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MEAN FIELD GAMES MASTER EQUATIONS: FROM DISCRETE TO
CONTINUOUS STATE SPACE

CHARLES BERTUCCI AND ALEKOS CECCHIN

ABSTRACT. This paper studies the convergence of mean field games with finite state space to
mean field games with a continuous state space. We examine a space discretization of a diffu-
sive dynamics, which is reminiscent of the Markov chain approximation method in stochasctic
control, but also of finite difference numerical schemes. We are mainly interested in the con-
vergence of the solution of the associated master equations as the number of states tends to
infinity. We present two approaches, to treat the case without or with common noise, both
under monotonicity assumptions. The first one uses the system of characteristics of the master
equation, which is the MFG system, to establish a convergence rate for the master equations
without common noise and the associated optimal trajectories, both in case there is a smooth
solution to the limit master equation and in case there is not. The second approach relies on
the notion of monotone solutions introduced by [8, [9]. In the presence of common noise, we
show convergence of the master equations, with a convergence rate if the limit master equation
is smooth, otherwise by compactness arguments.

1. INTRODUCTION

This paper is interested in the convergence of value functions of mean field games (MFG for
short) in finite state space when the number of states tends to infinity. We show that if the
MFG in finite state space is a suitable discretization of a continuous MFG, the value, i.e. the
solution of the master equation, in finite state space converges toward the value of the MFG in
continuous state space when the number of states tends to infinity.

1.1. General introduction. MFG are differential games involving non-atomic players which
interact only through mean field terms. A general mathematical study of such games started
with [36, 9] and independently in [31]. We refer to the books [I7, [14] for a more complete
presentation of the theory, and also to the lecture notes [15]. Several properties of those games
being understood by now, let us stress the two properties which are the most helpful to under-
stand the following. The first one is that Nash equilibria of the game can be characterized in
terms of a system of differential equations which may be stochastic or not, depending on the
nature of the game, and which are ordinary differential equations (ODE for short) if the state
space of the players is finite or partial differential equations (PDE for short) if the state space
of the players is continuous. Such a characterization of the Nash equilibria is called the MFG
system. The second main aspect of MFG is that an adversarial regime can be identified. In
this so-called monotone regime, there is always a unique Nash equilibrium in the MFG. This
property allows to define a concept of value in this situation. This value is the solution of a PDE
called the master equation, which is set on a finite dimensional space (the simplex in R") if the
state space of the players is finite and on an infinite dimensional space (the space of probability
measures) if the state space of the players is continuous. Notably, the MFG system represents
the system of characteristics of the master equation.

Date: July 7, 2022.

2020 Mathematics Subject Classification. 35Q89, 49M25, 49N80, 60J28, 65M06, 65M75, 91A16.

Key words and phrases. Mean field games, master equation, finite difference scheme, Markov chain approxi-
mation, convergence rate, monotone solutions, common noise.

C. Bertucci acknowledges financial support of chair FDD of Institut Louis Bachelier. A. Cecchin benefited
from the support of LABEX Louis Bachelier Finance and Sustainable Growth - project ANR-11-LABX-0019,
ECOREES ANR Project, FDD Chair and Joint Research Initiative FiIME. .

1


http://arxiv.org/abs/2207.03191v1

2 CHARLES BERTUCCI AND ALEKOS CECCHIN

MFG master equations have attracted quite a lot of attention in the last years. First in
the continuous state space, we mention the main contribution [14] for classical solutions (see
also 23], 27]) and [40] 28] 9] 16, 41} 20] for various definitions of weak solutions. In general,
to have classical solutions to the master equation, which is a PDE in the space of probability
measures, for arbitrary time horizon, the cost coefficients are requires to be differentiable with
respect to the measure argument and monotone (see however the recent preprint [41]), otherwise
weak solutions have to be considered, which are at least continuous in the measure argument
if monotonicity holds. In the finite state space, classical solutions are considered in [6, 22],
without common noise, and in [I1], [5, [25] with various forms of common noise. Some definitions
of weak solution are given in [I8] [19, [§].

1.2. Bibliographical comments. The first numerical schemes for mean field games were pro-
posed in [T}, 2 3], based on finite difference numerical methods for PDEs. Several other methods
have been studied: we mention [7}, 4 [12] 10} 24] for an incomplete list, and the recent surveys
[37] and [38] (this latter for methods based on machine learning). The discretization we ana-
lyze in the paper has the advantage of being itself a mean field game, on a finite state space.
The convergence of finite state MFG toward ones with continuous state space has been studied
in [30], in the case of deterministic dynamics without idiosyncratic or common noise. Their
proof of convergence relies on probabilistic compactness arguments and on the probabilistic
representation of the MFG.

1.3. Main results of the paper. The discretization we study in the paper is the natural
one, both from a PDE or probabilistic perspective. At the PDE level, it is almost equal to the
finite difference approximation studied in [1I]. We exploit also the probabilistic interpretation,
which turns out to be close to the scheme studied in [30] and is based on the Markov chain
approximation method for stochastic control problems introduced by Kushner [35]. As already
mentioned, such discretization has the advantage of being itself a MFG over a finite state
space, of the type first analyzed in [29]. One of the main differences with the aforementioned
work is that the time remains continuous in the dicretized model. We consider dynamics on
the one dimensional torus and with a non-degenerate idiosyncratic noise; we always assume
monotonicity of the cost coefficients and thus consider an arbitrary time horizon. We remark
that the focus on a one dimensional state space with periodic boundary condition is mainly
to simplify the already heavy notations. We leave to the interested reader the generalization
to a higher dimensional state space and indicate along the paper the arguments who do not
immediately extend to such a situation.

The main difference with the other works on numerical methods for MFGs is that our strategy
to show the convergence is based on the master equations of the discrete and continuos MFGs.
One of the main results is to provide a convergence rate for the approximation, which is a new
result for numerical methods for MFGs, to the best of our knowledge. The approach of this
paper is twofold. In a first time, we study MFG without common noise. We first establish that
given a classical solution of the limit master equation, a rather direct approach yields a rate of
convergence for both the value of the MFG (the master equation) and the optimal trajectories
(Thm. B3] and B.4). We then present a less restrictive approach, without considering directly
the master equation, which uses just the system of characteristics (the MFG system) and the
monotonicity and which allows to prove a convergence rate for both the value of the MFG and
the trajectories at the equilibrium (Thm. BE). Notably, the convergence rate we obtain is
worse in case there is no smooth solution to the master equation. We remark also that the non-
degeneracy of the independent noise (in other words, the presence of the laplacian) is crucial
to obtain a convergence rate. Along the way, we show a convergence rate for a Markov chain
approximation of a diffusion, which we believe might be of independent interest and thus is
presented in the Appendix [Al (Prop. [A.T]).

In a second time, we study MFG with the type of common noise introduced in [I1], in
the monotone regime, which basically produces common jumps of the whole population. We
prove first a compactness result on the discrete model, which allows to prove the convergence
of the value of the MFG, which is the master equation (Thm. HI2). This part on MFG
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with common noise relies on an intrinsic study of the master equation through the concept
of monotone solutions introduced in [8, 9] and used in [I6]. This concept enables us to work
with solution of the master equations which are merely continuous in the finite state space case
and only continuous with respect to the measure variable in the continuous state space limit.
The aforementioned convergence result can be seen as an illustration of the stability of these
monotone solutions. Finally, we show that if a classical solution of the limit problem exists,
then a rate of convergence for the value can be proved also in this case (Thm. .14))

1.4. Organization of the paper. The rest of the paper is organized as follows. In Section
2 we present first the continuous state MFG in §2.1] and then its discretization, which is the
finite state MFG, in §2.3] both from a probabilistic and PDE point of view, together with their
master equations. The standing Assumptions are stated in §221 Section Blis devoted to the
study of convergence in the absence of common noise: the approach with a smooth solution
to the master equation is in §3.I] while the approach based on the MFG system is in §3.2
Section M studies the convergence for MFGs with common noise: the compactness estimates is
presented in §4.4 and the convergence of monotone solutions is in §4.5] while the convergence
for smooth solutions is in §4.6t the other subsections contain auxiliary results and remarks on
monotone solutions. Finally, Appendix [A] contains the result about the convergence rate for a
Markov chain approximation of a diffusion.

1.5. Notation.

e (-,-) stands for either the usual scalar product between two element of R? or for the
extension of the L? scalar product for functional spaces in duality, depending on the
context.

e The unit circle is denoted by T.

e The set of Borel measures on E is denoted by M(E) whereas P(E) stands for the set
of probability measures on FE.

e The usual norms on the Hélder spaces C™7(T) are denoted by || - [/n4+-

e For a function U : P(T) — R, when it is defined we denote

B oy — iy V0= O+ 06) = Ulm)
0—0 0

e For pu,v € P(FE), with E a metric space, we denote by W; the Monge-Kantorovich
distance between p and v.

e We fix a filtered probability space (2, F = (F;)o<i<7, P) satisfying the usual conditions,
large enough to contain all the processes we will introduce. All SDEs will have indeed
pathwise strong solutions. The law of a random variable is denoted by Law (¢) = Po¢~!.

e D([0,T],T) is the space of cadlag functions endowed with the Skorokhod .J; topology.
Convergence of processes in law is meant as usual on this space.

(1.1)

2. THE CONTIONUOUS AND DISCRETE MODELS

In this section we introduce first the model at interest in the limit of an infinite number of
states, without common noise, and then its space discretization. As already mentioned, we shall
focus on a one dimensional state space with periodic boundary condition.

