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Abstract

The construction of a nonlinear reduced-order model for fluid-structure interaction problems is
investigated in this paper for unsteady compressible flows excited by the rigid body motion of
a structure. The reduction is achieved by means of a Galerkin projection of the Navier-Stokes
equationson thefirst POD modes resulting from the Proper Orthogonal Decomposition. Inthefirst
part of the paper, the projection technique is carried out on a purely-aerodynamic case in order (i)
to validate an efficient iterative technique based on an updated QR decomposition to compute the
POD modes, and (ii) to discuss the merits of different correction methods introduced to improve
the long-term stability of the reduced-order model. ' The second and most original part of the
paper deals with the construction of the reduced set of equations which arise from the projection
of the compressible Navier-Stokes equations formulated in a suitable moving frame representing
the rigid body motion. The expressions of the resulting non-autonomous terms appearing in the
reduced-order model have also been optimized to reduce the computational costs.

Keywords: reduced-order model, proper orthogona decomposition, Navier-Stokes, nonlinear,
compressible flow, rigid body metion

1. Introduction

The modelization of unsteady aeroelastic phenomena like those involved in aircraft wings or
turbomachinery is very time-consuming. Such simulations cannot be performed routinely for
parametric studies which are needed to evaluate the performances and to control or optimize the
system.-Reduced-order models with avery small number of degrees of freedom are therefore de-
veloped since several decades in the hope of being able to reproduce almost the same dynamics
asthe full-order system. Specific reviews in the context of compressible aerodynamics have al-
ready been proposed [22, 45] but littlework has been done in the case of fluid-structure interaction
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[4, 43, 63]. Another solution would be to consider the structural motion as a parameterized shape
modification and to use sensitivity analysis to introduce the effects of the motion [1, 33, 34].

We focus here on the Proper Orthogonal Decomposition (POD) whose principleisto determine
the optimal basis to represent the system response described by a set of snapshots [37]. On the
assumption that the system variables can be decomposed on the POD basis at each time instant,
the projection of the equations governing the mechanical system on each POD mode produces a
small set of ordinary differential equations governing the coordinates of the variablesin the basis.

Since the pioneer work of Lumley [47], the proper orthogona decomposition has been exten-
sively used as an efficient reduction method for a wide variety of fluid dynamics systems. Three
main techniques have been developed according to the equations considered to model the flow.
When the flow is linear or can be linearized, the discrete projection is the most straightforward
technique since the projection is merely performed by means of a pre-multiplication by the trans-
pose of the POD basis matrix. This type of reduced-order model has been widely used for linear
stability analysisin the context of aircraft [44, 49] or turbomachinery applications[22, 23, 31, 67].
The nonlinearities can be preserved in the reduced-order model with what Luciaet al. [45] called
the projection on the residual. At each time step, the nonlinear residual iscomputed in the physical
space with the full-order model and is then projected on the POD basis to advance in time. This
technique has been used successfully to reproduce large displacements effects [4], limit-cycles
oscillations [8], or shock oscillations [46, 52]. The reduction is however not optimal since the
aerodynamic field involving many degrees of freedom hasto be reconstructed at each time instant
to evaluate the residual. Recently Carlberg et a.[14] proposed an aternative formulation with
three degrees of approximation to avoid the evaluation of the whole aerodynamic field. If the
nonlinearity can be viewed as the action of multilinear operators like polynomials, the Galerkin
projection technique yields an explicit nonlinear reduced-order model without requiring the com-
putation of the residuals. Otherwise, the nonlinear termsare implicit and the technique hasto cope
with the same drawbacks as with the projection on the residual technique. The Galerkin projec-
tion approach already investigated by the author in [54] is therefore considered here. The main
difficulty which is addressed.in this paper liesin the formulation of the equationsfor compressible
flows in the presence of amoving structure.

Indeed, the majority of the developments has focused on incompressible flows for which the
Navier-Stokes equations are a set of quadratic partial differential equations. The Galerkin pro-
jection thereforedeads to explicit nonlinear reduced-order models which have been used to re-
produce turbulent structures [5, 11, 47], the vortex shedding process in the wake of obstacles
[17, 40, 60] or behind a backward-facing step [18, 19] and the driven cavity flow problem [15, 40]
for example. Recently, such reduced-order models have been applied to the control of flows
[3, 10, 58, 59, 62, 66] or to fluid-structure interaction problems[43].

Three difficulties arise when dealing with POD-Galerkin reduced-order models for nonlinear
compressible flows around a moving structure: the first one (i) is the choice of the variables to
obtain polynomial equations, the second (ii) concerns the computation of the POD modes for
large snapshots databases and the last one (iii) isrelated to the lack of stability.

The Navier-Stokes equations usually formulated with the conservative variables for compress-
ible flows are not quadratic and the Galerkin projection yields an inadequate implicit formula-
tion. For isentropic flows, Rowley et al. [57] managed to derive a quadratic reduced-order model
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also employed in [29] to reproduce self-sustained oscillations of acoustic waves. In the general
case, quadratic equations can yet be written with the judicious use of the modified primitive vari-
ables. Thisformulation has been introduced for nonlinear compressible flows around afixed airfoil
[12, 39, 64]. The main contribution of this paper isthe extension of this formulation to solve point
() in such away that a rigidly moving structure can be taken into account in the Navier-Stokes
equations while maintaining the quadratic form which is suitable for the projection.

Even with the snapshots method of Sirovich [61], the computation of the POD modes istime
consuming as the snapshots become large. Solutions based on the Lanczos algorithm [24] or a
parallel domain decomposition procedure [7] have been proposed, but the solution to point (ii)
adopted hereis based on a QR decomposition which is iteratively enriched [16, 48].

The lack of stability mentioned as point (iii) is due to the discretization scheme used to ap-
proximate the fluxes, to the truncation of the POD basis, to the non-respect of certain boundary
conditionsor to some simplifying assumptions[19, 38, 50, 56]. Numerous stabilization procedures
have therefore been developed (see [29] for a comparison in the case of compressible flows). For
autonomous systems, the proper evaluation of the initial conditions can be sufficient to reproduce
accurately the limit-cycles [2]. The stability can aso be enforced by modifying the dissipation
operator [5, 15, 60, 64] or by replacing the usual L? inner product by another one which takes
into account the spatial or temporal derivatives of the snapshots[35, 39, 41]. More sophisticated
correction techniques based on the evaluation of the reduced-order model error have recently been
developed [9, 40]. General calibration techniques have finally been introduced in [18, 27] to de-
termine the optimal constant, linear and/or quadratic coefficients of the reduced-order model by
minimizing an error functional. This technique has been formulated in [51, 66] as a linear |east-
squares problem.

In this paper, we consider as a preliminary work an oscillating airfoil in a nonlinear, com-
pressible and possibly viscous flow. Such alevel of modelization isindeed required to reproduce
some complex aeroelastic phenomena [21] which motivate this study. Section 2 is devoted to the
formulation of the POD-Galerkin reduced-order model for compressible flows governed by the
Navier-Stokes equations described in a moving frame of reference with the set of modified primi-
tivevariables. The algorithm to compute the POD modesisalso briefly described. In section 3, the
correction techniques used to improve the accuracy of the reduced system response are presented.
A first reduced-order model of the Navier-Stokes equations is constructed in section 4 for afixed
airfoil to validate the iterative QR decomposition algorithm adopted to compute the POD modes.
Different calibration methods are al so evaluated for short- and long-term time integration. Finaly,
a reduced-order model of the Euler equations is built in section 5 to reproduce the motion of a
shock generated by the oscillation of amoving airfoil.

