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Abstract

The Dirac-Fock (DF) model replaces the Hartree-Fock (HF) approximation
in quantum chemistry when relativistic effects cannot be neglected. Since
the Dirac operator is not bounded from below, the notion of ground state is
not obvious in this model, and several definitions have been proposed in the
literature. We give a new definition for the ground state of the DF energy,
inspired of Lieb’s relaxed variational principle for HF. Our definition and
existence proof are simpler and more natural than in previous works on DF,
but remain more technical than in the nonrelativistic case. One first needs
to construct a set of physically admissible density matrices that satisfy a
certain nonlinear fixed-point equation: we do this by introducing an iterative
procedure, described in an abstract context. Then the ground state is found
as a minimizer of the DF energy on this set.

1 Introduction and notations.

The Hartree-Fock (HF) model is a mean-field approximation widely used in non-
relativistic quantum chemistry and well understood mathematically (see [31], [32],
[34], [1] and the references in these papers). The Hartree-Fock energy of a sys-
tem of q electrons near a nucleus of atomic number Z can be defined on the set
of projectors of rank ¢ acting in the Hilbert space of one-body electronic states.
The HF ground state is defined as a projector 7 minimizing this energy. It sat-
isfies the self-consistent equation v = 1(_ . |(Hy) where H, is the mean-field
Hamiltonian in the presence of the nucleus and of the electrons in the state v, f;
being the i-th smallest eigenvalue of this Hamiltonian, counted with multiplicity
(it was proved in [3] that for the ground state, iy, < pby,q+1). In [31], Lieb gave
an alternative formulation. He extended the Hartree-Fock functional to the closed
convex envelope of the set of projectors and proved that for any operator in this
envelope, there exists a projector having at most the same energy (see also [1] for a
simpler proof of Lieb’s result). Thanks to this principle, the existence of HF ground
states is easily proved by weak lower semicontinuity arguments when ¢ < Z. This
relaxation of constraints also has applications to numerical quantum chemistry. Let
us mention, in particular, the ODA algorithm of Cances and Lebris [9] that has
excellent stability properties.



The relativistic Dirac-Fock equations were first introduced by Swirles [41]. They
are the relativistic analogue of the Hartree-Fock equations with the positive nonrel-
ativistic Schrédinger Hamiltonian —A /2 replaced by the free Dirac operator D, a
first order operator that is unbounded from below. The corresponding Dirac-Fock
energy is also unbounded from below, contrary to the HF energy. This causes serious
mathematical and numerical difficulties (see e.g. [15] and references therein). In par-
ticular, the Dirac-Fock equations can only be interpreted as stationarity equations
of the DF energy. Despite this issue, the Dirac-Fock equations have been widely
used in computational atomic physics and quantum chemistry to study atoms and
molecules containing heavy nuclei. They provide results in good agreement with
experimental data when the correlation between the electrons is not too strong (see
e.g. [39] and references therein).

The free Dirac operator is defined as follows:

3
(1.1) D=—iy odp+pB:=—ia-V+p
k=1
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Here we have taken units such that A = m = ¢ = 1 where m is the rest mass of the
electron.

The operator D, defined on the domain H'(R3, C*), is self-adjoint in the Hilbert
space H := L?(R?,C*). Tts form-domain is F := H'/2(R3,C*), and we can also
view D as a bounded linear operator from F to F* = H~/2(R3,C*). The anticom-
mutation relations satisfied by the matrices oy and [ ensure that

with

D?=—-A+1.

The spectrum of the self-adjoint operator D is o(D) = (—oo, —1] U [1,00). In what
follows, the projector associated with the negative (resp. positive) part of this
spectrum will be denoted by A~ (resp. AT):

A7 =10 (D), At = ]1(0,+OO)(D).
We then have
PN =A"D=—-V1-AA" =—-AVI-A,
DAY =ATD=V1-AAT =AVI-A.
We endow the form-domain F with the Hilbert-space norm ||1|| 7 := (¢, |D|¢)'/2.

In the whole paper, B(E, E2) is the space of bounded linear maps from the
Banach space Ei to the Banach space Es; the corresponding norm is || - ||p(g, ,z,)-
We note B(E) := B(E,E). When FE is a Hilbert space we also consider the space
01(E) of trace-class operators on E. The associated norm and trace are denoted by
H . ||01(E) and trg.

Let

(1.2) X={yeBH): v=7", 1-2)V"1-A)"ca(H)}.



We endow X with the Banach-space norm

(1.3) I7llx = 111 = A) Y4y (1 = A) |5, 30y -

Now, to each positive integer ¢ we associate the set of projectors

Py={veX =7, tru(y) =q}.

The elements of P, are of the form v = >_7_, |1y >< | with ¢, € HY/?(R3,C*)

and (¢, ¥;)r2 = 0k. They are the one-body density operators of the g-electron

Slater determinants ¥ = %1/11 A -+ N1y, and we refer to them as Dirac-Fock
q:

projectors.

We also associate to any nonnegative real number ¢, the sets

Tyi={y€X : 0<y<idy and try(y) =q}, T<gi= [(J Ty
0<q'<q

The elements of I'; are the one-body density operators of quasi-free states with
particle number ¢ [31], and we refer to them as Dirac-Fock density operators. The
set I'<, is convex and closed in the weak-* topology of X . When ¢ is a positive
integer, I'<, is the weak-* closed convex envelope of P, in X and the projectors
of rank ¢ are its extremal points. Here, the weak-* topology of X is the smallest
topology such that for any compact operator ) : H — H, the linear form 4o : v €
X = tra(Q(1 — A)Y4y(1 — A)Y/4) is continuous.

The electrons are exposed to an external Coulomb field V = —anx ﬁ generated
by a nonnegative nuclear charge distribution n. We assume that n is a positive and
finite Radon measure on R3. Its total mass Z := [, dn represents the number
of protons in the molecule. In our system of units, a = % is a dimensionless
constant. Its physical value is approximately 1/137. The energy of a Dirac-Fock

density operator 7 is

pr(2)py(y) — tres (v(@, Y)Y (Y, 2)) dy.

eort) = (@ Vi) +5 [ ]

The quadratic term in this energy comes from the repulsive electrostatic interac-
tion between electrons. It depends on the integral kernel v(z,y) of the trace-class
operator v and on its charge density p,(z) = trcsy(z,z). Due to the presence of
the Dirac operator D, Epr is not bounded from below on I'y, contrary to the non-
relativistic HF energy. The functional Epr is well-defined and smooth on X. Its
differential at 7 is the linear form h € X — tr(Dy,h), with

DV,'y Z:D—FV—FCYWV

and

Wy(z) = (pw * ﬁ) P(x) — /]RS Wdy'

If |[VvD~! lB(x) < 1, the operator Dy, is self-adjoint in H, with same domain, form-
domain and essential spectrum as D. Note that by Hardy’s inequality, a sufficient
condition for the inequality [VD ™|z < 1is 2aZ < 1. For larger values of aZ
this inequality does not necessarily hold, but Dy, is still self-adjoint with domain

HY(R3, CY) if aZ < ‘/75, while for @ < Z < 1, this operator has a distinguished
self-adjoint realization in , whose domain is a subspace of H'/2(R3,C*) (see e.g.

[43, 16] and references therein).



Note that in general, for v in X, (D + V)~ does not make sense as a trace-
class operator in H, so the expression tr((D + V)V) should be interpreted as
try (|DY/24|D|Y/%sign(D)) + o fgs Vpy . A similar interpretation should be made
for tr(Dy 4h). Such an abuse of notation is common in the mathematical literature
on Hartree-Fock theory (see e.g. [40], Remark 2.2) and we make it throughout the
paper.

We now introduce the Dirac-Fock equation, as a stationarity condition on Epp
under unitary transformations of H. If A is a bounded self-adjoint operator on H,
we may define the unitary flow U(t) = exp(—itA). If, in addition, the operator
(1 —A)"Y4A(1 — A)Y/* is bounded on H then, for each v € T, U(t)yU(—t) is in
I', and we may define the function f4(t) := Epp(U(t)yU(—t)). The derivative of
this function at ¢t = 0 is f/(0) = itr(Dv[v, A]) = itr([Dyv4,7]A). So, one has
f4(0) =0 for all A if and only if « is a solution of the Dirac-Fock equation

[DV,Va ’Y] =0.

From the physics viewpoint, the operator Dy, represents the Hamiltonian of
an electron in the mean field generated by the nuclei and the one-body operator ~.
The spectrum of Dy, contains the infinite interval of negative energies (—oo, —1].
To deal with this difficulty, one may introduce the spectral projectors

Py, :=1x,(Dv,) .
With this notation, Px% =1g, (D+V) and Poi,o = AT,

The negative spectral subspace Py, JH s the Dirac sea in the presence of the
nuclei and electrons. According to D1rac s interpretation of negative energy states,
physical electrons should be orthogonal to their own Dirac sea. This leads us to
define, for g € Z 4, the set of admissible Dirac-Fock projectors

Pri={yeP, : P‘J,rﬁ'y:'y},

and, for ¢ € R4, the sets of admissible Dirac-Fock density operators

If={yel, : Pl y=~}, Tt = |J I}.
0<q’'<q

The Dirac-Fock equation then takes the more restrictive form
[DV,va’Y]:Oa ’YEF;_

In relativistic quantum chemistry, one is particularly interested in ground state
solutions. By analogy with the nonrelativistic theory, a tentative definition of such
states (for ¢ € Z4) is the self-consistency condition

v = 1(0,y(Dv,y) for some p such that try(y) = q.

