
HAL Id: hal-03858039
https://hal.science/hal-03858039v1

Submitted on 17 Oct 2024

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

Forces on an intruder combining translation and rotation in
granular media

Antoine Seguin

To cite this version:
Antoine Seguin. Forces on an intruder combining translation and rotation in granular media. Physical Review
Fluids, 2022, 7 (3), pp.034302. ⟨10.1103/physrevfluids.7.034302⟩. ⟨hal-03858039⟩

https://hal.science/hal-03858039v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


Forces on an intruder combining translation and rotation in granular media

A. Seguin1
1 Université Paris-Saclay, CNRS, FAST, 91405 Orsay, France

An investigation of the mechanical actions on a moving intruder into a granular medium subjected
to a gravity �eld is provided using two dimensional numerical simulation. The interactions between
the grains are frictionless and modeled by Hertz's law with a viscous damping. The intruder has a
cross-shaped geometry and was initially buried at a shallow depth. It has the ability to translate
and rotate at constant velocities independently of each other, thus de�ning a translational Froude
number Fr and a rotational Froude number Γ. We study the evolutions of the drag force Dx, the
lift force Ly and the torque Mz exerted on the intruder. In the case of pure horizontal translation
with a low Froude number, these quantities are constant and independent of Fr with Mz = 0. In
the case of pure rotation leading to Dx = 0, the torque is constant when Γ → 0 and increases with
Γ. For the combination of translation and rotation, we also determine the evolutions laws of the
mechanical actions with Γ: the rotation generates an increase of the torque on the intruder while
the drag force decreases. We highlight the existence of a signi�cant drop of the lift force favouring
the anchoring of the intruder in the granular medium for a speci�c range of Γ. By applying the
granular resitive force theory, we determine theoretical expressions to describe the evolution of the
drag force Dx and the torque Mz. The theoretical results are in agreement with the simulation
results.

I. INTRODUCTION

In the 2000s, a small lizard, called sand�sh, was
popularized by an experimental study highlighting its
ability to swim and evolve in the sand [1]. Animal
locomotion over the surface of a granular medium or
inside the granular medium itself remains a source of
inspiration for scienti�c projects since the associated
movements are generally optimized [2�4]. Understand-
ing the mechanical behaviors of animals in order to be
able to reproduce them in the eventuality of designing
bio-inspired machines or robots remains an exciting
challenge. Thus, an experimental study on a model
robot able to move thanks to a propeller was recently
developed: the realized movement allowed a translation
with an axial rotation like an Archimedes' screw [5].
At the same time, many scienti�c studies tried to to
decompose the di�erent movements that participate
to locomotion in granular media and to measure their
mechanical responses.
The �rst elementary movements of objects (or in-

truders) reported in granular media are most often
translational movements. These translational motions
of intruders can be vertical, i.e. in the direction of
gravity g, generating an unsteady �ow of grains. These
unsteady �ows are present in the case of object impact
on a granular medium where the initial energy of the
object decreases during the motion [6�11] and dynamic
uplift test [12]. Several experimental studies have also
explored the case of stationary �ow, often generated
by a vertical translation at constant velocity of an
object in the granular medium. These studies have, for
example, highlighted the grain �elds [13�15] or the force
of resistance to penetration [16, 17]. In the case of hori-
zontal translational motions, i.e. perpendicular to the
direction of gravity g, there are numerous experimental
and numerical studies dealing with constant velocity

displacement V0 [18�23] and dynamic testing [24].
Through these studies, it is often reported the existence
of two regimes which are the two extreme values of

a Froude number often de�ned by Fr = V0/ (gh)
1/2

,
where h de�nes the depth at which the object is buried
[25]. The major di�erence between these two regimes
lies in the scaling of the drag force, which corresponds
to the resistance to motion, parallel to the movement.
For low Froude numbers, i.e. Fr � 1, the drag force
on an object is independent of the translation velocity
and scales roughly with the hydrostatic pressure related
to the depth of burial of the object, i.e. the weight of
the grain column above it [18, 20, 21, 23]. For high
Froude numbers, i.e. Fr � 1, the drag force varies as
a quadratic function of velocity scaling as V0

2 [19, 22].
In this regime, collisions between grains, of density ρ,
generate a kinetic pressure scaling as ρV0

