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Abstract

The Dirac-Fock (DF) model replaces the Hartree-Fock (HF) approximation
when relativistic effects cannot be neglected in atoms and molecules. Since
the Dirac operator is not bounded from below, the notion of ground state is
not obvious in this model, and several definitions have been proposed in the
literature. We give a new definition for the ground state of the DF energy,
inspired of Lieb’s relaxed variational principle for HF. Our definition and
existence proof are simpler and more natural than in previous works on DF,
but remains more technical than in the nonrelativistic case. One first needs
to construct a set of physically admissible density matrices that satisfy a
certain nonlinear fixed-point equation: we do this by introducing an iterative
procedure, described in an abstract context. Then the ground state is found
as a minimizer of the DF energy on this set.

1 Introduction and notations.

The Hartree-Fock (HF) model is a mean-field approximation widely used in non-
relativistic quantum chemistry and well understood mathematically (see [29], [30],
[32], [1] and the references in these papers). The Hartree-Fock energy of a sys-
tem of ¢ electrons near a nucleus of atomic number Z can be defined on the set
of projectors of rank ¢ acting in the Hilbert space of one-body electronic states.
The HF ground state is defined as a projector 7 minimizing this energy. It sat-
isfies the self-consistent equation v = 1(_ . |(Hy) where H, is the mean-field
Hamiltonian in the presence of the nucleus and of the electrons in the state v, p;
being the i-th smallest eigenvalue of this Hamiltonian, counted with multiplicity
(it was proved in [3] that for the ground state, iy, < pby,q+1). In [29], Lieb gave
an alternative formulation. He extended the Hartree-Fock functional to the closed
convex envelope of the set of projectors and proved that for any operator in this
envelope, there exists a projector having at most the same energy (see also [1] for a
simpler proof of Lieb’s result). Thanks to this principle, the existence of HF ground
states is easily proved by weak lower semicontinuity arguments when ¢ < Z. This
relaxation of constraints also has applications to numerical quantum chemistry. Let
us mention, in particular, the ODA algorithm of Cances and Lebris [7] that has
excellent stability properties.



The relativistic Dirac-Fock equations were first introduced by Swirles [37]. They
are the relativistic analogue of the Hartree-Fock equations with the positive nonrel-
ativistic Schrédinger Hamiltonian —A /2 replaced by the free Dirac operator D, a
first order operator that is unbounded from below. The corresponding Dirac-Fock
energy is also unbounded from below, contrary to the HF energy. This causes serious
mathematical and numerical difficulties (see e.g. [13] and references therein). In par-
ticular, the Dirac-Fock equations can only be interpreted as stationarity equations
of the DF energy. Despite this issue, the Dirac-Fock equations have been widely
used in computational atomic physics and quantum chemistry to study atoms and
molecules containing heavy nuclei. They provide results in good agreement with
experimental data when the correlation between the electrons is not too strong (see
e.g. [35] and references therein).

The free Dirac operator is defined as follows:

3
(1.1) D=—iy odp+pB:=—ia-V+p
k=1

where a = (a7, a2, a3) and

ﬁ: IQ 0 an — 0 O

0 7[2’ k (o 0 ’
(01 (0 —i (1 0
a1=41 0) 27\ o) 7 \o -1)°

Here we have taken units such that A = m = ¢ = 1 where m is the rest mass of the
electron.

The operator D, defined on the domain H'(R3, C*), is self-adjoint in the Hilbert
space H := L?(R?,C*). Tts form-domain is F := H'/2(R3,C*), and we can also
view D as a bounded linear operator from F to F* = H~/2(R3,C*). The anticom-
mutation relations satisfied by the matrices oy and [ ensure that

with

D?=—-A+1.

The spectrum of the self-adjoint operator D is o(D) = (—oo, —1] U [1,00). In what
follows, the projector associated with the negative (resp. positive) part of this
spectrum will be denoted by A~ (resp. AT):

A7 =10 (D), At = ]1(0,+OO)(D).
We then have
PN =A"D=—-V1-AA" =—-AVI-A,
DAY =ATD=V1-AAT =AVI-A.
We endow the form-domain F with the Hilbert-space norm ||1|| 7 := (¢, |D|¢)'/2.

In the whole paper, B(E, E2) is the space of bounded linear maps from the
Banach space Ei to the Banach space Es; the corresponding norm is || - ||p(g, ,z,)-
We note B(E) := B(E,E). When FE is a Hilbert space we also consider the space
01(E) of trace-class operators on E. The associated norm and trace are denoted by
H . ||01(E) and trg.

Let

(1.2) X={yeBH): v=7", 1-2)V"1-A)"ca(H)}.



We endow X with the Banach-space norm

(1.3) Iyllx = 111 = A) 4y (1 = A) |5, 30y -

Now, to each positive integer ¢ we associate the set of projectors

Pyi={yeX :7* =7, tru(y) = q}.

The elements of P, are of the form v = Y7_, |t >< | with ¢, € HY/23(R3,C*)
and (Yg, 1)Lz = 0r. They are the one-body density operators of the pure ¢-
electronic Dirac-Fock states ¥ = ﬁl/’l A -+ A1)y, and we refer to them as pure
Dirac-Fock density operators.

We also associate to any nonnegative real number ¢, the sets

Tyi={y€X : 0<y<idy and try(y) =q}, T<gi= [(J Ty
0<q'<q

The elements of I'; are the one-body density operators of quasi-free states with
particle number ¢ [29], and we refer to them as mized Dirac-Fock density operators.
The set I'<, is convex and closed for the weak-* topology of X. When ¢ is a
positive integer, I'<, is the weak-* closed convex envelope of P, in X and the
projectors of rank q are its extremal points. Here, the weak-* topology of X is the
smallest topology such that for any compact operator Q) : H — H, the linear form
lg:7€X — try(Q(1 — A)Y4y(1 — A)Y/4) is continuous.

The electrons are submitted to an external Coulomb field V = —an x ‘—i‘ gener-

ated by a nonnegative nuclear charge distribution n € M (R3) with finite number

of protons Z := ng dn. In our system of units, a = is a dimensionless

constant. Its physical value is approximately 1/137.

_€e
4mweghe

Given v € X we define
Dvﬁ =D+V+ OZW»Y

where . (2. 90 (w)
YL, Y)Y
va(x) (pv * || ) Y(x) /]RS iz — g dy

and py(z) = troay(x,z) . Here, y(x,y) is the integral kernel of the trace-class
operator . If |[VD ™| g3 < 1, the operator Dy, is self-adjoint in H, with same
domain, form-domain and essential spectrum as D. Note that by Hardy’s inequality,
a sufficient condition for the inequality ||[VD~!||z) < 1is 20Z < 1. For larger
values of aZ this inequality does not necessarily hold, but one can still say that
Dy, is self-adjoint with domain H*(R3,C*) if aZ < \/Tg’ while for @ < Z < 1one
can say that this operator has a distinguished self-adjoint realization in H whose
domain is a subspace of H'2(R3,C*) (see e.g. [39, 14] and references therein).
From the point of view of physics, the operator Dy, represents the Hamiltonian of
an electron in the mean field created by the one-body operator . This Hamiltonian
is not bounded from below and contains the infinite interval of negative energies
(—o0, —1]. To address this difficulty, we introduce the spectral projectors

Py, :=1x,(Dv,) .

With this notation, P‘fo =1, (D+V) and Poi,o =AT.



The negative spectral subspace Py, H is the Dirac sea in the presence of the
nuclei and electrons. According to Dlrac s interpretation of negative energy states,
physical electrons should be orthogonal to their own Dirac sea. This leads us to
define, for q € Z, the set of admissible pure Dirac-Fock density operators

Pf={veP, : Pl v=1},

and, for ¢ € Ry, the sets of admissible mixed Dirac-Fock density operators

F;::{VEFQ : P{,"ﬂ'y:'y}, F;q:: U F;}.
0<q’'<q

The Dirac-Fock equations take the form
[Dvy,7]=0,v€eP,.

In relativistic quantum chemistry, one is particularly interested in ground state
solutions. By analogy with the nonrelativistic theory, a possible definition of such
states (for ¢ € Z) is that

v = 1(0,4)(Dv,y) for some 1 such that try(vy) = q.

In order to give a more accurate definition, one should introduce the Dirac-Fock
energy functional

Epr(y) =tr(D+V)y) +

a / P1(2)py (y) — tres (v(2, )7 (y, 2)) dy
R3 xR3 .

2 |z -y

The relation between Epr and Dy, is the following: if v and v+ h are in I'<,
then the right derivative of f(t) = Epr(y + th) at t = 0 is tr(Dy,,h). Note that in
general, for v in X, (D4 V)y does not make sense as a trace-class operator in H, so
the expression tr((D + V)v) should be interpreted as try (|D]'/2|D|'/?sign(D)) +
o [ps Vpy . A similar interpretation should be made for tr(Dy,,h). Such an abuse
of notation is common in the mathematical literature on Hartree-Fock theory (see
e.g. [36], Remark 2.2) and we make it throughout the paper.

