N
N

N

HAL

open science

SOME OPERATOR IDEAL PROPERTIES OF
VOLTERRA OPERATORS ON BERGMAN AND
BLOCH SPACES

Joelle Jreis, Pascal Lefevre

» To cite this version:

Joelle Jreis, Pascal Lefevre. SOME OPERATOR IDEAL PROPERTIES OF VOLTERRA OPERA-
TORS ON BERGMAN AND BLOCH SPACES. 2022. hal-03856765

HAL Id: hal-03856765
https://hal.science/hal-03856765

Preprint submitted on 16 Nov 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03856765
https://hal.archives-ouvertes.fr

SOME OPERATOR IDEAL PROPERTIES OF VOLTERRA OPERATORS ON
BERGMAN AND BLOCH SPACES

JOELLE JREIS PASCAL LEFEVRE *

ABSTRACT. We characterize the integration operators V, with symbol g for which V, acts
as an absolutely summing operator on weighted Bloch spaces $? and on weighted Bergman
spaces AL. We show that V; is r-summing on AL, 1 < p < oo, if and only if g belongs to a
suitable Besov space. We also show that there is no non trivial nuclear Volterra operators V,
on Bloch spaces and on Bergman spaces.

Keywords: r-summing operators; Nuclear operators; Volterra operators; Bergman spaces;
Bloch spaces.

1. INTRODUCTION

The aim of this note is to investigate absolutely summing and nuclear operators of Volterra
type operator defined on certain classical spaces of analytic functions on the open unit disk
D of the complex plane.

For an analytic function g on the unit disk, we recall that the integration operator V, is for-
mally defined by:

Ve()(@) =fo Jwgwydw,  zeD,

acting on the space H (D) of all analytic functions on D. We say that g is the symbol of this
operator.

These transformations appeared under various names in the literature: Volterra operators,
generalized Cesaro operators or integration operators.

This class of operators includes the classical integration operator,

mweﬁﬂmm

obtained with g(z) = z.
It also includes the Cesaro operator
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which is defined for every f € H(D), whose Taylor expansion is f(z) = Z a,z". This is the
n=0
operator V, where g(z) = log ().

The Volterra operator for holomorphic functions on the unit disk was introduced by Pom-
merenke [13]. He showed that V, is bounded on the Hardy space H” if and only if g belongs to
the space BMOA of analytic functions of bounded mean oscillation. Moreover, his proof can
be adapted to obtain that V, is compact on H? if and only if g belongs to the space VMOA of
analytic functions of vanishing mean oscillation. In [1], Aleman and Siskakis extended these
results to Hardy spaces H” with 1 < p < co. Moreover, the membership to Schatten classes
has been studied by these authors. They proved that V, belongs to the Schatten class S7(H?)
if and only if g lies in the Besov space B, for p > 1. They also proved that if V, € S' then
g =0.

Later on, they considered the case of weighted Bergman spaces [2]: for a large class of
weights, they showed that V, is bounded on the weighted Bergman space if and only if g
belongs to the Bloch space $B. This class includes the classical weights (1 — |z]*)® for & > —1.
Additionally, they obtained a similar result about compactness of V,: in this case the function
g must belong to the little Bloch space B,,. Furthermore, Rittyi [14], found a necessary and
sufficient condition for g such that V, is bounded or compact between two different weighted
Bergman spaces.

In 2014, Anderson, Jovovic, and Smith [3] conjectured that this operator is bounded on H* if
and only if the symbol g belongs to the space BRV of holomorphic functions on the unit disk
of bounded radial variation. In 2017, Smith, Stolyarov and Volberg [16] gave a counterex-
ample to this conjecture, but they showed it is true when g is univalent. The characterization
of the boundedness of V, on H* remains an open problem in full generality.

In [20], Yoneda studied the boundedness and compactness of the operator V, defined on the
classical Bloch space 8 and the weighted Bloch space $? with 8 > 1 (see definition below in
section 2): when 8 > 1, he showed that V, is bounded (resp. compact) on $* if and only if
g € B (resp. g € By). For a survey regarding Volterra operators defined on spaces of analytic
functions, see [15].

Motivated by the works [6] and [10], we continue this line of research on Volterra-type
operators to completely characterize the absolutely summing and nuclear Volterra type inte-
gration operators V, acting on Bergman spaces and on Bloch spaces. Actually, it turns out
that (1-) absolutely summing Volterra operators are nuclear operators on the Bloch spaces,
so that a specific study of nuclear operators is made for Bergman spaces only. Absolutely
summing operators on spaces of analytic functions were investigated in many ways since the
late 60’s (see for instance the monograph of Petczynski [12]).

The first section is an introduction to the framework of this paper and the second one, gives
some preliminary results and recall some definitions and well known usual facts. The main
results of the paper appear in Section 3 and 4, where we characterize the absolutely summing
and nuclear Volterra operators on weighted Bloch spaces and on weighted Bergman spaces.



3

Throughout the paper, A < B, for two real numbers A and B, means that there exists a
constant C such that A < C B. Furthermore, the notation A ~ B means that A < Band B < A.
In this case, we say that A and B are comparable. If X is a Banach space, we denote its closed
unit ball by By. Finally, if 1 < p < +oco we define the conjugate index p’ by % + 1% =1.

2. DEFINITIONS AND PRELIMINARY RESULTS

In this section, we collect some basic definitions and facts about Bergman, Bloch and
Besov spaces. We introduce some background and results that will be used throughout the

paper.
We will denote by AL, 1 < p < +o0 and —1 < @ < +oo, the (weighted) Bergman space
consisting of analytic functions f on the open unit disk satisfying

1/p
1l =( f If(Z)I”dAa(Z)) <o,
D

where dA,(z) = (@ + 1)(1 — |z*)*dA(z) and A denotes the normalized area measure on D.
When a = 0, we recover the classical Bergman space A”.

Let us begin now with the definition of the weighted Bloch space, 8 where S is a real
number. An analytic function f on D belongs to B if

sup (1 = [zPY |/ (2)] < +oo.

zeD

Equipped with the norm
Ifllgs = 1£O)] +sup (1 = 2P £ 2.

zeD

it is easy to check that $° is a Banach space. When 8 = 1, we recover the classical Bloch
space and we shall write B instead of B' in this case. Let us remark that when g < 0, 8
contains only the constant functions.