2.1. The limit MFG model. We first consider the master equation of unknown U : [0,7] x
T x P(T) — R, in dimension 1 on the torus:
oU
— U — 004U + H(x,0,U) — <08mm + 02 (0, H (-, 0,U)m), %(t,x,m, )> = f(m)(zx)
U(T,z,m) = g(m)(z),
(2.1)

where 0 >0, H: T xR —= R, f,g: P(T) — C(T) and T > 0 are the data of the problem. This
equation corresponds to the following MFG. The dynamics of a player is

dXt = Oé(t, Xt)dt + QO'th, (22)
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where « is its closed-loop control (assumed to be bounded) and (W}):>0 is a Brownian motion
on (Q,F,P). Given an anticipation (f).c[o,7] on the repartition of the players in the state space,
the expected cost of this player is given by

J(@ (u)z0) = [ [ Bt X0) + 5 ) (X + g(ur) (X | (23

where L is a cost function such that its Legendre transform L* with respect to its second
argument is equal to the Hamiltonian H(x,p). We recall that a solution of the MFG (or Nash
equilibrium) is a couple (a, ) such that J(o, u) = infg J(5, 1) and Law(X;) = py, where X is
the optimal process given by «. Nash equilibria of the MFG can be characterized through the
MFG system

—0pu — 003w + H(x,0pu) = f(pe)(x)
Ot — 00pppt — Oy (OpH (x, Opu)pt) = 0 (2.4)
u(T,z) = g(ur)(x)  po = mo.

and the optimal control is a(t,z) = —0,H (x, Oyu(t, x)).

2.2. Assumptions. We state the assumptions which are in force throughout the paper. We
assume that the couplings f,g : M(T) — C7(T) are monotone, i.e.

/(f(a:,m) — f(a, ) (m — @) (dx) >0 Vm,m e M(T)
T (2.5)
/T(g(x,m) —g(a, ) (m — ) (dz) >0 ¥m, @ € M(T),

and also that they are Wj-Lipschitz continuous in m (uniformly in ), f is Lipschitz also in x
(uniformly in n) and g is (valued and) bounded in C**7(T), uniformly in m, for a v € (0, 1).

The Hamiltonian H(x,p) is C?, uniformly convex in p on all compact sets. The duration of
the game T > 0 is arbitrary long but fixed.

2.3. The discrete MFG model. We construct approximations on the previous model with
finite state and continuous time. The dynamics of the underlying Markov chain has the pecu-
liarity that it jumps either right or left, with the convention that at the boundary it jumps on
the other side. For any n, we consider then the n states S™ = {z7,...,z} = {1/n,...,1 =0}
with mutual distance Az, = 1/n.

The discretization we study is the natural one, from a control or MFG perspective, see for
instance the seminal papers [I} 2] and [30].

Let us state first the probabilistic interpretation of the discrete model by means of controlled
Markov chains. We assume to control the jump rate on the right and on the left by means of
functions denoted o ,a” : [0,T] x S™ — [0, +00); the Markov chain X" then satisfies

ol (t, xzn) g

PO = ol X7 = a?) = (S22 4 375 ) At ofA0),

2.6
a’ (t,xl) 4+ (2:6)

Axy, Ax?
with the convention that x| = 27 = 1/n and zf = x], = 1. Given anticipations (y}');>0 on

the repartition of players in S™ the cost is given by

P(X{ae = 2| XY =a7) = ( > At 4 o(At),

ol p") = E [/OT LIX{, ol (8, X¢) + LIXY, —al (8, X)) — LIXT, 0) + f () (XT)dt + g(p) (X7 | -

(2.7)
A solution of the MFG is still a couple (a't,u™) such that o'} is optimal for p” fixed and
uy = Law(X]["), where X™ is the optimal process.
For a function u : S — R we denote the right and left first order n finite difference by

u(x + Axy,) — u(z) u(x — Axy,) — u(z)

Atulz) = Az, Ax, ’

A u(z) =

(2.8)
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and the second order finite difference
Alu(z) = u(z + Axy,) — 2u(€) + u(z — Axy,)
Az?
We remark that if w : T — R is smooth, then lim,, oo At u(x) = £0,u(x) and lim,,_,o Abu(z) =
02u(z). The optimization provides the discrete HJB equation

. (2.9)

S Hy (o, A (@) + Hy(r,— AN (@) — oA (@) = f(if)(x), we ST, (210)

where

Hi(w,p) i= = inf{L(z,0) +aph  H(a,p) =~ inf {L(z,~a) — ap} + L(@,0).  (211)

The optimal controls are given in feedback form by
alf (t,x) = —0pHy(x, At u"(x)), a’(t,x) = OpH (x, —Au" (x)), ze S (2.12)

Let us remark that Hy and H| are such that for (z,p) € T x R
Hy(x,p) + H(,p) = H(z,p)
_8PHT(x7p) - ({9pH¢(.%',p) = —3pH($,p).

Moreover, L is smooth and uniformly convex in a on compact sets, but Hy and H| are neither
uniformly convex nor C?; however, they are C! and Hy, H|, 0,Hy, 0,H| are still locally Lipschitz

in (z,p).
The generator of the dynamics of X™ associated to the optimal controls is given by

() = <—apHT<:Z iﬁun@)) r 2) lp(e + Azy) — ()]
)

N <6pH¢(~’UaA—ﬂi"“n(x) n AZ%) [p(z — Azyn) — o(2)]

= —0pHy(z, A u™(2)) AL p(x) + OpH  (x, — AT u" (x)) A" p(x) + c Ay p(x).
Hence the discrete Fokker-Planck equation associated to this generator is given by
d n n,n n n,n n
i (t,x) — o ASu"(t,x) + A" (OpHy(x, ATt u" ()" (t, ))
—AY (OpH (z, —A"u" (x))p" (t,x)) =0, xeS".

For a function U defined on P(S™) we denote by 0, U its derivative along the direction e;;
and denote equivalently e; = e;; and 9p,;U = Bmxj U, because we view m € P(S™) as m =

(2.13)

(2.14)

(2.15)

#_1mjdy;. More precisely, we will consider only derivatives along directions (e; — e;), which
are tangent vectors to the simplex. The discrete master equation for U™ : [0,T] x S™ x P(S™)
is then given by

— QUM (t,wom) + Hy (o, ALU™ (t,0,m)) + H (2, — AU (t,2,m)) — o AJU™ (t,w,m) — f(m) (x)

—0pHy (y, AU (y,m)) o n n
_ Z my ( Az + sz) (8my+Aan (x,m) — O, U (ac,m))
apHi(% _AT—LUn(% m)) g n n _
B ygs;n " ( Az, * Ax%) <amy‘A”‘”U (@, m) = O, U (x’m)) =0
(2.16)
The last two terms are equal to
_8PHT(y7 AﬁUn(% m)) n n
_ /T m(dy) A (Omyne U (1) = O, U™ (a1,m) (2.17)
8pHi(y, —A" Un(y’ m)) n n
_ /T m(dy) o (Omya, U 1) = 0y, U™ (1,m) (2.18)

g n n n
_ /T mldy) 5 (O ne U (1) = 200, U™ (0,) + Oy, U™ (1,m) ) (2.19)
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assuming that m = 3% m;d,;.

Remark 2.1. As an example, consider the simple case of quadratic Lagrangian: L(a) = % In

this case, we have Hy(p) = $p2, H|(p) = 2p%, and thus o't = (Au)_, o = (—A"u), where
p+ and p_ denote the positive and negative part of p.

2.4. Heuristic derivation of the limit master equation. In this section, we give a formal
justification of the previous discretization. Ultimately, we want to show that

lim U"(t,z",m") =U(t,x,m), (2.20)

n—o0

when [z — x| + Wi(m™,m) — 0. Let us assume this and show that, formally, the master
equation (2.I6) converges indeed to (Z.I). We first have

lim AU (t,x,m) = £0,U(t,z,m), lim ASU™(t,z,m) = Oy, U(t,x,m) (2.21)

and thus the first terms in (ZI6]) converge to the corresponding one in ([ZTI).
We recall the definition of the measure derivative: for a function U : P(T) — R the first

derivative &Y (m;y) is defined by the limit

om
oU U =0)ym+66,) —U(m)
5 (m,z) = élg(l) 7 . (2.22)
Recalling that U™ (¢, z,m) = U(t,z,>_; m;6,,;) we then have
n n oU
8myiMnU (z,m) — O, U"(x,m) = i %(x,m; 2)(0y+ Az, — 0y)(dz) )03
s ney - gy
- 57’)’1, x7m7y In 57’)’1, x7may
and hence
Om U™(z,m) — O, U™(z,m) oU
. ytAzn ? Yy ? _ _ .
1111111 Ar = +0, 5 (x,m;y). (2.24)

Therefore the terms in (2.17)-(2I8) give

I n oU N U
T m m

oU oU
— [ )0, H (0. 0,U (.m0, 5 i) = = (Ou(BH .0 (m))m), 5o rms ) )
(2.25)
while the term in (ZI9]) yields
SU x,m;y + Ax, — U x,m;y) + SU x,m;y — Axy,
_ 0—/ m(dy) 6m( ) 6m(Axn ) (Sm( )
T n (2.26)

oU

om

oU

= =0 [ mldy)2 S womig) = 0 (Do, 5o ().

This provides the remaining terms in (211).
As far as convergence of the trajectories is concerned, we study it by means of the generators.

By (2.14]) we have
['n@(x) ~ _apHT(x7 axU(xa Mt))a$@(x) - 8pH(1‘, 8$U(.%', /Lt))a$<p(.%') + Uaﬂm‘vp(x)
= —0pH (2,0,U(x, 1)) 0rp(x) + 00r0p(),

which is the generator of the limiting dynamics, yielding the convergence in distribution of the
optimal processes.
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3. CONVERGENCE RESULTS IN THE ABSENCE OF A COMMON NOISE

We prove convergence, with a convergence rate, of the discrete mater equation (ZI6) to (2.1I)
and then of the related optimal trajectories, first in case ([ZJ) admits a smooth solution and
then in case there is no such solution.