In the physical literature, the DF functional is usually defined on the set P, of
pure densities (for ¢ € Z* ) and is written as a function of an orthonormal sequence
of monoelectronic states ¥ = (t1,--- ,1),) that generates the range of . This
point of view was adopted in the mathematical works [15] and [34] where solutions
of the Dirac-Fock equations were found as min-max critical points of the energy
Epr(¥). The property v € ’P;‘ was not imposed as an a priori constraint, it
was an a posteriori consequence of the min-max method in which the constraints
(Yk, 1) 2 = Ok were replaced by a penalization. There was no direct way of defining
a ground state in this framework, since there was no minimization principle at hand,
except in the weakly relativistic regime [16],[17] that is, when « is very small. Note
that in [16],[17], the conditions on « were not made explicit. This would have
been possible in principle, but the result would certainly have been very far from
the physical value 1/137. An alternative approach was introduced by Huber and
Siedentop in [26] and provided existence of a ground state in the regime of weak
interaction between electrons, obtained by a fixed-point procedure for an explicit
range of (small) values of a. The physical value 1/137 was not in this range, but not
by far in the case of highly ionized atoms. Another work where a simple definition
of the ground state is given and its existence proved, is the paper [11] by Coti Zelati
and Nolasco where a one-electron atom with self-generated electromagnetic field is
considered. A concavity argument allows these authors to define a reduced energy



functional that is bounded from below. However it does not seem easy to extend
their elegant construction to multi-electronic problems.

A physical derivation of the DF model as a mean-field approximation of QED
was proposed by Mittleman [33]. This derivation leads to a max-min definition of
the ground state. One first considers an infinite-rank projector, and one minimizes
the Dirac-Fock energy on a corresponding set of projected states. Then, in a second
step, one maximizes the resulting minimum by varying the projector. Unfortunately,
such a procedure does not always give solutions of the DF equations: a rigorous
justification of the first step (minimization among projected states) has been given in
[5], but negative results on the second step (maximization among projectors) for ¢ >
1 can be found in [4],[6]. Another approach was initiated by Chaix and Iracane [9],
who derived from QED the Bogoliubov-Dirac-Fock mean-field approximation that
takes into account the polarization of the Dirac sea, neglected by Mittleman. From
the point of view of mathematics, the main advantage of BDF over DF is that the
energy is bounded from below when defined in a suitable functional framework (see
[10],]2],[21],[22],]24],][25]) so the definition of a ground state becomes straightforward
and general existence results can be obtained for positive ions and neutral molecules
[23],[19] thanks to Lieb’s variational principle. But the BDF ground state is not
trace-class, an ultraviolet regularization is necessary in order to define its energy
and a charge renormalization is needed to interpret correctly the Euler-Lagrange
equation.

Our new definition of a DF ground state avoids the delicate min-max procedure
of [15],[34] as well as the complicated functional framework of BDF, and the asso-
ciated existence result has a domain of validity much larger than [16],[17],[26],[11],
that includes the physical value of o and multi-electronic atoms.

Definition 1.1. To any nonnegative real number q we associate the energy

E,:= min (Epr(y) — tray).
yert

<q

We call Dirac-Fock ground state of charge number q in the external field V, any
Y« € Ty such that Epp(v:) = q + Ey.

The main result of this paper is the existence of a Dirac-Fock ground state of
charge number ¢ for positive ions and neutral molecules, under a smallness assump-
tion on V and aq:

Theorem 1.2 (Existence of a ground state). Let us introduce the constants
K= ||VD71||B(H) +2aq and X :=1-—amax(q,”Z).

Assume that k <1 — Zaq, and that the following condition is satisfied:

2

1
1 % ™ 2
<m and 7T04q<2(1fl4,)2)\0 (1*[4}*-0&(]) .

(1.4) amax(q, Z) 1
Then:

e There exists an admissible mized Dirac-Fock density operator v, € Fiq such
that N

Epr(s) — tr(vys) = Eq.

e For any such minimizer, there is an energy level p € (0, 1] such that

(1.5) Yo =10, (Dvy.) +6 with 0<86 <13 (Dy,y,).



o Ifq< Z then p <1.
o If ¢ < Z then tr(v.) = q and the following strict binding inequalities hold:

(1.6) Vre (0,q), Eq < E,.

Remark 1.3. Hardy’s inequality immediately implies that £ < 2a(Z + q): see
(2.7). Using this estimate and taking o ~ % we find that the smallness assumption
(1.4) is satisfied by neutral atoms up to Z = 22. When q¢ = 2 one can take any
2 < Z <63. Condition (1.4) comes from technical estimates in the proof. It would
be interesting to improve these estimates in order to extend our method to higher
values of Z and q.

Remark 1.4. In the case ¢ > Z, it follows from our proof that if (1.4) and (1.6)
hold then tr(v.) = q (see Proposition 3.7). However we are not even able to prove
(1.6) for ¢ = Z 4+ £ with ¢ positive and small.

Remark 1.5. The scalar p — 1 is the Lagrange multiplier associated with the con-
straint tr(y) < g. Contrary to the HF situation [29, 3], we are not able to prove
that the highest occupied energy level ;1 of the mean-field operator Dy ~, is full and
that the one-body density matrix v, is pure. The main difficulty is that the projector
P{,"ﬂ depends on v in a complicated way and the set F—S‘_q on which we minimize does
not seem to be convex.

In order to prove that our minimizer satisfies the Euler-Lagrange equation (1.5),
we will need some informations on ' 4~ A fundamental tool will be a map that we
denote 0, which is a retraction of a certain closed subset F' of I'<q onto F'N Fiq.
The set F' will be large enough to contain the “ground state” of the Dirac-Fock
functional. The construction of 6 will be iterative: for v € F', taking v9 = ~ and

Tp+1 = P‘;WPWPP‘}"%, 0(y) will be the limit of the sequence (7y,) for the topology of
X.

The paper is organized as follows. In Section 2, the existence and regularity
properties of § are studied by first constructing this retraction in an abstract context
under general assumptions, then checking these assumptions in the case of the Dirac-
Fock problem. In Section 3, Theorem 1.2 and Proposition 3.3 are proved thanks to
the construction of the preceding section.

An unpublished version of the present paper is mentioned in [18] where our
new definition of the ground state is used. Moreover, in the recent work [8], the
existence of solutions of the Dirac-Fock equations in crystals is proved by adapting
the arguments of the present paper. This long-standing problem could not be solved
using the critical point approach.

Acknowledgement.

The author wishes to thank Isabelle Catto and Long Meng for carefully read-
ing a preliminary version of this manuscript and making very useful remarks. In
particular, Long Meng suggested an improvement of estimate (2.15) that increased
the domain of validity of the method for neutral atoms (from Z < 18 to Z < 22) as
well as for positive ions.

2 The retraction 0.

2.1 An abstract construction.

We start with an abstract construction valid in any complete metric space.



Proposition 2.1. Let (F,d) be a complete metric space and T : F — F a contin-
uous map. We assume that

ke (0,1), Ve e F, d(T*z),T(z)) < kd(T(x),z) .

Then for any x € F , the sequence (TP (x))p>0 has a limit §(x) € Fix(T) with
the estimate

(2.1) d(6(z), TP (z)) < —

< T d(T(@),).

The map 0 obtained in this way is a continuous retraction of F onto Fix(T)
(i.e. forany x € F : Tof(x) =0(x) and for any y € Fix(T) : 6(y) =y ).

Proof. This proposition is a generalisation of Banach’s fixed point theorem. For
the convergence of T™(x) to a fixed point, the proof is very similar: by induction
one shows that d(TP*!(z),T?(z)) < kPd(T(x),z), so that (TP(x)) is a Cauchy
sequence, with the estimate

(2.2) AT (), TP (2)) < —

< T d(T(@) ).

By completeness of F' we conclude that 7" (x) has a limit that we denote 6(z). By
continuity of T, 6(x) € Fix(T'). Passing to the limit ¢ — oo in (2.2), we obtain
the desired estimate (2.1). Moreover, if z € Fix(T) then the sequence T"(z) is
constant, so 0(x) = x.

Now, for any a € F, by continuity of T there is a radius r(a) > 0 such that

sup d(T(z),x) < o0.
z€B(a,r(a))

Then (2.1) implies that the sequence of continuous functions (7") converges uni-
formly to 6 on B(a,r(a)), hence the continuity of § on F' = UyepB(a,r(a)). O

Note that T is not necessarily a contraction, so in general Fix(T) is not reduced
to a point and 6 need not be constant, contrary to what happens with Banach’s
fixed point theorem. For instance, if F' = X is a Hilbert space and T the projection
on a closed convex subset C' of X then for any x , T%(x) = T'(z). The assumptions
of Proposition 2.1 are thus trivially satisfied and we just have § = T, Fix(T') = C.

We now want to study the differentiability of § in a suitable framework. Usually,
differentiable functions are defined on an open subset of a normed linear space,
but with our application in mind we first consider a closed convex subset I' of a
Banach space X and we take an open subset U of I (that is, Y = I' N O for some
open subset @ of X). We assume that T is defined on the closure of U, i.e. we
take I = U. Moreover, we assume that span{x —y : x,y € '} = X . This last
condition is not really restrictive: to enforce it, one just needs to replace X by the
possibly smaller Banach space Xt = span{x —y : x, y € I'}. The standard notions
of differentiability are easily adapted to this context:

If Y is a Banach space (possibly equal to X), we say that a function ® : & — Y
is differentiable on U if, for each a € U, there is a bounded linear operator from X to
Y, denoted D®(a), such that lim,_,, zeu [(z)=®(a)=Dd(a)(z=a)lly _ () Note that

lz—allx

D®(a) is unique, since X = span{x —y : x, y € I'}. Indeed, under this assumption,
for each a € U we also have X = span{x —a : x,€ I'} and there is p(a) > 0 such
that, for each # € T\ {a} and t € [0,1], a+ 29— (x—a) € U, so that D®(a)(z—a)

lz—allx
is uniquely defined as a directional derivative.