Such a fixed-point equation naturally leads to an iterative algorithm, well-known
in computational quantum chemistry under the name of Roothaan self-consistent
field (SCF) method. However, even in the nonrelativistic case, the SCF scheme does
not always converge and when it does, there is no guarantee that one has found a
“true” ground state, that is, a minimizer of the Hartree-Fock energy (see [8]). The
situation is worse with the DF functional, since £pr is not bounded from below on
T

q-
Note that in the physics literature, the DF functional is usually defined on the
set P, of Dirac-Fock projectors (for ¢ € Z%) and is written as a function of an



orthonormal sequence of monoelectronic states ¥ = (¢1,--- ,1¢,) that generates
the range of the Dirac-Fock projector . This point of view was adopted in the
mathematical works [17] and [38] where solutions of the Dirac-Fock equations were
found as min-max critical points of the energy Epp(¥). The property v € P
was not imposed as an a priori constraint, it was an a posteriori consequence of
the min-max method in which the constraints (¢, ;)2 = dx; were replaced by a
penalization. There was no direct way of defining a ground state in this framework,
since there was no minimization principle at hand, except in the weakly relativistic
regime [18],[19] that is, when « is very small. Note that in [18],[19], the conditions
on « were not made explicit. This would have been possible in principle, but
the result would certainly have been very far from the physical value 1/137. An
alternative approach was introduced by Huber and Siedentop in [28] and provided
existence of a ground state in the regime of weak interaction between electrons,
obtained by a fixed-point procedure for an explicit range of (small) values of «.
The physical value 1/137 was not in this range, but not by far in the case of highly
ionized atoms. Another work where a simple definition of the ground state is given
and its existence proved, is the paper [13] by Coti Zelati and Nolasco where a one-
electron atom with self-generated electromagnetic field is considered. A concavity
argument allows these authors to define a reduced energy functional that is bounded
from below. However it does not seem easy to extend their elegant construction to
multi-electronic problems.

A physical derivation of the DF model as a mean-field approximation of QED
was proposed by Mittleman [36]. This derivation leads to a max-min definition
of the ground state. One first considers an infinite-rank projector, and one mini-
mizes the Dirac-Fock energy on a corresponding set of projected states. Then, in a
second step, one maximizes the resulting minimum by varying the projector. Un-
fortunately, such a procedure does not always give solutions of the DF equations:
a rigorous justification of the first step (minimization among projected states) has
been given in [5], but negative results on the second step (maximization among pro-
jectors) for ¢ > 1 can be found in [4],[6]. Another approach was initiated by Chaix
and Iracane [11], who derived from QED the Bogoliubov-Dirac-Fock mean-field ap-
proximation that takes into account the polarization of the Dirac sea, neglected by
Mittleman. Note, however, that in the BDF energy of [11] an important one-body
term was missing. This was corrected by Hainzl-Lewin-Solovej in [25] who gave a
more rigorous derivation thanks to a thermodynamic limit procedure. From the
point of view of mathematics, the main advantage of BDF over DF is that the en-
ergy is bounded from below when defined in a suitable functional framework (see
[12],]2],[23],[24],]26],]27]) so the definition of a ground state becomes straightforward
and general existence results can be obtained for positive ions and neutral molecules
[25],[21] thanks to Lieb’s variational principle. But the BDF ground state is not
trace-class, an ultraviolet regularization is necessary in order to define its energy
and a charge renormalization is needed to correctly interpret the Euler-Lagrange
equation.

Our new definition of a DF ground state avoids the delicate min-max procedure
of [17],[38] as well as the complicated functional framework of BDF, and the asso-
ciated existence result has a domain of validity much larger than [18],[19],[28],[13],
that includes the physical value of o and certain multi-electronic atoms.

Definition 1.1. To any nonnegative real number q we associate the energy

E,:= min (Epr(y) — tryy).
vert

<q

If an admissible Dirac-Fock density operator v, € F;r is such that Epp () = q+ By,
we call it “Dirac-Fock ground state of charge number q in the external field V7.



The main result of this paper is the existence of a Dirac-Fock ground state of
charge number ¢ for positive ions and neutral molecules, under a smallness assump-
tion on V and aq:

Theorem 1.2 (Existence of a ground state). Let us introduce the constants
k= VD gy +200q and Ao :=1— amax(q, Z).

Assume that k <1 — Zaq, and that the following condition is satisfied:

2

11 s %
<m and ﬂ'aq<2(1—f$)2)\§(1—m——aq) .

(14) amax(q,”Z) 1

Then:

o There exists an admissible Dirac-Fock density operator v, € FJSF q such that
Epr(ve) — tru(ve) = By
e For any such minimizer, there is an energy level u € (0,1] such that
(1.5) Yo = Lo,y (Dvy.) +0 with 0<0 <1y (Dypy,)-
o Ifq< Z then p <1.
o I[f q < Z then tr(v.) = q and the following strict binding inequalities hold:

(1.6) Vre (0,q), By < E,.

Remark 1.3. Our definition of the ground state energy involves Epp — try instead
of Epr. Physically, this corresponds to subtracting the rest mass of the electron
from the mean-field Hamiltonian Dy : the eigenvalues of the resulting operator are
negative, as in the nonrelativistic case. This subtraction plays a very important role
in the proof of Theorem 1.2. Without it, the minimum could be attained at v = 0.
One could of course think of subtracting Atryy for some A < 1 instead of A = 1,
but then one would not be able to garantee that 7, saturates the constraint tr(vy) < g
for positive ions as well as neutral molecules.

Remark 1.4. Hardy’s inequality immediately implies that £ < 2a(Z + q): see
(2.7). Using this estimate and taking o = ﬁ we find that the smallness assumption
(1.4) is satisfied by neutral atoms up to Z = 22. Unfortunately, this excludes the
most important applications: in quantum chemistry, it is generally considered that
relativistic effects cannot be neglected when Z > 26. For positive ions the situation
is better: when q = 2 in particular, our assumptions are satisfied for 2 < Z < 63.
As already mentioned, in the earlier works [18],[19],[28] on the Dirac-Fock ground
state, the physical value of o was out of reach. It seems reasonable to expect that
our technical conditions on Z and q will be weakened in future works. To achieve
this, one could for instance try to replace Hardy’s inequality with refined estimates
on the Dirac-Coulomb operator such as those obtained in the papers [7],[37].

Remark 1.5. In the case ¢ > Z, it follows from our proof that if (1.4) and (1.6)
hold then tr(v.) = q (see Proposition 3.7). However, when q > Z we are not able
to check (1.6) even for q — Z wvery small.

Remark 1.6. The scalar y — 1 is the Lagrange multiplier associated with the con-
straint tr(y) < q. Contrary to the HF situation [31, 8], for q € Z4 we are not able
to prove that the highest occupied energy level u of the mean-field operator Dy ~, is
full and that the one-body density matrix v, is a Dirac-Fock projector. The main
difficulty is that the spectral projector P‘J,f,y depends on v in a complicated way and

the set Fiq on which we minimize does not seem to be conves.



In order to prove that our minimizer satisfies the Euler-Lagrange equation (1.5),
we will need some informations on I'Z - A fundamental tool will be a C' ! map that

we denote 0, which is a retraction of a certain closed subset G of I'<, onto GN Fiq.

This means that 0(G) = GﬁFIq and 0(y) =, Vy € GﬂFiq. The set G will be large
enough to contain the “ground state” of the Dirac-Fock functional. The construction
of § will be iterative: for v € G, taking vy = v and vp41 = P‘J/T,YPWPP‘;%, 0(vy) will
be the limit of the sequence (,) for the topology of X.

The paper is organized as follows. In Section 2, the existence and regularity
properties of # are studied by first constructing this retraction in an abstract context
under general assumptions, then checking these assumptions in the case of the Dirac-
Fock problem. In Section 3, Theorem 1.2 and Proposition 3.3 are proved thanks to
the construction of the preceding section.

An unpublished version of the present paper is mentioned in the work [20],
where our new definition of the ground state is used to study the Scott correction
in atoms. In [10], the existence of solutions to the Dirac-Fock equations in crystals
is proved by combining the method of the present work with new compactness
arguments. In the recent work [35], the relationship between the Dirac-Fock model
and Mittelman’s approach is studied, thanks to refined estimates on our retraction
f and the associated ground state energy in the regime o << 1.

2 The retraction 6.

We recall that a retraction of the metric space (F,d) onto one of its subsets A is a
continuous map 6 : F — A such that §(z) = z, Vo € A.