The monotonicity (23] of f and g implies that both (21]) and (2I6]) admit at most one
classical solution. It also implies the uniqueness of solutions of the systems of characteristics
such as (24) or the discrete system

— %u" + Hy(x, At u"™(x)) + Hy(x, - A" u" (x)) — c ASu" () = f(ug') (), te(s,T),xeS",

"(t,2) — o AF () + AT (0, Hy (o, AL (o)) (1,2))
— AN (OpH (x, —A"u"(x))pu" (t,x)) =0, te(s,T),zes",

n

u"(T,x) = g(pr)(z);  p"(s) =m",

EM

(3.1)

Lemma 3.1. Let (u", u") be a solution of 1) for given s € [0,T], un € P(S™), this solution
satisfies

sup [u™ (s, 2)] < (T = ) (|l flloo + sup | inf L(z, @)]) + [lg]loo- (3.2)

If f and g are Lipschitz in x, uniformly in m, then there exists M > 0 such that for any
s€[0,T],u" € P(S™),n>1 and x € S™

AT u" (s, x)| < M. (3.3)

Proof. Recall that u™ is the value function of an optimal control problem for the dynamics
[26) and cost [2.7) (given p™). The lower bound in ([B2]) is then straightforward, while the
upper bound follows by choosing the feedback controls a4 (z) which minimizes the function
a — L(z,a) for a > 0, and —«a_(x) which minimizes a — L(z,a) for a < 0. In order to
prove ([B3)), it is convenient to use stochastic open-loop controls for the control problem and
thus to consider a probabilistic representation of the dynamics of X™. We now introduce the
representation analyzed in [21].

Let NV be a Poisson random measure on [0,7] x [0,00)? with intensity measure v(df) on
[0,00)? given by

v(E) = L(EN([0,00) x{0})) + £(E N ({0} x [0,00))),

where /¢ is the Lebesgue measure on R. The measure v is in fact the sum of the intersection
with the axes and has the property that

| e0n b )w(de) = [ (0,000, + [ o(0,0-)db-.
[0,00)2 0 0

Consider then the dynamics

dth = /[0700)2 (Axn]l (O,ﬁ—f—ai(t’xtn)} ((9_,_) — Amn]l( . o/’_l(t,XZl)i| (9_))./\/(d(9, dt) (3.4)

2Azy, ’ Ax% 2Azn

for a control (o} (t,z),a™ (t,x). We can show that the generator is given by (calling A(a, a_,0)
the integrand above)

/[0 o [p(z + Mot (t,2), a—(t,2),0)) — p(x)| v(df) = AL p(z)ar (t, 2)+ A" p(z)a—(t, ) +o Ay p(a),

which ensures that X™ has the transition rates as in (Z6]). The advantage in using the represen-
tation (B4]) is that it permits to use stochastic open-loop controls (for the strong formulation),
which are predictable stochastic processes (with respect to the filtration generated by the fixed
Poisson measure and the initial condition).
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Therefore we have (recall that (uj ), <i<7 is fixed)

T

u"(to, ) = inf E l L(XE, (al)e) + LIX{, —(a)e) — L(XY, 0) 4+ f(XT, pid)dt + g(XT, M%)] ,

to
where X starts at X! = 2 and uses the stochastic control (a’},a”). As to [B3), if (o'}, a™);
is optimal for x (that is given by (2I2])) and we denote by X™ the process starting at « and by
X™ the process starting at « + Ax,,, both with the control (o}, a™);, then

u(to, x + Azyn) — ulto, )

T ~ ~ ~ ~
<E| [ L @) + LR~ (am)n) — LOX0) + F(X7 it + (X o)

to

T
—-E l DX (0l)e) + LIXE, —(a2)e) = LG, 0) + f(XE )t + g(X7, u%)}

<M suwp E|X} - X7,
to<t<T
where we have used the regularity of L in its first variable. We conclude by noticing that
X' — X' = Ax,, for any t, because all the other terms cancel. By changing the roles of z and
x + Ax,, we obtain the opposite inequality and hence ([B.3]) follows. O

Clearly this estimate translates directly to the solution of the master equation thanks to its
representation by the characteristics.

3.1. Classical solutions. We first prove convergence, with a convergence rate, in cases in
which (ZJ) and (2I6) admit a classical solution. Results on the existence of such solutions
are given in [I4, thm. 2.4.2] for the continuous master equation and in [6, 22] for the discrete
master equation, assuming regularity of f and g in the measure argument.

The first preliminary result states that a smooth solution of the continuous master equation,
computed on discrete measures, almost solves the discrete master equation.

Proposition 3.2. IfU is the classical solution to (1)) then V"(t,x,m) = U(t,z, 3271 m;z;)
solves
= OV, m) + Hy(, ATV, m)) + Hy(z, ~AV™(z,m)) — o ARV (2, m) — f(z,m)

b Y Qe ALV m)

B V' (z,m) — 8myV"(x,m))

yesn Az, Myt A,
—OpH (u, —A" V"™ (y,m)) § )
! yezsn A'Tn (amyfAI"V (1’, m) - amyv (1’, m))
— Z myA 2 (amy+Azn Vn(l', m) - 20myV"($a m) + amy—Azn Vn(x7 m)) — rn(t7 z, m)’
yesn

with |r™ (t z,m)| < Cw(L), where w is a modulus of continuity of 0,U, 8y,U, g%, %g%( ,Y)
and By” (, ).

Proof. The proof of this statement follows from the fact that assuming this regularity on U, all
the heuristics of section 2.4] are true with a modulus of convergence driven by w. O

Theorem 3.3. Let U be a classical solution to [Z1)) and U™ be a classical solution to (2.16]).
There exists a constant C (independent of n) such that, for V" defined as in the previous result,

U™t 2,m) — V(¢ 2, m)| < Cw (%) . Ve [0,T),z € S m e P(S,) (3.6)

T 1
E/ AT (U™ — V™) (t, X, Law(X)|? + A" (U™ — V™)(t, X}, Law(X,"))|?dt < Cw? (E)
0
(3.7)
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where X' is the optimal process of the MFG (3.18)-(B.19).

Notably, in the proof below, we make no use of the monotonicity assumption, as we just use
the fact that the solutions to the master equations are classical. We also do not need uniform
in n estimates on U", except for the one of Lemma [B.1], but we make use of the non-degeneracy
of the diffusion. The proof is inspired by the argument of [14, Thm. 2.2.1] for the convergence
of the N-player game, which is itself inspired by the stability argument for forward-backward
SDEs. Clearly, the best convergence rate in (B.0) is % if the derivatives of U involved are
Lipschitz-continuous.

Proof. Consider any initial time t, € [0,7") and distribution py = (foy)yes» € P(S™) such
that po, # 0 for each y € S™, i.e. po belongs to the interior of the simplex, and let
(X{)to<t<T the optimal process of the discrete MFG starting at (fo,p0). Denote its law by
(uy = Law(X{")), <i<p- We denote W = U" — V", W = U = V" = (U™ = V")(t, X[, i)
and expand |U™ — V"|2(t, X]*, ut). For any t € [tg, T], Itd formula and then conditional expec-
tation with respect to the initial condition (denoted Eg) give

T O, Hr (X", AT U™)
ni2 _ ni2 _ n n ny|2 _ n|2 o _ YpH\As s 24 Ys
BalWi 2~ BalWy 2 = Bo [ | (W57 + Aa )2 = 1W2F) (555 o)

n n ny|(2 n|2 g apHi(Xg7 _ACLUS)
(W = A = (2P (5 + 2R
+2W U] — 9,V])

d
+2W (DU = DMV (X ) - "] ds

o G,HN(XD,ALUD)

(W™ (XY + A, i) = WP+ 2W (W™ (XD + Az, i) = W) ( -

T
t

Ax? Az,
o . OpH| (X7, —AMUY)

+ (IW"(X? — Az, i) — WP 4+ 2WH W™ (XD — Azy, 1)) — Wn)) <Am2 Az

)

)

+2w; <HT(X?, AMUD) + H (X!, -A"UY) — Hy(XT, ALV — H (X, A" V) — o AU + o AZV]

. Z a HT y,AQL_Un(ynu’g)) (8my+AacnU;1 _8myU«;1)

yesn Ay
5H¢y,A V™ (y, puy)) n
_yezsjn . (O Vi = O, V)
- ZS M&yAZ? <8my+Aacn 26myUn+8my AwnUn)
yesn”
" XS: Ms’yA 2 (amy+Az V Qamyvn+amy Azp V )) +Tn
yesm
n n OpHy(y, ARU" (y, p15)) n n
o < B yezsjn i, i 0 - (Omyne UL = O, U
+ > Ao (O, U2 = O, U

yeS™
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Py ngapHT(y,AgU"(yw?)) ( VI = O V)

Am Myt Azy * S
yesn n

n 8pHi(y7 _AT—LUH(:%M?)) n n
- ZS lu’s,y Az <8my—Aant9 - amyv; )
yesn "

g
+ Z Mg/vy Ax2 <8my+Axn Ug - 28my Ug + 8my—Axn Ug)
yeSn n

n 9 n n n
B yGZSn Ius’yA—CC% (8my+Axn‘/5 B 28my‘/3 + 8my—Ax"V; ) >:| ds

ATWI(0 — A, Hy (X2, ALUT)) + [A"WI(0 + Aayd, H, (XD, ~A"UL))

T
t

AW (G AW — B, Hy(XT, ALUDATWE + ,H(XI', ~ A" U A" W)

+ 2w <HT(X§, AMU) + H (X!, -A"UY) — Hy(XT, AL V) — H (X, A V) — o AW +ry

n nrm n ny/m n amy+A1n ‘/;n B amy ‘/Sn
+ Z Ms,y(apHT(y’ AJrU (ynu‘s)) - 8PHT(y, AJrV (ynu‘s))) Am
yesn n
Oy pay Vs = Om, V'
= 3 O HL g~ AU () = Oy g, ~ AV g ) R I g
yesn n