We shall say that the differentiable function ® : ¢/ — Y is in Cb"if(/, V) if
D® is uniformly continuous from U to B(Xr,Y). Lastly, we shall say that ® €
CUUP(Y,Y) if D® is Lipschitzian on U. We have the following regularity result:

Proposition 2.2. LetT" be a nonempty, closed and convex subset of a Banach space
X such that span{x—y : x,y €T} = X. Let U be an open subset of T and let
F=U.LetT e CUF, X)NnCYP(U, X) be such that T(U) C U, sup,ey ||T(2) —
z|x < oo, sup,ey | DT(z)|3x) < 0o and

Fke(0,1),VoelU, |T*z)-T)|x < k|T(z)—2|x .

Then for each x € U, the sequence (D(TP)(z))p>0 has a limit L(z) € B(X)
for the norm || - [|g(x), this convergence being uniform in x. As a consequence,
the function 8 : F — Fix(T) C F constructed thanks to Proposition 2.1 is in
Chwitf . X) and we have DO(z) = £(z) for all x € U.

The end of this section is devoted to the proof of Proposition 2.2. In the
sequel, we use the same notation M for several finite constants which
only depend on U/ and T.

We first study the behavior of D(T?)(z) for x € Fix(T) NU. In this case,
D(TP)(z) coincides with the p-th power of DT'(x).

Lemma 2.3. Under the assumptions of Proposition 2.2, we have an estimate of
the form

M kP

1—Fk°

So, for any x € Fix(T), the sequence (DT (x)P)p>0 has a limit £(x) in B(X) with
[€(x) — DT (z)P|lgx) < % . Moreover we have ||DT(x)P||gxy < M hence
[€(@)lsx) < M.

Vo € Fix(T) NU, [|DT(2)P™ — DT (2)" || s(x) <

Proof. Given z € Fix(T) NU and h € X, for t € R nonzero and small enough,

H T?(z + th) — T(x + th)

H kHT(xﬁLth)—x—thH
t X =

.
Since x = T'(z) = T?(x) we infer

T —
< kH (x +th) — T(x) _hH
t X

HT2($ +th) — T?(z) _ T(x+th)-T() H
t t X

and passing to the limit as ¢ goes to zero:
|DT(2)*h — DT(x)h|[x < k| DT(x)h - hlx
hence the lemma, since x — || DT'(7)||g(x) is bounded on U . O
We now consider an arbitrary point x in U.

Lemma 2.4. Under the assumptions of Proposition 2.2, we have an estimate of
the form
Vp, Vr € U, HD(TP)(,I)HB(X) < M .

Proof. We denote L the Lipschitz constant of DT on U:
Vae,y eU, ||DT(x) — DT (y)lscx) < Ll —yllx -

Take x € U and denote §; := DT (T*"'(x)) — DT(6(x)). Then



- Mk’i
(2.3) 16:]l5x) < LT (2) — ()| x < —

From Lemma 2.3 we also have an estimate of the form

(2.4) I DT(O(2)) s x) < M-
Now
D(T?)(x) = (DT(6(x))+ dp)o---o(DT(0(x)) + 61)

Z Z DT(0(x))P~% 0 8;; 0+ 08;, 0 DT(O(x))"

§=01<i1 <-<i;<p
hence, using the estimates (2.3) and (2.4) :

i MIHLL Z it

=0 1<iy<-<i; <p

I1D(T?)() | 3x)

IN

Y

=

IN

P
MY» (ML) ( < Mexp
=0

=1

Al
j J:
and the lemma follows. O

To end the proof of Proposition 2.2, we show that (D(1%)(z))p>0 is a Cauchy
sequence, uniformly in x € U .

Lemma 2.5. Under the assumptions of Proposition 2.2, the following estimate
holds:

Vo €U, V¥p,q >0, | DI"T(z) — DTP(x)|px) < MEP/?.
So DP(x) converges to {(z) € B(X) and |[{(z) — DT?(z)|px) < MkP/%.
Proof. Let m, n, ¢ be nonnegative integers. As in the proof of Lemma 2.4, we
denote 6; := DT (T*"*(z)) — DT (0(z)) . For x € U we may write
D(T™ ™) (@) = D(T™ ") (@) = (Amntq(2) + Bog(@) = Amn(@)) o D(T™)(x)
with
Amyp(x) = (DT(0(x)) + Gmr) 0 -+ 0 (DT(0()) + 6ms1) — DT (0())"

S Y DTO@) Y 00ty 000y 0 DT(B()"

j=11<iy<---<i;<r

and By, 4(x) = DT (0(z))" "% — DT (6(x))™ .
Using the estimates (2.3) and (2.4) as in the proof of Lemma 2.4, we find

[Am,(@)5x) < XT:M%“ Z ittt
J=1 1<ip <+ <ij<r
a . " 2)J 217.m+1
< aryorwp B <arfeo( M) 1]

Jj=1



which gives an estimate of the form ||A,, (2)|sx) < M k™ for another constant
M . On the other hand, from Lemma 2.3, ||B, 4(2)|5x) < M k™. From Lemma
2.4, [[D(T™)(z)||gx)y £ M . Combining these estimates, we find

D@ (z) = D™ ) (@)llsoxe) < M (K" +E™).
Taking p=n+m with n =m or n =m + 1, we get the desired estimate
ID(T*9) (@) — D(T?) (@) | 5(x) < M K2

This ends the proofs of Lemma 2.5 and Proposition 2.2.

2.2 Application to Dirac-Fock.

From now on, we work in the Banach space (X, || - ||x) defined in formulas (1.2)
and (1.3) of the Introduction. As closed convex subset of X, we take I'<;. We
define T'(v) := P;f ,Y'yP‘J/r with the notations of the Introductlon The map T is
well-defined from I'<, to itself. The goal of this section is to find conditions on
«, q, V such that the assumptions of Theorem 2.2 are satisfied on a sufficiently
large open subset U of I'<y. The recall our notations  := [|[VD ™| z3) + 2 ¢ and
Ao :=1— amax(q, Z).

We start with a lemma gathering estimates that we will use in the sequel:
Lemma 2.6. Let vy € X .

e The following Hardy-type estimates hold:

1 V(z,y) L 1
25) mas ([l « 7| | 3 ’
25) max ((loy = | Wl [0 ) S SHERER
_1
(2.6) Wy (=A)" 2530y < 20Vlloy(30) »
(2.7) IV(=2)"2 gy <202
o If v < 1 and ||V|lo,(10) < q then:
(2.8) [ 1Dyl D7 gy < L+ 5)*, VO<s <1,
(2.9) DI Dyl = [lgpy < 1 =#)7°, VO<s<I,
1
1+x)\2
_E + =
(2.10) | IDI72 Py D) ||B(H)< <—1_K>

o If amax(q,Z) < and v € I'<q then:

2
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(2.11) inflo(Dy4)| > Ao > 0.

Proof. If v € X then (—=A)Ty (=A)T € o1(H) and [|(=A) Ty (=A)T |0y 30) < [V
since [|(—=A)T (1 — A) 4530y < 1.

We may thus write (—A)iy(—A)7 = ool o dnlen >< @n| where (@) is or-
thonormal in H, d,, € R and 300 [dn| = [[(=A) Ty (= A) 7|4, (31 -
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For each n, we define ¢, = (—A)~4¢,. Then W, = >0 Wi, ><p,| - For
each n, the operator of multiplication by |@,|? * ﬁ, the exchange operator of kernel

B (x)RE5 (y) s ; By : 4
o=yl and their difference W)z -3, are symmetric and positive on H, so,

by the Cauchy-Schwartz inequality, in order to prove (2.5) we just need to show
that for any ¢ € H, (¢, (|@n]? * ﬁ)w)y < Z||%[|3 - This is done thanks to the

Kato-Herbst inequality [oq LE < Z Jps | (fA)if}2 [27]:

||

(6.8 0, = [ il |x'9”” WL drdy < % [ 0P @ llenlite = Tl

Now, in order to prove (2.6) we write v = > (Vn|fn >< fn| where (f,) is
orthonormal in H, v, € R and Y7 [vn| = |V]l0y (3 - Taking ¢ in H'(R3,C*), x
in ‘H, we have

|(Xa va)?{' < Z |'Yn| |(X’W|fn><fn| w)’H' :
n=0

Denoting ¢ = (¢*)1<a<4 and using the same notation for the other spinors, we
have

|(X,VV\fn><fn|7/f)H|

iy //Zde% o zzéézji)d; (6 6,

() wm) ’

<3| [/ Sl () V60)

(J] 10 - ssenwr) Jze et fai

< 2llxll, || (=2)2y),,

by Hardy’s inequality. Estimate (2.6) follows.

To prove estimate (2.7) one just needs to write

/. |-¢y|d“(y)HH <af.

Now, by the triangular inequality and (2.6), we have

Vilia = a

dn(y) < 20 Z || (=A)'y]],,

|'y|HH

(2.12) IDvvlln < (L+ VD™ sy + 20 7lloy (20 DY -

If [yllorc) < @5 recalling the notation k£ := |[VD™!|gs) + 2aq, we may thus

write D2 <(1+ H) D2, hence, by interpolation, [Dy,,|** < (1+ H)2S|D|25 for all
0<s< 1: this estnnate is the same as (2.8). Assuming that x < 1, one proves
(2.9) in a similar way. Since P‘J/r commutes with |Dy.,|'/2, estimate (2 10) directly
follows from (2.8), (2.9) for s = 1/2

11
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To prove (2.11) we use Tix’ inequality [40][41] as in Lemma 3.1 of [15]: if we
have max(q, Z) < ﬁ, v €T'<q and ¢ € Dom(Dy ) then
[l Dvabllze > (AT — A74), Dy, AT + Dy, A ¢h)n
= (A", Dy, A )y — (A9, Dy, A ) n
> (1 - amax(q, Z))[l913 -
The lemma is thus proved. O
We now study the dependence of P‘J,f ., on .