2 which is at
the origin of the drag force [26]. Modeling the lift force
in granular materials remains challenging. For example,
it has been shown that the lift force on a plate could
be positive or negative depending on its orientation
[27]. More generally, the lift force does not have similar
scaling laws as the drag force since it seems to evolve
with the Froude Fr number, the depth of burial and its
geometric aspect [28].
Unlike translation, the rotational movements of ob-

jects in granular media have been less studied. Stirring a
granular medium with an object rotation causes a drop
in the drag force [29]. In order to limit the �uctuations
in lift force, it is necessary that the intruder is su�ciently
buried. According to a previous study [30], the origin of
the lift force comes from the pressure gradient on the
intruder due to gravity at great depths. This pressure
gradient generates an asymmetrical distribution of
normal stress on the object and creates the lift force.
An other study [31] indicates that this same pressure
gradient is rather the consequence of a volume fraction



2

60

50

40

30

20

10

0
10

2.5V0

2.0V0

1.5V0

1.0V0

0.5V0

0
0 20 30 40 50 60 70

d V0

h

W0 q0

x
y

g

FIG. 1. (Color online) Snapshot of a simulation during
the displacement of the intruder moving through a granular
medium at Fr ' 0.02 et Γ ' 0.05 along the x-direction. The
intruder is initially buried at depth h. The scales in x and
y axis are in grain diameter. Inset: close up of the intruder
in its initial position de�ning its size δ with the spatial orga-
nization of the grains, the initial angle θ0, its linear velocity
V0 and its rotationnal velocity Ω0. The colour of the grains
represents the norm of their velocity vector associated with
the selected time according to the displayed color scale.

gradient caused by the shear and the dilation. Recently,
a numerical study with high Froude number frictional
grains, i.e. without gravity, revealed the Magnus e�ect
exists in granular media [32]. Finally, the origin of the
lift force in granular media is still a subject of debate.
In this paper, we study the set of mechanical actions

exerted on a cross-shaped intruder, translating horizon-
tally in a granular medium and being able to rotate
around its center. We thus characterize the drag force,
the lift force and the torque exerted on the intruder as
a function of the kinematic parameters of the object's
motion. The intruder is initially buried at a shallow
depth. First, we brie�y describe the numerical method
used and we de�ne the set of useful parameters. Then,
we carry out a �rst study on horizontal translation
without rotation. Then, the second study focuses on the
pure rotation of the intruder without translation. The
third study presents the results on the combination of
translation and rotation. Finally, we discuss the results
in the framework of the Granular Resistive Force Theory.

II. NUMERICAL SETUP AND

CONFIGURATION

The numerical method has alredy been used for other
analysis [9, 23]. To simulate the displacement of an in-
truder buried in a two-dimensional granular medium, we
use a molecular dynamic method. The typical geometry
of the intruder and granular medium is shown in �gure 1.

The 2D granular medium consists of spheres whose cen-
ters are coplanar. The diameters of these spheres can
vary between 0.8d and 1.2d where d = 1 mm is the aver-
age diameter of the spheres. In order to avoid crystalli-
sation of the packing, we have chosen a uniform distribu-
tion of these diameters. All grains have the same mass
m, thus de�ning the average density ρ = 103 kg.m−3,
based on the average diameter d. All grain interactions
in the simulation are modelled with a dissipative Hertz

law of the form Fij = kζ3/2 − λdζ
dt

where ζ is the inter-

penetration of the grains, k is the sti�ness of the contact
and λ is a damping coe�cient. The sti�ness k is related
to the Young's modulus E = 1 GPa of the grains such as
k = E

√
d/2. The coe�cient of viscous damping λ sim-

ulates a restitution coe�cient en = 0.9. One can notice
that the grains are frictionless. The time step is small
enough to ensure numerical convergence. The details of
these calculations were reported in [9].
The intruder has the shape of a cross in the setup (inset

Fig. 1). This arbitrary shape of intruder has been chosen
to ensure a dragging of the grains by obstacle during a
possible rotation of the intruder since the grains are fric-
tionless. It consists of twelve grains with the same me-
chanical properties as the granular medium. Therefore
the e�ective diameter δ of this intruder is δ = (5 +

√
2)d.