2. Construction of the POD-Galerkin reduced-order model for compressible flows

2.1. Computation of the POD modes

Let Q= {q¢\"™ e H;m=1,...M} be afinite set of snapshots. Each snapshot is the solution
of the full-order mechanical system at the time instant #,, € I; = [to; 10 + 75| and is defined on the
spatial domain Q  R? with d = 1,2 or 3 such that ¢\ = [g1(t,),. .., qn,(tm)]" is a vector of
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n,, squared integrable functions of space describing the aerodynamic field. The associated Hilbert
space H = (L?(Q))™ isendowed for all g and = in H with the inner product

/ Zride 1)

and the induced normis||q||?> = (g, q). The previous inner product is well-defined as long as the
snapshots are dimensionless since they contain different physical quantities.

The aim of the proper orthogonal decompositionisto find asubspace S C H of low . dimension
g which provides the best approximation of any member of Q. Usually the snapshots are centered
and the problem is to find the best basis to approximate the fluctuations of the snapshots g™ =
q( m) _ g around a mean state defined by the discrete weighted temporal average g = E[q"" )]
M 1ocmq( ™) with e, > 0 and Y1 1ocm = 1 The subspace is defined by the basis ® = {p\/) ¢
H;j=1,..,q} sothat § = span{¢p'V) ()}, Each snapshot g™ can therefore be approximated
on the subspace S by the following affi ne decomposition on the POD modes ¢():

¢ ~qll =g+ Y, d" oW me [LM]. 2

The optimality statement of the POD modes ¢(/) and. the additional constraints of orthonor-
mality lead to the definition [42]
2
] 3

which is equivalent to the maximization of 3%_, (E[(g"), \/))g"™)], 9\ [54]. Introducing the

linear operator R such that for al y € H, Ry = E[(g™,y)q"™], the optimization problem (3)
finally amounts to theresolution of the eigenvalue problem R o) = 4; ¢'/) for each POD mode
o) [37, 54]. This'approach is called the direct method since the POD modes are directly com-
puted as the solutions.of the eigenproblem. The Hilbert-Schmidt operator R has r < M non-null
eigenvalues and eigenvectors. The eigenvalues A ; represent the “energy” captured by each POD

mode and provide an estimation of the truncation error €, = 37, q 114 [42].
After discretization, the set of snapshots is approximated by the real matrix CN) € M (Ny,M)
whose general term is q(m) —g; and the linear operator R can be represented by the matrix

1

R e # (N,,N,). For that purpose, the spatial domain is split in N discretization elements Q,

such that Q = U 19 and the integral in Eq. (1) is approximated by the trapezoidal rule
such that (q,r) ~ 23 120 1qkerke5Qe, where 6€, is the Lebesgue measure of the discretiza-
tion element Q, and g, (resp. ) is the spatial average value of g, (resp. r;) evaluated at
the center of the element. Denoting N, = n, N, the i-th component of the vector Rp/) writes
(RoW); ~ 3N (31 105,112151 )Ejf "A,) o\ and the general term of the matrix R is therefore the
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spatial weighted covariance ¥, ocmzjf{”) “f’") A,. Weintroduce finaly the diagona matrix o con-

taining the square roots of the weights a;,,, the block diagonal matrix . A containing the square roots
of the Lebesgue measures §Q2,, and the weighted snapshot matrix Q Aro such that the linear
operator of the direct method is defined by the matrix product R = QQT € M (Ny,Ny).

The computation of the eigenvectors of R becomes very costly when the number N, of de-
grees of freedom is large. The snapshots method [61] thus reduces considerably the size of the
eigenproblem. It is based on the linear decomposition of the POD modes on the snapshots:

Mo
D=3l *
m=1

The eigenvalue problem Rp/) = 1; U) of the direct method is replaced by the following M x M
problem involving the temporal covariance matrix R* [54, 61]:

R*d\) — ljd(j), (5)

with R, = /o;0;(g""), ¢V)). The POD modes are now defined‘by Eg. (4) and the relation c'/) =

ad). The temporal covariance matrix isin practice computed asthe matrix product R* = QT Q €
A (M,M). If M < N, the evaluation of the POD modes ismuch less costly.

However the snapshots method has still two main drawbacks. First, the evaluation of the
covariance matrix R* can lead to severe round-off errors [30]. Second, the full snapshots matrix
may exceed the memory size available and the construction of the covariance matrix requires
M x (M +1)/2 files reading if the snapshots are stored in separate files. The POD modes are
finaly obtained after M additional readings of the snapshots since they are defined by Eq. (5).

An alternative solution is to compute the singular value decomposition (SVD) of the weighted
snapshotsmatrix Q = Q1,%,QJ , whereQ1 , € .# (N, r) containsthe left singular vectors, Qz, €
A (M, r) contains the right sini;ular vectors and X, € .# (r,r) is the diagonal matrix containing
the » non-null singular values o; [30]. The left singular vectors are the POD modes [65] since
R = Q1,£7Q{, and the POD eigenvalues are A; = 2. Similarly, the right singular vectors are
the eigenvectors of the operator R* since R* = Qz,,ZfQL. The definition of the POD modes
as the left eigenvectors of Q does not introduce any round-off errors since the evaluation of the
covariance matrix isnot needed. Thissolutionishowever only possibleif the full snapshots matrix
can be stored in memory so that the SVD is performed for al snapshots at once.

The solution adopted hereisto consider the first ¢ snapshots as an initial approximation of the
left singular subspace and to improveit iteratively [16]. Inthisway, only thefirst ¢ POD modesare
computed whereas the whole basis is computed with the snapshots method and is then truncated.

The.initial sub-matrix Qq € .# (Ny,q) containing the first ¢ < M snapshots is factored by a

QR decomposition such that Q, = QqR Then for i = g+ 1 to M the i-th column g\ of the

snapshots matrlx Q is appended to Q, 1. At each iteration of the algorithm, the extended matrix
Q [Q, 1,q ] is therefore updated with the relation

Q,=[Qi1Ri1 ] =[Q1 6] {Ral :;J =QiR; (6)
5



by means of a Gram-Schmidt orthogonalization. The last singular vector u, 1 of ﬁi is computed
aswell asthelast singular value 6,1 and an orthogonal transformation G,, is computed such that
GJu, 1= €,:1. Finaly the orthogonal transformation G, is determined to put back G, R; in the
upper triangular form R, = GIF?,-GU and the matrix Qi isupdated in Q,, = éiGu. The extended
matrix is thus updated in @up = Q,R,G/ and Q; is defined as the first ¢ columns of @up. The
corresponding QR approximation of @ isthus given by Q; and R; where the last column (and row
for R;) has been eliminated. At the end of the iterations, the matrix Qy, contains the information
of all snapshots and can be used to evaluate the POD modes. The algorithm used in this paper is
detailed in Appendix A. Improvements of the previous algorithm have been proposed to decrease
further the computational costs [48].

The cost of this solution to compute the POD modes is low since the update of the subspace
involves only small matrices which can be stored in memory and the algorithm requires only one
reading of each snapshot. The computation does not involve the covariance matrix and round-off
errors are thus reduced. This approach is also particularly interestingif the snapshots database is
completed later: additional snapshots can be taken into account without building again a covari-
ance matrix like in the snapshots method. This could be useful if the POD modes are constructed
from different simulations or if the simulation is pursued further intime.

2.2. Construction of the POD-Galerkin reduced-order model

The Navier-Stokes equations for compressible flows are usually written with the conservative
variables. They are however not appropriate to build a reduced-order model in the framework of
a Galerkin projection because of the apparition of rational fractions which produce an implicit
formulation of the reduced-order model. In the case of a fixed structure (and thus an invariant
domain), polynomial quadratic equations are yet obtained if the fluid equations are formulated
with the modified primitive variables'q = [, u, p]T, where % = 1/p is the covolume, u is the
vector of the velocity componentsand p is the pressure [39, 64].