Lemma 2.7. With the notations of Theorem 1.2, assume that k < 1, amax(q, Z) <

mﬁ and let
a:= %(1 — m)_1/2)\81/2.

Then the map
Q:~v— (P‘J,rﬁ —P‘J,TO)

is in CYUP(T<,,Y) with Y := B(H,F) (recalling that F = H'/?(R3 C*) is the

form-domain of D) and we have the estimates

(2.13) Vv, v €T<q QM) = QMY < ally —7llx
(2.14) vy, 7' €T<q : [DQ(MY) = DRM)Isx.y) < Kally' —7llx

where K is a positive constant which remains bounded when k stays away from 1.

Proof. The proof consists in calculations similar to those of [20], Lemma 1 or [26],
Lemma 1. One writes, for 7,7 € I'<q and x, ¢ € H:

06 IPIM2QMY) — Q(7)¥)x

(6% . N— . N—
~or /]R(X’ |D|1/2(DV1'Y +iz) 1W’Y’*'Y(DV,7’ +i2) 17/’)7—[612
hence, noting Y := [Dyv.,|~'/2|D|*/2x,
06 IPI2(Q(Y) = Q)w)al

Wi _
AR llown (f (D (D, +22) 0w
R

O‘HW’Y'*'Y|

lB3) _
= =X 1Dy ™2

From (2.9) we have

1 1
2 2

( [ 0%+ z2>—1w>ﬂdz)

Xl < (1 =%)"Y 2l

and from (2.11) we have

_ —1/2
N2 R PV W P[P

As a consequence,
o /o —
1Q() = QMlly < (1 = m)™/2AT Wyl
Finally, from (2.5) we have

™
Wy sy < 517V =lx-

12



Estimate (2.13) of Lemma 2.7 is thus proved.

Note that taking 4" = 0 in (2.13) we find that Q(y) € Y, since Q(0) = 0. So up
to now we have proved that () is a Lipschitz map from I'<; to Y with Lipschitz
constant a.

Noting 7 := v' — v and pushing the expansion one step further, one gets

Q('Y/) Q) = E'y("Y) + R’y(;}’)

where
o

Ly(7) = 27T/(DVWLZZ) W5 (Dy,y +iz) " dz,

—_ / Dvﬂ + ZZ W")/(DV7,Y + iz)_lwﬁ(DV,y.w L iz)_ldz_

Then, using estimates similar to the ones above, one finds that £, is in B(X,Y)
with [|£,[|g(x,y) < a and

(0%

1Rl < 5= )72 sup W (Do + i2)7 Wi s

7T2a _ —-3/2 .
< (=R

As a consequence, @ is differentiable at v and DQ(v) = L, .
Finally, for h € X one writes
(Ly — Ly)h = Ay(§,h) + B, (¥, h)

with

Ay (7, h) = *% /R(Dv,vm +i2) T Wh(Dyypq +i2) 7 W5 (Dy,y +i2) " Hd2
and

B.(7,h) = f% /R(DWH 4 iz) YW (Dysy + i2) Wi (D +i2) dz .
Proceeding as above with each of these expressions, one gets

15 = L)hlly < 20— 1) 7252 4 x A x

Estimate (2.14) follows, with K := 7r72(1 — ﬁ)_l/QAag/Q. So Q € CHP(T',,Y) and
the lemma is proved. O
We are now able to study the map 7. Our first result is:

Proposition 2.8. Assume that k < 1, amax(q,Z) < and let a be as in

Lemma 2.7.

2
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Then the map T : v — P‘J/T,Y’yP‘J,i,Y is well-defined from I'<q to itself, and for any
AS ng :

IT2(y) = T(7)llx

(2.15) < 20 (170 [P, 30 + GHIT() = 7lx ) IT() = vllx -

13



Moreover T is differentiable on I'<q C X and there are two positive constants
C., L, such that

(216) Wy €T, IDTM)lsx) < Ce(1+a [y DIV, )

(2.17)
¥y, 7' € T<q, IDT() = DTWllsex) < L1+ aly D1 oy )Y ~lx -

Proof. If v € T'<q then T'(y) € X, 0 < T'(y) < idy and try T(7y) < tryyy < g, so
T(v) € T'<q. We have

T(y) = T(v) = P\J/F,T('Y)T('Y)P\J/FT('Y) ('Y)P\J/r»y
_ @IT0) - @) TE) 4 T @) - @)
+(QT() = QU TM) (QT(M)) - Q)
hence
IT20) = T lx < 21DV Q) — QN T

+ |12 @@ - e T @@ H) - Q) P12

< 21Q(TM) = QUNIYITO) D[y (30)
HIQT (M) = QUIBIT (N los30) -

But we have seen that [Q(T(y)) = Q(v)lly <allT(y) —7llx and [T()lo,0) < ¢,
so estimate (2.15) holds.

(H)

Now, from Lemma 2.7, T" is in C'(I'<,, X) with the following formula:
DT (y)h = (DQ()h)yPy., + (adjoint) + P _hPy .
Using the inequality (2.10) of Lemma 2.6, we may write

DRI, lx < [DQEIIY WDy | 1DI 282 1012

1+r\"?
<a||h||XHV|D|1/2Hm(H ( H) )

K

2
|PEL Rl < [[IDI72BE DIl

1+ k
< hl||x .
< (12) 1als

Estimate (2.16) follows from these bounds. The proof of estimate (2.17) is more
tedious but goes along the same lines, so we omit the details: one just needs to
estimate each term of the sum

(DT(') = DT (7))h ={((DQ(') = DQ(M)h)Y' P, + (DQ(y)h)(Y — )Py,
+ (DQ(MMYPY(Q(Y) — Q()) } + {adjoint}
+(Q(MY) = QM)hPy ., + P h(Q(Y) — Q()) -

14



We now define an open subset U of I'<, such that 7" maps I into U.
Proposition 2.9. Assume that k < 1, amax(q,Z) < m and take a as in

Lemma 2.7. Given R < i , let A := max (2+2aq ) Q_iaR) and

U:={yel<q; [7IDI"2]lo,0 + AIT(Y) —lx <R}.
Then U satisfies the assumptions of Proposition 2.2 with k := 2aR.
Proof. First of all, if v € U, then
1T D1 lloy ey < 17 D12 lloy 30y + T () = ) ID1 0y 209
< VDI loy a0y + 1T() =7l

hence, using the inequalities |7'(7)|o, (1) < [[V]loy(2) and A > 2+—;’q ,

aq
IT(7) |D|1/2HU1(H)+7HT(7) -7lx

2+ aq
2

<A1y 1D oy ey + IT(y) =7llx < R.

Then (2.15) implies that

IT%(y) = T(y)llx < KIT () —7llx

with k& = 2aR < 1. Moreover (2.16) implies that sup. ¢, || DT'(7)||x < oo and (2.17)
implies that DT is Lipschitzian on U .

Finally, remembering that k& = 2aR and using the inequality A > m , we get

1T () DIV l0, ) +AIT?(v) = T()llx
< VD12l 30y + (L + AR)T(7) = 7llx < R,
soT(y)elU.

We are now ready to state the main result of this Section:

Theorem 2.10. Assume that k < 1, amax(q,Z) < Let a be as in

2
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Lemma 2.7 and R < % . Let U and k be as in Proposition 2.9. Then the sequence
of iterated maps (TP),>0 converges uniformly onU to a limit 6 with O(U) C F;qﬂ?/_l

and Fix(0) = F;q NU. We have the estimate

_ kP
vy eU, [100v) =TP(Mlx < 1=

Moreover 6 € CY'"E (Y, X) and D(T?) converges uniformly to DO on U.

I —llx

In this way we obtain a continuous retraction 6 of U onto Fiq NU whose re-

striction to U is of class CY"™f. More precisely, idy — 6 and its differential are
bounded and uniformly continuous on U .

For any v € Fix(T)NU and any h € X, the operator S = DO(~) h satisfies
P} SP} =Pi hP{ and P;SP; =0.

In other words, the splitting H = PJNH ® Py, H gwes a block decomposition of
DO(vy) h of the form

+ + *
(2.18) DO(y) h = <PVZ7):}(L;LD)V1’Y bv(oh> )

15



Proof. The existence and regularity properties of the retraction  follow from Propo-
sition 2.2 and Proposition 2.9. To end the proof, it suffices to show (2.18).

We recall that for any v € I'<; and h € X,
DT (y)h = (DQ()h)yPy ., + (adjoint) + P _hPy .
Multiplying this formula from both sides by Py, 4+ we get
Py, (DT (y)h)Py,, =0.
On the other hand, we have P‘J/f Py, = 0. Differentiating this identity, we find
(DQ(Mh) Py, — Py (DQ(7)h) = 0.
Multiplying this formula from the right by P‘j: ., we get
Py (DQ()h)PE, =0.
But for v € Fix(T) NU the formula for DT'(y) can be rewritten in the form
DT (y)h = (DQ(y)h) Pl v Pyl + (adjoint) + P hPy. .
0 Y v YV 7 VA v,y
Multiplying this formula from both sides by P‘J/f 4+ we get
P‘;W(DT(fy)h)P‘J;ﬂ = P‘J}WhP‘J;W .
Moreover, since T'() = =, for any integer p > 1 we have
D(T?)(y)h = DT (y)(D(T?~)(7)h) -

So we immediately get
Py (D(T?)(mh) Py, =0

and we easily prove that
PEL(DI GNP, = P,
by induction on p.
Passing to the limit p — +00 we conclude that
Py (DO(y)h)Py,, =0 and P‘;W(DO(fy)h)P‘J;ﬂ = P‘J,fth‘}"W .
This proves (2.18). O

The question we address now is whether a minimizing sequence for Ep g (v)—tr(7y)
in 1"J<r q lies in the set U. For this purpose we need the following result.