We will also be interested in the little Bloch space 8, consisting of functions f in 8B such
that

Izlli—r>lll‘(1 —1zP)If (@) = 0.
Thus, we let Bg denote the subspace of B consisting of functions f such that

Tim (1= 2PY1f ) = 0.

It is well known that Bg is a closed subspace of B° (see [22] for instance). Actually, when
B <0, Bﬁ is also trivially reduced to the constant functions.

We introduce the space B, , with 1 < p < co and y > 0 which consists of analytic functions
f on D such that

fmlf’(z)l” (1 = |2%)" dA(z) < oo
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dA(z) . . .
where dA(z) = ﬁ is the M&bius invariant measure on D.

— I
Two special cases are worth mentioning. When v = p + a + 2, we recover the weighted
Bergman space A}, and when y = p, we recover the classical Besov space B, consisting of

analytic functions f on D such that
I1£1lz, = 1LFOI + f 1F @I = [2*)’ dA(z) < co.
D

Note that for p = 2, B, is actually the classical Dirichlet space 9?* which is the space of
analytic functions f : D — C such that

1A, = IFO)F + f F P A < co.
D

The following crucial proposition is certainly well known from the specialists. Strangely we
did not find this result explicitly in the literature (even for y = p, i.e for Besov spaces), so we
give a proof for the sake of completeness.

Proposition 2.1. Lety > 0and 1 < p < g < +oco. Then we have
B CB

p,py 9,97 *

In particular, when y = 1 we have
B, CB,.

Proof. Using [17, Lemma 5] (with say r = ), we have

I @QPA =Py < flf’(W)I”(l — W) da(w) 2.1)
D

where the underlying constant depends only on p and 7.
Now, let f € B, ,, and g > p, then

f £ @I (1= PP dAz) < sup [/ @7 (1 [z f QP (1 - 1D daR)
D zeD y D (22)
= sup (IF QPP - 12P)y) 7 fD QP (= 1P dAG)

zeD

Combining (2.1) and (2.2), we get

q-pr

flf/(Z)lq(l—IZI2)‘”d/l(Z)S(flf’(W)lp(l—IWIZ)”d/l(W))pflf'(Z)l”(l—IZIZ)”d/l(Z)
D D D

q/p
<( f F@P (1= 2Py dA@)
D
Hence f € B, . O
There are many excellent references concerning these spaces, we refer the reader to [8],

[21], [22] and [23].

The notion of absolutely summing operator will play a crucial role in our work, so we
recall
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Definition 2.2. Let r > 1 and T : X — Y be a linear operator between Banach spaces.
We say that T is r-summing if there is a constant C > 0 such that regardless of the natural

number n and regardless of the choice of xi, xa, ..., X, in X, we have
n 1/r n 1/r n
(Z ||Txk||§,) < C sup (Z Ix*(xk)lr) = C sup H Z akkaX
k=1 XeBy M acBy =

where X* denotes the dual space of X. The best constant C for which inequality always holds
is denoted by m,(T).

Let us mention that (1-)absolutely summing operators are the operators 7 : X — Y which
do take unconditionally summable sequences {x,} in X to absolutely summable sequences
{Tx,}inY.

We shall also focus on a particular family of compact operators, the nuclear operators:

Definition 2.3. Let X, Y be two Banach spaces. An operator T : X — Y is said to be
nuclear if there are two sequences (x;) C X* and (y,) C Y such that Y, ||x;|| |[y.|l < oo and

T:ixf,@)yn
n=1

where x;, ® y, : X — Y is defined to be the mapping x — x;,(x)y,.

In other words, nuclear operators are absolutely convergent series of rank one operators.
Therefore they are compact. It is easy to see that any nuclear operator is absolutely sum-
ming but the converse is not true since the canonical injection from C([0, 1]) into L'([0, 1])
is 1-summing but not even compact. See [4] and [19] to know more on these notions. Never-
theless absolutely summing and nuclear operators coincide in the case of Bloch spaces (see
[6, Lemma 2.1]). It is due to the fact that Bloch spaces are isomorphic to £~ (see [11]).

The unit disk D is endowed with a hyperbolic metric (also called the Bergman metric)
given by

1 1 +p(z,w)
,w) = —log —————=
where
Iz —wl
p(z,w) = —
[T — zw|

is the pseudohyperbolic metric. For z € D and r > 0, D(z,r) = {w € D; B(z,w) < r} is called
hyperbolic disk.

Given a positive Borel measure ¢ on D, we can consider the identity operator J, viewed
from AL into L(u) with 1 < p, g < oo, formally defined until now by

Jy AL — Li(p)
f =
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Actually, we are interested inthe case 1 < p < g < o
It is defined and bounded precisely when pis a (2 + a/)[% - Carleson measure (see for example
[18]) i.e when
u(D(a, )
aed (1 — |a)® s

And J,, is compact if and only if u is a vanishing Carleson measure (in the hyperbolic sense),

that is .
lim _HD@.r) -
la|—1- (1 _ |a|2)(2+ft)7,
For simplicity, we shall use the terminology Carleson measure instead of (2 + a)%—

Carleson” or ”AL-Carleson” measure and we will write D, instead of D(z, ry) for some fixed
rp € (0, 1)

In [9], the main result about the Carleson embedding J, viewed on weighted Bergman
space A/, states the following:

Theorem 2.4. [9, Theorem 10.1]
Let a > —1 and u be a Carleson measure on A’,. Then

(1) Let 1 <p<2andr>1. Then J, : Al — LP(u) is r-summing if and only if
D 2/p
f (uD.) dA,(2) < .
D

(1 — |Z|2)(a+2)(1+2/p)

Moreover, we have

D)? 172
ﬂz(J,l)%( fD (u(D.)) dAa(Z)) : (2.3)

(1 — |z]»)@+D1+2/p)
(2) Let p>2and 1 <r < p'. Then J, : Ay — LP(u) is r-summing if and only if
(D))"

D W dA(x(Z).
Moreover, we have
(WD) 1/p
7T1(J/1) ~ ﬂr(J#) ~ (j];) W dAa(Z) . (2.4)

(3) Let p>2and p’ <r < p. Then J, : A — LP(u) is r-summing if and only if
D r/p
D

(1 — |z|?)(@+2d+r/p) @

Moreover, we have

Dz r/p 1/r
ﬂ,(J,l)z( f i _(“( ) dAa(z)) . 2.5)
D

|Z|2)(a/+2)(1+r/p)




(4) Let p>2andr > p. Then J, : A — LP(u) is r-summing if and only if

1
fD (1 =y M@ < -

Moreover, we have

1 1/p
Jrr(J#)z( j}; Wdy(z)) . (2.6)

3. THE CASE OF BERGMAN SPACES

In this section, we characterize r-summing and nuclear Volterra operators acting on weighted
Bergman spaces for any r > 1. But first, let us recall the results on the boundedness and the
compactness of the Volterra operators on Bergman spaces.