2.1 An abstract construction.

We start with an abstract construction valid in any complete metric space.

Proposition 2.1. Let (F,d) be a complete metric space and T : F — F a contin-
uous map. We assume that

ke (0,1), Ve e F, d(T*x),T(z)) < kd(T(x),z) .

Then for any x € F , the sequence (ITP(x))p>0 has a limit §(x) € Fix(T) with
the estimate

2.1) d(0(z), TP (z)) < —

< ——d(T(2),2).

The continuous map 0 obtained in this way is a retraction of F onto Fix(T),
e, forany x € F : Tol(x)=0(x) and for any y € Fix(T) : 0(y) =y.

Proof. This proposition is a generalisation of Banach’s fixed point theorem. For
the convergence of T™(z) to a fixed point, the proof is very similar: by induction
one shows that d(TP*!(z),T?P(z)) < kPd(T(x),z), so that (TP(x)) is a Cauchy
sequence, with the estimate

(2.2) d(TPT9(z), TP(z)) < 1Ifk

d(T(x),z).

By completeness of F' we conclude that T™(z) has a limit that we denote 6(z). By
continuity of T, 6(x) € Fix(T'). Passing to the limit ¢ — oo in (2.2), we obtain
the desired estimate (2.1). Moreover, if x € Fix(T') then the sequence T™(z) is
constant, so 0(x) = x.



Now, for any a € F', by continuity of T there is a radius r(a) > 0 such that

sup  d(T(x),x) < oo.
z€B(a,r(a))
Then (2.1) implies that the sequence of continuous functions (7™) converges uni-
formly to 6 on B(a,r(a)), hence the continuity of § on F = U,epB(a,r(a)). O

Note that T is not necessarily a contraction, so in general Fix(T) is not reduced
to a point and 6 need not be constant, contrary to what happens with Banach’s
fixed point theorem. For instance, if F' = X is a Hilbert space and T the projection
on a closed convex subset C' of X then for any x , T%(x) = T'(z). The assumptions
of Proposition 2.1 are thus trivially satisfied and we just have § = T, Fix(T) = C.

We now want to study the differentiability of 6 in a suitable framework. We
consider a Banach space X and we take an open subset U of X. We assume that T
is defined on the closure of U, i.e. we take ' =U. If Y is a Banach space (possibly
equal to X), we say that a differentiable function ® : ¢ — Y is in C»"if (14, V) if
its differential D® is uniformly continuous from U to B(X,Y). We shall say that
® € CHP(Y,Y) if D® is Lipschitzian on U. We have the following regularity result:

Proposition 2.2. Let U be a nonempty open subset of a Banach space X and let
F=U. LetT e CUF, X)NCYP(U | X) be such that T(U) C U, supyey ||T () —
z||x <00, sup,ey | DT (2)|5x) < o0 and

Fke(0,1),VeelU, |[T*z)-T)|x < k|T(z)—z||x .

Then for each x € U, the sequence (D(TP)(z))p>0 has a limit L(z) € B(X)
for the norm || - [|g(x), this convergence being uniform in x. As a consequence,
the function 0 : F — Fix(T) C F constructed thanks to Proposition 2.1 is in
Chwitgf . X) and we have DO(z) = £(z) for all x € U.

The end of this section is devoted to the proof of Proposition 2.2. In the
sequel, we use the same notation M for several finite constants which
only depend on I/ and T.

We first study the behaviour of D(T?)(z) for € Fix(T) N U . In this case,
D(T?)(z) coincides with the p-th power of DT (z) .

Lemma 2.3. Under the assumptions of Proposition 2.2, we have an estimate of
the form
Vo € Fix(T)NU , |DT ()Pt — DT (z)?||px) < M KP.

So, for any x € Fix(T) NU, the sequence (DT (x)P)p>0 has a limit £(z) in B(X)
and the convergence is uniform in x:

IDT(@ sy < M and [(x) ~ DT (@) ) < MK,

Proof. Given z € Fix(T) NU and h € X, for t € R nonzero and small enough,

"TQ(x+th)—T(z+th)" <kHT(:c+th)—x—thH
t x = t x

Since x = T'(z) = T?(x) we infer

H T*(x +th) —=T*x) T(x+th)—T(x) H -k H T(x+th) —T(x) hH
t t X = t D¢
and passing to the limit as ¢t goes to zero:
IDT(2)*h — DT (x)h||x < k| DT(x)h — h|x

hence the lemma, since 2 — || DT'(x)||g(x) is bounded on U/ . O



We now consider an arbitrary point x in U.

Lemma 2.4. Under the assumptions of Proposition 2.2, we have an estimate of
the form
Vp, Ve el, HD(TP)(x)HB(X) <M.

Proof. We denote by L the Lipschitz constant of DT on U:
Vz,y €U, ||DT(x) — DT (y)lscx) < Ll —yllx -

Take z € U. With 6; := DT (T (z)) — DT(0(z)) , we get

(2.3) I8ills0x) < LIT ™ (@) — 0(2) | x < MK

From Lemma 2.3 we also have an estimate of the form

(2.4) DT (0(2)) lsx) < M.
Now

D(T7)(x)
= (DT(0(@)) +8,) o+ (DT(B(z)) + )

=2 > DT(0(x))"~Y 0 00 DT(O(x))"= " 0 i, o DT(O(x))" "

J=0 1<iy<--<i;<p

hence, using the estimates (2.3) and (2.4) :

P
||D(Tp)(if)||zs(x) < Z M2+l Z it
=0 1<iy << <p
p P i\j 2L
2j (e k) (M )
< MZM i < M exp %
7=0

and the lemma follows. O

To end the proof of Proposition 2.2, we show that (D(T?)(x))p>0 is a Cauchy
sequence, uniformly in z € U .

Lemma 2.5. Under the assumptions of Proposition 2.2, the following estimate
holds:

Vo el , V¥p,g>0, | D(T"M)(x) — D(T?)(2)|sx) < MK .
So D(TP)(z) converges to £(z) € B(X) and ||[¢(z) — D(TP)(z)||px) < MkP/2.

Proof. Let m, n, ¢ be nonnegative integers. As in the proof of Lemma 2.4, we
consider §; := DT(T*"1(x)) — DT(0(x)) . For x € U we may write

D(T™ ") (z) — D(T™ ™) (2) = (Amntq(2) + Bng(x) — Amon () o D(T™)(2)



and By, 4(x) = DT(0(z))" "% — DT(6(x))™ .
Using the estimates (2.3) and (2.4) as in the proof of Lemma 2.4, we find

Amr(2)llBx) < Z M2+ Z it
J=1 1<iy << <r
— v 2pmyg (i kY M2m+l
< MZ(M k )jﬁ <M [exp(ﬁ) —1}

Jj=1

which gives an estimate of the form ||A,, .(7)|sx) < M k™ for another constant
M . On the other hand, from Lemma 2.3, ||B, 4(2)|sx) < M E™. From Lemma
2.4, ||[D(T™)(z)||gx) < M . Combining these estimates, we find

D@9 (@) — D(T™ ) (@) |x) < M (K" + ™).
Taking p=n+m with n =m or n =m + 1, we get the desired estimate
ID(TP*9) (@) — D(T?) (@) | 5(x) < MK

This ends the proofs of Lemma 2.5 and Proposition 2.2.

2.2 Application to Dirac-Fock.

From now on, we work in the Banach space (X, || - ||x) given by formulas (1.2)
and (1.3) of the introduction. We recall our notations P‘f,y = 1z, (Dyvy), & =
VDY gm) +2aq and A\g = 1 — amax(q, Z). As mentioned in the introduction,
our map 1" will be given by the formula

T(vy) := P‘J,f,yfyP‘J/f,y .

We will see that if K < 1 then the map T is well-defined from I'<, to itself. But to
discuss the differentiability of T', it is convenient to extend this function to an open
neighborhood of I'<y. So we take a small number r > 0 (to be chosen later) and we
define the open set

e, ={ve X : disty, (39)(7,I'<cq) <7}

The goal of this section is to find conditions on «, ¢, V such that for r small enough
the assumptions of Theorem 2.2 are satisfied by T" on a sufficiently large open subset
UofTZ .

<q

We start with a lemma gathering estimates that we will use in the sequel:

Lemma 2.6. Let vy € X .

e The following Hardy-type estimates hold:

1 V(Sva) ﬂ' 1 1
2:5) max ([lor s | Wl 5200 S SIER A
_1
(2.6) IW(=2) 30 < 217 los0
(2.7) IV(-8)"H 5o < 202



o If Ky := K + 2ar is smaller than 1 and ||V||o, () < q+ 7 then:

(2.8) | 1Dv~I° D]~ éHB(H) (1+k:)", VO<s<1,

(2.9) | 1DI* Dy~ HB(H) <(1-—kK)%, V0<s<1,
_1 1 1+ Ky 3

(2.10) [1D172 Py IDI2 || 50y < (ﬁ)

o If amax(¢q +nr,Z + 1) <
A= Ao —ar,

(2.11) inflo(Dy4)| > A > 0.