Proposition 2.11. Assume that k <1— Jaq. Lety € F;q be such that
Epr(y) —tr(y) 0.
Then

T —1
Ivlx < (1—x—Faq) q.
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Proof. Let v € Fiq such that Epp(y) — try(y) < 0. As D,y = |D,|y and from
Lemma 2.6, we have

@
Epr(y) — tru(y) = tr[(Dy — 1 — §Wv)7]
Q@
= uf(|Dy| = 1= SW,)
™
2 (1 =x—=Zag)vllx = Vlle: 30,

4

hence,

Illx < (1= 5 = ag) " Epr(y) — tra(y) + 4] < (1 - £ = Tag) g,

By construction of U, Proposition 2.11 has the following consequence:

Corollary 2.12. Assume that k < 1 — Jaq, amax(q,Z) < ﬁ and that

condition (1.4) of Theorem 1.2 is satisfied. Let a be as in Lemma 2.7.

Then there are R < 5= and p > 0 such that, if v € Fiq satisfies Epp(y)—tr(y) <0,
then Bx (y,p) NT<, C U. a

Proof. Proposition 2.11 implies that ||y||lx < (1 — k — %aq)_lq. So, by Cauchy-
Schwartz,

1/2 T
1Y I 2oy < Iy 120 15y < (1= — 700 %
Now, condition (1.4) tells us that (1 —x— Zaq)~'/2¢ < &. Moreover, since y € F;rq
one has ||T(y) —v||x = 0. So, taking p and 5~ — R positive and small enough, using
(2.16) one finds that for any v € Bx (7, p) NI'<q,
17 1D 2,30 + AIT(Y) = llx < R,
where A is the same as in Proposition 2.9. This inequality means that v e 4. O

Remark 2.13. The self-adjoint operator D +V has infinitely many eigenvalues in
the interval (0,1) (see e.g. [15]). Taking I a projector of rank 1 such that II <
119, (D+V) for some 0 < pu < 1, for e > 0 small enough we have ell € U, O(ell) €
F;rq and Epp(0(Il)) — tr(0(eIl)) < 0, so the infimum of v — (Epp(y) — tr(y))

on Fiq is negative. Then Corollary 2.12 implies that for any minimizing sequence

(vn) , after some rank, Bx (yn,p) NT<q CU .

Finally we give another estimate related to the mean-field operator, which will
be useful in the sequel.

Proposition 2.14. Assume that k < 1. Let ¥ € I'<, and let v € o1(H) be such
that 0 < v < 1y9,](Dyv,5) for some v > 0. Then DyD € o1(H) and the following
estimate holds:

IDYD [lgyy < (1= 8) v tryy.

Proof. By assumption v = 1o, (Dv5) ¥ Lo, (Dv5) and try vy = ||y (H)» SO

1 Dvs 7 Dvs llove) < 1PV L1001 (Pva) I3 1V lloy 20y < ¥° tray -

Then, using (2.9) for s = 1, one gets

IPYPllora) < I DDy IBa0l Pvia ¥ Dy lloy e < (1= 5) 7207 trag .
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3 Existence of a ground state.

In order to prove Theorem 1.2 we have to study the convergence of minimizing
sequences for Epp(y)—tr(y). The first lemma of this section gives a crucial property
of these sequences: their terms are approximate ground states of their mean-field
Hamiltonian.

Lemma 3.1. Assume that k < 1 — Jaq and that condition (1.4) is satisfied. Let
(vn) be a minimizing sequence for Epp(y) — tr(y) in I‘Jgrq. Then

tr((Dvﬁ% - l)vn) - inf . tr((Dvﬁ% - 1)7) —0.
’YEFSQ , y=Py, v

Proof. Otherwise, there would be €9 > 0 such that, after extraction,

tr((Dvﬁ% - l)vn) > inf ((DV,% - 1)7) +e0.

Y€l <q, v=PF, v

But we have seen (as a consequence of Lemma 2.12) that for n large enough,
I'<y N Bx(Vn,p) C U with p > 0 independent of n. Now, for each d > 0 and each
n there exists an operator g, of rank ¢ such that g, < 19 14.4(Dy,,) and

. €0
tr((DVﬁn — 1)gn) < 'yerql,n'f:Pjn'ytr((DV’% — 1)7) + 5 -

Taking for instance d = 1, from Lemma 2.14 with v = 2 we have a bound on
llgnllx - So there is o > 0 such that for any n large enough and any s € [0,0],
(1 =8)vn 4+ sgn € '<q N Bx(Vn,p) C U. Then, from Theorem 2.10, the function

fn i s€[0,0] = (Epp —tr) (B[(1 — $) yn + S gn)) is of class C! and the sequence of
derivatives (f},) is equicontinuous on [0, ¢]. From Formula (2.18),

£200) = tr((Dvyy, — 1)(gn — 1)) < fg

so there is 0 < sp < o independent of n, such that Vs € [0,s0] , fi(s) < —=2.
Hence
€050 €050

(Epr —tr) (0[(1 = s0)7n + S0gn]) = fn(s0) < fa(0) — - (Epp —tr) () — o

But 0[(1 — s0)vn + Sogn] € Fiq and (Epp — tr)(n) — E, . This is a contradiction.
So Lemma 3.1 is proved.
o

As we will see, minimizing sequences enjoy better compactness properties in the
case of positive ions. So our first task will be to prove the following proposition,
which contains the case ¢ < Z of Theorem 1.2:

Proposition 3.2. Consider the Dirac-Fock problem with q < Z . Assume that k <
1 — Jaq and that condition (1.4) is satisfied. Then there exists v, € F;r such that

Epr(7x) — tr(n) = Ey.

Any such ground state may be written v« = 1 ,)(Dy,.) +6 with 0 < § <
14,3 (Dv,, ) for some p € (0,1).

Moreover, for h > 0 and small, one has Eqyp < Ey.

It follows directly from the definition of E, that the function ¢ — FE, is nonin-
creasing, so the last statement of Proposition 3.2 directly implies the strict binding
inequalities for positive ions and neutral atoms:

18



Corollary 3.3. Consider the Dirac-Fock problem with q < Z. Assume that k <
1 — Zaq and that condition (1.4) is satisfied. Then the map v — E,. is strictly
decreasing on [0, q], so the strict binding inequalities (1.6) hold.

In our proof of Proposition 3.2, a crucial tool is a uniform estimate on the
spectrum of the operators Dy . If [¢] denotes the smallest integer larger or equal
to g, this estimate is given in the following lemma:

Lemma 3.4. Assume that o Z < and that ¢ < Z. Then:

2
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e There is a constant e € (0,1) such that for any v € I'<y, the mean-field
operator Dy~ has at least [q] eigenvalues (counted with multiplicity) in the interval
[0,1—¢].

o There is a nonnegative integer N such that for any v € I'<y, the mean-
field operator Dy, has at most [q] + N eigenvalues (counted with multiplicity) in
[07 1- %] .

Proof. For the first statement of the lemma, the arguments are similar to the proof
of Lemma 4.6 in [15], with some necessary adaptations. One takes a subspace S
of C2°((0,00);R) of dimension [¢]. Given t > 1 we call G; the [¢]-dimensional
subspace of C2°(R3;C*) consisting of all functions ¢ of the form

f(lz[/t)
(3.1) W) = X . fes.
0

One easily finds two constants 0 < ¢, < ¢* < oo such that, for any ¢ > 1 and
7/’ S Gt 9

(32) (W VITAA )L < (14 5) .
(33) IVl < 5 Il
(3.4) (o), = Tl
(35) 1Al < S (9l
(36) IvA ol < 519l
(3.7 WV < —az(ew) +o(5) IR
Now, we recall that for v € I'<, one has W, < p, * . Moreover, since ¢ in Gy
is radial, one has (w, Py % ﬁz/}) < (w, ﬁz/}) 50 that, for some ¢, > 0:
(3.8) (w, (V+ an)w) Lo S a2~ q)% [l

On the other hand, ||[(V + aW,)A™¢||L2 < 20(Z + q)HV(A_w)HLQ, so there is a
positive constant ¢! such that

(39) (Atw (v +amy)ate) | <-S [atu,.
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Now, combining (3.3) and (3.9) one finds t > 1 and ¢ > 0 such that for any
v€T<y, e€(0,1),t >t and any ¢ in the [¢]-dimensional complex vector space

G?‘ = ATG,:
Qi(¥") = W*V1-AyT)
+ (er, (V4+aW, -1+ e)er)

+ (w, (VA4 aW)A~(VI—A—V —aW, +1—e)""A~(V + aW7)¢+)

<(e=%) Il
C

Now we fix t = t and e = R Then the above inequality tells us that the

lle]

quadratic form Q;_. is negative on G;r. Applying the abstract min-max theorem

of [12] to the self-adjoint operator DV; and the splitting of H associated with the
free projectors AT = PO%O, we thus conclude that there are at least [¢] eigenvalues
of Dy, (counted with multiplicity) in the interval (0,1 — e). Indeed, for ¢ €
ATC®(R3,C*) one has

Q)= s {(vT+yT Duy (0t ) — (L=l e )

$-EA-C (R3,CH)

So, if A denotes the k-th positive eigenvalue of Dy, counted with multiplicity,
from [12] we find that

D
l—e> inf sup L\/{ﬂ/’) = Afqli -
v subspace of ATOE ye(v@A-C)\{0) 19172
T

The first statement of the lemma is thus proved.