3.1. Boundedness and compactness.

Raittyd [14] characterized the boundedness and the compactness of Volterra operator acting
between different weighted Bergman spaces. Let us recall the results in the case p < ¢ and
we will give a direct proof using the point of view of Carleson embeddings (we could also
use the same point of view to treat the case g < p, but we only work with p = ¢ in the sequel).

Theorem 3.1. [14, Th. 2 and Cor. 7]

Lety = 1+2+T‘/—%With—l <a,0 <ocoandl < p < g < oo. Let g be an analytic

function on D, then we have
(1) Vy: Ay > AL is bounded if and only if g € B.

(2) Vg : Ay — AL is compact if and only if g € B} .

Let us remark that:

(1) If ¥y <0, V, is never bounded unless g’ = 0.

(2) If y <0, V, is never compact unless g’ = 0.

(3) In particular, V, : A, — A’, is bounded if and only if g € B”% and V, is compact

if and only if g € B(l)+ "

Proof of Theorem 3.1. Using [8, Prop.1.11], we can see easily that V, : A, — A is
bounded (resp. compact) if and only if

J, AL — LI(D, p)
f—f

is bounded (resp. compact) where du(z) = |g'(2)|9(1 - 1ZP)7+ dA(z).
Therefore, (see section 2), it is equivalent to the fact that u is a Carleson measure (resp.

(3.1)
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vanishing Carleson measure), i.e
u(Dw,p)) < (1 w7

resp.
IU(D(W’,O)) = 0((1 _ |W|2)(2+(y)%)
where D(w, p) is the Bergman disk with 0 < p < 1 (fixed).

Hence, V, is bounded if and only if
f |g’(Z)|q(1 — |Z|2)q+(l'dA(Z) < (1 _ |w|2)(2+a/)%
D(w, p)

and V, is compact if and only if

. 1 ’ o
lim —qf lg' @11 = 2" dA(z) = 0
[wl—1 (1- |w|2)(2+a); DOw, p)
Using [23, Prop. 4.13] and the fact that 1 — |z]*> ~ 1 — |w|* whenever z € D(w, p), we get that
V, is bounded if and only if

’ o a)d
lg W1 = w72 < (1 — (w7

and V, is compact if and only if

2+a’ _ 2+a

|lilm1 8 I = w50 =0,

Finally, we conclude that V, is bounded (resp.compact) if and only if g € B (resp. g €
BY). m]

Remark 3.2. From now on, we focus on the case ¢ = p. Moreover, thanks to the remark
after Th.3.1, we shall only consider the non trivial case of compactness where v > 0, i.e
a —a>-—p.

3.2. Absolutely summing operators.

We focus now on absolutely summing operators between Bergman spaces. Actually, let us
point out that in this framework absolutely summing operators are compact.

Leta,a >—1and p > 1.
When p = 1, assume that 7 : A}, — A, is absolutely summing then 7 is weakly compact.
But, A, is isomorphic to the space ¢!, since we have A!, ~ (By)* (see [23, Th. 5.15]) and
By ~ ¢ (see [11, Th. 1.1]). The space £' has the Schur property, hence T is compact.
When p > 1, and T : A, — A’ is absolutely summing then 7 is a Dunford Pettis operator
(see for instance [4, Th. 2.17]). Since AL is reflexive, compact operator and Dunford Pettis
operator coincide. Hence T is compact.

That is why, thanks to remark 3.2, we assume in the sequel that o’ — a > —p.

Theorem 2.4 will play a key role in this study in the case p > 1, but we first need several
technical lemmas.



Lemma 3.3. Leta € R, b > 0, > —1 and h be an analytic function on D. Then we have:

)P .f ) j‘ )P
h dAQ x bru a
L[a—|ma <1|z|2>330p2'(w)| @~ | sup i py 44

where the underlying constants depend only on a and ry.
Let us recall that ry is involved in the definition of the hyperbolic disk D, = D(z, ry).

Proof. Obviously the second quantity in the statement is equivalent to the third one because

1—1z>~1=|wP forw e D, .
It is clear that
Ih(z)lb < |h(w)|? '
(I =lzP)e = wep, (1 = [w[?)

Integrating over D, we get

G )l
fauw“mfhﬁwwwﬁm

To see the reverse inequality, we fix z € D. By [23, Lemma 4.13], we have:

1
|Mmﬁsatﬂﬁﬁngmwhmam
D,,

forevery w € D..
Since D,, C D(z,2ry) and 1 — |z]> ~ 1 — |w|> whenever w € D, we get

1
W)’ § ————— f |h(w)” dA,(u).
(1 =125* Jpean
Once again since 1 — |z]> ~ 1 — |u|> whenever u € D(z, 2r) :

h(w)l ! j‘ b j‘ hu)P
S [h()]” dAo(u) ~ ——— dA,(u).
(1 =1|zP) ~ (1 = [z]2)@ror+a D2y D2m) (1 — [up)@+or+a

It follows that for z € D, we have:

howl? f‘ ()’
SUp ——— " S A, (u).
We[f)i (1 = |wf?)e Deary (1= |u[2)@+ar+a

Finally, integrating over D and using Fubini’s Theorem, we get

_IhGwp jif ()
su dA,(2) < ——dA, (W) dA,(2)
‘L;WGD% (1 |W|2)a D J D(z,2r0) (1I- |u|2)(2+a)+a

h b
5 (l—llu(l% A (D(u, 2rp)) dA.(u)
|A(u)l”
o =y A
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Now, we prove an LP-version of the previous lemma.