ﬁ and v € 'L, then, with the notation

Proof. If v € X then (—=A)Ty (=A)T € o1(H) and [|(=A) Ty (=A) T |loy30) < |17
since [|(—=A)T (1 — A) 4530y < 1.

We may thus write (—A)3y(—A)7 = oo o dnlon >< @n| where (@) is or-
thonormal in H, d, € R and 3200 [dn| = [[(=A) Ty (= A) T ||,y (30) -

For each n, we define ¢, = (—A)~4¢,. Then W, = >0 Wi, ><p,| - For
each n, the operator of multiplication by |@,|? * ﬁ, the exchange operator of kernel

%ﬁ(y) and their difference W3, - <3, | are symmetric and positive on H, so, by

the Cauchy-Schwarz inequality, in order to prove (2.5) we just need to show that for
any ¥ € H, (¢, (|@nl? * ﬁ)q/})H < 2 H1/)||H This is done thanks to the Kato-Herbst

incquality fw UE < 5 f | (-2

(6, (8 * 7 /WHJ% dady < 3 [ 16P@)ealids = FI0lB:

Now, in order to prove (2.6) we write v = Y7 (Va|fn >< fo| where (f,) is
orthonormal in H, v, € R and >0 [vn| = [|V]l0y () - Taking ¢ in H'(R3,C*), x
in ‘H, we have

o0
106 W)l < D 1l 106 Wigs <t )l
n=0
Denoting 9 = (¢*)1<a<4 and using the same notation for the other spinors, we
have

|(XaVV\fn><fn|7/f)H|
x)ﬁ@ﬁﬁ@m>ww

:%//Zdet<"y) Xﬁ(yﬁg:y' n >d:1cdy

2

() quQ

IN
N =

P>

a,p

(/ @) P Ix@)P = |£3(@)x ) //E:ua |waimg%m¢@w

< 2llxll, || (=2)29),,

®%@@)W@D

5w xXPy)

11

dudy //Z ‘ (fic ) yrfﬂw) dady

N[



by Hardy’s inequality. Estimate (2.6) follows.

To prove estimate (2.7) one just needs to write

fersma], =« [,

Now, by the triangle inequality and (2.6), we have

Vln =a

| ant) < 20z -8
|' yl H

(2.12) IDvdllae < (L4 IVD ™ sy + 20 |Ylloy 20 I DY -

If [[Yloyo) < g+, recalling that x, = ||[VD g + 2a(g + 7), we may thus
write DY, < (14 KT) D?, hence, by interpolation, [Dy,|* < (1 + &) **|D2 for
all 0 < s < 1: this estnnate is the same as (2.8). Assuming that s, < 1, one proves

(2.9) in a similar way. Since P;f_ commutes with [Dy,,|"/2, estimate (2. 10) directly
follows from (2.8), (2.9) for s = 1/2.

To prove (2.11) we remark that for each v in I'Z, one has tr T <14r,try” <7
with & = +y1g_ (7). Then , using Tix’ inequality [44][45] as in Lemma 3.1 of [17],
we find that if max(q+7,Z+7) < s5t577, 7 € I, and ¢ € Dom(Dy ;)\ {0} then

|0l Dvytblln > (At — A=2p, Dy s AT+ Dy s A" 9)y
= (A", Dy At )y — (A ¢, Dy A" )y
> (A", Dy p- AT ep)gy — (A7), Dy fr A7 1h)y
> (1 - amax(q+7, 2+ 1) 6]
The lemma is thus proved. 0

We now study the dependence of P‘J,r ., on .

Lemma 2.7. With the notations k., A\, of Lemma 2.6, assume that k, < 1,
amax(q+r,Z +r) < mﬁ and let
a, = %(1 — k)TN,

Then the map
Q: 7—>(P","77—P{,’:0)
is in CYP(IL ) Y) with Y := B(M,F) (recalling that F = H'Y?(R?,CY) is the

form-domain of D) and we have the estimates

(2.13) Vv, 7 €T, 1RMY) =@My < arly —7lx
(2.14) Vy, v €Ty, « IDQ(MY) = DQMsx,y) < Kally —7llx

where K is a positive constant which remains bounded when k, stays away from 1.

Proof. The proof consists in calculations similar to those of [22], Lemma 1 or [28],
Lemma 1. One writes, for v,7" € I't, and x, ¢ € H:

06 IPI2(Q() = Q(N))u

a o o
=9 /s O DY (D +i2) Wy (Dyyr +i2) " ) pdz

12



hence, with ¥ := |Dyv.,|~Y/2|D|}/2x

[0 ID2(Q(Y) = Q()v)w]

Wy 5w § 1.

A0 (] (0 [Dva (D, + ) wds
T R

QHW’Y’

ol _
= O g | [Py |20,

W=

From (2.9) we have
Xl < (1= k) ™2 Xl

and from (2.11) we have
1Dy 720 e < A2 10

As a consequence,
1Q(Y) = QMlly < 2(1 — k) TN Wo ) -
Finally, from (2.5) we have

™
Wyl < 510 = lx-

Estimate (2.13) of Lemma 2.7 is thus proved.

Note that taking 4" = 0 in (2.13) we find that Q(y) € Y, since Q(0) = 0. So up
to now we have proved that @ is a Lipschitz map from I' to ¥ with Lipschitz
constant a,..

Noting 4 := +' — v and pushing the expansion one step further, one gets

Q('Y/) Q) = E'y('w + R’y(;}’)

where
o

L (’y) = 27T /('DV,y + ZZ) W"y(DV,'y + iz)fldz,

= 7_/ Dy +i2) ' W5(Dyyy +i2) "' W5 (Dy s +i2)Hdz.

Then, using estimates similar to the ones above, one finds that £, is in B(X,Y)
with || £,[|sx,y) < a, and

1By ()Y <

|9

(1— k)20 sup W5 (Dy,y +i2) " " Ws || g0
ze

2

3

< T2 — k) A2 41

m ‘

As a consequence, @ is differentiable at v and DQ(v) = L, .

Finally, for h € X one writes
(‘Cv/ - ‘Cv)h = Av('% h) + Bv('.% h)

with
: a o . .
Ay, h) = —g/R(DVWMer) Wi (Dv,yas +i2) "' W5 (Dyy +1i2) " Hdz

13
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and
: a - o o
By (¥, h) = —g/R(Dv,vMHZ) "W (Dy,y +iz) T Wi (Dy,y +iz) " dz.

Proceeding as above with each of these expressions, one gets

7T2Oé

1Ly = L)hlly < == 1= r) A2 x IR x -

4
Estimate (2.14) follows, with K := 7rT(l —m)fl/Q)\;gp. So @ € CHP(I,,Y) and
the lemma is proved. O

We are now able to study the map 7. Our first result is:

Proposition 2.8. Assume that k, < 1, amax(qg+r,Z+7) < and let a,

2
T/242/m
be as in Lemma 2.7.

Then the map T : v — P‘J,f,yfyP‘J,i,Y is well-defined from I'<y to itself and from
I'C, to itself, and for any v € ' :

1T2(y) = T(v)llx

(215) < 20, (|T(y) D2

() =) IT() =7l

Moreover T is differentiable on I'., € X and there are two positive constants
C,, L, such that

(2.16) VyelLl,, [IDT(M)|sx) < Cr(l + |y |D|1/2||al(n>) ’

(2.17)
¥y, €T%, , IDT() = DTWllsex) < L (14 ally D12y ) I =l

Proof. It v € I'z , and v" € T'<4 then the operator 7" := P‘J,r,yfy’PJr isin X. Indeed,
from (2.10) one has

D17 |DI% |0, ) < || D172 P, |DIZ WIPIEY DIz oy (20) < 00

[
In addition, tryy 7"’ <tryy v < gand 0 <+” < P‘J,F,Y <idy;, so v is in I'<.
In the special case v = ' € I'<, this tells us that 7'(y) is in I'<,.

In the general case, we may write
T(y)—+" =Py (v =Py,

hence
IT() =" Nov0 < 17 = low 3
so dist, (1) (T'(7),I'<q) < disty, (3)(7,'<q) < 7. This proves that T'(y) € ',

Now, we may write
T*(y) = T(v) = P\J/F,T('Y)T(’Y)P\J/FT( y P+ T(’Y)
) = )

(QT() QUM T +T() (@ ( (7)) — Q)
+(Q(T(v) — Q) T(v )(Q(T( ) — Q)

14



hence

I72(3) = T x < 2|22 @) - N TGP
+|pr2 @) - e Ty @ - e

< 2Q(T () = QMNIVIT() DI lo, 3
HQT M) = QUNIBIT N loucr0) -

But we have seen that [|Q(T'(7)) = Q(Y)lly < arl|T(v) = 7llx and [[T(V)|lo,20) <
g+ 7, so estimate (2.15) holds.