The main purpose of this paper isto extend this formulation in such a way that the motion of
astructure can be taken into account while maintaining a polynomial form of the equations which
is adequate for the Galerkin projection. We therefore consider the Arbitrary Lagrangian-Eulerian
(ALE) formulation [20] of the Navier-Stokes equations which modifies the convective terms by
the introduction of the mesh velocity s split into the velocity s,., of the moving frame of reference
and the deformation velocity s,;.

These velocities stem from the definition of the absolute position « of a point M € Q which
writes x = xg+a@ with xg the position of the origin My of the moving frame and x the relative
position of the point M in the moving frame. The relative position is also defined by x = Px,,
where P.isthe change of basis matrix between the absolute and moving framesand ., istherela-
tive position whose components are expressed in the moving frame. Using the previous relations,
thevelocity s, of the moving frame and the deformation velocity s, are defined by

d%mfr
7
dt Y ( )
where so = PT (dzo/dr) isthe velocity of the origin of the moving frame and w is arotation vector
associated to the skew-symmetric matrix PT (dP/d).
6
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The dimensionless Navier-Stokes equations derived from the classical conservation equations
for the mass, the momentum and the energy [6] are finally written with the modified primitive
variablesin the moving frame associated to therigid body motion of the structure. The components
of the velocity vector u, aswell asthe spatial differentiation operators, are expressed inthe moving
frame and the conservation equations become [53]

(%—?—I—(u—s)-Vﬁ:ﬁdiVu
u (.
E—}-(u—s)Vu——ﬂVp—i—R—edIV’Cu,(u)—a)/\u (8)
8_p+( —s)-Vp =—ypdiv +Y;1V Ty (u)
5, T(u=8)Vp =—ypdvu+ o =Vu:7,(u

v

+Repr A0 P);

where y = ¢, /¢, isthe heat capacity ratio, ¢, and ¢, are the specific heat capacities and Re and Pr
are respectively the dimensionless Reynolds and Prandtl numbers defined for areference viscosity
U, and the thermal conductivity kg. For a Newtonian fluid, the viscous stress tensor is defined by
t(u) =2uD —2/3u(divu)I; where D = 1/2(Vu + VT u).isthe rate of deformation tensor. The
dimensionlessviscous stress tensor 7, (u) = (Vu+ VTu) —2/3(divu) I; stem from the division
of the viscous stress tensor t by u, which is here assumedto be constant and equal to the fluid
viscosity u (although it depends on the temperature viathe Sutherland law and can be modified by
the turbulence). Finally, the thermal conductivity kg and the specific heat capacity ¢, are assumed
to be constant since we consider a perfect gas.

A second formulation similar to Egs.(8) for the Navier-Stokes equations formulated in the
reference frame can be obtained by substituting the absolute velocity u with the relative velocity
v = u — S, and leads to the apparition of the usual Coriolisand centrifugal forces[53].

When the structure is moving or-deforming, the spatial domain is no longer invariant and
the inner product Eq. (1) isill-defined since two snapshots taken at different time instants are
not defined on the same spatial domain [43]. However if the structure is restricted to rigid body
motions, the fluid equations (8) formulated in the moving frame associated to the motion amounts
to consider an invariant spatial domain and the inner product is well-defined. If the structure is
deforming, the formulation has to be adapted by an approach similar to [43] which should be
extended for.compressible flows. In this paper we only consider rigid body motions such that the
mesh velocity s = s, + s4 i1Sjust defined by the velocity of the moving frame s, = so+ @ A Ty,
since sy = 0. The Navier-Stokes equations (8) therefore write under the generic quadratic form

. 1
4=Q%a,9)+5,Q"(2,9) +T (g, 50, 0), 9)

where the convective, diffusive and source terms are defined as multilinear operators by :

—u-VO+9dvu
, (10a)

Q“(g,9)= | —u-Vu—-9Vp
—u-Vp—ypdivu
7



0

Q"(q.q) = v, (u) , (10b)
(y=DVu: 1y (u)+ ﬁA(ﬁp)

Sie- VO
T(q,s0,0) = |:smfr -Vu — a)/\u] .

Smir- VP
The flow variables are approximated at each time instant ¢ by an affine decomposition similar
to (2). The moda amplitudes ag’") which were known at the time instants #,, associated to the
snapshots are now the unknown coefficients a;(r) for which the reduced-order model is built. The
decomposition g () = g +X%_, a; () ¢/ isintroduced into the system of equations (9). Using the
multilinearity of the spatial operators Q¢, QP and T, the Galerkin projection oneach POD mode
o) produces the set of ¢ nonlinear, non-autonomous, quadratic ordinary differential equations :

(10c)

q q
ai(t) =2+ Zagjjaj(t)‘i‘ Y, Ljiaj(t) ar(r)
= = (1)
_|_%mfr z"?mfr

The constant, linear and quadratic coefficients defining the autonomous part of the polynomial
equations (11) can be decomposed in ¢’ = €€ 4 1/Re%” where ¢ denotes either .%;, .%;; or
2;jr- The expressions of the coefficients are detailed below:

{ HC = <Qc(ﬁ,q)a¢(i)> (122)
{ 25=(Q(a.0) +Q(0.9).0?) (12b)
J
{ = <QC o)
{ (1 )—<T ,50,0), ¢

25 (1) = (T (0, 50, w) , <p(">> :
If the projection basis contains ¢ POD modes, the total number of autonomous coefficients to

computeis N2 = g(q +1)(q +2)/2. Because of the motion of the domain, there are N™ = ¢ + ¢°
additional non-autonomous constant and linear coefficients .7;™ () and .Z7" (¢) to compute.

)
@ i (12¢)

(12d)



The expressions of the quadratic coefficients are detailed in the following when the quadratic
operators Q€ and QP are applied to (¢(/), p¥)). The expressions of the linear and constant coef-
ficients can be deduced by substituting the couple (), o)) by (¢(/),g) and (g, q) respectively.
The POD modes are splitinto ¢(/) = [(pg ) 0P, o)1 and the development of Egs. (12c) leads to

2= /Q (01 - Vi — o divell’) o) do
— [ (0ol +9) voi) - ol a0 (13)

— [ (o -Vl + 79l dveld ) g a2

l]/( /‘Pﬁ d'VTur((PgL)> (ng,)dQ
“ Ll V‘lv‘P&):Tﬂr("’m‘PS)dﬂ (14)

+/ (pl9 (pp )}(pl(,i) dQ.

The Green-Ostrogradski theorem is then employed as a generalized integration by parts tool in
order to avoid the computation of the second order spatial. derivatives involved in the diffusive
coefficients defined according to Eq. (14) by 2, = 29+ (y—1) 27, +v/Pr2],. Thistheorem
states for any vector v defined in Q bounded by J€2 with the normal n that [, divedQ = §,qv-
nddQ. Consequently, for ascalar s = (pg’), avector v = (psj) and a matrix M = ru,(q)&f)), the

integrand of the term .22 becomes sdivV v = div (svT M) —sVv: M — (v® Vs) : M and the
application of the Green-Ostrogradski theorem to the vector sv T M leads to

5D U) ()" (k)
L~ j{;g {‘Pﬁ <(Pu ) Ty, <(Pu )} ndoQ
9 () w7 D) . (k) 15
/Q(Pﬁ Vou -Tur((Pu )dQ (15)
(i) (Y - (k)
/Q ((Pu ®V(pl9 ) 'T,ur <(Pu >dQ
The second term QD 11N (14) isnot modified sinceit involves only first order derivatives. Thethird

term Qﬁz asowrites gA(rs) = qdiv (V(rs)) = div[gV(rs)] —rVs-Vg—sVr-Vg with g = (p( ),

r= (pfj) and s = (pl(,k). Using the Green-Ostrogradski theorem for the vector ¢V (rs), theterm QNIQZ
isthen transformed into '

5D (i) () 5 K)Y .
Lo = jgg(pp V((pﬁ op > nddQ
- | ol Vel Vo)) o (16)

— /Q (p,(;k) V(plgj) . V(p,(,i) dQ.
9



The different contributions produced by the integration by parts are finally combined so that
the diffusiveterm 27, = 20 + 22 is decomposed into volume and surface contributions which
involve only first order spatial derivatives. The expressions are given by:

b = - /Q 0y Vol 1, (ol)do
- /Q<(pg)®V(pg)):fﬂr<(p§f)>dQ
+ (r-1) /Q Voi 7, (o)) o) d@ (173)
_ %/Q(pg)v(plgk)_v(pg)dg
- & [ ol'vey Vel a,

o0, = ]gg [(pfi) (wﬁ))Tru,(q)Ef)ﬂ ndoQ

v (i) () k)
+ Br aQ(pp V((pﬁ op ) ndoQ.