Here, the kinematics of these grains constituting the in-
truder are completely controlled. It is initially buried in
the granular medium at a depth h ' 20d which is the ver-
tical distance (y-direction) from the upper surface of the
granular medium to the center of the intruder (Fig. 1).
This upper surface is de�ned as the average y-position
of the grains constituting the higher layer of grains in
the initial state. The x position of the intruder in the x-
direction corresponds to the horizontal distance from the
left wall of the tank to the center of the intruder such
that x = 2.5δ in the initial horizontal position of the
intruder (Fig. 1). To prepare for this initial state, the
intruder was �xed in his initial buried position. Then,
a diluted granular medium is placed above and its sed-
imentation under the action of gravity (g = 10 m.s−2

parallel to the y-direction) leads to the initial con�gu-
ration for further calculations. Once the sedimentation
is complete, the tank �lling level reaches a �nite value
that allows us to de�ne h. In this initial organization,
the tank containing the product is large enough that the
lateral limits (> 10d) have no e�ect on the force exerted
on the intruder by the grains [8]. This process leads to an
average packing fraction of 0.83. This value is less than
the critical volume fraction φJ = 0.85 indicating that the
packing is rigid but still a loose packing [33, 34]. As we
use spherical beads of diameter d, the e�ective length in
the third direction is d, so the e�ective cross section of
the intruder scales as δd.
Once the initial con�guration has been prepared, we

move the intruder at constant velocity V0 along the x di-
rection (with ex the associted unit vector) and 0 along the
y-direction (with ey the associated unit vector). The in-
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truder runs a distance equivalent to 5δ in the x-direction
to avoid getting too close to the right wall of the tank
[8]. The intruder is initially positioned with an orienta-
tion of θ0. The angle θ0 represents the angle between
the x-direction and the arm of the cross located in the
quadrant I (inset Fig. 1).The intruder can also rotate at
a rotational velocity Ω0 around the z-direction, with ez
the associated unit vector (inset Fig. 1). Similarly to pre-
vious studies [25], it is relevant to use the translational
Froude number de�ned by:

Fr = V0/ (gh)
1/2

. (1)

This number links the kinetic pressure ρV0
2 due to col-

lisions [26] and the pressure created by the gravity �eld
ρgh [25]. Taking into account that h is proportional to d,
there is then a direct relation between the Froude number
Fr and the inertial number I used in the rheological law
describing granular materials [35, 36]. Since our problem
also presents the phenomenon of pure rotation, it is also
possible to de�ne a rotational Froude number by adopt-
ing a similar de�nition. This number can be written as:

Γ = δΩ0/ (gh)
1/2

, (2)

since a characteristic linear velocity of rotational motion
is δΩ0. These two numbers Fr and Γ are the two control
parameters of our study.
During the movement of the intruder at constant

velocity V0 and constant rotation velocity Ω0, we record
the component of the force exerted by the granular
medium on the intruder in the x-direction, called drag
force, the force exerted by the granular medium on
the intruder in the y-direction, called lift force and
the torque exerted by the granular medium on the
intruder in the z-direction. These mechanical actions
are calculated at each time step and are functions of
time and contain the collisions between the grains and
the intruder. We therefore choose to work with the
time averaged quantities once the transitory regime of
the translation is over [23]. These temporal averages
are calculated once the intruder has crossed a distance
equivalent to its diameter δ, which allows to cross the
transient regime and to avoid the e�ects due to the
preparation of the packing under the intruder. The drag
force (resp. the lift force) is calculated as the sum of
the drag (resp. lift) forces on each grain constituting
the intruder. The torque is calculated as the sum of
the vector products on the grains i constituting the
intruder applied to the center of the intruder ri × Fi,
where ri is the vector linking the center of the intruder
to the i grain and Fi is the force vector applied to
that i grain. We call the time averaged drag force D̃x,
the time averaged lift force L̃y, and the time averaged

torque M̃z. Each observed mechanical action (D̃x, L̃y or

M̃z) also has a characteristic scale in granular materials.
Thus the intruder being initially buried at a depth h
in all the simulations, a typical pressure scale of the
hydrostatic type is ρgh. This pressure is present in many
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FIG. 2. Evolution of (a) the drag force Dx, (b) the lift force
Ly and (c) the torqueMz as a function of translational Froude
number Fr. Evolution of (d) the drag force Dx, (e) the lift
force Ly and (f) the torque Mz as a function of the initial
angle θ0. The dotted line in (a) and (d) represents the value
D0 = 0.72. The dotted line in (b) and (e) represents the value
L0 = 0.045 which is the average of the data set of (b) and (e).