AW (0 — Azn0p Hy (X2, ATLUD)) + |AM WP (0 + Azn0pH (X2, —A"UL))

T
-
t

4207 (= O, (X AYUDATIWE + Hy(XZ, ALUY) — Hy (X7, ALVY)

+ OpH (X, —ATUNA"W! + H (X}, —AMU}) — H (X, APV +ry

n n
8my+Aacn VS B 8my VS

+ )l (O He(y, AU (y, 1)) — OpHr(y, AT V™ (y, 12))) Az

yesn
Om,_an V& — O, V'
= 3 RO, AU g ) — By (g, — AV ) et ) g
yesn n

We recall that —0, Hy(X¢, AL UY) and 9, H (X7, —ALUY) are the optimal transition rates and
thus they are non-negative. Since |ALUY| < M and Wr = 0, using the convexity inequality

AB < A2 + éBQ and the bounds
0 Vit — O, V"

My+Axy 'S

1
Az, < w(ﬁ)

and |[D™U| < C, as well as the fact that Hy and H| and their derivatives are locally Lipschitz,
we obtain

F D"U(X{, py)

T
EoW [+ oBo [ (JALWIE + AT W) ds
t

T
< CBo [ (W1 (|ATW AW+ S w10, H (0 AU () = 0, 3 A"V 3 )
yeS™

1
+ 30 WO H (g, — AUy, 1)) — BpHy (y, — AV (y, )] + |7 +w(5))ds
yesn

T 1
< CEO/ el (|A¢W§| LAWY +w(ﬁ)) ds
t

T 2 g T 2 2 21
< CEO/ W ds+—E0/ (1AL W72+ AT W2R) ds + Cu(-).
t 2 t n
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This gives
n|2 g T n n|2 n n|2 r n|2 2 1
Eo[W7| —|—§E0/ (1ATWE2 4 A W7 ?) ds gcn«:o/ WrPds+ () (38)
t t
and thus Gronwall’s inequality yields
1
sup Eo|W|? < CwQ(—) P—a.s. (3.9)
te(to, T n
At t = tg, the above inequality gives
1
U™ (t0, X7y p0) = V" (t0, Xih o) < Co(~) - P—as, (3.10)
which, since Law(Xy,) = po is supported on the entire S™, provides
1
[U" (to, @, po) — V" (to, , po)| < CW(E) (3.11)

for any to € [0,T], z € S™ and pg in the interior of P(S™). Since U™ and V™ are continuous in
the measure argument, the above inequality holds for any p € P(S™), which provides ([3.6]), but

only for n > 4M; changing the value of the constant, (3.6)) holds for any n.
Finally, letting ¢ty = 0, applying (39)) into (B8] and taking the expectation, we obtain (B.7]).
O

We now turn to the convergence of the trajectories at equilibrium. Consider an initial dis-
tribution (at time 0) mg of the limit MFG, and a random variable { (with values in T) with

Law(¢) = my. For the discretization, let EI' = [z} — 5, 2" — 5-) and

n n
mg = ZWO(E?)@?, "= Zx?]l{seEgl}- (3.12)
i=1 i=1

We have Law(£™) = mj and {/E[¢, — &|F < % for any integer k > 1.

Let X™ be the trajectory at equilibrium for the discrete MFG with initial condition £".
Hence the control of the players is given by o’} (t,x) = —0pHy(x, AU (¢, x, Law(X}"))) (and
similarly for a™), where U" is the classical solution to (2I6]). Let also X be the optimal
process for the limit MFG (24)) with initial condition . The associated control is thus given
by a(t,x) = —0,H (z,0,U(t,z,Law(X))), where U is the classical solution of (2.II).

Theorem 3.4 (Convergence of trajectories). We have

1 C
sup Wi (Law(X7), Law(X,)) < Cw (—) + & (3.13)
0<t<T n ns
and further
lim X'"=X in law in D([0,T],T). (3.14)

Proof. Let X" and X" be the processes starting at ", with dynamics given by (Z8]), with con-
trols therein given by (@ (¢, z),@" (t,x)) = (=0, Hy(z, AU (t, 2, Law(X}))), 9 H| (z, —A" U (t, z, Law(X}))))
and (&} (t,x),a” (t,)) = (=0, Hy(x, 0,U(t, x,Law(Xy))), Op H | (x, 0,U(t, x,Law(X;)))) respec-
tively. The SDE representation ([8.4]), applying then ([3.71]), Jensen’s inequality and the Lipschitz
continuity of 9,U in x and m (in W;) and recalling that Wj(Law(X),Law(Y)) < E|X — Y],
give

— t _ — _
B sup X[~ X1 < B [ [0, Hy (X2, ALUs, X2, Law (X)) — 0 Hy (X2, ALU (s, X, Law(X0)))

0<s<t 0
+ lapHi(Xg7 —AZUn((S’ Xg7 La‘W(Xg))) - 8pH¢(727 _Ar—LU(87YZ7 LaW(YZ)))’dS

t
< [ 19 Hy (X, MU (5, X2, Law (X2) — 0y Hy (X2, AU (s, X7, Law (X2))
0
+ lapHi(Xg7 _ATiUn(‘s? Xg7 La‘W(Xg))) - 8pHi(Xsn7 _AZLU(‘% Xg7 La‘W(Xg)))’dS
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t ~-N ~Nn ~-N
VB [0, (X2, AU (5, X2, Law(X1)) — 0, By (X0, AU (s, X Law(X0)))
0
+ |0, H (XY, —A"U(s,Xg,Law(Xg))) OpH | (Xy, —A"U (s, Xy, Law(X,)))|ds
1 <n
<C'w< >+C’IE sup |X, — X, |ds,
0 0<r<s
and therefore Gronwall’s lemma yields
— 1
E sup |Xi" — X;| < Cw <—> . (3.15)
0<t<T n
Similarly, recalling that ||[ALU F 9,U]||s < w(2), we have
e ~n t e e ~-N ~-Nn ~-N
E sup | X7 — X | < E/ |0p H4 (X7, 0,U (s, X7, Law (X)) — OpHy (X, AU (s, X, Law (X)))|
0<s<t 0

0, H | (X7, 0,U (s, X", Law (X)) — O, H (X, ~A"U (s, Xy, Law(X)))|ds

1 b — ~ _ -
< Cu (—) + O [ X0 = X0+ W (Law(7), Law (X)) + Wi (Law(X2), Law(X; ))ds
n 0
1 ~ t ~ _
<Cw (—) +C sup Wi(Law(X]'),Law(X;)) +CE [ sup |X" — X, |ds
n 0<t<T 0 0<r<s
and thus, applying Gronwall’s inequality, we get
- 1 _
E sup |X!' - X,|<Cuw <—> + C sup Wi(Law(X/[),Law(X})),
0<t<T n 0<t<T
which, together with (B.I5]), implies

E sup |XP—XP| < C’w( >+C’ sup W (Law(X]), Law(X;)). (3.16)
0<t<T 0<t<T
By Proposition [A1] in the appendix, we have then convergence in law of X" and the estimate
~ C
sup Wi (Law(X}'),Law(Xy)) < —, (3.17)
0<t<T n3
which, applied in (3I6]) yield the claims. O

3.1.1. Another discretization. We recall that, if the cost coefficients are monotone and suffi-
ciently regular in the measure argument, then there exist a solution to the continuous master
equation (Z1); see [14, Thm. 2.4.2]. As a matter of fact, in that result, the Hamiltonian H is
also required to be smooth. Above, we assume that the discrete master equation (ZI6]) also
possesses a classical solution, in order to apply the chain rule. Such solution is shown to exists
in the literarure, assuming that the discrete Hamiltonian is smooth, in particular C? in the
adjoint variable; see [0, 22] and also [25]. However, the Hamiltonians we consider in (ZIT]) is
not C? in general —see remark 2T} and thus the existence of a classical solution is not clear in
this case.

Hence we provide here, for completeness, another discretization of the MFG for which the
discrete hamiltonian is C2. Such discretization is possible only in presence of the Laplacian and
thus it is not the usual one considered in numerical analysis. For this reason we consider in the
paper only the discretization (2.6)-(2.7), but all the argumets could be easily adapted to the
following discrete model. Consider a single control o : [0, T] x S™ — R, the transition rates

and the cost

J* (", u") V L(X¢ o (t, X{)) + f (ud )(X{)dt + g(p )(XT)]- (3.19)
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Note that the rates are non-negative if

2
alt,2)| <

n
which should hold true for n large enough. This formulation provides a smooth Hamiltonian,
and is allowed because of the additional viscosity. Denoting

u(x + Axy,) — u(z — Axy,)

= 2on, (3.20)

A" = 21
u(z) O (3.21)
we derive the HJB equation
— O — oA () + H(z, A" (2)), = f(w,uf) (3.22)
where H is the same Hamiltonian H of the continuous model, and the optimal control is
a"(t,x) = —0,H (x, A"u"(t,x)). (3.23)
Therefore the discrete master equation becomes
—oU"(x,m) + H(x, A"U"(x,m)) — cASU"(x,m) — f(z,m)
OpH (y, A"U" (y,m))
+ Om, o n, Ut(@,m) — O, ., U"(x,m
y;:n 2Az, ( vran, U (@) v-an U7 )) (3.24)
— ZS: yAxQ ( my+Aan”(x,m) — 205, U™ (x,m) + BmyiAan"(x,m)) =0.
yesn

and we can formally see the convergence of the above equation to (2.1) as in §2.41

3.2. Convergence through the MFG system. Without assuming regularity on f and ¢
in the measure argument, thus without classical solutions to the master equation, convergence
results can still be established, namely by using the MFG system, which represents the charac-
teristic curves of the master equation.