Lemma 34. Let a, @ > —1, a € R, b > 0 and h be an analytic function on D. Let p > 0,
then we have

h@P ~ h(W)P? ’
fm((l - Izlz)“‘Q*“')) Aol fD(fD (1= P dA“'(W)) el

1 b
“]. W(f ool d"‘a'(”‘”) Wl
D,

where the underlying constants depend only on a, b and ry .

Proof. Once again, the second quantity in the statement is equivalent to the third one.
Now, from [23, Lemma 4.13], we have for every z € D

1
h@)I < WID |h(W)I” dAq (W) .

Since 1 — |z> ~ 1 — |w|* whenever w € D_, we get

Ih(Z)|p(1_|Z|2)(2+a')_asf |h(w)|P

p. (1= W)

Integrating over D and since b > 0, it follows that

h@P  \ Ih(w)|P” ’
V[D((l — |Z|2)a—(2+af’)) dAa(2) < fD(LZ m dAa'(W)) dA,(2).

To see the reverse inequality: since A, (D,) ~ (1 — [z])** =~ (1 — [w[>)>*® whenever w € D.,

we get
|h(w)I? ’ I(w)|? b
I} ( fD =Py dA“’(W)) s | (510 Gy A (2] 40

b
Sf sup — I __ 44 )
D

wep, (1= WP )Py

dAa/ (W)

From Lemma 3.3, we have that

|A(w)IP” |A(2)I”?
L Sup = |w|?)bla-C+a") dAq(2) ~ o (1 - |z|?)bla-C+a") dAq(2)

weD, (1

and the reverse inequality is proved. O
The following lemma is a weighted version of [5, Lemma 7 p.49].

Lemma 3.5. Leta > -1, t € (0, 1), f and g be analytic functions on D. Then, we have

2 _— —_—
t N fD W(f)(12) g'(t2) (1 = |2*) dAu(2) + f(0)g(0) (3.2)

a +

fD f(t2) g(tz) dA,(2) =
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where W(f) is the analytic function defined by W(f)(z) =
In particular, if f € H with f(0) = 0 and g € A, then we have

f@ - f0)
Z

(@+1) fD f(2) g(2) dAu(2) = fD @%(1—&?)%@ (3.3)

Proof. We compute both integrals by using Taylor expansion of involved functions and inte-
grate with polar coordinates:

If f(z) = Z a,7" and g(z) = Z b,z", we have on one hand

n=0 m=0

0 1
f f(t2) g(12) dAo(2) = 2(a + 1)2:2" a,b, f L = )y
D - 0

(@+ 1) *a,b, Bn+1,a+1) (3.4)

m T2 +a) —

t -~ A . -~ n“¥n
F(n+2+a)a

DMe 1M

Il
(=]

n

where I is the classical Euler function and B is the beta function.

On the other hand,

oo 1
f W(f)(12) ' (12) (1 — |2 dAa(2) = 2(a + 1) Z £ nanb_nf P - P dr
D 0

2nznl“(2+cy) —
(‘”DZ T+ 2raon
(3.5)

Combining (3.4) and (3.5), we get (3.2).

In particular, for any f € H* with f(0) = 0 and g € A, ltgrll L f(12) g(tz) dA,(2) exists,
and is equal to fo(z) @dAa(z) . In the same way, l’l—l’lll\fm @ M (1-1z) dA,(z) exists,
and is equal to fD j@ m(l — |z]*) dA4(z). From (3.2), we get (3.3). |

Now we can state the main theorem in this section.

Theorem 3.6. Characterization of absolutely summing Volterra operators.
Letd,a > -1,y =1+ %% > 0 and g be an analytic function. Then we have the following
statements:
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(1) Let 1 < p<2andr>1. Then Vy: Ay — A, is r-summing if and only if g € B, », .

Moreover,
12
2o -
(V) » (f 8’ @F (1 = [z )dA@) : (3.6)
D

(2) Let p > 2and 1 < r < p'. Then V, : A, — A, is r-summing if and only if
8E€ By py-
Moreover,

y 1/p
(V) = (f 8’ @I (1 = gy 7@ r=2 dA<Z>) - (3.7)
D

(3) Let p > 2 and p’ <r < p. Then V, is r-summing if and only if g € B, ,, .
Moreover,

1/r
m (V) ~ (f 1§ @I (1 = [z @2 dA<Z>) : (3.8)
D

(4) Let p > 2 and r > p. Then V, is r-summing if and only if g € B, ,, .
Moreover,

1/p
m,(Ve) = (f '@ (1 = |z @~ +r=2 dA(Z)) : (3.9)
D

Proof. We use the same viewpoint as in the proof of Theorem 3.1. Using [8, Prop. 1.11] and
since V,(f)(0) = 0, we have:

1/p
Ve fllae, ~( f FQIY |8'(Z)|p(1—|Z|2)pdAa’(Z)) = 1/llzo)
D

where du(z) = |g'(@)|P(1 — |z1*)PdA, (2) is a positive measure on D.

Therefore, V, is r-summing if and only if J, is r-summing from A} to L”(u). Point out that
w is finite if and only if g belongs to A”,.

We need to split the proof into different cases according to the value of p:

e The case p > 1.
In order to use Theorem 2.4, we need to justify that u is finite, either when one of the integrals
in (3.6), (3.7), (3.8) and (3.9) is finite or when V, is r-summing for some r > 1. Let us justify
this fact.
If V, is r-summing then it is bounded from A} into A’, and by testing the function 1, we get
that V,(1) = g — g(0) belongs to A”, and then g € A’,. Hence, u is a finite measure.
Now, when p > 2 if (3.9) is satisfied, i.e g € B, ,, , then g € A’ since &’ +p > (&’ —a)+p-2
and y is finite. If (3.7) or (3.8) is satisfied then (3.9) is satisfied as well since by Prop. 2.1:
By, ,y C B, CB,, when p’ <r < p, therefore y is also finite in this case.
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When p < 2, we have

fD g’ @)IP(1 = 2)**? dA(z) = f 18" DI (1 — |z @ =D+ A(Z)

D

< f 1§ @P (1= D dAG)
D

2 ’ p/2
S(f |g'(z>|2<1—|z|2>ﬁ<”‘“>dA(z>) <
D

o —a

where we used in the last equality the fact that ||(1 —|z[*) 7 g llrmay < (1 - |z|2)% & ll2m.a
since p < 2.
Therefore, we conclude that if one of the conditions (3.6), (3.7), (3.8) and (3.9) is fulfilled, u
is finite.