studies [18, 20, 21, 23]. This pressure is applied to a
characteristic cross section of the object δd. One builds
the dimensionless mechanical actions associated with
this scale: the normalized drag force Dx = D̃x/(ρghδd),

the normalized lift force Ly = L̃y/(ρghδd) and the

normalized torque Mz = M̃z/(ρghδ
2d), using a charac-

teristic lever arm of size δ.
The following paper is an analysis of the mechanical

actions Dx, Ly and Mz exerted on the intruder as a
function of the two control parameters Fr and Γ. The
range of variation of Fr is such that 10−4 < Fr < 0.3
even if we will work essentially at Fr ' 0.02. The range
of variation of Γ is such that −1 < Γ < 1.

III. THE CASE WITH TRANSLATION AND

WITHOUT ROTATION: Fr < 1 AND Γ = 0

We �rst study the classical case of horizontal transla-
tion at constant velocity: [18, 20, 21, 23, 27, 28]. The
goal here is to validate whether the behavior of the
cross-shaped intruder is similar to the disk in the case
with no rotation of the intruder, i.e. Γ = 0. The �gure
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2 presents the various measurements of Dx, Ly and
Mz obtained according to the Froude number but also
according to the initial orientation angle of the cross, θ0.
The angle θ remains constant such as θ = θ0 during the
movement since there is no rotation of the intruder.
Figure 2a (resp. b and c) shows the evolution of

Dx (resp. Ly and Mz) with the Froude number Fr
in the studied range. It is shown that the drag force
Dx (Fig. 2a) and the lift force Ly (Fig. 2b) do not
evolve signi�cantly with the Froude number. We then
consider them as constants. There is no growth of the
drag force with Fr2 here since Fr � 1 [22, 26]. The
in�uence of the high Froude number on the drag force is
not visible. The torque Mz �uctuates with the Froude
number Fr with a very low value. This leads us to
conclude that Mz ' 0. Finally, the three mechanical
actions (Dx, Ly and Mz) are independent of the Froude
numbe in the studied range. To be in this regime, the
kinetic pressure ρV0

2 must be lower than the pressure
created by the gravity �eld

√
ρgh. It is the equivalent of

imposing a Froude number F = V0/
√
gh smaller than 1.

As part of our numerical con�guration, it leads to the
condition V0 � 0.5 m.s−1 to ensure that the possible
wake created behind the moving intruder is �lled [26]. It
is also well established that for a small Froude number,
the evolution of the drag force on a disk is quasi static
[19, 21, 22, 25, 37] and it is then useless to vary this
parameter.
Figure 2d (resp. e and f) shows the evolution of Dx

(resp. Ly and Mz) with the initial orientation angle
θ0 for 0 ◦ ≤ θ0 < 90 ◦. Several tests with di�erent
packing were performed for each value of θ0. The results
�uctuate and a bar has been added to represent the
standard deviation of the measurements for each value of
θ0. The drag force Dx varies little with θ0 and remains
constant (Fig. 2d). This average value is measured to
D0 = 0.72 (Fig. 2a and 2d). The torque Mz varies little
with θ0 and we still have Mz which is very close to 0
(Fig. 2f). The lift force �uctuates signi�cantly with θ0
and the associated standard deviation is not small. We
can however estimate an overall average value of the lift

force over the data set, this average value is measured
to L0 = 0.045 (Fig. 2b and 2e). We �nd here that the
shape of the object in�uences the lift force, as in the
previous studies with comparable dispersion bars and a
lift force which can be negative [27, 28, 38].