Theorem 3.5. If v > % in the standing assumptions, then for any n

C

-, YVt € [0,T],z € S™,m € P(Sy). (3.25)
neé
Moreover, let X™ be the state process of players which plays optimally at the equilibrium in the
MFG 20)-(21), with initial distribution m§ at t = 0, let X be the state process of a player
which plays optimally at equilibrium in the limit MFG ([22))-(23]), with initial condition mg at
t =0. Then Wi(mj,mo) < < implies

U (t,x,m) —U(t,z,m)| <

C
sup Wi (Law(X/[),Law(X})) < — (3.26)
0<t<T ne
and further
hﬁn X=X in law in D([0,T],T). (3.27)

We remark that the result can be equivalently written in terms of the MFG systems (2.4])
and (2I0)-(2I5): denoting their unique solutions by (u,m) and (u™,m™), we have

sup sup |u"(t,z) —u(t,z)|+ sup Wi(my,me) < (3.28)

0<t<T zeS™ 0<t<T

il»—'| Q

The proof is inspired by the arguments of stability of the MFG system under monotonicity.
Without assuming that v > %, we immediately obtain, form the proof below, the convergence
rate min{%,% )

Proof. Fix mg and mg such that Wi (mg,mo) < % and an initial time ¢5. We consider a solution
(u, m) of the MFG system (2.4)) starting at (to,mo), and denote by X the corresponding optimal
process given by (22) with a(t,z) = —0,H (z, 0yu(t,x)) therein.

Step 1. The assumption of the space regularity of f and g gives that u(t,-) € C**7(T)
in space, uniformly in time. Let X" be the Markov chain given by (Z8) with oy (t,2) =



14 CHARLES BERTUCCI AND ALEKOS CECCHIN

— O, Hy(x, dyu(t,x)), a_(t,z) = d,H,(z,dpu(t,x)), and X" be given by (ZB) with & (t,z) =
—OpHy(x, At u(t, ), a—_(t,x) = OpH (x,—A"u(t,x)). Since O,u is Lipschitz in T, we easily
derive
- BN C
E| sup |X"-Xp|| <= (3.29)
to<t<T n
Proposition [A1] in the appendix gives the convergence in law of X™ to X, in D([0,T],T) and
the estimate

> C
sup Wi (Law(X}'), Law(Xy)) < —. (3.30)
0<t<T ns3
Thus ([3.29) yields
lim X" =X inlaw in D([0, 7], T) (3.31)
and
> C
sup Wi (Law(X}'),Law(X;)) < —. (3.32)
0<t<T ns3

Since u(t,-) € C**7(T), with norm uniform in time, using ([8:32), the Lipschitz-continuity of f
and g, and (24]), we obtain

{—@u + Hy(z, A u(x)) + H (z, —ATu(z)) — o Abu(z) = f(z,nf) +r"(t,x), =€ 8",
uw(T,z) = g(z, g7t) +r"(T, x),

) (3.33)
with |r™(t, )| < &, if v > %, whereas fif = Law(X]"). Thus (u,m) almost solves the discrete

n3

MFG system (B1]).

Step 2. Let (u",pu™) be the solutions to the MFG (B starting at (¢o,mg) and X" the
associated state process. Denote the initial random distribution on the states by £. We stress
that this is the same initial condition as X". Thanks to B33), u (restricted to S™) can be seen
as the value function of a control problem with dynamics (2.6) and cost

_ T
T (e, i) = E /O L(XP, 0" (t, XP)) + LOXE, —a™ (£, X)) — L(XP,0) + f(XI, G8) + (¢, XP)dt

9007 ) + (T X7).
(3.34)
We first compute «™ on X™: denoting al(t,r) = —8pHT(x, At u(t,x)), a" (t,z) = OpH (z, —A"u(t, x))
and o’} (t, ) = 0, Hy (2, Au(t,2), 0" (1,2) = 0,H, (2, — AT u" (1, 7)),
T

E[u"(to, ")) = E[u™(T, X)) +E | (=" — cABu"™ — &A™ — & A™u™) (s, X™)ds

to

~ T ~ ~
— B\ ) + [ (~Hio, AT") = Hyf,—A") = & A" — & A (5, X0) + F(X7 ) ds
to

_ T
<E|g(Xp ) + [ (= Hylw, ") = Lo, &%) — (o, ~A%u") = Lw, ~G") — &4 A%a" — &7 A%u"
to

+ Lz, &%) + L(z, =a")) (s, XI) + f(X2, 12)ds |,

which gives, using the uniform convexity of L (denoting |a — &% = oy —ap |2+ |a_ —a—|2 ) [

T 1 .
E [ Gla"=a" (s, Xy)ds < J"(@", pu") = E[u" (to,€")] (3.35)
to

INote that we compare the costs because the Lagrangian is uniformly convex, while the Hamiltonian in general
is not; see remark [2.11
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We recall that
BL (o, €°)) = I ") = E[g(XF )+ [ (Lo alh) + L —aT) = Lz, 0)) s, XEV+FOC )]
0
On the other hand, evaluating v on X™, a similar argument yields
[ Lo~ 825, Xo)ds < T ) ~ Blulto, €] (330

Summing ([B.35]) and ([B.36]), and then using the monotonicity assumption, we obtain (recalling
that Law(X]) = ps and Law(X7) = )

Tl 1 _
E | glo" =" X)) + gla" = &, XJ)ds
< JM@n pt) = o pt) + I8 i) — JNE" )
T X v ~
| [ (P~ FOC ) + PO = FOR ) + 17 (s, X0) = 17 (s, X2) ) ds
0

T ~ ~n n n ~n\ [~ n c
< [ds [ (Pl = Sl G =)o) + [ (o) = ole ) (7 — i) ) +—
0 n3
C
< 1o
ns3
which provides
T > C
E [ |a"—a"?(s,X") + |a" —a"|*(s, X™)ds < — (3.37)
to n3

Step 3. We can now estimate the distance between X™ and X", Since ,u is Lipschitz
continuous in x, so are A"u and &, because 0,H is locally Lipschitz in (x,p), and thus,
applying (337)) and Jensen’s inequality, we obtain

~ t ~ ~
B sup X7~ 71| <E [ o (5, X2) — &% (5, X2 4 [0 (5, X2) — @7 (5, X7 ds
to<s<t to

t _ T
< —i—CE/ \Xg—Xg]ds—i—C\/E/ la™ — an|?(s, X7)ds
to to

C t >
<—=+C E{ sup ]X?—X;‘]]ds
ne to to<r<s

and hence Gronwall’s lemma yields

E{ sup | X" —f(g@ < Ql (3.38)
to<s<T ne

This estimate (if the processes start at 0), together with (3.32]), provides (3.26), while with
B31) it proves (B.27).

Step 4. Finally, in order to estimate |u"(t,z) — u(t, z)|, let J™(to,x, 3, u") be the cost (27
where p" is fixed and the dynamics starts at (¢g, z) with control 3, and similarly J "(to,z, B, @")
for the cost in (334)). Clearly u"(to,z) = infg J"(to, z, 5, ") and u(tg, x) = infg j"(to, x, B, 1"),
the infimum being over open-loop controls. Let B be an optimal control for J"(tg, z, 8, u™) with
corresponding process X™*, with X%’x = x. We get, applying the Wi-Lipschitz-continuity of f

and g and (B.38)),
ulto, ) — u"(to, ) < J"(to, x, B, i") — J"(to, x, B, ")

~ C
<C sup Wi(uy,fig) + —
to<s<T ns3
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C
<

n

O)I»—‘

where we have also used the uniform bound on r™ which appears in J. By changing the roles
of ™ and p"™ we derive also the opposite inequality, thus

[u" (to, z) — ulto, z)| < (3.39)

Eole

where C' is independent of tg, x, mg.
Finally, to obtain (320, recall that u"(to,x) = U"(to,z,mg) and u(to,xz) = U(to,z, mp).
Therefore (8:39) and the Lipschitz continuity of U in m provide (3:25]). O

4. THE CASE OF COMMON NOISE

We now turn to a case of MFG involving a common noise. As already mentioned the approach
here is quite different. Namely we make an extensive use the stability of monotone solutions
introduced in [8, [9]. We postpone recalling the definitions of monotone solutions and we now
present the master equations we are interested in.

The master equation in the continuous state space is

— U — 00,,U + H(w, 0,U) + / 0,H (z,0,U (t,y,m)) DU (t, 2, m; y)m(dy)
T

- J/TameU(t,x,m; y)m(dy) + \U — A*U(t,z, Am)) = f(xz,m) (4.1)
U(T,z,m) = g(x,m).

It is very similar to the one at interest in the previous section, except for the presence of terms
modeling common noise or common shocks. The common noise is here similar to the one
introduced in [I1, [9]. At random times, of intensity A > 0, all the players are affected by the
map A : P(T) — P(T), and A* is the adjoint of A. To fix ideas, mainly for the discretization,
we take A of the form

Am = /T K(,y)m(dy), (4.2)

where K : T? — R is a smooth function which satisfies K > 0, [ K (z,y)dx = 1.