)

Now, from Lemma 2.7, T is in C* (I'Z,» X) with the following formula:
DT (y)h = (DQ()h)yPy., + (adjoint) + P _hPy .
Using the inequality (2.10) of Lemma 2.6, we may write

I(DQUNRIYPElx < IDQUNAIIVINDI 0,0 ||| DI /2 Py | DIV2||

B(H)
14k 1/2
1/2 — o
< a1 x 1D Ham(lm) ,
2
|PE Rl < [[IDI72BE DIl

1+ kK,
< .
< (152 s

Estimate (2.16) follows from these bounds. The proof of estimate (2.17) is more
tedious but goes along the same lines, so we omit the details: one just needs to
estimate each term of the sum

(DT(') = DT (7))h ={((DQ(Y') = DQ())h)Y' P, + (DQ(y)h)(Y — )Py,
+ (DQMhVPS(Q(Y) — Q7)) } + {adjoint}
+(Q(MY) = QM)hPy ., + P h(Q(Y) — Q()) -
O
We now define an open subset ¢/ of I'Z | allowing us to apply Proposition 2.2.

Proposition 2.9. Assume that k. < 1, amax(q+7r,Z +7r) < and take

2
T/242/7

a, as in Lemma 2.7. Given 0 < R < % , let A = max (%ﬂ , and

=)
1—2a,R
U= 1{y Tl 17D o) + AIT() = vlx < R}

Then U satisfies the assumptions of Proposition 2.2 with k := 2a,R.

Proof. First of all, if v € U, then
1T D1 lloy ey < 17 1P1 Moy 20y + T () = M ID1 [0y 20
<Y DI oy ) + IT() = lx

hence, using the inequality A > QJF% ,

arq

2
< VDI gy a0y +

IT(Y) D12y 30y +—== 1T () — V]I x
24+ arq

2

IT(v) —vllx < R.

15



In addition, T'(y) € I',,. Then (2.15) implies that

IT%(y) = T(v)llx < KIT () = 7llx

with & = 2a,R < 1. Moreover (2.16) implies that sup.c, |[[DT(y)[x < oo and
(2.17) implies that DT is Lipschitzian on U .

Finally, remembering that k = 2a,-R and using the inequality A > we get

1
1—2a,R’

1T (7) 1P|y ) +ANT?(7) = T () x
< IV DMl oy0) + (14 AR)IT(7) = 7llx < R,

soT(y)el.
O
We are now ready to state the main result of this Section:
Theorem 2.10. Assume that kK, < 1, amax(q+r,7Z +r) < ﬂ/ﬁﬁ Let a,
be as in Lemma 2.7 and R < % Let U and k be as in Proposition 2.9. Then

the sequence of iterated maps (T?)p>0 converges uniformly on U to a limit 6 with
OU) C Fix(T)NU and Fix(0) = Fix(T) NU. We have the estimate

_ kP
vy eU, 160 ~TPMlx < 7= IT() = lx-

Moreover § € C"f (U, X) and D(TP) converges uniformly to D8 on U.

In this way we obtain a retraction 0 of U onto Fix(T) NU whose restriction to
U is of class CY™E . More precisely, idy — 6 and its differential are bounded and
uniformly continuous on U .

For any v € Fix(T)NU and any h € X, the operator S = DO(~) h satisfies
P‘;VSP‘J/T,Y = P‘J/i,yhP‘J/i,Y and P’Y_SP’Y_ =0.

In other words, the splitting H = P{,‘:W/H ® Py, M gives a block decomposition of
DO(v) h of the form

+ + *
(2.18) DO(y) h = (Pvé:}(‘f)v,w bv(oh) )

Proof. The existence and regularity properties of the retraction  follow from Propo-
sition 2.2 and Proposition 2.9. To end the proof of Theorem 2.10, it suffices to show
(2.18).

We recall that for any ~ € I'.,and h € X,
DT (y)h = (DQ(y)h)vPy_, + (adjoint) + Py hPy .
Multiplying this formula from both sides by Py, 4+ we get
Py, (DT (y)h)Py,, =0.
On the other hand, we have P‘J/f Py, =0. Differentiating this identity, we find
(DQMM Py, — P/ (DQ(v)h) =0.
Multiplying this formula from the right by P‘J,f ., we get

P (DQ(y)h) P, =0.

16



But for v € Fix(T) NU the formula for DT'(y) can be rewritten in the form
DT (y)h = (DQ(y)h) Py Py, + (adjoint) + P _hPy_ .
Multiplying this formula from both sides by P‘}", 4 we get
P;,i,y(DT(*y)h)P;,i,Y = P‘J/T,YhP‘J/T,Y .
Moreover, since T'(y) = 7, for any integer p > 1 we have
D(T")(y)h = DT (y)(D(T*~1)(7)h) -

So we immediately get
Py (D(TP)(Mh) Py, =0

and we easily prove that
PEL(DT(INPY, = PP,
by induction on p.
Passing to the limit p — +o00 we conclude that
P‘Z,Y(DO(W)h)P‘Z,Y =0 and P‘;V(DG(W)h)P‘J,f,Y = P‘J,i,yhP‘J/f,Y .
This proves (2.18). O

Since I'<, is invariant under 7', the restriction of 6 to the closed set G := I'<,NU
is a retraction of G onto I't ¢ NG In the sequel we shall only need to work with
this restriction. Instead of U/, we shall consider the set V = U N I'<, which is
only relatively open in I'<,. The question we address now is whether a minimizing
sequence for Epp(y) — tr(y) in Fiq lies in the set V. For this purpose we need the
following result.

Proposition 2.11. Assume that kK <1— Jaq. Lety € F;q be such that

Epr(y) —tr(y) <0.

Then )
L
Ilx < (1-r=Taq) a.

Proof. Let v € Fiq such that Epp(y) — tryu(y) < 0. As Dyy = |D,|y and from
Lemma, 2.6, we have

«
Epp(y) = tru(y) = tr[(Dy — 1= W)
«
= ([ Dy =1 = S W)y
s
2 (1 =& = zag)llyllx = Vllo: 0,

hence,

Illx < (1= r = Fa) " [Epr() — tru(3) +q < (1 -k =~ Jag)'q

O

We recall that the construction of U given in Proposition 2.9 involves a parameter
R € (0, %) and that V = U NI'<,. Proposition 2.11 has the following consequence:

17



Corollary 2.12. Assume that K <1— Faq, amax(q+r,Z+71) < and

that

2
w/242/7

1
(2.19) raq < 2(1— m)é)\ (1 — K- %aq)2 .

Then one can choose 0 < R < 5— and p > 0 such that, for all v € 1"+ satisfying
Epr(y) —tr(y) <0, there holds BX('y p)NT<, C V.

Proof. Proposition 2.11 implies that |y||x < (1 — k — Fag)~'q. So, by Cauchy-
Schwarz,

1/2

™
IV IDP 2 los0 < IV 1217 1oy < (1= 5= 3ag)™H2q.

Now, condition (2.19) tells us that (1 — k — Zag)~/?q < 51. Moreover, since
v € Fiq one has [|[T(y) —y|lx = 0. So, taking p and 5~ — R positive and small
enough, using (2.16) one finds that for any 7' € Bx (v, p) N <y,

1y D12y 0y + AIT () =+ llx < R,
where A is the same as in Proposition 2.9. This inequality means that v € V. O

Remark 2.13. The self-adjoint operator D +V has infinitely many eigenvalues in
the interval (0,1) (see e.g. [17]). Taking I a projector of rank 1 such that TI <
119, (D+V) for some 0 < pu < 1, for e > 0 small enough we have eIl € U, O(ell) €

F—S‘_q and Epp(0(ell)) — tr((ell)) < 0, so the infimum of v — (Epr(vy) — tr(v)) on
F;rq is negative. If R, p are chosen as in Corollary 2.12, then for any minimizing
sequence (), when n is large enough one has Bx (yn,p) NT'<q C V.

Finally we give another estimate related to the mean-field operator, which will
be useful in the sequel.

Proposition 2.14. Assume that k < 1. Let ¥ € I'<, and let v € o1(H) be such
that 0 < v < 1y9,](Dyv,5) for some v > 0. Then DyD € o1(H) and the following
estimate holds:

IDYD [lgyy < (1= 8) v tryy.

Proof. By assumption v = 1jg,(Dv,5) v 1j0,)(Dv,5) and try v = ||V, (3), sO
1 Dvs 7 Dvs llov ) < 1PV L1001 (Pva) I3 IV lloy 20y < ¥° tray -

Then, using (2.9) for s = 1, one gets

IPYD lloyy < I PDYE 60l Pvis ¥ Dvig lloy ) < (1= 8) 7202 trag .

3 Existence of a ground state.

In order to prove Theorem 1.2 we have to study the convergence of minimizing
sequences for Epp(y)—tr(y). The first lemma of this section gives a crucial property
of these sequences: their terms are approximate ground states of their mean-field
Hamiltonian.