(17b)

The autonomous coefficients of the reduced-order model are thus completely defined by the
expressions (12), (13) and (17). The expressions of the non-autonomous coefficients given by
Egs. (12d) are time-dependent and their evaluation becomes costly when the full aerodynamic
field contains a large number N, of degrees of freedom. The unsteadiness of the coefficients is
due to the velocity of the moving frame s, (M,t) = so(Mo,t) + @(t) Az, (M) which produces
the following expression of the linear non-autonomous coefficients

250 = | (30 Vo)) 9 a0
+ /£2<smfr(t)-V(p£{)—wA(p£{))-(pg)dQ (18)
o [ (su-vol?) o e

The unsteady terms so(Mo,t) and w(¢) can be extracted from the integrals in the previous
expression since they do not depend on the position of the mesh points M. Using the properties of
the triple product, the expression (18) is transformed into

L (1) = so(r) - L+ o(t) - L5 (19)

ij>

R are respectively given by

where the new autonomous coefficients vectors .fiTj and .}

25 = [ o Ve~ [ o'Vl do

+ /Q [(@S))TVQE{)} TdQ
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and

ij [:T:mfr A V(pgj)

(21)
+

= [ nollda.
Q

The constant non-autonomous terms .%Z;™" (¢) are transformed in the same way. Each non-
autonomous coefficient 7™ (¢) and .£77" (1) is now described by a set of two vectors which are
multiplied by the trandational and angular velocities of the domain. Consequently the number
of non-autonomous coefficients is six times greater than before (N® = 6¢ 4 642) but the coeffi-
cients can be computed once for al before the time integration of the reduced-order model. The
reduced-order mode! is therefore described by N. = N2 + N2* constant coefficients. Details about
the computation of the coefficients can be found in [53].

The computation of the surface contribution .22 is based on the val ues of the POD modes, of
the mean part and of the gradients on the domain boundaries. The values of the snapshots on the
boundaries dQ are a so extracted here in such away that the mean part and the POD modes on the
boundaries can be computed with glyo = M, 05, @™o and @], = TM_ i) (™)), —
Gls0)- The gradient of the POD modes V') is computed in internal cells from the values of ¢(/)
with a Finite Volume approximation in order to be consistent with the formalism used to obtain
the snapshots. The evaluation of the gradients in the cells near the boundaries makes use of the
values of the POD modes ¢/)|,, computed on the boundaries and the values of Vo(/)|,q, are
extrapolated. It is thus recommended to store the values of the snapshots on the boundaries to
improve the evaluation of the surface terms. Otherwise extrapolations are also needed to estimate
loq and V)| 5q.

To conclude this section on the construction of the POD-Galerkin reduced-order model, it
should be mentioned that the model has been developed without the introduction of any artificial
dissipation, whereas theclassical Finite Elements or Finite Volume discretization methods gener-
ally make use of such procedures in order to stabilize the response for compressible flows. Thisis
apotential sourceof instability which legitimates the need for a correction to improve the stability
and the accuragy of the reduced-order model response.

3. Correction methods for POD-Galerkin reduced-order models of compressible flows

The reduced-order model is written in the compact form a = f%(a,+) where a = [ay, ..., a,]"
isthe vector of the modal amplitudes and f%(a,) is a vector containing the polynomials £ (a, )
of the right hand size of equation (11), whose coefficients have been computed from the analytical
expressions established in section 2. The objective of the correction methods is to determine
the vector f¢(a,z) of the corrected polynomials such that the reduced-order model response is
as close as possible to the one of the full-order model. Considering the sampling time interval
Iy = [to; 10+ Ty, this means that the modal amplitudes a(t,,) evaluated at the time instant 7, have
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to coincide with the reference modal amplitudes ag’") = (g™, ¢U))) computed as the projection of
the snapshots on the POD modes.

3.1. Calibration of the reduced-order model coefficients

Thismethod used for examplein [13, 18, 26, 27] relies on an optimization problem formul ated
for some coefficients of the polynomial vector f¢, which are collected in the vector 2° € R”c where
pe < N.. The corrected polynomial vector is therefore the solution of the optimization problem

¢ G . :

f¢=1f"(a, Zn) with 27, =arg %rglg\pc F(e(Z 1)) (22)
where the functional _# to minimize is formulated for an error £(.2",¢) whichis defined as the
difference between the modal amplitudes €;(.2",1,,) = al('”) —ai(Z ) or between the derivatives
of the modal amplitudes &;(:2",t,) = dl(’" —ai(Z ,tm). These two options are respectively the
state calibration method and the flow calibration method according to'[18]. The error can aso
be formulated for any physical quantity y like the lift coefficient for example. In this case the
correction is goal-oriented and the error is noted &;( 2", ,,) = xi(m) —Xi(Z ).

However the computation of the quantity y induces high numerical costs when it involvesthe
whole aerodynamic field. We therefore propose here a calibration based on the energetic content of
each POD such that the error isdefined by &;(.2",t) = A; — Ela;(Z",t)a;(Z",t)] and the functional
tominimizeis # (e(%2,t)) =3I, |&:(2,1)|2. Thisformulation can be viewed as the calibration
of an ‘energy’ &7 similar to the total energy &7 of the dynamical system. Indeed, the average of
the quantity & = (g,q) = Jo(9?+u'u+ p?)dQis E[&F] ~ ¥ ; A;. For compressible flows,
the energy &7 is not exactly the total energy but numerical results reveal that the calibration of
&7 provides the same correction as if the coefficients were calibrated with the real physical total
energy &7 [53]. For incompressible fluids, the energy & = (q,q) represents twice the kinetic
energy per unit mass of the system-and such a calibration has therefore a physical meaning.

Finally the functional to minimize is formulated for the average norm of the error

M Nuots
S (@) =E [l 1] = X, o 3, 162 ) (23)

wherethe number N isequal to g if theerror is based on the (derivativesof the) modal amplitudes
and to 1 if a scalar quantity like the energy is considered. Since the functional 7 (e(2,1)) is
highly nonlinear, the optimal solution is computed with the Levenberg-Marquardt algorithm [25].

3.2. Identification of the reduced-order model coefficients

The nonlinear dependency of the functional can be simplified by the linearization of the prob-
lemwhere the modal amplitudes are approximated by a(2",1,,) ~ al® + [0+ £6(a™) (1), 2")dr
for the state calibration and by a(.2",1,,) ~ f¢(a"), 2") for the flow calibration. The optimiza-
tion problem becomes a linear |least-squares problem which is generally ill-posed. Couplet et al.
[18] therefore introduced a regularization term to solve the problem but the determination of the
regularization parameter is not obvious. Recently, a Tikhonov regularization of the problem has
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been introduced [17, 51, 66] to determine properly this parameter by means of the L-curve method
introduced in [32].