IV. THE CASE WITHOUT TRANSLATION

AND WITH ROTATION: Fr = 0 AND Γ < 1

In this section, we look at the complementary case to
the previous one where Fr =0 and Γ 6=0. Here, there is
no translation and rotation is imposed for �ve rotations
of intruder. The transitional regime due to the rotation
can be reasonably estimated at one round of intruder
[30]. We therefore choose to work with the time aver-
aged quantities once the transitory regime of the rotation
is over. Figure 3 shows all the results of this con�gura-
tion. First we notice that the drag force Dx �uctuates
around zero for the whole range of Γ studied so it is rea-
sonable to write that Dx = 0 (Fig. 3a). Figure 3c shows
the evolution of the torque Mz as a function of Γ. Two
regimes can be distinguished: a low value regime of Γ and
a high value regime of Γ. In the low Γ regime, the value
of Mz is constant. and corresponds to the quasi-static
case. In the high Γ regime, the torque Mz increases non-
linearly with Γ. The origin of this torque comes from
the e�ective friction of the granular material on the ob-
ject. As the �owing properties of the granular material
are well described by the µ(I) rheology [36], we expect to
observe a similar rheological law in this �ow. In the case
of pure rotation of the object around its axis in a gran-
ular medium, it is relevant to propose a similar behavior
law. Thus we think the best continuous description of
the data is

Mz(Γ) = M0 +
M1 −M0

1 +
Γ0

Γ

, (3)

withM0 = 0.17±0.01,M1 = 0.7±0.1 and Γ0 = 0.8±0.2.
In this description, when Γ→ 0, the torque tends towards
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a �nite value M0. This behavior is the complementary
case to pure translation where the drag force is not null
when Fr → 0 (Fig. 2a).
The �gure (Fig. 3b) shows the evolution of Ly with Γ.

The value of this lift force is consistent with the values
of L0 measured in �gure 2b and 2c (dasehd line). The
lift force dispersion bars are still important even if a
continuous rotation is imposed here: this is due to the
shallow depth of burial. As for the torque Mz, it would
appear that a quasi-static regime is emerging for low Γ.
In this regime, the value of the lift force is comparable
to L0. Then, in the higher Γ regime, the lift force
increases with Γ. Since in this regime the grains above
the intruder are relieved of gravity, the lift force comes
only from the grains exerted under the intruder. As
soon as Γ > 1, the lift force increases signi�cantly and
the torque highly �uctuates, it is the transition to the
ballistic regime where no grains are in contact with the
intruder. Since this ballistic regime is not the subject of
the study, we limit ourselves in the following paper to
Γ < 1.

V. THE CASE WITH TRANSLATION AND

ROTATION: Fr = 0.02 AND |Γ| < 1

We now investigate the case where V0 6= 0 and
Ω0 6= 0 corresponding to both Fr 6= 0 and Γ 6= 0.
However, we have restricted the study to the case of
the quasi-static regime in translation, so we keep V0
constant at 10 mm.s−1 leading to Fr = 0.02 in this
set of simulations. Figure 4 presents the evolution of
the drag force Dx, the lift force Ly and the torque Mz

applied on the intruder as a function of Γ.
First, we have observed that Dx is an even function

of the variable Γ while Mz is an odd function of the
variable Γ. In other words, the sign of rotation Ω0 does
not a�ect the drag force Dx and modi�es the sign of the
torque Mz. Figure 4a (resp. 4c) shows the evolution of
Dx (resp. |Mz|) as a function of |Γ|. We observe that
Dx decreases with |Γ| (Fig. 4a) and Mz increases with
|Γ| (Fig. 4c). Here we can identify two regimes. The
�rst regime at small values of |Γ| for which the drag
force Dx is constant and equal to D0 and the torque
Mz is zero. This velocity corresponds to the fact that
the e�ect of rotation is negligible compared to the e�ect
of translation. The other regime corresponds to larger
values of |Γ| for which the drag force Dx decreases
to near zero and for which the torque |Mz| increases.
The increase of the torque with Γ is correlated with
the decrease of the drag force Dx. This indicates that
there is a transfer of mechanical power from translation
to rotation. Moreover, for small values of Γ, the drag
force Dx is constant and corresponds to the value D0

measured for Γ = 0. For large values of Γ, it seems to
be zero. We observe here a transition between these two
values of drag force.