Lemma 3.1. Assume that k < 1 — Jaq and that condition (1.4) is satisfied. Let
(vn) be a minimizing sequence for Epp(y) — tr(y) in ng Then

tr((Dy . — 1)) — inf  tr((Dys —1 0.
H(Pvi = 1)) vergql,nvzpﬁw H((Pvi, = D7) =

18



Proof. We take r > 0 such that the assumptions of Corollary 2.12 are satisfied and
we choose R, p as in this corollary. We have seen in Remark 2.13 (as a consequence
of Corollary 2.12) that for n large enough, I'<q N Bx (vn,p) C V.

If the conclusion of the lemma does not hold true, then there is eg > 0 such
that, after extraction,

tr((DV,% — 1)7n) > inf ((qun — 1)7) +&o.
V€T <q, y=P, v

On the other hand, for each d > 0 and each n there exists an operator g, of
rank ¢ such that g, < 1jg,144(Dv,5,) and
€0

tr((Dy. —1)g,) < inf tr((Dyn — 1)) + 22
r((Dv,y, — 1)gn) vere r((Dv,y, —1)7) 5

Taking for instance d = 1, from Proposition 2.14 with v = 2 we have a bound
on ||gnllx - So there is ¢ > 0 such that for any n large enough and any s € [0,0],
(1 =8)v 4+ sgn € T'<g N Bx(Yn,p) C V. Then, from Theorem 2.10, the function
fn i s€0,0] = (Epp —tr) (B[(1 — 5) Yn + s gu)) is of class C' and the sequence of
derivatives (f},) is equicontinuous on [0, ¢]. From Formula (2.18),

£400) = tr((Dv = 1)(gn — ) < —=

2
so there is 0 < sp < o independent of n, such that Vs € [0,s0] , fi(s) < —=0.
Hence

€08 €08
(Epr —tr) (11— s0) 3+ s0u]) = fu(s0) < fa(0) = = = (Epp —tr) (1) = =~
But 0[(1 — s0)vn + Sogn] € Fiq and (Epp — tr)(yn) — E, . This is a contradiction.
So Lemma 3.1 is proved.

O

As we will see, minimizing sequences enjoy better compactness properties in the
case of positive ions. So our first task will be to prove the following proposition,
which contains the case ¢ < Z of Theorem 1.2:

Proposition 3.2. Consider the Dirac-Fock problem with q < Z . Assume that k <
1 — Faq and that condition (1.4) is satisfied. Then there exists v, € F;r such that

Epr () —tr(ve) = By .

Any such ground state may be written v« = 1 ,)(Dy,.) +6 with 0 < § <
14,3 (Dv,y.) for some p € (0,1).

Moreover, for h > 0 and small, one has Eqp < Ey.

It follows directly from the definition of E, that the function ¢ — FE, is nonin-
creasing, so the last statement of Proposition 3.2 directly implies the strict binding
inequalities for positive ions and neutral atoms:

Corollary 3.3. Consider the Dirac-Fock problem with q < Z. Assume that k <
1 — Zaq and that condition (1.4) is satisfied. Then the map v — E, is strictly
decreasing on [0, q|, so the strict binding inequalities (1.6) hold.

In our proof of Proposition 3.2, a crucial tool is a uniform estimate on the
spectrum of the operators Dy . If [¢] denotes the smallest integer larger or equal
to ¢, this estimate is given in the following lemma:
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Lemma 3.4. Assume that o Z < and that ¢ < Z. Then:

2
T/242/7

e There is a constant e € (0,1) such that for any v € I'<y, the mean-field
operator Dy~ has at least [q] eigenvalues (counted with multiplicity) in the interval

[0,1—€].

o There is a nonnegative integer N such that for any v € I'<y, the mean-
field operator Dy, has at most [q] + N eigenvalues (counted with multiplicity) in
[07 1- %] .

Proof. For the first statement of the lemma, the arguments are similar to the proof
of Lemma 4.6 in [17], with some necessary adaptations. One takes a subspace S
of C2°((0,00);R) of dimension [¢]. Given t > 1 we call G the [g]-dimensional
subspace of C2°(R3; C*) consisting of all functions ¢ of the form

f(z|/t)
(3.1) b(x) = X . fes.
0

One easily finds two constants 0 < ¢, < ¢* < oo such that, for any ¢ > 1 and
Y€ Gy,

(32) (AT, VI—AA ) < (1+§—2) [
2 c* 2
(3.3) Vel < 2 ¥l
1 Cx 2
(3.4) ). 2 7 Il
_ c*
(3.5) A7l <= 5 19l
(3.6) VA < % 1.
1 1
(3.7 WV < —az(vme) +o(3) W
L2 t—o0
Now, we recall that for v € I'<, one has W, < p, * ‘—1‘ Moreover, since ¥ in G
is radial, one has (w,p.y * ﬁz/;) Lo < (1/), qu|¢) LS that, for some ¢, > 0:
c, 2
(3.8) (v (v +awy)e) | <—a(z—9)= [[¢]}.-

On the other hand, ||(V + aW,)A™%| 12 < 2a(Z + q)||V(A™9)]| ., so there is a
positive constant ¢/ such that

(3.9) (Atw, (v +aWy)aty) <= Ayl

Now, combining (3.3) and (3.9) one finds t > 1 and ¢ > 0 such that for any
v€T<y, e€(0,1),t >t and any ¢ in the [¢]-dimensional complex vector space
G == ATG;:

Qi(¥") = W",V1-AyT)
+ (1/)+, V+aW, -1+ e)1/)+)

+ (W, (VA4 aW)A~(VI—A—V —aW, +1—e) "A~(V + an)W)
<(e=%) e
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Now we fix t = t and e = 2C=t Then the above inequality tells us that the

quadratic form Q;_. is negative on GEF . Applying the abstract min-max theorem
of [14] to the self-adjoint operator Dy, and the splitting of H associated with the
free projectors AT = P(fo, we thus conclude that there are at least [¢| eigenvalues
of Dy, (counted with multiplicity) in the interval (0,1 — e). Indeed, for ¢t €
ATC®(R3,C*) one has

Q.wh) = s {(¢F T D, (0 4 uT)) - (L- v v

P~ €A~ C(R3,CH)

So, if A denotes the k-th positive eigenvalue of Dy, counted with multiplicity,
from [14] we find that

D
l1—e > inf sup Lw = Arqly -
Vsubzpac‘f 0(f11\+08° pevar-ce=nfoy  1Yll7e
imV=Tgq

The first statement of the lemma is thus proved.

The second statement is easier. We notice that Dy, > Dy g, so, invoking once
again the min-max principle of [14], we see that Ay, > Ago. Moreover the essential
spectrum of Dy is R\ (—=1,1), so limge Ao = 1. Taking N > 0 such that
Afq1+N+1,0 > 1 —€/2, we conclude that for any v € I'<, there are at most [¢] + N
eigenvalues of Dy, in the interval [0,1 — e/2] and the lemma is proved. O

Thanks to Lemma 3.4, we can obtain more information on minimizing sequences:

Lemma 3.5. Consider the Dirac-Fock problem with ¢ < Z. Assume that k <
1 — Jaq and that condition (1.4) is satisfied. Let (7vn) be a minimizing sequence
for (Epp — try) in Fiq. For each n define pn := Ljg1-¢1(Dv,,) where e is given
in Lemma 3.4. Then

tr(’yn) —q and |‘7n *pn’annHX —0.

Proof. Let p, € (0,1 — €] be such that there are less than [¢| eigenvalues of Dy -,
(counted with their multiplicity) in the interval [0, u,,) and at least [¢] in the interval
[0, 4] - Then

inf . tr((DVﬁn - 1)7) = tr((DV,'vn - /Ln)]l[O,un)(DVﬁn)) + (kn —1)g -
V€ <q, v=Fyn

We denote pj, :=1(1_¢ »)(Dv,y,) - Since v, = T'(7,,) we may write

tr((DV,wn - Mn)'Yn) = tr((DV,'yn, - ,un)pn'ann) + tr((DV,'yn, - :un)p;z'an{n) )

hence

tr((Dyy. — 1)) — inf  tr((Dy. —1
H(Pria, = 1)) vergql,nw:zmw H(Pvia, = 1)

= tr((Dviy, — Hn)PpnPy)
+tr[(DV,'yn - Mn)(pn’)’npn - ]l[O,MH)(DV,'yn))} + (1 - ,Un)(q - tr(’)’n)) .

But the terms tr((Dv,, —n)Ph¥nPh) s tt[(Dv,y, —tin) (Pr¥nPr—110,u) (D)) ]
and (1 — p1,)(q — tr(y)) are nonnegative.

So Lemma 3.1 implies that tr(v,) = ¢ and tr((Dv,y, — pn)phynpl) — 0.
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But p,(Dy,y,, — pn)phy, > 5P, and p),(Dv,y, — tn)ph > P (|Dviy, | — 1+ €)p,
so that, taking a convex combination of these two estimates:

e
PPV = 1n )P 2 57— Pl Dy [P -

Hence [|p),ynp),||x = tr(p},|DIp},vn) < (1 — &)~ tr(p), | Dy, [Pn) = 0.

