limits since it is non-decreasing.
We now show that for any x > 0, P(W*(x) = W*(x)) = 1. By the identity (4.29), on the event
{2, we have that for all ¢ € Q. such that g < x
W(g) = WH(x)e™ V' ONE@=50) 5, (4.32)

We now verify that S(g) = S(x) a.s. Since almost surely for all x < g < ¢/, )A(,(x) <

g<x

)A(,(q) < )A(,(q’), then IA‘),q/ < f‘)? < f’;‘ and similarly, almost surely

S(g") < S(g) < S(x).

Hence (S(q), ¢ > 0) is decreasing. Recall the Laplace transform of S(g) given in (4.27), since
the function fy : x — we([0, x)) is left-continuous, we have that

—0S(q) —0S(x)
Ele ] E) Ele 1.

g<x
Finally we see that S(g) e S(x) a.s. and by the identity (4.32), W*(q) ¢—>Q W*(x), hence
o atx.qe

Wf(x) = W*(x) a.s. and W* is a left-continuous version of the family of random variables
(WH(x), x > 0). If we now define on 2y, simultaneously for all x, the process (W*(x), x > 0)

by setting W*(x) := W*(x+), then the process (W*(x),x > 0) is right-continuous. The
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first statement of the lemma is established. It remains to see that the almost sure pointwise
convergence holds outside the set of jumps J*. Almost surely for all x ¢ J A one can choose
two rational numbers g and ¢’ such that ¢’ < x < ¢. Since X,(q¢") < X,(x) < X,(gq) for all ¢,
one has

W’\(q ) < liminf v(M)X,(x) < limsup v, (W)X, (x) < Wk(q)

—00

Since WA has left-continuous paths with right limits and x ¢ J *_ both sides of the inequalities
above converge towards the same value W*(x) when q' 1 x and ¢ | x. By definition of W(x),
since x ¢ J*, W*(x) = W*(x). This allows us to claim (4.31). O

From now on we work with the right-continuous version of W*. The next lemma sheds
some light on the role of the parameter A and provides Lemma 3.6.

Lemma 4.12. For any A > 0 and )" > 0,

A A i
AU NN ry = e VO (4.33)
vi(A) t—o0

Moreover W’\(x) =cC W’V(x) for all x € (0, 00) almost surely.

Proof. Since ¥'(0+) = 0, v(3) —> 0. Moreover, lim.o 1 L) — /(0+). Recall that
— 00

vy (u)
%vr(k) = % Therefore for any A # )/,

v (X) *d W (u)) du
= exp — log v, (u)du | = exp _—
v (1) v du o) Y(u)
and by monotone convergence %) —> eXp (&D 0+) /, . ﬂ) We see from Lemma 4.11 that

v () 4 Aw(u)
WH(x) = ¢, 0 W (x) for all x € (0, oo) almost surely. [J

’ A _du
Lemma 4.13. The map «; : g — VOV T s the Laplace exponent of a drift-free

subordinator W*. Its Lévy measure, denoted by v;, is finite if and only if [ * ;(“”) < 0.

Proof. For any 6 > 0 and any y € (0, 00), since X_; o(z) has the same law as X ,(z) for all
z and t > 0, one gets by (2.6) and by applying Lemma 4.12
”O(ﬁ)] VD s g3a®), (4.34)

—>00

—0X_

Ele

At any time ¢, the process (X_; o(y/v:(1)), y > 0) is a subordinator, the function «;, is therefore
the Laplace exponent of a certain subordinator (W*(y), y > 0). We show that there is no drift in
the subordinator. Recall ¥'(00) = lim,_ WL(”) € (0, oo]. Since the case of linear branching
mechanism is discarded, i.e ¥(g) # bq, one has by convex1ty, ¥U'(00) > ¥’'(0+4). Choose
8 € (¥'(0+), ¥'(00)). There exists Ao such that for all u > A, “) > § and thus wiu) < 1

Therefore

. 0 1 1 % 1 1\ du
im [ (e g )= [ (s 1) & =
0—00 S \W'O+Hu  ¥(u) w \PO0+) §) u

One deduces that
i.(6)

. 1
7 =—exp( ”’“/ (W w<u>)d”)f’?°°o
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which entails that there is no drift. Letting 6 to oo in «,(0), we see that
7 oo _du
1im 16,(0) = (0, 00)) = eV I o,
—00
which is finite if and only if f * i 5o, Therefore the Lévy measure v; is finite if and

o W (u)
only if [ s <00, O

Lemma 4.14. The process (W}‘(x), x > 0) has the same finite-dimensional law as
(WH™'(x), x = 0),
where W is a cadlag subordinator with Laplace exponent «; and

(WH™'(x) .= inf{y = 0: WH(y) > x}.