From now on, we can assume that y is finite and we can apply Theorem 2.4 to the measure
. Moreover, Lemma 3.4 (applied separately according to the different values of a and b)
leads to our characterizations.

Let us clarify the first case and we could proceed in the same way for the other cases:
When 1 < p <2 and r > 1, we have from Theorem 2.4

(u(D)"" "
7(Ve) = ma(Vy) = (L (1 — [z]2)f@+2+2/p) dA“(Z))

1 , 2/p
- (L (1 = |z|?)la+2)1+2/p) (fl; 18" ml” dAw’+p(W)) dAw(Z))

Using Lemma 3.4 applied withh = ¢/, a = (@ +2)(§ + 1), b = 12—7 and o’ + p instead of @', we

get:
’ p 2/p 1/2
(V) ~ ( f (Is'@I") 4 AQ(Z))
D (1

— |Z|2)(‘H2)(1+2/P)—%((1’+p+2)

(3.10)

172

(3.11)
., 1/2
~ (fD g @ (1 —z»)7* ‘“>dA<Z>) :

The case p > 1 is proved.

e The case p = 1.
First, we assume that f lg’ @ (1 = 2% dA(z) < oo, and we consider the operator:
D

V, AL — LD, )
f — f.g’(l _ |Z|2)2Q—(l'+1

where dv = (1 — [2]*)**~®dA, which can be infinite when ¢/ — @ < —3 (here we only know
that @’ — @ > —1) but it is not a problem in the sequel.
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We can factorize V, as follows:
M, M,
Al — LA(D,v) — L'(D,v)

where M, is the multiplier operator by (1 — lz*)?*=*"+! and M, is the multiplier operator by g’.
The operator M, is bounded since the point evaluation at point z is a bounded linear func-

tional on ﬂé with norm equal to [|0.|| 1) = W More precisely, we have

M, = [ QP 1= P 2

3.12
< Wy [ 1F@1dAL) G12)
D
= 11
Thanks to Grothendieck’s theorem, we get that M, is an absolutely summing operator since

AL~

The operator M, is bounded by the Cauchy-Schwarz inequality since g’ € L*(D, v) by as-
sumption.
Hence, \7;, is absolutely summing since \7g =M, o M.
Finally, for every f € ?I(';, we have [|[Vo(la, ~ ||\7g( Pl » hence V, is absolutely sum-
ming as well. ’

Now we assume that V, : A} — A!, is absolutely summing, and we want to prove that

fw@HLMWWMM@<w.
D

Since V, is 2-summing, V, factorizes through an Hilbert space H (see for instance [4, Cor.
2.16]). Hence, using the fact that the dual space of A can be identified with the Bloch space
B (see [21, Th. 5.3]), V; : B — B factorizes through the Hilbert space H* = H” as well:

Vi:B8—>H — 8.

But, we know that 8 ~ £, (see for instance [11, Th. 1.1]) and we know from [19, Th. 29,
p.223], that any operator from £ into an Hilbert space is 2-summing. Hence, V; is a 2-
summing operator.

Let us compute V;,‘(h) when & € H* with h(0) = 0. Using [23, Th. 5.3] and Lemma 3.5, we
have for every f € H®

Vih), Pz, = V(s

menqmmmm> (3.13)

1 h(s) —————
) fmgg'(s) F(s) (1 = IsP) dAq (s)

o +1
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In particular, fixing z € D and testing f(s) = k.(s) = (1 — zs)"27%, the Bergman reproducing
kernel, we get on one hand

dA,(s).

1 fmh(s)a —IsP)

a +1 s (1 — zs)2+a

On the other hand, using the duality between Bergman and Bloch spaces [23, Th. 5.3]:

(V) g, =

(Vi(h), k) g = f Vi(h)(s) k() dAq(s)

Ve (h)(s)
f T -5 dA.(s)

=V, (h)(2).
Hence,
1 2 () h(s)(1 —|s?
Vi@ = 5 fD } (i)(l(i)z(E)“‘l’S' Fan ). G

We consider now, for any w € D, the function

z (1 _ |W|2)a’+2 .
FW(Z) = —(1 — Wz)a""'?’ € BO NH”.

Since F,,(0) =0, and F,, € H*, we can apply (3.14) with h = F,, and we get

a+2 f@%a “lsB A=y o

a +1 (1 =ws)¥+3 (1 — z5)2*3

(Vi(F») @) =
Let us lower estimate the norm of Ve (F,,) in the Bloch space $:
IV;(Flls = sup(1 = 127 |(V; (F.)) )]
zeD

sg ()1 =1sPH) A = wH*
WS)(a—a’) |1 _ WS|2((1’+3)

@42 (3.15)

T a+1

dAy(5)],

using that the supremum over z € D is larger than the value at point w.
We recall that for any analytic function G on D, we have ([8, p.7]):

G(s) (1 = IsP*)

_ _ 2\3+a’
G(W) - (1 |W| ) - |1 _ SW|2(3+Q,)

dA,(s).

sg'(s)

Applying this formula to the function s - G,(§) = —————
(1 —ws)la=a)

we get

a+2 ,
“(F > 2ya'-a 1
IV, (Flls = v Iwl?) (3.16)

Now, we return to the fact that we know that V;,‘ is 2-summing on B. Its restriction to By,
whose dual space is ﬂé,, is 2-summing as well and mo(V; s ) Sma(Vy).
By
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Using [19, Prop. 33 (b) p. 225] to the By-valued random variable: w € D — F,, € B, we
get