It remains to study the limit of u, := pynpn as n goes to infinity. Since
(7n)? < Y, we have

(P vnD)? + tn wly = ply(Y0) 2Pl < PVl
hence tr(|Dv,, |/ 2un ul|Dyqy [V/2) — 0.

Now, take A € B(H). By the Cauchy-Schwarz inequality,

tr(A |DV7'yn |1/2U* |DV7'yn |1/2)

n

< [0(1DVy [P A" Apa| Dy, [V2)] 2 [0 1Dy |2t | Dy, |2)] 2

But p,, has rank at most [¢]+N and || p,| Dy, |'/? < 1. Asa consequence,

HB(H)
tr(|Dv.y, [V 2Pn A Apn|Dys, [V%) < (Tq] + NI AllBag) -

Since A is arbitrary, this shows that || |DV1%|1/2u"|DV1%|1/2H01(H) — 0, hence
llunllx — 0.

Finally’ H'Yn _pn'annHX < Hp;ﬁnp;lHX + 2||un||X —0. U
Now we have

Corollary 3.6. With the same assumptions and notations as in Lemma 3.5, there
exists v« € I<q such that, after extraction of a subsequence, ||vn — V«||lx — 0 asn
goes to infinity.

Proof. The projector p, has rank at most [¢] + N so, after extraction, we may
assume that its rank equals a constant d. Then for each n there is an orthonormal
family (¢L, -+, p?) of eigenfunctions of Dy, with eigenvalues AL, -+, A% € [0,1—
e1

%] such that p, = Z?Zl lpl, >< ¢ |. There is also a hermitian matrix G,, =

(G )1<ij<a with 0 < G, < 1g and paYapn = 1< j<a Gi 195 >< @] -

After extraction, we may assume that for each i,j the sequence of coeflicients
(G),,>0 has a limit G¥ . Moreover, arguing as in [Esteban-S. 99, Proof of Lemma
2.1 (b) p. 514-515], one shows that, after extraction, for each i the sequence (¢%,),>0
has a limit ¢! for the strong topology of H'/2(R3,C*). The Corollary is proved,
taking v, := 30 o, g GY lpl >< il .

O

As a consequence of Corollary 3.6, Epr(vy,) converges to Epr(y.) and from
Lemma 2.7 (continuity of Q), P — P converges to zero for the norm of B(H, F) .

So P;Z Y« = v« and 7, is a minimizer of Epp — tr on I'L o - For any such minimizer,
applying Lemma 3.1 we get -
tr((Dv,y. — D7) = inf tr((Dv,y, —1)7) .
Y€l <y, 'y:P;;'y
This immediately implies that v. = 1(g ,)(Dy,,.) +d with 0 < § < 11,3(Dv4.)

where = Arg 4, is the [¢]-th positive eigenvalue of Dy, ,,. Moreover tr(v.) = ¢
since p < 1 —e < 1 . Now, let 1 be a normalized eigenvector of Dy, with
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eigenvalue A € (1 —e,1). Then v,% = 0 and for h € (0,1) the density operator
~v(h) := v« + hltp >< 9| belongs to 'y, and satisfies v(h) = P&:W*V(h)P{/t%- So,
taking 7 > 0 such that the assumptions of Corollary 2.12 are satisfied and choosing
R, p as in this corollary, we find from (2.18) that for h positive and small,

Eqn < (Epr — tru) 0 0(y(h) = Ey + (A — Dh + o(h) < E,.

This ends the proof of Proposition 3.2.

It remains to study the ground state problem for neutral molecules. We already
proved the strict binding inequalities (1.6) for ¢ = Z (see Corollary 3.3). So this
last case of Theorem 1.2 will be obtained as a consequence of the following more
general statement in which we do not assume that ¢ < Z:

Proposition 3.7. Assume that k < 1 — Jaq and that conditions (1.4) and (1.6)
are satisfied. Then there exists an admissible Dirac-Fock density operator v, € F;r
such that

Epr () —tr(ve) = By

For any such minimizer, there is an energy level u € (0,1] such that
(3.10) Y« = Lio,p) (Dy~.)+0 with 0<6 < ﬂ{#}(DVﬂ*) .

In order to prove Proposition 3.7, we perturb the nuclear charge distribution.
We first introduce a function G € C°(Ry) with G(r) > 0 for all > 0, G(r) =0
when 0 < r < lorr >4, G(r) =1for 2 <r <3 and 47rfO°OG(r)r2dr = 1.
Then, to any positive integer ¢ we associate the function gy(z) := ¢=3G(|z|/¢) and
the perturbed charge distribution ny := n+ (¢ — Z + £71)g,. The measure ny is
positive and one has Z;, := ny(R3) = ¢ + ¢~! > ¢q. The corresponding perturbed
Coulomb potential is V, = —any * ‘—1‘ Note that V, — V is radial and satisfies

_qu‘;r‘rl < (V; = V)(z) <0 for |z| > ¢ and _# < (Vi = V)(z) < 0 for

2] < €, 50 |[Vi = Voo < =2 hence limy o [|[Ve — Voo = 0.

From what we have just seen, if Z = [ n and & = [VD ™| g3 + 2aq satisfy
(1.4) then for ¢ large enough, Zy and r; := ||[ViD ™| g + 2aq will also satisfy
(1.4) with, in addition, ¢ < Z;. So we may apply Proposition 3.2 to the Dirac-Fock
problem with nuclear charge density n, and atomic number ¢q. This gives us the
existence of a ground state 7% of the corresponding Dirac-Fock energy €5, with
charge number gq.

We now study the behavior of the minimizers v¢ when ¢ — +oo. First of all,
since |Vz — V| — 0, £55 — Epr uniformly on I'<,, so the DF ground state
energy associated to the potential V, converges to the DF ground state energy E,
associated to V. In other words,

lim (Sf)F(’yf) — tr’yf) =F,.
Moreover we have the following local compactness result:

Lemma 3.8. Under the above assumptions and motations, after extraction of a
subsequence still denoted (Vf) , there exist v, € I'<y and a sequence of positive num-
bers Ry with lim Ry = 400, such that for any smooth, compactly supported function
n € CX(R3,R), the integral operator with kernel n(R, 'z) (v¢ — v.)(z,y) n(R; 'y)
converges to zero for the topology of X as £ goes to infinity.
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Proof. Since 0 < ~f < 1(g,1)(Dy, 4¢), the operator T = (1 — A)zyt(l — A)32
is bounded in o1 (#H) independently of ¢, so after extraction it has a weak-* limit
T = (1-A)"/24,(1-A)Y2 as £ — oco. Consider a function 1y € C>°(R3, R) such that
no = 1 on B(0,1). For any p > 0, the operator K, = (1—A)45(p~1)(1-A)"1/2 is
compact. This implies that limy_, HK,J(TefT)K;‘HU1 1) =0 (see e.g. [30] Lemma
9 for a similar argument). Then, we may choose a sequence of positive numbers py
such that limy_, pr = +00 and lim/—, || K, (T* — T)K;gHa'l(H) = 0: for this, we
just need the growth of p; to be sufficiently slow. Now, define Ry := p;/Q. For any
n € C=(R3,R), there is £ such that for all £ > ¢y and = € R3, n(R; '2)no(p; 'x) =
n(R; 'x). Moreover the operator L, := (1 — A)Y4n(R;*-)(1 — A)~1/* is bounded
independently of ¢. So lim/—, || Lr, K, (T — T)KZELE[Hm(H) = 0. But for ¢ > ¢,
one has L, K, (T¢ — T)IS, Liy, = (1— A)YA(R; 1) (2f — v )n(Ry (1 — A2,
so the lemma is proved. O

We now introduce two radial cut-off functions y. € C°(R3 R, ) (e = 0,1) such
that y,(x) =0 for |z| > 2, x,(z) =0 for || <1 and x3 + x3 = 1. We define the
dilated cut-off functions x.¢(x) = XE(Rglx) and the associated localized density
operators

V(@) = Xet @)V (2, 9)Xee(y) € € {0,1}.

We have the following result:

Lemma 3.9. Assume that v¢ € X converges to 7. in the local sense of Lemma 3.8
as £ — oo. Then 7§, 74 belong to T'<, and one has

(3.11) try vl = tra o0 + tru oyt Um{EL (1) — ELr(S) — EHrp()} =0,

(3.12) Zliglo HIDV[”VﬁXE’Z - Xe,@DVg,'yf € = 0, 1.

BH)

Proof. The statement (3.11) is in the spirit of the concentration-compactness theory
of P.L. Lions [33] (dichotomy case). Its proof presents some similarities with the
proof of Lemma 4 in [25] but it is less technical, as the present functional framework
is simpler.