At the discrete state level, we are hence interested in the following master equation

— o U™ (x,m) + HT(x AﬁU"(m,m)) + H(x,-A"U"(xz,m)) — o A3U" (x,m) — f(m)(x)

U™(x,m) — O, U"(z, m))

A:c Ax? My+Azn
yES” n n
0, Hi(ya _AﬁUn(y7m)) 4 n n (43)
_ zsj my( 2 = + M) (Omyne, U™ () = O, U™ (,m))
ye n n n

F AU — AU(t, Aym)) = 0
U(T,z,m) = g(m)(z)

where A, is the discretization of A given by
1
)2 = E Z Ki7jmj, (44)
J

where (K ;)i<ij<n is a suitable discretization of K such that for all 1 < j < n, >, K;; = n.
To lighten the notation of the following, we also introduce the operators F™, G™ : P(S™) x R"
defined by

(G"(m,p))i = f(zi,m) — Hy(z, Ayp(xi)) — H(z, =A% p(;)) + cAZp(z;)

(£ (m, p)) Zapz (G"(m, p))jm;,
7j=1

(4.5)



MEAN FIELD GAMES MASTER EQUATIONS: FROM DISCRETE TO CONTINUOUS STATE SPACE 17

where p € R" is interpreted as a real function S™ — R. Using these notations, (£3]) can be
written

— QU(t,-,m) + (F™(m,U) - Vi )U + AU — ALU(t, Aym)) = G™(m, U). (4.6)

4.1. Monotone solutions of master equations. The following is a brief reminder on mono-
tone solutions. We refer to [8, 9] for details on this concept. We start with the definitions.

Definition 4.1. A continuous function U, C? in space, is a monotone solution of (@I if for
any measure v € M(T) C? function ¢ of the space variable and C' function 1 of the time
variable, for any (t.,my) € [0,T) x P(T) point of strict minimum of (t,m) — (U(t,m)—p,m—
v) —(t), the following holds
dip(ts
- %) + (002U + H(z,0.U) + MU — A'U(Amy)), ms —v) = (f(ms), ms —v)
— (U =9, 0:(0pH(:, 0,U)ms)) — (020 (U — ), m).

The same type of definition holds at the discrete level and it is given in this situation by

(4.7)

Definition 4.2. Forn > 0, a continuous function U is a monotone solution of [3)) if for any
v e M(SY), a € R, C function of the time 1, and (t.,ms) € [0,T) x P(S™) point of strict
minimum of (t,m) — (U(t,m) — @, m — v) —(t), the following holds
d(t)
dt

+ MU = AL U(Apmy),my — v) > (G™ (M, U(te, M), ms — v)
+ (F™(muy, U(tse,my)), U(te,my) — a).

The previous concept of solution possesses several properties. First we can mention that
under the standing assumptions on the monotonicity of f and g, there is at most one monotone
solution of either (ZI]) or ([@3]). Those solutions also enjoy several stability properties, in some
sense, this part is an illustration of this fact. We continue this section with results of existence
of such solutions.

(4.8)

Proposition 4.3. Assume that g is monotone, f is strictly monotone and that they satisfy for

a, € (0,1],
Hf(?m) — f('?V)HH-oz

"y < )
MGl g e <o 4
lg(;m) —g(,v)ll24a '
5 . 5 <
sup g m) 21+ sup LTI < o

Assume that K is a smooth function. Then there exists a unique monotone solution to both
ETI) and (£3).

Proof. For the continuous state space, a similar result can be found in [9] and for the discrete
case, a similar result is in [§]. In both cases, the only difference lies in the fact that the Hamilton-
ian can have a quadratic growth. We leave to the reader these immediate generalizations. [

Remark that the definition of monotone solution requires some regularity with respect to the
space variable in the continuous case whereas, obviously, no such assumption is needed in the
finite state case. An important consequence of this fact is that, stated as it is, some uniform
continuity of the spatial derivatives with respect to the measure variable are needed. If such
results on the first order derivatives of the solutions are fairly easy to obtain, they require slight
additional assumptions for second order derivatives. Even if the setting of Proposition .3 is
sufficient to obtain such result, we mention here this difficulty for two reasons. The first one
is to explain why this questions shall pop out in the study of the convergence of the master
equations, namely because we are going to use this property for the limit equation. Secondly
because we believe that this point is of some importance and we shall explain how it can be
dealt with in another manner later on in this part. We end this section with the following.

Proposition 4.4. Under the assumption of Proposition [{.3, the unique monotone solution U
of @) is such that V,U and AzU are continuous on [0,T] x P(T).

The proof of this statement is in [9].
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4.2. A discrete parabolic estimate. In this section we present estimates on the semi discrete
heat equation, that is discretized in space but not in time. These estimates, in the flavor of
parabolic regularity, is at the same time, fundamental to obtain compactness on the sequence
(Un)n>o of solutions of (3) , quite technical to establish, and not particularly interesting
in itself since much more involved results are already well-known in the continuous setting.
However, because we could not find sufficiently similar results in the literature, we take some
time to explain the proof of such a result.

Our aim is to establish regularity results on the ODE
w(t) = Au+ f(t),

(1) = Au+ £(0) w0

u(0) = g,

where A is defined by
-2 1 ... ... 1

1 ... .01 =2
Clearly A is a space discretization of the Laplacian operator. We prove the following.
Theorem 4.5. Assume that g is the evaluation of a smooth function on S™. If f is uniformly
bounded by a constant C, then, the solution u of (LI0) satisfies
|n®~ A (t)| < C, (4.11)
).

N[

for a constant C' independent of n and any a € (0,
If f satisfies for constants C > 0 and a € (%, 1],

*filt) = fira ()] < C, (4.12)
then, the solution u of ([AIQ) satisfies that Au is bounded by a constant independent of n.

Remark 4.6. The inequality ([EI1) is a sort of a-Holder estimate on the discrete spatial gra-
dient of u and the inequality (E12)) is a sort of a-Hélder estimate on f.

Proof. Let f R — R be the function which is 1-periodic, and the linear interpolation of f on
[0,1] with f ( L) — f;. Let us note (cj)gez the Fourier exponents of f. Because f is continuous,
we deduce that it is the sum of its Fourier series, hence

= 3 e, (4.13)
keZ

Let us define Qr; = n éemzkj and A\ = 2(1 — cos(2:T)). The vector Qy, is an eigenvector of A
J n

associated to the eigenvalue A\;. Then, u is given by

t
u(t) = etAg +/ e(t_s)Af(s)ds. (4.14)
0
From which we deduce that

(Au(t)); = (Aethg), — /OtZkaijAkeAk(ts)fj(s)ds

= (Aethg); / Z QuQrjree 3" ¢ (4.15)

7] 1 ]KEZ

2iklm
= (Aemg)l —/0 Z e n e K(t=s) chj,k(s)ds
k=1

JEZ

We can now observe that estimates on Au can be obtained by using decay assumptions on the
Fourier coefficients of f. Unlike for classical regularity (C* for k € N), Holder regularity does
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not immediately translates into a decay of the Fourier coefficients but rather on their cumulative
sum. Namely, if f € C® for « € (0, 1), the following holds

S ) < camE), (4.16)
|k|€[2m,2m+1]
see for instance the first chapter of [33]. In particular, the series is summable if o > %, which

gives the second part of the result. The first part is obtained by remarking that since f is,
uniformly in n, in L™, the sequence (cx(t))xez is, uniformly in ¢ and n, bounded in ¢2. Thus
multiplying both sides of the last equation by n®~!, we deduce the required result. O

4.3. An estimate on the solution of the master equation without common noise. We
use the previous estimate to derive an estimate on the solution of (2I6]), that is (£3]) in the
case A = 0. We use the 1-Wasserstein distance W; on P(T) and recall that U™ is evaluated on
measures of the form m = ZS‘L:1 m;d; .

Theorem 4.7. If f and g satisfy the assumption of Proposition [{.3 with B = 1, then there
exists a constant C independent of n such that

UMt m) — UN(E 7, )| < C ({*/|t Tt - d + \/Wl(m,ﬁz)) (4.17)

for any t,t € [0,T)], z,% € S, m = doie1 My, o= 370 Moy, € P(S™). Moreover, the
discrete gradient of A"} also satisfies the same estimate.

Proof. Step 1. The uniform Lipschitz continuity in space x can be proven exactly as in Lemma

B.1

Step 2. To prove the estimate in m, fix the initial time ¢ and consider the two solutions
of the associated MFG system BI) (u, ) and (u,p) with g, = m, g = m. (Let us omit n
in the notation.) Recall that U™(¢,z,m) = u(t,x) and U"(t,z,m) = G(t,x). Let & and € be
two random variables (the initial conditions) which attain the minimum in the 1-Wasserstein

distance, i. e. Law(§) = m, Law(§) = m and

E[¢ — & = Wi(m, ). (4.18)
Consider the optimal feedback control for (u,m): a(s,z) = (at,a”) = (= 0, Hy(x, Atu" (s, z))
OpH | (x, —(A™u"(s,7))), and similarly let & be the optimal feedback for @, m. Let X¢ be the
state process driven by the control «, with Xf =¢, and X¢ be the process driven by the control

a with Xf = £. For u fixed and a control 5 (open-loop or feedback), denote by J(¢,&, 3, 1) the
cost in (2.7)) starting at ¢, &, and similarly J(¢,&, 5, 1).
We compute u on X: we have

Elu(t, )] = E[u(T, X7)] + E /t ! (—Ou — o ABu — &4 Au — a_A"u) (s, X;)ds

~ T ~ ~
=F {g(XT, ur) + / (—Hy(z, Altu) — H(x, —A"u) — ap Alu — a_Au) (s, X,) + f(Xs, ps)ds.
t

A similar computation as in the proof of Theorem yields

T 1 - -
E [ Zla—aP(s, X)ds < J0,€a,) — Elu(t, &) (4.19)
: C
Similarly, we get
T
B[ gla—aP(s Xo)ds < (.6 a,f) — Ela(t,), (4.20)
: C

and we have
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Summing (I9) and E20), adding and subtracting E[u(t, ¢)] and E[a(t, )] and then using the
monotonicity assumption, we obtain (recalling that Law(Xs) = ps and Law(Xs) = [is)

E/tT%m —aP(s, X)) 4+ %m — aP(s, X.)ds
+ (16,8 1) = (8,6 a,p) + I (46,8, 1) + (4, 0, 11) = (€, i)