Moreover, if [ OO Wd(‘;) = 00, then the process W* has continuous paths almost surely.
Proof. By independence and stationarity of the increments of (X_; o(y/v/(A)), y > 0), the
convergence in law of the one-dimensional marginal (X_;o(y/v:(X)),t > 0) as ¢t goes to
oo towards W*(y), established in (4.34), entails the convergence of the finite-dimensional
marginals. Since there is no drift part in the Laplace exponent «;, the range of the subordinator
W* contains almost surely no fixed point, see [3, Proposition 1.9-(i)]. Hence for any x e (0, 00)
and y € (0, 00), P(W*(y) = x) = 0. The weak convergence of the finite-dimensional marginals
of X_;o(y/v/(A), y > 0) entails thus that forany 0 < y; <--- <y, and 0 <x; < --- < x,

[l_ifgo]P(X—z,O(yl/Ur()h)) > x1, X o2/vi(A) = x2, .., Xy 0(n/v:(X)) = xn)
=P(W*(y1) = x1, W) = x2, ..., W) = xa).

By applying Lemma 4.10, the definition of the flow ()A(,(x), x > 0) and the duality relation
(2.12), one gets the following identities

P (WA < 1 W) < i oo W) < ) (435)
= Jim P (u )% @) = 1, w0 < v20 o w0 < 9,

= Hm P(X_0(y1/vi(0)) = 21, X_p02/i() = 32, Xpoyn/vi3) = xu)
=P(WH ) = x1, W) = 2o, o WHGm) = 20)

=P(WH™ ) <y, (WH ) <y, oo (WH ) < ).

The processes (W*)~! and W* have therefore the same law. The fact that when /= ;(‘;)

there are no jumps, i.e J* = ¢ a.s., comes from the fact that the process (W*)~! is the inverse
of a subordinator with an infinite Lévy measure. Since there is no drift in W*, the sample paths
of W* are pure singular continuous functions. [

= 0Q,

Proof of Theorem 3.1. The main theorem is obtained by combining Lemmas 4.11, 4.14 and
4.13. O

Remark 4.15. When f *© % = 00, for any time ¢ > 0, the subordinator (X_; o(x), x > 0) has

an inﬁniteALévy measure, the process (}A( ((x), x > 0) is therefore continuous increasing. Since
its limit (W*(x), x > 0) is continuous, Dini’s theorems ensure that the almost sure convergence
(4.31) holds true locally uniformly.
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Proof of Corollary 3.3. Recall the statement of Corollary 3.3. For any A > 0, by (2.7), one
has for any time ¢,

[ (G v = 1(A>—f
W \ T )T won E\uw

1 A ,
_ lo —w (0+)t) '
2T (vtme

Recall that v,(A) —> 0. Therefore, the asymptotics v,(A) ~ c,\e’w/(()*)’ holds for some
t—00

constant ¢; > 0 if and only if

* 1 1

_w! A1 1 u .
One has, when (4.36) holds, ¢, = Ae 00 5 (7m0 )% Since () ~ WO+, the

convergence (4.36) is equivalent to f <M> du < oo, where we recall that y = ¥/'(0+)

is the linear drift in ¥, see (2.5). Simple calculations from the Lévy—Khintchine form (2.5)
ensure that the latter integral converges if and only if | “ulogum(du) < oo. We refer for
instance to the calculations around Proposition 3.14 in [26]. By Theorem 3.1, almost surely
forall x ¢ J A

1
—Lp (0+)IX (x) N W)\.(x)
=00 Cy
The process ( Wk(x) x > 0) is the inverse of the subordinator (W*(c,x), x > 0), whose
Laplace exponent is 6 > ¢k, (0). Recall «;, one easily checks that

ik (0) = e =0 O (vt ) ] pe~ YOI (T wtw) o
4.3. Proof of Theorem 3.7

We establish now that the random partition ¢ matches with the ancestral partition. The
proof relies on discretizations of the current population along the sequence of jumps times of
a Poisson process, see [14, Section 5.2]. Consider a Poisson point process P on R, x R, with
intensity the Lebesgue measure on R, x Ry. Let u > 0 and (J J” ,j = 1) be the sequence of
atoms (i.e. of jump times) of the homogeneous Poisson process (P([0, 1] x [0, x]), x > 0). Note
that all jump times of (P([0, ] x [0, x]), x > 0) are jump times of (P([0, pc] x [0, x]), x > 0)
when ' > p. Therefore the sequence (J w ,j > 1) is thinner than (J ki > 1). Moreover
the set of all jump times ofP, M : {Jl” ,i > 1,pu > 0}, is almost surely an everywhere
dense subset of [0, c0). One samples now individuals in the current population along the
sequence (J/,i > 1) for a fixed . Let i # j € N. We first establish that the individuals