Obviously, one has
tra () = trae (Vixg.e) + trw (vixd ) = trac (6) + tra (71) -

Let ¢(x) = xo (%:c) X1(4z). Then ¢ € C (RB,R), 0<(¢<1,{(x) =1 for
< % and ((z) = 0 for |z| < 1 or [z| > 5. We introduce the dilated function
Ce(w) = ¢(R; 'x) and the associated integral operator

IN
B

vs(x,y) = Co(x) vi(x,y) Cely) -

From Lemma 3.8,
Jim {73 = Go(@)v (,9) Ge(w)]| =0-

Moreover, we may write 7, = 2721 Cn [Wn) (Pn] with (Y, P¥n) g1z = dpnry cn >0

and anl Cn Hwn”i]lﬂ = |[7«]|x < oco. Then for each n, lim_,o0 ||Cetn || f1/2 = 0,
since ¢ vanishes on B(0,1/4). In addition, there is C' > 0 such that, for all £ > 1 and
e HY2(R3,CY), ||| gz < Ot gras2. So, when £ — oo, Lebesgue’s dominated
convergence theorem tells us that

IGe(@)ve (@, )Wl x = Y en lICetbnll sz = 0,

n>1
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hence limg_, H’YSHX = 0. So, using inequality (2.5), we find that the norms

5 (2,y)
lz—yl

and ‘ converge to 0 as £ — oo.

1
Jong = Pl ey 92 -

Now, we write

B(H)

Epr (00) = Epr (16) — Ebr (1) = Ac+ By

where

Aé:Rig;)tYH{(a'vXe)(Rl )7 (@,y) Xee ()} = O(él)

and

Bima [ COEOPO (), -

2
vi(z,y)| ) d*z d*y
|z =yl

We have

X0.¢(2)x1,0(y) _ X0.¢(%)x1,0(y) (
] |z —yl

Mooy} ]l{lmy|>R2“"})

1
S oyl {Zeseise (B} R,
hence
(3.13) Xo,e(z)x1,¢(y) < (Co)*(2)(Ce)*(v) L2

|z — yl |z — 9 R

In addition, we have the inequalities 0 < p.¢(z)p e (y) — |7 (x y)|2 < pye (@) pye (y)

and the identity (Q)Q(x)(Q)Q(y)p,yf (2)pye (y) = Pt (:I:)pV (y). As a consequence, we
get the estimate

Pt () pe (y) ( 1 ) 1 1
S0 g) = e e tOF)
//]R3><]R3 |z — y] R, @|P5 | L= (R3) Ry

o (3.11) is proved.

In order to prove (3.12) one writes

(3.14) Dy, eXo0,6 = X0,Dy, 2 = [Dy, 5 X0.] — aWioe e xoe-
One has
Dyt x04] = 7 (- Vo) (B7'0) + 020200 e, )
2, Rg 4 |$ _ yl * A\ ’
S0
(3.15) 1w 0 sy = © (7
. Ve, vés XO,@ B(,H) Re .

Now, for any test function ¢ € C° (RB, (C4),

(W xo.) (@) = /R 3 X”@(XLQ _<yy>|p (v)¥()

B / (1 — x0,e(%)x0,¢(y)) X0,e(y)7e (2, ) (y) By
R3 lz -yl

d3y
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Using (3.13) once again, one gets

X0.6(2) (x1,)* () pye ()1 () 1 2
e = e e+ ) 10
H /]R3 |,’L‘ — y| Yy L2(d3z) p'vﬁ * | . | Lo (R3) + Rg ”wHH

Moreover, arguing as in the proof of (3.13), one easily gets

(1 = xo.e(z)x0.e(y)) x0.0(y) _ Ce(x)Cely) =~ 2

(3.16)

|z -y — |z -y Ry’
hence
H / (1= x0,6(®)x0.6(¥)) X0.e(W)VE(x, y) ¥ (y) dsy‘
RS |z — vyl L2(d3z)

L
Yo (T, y) 2 >
< ’ 7“ + — .

The above estimates imply that limg—ec [[W,e_ ex0,¢l53) = 0. Combining this
with (3.14) and (3.15) one gets (3.12) for e = 0. The case e = 1 is proved in the
same way.

O
Before proving Proposition 3.7 we need a last lemma:

Lemma 3.10. Assume that v¢ € X converges to 7, in the local sense of Lemma
3.8 as £ — co. Then:

(3.17) Py 7=0,

(3.18) lim inf (EHr —tra ) (7)) > 0.
—00

P7“00f. Let €(£) = ||w - V||L°°(]R3) + MaXe=0,1 HDV[,'nye,Z - XG,EDV[,’yf B(H)

From the definition of V; and from (3.12), we know that limy_,., £(¢) = 0. From
the Euler-Lagrange equation satisfied by 7%, there is a (finite or infinite) set I, of
integers and an orthonormal sequence (¥),¢cs, of common eigenvectors of ¢ and
Dy, ¢. The vectors Yt satisfy

Dy ety = Xt e =2 g [0n) (Unls (U ¥n) g = Snm s

nely

0<gh<l, > gh=try(yl)=q, 0<X, <1
nel,

Then ¢ = Y el gh |wE ) (WL, | with o, (2) = Xeo(2)Ph(2), € = 0,1. Moreover,

2 2
tra (%) = el ) = D2 9n 10Emlly s el = D2 g lllallpnre

nely, nel,

For n € I, we have H (DVNS - )\f@) wS,n

As a consequence,

< ¢
o < 2

€ly

- 0
N < £(£), hence HPV,»yng,n

-1
L SN,

Y
PV,véwO’”

|7t bl < @25 €(0) = 0(1)r-soe

Then, remembering that lim— 7§ — 7«[|x = 0 and using (2.13), we get (3.17).
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In order to prove (3.18), we write
tr (DV,%'yf (AT — Af)) = tr (DO,%AJF% A+) — tr (D0,7{A77f Af)
+ tr ((VZXLZ)’Yf X1, (AT — A_)) :

We have
tr (DMAwf A+) > tr (DAJF% A+) — |ATAEAY||x .

Moreover, using Tix’ inequality [45] one gets
A= 7T 1 — 0=
—tr (DO,%A v A ) > 11— a(z + ;)q HA YA HX
In addition, one has

IVx1.eD  lsgn = || (el roe) - 178+ (el s ry2) #1171 xaeD 7|

—1
_2Z 4+
<=

B(H)
+ 2ny(R® \ B(0, R¢/2) ) = 0(1) 00

and the Euler-Lagrange equation satisfied by ¢ implies that | Dy{D||,, () = O(1),
=)

lim tr ((Vngé)Vf x1,e (AT — A_)) =0.
L—00

Gathering these informations, we get the lower estimate

1
tr (Dy et (A =A7)) 2 A5AT |+ (1=a(G+2)a) [A AT ¢ +o(Demoe

On the other hand, we may write tr (DV%% (AT — A—)) =Cy+ Dy + E, with
Cp=try ((Dvg,nyu = X1,6Dv, 4¢) Vexre (AT = A_))

Dy =try (A+X1,ﬂ)vﬁﬁfyf)<1,¢A+) ,
Ey = —try (A7X1,4Dv,yg’YfX1,eAf) .

From (3.12), limy_, o Cy = 0. Moreover the Euler-Lagrange equation satisfied by ¢
implies that DV,'yf’yf is a self-adjoint operator satisfying 0 < Dvmwf <Al Asa
consequence, Dy < try (AT9{AT) and E; <0, so

tr (Dypf (AT = A7) < trge (ATAfAT) + 0(1)rsme

Combining our lower and upper estimates on tr (DV% V(AT —A~ )) we conclude
that

1
(1= a(F+=)a) IAT91A [l + 1A AT x = trm (AF9{AF) < 0(1) e

But (1—a(5+2)q)||A A ||, and (HA*’yfA*HX — try (A*’yf/\*)) are both

nonnegative, so

i JAT5{A L = Jim (JAT2A e =t (24 )) =0,
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As a consequence,

(Ebr —tra ) (01) = tr (Dy ) — tra(vy)
= [ATAIAT|[x — try (ATHAT)
—[|ATHAT] =t (A A7) + o (Vexa,) v xe)
=0(1)t500
and (3.18) is proved. O

Using lemmas 3.8, 3.9 and 3.10 we are now going to prove Proposition 3.7.

Remembering that limy—o (€55 (7) — trvf) = E,, we deduce from (3.11) and
(3.18) the inequality limsup,_, ., (€57(7§) — tr§) < Eq. But from Lemma 3.8, we
find that lim ||v§ — v«||x = 0, so

Epr (1) —try vs = elggo (EHr(v6) — tra1S) < Eq.

On the other hand, r 1= tre v, = limy_,00 try 7§ < ¢, and (3.17) tells us that .
is in I‘;T, hence Epp () —try v > B, > Ey.

We conclude that 7, is a minimizer of (épp — try) both on 'L and Fiq. Then
the strict binding inequality (1.6) implies that » = ¢. Finally, applying Lemma 3.1
to the constant sequence v, = v, we find that

tr((Dv,y, — 1)) = min tr((Dv,,. —1)g) -
g€l <y, P;;g:g
So . is of the form p + ¢ with p = 1(g,)(Dv,.) and 0 < 0 < 1,3 (Dy,,,) for
some 0 < p <1.

Proposition 3.7 is thus true. This ends the proof of Theorem 1.2.
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