[ dao <m0y sw [ 0 F)R daw). (3.17)
D D

/’lEBﬂ]/
(03

On one hand, from the reproducing kernel formula, we get:

wh(u)(1 — [w?])>'+2
(. F\)s, 5, = f (u)( " a
D

(1 — W_)a"+3

) f WA A = —— (1 = W) ().
(1- a’

WD) +3 12
From the last equality, we also see that

, , Mhll,

" (w)| < (@’ + Z)W-
It follows that:

sup f Kh, F\)? dA(w) ~ sup f (1 = WP @2 10 (w)* dA(w)
heB heB D

i WAlle,
< sup f(l—IWI)(‘”)Ih'(W)I—“,dA(W)
heB,, Jp (1 —w|?)a+3
ﬂl
o (3.18)
< sup |Allg f(1—|W|2) | (W) dAy (W)
heB g1 “ JD
~ sup ||AIP, =1.
heByI{)l, ﬂtlf'
On the other hand, using [7, Lemma 3.3], we get:
. a+2\? , o
f IV (Pl dAm) > (525 f Il g (L = w22 dA(w)
D «+1/ Jo (3.19)
~ f 8’ W1 = W)@~ dA(w).
D
Hence, combining (3.17), (3.18) and (3.19), it follows that:
f lg WP = W)X~ dA(w) < 1. (3.20)
D
O

We get for free the characterizations for Volterra operators on weighted Bergman spaces
AL taking o’ = «.

Corollary 3.7. Let -1 < a < oo and g be an analytic function on D. Then we have the
following statements:
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(1) Let 1 < p<2andr>1. Then V, : Ay — A, is r-summing if and only if g is in the
Dirichlet space D? = B,.
Moreover,

1/2
wv ~| [worae)
D
(2) Let p>2and 1 <r < p'. Then V, : AL, — AL is r-summing if and only if g € B, .

Moreover,

1/p
(V) ( f g’ @I (1= [z dA(z)) :
D
(3) Let p>2and p’ <r < p. Then V, is r-summing if and only if g € B, .
Moreover,
1/r
m(Vy) = (f '@ (1 =z dA(Z)) -
D
(4) Let p > 2 and r > p. Then V, is r-summing if and only if g € B, .

Moreover,

1/p
nr(Vg)%( f Ig’(z)l”(l—Izlz)”‘sz(z)) :
D

Remark 3.8. As a particular case (@ = 0), we get the characterizations of absolutely sum-
ming Volterra operators on (unweighted) classical Bergman spaces A” for p > 1. It turns out
that the preceding characterizations do not depend on @ > —1.

3.3. Nuclear Volterra operators.

h
| (vlv)llz dA(w) is finite, then h = 0.
—|\w

Lemma 3.9. Let h be an analytic function on D. If f 7
D

Proof. Let H' be the classical Hardy space and m the normalized Lebesgue measure on the
torus.
Using polar coordinates:

h P2
5 [ e o)
b 1 —Iwl o 1=r\JUr
ooy
_ fo 5 bl dr

1
2r
> ||h dr,
2 [yl f1,21—r2 r
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since r € (0, 1) — |||l 1s non-decreasing.

But,
1
2
1/21—7’

SO ||h%||H1 = 0 and then h% = (0onD. Hence h = 0 as well on D since 4 is analyticonD. O

Theorem 3.10. Characterization of nuclear Volterra operators.

Letp > 1, -1 < @ < co and g be a symbol. Then, we have V, : A, — AL is a nuclear
operator if and only if g’ = 0.
In other words, there is no non trivial nuclear operator on AL, .

Let us mention as an immediate consequence that, when a > o/, V, : AP — ﬂz, is nuclear
if and only if g’ = 0. Indeed, it suffices to point out that, for such indexes, the formal identity
from A’, to A}, is bounded.

Proof. Letp > 1:
We assume that V, is nuclear. Then, by definition there exist two sequences (f;), € A and
(@a)n € (A3)* such that 3, 1 £l lIg,]l < co and

Vo= > a8 1, (3.21)

n=1

where ¢, ® f, : AL — AL is defined as the rank one operator f +— ¢,(f) fi.
Since (Ag)* ~ AL, with equivalence of norms (cf. [8, p.19]), there exists &, € B, such that

u(f) = (fs ) = fD £ @ dAu(2)

for every f € AL,
Let f € A~L. Since the pointwise derivation functional is continuous on A, from (3.21) we
get for every w € D

(o8]

gonfo = Y ( [ B s@da)sm.

n=1
Let us test the following function, which belongs to A”:

1
z€D|—>—(1 RS, where we D.
— wz)¥

g'w) o ( f h(2) ) ,
(1= WPy —=—dAQ) ) /1 (W).
(1 = [w]?)e+2 ; b (1 = Zw)et2 @) )-f,(w)
But, since /, € A, , thanks to the reproducing kernel formula, we have for every w € D
ha(z)

b (1 — Zw)e+2

We get

dAy(2) = hy(w)
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Hence, integrating over D and using Holder’s inequality, we get

g’ (W)| $ ,
f (1- |2)a+1dA“(W) < HZ:; j}; |ha (W) |fn(W) (I - |W|2)| dA,(w)
(3.22)

< D Wl 1 fillg < oo
n=1
By Lemma 3.9, we get g’ = 0.

This proof can be adapted to the case p = 1, but we shall give in the next result another
proof which extends for Volterra operators between two different Bergman spaces. O

Theorem 3.11. Characterization of nuclear Volterra operators for p = 1.
Let -1 < @,a’ < oo and g be a symbol. Then, we have V, : A, — AL, is a nuclear
operator if and only if

f (1 nglg;?l-i—a o Az) < 0. (3.23)

In particular, when a > o', V, is nuclear if and only if g’ = 0.

Proof. If V, : Al — A!, is a nuclear operator with @, @’ > —1, then the operator

V, 1 AL — L'(D, (1 - |21*) dAy)
f — fg

is nuclear. Indeed, let us consider this composition

Vg
AL = AL 25 LD, (1 - 2P dAs)

where D is the derivation operator defined by D(f) = f” for f € A.,, which is bounded since
||D(f)||L1(D,(1—Izlz)dA(,z) < ||f||ﬂ(1ﬂ. Hence V, = D o V, is nuclear.