Since the reference modal amplitudes a™ should be governed by the set of ordinary differen-
tial equations of the reduced-order model, the equalities (11) should be satisfied for each amplitude
and at each time instant #,,. These equations correspond to a(.2,1,,) ~ f¢(a™, .2") and write for
each amplitude c'zl(’”) under the matrix form

g X =B, (24)

where %; = [dgl) . .a("“], X =22 277" isthe vector containing the unknown coefficients for

l l

the autonomous and non-autonomous parts such that

%?:[’%/l e Z LIS e@l]kkzj :|T

wy =[N T )T

and o7 = [o/* o/™] isamatrix containing the correlations of the amplitudes associated to the co-
efficientsof 2°;. The system (24) is generally ill-posed and the matriX .o is often ill-conditioned.
An approximate solution 2"; can however be looked for. Two regularization techniques are used
in this paper. The first one is based on the Tikhonov regularization and the approximated solution
of the problemis

(25)

Zi=ag mn |2 — BIEY dnall 2 — 20|12, (26)
X €RNe

where A, is the regularization parameter computed by the L-curve method [32] and 27 is an
initial guess of the coefficients which are here computed by the analytical expressions given in
section 2.2.

An aternative solution is to compute the pseudo-inverse of the matrix .«7 by means of asin-
gular value decomposition and to truncate the decomposition to eliminate the smallest singular
values. The pseudo-inverse .o/ ; evaluated with the first p singular values is then used to obtain
the approximated solution

Zi=od ; Bi. (27)

The order of truncation can also be determined with the L-curve method. Unlike the Tikhonov
regul arization method, there is no use of theinitial guess 2 o and the solution is possibly very far
from the values given by the analytical expressions derived with the Galerkin projection.

4; Reduced-order model of the flow field around a fixed NACAQO12 airfoil

4.1. Generation of the snapshots database

A reduced-order model isfirst constructed to reproduce the vortex shedding process emerging
in the wake of a NACAQ0012 airfoil. The Navier-Stokes equations including the viscous terms
have thus to be considered since the vortex shedding is mainly due to viscous processes. The
flow parameters are Re = 2000 and Ma = 0.2 and the angle of attack of the profileis o = 20° .
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The vortex shedding process has been extensively studied by Pulliam [55] on the interval Re €
[800; 3000] and POD-Galerkin reduced-order models have already been constructed for the same
configuration [12, 39, 64]. For this configuration the flow is two-dimensional and a 2D C-shape
gpatial domain is therefore used. The mesh generated with a transfinite interpolation method is
composed of N = 19100 discretization control cells and the number of degrees of freedom of the
full-order model reaches N, = 76400.

Since the computation of the POD modes requires the generation of a snapshots database, a
simulation is first performed with the full-order model. The result of a steady computation with
the Finite Volume solver elsA [28] is shown on figure 1(a). The existence of arecirculation zone
is a clue of the emergence of the vortex street. The vortex shedding process is captured with an
unsteady computation performed with atwo-level multigrid method and a backward Euler scheme
for the time integration. The periodic vortex shedding creates an oscillation of the lift coefficient
which is represented on figure 1(b). The Fourier transform of the lift coefficient produces a peak
corresponding to the dimensionless Strouhal period 7 = 9.6.
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Figure 1. Representation of the steady pressure field and of streamlines around the NACA0012 airfoil (a) and plot of
the oscillations of the lift coefficient produced by the periodic vortex shedding process (b).

4.2. Computation of the POD modes

A set of M dimensionless snapshotsis extracted on the sampling timeinterval ;. Theextraction
is performed regularly with the time step oz, over about one and a half Strouhal period. The POD
modes and eigenvalues are first computed with the snapshots method [61] which ishere considered
to be the reference solution. Figure 2 representsthe percentage of energy n; = 4;/ >/i_1Aj captured
by each POD mode. This quantity is compared when the eigenvalues are computed with the
method of Chahlaoui et al. [16] which provides arecursive approximation of the dominant singular
subspace. The circles are the reference eigenvalues A; computed with the snapshots method. The
red squares are the converged singular values Giz for i =1,...,q and the empty squares detail
the convergence of each singular value. The asterisks represent the dismissed singular values 6,.2
fori=¢g+1,...,M. The graph has been plotted for M = 50 snapshots and the dimension of the
approximated subspace is g = 20. Since the whole snapshots matrix cannot be stored in memory,
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the algorithm beginswith the QR decomposition of the truncated snapshots matrix containing only
the first ¢ snapshots. Thisfirst approximation is then enriched by the M — ¢ missing snapshots to
get finally an accurate estimation of the left singular subspace and of the singular values.
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Figure 2: Spectrum of the eigenval uesassociated to the POD modes: Thereferencecurve (o) isthe spectrum computed
with the snapshots method, whereas the spectrum computed with the iterative QR decomposition [16] is represented
by the red squares (M) for the converged values. The dismissed eigenvalues are given by the asterisks (x).

The eigenvalues are grouped by pairs as usually for flows exhibiting a vortex shedding process
[17, 39, 40, 60]. Thefirst POD modes capture aimost al of the energy of the system: with M = 50
snapshots used to compute the POD modes, the truncation error &, = 3 g 1Aj/ 2;21/1 ; isabout
1.2e-4 % when the projection basis contains only ¢ = 10 POD modes.

The eigenval ues computed by both methods compare well. The error |A; — 62| /|A;| isgivenin
Table 1 for the first ten eigenvalues. The error is larger for the last eigenvalues and the precision
increases for these eigenvalues as the dimension of the subspace ¢ increases. The computation
costs of the iterative QR decomposition are much smaller. The graph on figure 3 compares the
CPU times necessary to compute the POD modes for different sizes of the snapshots database.
The CPU time increases with the square of M for the snapshots method whereas it grows linearly
for the QR decomposition. Indeed, in the first case the snapshots have to be read M(M +1)/2
times to compute each term of the symmetric covariance matrix R* while only M readings of the
snapshots are needed to approximate the subspace in the second case.

The pattern of the POD modesis represented on the figure 4. On each line, the pressure part of
the POD mode (p,(,’) fori=1,...,4isshown. Inthefirst three columns, the POD modes have been
computed with the iterative QR decomposition when the size of the POD basisis g = 5, 10 or 30.
In the last column, the POD modes come from the resolution of the eigenvalue problem (5) with
the snapshots method. The structure of the POD modes is practically the same with the iterative
QR decomposition method, whatever the dimension ¢ of the approximated subspace.
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Table 1. Relative error (in percentage) for the first ten POD eigenvalues computed for different dimensions g of the

POD subspace.

Figure 3: Comparison of the CPU times for the computation of the POD modes with the snapshots method (o) and the
iterative QR decomposition ((J). The continuous (—) and dashed (— —) curves are first and second order polynomial

approximations.
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(d) Reference

Figure 4;: Comparison of the pressure part (p},’) of the POD modes computed by different ways. Each row represents
respectively thefirst, second, third and fourth POD modes computed with the iterative QR decomposition method
[16] with (8) ¢ =5, (b) ¢ = 10 or (c) ¢ = 30 and (d) with the snapshots method [61] used here as a reference. The
continuous(resp. dashed) lines represent positive (resp. negative) isovalues.
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Finally the convergence of the proper orthogona decomposition approximation is checked on
the figure 5(a) when the number of snapshots M or the number of POD modes ¢ isincreased. For
that purpose, the reference snapshots g™ are reconstructed by the decomposition (2) using the
POD modes computed from the snapshots database containing M snapshots and a projection basis

with ¢ POD modes. The aerodynamic field reconstructed in thisway is ") = g + Z;Z:lag-m) pl)
where the coefficients ag.’") = (g™, ")) are the reference modal amplitudes. The reconstruction

error is defined for the snapshotsby ¢, , =[|g™ — g™ |1,2/11g"™]|,» at each timeinstant#, with
the definition (1) for the L2 norm. Then thetime average error Elg;2 4] isplotted onfigure 5(@) with
alogarithmic scale. Thereis clearly a convergence when the number of POD modesis increased
but the influence of the number of snapshots is not significant. The reconstruction error is very
small and converges but in this case the modal amplitudes have been obtained by the projection of
the snapshots on the POD basis. In the next section, the same error is evaluated when the modal
amplitudes are computed from the resolution of the reduced-order model.

log(Ele,2)

L L
q 0 50 100 150
M M

(a) Convergence of the reconstruction error (b) Convergence of the entropy

Figure 5: Convergence of the reconstruction error E [stjq} when the number M of snapshots and the number ¢ of
POD modes used in the proper orthogonal decomposition is increased (a). When the number of snapshots used to
compute the POD modesisincreased, the entropy H of the system converges (b).