T - ~
= /H‘(u - ﬁ)(()?x)d(m - m)(x) +E /t (f(XSaMS) - f(XSaMS) + f(X87/~1's) - f(XSmES))dS

+ 9 ) — 9(Xr, ur) + 9(X. fir) - o i)
—/ u—u)(0,2)d(m —m)(x)
4 [ [ () — £ ) B ) d2) + [ (o) — ol ir) (e — ) )
< [(@=)©.2)dm - w)(a)
We now bound the r.h.s using the Lipschitz continuity of u and u to obtain :
E/tT la — al?(s, Xo) + o — a)?(s, X, )ds < CWy(m, m) (4.21)

Step 3. We now use a Lipschitz property on the discrete gradient of u, or @ (see Step 6
below):

At u(z) — Altu(Z)| < Clx — 7. (4.22)
If this is true, then applying (£.2I]) and Jensen’s inequality, we obtain

~ ~ S ~ ~
E|XS — X§| <El¢ — €| +E /t g (r, Xp) = age (1, Xo)| + o (r, X)) — & (r, X,)|dr

~ s - T
SEI£—£|+CE/ IXT—XrlerrC\/IE/ loe — @|2(r, X, )ds
t t

< (Bl - &+ Wilm,m) + € [ EIX, - Kldr

and thus Gronwall’s lemma yields

sup E|X§~— X§| < C\/Wyi(m,m). (4.23)

t<s<T
Step 4. We bound the value functions, classicaly using the characteristics, by
U™t .m) = U™ (b, )| = ) = Wt 2) < C sup Wi, )

< C sup E|X¢ - x§ <C(IE|£ e
t<s<T

Wi(m,m).

Step 5. To prove the estimate in time, let £ > ¢ and consider the HJB equation (2I0)
starting at t. For p" fixed, u™ represents the value function corresponding to the cost (Z71]) and
we have

u(t,x) = U"(t, z,m), u"(t,z) = U™(t, T, ji),
where p is the Law of the process starting at (¢,m) with control given by A™u. Hence the

dynamic programmin principle gives

[ / L(XT, AT (s, X1)) + L(XD, —A"u" (s, X1)) + (XD, ul)ds + " (E, X2)]
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where X is now the same process as before but conditioned with X; = z. Since u" is uniformly
Lipschitz in space, ATu™ and A" «™ are uniformly bounded and we have

u"(t, ) —u(t,2)] < Ju” (8 @) — Bu(f, X2)| + [Eu™ (1, X7) — u" (1, )]
<C(t—1t)+ CE|X} — a|.
We bound the latter term by using the SDE representation (3.4)):

~ 2
t
n 2 n,n n

E|X2 - of < CE /t MAT ™ (s, X7, 0)(d)ds| + CE

< CE ds

/ T O H (XD, AL (5, X)) + O, Hy (X2, AT (s, X1))
A Az
t n

7
+CE/ IN(AZLu (s, X7, 6)| v(d8)ds
t

_ t 1
<CHt-t)?+ CE/ Az? (— + (ALu"(s, X¢'))- +
t

1 n,n n
LD —~—5 + (AZu" (s, Xg ))_) ds

Az
<O(E—t)?+Ct—1t)

and therefore E|XT — 2| < C'V/ t — t, which yields
|u™(t,z) — u"(t,z)] < C\/t —t.

Wi(pg,m) <C t—t
and hence, applying the Hoélder continuity in m,

U (E 2, m) — UMt 2,m)| < U™, i) = UM(E2ym) + [ (F ) — " (b, )]

<C, /Wl(,u,?,m) +CO\t—t
< C(E-t)r.

Step 6. The fact that the discrete gradient satisfies the same estimate simply follows from
remarking that the two previous steps can be made for the discrete gradient exactly in the same
way. This comes from using the estimate ([£23]) on representation formulae for the discrete
gradient of U™.

Step 7. It remains to prove (£22)). This estimate follows from successive uses of Theorem
on the discrete HJB equation in the characteristics. Indeed, as we already established the
uniform Lipschitz estimate in Lemma 31 we deduce a a-Holder type estimate on the spatial
gradient of u, for a € (0, %) Using this new information, we use once again this argument
to obtain a higher order regularity on u, and then once more to finally obtain the required
boundedness of the discrete Laplacian (uniformly in n of course). O

Similarly we get

Remark 4.8. The previous result is the only part of this paper in which the dimension 1 plays
a particular role. Indeed, even if it is extremely likely that the estimate proved in Theorem [{.5]
can be generalized to other dimension, it is not proved here. The recent preprint [26] has been
brought to our attention and seems to be a possible answer to this question, and thus could allow
to extend this study to higher dimensions.

4.4. Compactness results for master equations with common noise. In this section, we

explain how the previous estimate can be used to gain compactness on the sequence (U™),,>0
of solutions of (3]

Proposition 4.9. Under the assumptions of Proposition[{.3, there exists a continuous function
V10, T] x T x P(T) such that, extracting a subsequence if necessary

Jim sup{|U"(t,z,m) — V(t,x,m)|, (t,x,m) € [0,T] x S" x P(S")} = 0. (4.24)

/t AL (s, XY, 0) (N (d6, ds — v(d6)ds)

2
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Moreover, V is uniformly C**% in x for some o € (0,1), 0,V is continuous on [0,T] x T x P(T)
and

nli_)rréosupﬂAlU"(t,x,m) F o, V(t,x,m)|,(t,x,m) € [0,T] x S" x P(S")} = 0. (4.25)

Proof. This statement is purely a compactness one. It relies on proving an a priori estimate on
the solutions of (4.3]) and then using a version of Ascoli-Arzela Theorem. Following the technique
of the proof of Proposition 1.3 in [9] (that we do not reproduce here for the sake of clarity), we
know that there exists C' > 0, such that for all n > 0, (¢,z,m) € [0,T] x S™ x P(S"),£ € R,

5' DmUn(taxvm) ' 5 < C<§=§> (4'26)

This yields a, uniform in n, Lipschitz estimate on U(t) seen as an operator from P(S™) to R™
when R” is equipped with the 5 norm and P(S™) is equipped with the distancdd d(m,m’) =
\/n_l >;(m; —ml)2. From the properties of the operators A and (A™),>0, we deduce that
m — MNAXU(t,-, A,m) is uniformly Lipschitz continuous from P(S™) to R™ when P(S™) is
equipped with the Wasserstein distance and R™ with the ¢, norm. Then, passing this term to
the right hand side of the equation, we deduce using Theorem [A.7] that its conclusion is still
satisfied here.
The rest of the proof is now classical. Let us define U by

V(t,z,m) € [0,T] x T x P(T),

T (t,sm) = inf{U%,y,u) + Cla =yl + CYWi(mo 1), (g, 1) € S™ X P(S“)},

where C' is a constant given by the use of Theorem E7. The sequence (U"),>o satisfies the
assumptions of Ascoli-Arzela Theorem which concludes the proof of the first part of the state-
ment. The additional regularity of V is simply obtained by remarking that U™ possesses all
this regularity, at the discretized level, uniformly in n and in all the variables. Remark that
the uniform C% estimate can be proved last, by using a representation through characteristics
and Theorem O

(4.27)

4.5. Convergence of the discretized problem. We now state in which sense any function
V' given by Proposition is indeed the unique monotone solution of (.II).

Let us first remark that in the formulation of monotone solutions of (4.1]), one only needs the
Laplacian of V' to make sense against the test measure v. Indeed the term (AU, m.) appears
on the two sides of the inequality. Hence, if V' is not sufficiently regular in z, one can still test
its Laplacian against a measure with a regular density. This remark leads us to the following.

Lemma 4.10. Let V be any function given by the Proposition [{.9 For any measure v €
M(T) N W?2(T), C? function ¢ of the space variable and C function 1 of the time variable,
for any (t.,my) € [0,T) x P(T) point of strict minimum of (t,m) — (V(t,m) —p,m—v) —(t)
the following holds
) H (@, 9aV) 4 NV = AV (Am)), m. ) 2 {f(ma), m. )
—(V =0, 0:(0pH (-, 0:V)mu)) + 0(0zaip, i) — 0(0zzV (te, M), 1)

(4.28)

Proof. Consider tg, v, v, 1, t,, m, as in the statement. For any n > 0, consider v™ and ¢" suitable

discretizations of v and ¢. Thanks to Stegall’s Lemma [44], [42], for any n > 0, there exists J,, €

R, a,, € R™ as small as we want, such that (¢t,m) — (U"(t,m) — ", m—v") —(t)+ 0"t + (an, m)

has a strict minimum at (¢,, my) on [0, tg] x P(S™). Because U™ is a monotone solution of (43

we obtain that

di(ta)
dt

— 0 + XU (my,) — AL U(Apmy,),my, — v) > (G™ (my,, U(ty, my)), my, — ™)

+ <Fn(m*7 U(t*vm*))7 U(t*vm*) - ‘Pn - an>'
(4.29)

2This distance can be interpreted as an L*(T) distance.
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Passing to the limit n — oo in the previous inequality yields the required result.

O

On the other hand, defining Py = {m € P(T), ||m||2,.c < M}, the unique monotone solution
U of (A1) satisfies

Lemma 4.11. Fiz C > 0. There exists a function w : Ry — Ry such that w(M) — 0 when
M — oo and for any measure v € M(T), C*% function ¢ of the space variable and C* function
Y of the time variable, both bounded by C, for any (t.,m.) € [0,T) X Py point of strict minimum
of (t,m) — (U(t,m) —o,m —v) —(t) on [0,T) X Pur, the following holds

- d¢£*) + (H(2,0,U) + MU — A*U(Amy)), ms — v) > (f(my), ms — V)

— (U — ¢, 0. (0pH(x,0,U)my)) + 0(Opzp, Ms) — 0(Opz U (t, my), v) — w(M).