The second statement is easier. We notice that Dy, > Dy, so, invoking once
again the min-max principle of [12], we see that Ay, > Ag0. Moreover the essential
spectrum of Dy is R\ (—1,1), so limp_00 Ago = 1. Taking N > 0 such that
Afq1+N+1,0 > 1 —e€/2, we conclude that for any v € I'<, there are at most [¢] + N
eigenvalues of Dy, in the interval [0,1 — e¢/2] and the lemma is proved. O

Thanks to Lemma 3.4, we can obtain more information on minimizing sequences:

Lemma 3.5. Consider the Dirac-Fock problem with ¢ < Z. Assume that k <
1 — Jaq and that condition (1.4) is satisfied. Let (7v,) be a minimizing sequence
for (Epp — try) in I‘Iq. For each n define pn == 1jp,1_2)(Dv,,) where e is given
in Lemma 3.4. Then

tr(’yn) —q and |‘7n *pn’annHX —0.
Proof. Let p, € (0,1 — €] be such that there are less than [¢] eigenvalues of Dy,

(counted with their multiplicity) in the interval [0, 11,,) and at least [¢] in the interval
[0, 4] - Then

inf tr((DVﬂn - 1)7) = tr((DV{Yn - M")]l[o,#n)(DV7’Yn,)) + (kn — 1)g -

¥E€l <y, v=P3, v

We denote pj, := 1(1_¢ )(Dv,,) - Since v, = T'(7,) we may write
tr((Pviy, — tn)¥n) = tr((Pviy, — ttn)puyndn) +tr((Dviy, — )Py nph) »

20



hence
tr((D —1Dvn) — inf tr((D —1
r(( Vi ¥n )7 ) WEFSq17n7:P¢n7 r(( Vi ¥n )7)
= tr((Dviy, — bn)Ppnpy)
+tr[(DV,'yn - Mn)(pn’)’npn - ]l[O,MH)(DV,'yn))} + (1 - Un)(q - tr(’)’n)) .

But the terms tr((Dv,y, —n)Ph¥nPh) s tr[(Dv,y, — 1) (PrVnPr =110 ) (D)) |
and (1 — p,)(q — tr(7,)) are nonnegative.

So Lemma 3.1 implies that tr(y,) — ¢ and tr((Dvﬁn — un)p%fynp%) —0.

But p,(Dy,,, — pn)phy > 505 and p,(Dv,s, — in)phy = Pl (|Dvis, | = 1+ €)py,
so that, taking a convex combination of these two estimates:

(&
PPV = pn )P 2 5= Pn| Dy [P -

Hence ||p), v, || x = tr(p,|Dp}vn) < (1 = &) tr(p), Dy, [Ppyn) — 0.

It remains to study the limit of u, := p,y.pn as n goes to infinity. Since
(7n)? < Y, we have

(D nPR)* + tin 3, = P (90) P < P
hence tr(|Dv., | 2w, ul|Dyq [V/2) — 0.

Now, take A € B(H). By the Cauchy-Schwartz inequality,
tr(A Dy, | ?u; | Dy, [V2)

< [tr(IDv,m | 2P A" Apu Dy, [V2)] 2 [t (1Dy [V 2w | Dy, [V2)] 2

But p,, has rank at most [¢]+N and || p,| Dy, |'/? < 1. As a consequence,

a0y
(| Dv,, [P pn A" Apal Dy, |2) < (Tl + NI AN 0 -

Since A is arbitrary, this shows that || |DV1%|1/2“"|DV1%|1/2H01(H) — 0, hence
[[unllx = 0.

Finally’ H'Yn _pn'annHX < Hp;ﬁnp;lHX + 2||un||X —0. U
Now we have

Corollary 3.6. With the same assumptions and notations as in Lemma 3.5, there
exists v« € <y such that, after extraction of a subsequence, ||vn — V«|lx — 0 asn
goes to infinity.

Proof. The projector p, has rank at most [¢] + N so, after extraction, we may
assume that its rank equals a constant d. Then for each n there is an orthonormal
family (¢, -+, p?) of eigenfunctions of Dy, with eigenvalues AL, -+, A% € [0,1—
5] such that p, = 2?21 |pt >< ¢t |. There is also a hermitian matrix G, =
(G )1<ij<a wWith 0 < Gy < 14 and ppYnpn = D21 j<a Gil 105, >< @h| -

After extraction, we may assume that for each i, j the sequence of coefficients
(G¥)p>0 has a limit G¥ . Moreover, arguing as in [Esteban-S. 99, Proof of Lemma
2.1 (b) p. 514-515], one shows that, after extraction, for each i the sequence (¢%,),>0
has a limit ¢ for the strong topology of H'/2(R?, C*). The Corollary is proved,
taking 7. := Y21 icq G 0L >< @il .

O
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As a consequence of Corollary 3.6, Epr(vy,) converges to Epr(y.) and from
Lemma 2.7 (continuity of @), Pt — P converges to zero for the norm of B(H, F) .
So P;Z Y« = v« and 7, is a minimizer of Epp — tr on I'L o - For any such minimizer,
applying Lemma 3.1 we get

tr((Dv,y. — Dve) = inf tr((Dv,y, —1)7) .

Y€l <q, v=P ~
This immediately implies that v. = 19, ,)(Dy,,.) +d with 0 < § < 11,3 (Dvy.)
where 1 = Arg14, is the [¢]-th positive eigenvalue of Dy, ,,. Moreover tr(v.) = ¢
since p < 1 —e < 1. Now, let 1 be a normalized eigenvector of Dy, with
eigenvalue A € (1 —e,1). Then v.p = 0 and for h € (0,1) the density operator
v(h) == v« + hltp >< 9| belongs to I'q4, and satisfies y(h) = P‘J,fv*'y(h)P‘}"m. So,
using (2.18) we find that for h positive and small,

By < (Epr — tra) 0 0(y(h) = Ey+ (A= Dk + o(h) < E, .
This ends the proof of Proposition 3.2.

It remains to study the ground state problem for neutral molecules. We already
proved the strict binding inequalities (1.6) for ¢ = Z (see Corollary 3.3). So this
last case of Theorem 1.2 will be obtained as a consequence of the following more
general statement in which we do not assume that ¢ < Z:

Proposition 3.7. Assume that k < 1 — Jaq and that conditions (1.4) and (1.6)
are satisfied. Then there exists an admissible mixed Dirac-Fock density operator
¥« € T such that

Epr(1s) — tr(ys) = Eq.

For any such minimizer, there is an energy level u € (0, 1] such that
(310) Vi = ]1(0,,0 (Dvﬁ*) +6 with 0<§< 11{”} (Dvﬁ*) .

In order to prove Proposition 3.7, we perturb the nuclear charge distribution.
We first introduce a function G € C°(Ry) with G(r) > 0 for all » > 0, G(r) =0
when 0 < r < lorr >4 G(r) =1for 2 <r < 3 and 47rfO°oG(T)r2dT = 1.
Then, to any positive integer £ we associate the function g,(z) := ¢=3G(|z|/¢) and
the perturbed charge distribution ny := n+ (¢ — Z + £71)g,. The measure ny is
positive and one has Z; := ny(R3) = ¢ + £=! > ¢q. The corresponding perturbed
Coulomb potential is V; = —any * ‘—1‘ Note that V, — V is radial and satisfies

S 2 (Y, V(@) < 0 for fof > € and ~TEHT < (V — V(@) < 0 for

|z] <4, 80 ||[Vi— Voo < #, hence limy— oo ||[V2 — V]|oo = 0.

From what we have just seen, if Z = [psn and k = [[VD ™| g3 + 2aq satisfy
(1.4) then for ¢ large enough, Zy and k¢ := ||[ViD ™| g3 + 2aq will also satisfy
(1.4) with, in addition, ¢ < Z;. So we may apply Proposition 3.2 to the Dirac-Fock
problem with nuclear charge density n, and atomic number ¢g. This gives us the
existence of a ground state 7% of the corresponding Dirac-Fock energy &5, with
charge number g¢.

We now study the behavior of the minimizers v/ when ¢ — +oo. First of all,
since |Vz — V] — 0, £55 — Epr uniformly on I'<,, so the DF ground state
energy associated to the potential V, converges to the DF ground state energy E,
associated to V. In other words,

lim (Epp(7s) — trt) = By

Moreover we have the following local compactness result:
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Lemma 3.8. Under the above assumptions and motations, after extraction of a
subsequence still denoted (7%, there ewist v € I'<q and a sequence of positive num-
bers Ry with lim Ry = 400, such that for any smooth, compactly supported function
n € CX(R3,R), the integral operator with kernel n(R; ') (vf = 7o) (@) n(R;'y)
converges to zero for the topology of X as ¢ goes to infinity.