The influence of the number of snapshots is highlighted on figure 5(b) by the graph of the
system entropy defined by

_
g

Although the influence of the number of snapshotsis not significant for the reconstruction er-
ror, it has a great influence on the value of the system entropy. Increasing the number of snapshots
seems to provide a better description of the system whose entropy converges. Since the entropy is
ameasure of the system disorder, the low limit value H < 0.16 indicates that the system energy
is concentrated on the first eigenvalues. This justifies the construction of a reduced-order model
with only the first POD modes.

H=—lim
M— logM

M
z ﬁmlogﬁm with ﬁm = (28)
m=1
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4.3. Evaluation of the reduced-order model response

The previous results have demonstrated the ability of the POD modes to represent the snap-
shots database. Now the reduced-order model is constructed and the modal amplitudes are com-
puted as the solution of the system of ordinary differential equations (11) to reproduce the aero-
dynamic field. Since the structure is fixed, the system is just described by the autonomous oper-
ators 7, . and 2. The coefficients of the reduced-order model are computed for ¢ = 10 POD
modes and M = 50 snapshots. The reduced-order model isinitialized with the modal amplitudes
a;(10) = (¢'V, o)) corresponding to the first snapshot. Since the system is autonomous, other ini-
tial conditions could be determined with the shooting method of Akhtar et al. [2] and may improve
the accuracy of the limit-cycle on which the system converges. The time integration is performed
on the sampling time interval I; so that the solution can be compared to the reference solution
given by the snapshots. Since the reduced-order model (11) is defined by a set of explicit ordinary
differential equations, its integration in time is performed with classical procedures. The 1soda
solver of the package ODEPACK [36] adopted here automatically chooses according to the stiff-
ness of the problem between a predictor-corrector Adams scheme or the Backward Differentiation
Formula.

Theresult is plotted on figure 6 where the traj ectories of the modal amplitudes computed by the
reduced-order model are compared to those of reference. The limit cycles are not well reproduced
and clearly reveal alack of dissipationin theresponsewhichtendsto diverge asthetimeintegration
is pursued. The relative error €,; plotted for each modal amplitude on the last graph of figure 6
is defined by &, = 100(a"™ —a;(tm)| 21,/ |0\ Mgz Where [x(z)[| 2, = (o7 x2(r) dr) Y2,
Thiserror isrelatively small for thefirst amplitudes (about 25%) but increases significantly for the
last ones whose values are about 500%. However, the global response of the dynamical systemis
mainly characterized by the first modal -amplitudes and consequently the macroscopic quantities
are qualitatively well reproduced. The lift coefficient is plotted on figure 7(a) over alonger time
interval. Over the sampling time interval I, delimited by the black rectangle, the lift coefficient is
rather well reproduced (&c, = 3.8%) even if the errors €, on the modal amplitudes are significant.
The relative error on the frequency is only 1.5% and the physics of the vortex shedding is well
reproduced. Although the results of figure 6 showed a potential divergence, a saturation of the
oscillations is observed and the response is stable for long time integration. However the lack of
dissipation induces an-over-estimation of the amplitude of oscillation for the lift coefficient and a
correction of the reduced-order model is necessary.

The error is not reduced by the introduction of more POD modes or snapshots in the database
as shown on figure 7(b). Unlike the plot of figure 5(a), the error reaches an asymptotic value as
soon asq =10 POD modes are kept in the projection basis. Although the introduction of new POD
modes reduces continuously the approximation error of the snapshots with the proper orthogonal
decomposition using the reference modal amplitudes aﬁ.’"), this is no longer the case when the
maodal amplitudes are computed by the reduced-order model when ¢ > 10.

4.4. Improvement of the reduced-order model response

As stated in the introduction, many corrections methods could be considered to improve the
stability. The modification of the initial conditions by the shooting method suggested in [2] could
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Figure 6: Comparison of the trajectories of the modal amplitudes {a (1) }jl.il computed with the reduced-order model
on short- (e) or long-term (—) and of the modal amplitudes of reference aﬁ.m) obtained by the projection of the
snapshots (o). Thelast graph represents the relative time averaged error g,
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Figure 7: Comparison of the lift coefficient of reference computed with the full-order model to the one reproduced
by the reduced-order model over several Strouhal periods (a). The convergence of the infinite error for the modal
amplitudesis represented on the graph (b) when the number of snapshots and POD modesis increased.

be useful in this case since the reduced-order model is autonomous. However, since we are later
interested in non-autonomous systems, we rather consider the correction methods described in
section 3.2. The nonlinear optimization problem (22) issolvedfor different typesof errorse( 2", 1)
based on the modal amplitudes (state calibration) or onthe energy &7 captured by each POD mode.
Different sets of coefficients to optimize have also been investigated. The combinations of errors
and parameters are given in Table 2 according to the number p. of coefficientsto calibrate.

The calibration called gRe consistsin finding the best corrected Reynolds numbers Re; associ-
ated to each equation of the reduced-order model and thus operates on the linear diagonal terms.
A better correction is obtained when the constant and linear diagonal terms are optimized. This
calibration called KdL does not only - madify the diffusive contribution of the linear term but oper-
ates on the global linear diagonal term. Likewise, the calibration KL provides optimal values for
the constant and linear operators. See [29, 53] for a thorough comparison between the different
correction methods and a discussion on the initialization of the optimization algorithm.

Table 2: Parameters of the optimization problem for the calibration of the reduced-order model.

Identifier &( A tm) Coeff. De
gRe - State al(m) —ai(Z ty) Re q
gRe - Energ. Aj—E[ai(Z ,tm)ai(Z ,tm)] Re; q

KdL a" — ai( 2 1) K i 24
KL agm)_ai(%7tm> %7%1 C]+¢12

The lift coefficient computed with the reduced-order model is compared on figure 8 to the
reference response of the full-order model. On the first period, the different calibrations perform
well and the response is very accurate. However, discrepancies appear on the long-term. The am-
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plitude of oscillation iswell captured but a phase-lag is clearly visible on the twenty-fifth period.
The calibration of the Reynolds numbers with the state or energetic approaches produces nearly
the same results although two different quantities have been minimized. The relative error on the
frequency is 1.4% with the calibrations qRe, 1.0% with the calibration KdL and dropsto 0.1% with
the calibration KL. The solution isimproved when the number of calibrated coefficients increases.
Indeed, the calibration of the constant and linear diagonal terms (KdL) or the calibration of the
constant and al the linear terms (XL) improves further the estimation of the frequency.

1.25

1.2t

0.85%8

0.8 *
0 0.5 1

/T

Figure 8: Comparison of the lift coefficient computed with the reduced-order model calibrated with the different
combinationsgivenin table 2: (+) qRe - state calibration, ((J) qRe - energetic calibration, (o) KdL, (A) KL. Theliftis
compared on the 1% and 25" period of oscillation to the reference response (—) computed with the full-order model.