Figure 4b shows the evolution of the lift force Ly
as a function of Γ. First of all, this function is not
monotonous with Γ. We see that for the larger values
of Γ, the value of the lift is roughly constant and its
value is comparable to the value L0 found when Fr = 0
(Fig. 3b) in the range Γ < 1. For Γ > 0, Ly does not
exceed L0 as in the case of pure rotation (Fig. 3b). For
Γ < 0, we observe that Ly/L0 > 1, which shows that
the negative sign of rotation ampli�es the lift e�ect
compared to values of Γ > 0. When Γ goes from a
negative to a positive value, it seems that the lift Ly
decreases sharply to a negative value, passing through
a minimum before increasing to positive values. The
inset in �gure 4b shows a close up on this minimum and
displays the evolution of the lift force Ly as a function of
Γ/(2Fr). For Γ >0, we see that the lift force decreases
with Γ, goes through a minimum and then increases
with Γ. We observe that the value of the lift force
(positive when |Γ| → 0 is in compliance with �gures
2b, 2c and 3b). As has already been observed for the
lift force, the dispersion of the data is signi�cant. It is
thus di�cult to give a value to this minimum, however
we evaluate it here at Lm = −0.015 ± 0.001. At this
minimum, it seems there is a negative lift (or close to
0) and thus the intruder would tend to anchor deeper
than its current depth if it was not kept at a constant
depth. The value of this minimum is expected to change
with depth h. Some simulations have been performed
for h ' 100d (Fig. 4). Even if the drag force Dx and
the moment Mz are independent of h, it is possible
that the depth h has an slight in�uence on the value of
the minimum Lm in this con�guration (Fig. 4b). The
value of this minimum is obtained for Γm/(2Fr) ' 0.9
corresponding to Γm ' 0.036, taking into account the
fact that Fr = 0.02. Back to the simulation parameters,
that corresponds to δΩ0/V0 ' 1.8 which is very close
to the value 2. For this peculiar con�guration, the
object rolls by pressing slightly the grains above it.
Moreover, the rotation induces a �uidization of the
granular medium below the intruder which has the e�ect
of reducing the lift action of these grains. The upper
part of the granular medium above the intruder is not
subject to large grain movements unlike the lower part
of the granular medium (Fig. 1). The upper part of the
granular medium can apply a greater vertical force on
the intruder than the lower part, causing a drop in the
lift force.

VI. DISCUSSION

Let us now compare the numerical results to theoret-
ical predicitons. We model the increase of the torque
Mz and the fall of the drag force Dx with the rotational
Froude number Γ. To do so, we consider the framework
of the Granular Resistive Force Theory developed in sev-
eral studies with the di�erence that our intruder is not a
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slender object [1, 3, 5] or a wheel moving on the surface
of a granular medium [39, 40]. We apply a Coulomb-
type friction law to the rotating object. Even if it has
the shape of a cross, we work as if it were a solid disk
of radius δ/2. The frictional force experienced by the in-
truder is decomposed into a radial force and a tangential
force, with two a priori distinct force coe�cients Cr and
Cα. This model geometry is compatible with a descrip-
tion in a cylindrical coordinate system (er, eα, ez). Thus,
the position of a point at the surface of the intruder of
radius δ/2 is only de�ned by an angle α. The veloc-
ity of this point during the combined motion is written
v = (δΩ0)/2 eα + V0 ex. In the framework of Granu-
lar Resistive Force Theory, the frictional force per unit
length at this point is proportional to the pressure at
which the object is buried (∼ ρgh ) and is integrated
over the thickness (∼ d) in the z-direction. This force
per unit length can then be written:

f = −ρghd
(
Cr

v · er
‖v‖

er + Cα
v · eα
‖v‖

eα

)
, (4)

where Cr and Cα are the normal and tangential e�ec-
tive coe�cients of friction. The integration of this force
on the surface of the disk of radius δ allows to propose
an expression for the drag force Dx (associated to the
vector ex) and the torque Mz (associated to the vector
ez). Thus, we can propose a theoretical expression for
the drag force such that:

Dx =−
∫ 2π

0

f · ex
ρghδd

δ

2
dα

=
1

2

∫ 2π

0

−Cα
Γ

2
sinα+ (Cr cos2 α+ Cα sin2 α)Fr(
Fr2 +

Γ2

4
− FrΓ sinα

)1/2
dα.

(5)

We can also propose an expression for the torque such
as:

Mz =−
∫ 2π

0

(
δ

2
er × f

)
· ez

ρghδ2d

δ

2
dα

=
1

4

∫ 2π

0

Cα

(
Γ

2
− sinαFr

)
(
Fr2 +

Γ2

4
− FrΓ sinα

)1/2
dα.