1

Proof. Since 0 < £ < 1(0,1)(Dy,¢), the operator T* = (1 — A)zyb(l — A)2
is bounded in o1(H) independently of ¢, so after extraction it has a weak-* limit
T = (1-A)"/24,(1-A)Y2 as £ — oco. Consider a function 1y € C>°(R3, R) such that
no = 1 on B(0,1). For any p > 0, the operator K, = (1—A)4n(p~1)(1-A)"1/2 is
compact. This implies that limy_, o HKP(TK—T)K;HUI(H) =0 (see e.g. [28] Lemma
9 for a similar argument). Then, we may choose a sequence of positive numbers py
such that limy_, p¢ = +00 and lim/_, || K, (T* - T)K;gHa'l(H) = 0: for this, we
just need the growth of p; to be sufficiently slow. Now, define Ry := pé/2. For any
n € C(R3,R), there is £y such that for all ¢ > ¢y and 2 € R3, n(R, 'z)no(p; 'z) =
n(R, 'z). Moreover the operator Lg, := (1 — A)Y4n(R,'-)(1 — A)~/* is bounded
independently of £. So limy e [|Lr, K,, (T — T)K}, Lk, ||, (3) = 0. But for £ > {o
one has L, Ky, (T — TV, Ly, = (1— A)YV4n(Ry 1) (7 — ya)n(Ry 1) (1 — AV,
so the lemma is proved. O

We now introduce two radial cut-off functions x. € C*°(R3 R, ) (e = 0,1) such
that y,(x) =0 for |z| > 2, x,(z) =0 for || <1 and x3 + x3 = 1. We define the
dilated cut-off functions x.¢(x) = XE(Re_lx) and the associated localized density
operators

’)’f(:c,y) = Xge(l')’)’f(l', y)XG,Z(y) ; €€ {Oa 1} :

We have the following result:

Lemma 3.9. Assume that v¢ € X converges to . in the local sense of Lemma 3.8
as £ — oo. Then ~v§, 71 belong to T'<, and one has

(3.11)  tryt =truys +trayt, Hm{ELp(1E) — ELr(v) — EHp(1)} =0,

=0, e€=0,1.
B(H)

(3.12) Zliglo H'DV[,%XQZ — Xet Dy, 4t

Proof. The statement (3.11) is in the spirit of the concentration-compactness theory
of P.L. Lions [31] (dichotomy case). Its proof presents some similarities with the
proof of Lemma 4 in [23] but it is less technical, as the present functional framework
is simpler.

Obviously, one has
try (Vf) =try (vfxﬁ,e) + try (foie) =try (75) + try (Vf) .

Let ¢(xz) = xo (%:c) X1(4x). Then ¢ € C® (RB,R), 0<¢<1,{(x) =1 for
1 <|z| <5 and {(x) =0 for |z| < 1 or |z] > 5. We introduce the dilated function
Ce(w) = C(Ry

B

x) and the associated integral operator

vs(x,y) = Co(x) vi(x,y) Cely) -

From Lemma 3.8,
Jim {73 = Go(@)va (,9) Ge(w)][ =0-

Moreover, we may write v, = Zn21 Cn [n) (Yn] with (Y, PYn) g1z = dpnsy cn >0
and 3 -, ¢ HwnHi]l/Z = ||74llx < co. Then for each n, lim/—o ||Cetn | g1/2 = 0,
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since ¢ vanishes on B(0,1/4). In addition, there is C' > 0 such that, for all £ > 1 and
€ HY2(R3,CY), (1€ || gz < C||9] 1/2. So, when £ — oo, Lebesgue’s dominated
convergence theorem tells us that

IGe(@)ve (@, 9)Ce Wl x = Y en ICetbnll iz = 0,

n>1
hence limy_, HyﬁHX = 0. So, using inequality (2.5), we find that the norms
£
Hp z*iH , HWz and ‘ Ly converge to 0 as £ — co.
Y2 L Lo (R3) 21 B(H) lz—yl B(H)

Now, we write

Epr () = Epr (16) — Ebr (1) = A+ By

where
= 1
A= Egtm{(a-vxe)(& 2)Ve(,y) Xe ()} = O (Rz)
and
_ (Xo,e)Q(z)(Xl,l)Q(y) 3., 73
Be*a//]Ri*x]Rif |$_y| (p'y*( )p'y |7* 5y)‘ )d.dey
We have
xo,e(iﬂ)xu(y) _ Xo,é(iﬂ)Xu(?J)
|z — vyl N |z — vyl (]l{lw—ylﬁ%"} +1{|w—yl>%})
1 2
e — y|1{%§|z|§@}1{%§|y|§@} TR
hence
(3.13) xo.0(z)x1,e(y) _ (Co)*(2)(0)*(y) " 2

lz—yl  ~ |z — yl R

In addition, we have the inequalities 0 < p.¢(z)p (y) — "yf(x,y)|2 < pye (@) pye (y)

£
and the identity (Co)2(x) (C0)2(y)pyt () () =
get the estimate

Py (T)poye () 1 1
0B < 2000 o (LY gl s L o( L),
¢ a//]RsXRs |.T — y| * R@ = p'yg * | . | Lo (R3) + Ry

o (3.11) is proved.

P2 (2)pye(y). As a consequence, we

£
Y2

In order to prove (3.12) one writes

(3.14) Dy, eXo0,6 = X0,Dy, 2 = [Dy, ¢, X0.0] — W, 4L X0, -
One has
[Dv,ves Xo,e] = - (o - Vo) (B ) 4 g X0e(y) — Xo0.(x) “a,y)
057V ’ Ré 4 |$ _ yl ) 5
S0
(3.15) 1wt 0 gy = © (5
. Vi,yes X0,0 B(H) — Ry .
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Now, for any test function ¢ € C° (R3, (C4),

(WW%’%XO,@?/))(?E) :/ ACHCIEEH) (y)pvf (¥)Y(z)

R3 |z —yl
B / (1= x0.£(2)X0.6(¥)) X0.e W)V, Y)¥(Y) 13
R3 lz -yl

d3y

Y.

Using (3.13) once again, one gets

X0.6(2) (x1,6)* () pye () () 1 2
e = e e+ ) 10
H /]R3 |,’L‘ — y| Yy L2(d3z) p'vﬁ * | . | Lo (R3) + Rg ”wHH

Moreover, arguing as in the proof of (3.13), one easily gets

(1= xo.e(2)x0.0(y) x0,0(y) _ Ce(®)Cely) 2

3.16 < :
(3.16) F— oy R
hence
H / (1 — xo0,¢(®)x0,e(y)) x0,e(W)VE (2, )Y (y) dsy’
RS |z — vyl L2(d3z)
YA
Y5 (,y) 2)
< (e, , &) i
(=

The above estimates imply that limg—,eo [[W,e_ ex0,¢l53) = 0. Combining this
with (3.14) and (3.15) one gets (3.12) for e = 0. The case € = 1 is proved in the
same way.

O
Before proving Proposition 3.7 we need a last lemma;:

Lemma 3.10. Assume that v¢ € X converges to v, in the local sense of Lemma
3.8 as £ — oco. Then:

(3.17) Py 7. =0,

(3.18) lim inf (Epr —tra ) (1) > 0.
— 00

P7“00f. Let €(£) = ||w - V||L°°(]R3) + MaXe=0,1 HDV[,'nye,Z - XG,EDV[,’yf B(H)

From the definition of V; and from (3.12), we know that limy_,., £(¢) = 0. From
the Euler-Lagrange equation satisfied by 7%, there is a (finite or infinite) set I, of
integers and an orthonormal sequence (wﬁ)ne 1, of common eigenvectors of ~¢ and
Dy, . The vectors 1/1741 satisfy

DV,'yﬁwf;:)‘fz fza sz ng; Wf;> <w1€}a ( fzﬂﬁfy)q_{:%,n',

nely

0<gf;§1, ng;:trq.[(’yf):q, O</\fl§1.
nely

Then ~f = > onel, gh |WE ) (WL | with ¥f, (x) = Xe,e(x)¥) (2), € = 0, 1. Moreover,

2 2
tr (%) = 1elly ey = D2 9m [¥emllas Il = 20 anl¥Enllzn e

nely nely
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For n € I, we have H (DV% - )\fl) 7,/)5771

As a consequence,
V4
o0 < E 9n
o1 nely

Then, remembering that lim_, |76 — 7«||x = 0 and using (2.13), we get (3.17).

— 4
, < (0, hence HPV%%W

LS Ao E(0).

- e
PV,véwO’”

N 1960112 < aAGHE(0) = 0(1) 100 -

In order to prove (3.18), we write
tr (DV,%'yf (AT — Af)) = tr (DO,%AJF% A+) — tr (D0,7{A77f Af)
+tr ((VZXLE)'Yf X1,0 (AT — A_)) .

We have
tr (DMA% A+) > tr (DAwf A+) — |ATAEAY|x .

Moreover, using Tix’ inequality [41] one gets
R T 1 ~ o
—tr (DO%A v A ) > 1—a(z+;)q ||A YA Hx

In addition, one has

V31D o = || (el roe) 1170+ (el s res2) #1171 xaeD 7|

20241071
Ry

B(H)

< + 20y (R \ B(0, Ry/2) ) = 0(1)400

and the Euler-Lagrange equation satisfied by v¢ implies that ||D*nyHUl(H) =0(1),
S0)

lim tr ((WXl,é)'Yf x1,0 (AT — A‘)) =0.
L—00

Gathering these informations, we get the lower estimate

1
tr Dyt (AT =A7)) = [ATA{AT | + (1=a(F+2)a) [A7HAT | +o(D)emoe

On the other hand, we may write tr (Dvﬁ,yf’yf (AT — A’)) = Cy+ Dy + E; with

Cr =tr3 ((Dyy 16 = X0.6Dy,00) Yoxne(AF = A7) )
Dy =try (AJer,ZDV,'yf'Yle,ZAJF) ;
Ey = —try (A7X1,€DVW£7£X1,€A7) .