! and J|' have the same ancestors if and only if J;* 2 Ji'ie. W*(Ji") = W’\(J]“). The first
implication is obvious since by definition of W, if X,(J/*) = X,(J ;‘) for some ¢ > 0, then
W‘(Ji“) = WA(J;‘). Denote by (CH(t), t > 0) the process defined as follows

ch ~ ~
i X j if and only if X,(J/) = X,(J1" for any i, j € N*,

According to [14, Proposition 4.18] and its proof, the process (C*(¢), t > 0), called consecutive
coalescent in [14], admits an almost-sure limit C#(co) and for any fixed integers i and j,
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. Cl(o) , ., . . . . CH

i ~ " jif and only if there exists a time #; ; > O such that forall t > ¢, ;,i ~ j. To
establish the other implication, we will show that C*(co) = &/*, where <&/* is defined as
follows:

; r j if and only if WA(JiM) — WK(JJ”)

Clearly all blocks of C*(00) are sub-blocks of 7. It is thus sufficient to show that the blocks
of &/* have lengths of the same law as those of C*#(00). Recall ;. By [14, Lemma 5.8], blocks
sizes of o/* are i.i.d. with generating function given by,

oWl =2) e . 1),
K (1)

Simple calculations from the expression of «,, see (3.14), entail that E[z#‘”jlu] = 1-

/ du
¢V OD i Wiy Applying [14, Proposition 5.18], we see that E[z* ] = E[z*1 ] for
any z € (0, 1).
It remains to deduce that <7 is indeed the ancestral partition of the whole population. If
o
x ~y and x # y, then there exists u > 0, such that x, y € (W*(u—), W*(u)). By density of
the set M, one can find for some large enough w, atoms JE, Jy“ € M such that

W*u—) < J! < x and W*(u) > ])’,‘ > y.

By construction, the individuals J{* and J;' belong to the same interval of 7. We have seen
above that it entails that almost surely for large enough ¢ > 0, X (I = )A(,(J}’,‘ ). Hence all
individuals in the interval (J£, Jy” ) have a common ancestor, including x and y. This achieves
the proof. [

Proof of Proposition 3.8. Recall the statement of Proposition 3.8, where .# denotes the
support of the random measure dW*. By Lemma 4.12, W* = ¢, y W* almost surely, this
entails that . does not depend on the parameter A. Moreover, we see by Lemma 4.14 that .
is the range of a subordinator W* with Laplace exponent k;. Having the Laplace exponent
of W* at hand, one can directly apply known results on the geometry of the range of a
subordinator. By [3, Corollary 5.3], for all x > 0, almost surely dimy (% N [0, x]) = ind(«;)

with ind(k;) := lim inquooloi’(g*;q). Recall «;, one gets
w'0+) (¢ du

ind(k;) = liminf——— .
e~ logg Ji ¥

If ¥/(00) = limy_ oo 22

< 00, then we see that f;’ % m log g and the result is
q—>00

established. If now ¥’/(0c0) = oo, then for any large D > 0, for large ¢,

q
[ et
L U(u) D

for some constant C;,. We see therefore that ind(k,) < %. Since D is arbitrarily large, one

can conclude that dimg (. N [0, x]) = gl,(g;)) =0as. O

We now establish Proposition 3.11 and look for the density of Vi/’\(x) for fixed x.

Proof of Proposition 3.11. Let A > 0 and # > 0. Recall «, and denote by ey, e,
two independent exponential random variables with parameter 6 and g respectively. By
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Lemma 4.14, we have that P(W*(eg) > @,) = P(es > W(e,)), or equivalently
Ele~*" 0] = | — E[e~4"" (0],

We deduce that

> —OW*(x)7,— 1 —165.(q) 1 (%
Ele e qxdxz—(l—E[e queﬁ]):_ 1—
0 4 q K(q) + 6
1k

1 L
_ _KA(‘])E[e—n(q)eo] - —f e~ 1", (u)du
0 gq 0Jo

X / e IP(W(ep) € dz),
0
where we have used that

oo
Efe~?""®0] = E[e~@*0] ang 24} _ / €™, (u)du.
q 0

By the change of variable x = u + z, we obtain
oo . 1 o) oo
/ Ele W' ®]e=0¥dy = — / e ¥ / U, (x — 2)P(W(e;) € dz),
0 0 Jo 0
and deduce that

Efe "' @] = é / B — DPWHe) € do)
0

= f ~ e 0 / ' U, (x — 2)P(W*(u) € dz)du.
0 0

Thus, the density of W*(x) is g*(u) = o va(x = 2)P(W*(u) € dz). In the case [~ ;(”u) < 00,
(W*(u), u > 0) is a compound Poisson process with intensity v.,, and since v,(0) = 1, the

formula (3.17) can be plainly checked. O
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