The accuracy of each calibration is evaluated on the short-term response where the snapshots
areknown. Therelativeerror on thelift coefficient computed with the state or energetic calibration
qRe of the Reynoldsnumbersisrespectively gc, = 2.14% and €, = 2.12%. Then theerror dropsat
£c, = 1.67% for KdL'and g, = 1.52% for KL. The errors on each modal amplitude are represented
on figure 9. -The accuracy is much better when al the linear coefficients are calibrated. The
accuracy is the most important for the first amplitudes which mainly govern the response, but
since the systemis nonlinear an error on the last amplitudesis able to destabilize the response and
the error should also be reduced for these amplitudes.

In.this section a reduced-order model for the Navier-Stokes equations of the flow around a
fixed structure has been constructed using an original algorithm to compute the POD modes and
adequate calibrations methods have been investigated to reproduce correctly the limit-cycle oscil-
lations of the lift coefficient. Numerical results show that the calibration of constant and linear
diagonal coefficients provides an enough accurate solution in terms of stability and amplitude and
frequency of oscillation. An even better solution can be reached with the calibration of all the
linear coefficients after the resolution of a more demanding optimization problem. The objective
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Figure 9: Comparison of the error €,; for the modal amplitudes computed as the solution of the reduced-order model
corrected for the set of coefficients qRe, KdL and KL. The error relative to the calibration of the energetic content &7
is also given for the set of coefficients qRe.

of the next section is to evaluate the formulation of the reduced-order model developed in this pa-
per to take into account the motion of a structure and to investigate the potential of the correction
methods used previously in the case of afixed structure.

5. Reduced-order model of the flow field around an oscillating NACA0064 airfoil

5.1. Generation of the snapshots database

The second reduced-order model is developed to reproduce the shock oscillation induced by
the motion of a NACAQ0064 airfoil in atransonic flow at Ma., = 0.796. In this case the Euler
equations are considered since the viscous processes are not of prime importance. A 2D C-shape
gpatial domain containing N = 8192 discretization control cellsis used and the number of degrees
of freedom of the full-order model is N, = 32768.

The airfoil is subjected to a trandational motion at a constant horizontal velocity V.. and a
rotation is prescribed via the pitch angle o which oscillates at the frequency w,,. The rotational
motion istherefore described by a(t) = o, Sin(wgt), where oy, = 1.0. The translational velocity
s. and the angular velocity w of the moving frame thus write

coso(t) 0
Smir = Vo 0 and o= |of(t)]. (29)
sino(t) 0

The result of a steady computation conducted in the relative frame of reference with o« = 0is
shown on figure 10. Two shock waves are revealed on each side of the airfoil at the same position
on the chord since the angle of attack is null. When the pitch angle oscillates with a prescribed
motion, the position of the shock waves oscillates in opposite direction on each side of the profile.
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Figure 10: Isovalues of the steady Mach number around the NACA0064 airfoil. The angle of attack is set to o = 0.

Unsteady computations are then performed with a prescrilbbed motion on severa periods to
reach the convergence. The simulationisinitialized with the aerodynamic field presented on figure
10 since at + = 0 the angle of attack is null.

5.2. Computation of the POD modes

A set of M = 120 dimensionless snapshots is extracted regularly on the sampling timeinterval
I, covering about two and a half period selected after the transient has vanished. A longer time
interval was selected here since the stability of the reduced-order model proved to be better in
this case. Figure 11 represents the percentage of energy n; = 4;/ >'i_1A; captured by each POD
mode for a basis containing ¢ = 30-modes. The converged values computed with the method of
Chahlaoui et al. [16] compare well to those computed with the classical snapshots method like in
the case of the fixed NACA0012 airfoil.

The eigenvalues are nolonger grouped by pairs and the slope is less pronounced than in the
previous example. However the first POD modes contain most of the system energy since the
truncation error g, isabout 4.2e-3 % when the projection basis contains only ¢ = 10 POD modes.

The structure of the first six POD modes is represented on figure 12. The POD modes have
been computed from a subspace approximation with ¢ = 30 snapshots and then completed with
the M — g = 90 remaining snapshots. There is no visible difference with POD modes computed
with the classical snapshots method (not shown on Fig. 12). The POD modes exhibit the oscil-
lating pattern of the shock which is decomposed in several discontinuous areas along the airfoil
chord. The POD modes are no longer grouped by pairs but several structures are common to two
consecutive modes : modes 1 and 2 are characterized by only one large shock structure on each
sideof the airfoil, whereas the next modes are composed of two or three similar structures of lower
gpatial extent. The entropy is H = 0.15 for M = 120 and decreases very dlightly when the number
of snapshots is increased further. Consequently, a reduced-order model based on the first most
energetic POD modes should here again be able to represent the physics of the shock oscillation.

24



10 T T
—o&— Reference eigenvalues
O lIterative eigenvalues
0 B Converged eigenvalues
10 +  Dismissed eigenvalues [
107 e
= g
S s A
< %H%M gttt e St 1 M*Wﬁsﬁ*ffw
<" 10" w .
W *
-
=
10°
10° -
107

0 20 40 60 80 100 120

Figure 11: Spectrum of the POD eigenvalues computed with the iterative QR decomposition [16] involving initially
g = 30 snapshots. The reference curvein black (—) is the spectrum computed with the snapshots method.
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Figure 12: Pressure part (p,gi) of the first six POD modes computed for the oscillating NACA0064 airfoil with the
iterative QR decomposition method [16] with M = 120 snapshots. The continuous (resp. dashed) lines represent
positive (resp. negative) isoval ues.
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5.3. Evaluation of the reduced-order model response

The reduced-order model described by Eq. (11) involves now autonomous and non-
autonomous terms.  The coefficients associated to these terms are now computed from the set
of snapshots g = [, u, p] T, where the velocity vector is defined in the relative frame of reference
attached to therigid body motion of the structure. The non-autonomousterms .¢;™ (¢) and .Z1" (1)
which describe the motion of the spatial domains are defined by Egs. (19), (20) and (21) in the
general case but since the rigid body motion is only made up of a trandation and a rotation, the
non-autonomous reduced-order model coefficients write

70N 0

L= 0 and 2= <45, (30)
z 0
1],z

according to the definition Eq. (29) of the translational and angular velocities. Due to the previous
simplification, the number of non-autonomous coefficients is now N =3q -+ 34°.

The reduced-order model constructed for this new system is very unstable, even if the number
of POD modes used in the projection basis and the number of snapshots included in the database
isincreased. This may be attributed to the absence of any dissipation in the reduced-order model,
which is crucia for transonic flows. Indeed, the Euler equations have been here projected without
introducing some numerical dissipation to stabilize the response, although such a procedure is
used in the full-order model. The calibration techniques presented in section 3.1 could therefore
be used to account for this numerical dissipation.

Thecalibration called gRe in table 2, which modifies the Reynol ds number for each equation of
the reduced-order model, cannot be used in this case because of the absence of any diffusive term.
The sets of calibrated coefficients KdL and KL which yielded previously satisfactory results do no
longer provide an adequate correction since the reduced-order model response diverges rapidly
from the lift limit-cycle obtained with the full-order model. The sole calibration of autonomous
constant and linear coefficients is not sufficient in the present case. Consequently, a new set of
coefficients called KdL_mfr has been employed to improve also the coefficients associated to the
non-autonomous terms.

Instead of optimizing all the non-autonomous constant and linear coefficients ¢, ¢ F, £},

1

and .f{j, the calibration termed KdL _mfr is acting on the translational and angular velocities s,
and o from which the non-autonomous coefficients are defined by Eq. (19). In this way, only
6 additional ‘coefficients (instead of N™ = 34+ 3¢4°) have to be determined and the calibration
KdL_mfr-optimizesfinally 2q + 6 coefficients.