From [4, Cor. 5.24], it follows that ‘7;, is 1-integral. Therefore, from [4, Th. 5.19], it follows

that Vg is order bounded: there exists some 2 € L'(D, (1 — |z]*)dA,) such that for every
Jf € By we have |fg’| < ha.eonD. Since A! is separable, we get that

f sup |f()I1g' @)1 (1 = |2*) dAx(2) < oo.
D feA,

lIfl=1
Since the point evaluation at point z is a bounded linear functional on A! with norm equal to

1
”62”(511[11)* = gz we get

g’ (2)]

5 —(1 gy dA(z) < .

In other words, the condition (3.23) is satisfied.
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Now, assume that (3.23) is satisfied, we want to prove that V, : A — ﬂ(]l, is nuclear. Let
f € AL, hence from [23, Prop. 4.23 ] we have for every w € D

f ¥ ffu))a+2 A

I'h+a+ 2) n "
_ Z e fD faa dAa(u)) "

where I is the classical Euler functlon (see [23, p.78)).
This suggests to define the following functional on A :

. I'n+a+?2) n
e(f) = T@rD fD fuw) " dA,(u)  where f € A .

In other words, e’(f) is the n™ Taylor coefficient of f.
Let us compute the norm of ¢’ in the dual space of A.:

I'n+a+2)
leyllaty = sup le, (/) £ ——=———— sup f |f @)l [u]" dAq(u)
(A T n!T'(a +2) Ifll <1
F(n+a+2) f IF'n+a+2)
T dA St
= WT@+2) 1<1 FeldA) = < rri

Furthermore, for every f € Al and every z € D

V@ = [ o0 g
= Y| [ g
n=0 0

= > e m()
n=0

where h, 1= V,(z").
And using [8, Prop.1.11], we get

Wall g, = | @I (L= 12) dAq (2)

@%@%

2" [’ @I (1 = )" dA) .

Finally, we have

(n+a+ 2)

E ezl - Ml f et 2" g’ @I (1 = |z*)* ! dA(z) (3.24)
o D 4 (@+2)

N Ig (@)l co.

~ [ i 0+ 2
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We conclude that the sequences {¢}} C (A})" and {h,} C A, satisfy 3’ lle;lliar: 1l < oo,

so that the operator T = Z e, ® h, is a nuclear operator from A} to A.,.

n=0
Moreover, for every f € Al and every z € D we have V,(f)(z) = T(f)(2).
Hence, V, = T on 5‘[}1. Therefore, V, is nuclear. O

Remark 3.12. When o’ > @, we can give easily examples of non-trivial symbols such that
V, @ AL — AL, is a nuclear operator: it suffices to choose g in the Bloch space 8" for some
n < @ — . In particular, for any polynomial g, V, : AL, — A, is a nuclear operator.

4. THE CASE OF BLOCH SPACES

In this section, we focus on Bloch spaces.
We shall need the following lemma which is well known from the specialists and a proof can
be found in [6].

Lemma 4.1. Let T : £ — Y be an operator. Then T is an absolutely summing operator if
and only if T is a nuclear operator.

Our first result is:

Theorem 4.2. Let g be an analytic function on D and n, B > 0. The following assertions are
equivalent:

(a) Vg : BT — B is nuclear.

(b) Vy : BT — B is absolutely summing.

1512 ’
(c) Q= fsup A=Y@ 14 1) < +co.
pzed |1 —wzl*7

|
> .
|1 _WZ|1+7] — 214

Remark 4.3. We can easily see that Q > ||g||gs - Indeed, we have

Proof. (a) is equivalent to (b) from Lemma 4.1 and the fact that 87 is isomorphic to £~ (see

[11, Th.1.1]).

Assume now that V, : 87 — B is absolutely summing, then by restriction Ve, B) - B
E

is also absolutely summing (see [4, p.37]).

Now, for w € D, we consider f,,(z) = which belongs to Bg N H®.

(1 —wz)l*n
Using [19, Prop. 33 (b)] to the B-valued random variable: w € D ~ f,, € B, and the fact
that the dual space of B] is the space A', we get

fIIVg(ﬁV)II:BBdA(W)Sm(Vg) sup fl(hafw>|dA(W)- 4.1)
D D

]’lEBﬂl
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Thanks to the reproducing kernel formula, we have

R fwdan, 81 = f h(@) D1 = 12" dA(2)

f (1- ) ————(1 - i)"'dAR)

= )1+77
M)
f (1 —awpr 4@
= —h(w)
n

Therefore, (4.1) becomes

_ 152 ’
f sup & <Y lg (2) dA(w) < 22782 1 (Ve) sup f ()| dA(w)
D zeD I heBy JD

|1 —wz|!+n
< ﬂ'l(Vg)

sup ||Al| g
h

EBﬂl

1
< _ﬂl(Vg)'
n

It remains to prove that (c) implies (b). Suppose that Q is finite, we want to show that V,
is absolutely summing. We consider fi, ..., fy € 8". Then,

N

N
DIV (Fllas = D sup(l = 12PF 18 QI Ifi(2)
j=1

j=1 P
We fix an arbitrary ¢ > 1. For each j € {1, ..., N}, there exists some z; € D such that

sup(1 — 2PV ¢’ @I 1)) < (1 = Iz |g' @l ()

zeD
Hence, we have

N N
DUVl < € D (1= PP 18 GIIfE))

J=1 J=1
=cT
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N
where 7 = > (1 = 2P/ 1’ G)I1fz)-
j=1

We assume now that f;(0) = 0. Then, we have using [22, Cor. 4]

v , £ = i)
TsZ(1—|z,~|2>ﬁ 1g(z)) fD T e A0

’ 1 _ 2\n
< Z(l = Izl 2)’6 lg’ (Z])|f |f( M ) dA(w) thanks to [6, Lemma 3.4]

w |1+7]

| W j|1+7]

v FOmIL = w2y
f D -1PY Ig @)l dA(w)
j=1

4 (1= Iz/PPlg (z) 2
< [ Yiromna =y (sup S aa
D ‘= j - WZjl
(1 - z*Y1g' @)
(i‘igz £ (1= [wl )"] fD SUp ey dAM)
<0 (sugz I (L= Py |.
weD =
Let us remark that for every w € D, we have
Z I = W) = sup | Z &)1 = w'|. (4.3)

lejl=1

Hence,

N
Z & w1 - |w|2>"\]
lei|l=1 weD

(ls?_p | Z i/l )