(6)

The determination of the lift force by this model leads to
an expression which will always be equal to 0 in the range
of Γ and Fr. This result is a consequence of the Resitive
Force Theory model which assumes that the intruder is
located at a constant pressure. The model cannot cap-
ture the lift evolutions on the object which cannot be
considered as slender.
The results for Γ = 0 and Fr 6= 0 show that Cr and

Cα do not depend on Fr in the studied range (Fr < 0.1).
Using the results of the simulations at Fr = 0 (Eq. 3),
we derive a theoretical expression for Cα which depends
on Γ:

Cα(Γ) =
2

π

M0 +
M1 −M0

1 +
Γ0

Γ

 . (7)

Cα is not constant contrary to previous studies [3, 5] and
depends on Γ. The equation 5 implies that the drag force
Dx is null when Fr = 0 regardless of the value of Γ, which
is consistent with the results presented in Figure 3a. By
implementing the expression of Cα in the expression of
the measured drag forceD0 in the case Γ = 0 and Fr 6= 0,
it is possible to propose an expression of Cr when Γ = 0:

Cr =
2(D0 −M0)

π
, (8)

which leads to Cr ' 0.35. It is now possible to imple-
ment the expressions of Cr and Cα into Eqs. 6 and 5 to
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determine Dx and Mz. The black solid line on �gure 4a
(respectively 4c) shows the proposed analytical function
of Dx (respectively Mz). We can see that the behavior
matches the simulations very well. It is expected that
accounting for the microcopic friction int he contact law
between grains will slightly a�ect the values obtained.
The small remaining o�set probably comes from the
assumptions of the coe�cients Cr and Cα which may
have more complex dependencies depending on Fr
and Γ. Furthermore, since the local packing fraction
variation has not been taken into account in the model,
it may also modify these values.

VII. CONCLUSION

In this study, we are interested in the set of forces
and torques acting on a cross-shaped intruder moving
in a granular material subjected to gravity (along
y-direction). The possible movements of this cross
are horizontal translation (along x-direction), rotation
(along z-direction) or a combination of these two move-
ments. The translation is described by a translationnal
Froude number Fr and the rotation by a rotationnal
Froude number Γ. The forces measured on the intruder
are the drag force Dx, the lift force Ly and the torque
Mz.
In the case of pure translation (Γ = 0) and low Froude

number (Fr < 1), we �nd the results of the usual cases
presented in previous studies [18�23]. The set of results
is summarized as a constant drag force Dx = D0, a
constant lift force Ly = L0 and a null torque Mz = 0.
In the case of pure rotation (Fr = 0) for values of

|Γ| < 1, the results show an evolution with Γ. Even if
the drag force remains null Dx = 0, the lift force remains
constant at Ly = L0 and then increase with Γ. The

torque exerted on the intruder is constant Mz = M0

as long as Γ is small and then increases with Γ. The
evolution of Mz can be described by a phenomenological
law similar to µ(I) rheology.
The combination of rotation and translation is not

limited to an addition and reveals new behaviours for
these three quantities. When Γ is small, rotation has no
e�ect and similar results to pure translation are found
for drag force, lift force and torque. As Γ increases,
the torque increases and the drag force decreases. By
applying the Granular Resistive Force Rheory, it is
possible to describe the evolutions of Dx and Mz with Γ
in agreement with the simulation results. The lift force
loses the constant behavior that was observed in pure
translation and pure rotation. The lift force decreases
toward a value close to zero or even negative. The
minimum lift force is obtained for the case Γ/(2Fr) ' 1.
This �rst study opens the way to other studies closer to
the problems of animal locomotion where it would be
relevant to consider movements such as translation with
imposed rotation or translation with imposed rotation.
Finally, it would be necessary to characterize the

grain �ow around the intruder in this geometry. This
would allow a better understanding of the origin and the
mechanisms that cause the drop in lift during rotation
combined with translation. Even if this study showed
the existence of Γm value, its origin is not clear yet.
The understanding of this �ow, of the local stresses and
deformations will allow a better control of the problem
of grain �ows around rigid and moving objects.
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