The results of the time integration of the reduced-order model built with ¢ = 10 POD modes
extracted from M = 120 snapshots is plotted on figure 13 when the set of coefficients KAL mfr
has been calibrated. The first pair of modal amplitudes a;(¢) for i = 1,2 is well predicted on the
sampling timeinterva (¢ € I;) where the trajectory is represented by the black filled circles. How-
ever, the calibration fails to predict correctly the system response on long-term time integration.
After about eight periods, the response diverges. Thisis the result of the accumulation of errors
due to the wrong approximation of the other modal amplitudes a;(¢) for i > 3 which are not well
reproduced, even on short-term.
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Figure 13: Comparison between the trajectories of the modal amplitudes {[lj ((t;}jil computed with the calibrated
reduced-order model (—) and those of the modal amplitudes of reference a j’" obtained by the projection of the

snapshots (o).
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More coefficients could be considered for the calibration, but increasing the number of cal-
ibrated coefficients does not necessarily improve the accuracy on long-term. Indeed, the opti-
mization process minimizes the error which is more important for the first leading amplitudes, but
small errors on the last amplitudes are able to destabilize the response. Besides, the calibrated
coefficients are sometimes far from the analytical values computed from the Galerkin projection
since no regularization term has been introduced in the optimization problem (22).

\NM\(\O)‘

Figure 14: Comparison between the trajectories of the modal amplitudes {;(r) }1.21 computed with the reduced-order
model identified with the Tikhonov regularization (—) or with the truncated SV O method (—) and the trgjectories of

the modal amplitudes of reference aﬁ.’" obtained by the projection of the snapshots (o).

Identification techniques presented in section 3.2 are therefore more adapted to correct the
reduced-order model since (i) the computation of optimal valuesis less costly and (ii) aregular-
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ization term has been introduced in the | east-squares problem.

A first set of coefficients for the reduced-order model is identified from the resolution of the
least-squares problem (26) using the Tikhonov regularization. The regularization parameter is
computed with the L-curve method and the initial guess 2 g for the values of the coefficients
is obtained by the analytical values derived in section 2.2. A second set of coefficients for the
reduced-order model is computed with Eq. (27) using the truncated singular value decomposition
method to approximate the pseudo-inverse. The time integration of the two reduced-order models
defined by these two sets of coefficients produces now a stable response, even on long-term. The
time series of the modal amplitudes are represented on figure 14. The agreement on the sampling
timeinterval I; is excellent and the short-term response is very accurate. The long-term behavior
isalso well reproduced but some discrepancies appear especially for the last modal amplitudes.

The coefficients identified as the solution of the least-squares problem regularized with the
Tikhonov term produce a more reliable response for the last amplitudes.’ On the contrary, the
coefficients identified with the truncated SVD method lead to wrong trgectories for the modal
amplitudes g;(¢) for i > 7. The coefficients identified for these modal amplitudes do not at all
correspond to the Galerkin projection which has a physical meaning, but have rather been math-
ematically evaluated to match the reference response. This can be due to the truncation of the
SVD which uses less than p = 7 singular values for some values of i. Since no initial guess for
the coefficients and no regularization term are introduced in the least-squares problem (27), the
coefficients can be freely identified and do not necessarily represent the physical behavior.

Macroscopic quantities like the lift coefficient.which is represented on figure 15 are yet very
well reproduced with both identified reduced-order models. Thelift coefficient computed with the
reduced-order model calibrated with KdL_mfr is aso plotted on the first period. The agreement
is rather good initially but the response diverges after about eight periods when the calibration
KdL_mfr isused.

Finally, the errors represented on figure 16 for the modal amplitudes have been computed on
the sampling time interval for the reduced-order models calibrated with KdL_mfr, or identified
with the Tikhonov regularization or with the truncated SVD methods. The errors are significantly
reduced when the coefficients are identified. It is recommended to use the identification with the
Tikhonov regularization since the modal amplitudes follow the right tragjectories even on long-
term, and the coefficients identified are close to those computed with the analytical expressions.

6. Conclusions

In this paper, the construction of a nonlinear reduced-order model based on the proper orthog-
onal decomposition has been investigated for compressible flows in which a structure can move.
The reduced-order model relies on the determination of an appropriate POD basis which has been
computed here with an iterative method based on the QR decomposition of the truncated snapshots
matrix. Comparisons with the usual snapshots method show that this method provides accurate
POD modes and eigenvaluesfor asignificantly reduced computational cost. Theformulation of the
Navier-Stokes equations using the modified primitive variables has been extended here to take into
account the rigid body motion of a structure contained in the fluid domain. It is shown that the re-
sulting equations are defined by an explicit set of quadratic partial differential equationswhich are
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Figure 15: Comparison of the lift coefficient computed with the corrected reduced-order model: (+) least-squares
identification with the Tikhonov regularization, () identification with the truncated SVD, (o) calibration with
KdL_mfr. The lift is compared on the 1% and 14™ period of oscillation to the reference response (—) computed
with the full-order model.
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Figure 16: Comparison of the error €, for the modal amplitudes computed as the solution of the reduced-order model
on the sampling time interval. Three different correction methods have been used here to improve the reduced-order
model.
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appropriate for the Galerkin projection. The reduced-order model defined by the coefficients com-
puted from the Galerkin projection lacks however some dissipation and a correction is necessary
to reproduce correctly the long-term behavior of the original full-order model. Several correction
methods have been investigated in this paper. In the case of the autonomous reduced-order model,
the calibration of constant and linear coefficients produces a reasonably good response compared
to the reference one. However, when a non-autonomous system derived from the Euler equations
is considered, the calibration is no longer sufficient. It is then recommended to turn to a more
robust identification procedure using Tikhonov regularization. With such a method, the accuracy
and stability of the response have indeed been significantly improved on the short- but also long-
term. Future work will concern the extension to moving and deformable structures which induce
not only amotion of the spatial domain but also a deformation.

Appendix A. Algorithm of the iterative subspace approximation

Algorithm Appendix A.1l presents the different steps to compute the approximation of the
POD subspace by an iterative update of the QR decomposition. The update of the QR decompo-
sition for the extended matrix Q,, can be performed with a classical or modified Gram-Schmidt
orthogonalization process [30]. The singular vector u,1 and the associated singular value 6,1
can be obtained by few steps of inverse iteration or by a singular value decomposition since the
dimension of the matrix is small. The orthogonal matrix G, is computed here by means of a
combination of Givens rotations but a Householder transformation is advocated by [16]. The or-
thogonal matrix G, is the result of a RQ decomposition of the product G R; which also produces
the upper triangular matrix R,,. Mastronardi et al. [48] suggest replacing the matrix R;_1 by an
upper bidiagonal matrix to decrease further the computational costs of the algorithm.

At thelast iteration, the matrix Q,, containsthe main features of the whol e snapshots database.
Theleft and right singular subspaces— aswell as the singular values— can therefore be determined
by singular value decomposition of Q. Because of the particular weighting of the snapshots,
the POD subspace is obtained after several matrix operations. Indeed, Q,; = AQyoc where Qyy is
the updated matrix representing the whole weighted centered snapshots database. Consequently
AQp o =UXV T and Qyr = (A~1U) (VT 1) = ®A. The POD eigenvalues A; arefinally deduced
from the singular values o; since they are computed from a singular value decomposition [65].
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Research highlights

> A POD-Galerkin reduced-order model is developed for viscous compressible flows. > Rigid body
motions are taken into account with an adequate ALE formulation. > Modified primitive variables
are used to keep a quadratic form of the equations. > Stabilization of the reduced-order model is
necessary for an accurate solution. > Identification with Tikhonov regularization is an efficient way
of stabilization.