Z IVe(fllss < c © (sup sup

Therefore, V, is absolutely summing.
We now remove the restriction f;(0) = 0. Take the function f; = f; — f;(0) which belongs
also to 8" . Since f;(0) = 0, we have from the first case

N N
2 VPl s ¢ Q {m 1>l
J=1 ==l
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Now,

N
Z Ve (fllws = Z 1V + f1(ODllgs

1 1

IVe(fllgs + Z I/ O)IVe(Dllgs

j=1

J

Il
—

But, from the remark 4.3 we have

IVe(Dllgs = llg = gO)llgs < llgllgr < Q < o0

and from
N N
(0)| = (0
;] £0) = sup | ;] &£,(0)
we get
Z IVl 5 ¢ sup | Z €ifillp + 0 sup | Z €if,0)
<cQ ISTE || Z ejfj ., T leup || Z eijHB,,
< Qsup Z &ills
Therefore, V, is absolutely summing. O

Corollary 4.4. V, is nuclear on 8" if and only if g’ = 0
In other words, there is no non trivial nuclear operator on B'.

Proof. Assume that V, is nuclear on 87, it follows from the preceding theorem that

(1= 1zP)"1g' ()| g’ W)
su — dA(w) > | ———-dA(w)
fD e =W p (1 =IwP)
using that the supremum over z € D is larger than the value at point w.
From Lemma 3.9, we get that g’ = 0. O

Our second result is:

Theorem 4.5. Let r > 1 and n, B > 0. Let g be an analytic function on D and we consider
the following assertions:

(a) Vg : BT — B is r-summing.

(b) Vy : B) — B is r-summing.
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_ 2\2(r-1) 112\Br | o r
(o) K = fsup (1= WPV A = 2 g (2)] dA(W) < +oo.
D zeD

|1 — Wzl(l+77)r
Then, we have (a) = (b) = (¢).
If, in addition n > 1, then (a), (b) and (c) are equivalent. Moreover,

7 (V) ~ K"

Proof. (a) = (b) is obvious.

(b) implies (c): we assume that V, : Bg — B is r-summing.
(1= WP
(1 —wz)l+n
Again, using [19, Prop. 33 (b)] to the B}-valued random variable: w € D - f,, € B, and
the fact that the dual space of B is the space A, we get

Let us consider, for every w € D, f,,(2) = which belongs to 8] N H>.

L”Vg(fw)llgﬁ dA(w) < (V) Sup fl(h Sl dA(w). (4.4)
Thanks to the reproducing kernel formula, we have
h fudon g1 = fD 1) Fu@(1 = 2P dAG)

, h
= (1 _ |W|2)2/r f%(l _ |Z|2)n—l dA(Z)

h
— WPy f = -(Z))2+q1 Ay-1(2)

= l(1 — W h(w) .
n

Using the fact that the point evaluation &, is bounded on A', with norm equal to ||6,|| a1y =
1

———  we get from (4.4
(= ppy e getfrom (3.4)
1 - 22(r—1)1_ 2\Br | 5 r Vi
K:fsup( WPy l|z|>ﬁ|g(z)| A < ™ supflh(w)l’(l—lez)z(”‘”dA(w)
D 2D [T —wz|+nr n" hes, Jo
(V) f Al ot
< su lh(w)l—( — WD dA(w)
T e Jo (L~ WD
. (Vy) ,
< =% sup ||l
h Al
T (Ve)

nr
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It remains to see that (c) implies (a) when n > 1. We consider fi, ..., fy € B, then

N N -
DIVl = 3 (sup(1 = kPP I @IIf )
J=1 “©

=

We fix an arbitrary ¢ > 1. For each j € {1, ..., N}, there exists some z; € D such that

sup(1 — 2V ' @I i) < ¢ (1 = Iz, 1g' )l 1fi(z))]

zeD

Hence, we have
N N
D Vel < " D (A== 18 I IFG
j=1 j=1

Since fi, ..., fy belong to B”, then for all j € {1,..., N}, f; € ﬂ}l for @ > n. Using [7, Lemma
31]witha =1 +nr—-1=n, we get

N

O R T
DA =1 PP Ig @I Ifi)! <;(1—Iz,2)’3 g/l fD e AW

‘= 1-w

N r 2\(1+np)r—1
Lf5 )l (1 = [w]=)"7
2 r\JJ
f D1 ==Y lg @l = e A
J=1

S

N 2N\2(r—1) 2 r
( — WA = 1z 1g ()
2 ()1—1)r J J
< fD Zl o0 (=)™ sup e dAw)
N
1— w2 D = 2P |g’ @I
< § 1 — [wyo-br f ( dA
ilig Il (1 = [w) | sup TR (w)

s K(SUPZUCJ(WN (1 = |w)?) - 1))

weD

For every w € D, we have:
N N r
Z If5ml" (1 = w7V = sup ‘Z a;fiw) (1 - |W|2)(n—1)‘ ‘
Jj=1 aeB‘,/ =1

Using [23, Prop. 7], since n > 1, we get

men (1= WP)" < sup HZa,fJ

aeB

Hence,

N
||vg<f,->||_rgg1 <K' sup || ]f,ngn
(3w

uEB
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We obtain that V, : 87 — B is r-summing and r,(V,) < K'/". O
As an immediate corollary of this result:

Corollary 4.6. If V, : B — B is r-summing, where f > 0, and y > max(1,p) then
Vy 1 BY — B is r-summing.

Remark 4.7. Let us give an example of non-trivial symbols such that V, : 87 — B isa
nuclear operator.

If B—n > 1,and g € B!, then the Volterra operator V, : 87 — B is a nuclear operator.
Indeed, let us remark that

(o A-EPFIQ) vy
0= [ sup S A0 < sup 1 kYo 4.5)

l1gllgs-n-1

A

Hence, O < +o0 and the conclusion follows from Theorem 4.2.
In particular, if g is a polynomial, then V, : 87 — $” is nuclear when 8 > n + 1.
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