From (3.12), limy_, o Cy = 0. Moreover the Euler-Lagrange equation satisfied by ~*
implies that DV,'yf’yf is a self-adjoint operator satisfying 0 < DV,»&Vf <4t Asa
consequence, Dy < try (AT9{AT) and E, <0, so

tr (Dy g7 (AF = A7)) < trpe (ATAEAY) + 0(1) e

Combining our lower and upper estimates on tr (DV, e v (AT —A~ )) we conclude
that

1
(1= a(F+=)a) [A7HAT [ + IAT AT x = trae (ATH{AT) < 0(D)eroe
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But (1-a(F+1)q)[|A A7 and (JIA*9{AT[lx — try (AF9£A*) ) are both

nonnegative, so

[A7A | = lim (IATAEATx =ty (AT5{AT) ) = 0.

lim
£— 00
As a consequence,
(Ebr —tra ) (1) = tr (Dy,)) — tra(yf)
= [ATATAT [ x — try (ATA7AT)
— AT AT — tra (ATAEAT) + tr (Vexa,e)vixa,e)

0(1)2—)00

and (3.18) is proved. O

Using lemmas 3.8, 3.9 and 3.10 we are now going to prove Proposition 3.7.

Remembering that limy_, (€5 p(7E) — trvf) = E,, we deduce from (3.11) and
(3.18) the inequality limsup,_, ., (€57(7§) — tr§) < E,. But from Lemma 3.8, we

find that lim ||v§ — 7« x = 0, so
Epp(ve) = truye = Jim (Epp(16) — tra75) < By

On the other hand, r 1= try v, = limy_y00 try 7§ < ¢, and (3.17) tells us that 7.
is in I"S"T, hence Epp () — try v > B, > Ey.

We conclude that 7, is a minimizer of (épp — try) both on 'L and Fiq. Then
the strict binding inequality (1.6) implies that » = ¢. Finally, applying Lemma 3.1
to the constant sequence v, = v, we find that

tr((Dv,y, — 1)v) = min tr((Dv,4. — 1)g) .
g€l <y, P;;g:g
So v« is of the form p + & with p = 1(g,,,)(Dv,.) and 0 < 0 < 14,3 (Dy,s,) for
some 0 < p<1.

Proposition 3.7 is thus true. This ends the proof of Theorem 1.2.

References

[1] V. Bach. Error bound for the Hartree-Fock energy of atoms and molecules.
Commun. Math. Phys. 147 (1992), p. 527-548.

[2] V. Bach, J.-M. Barbaroux, B. Helffer and H. Siedentop. On the stability of
the relativistic electron-positron field. Commun. Math. Phys. 201 (1999), p.
445-460.

[3] V. Bach, E.H. Lieb, M. Loss and J.P. Solovej. There are no unfilled shells in
unrestricted Hartree-Fock theory. Phys. Rev. Lett. T2 (1994), p. 2981-2983.

[4] J.-M. Barbaroux, M.-J. Esteban and E. Séré. Some connections between Dirac-
Fock and electron-positron Hartree-Fock. Ann. Henri Poincaré 6 (2005), p.
85-102.

[5] J.-M. Barbaroux, W. Farkas, B. Helffer and H. Siedentop. On the Hartree-Fock
equations of the electron-positron field. Commun. Math. Phys. 255 (2005), no.
1, p. 131-159.

27



[6]

J.-M. Barbaroux, B. Helffer and H. Siedentop. Remarks on the Mittleman max-
min variational method for the electron-positron field. J. Phys. A: Math. Gen.
39 (2006), p. 85-98.

E. Cances, C. Le Bris. Can we outperform the DIIS approach for electronic
structure calculations? Int. J. Quantum Chem. 79 (2000), no. 2, p. 82-90.

I. Catto, L. Meng, E. Paturel and E. Séré. Solutions of a Dirac-Fock model for
crystals, Preprint arXiv.2212.01142.

P. Chaix, D. Iracane. From quantum electrodynamics to mean field theory: I.
The Bogoliubov-Dirac-Fock formalism. J. Phys. B. 22 (1989), p. 3791-3814.

P. Chaix, D. Iracane and P.L. Lions. From quantum electrodynamics to mean
field theory: II. Variational stability of the vacuum of quantum electrodynamics
in the mean-field approximation. J. Phys. B. 22 (1989), p. 3815-3828.

V. Coti Zelati, M. Nolasco. Ground state for the relativistic one electron atom
in a self-generated electromagnetic field. STAM J. Math. Anal. 51 (2019), no.
3, p. 2206-2230.

J. Dolbeault, M.J. Esteban and E. Séré. On the eigenvalues of operators with
gaps. Application to Dirac operators. J. Funct. Anal. 174 (2000), no. 1, p.
208-226. Corrigendum in J. Funct. Anal. 284 (2023), no. 1, 109651.

M.J. Esteban, M. Lewin and E. Séré. Variational methods in relativistic quan-
tum mechanics. Bull. Amer. Math. Soc. (N.S.) 45 (2008), p. 535-593.

M.J. Esteban, M. Lewin and E. Séré. Dirac-Coulomb operators with general
charge distribution. I. Distinguished extension and min-max formulas, Annales
Henri Lebesgue 4 (2021), p. 1421-1456.

M.J. Esteban, E. Séré. Solutions of the Dirac-Fock Equations for Atoms and
Molecules. Commun. Math. Phys. 203 (1999), p. 499-530.

M.J. Esteban, E. Séré. Nonrelativistic limit of the Dirac-Fock equations. Ann.
Henri Poincaré 2 (2001), no. 5, p. 941-961.

M.J. Esteban, E. Séré. A max-min principle for the ground state of the Dirac-
Fock functional. Contemp. Math. 307 (2002), p. 135-141.

S. Fournais, M. Lewin and A. Triay. The Scott correction in Dirac-Fock theory.
Commun. Math. Phys. 378 (2020), no. 1, p. 569-600.

P. Gravejat, M. Lewin and E. Séré. Ground state and charge renormalization
in a nonlinear model of relativistic atoms. Commun. Math. Phys. 286 (2009),
p. 179-215.

M. Griesemer, R.T. Lewis and H. Siedentop. A minimax principle for eigenval-
ues in spectral gaps: Dirac operators with Coulomb potentials. Doc. Math. 4
(1999), p. 275-283.

C. Hainzl, M. Lewin and E. Séré. Existence of a stable polarized vacuum in the
Bogoliubov-Dirac-Fock approximation. Commun. Math. Phys. 257(3) (2005),
p. 515-562.

C. Hainzl, M. Lewin and E. Séré. Self-consistent solution for the polarized
vacuum in a no-photon QED model. J. Phys. A: Math. and Gen. 38 (2005),
p. 4483-4499.

28



[23]

C. Hainzl, M. Lewin and E. Séré. Existence of Atoms and Molecules in the
Mean-Field Approximation of No-Photon Quantum Electrodynamics. Arch.
Rational Mech. Anal. 192 (2009), no. 3, p. 453-499.

C. Hainzl, M. Lewin and J.P. Solovej. The mean-field approximation in Quan-
tum FElectrodynamics. The no-photon case. Comm. Pure Appl. Math. 60
(2007), no. 4, p. 546-596.

C. Hainzl, M. Lewin, E. Séré and J.P. Solovej. A Minimization Method for
Relativistic Electrons in a Mean-Field Approximation of Quantum Electrody-
namics. Phys. Rev. A 76 (2007), 052104.

M. Huber, H. Siedentop. Solutions of the Dirac-Fock equations and the energy
of the electron-positron field. Arch. Rational Mech. Anal. 184 (2007), no. 1, p.
1-22.

T. Kato. Perturbation theory for linear operators, Springer-Verlag, 1966.

M. Lewin. Geometric methods for nonlinear many-body quantum systems. J.
Funct. Anal., 260 (2011), no. 12, p. 3535-3595.

E. H. Lieb. Variational Principle for Many-Fermion Systems. Phys. Rev. Lett.
46 (1981), no. 7, p. 457459 and 47 (1981), no. 1, p. 69(E).

E. H. Lieb, B. Simon. The Hartree-Fock theory for Coulomb systems. Commun.
Math. Phys. 53 (1977), p. 185-194.

P.-L. Lions. The concentration-compactness method in the Calculus of Varia-
tions. The locally compact case. Part. I: Anal. non-linéaire, Ann. IHP 1 (1984),
p. 109-145. Part. II: Anal. non-linéaire, Ann. IHP 1 (1984), p. 223-283.

P.-L. Lions. Solutions of Hartree-Fock equations for Coulomb systems. Com-
mun. Math. Phys. 109 (1987): 33-97.

M.H. Mittleman. Theory of relativistic effects on atoms: Configuration-space
Hamiltonian. Phys. Rev. A 24(3) (1981), p. 1167-1175.

E. Paturel. Solutions of the Dirac-Fock equations without projector. Ann.
Henri Poincaré 1 (2000), p. 1123-1157.

M. Reiher, A. Wolf. Relativistic quantum chemistry; the fundamental theory of
molecular science, Second edition. Wiley, 2014.

J.P. Solovej. The ionization conjecture in Hartree-Fock theory. Annals of Math.
158 (2003), no. 2, p. 509-576.

B. Swirles. The relativistic self-consistent field. Proc. Roy. Soc. A 152 (1935),
p. 625-649.

J. D. Talman. Minimax principle for the Dirac equation. Phys. Rev. Lett.57
(1986), p. 1091-1094.

B. Thaller. The Dirac Equation. Springer Verlag, 1992.

C. Tix. Lower bound for the ground state energy of the no-pair Hamiltonian.
Phys. Lett. B 405 (1997), p. 293-296.

C. Tix. Strict positivity of a relativistic Hamiltonian due to Brown and Raven-
hall. Bull. London Math. Soc. 30 (1998), no. 3, p. 283-290.

29