(4.30)

In other words, U is almost a solution of (@Il on Py, uniformly in M.

Proof. Assume that it is not the case. Reasoning by contradiction, there exists x > 0 and a
sequence (@ar, Yar, tar,mar, var) such that |[¥arllh + [l ll2+a < 2C, (tar, mas) point of strict
minimum of (t,m) — (U(t,m) — opr,m — var) — PYar(t) on [0,T) X Pyy.
d t* *
) 0, 0,0) + AU — AU (Aman)), mar = var) < (f(mag), mas — v
— (U — ¢, 0. (0pH (z,0,U)mpr)) + 0(Oaionr, mar) — 00z U(tar, mar), va) — K.

(4.31)

Extract a subsequence if necessary and consider the limit point (@4, s, vs) of the sequence
(en,¥nr, var)m>o0. Using once again Stegall’s Lemma, for any € > 0, there exists 0 € (—¢,¢),
¢ such that |@|lo+a < € and (t,m) — (U(t,m) — (@x + @), m — vx) — (Y4 (t) + 6t) has a strict

minimum on [0, tg] x P(T) at (t*,m*). Because U is a monotone solution of (4.T])

B dwzzit*) + 8+ (H (2, 0,U) + MU — AU (Am")),m* — ) > (f(m*),m* — v.)

- <U — Px — 957 3x(8pH(1', 8$U)m*)> + U<8$$(<p* + 95)7m*> - U<a$$U(t*7m*)7 V*>'

(4.32)

Consider now that M and ¢ are fixed. Take ¢/ > 0,% and  smaller than ¢ and consider now
a strict minimum (£,7) of (t,m) — (U(t,m) — (pp + @ +P),m — var) — (Var(t) + (6 + )t).
Given that M is large enough, if € and &' are sufficiently small, then (¢,77) is sufficiently close
to (tar,mpr). The uniformity in M large enough comes from the uniform continuity of U
and its derivatives and from the convergence of the sequence (¢, ¥ar, var)m>0. On the other
hand, from the same argument, given that M is large enough, (¢,7) is sufficiently close to
(t*,m*). Using once again the uniform continuity of U and its derivatives, and the convergence

of (¢, ¥nr, var) >0, we obtain a contradiction by comparing (£31]) and (£32).
U

Theorem 4.12. Any function V' given by Proposition [{.9 is equal to the unique monotone

solution of ([AI]).

Proof. Denote by U the unique monotone solution of (&Il and by V a function given by
Proposition 91 Assume that
inf Ut,m)—-V(t,m),m—-m) <0. 4.33
temvmm’m,ep(snﬁ (t,m) = V(t,m) ) (4.33)
Hence, using the uniform continuity of U and V, there exists k > 0, such that for any M large
enough, and any v > 0

inf Ut,m) —V(s,m'),m —m') +~(t —s)? < —k, 4.34
t,se[O,T}Q,mlél’PM,m’EP(’]l‘)< (t,m) (5,m7),m = m’) + 8)" < =K ( )

where Py = {m € P(T),|m| 2,00 < M}, which is a compact set. Hence, thanks to Stegall’s

Lemma, for £ > 0 sufficiently small there exists 6,8’ € ((4T) ', (2T)"'k), p,¢’ € C? such that
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lell2 + ll¢'ll2 < € and

(8, s,m,m") = (U(t,;m) = V(s,m'),m —m') +y(t = 5)* + {p,m) + (¢, m) +6(T =) + (T — 5)

(4.35)
has a strict minimum on [0, 7% x Pas x P(T) at (ts, sx, ms, m),) which is less than —%. Assume
first that t., s, > 0. Using Lemma [0 at this point, we obtain that

— 0 = 29(sy — ty) + (H(2,0,V) + MV (55, m.) — A*V (4, Am.)), m. —m,) > (f(ml),m. —m,)

- <V(S*, mfk) - U(t*7 m*) + 90/7 896(310[—[(1'7 8$V))mfk)> + 0'<({9m3(U(t*, m*) - (pl)7 mfl<> - 0<39396V(8*7 mfk)7 m*>
(4.36)
On the other hand, Lemma ETT] yields

=8 = 2y(ts — 8:)+(H (2, 0,U) + MU (ts, ms) — AU (ts, Amo)), ma — ml) > (f(my), my —ml)
— (U(te,ms) — V(ss,ml) + ¢, 050, H (2, 0,U)m.))

+ 0 (Oaa(V(s:,m2) — ), mu) — 000U (L, i), m,) — w(M).
(4.37)
Combining the two relations, using the convexity of H and the monotonicity of f yield

—§ — 0 + AU (ts, my) — V (85, mL), my — m) — (U(te, Amy) — V(s4, Aml), Am, — Aml))
> —w(M) - <g0',8x(8pH(x,8mV)m;)> - J<8:v:v%0lam;> — (e, 81(8PH(x,8xU)m*)> — 0Oz, M)

(4.38)
Hence, if € is chosen small enough, we obtain that
K
— > (M 4.39
o > —w(M), (439)
which is a contradiction if M is large enough.
Consider now the case t, = 0 (the case s, = 0 is similar). In this situation, using the

continuity of U and V, taking « sufficiently large immediately contradicts (£34]). Hence (Z£.34])
is false and

inf Ut,m) —V(t,m'),m—m') >0. 4.40
tG[O,T},m,m’E’P(S”)< ( ) ( ) > B ( )
From this we deduce, as in [9] for instance, that V,U = V;V. Once this is established, to
obtain the equality between U and V follows exactly as in [9] from the strict monotonicity of
f, using Lemmata .10 and 1Tl instead of the usual definition of monotone solutions. Hence
we do not detail this argument here. O

4.6. Rate of convergence to a classical solution. In this section we establish a rate for the
convergence of (U™)p>0 toward U when U is a classical solution of L1l To simplify the following
discussion we assume that the master equations are set on My (T), the set of positive measures
of mass at most 2 on T. We assume that f and ¢ are indeed defined and monotone on My (T).
We also assume that f and g satisfy the requirements of Proposition 3] where by extension,

d; (M? V) = igf<(p7 B V>7 (441)

where the supremum is taken over 1-Lipschitz functions ¢ such that ¢(0) = 0.

We thus assume that there exists U, a classical solution of (1] on [0,T] x T x My(T). By
extension we consider the master equation in finite state space [@3]) on [0,7] x S™ x My (S™).

The associated concepts of monotone solution on Mo (T) or M3(S™) are exactly the same as
before except for replacing P by Ms in the Definitions 1] and

We proceed as in the case without common noise and consider V" defined by V" (t,z,m) =
U(t,z,m) on [0,T] x S™ x M3(S™). As in the case without common noise, the following holds.

Proposition 4.13. The function V" satisfies
— V"™ (t,.,m) + (F"(m, V") -V )V" + NV — A V" (t, Aym)) = G"(m, V") +r". (4.42)

with |r™(t,z,m)| < Cw(2), where w is a modulus of continuity of 0, U, 92U, D™U, 8,D™U (-, y).
In particular, it is a monotone solution of this equation.
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We can now state the result about the convergence rate for classical solutions. The proof is
different from the one employed in[3.3] because a system of characteristics is not available for this
kind of common noise. Instead, the argument we use is inspired from the proof of uniqueness of
classical solutions in the monotone regime presented in [39]. Clearly, this argument applies also
to the case without common noise, but gives a worse convergence rate with respect to (B.60]).

Theorem 4.14. There exists C > 0 such that

3

swp 0 ) = V) < C (w0 (5)) (4.43)

te[0,T]),meP(S™)
Proof. Define W by W (t,m,m') = (U™(t,m) — V"™(t,m’'),m —m') and x by

— K= inf W (t,m,m’). (4.44)
te[0,T],m,m'e Mz (S™)

Using the fact that U™ is a monotone solution of ([A3]) and V" a monotone solution of (A.42]),
we arrive at

K 1
s inf n(t —m) > — —). 4.4
57 2 t,m,m/lean(S")<r (t,m),m —m') > —Cw <n> (4.45)

Take t € [0,T],m € M2(S™) and z € M3(S™). From the previous estimate we obtain for any
h € (0,1)

(V*"(t,(1 = h)m+ hz) = U"(t,m),h(z —m)) > —Cw (%) . (4.46)

Thus,

RV (t,m)=U"(t,m), z—m)+(V"(t,(1—h)m+hz)—=V"(t,m), h(z—m)) > —Cw (%) . (4.47)

Using the Lipschitz regularity of U (hence of V™)

(V*(t,m) —U"(t,m),z —m) > —%w (l) — Ch. (4.48)
n
It follows that
1
inf (V"™(¢ - U"(t — > -C — . 4.49
nt V) = U7t m),z = m) = —Cy (1) (1.49)

Arguing similarly for U™ and using the uniform Hoélder estimate established, we arrive at

Cc /1
inf  (V"(t,m)—U"(t,m),m —z) > ——w =) — CVh. 4.50
nt V) = Ut m)m = 2) =~ (1) (4.50)
Hence we deduce, using the previous estimate, that
1\\3
sup  [(V"™(t,m) —=U"(t,m),z—m)| < C (w (—)) (4.51)
z,mEM2(S™) n

Now take m,m’ € P(T). From the previous estimate we obtain by choosing z = m + m/

(V™ (t,m) — U™(t,m),m')| < C (w (l))% , (4.52)

n

from which we obtain the desired result. O
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4.7. Another approach to convergence: mollification. We present here, without many
details, another method to prove the convergence of the discrete master equation to the contin-
uous one, with common noise and without assuming that there exists a classical solution of the
limit equation. This approach is by means of mollification of the cost functionals. Indeed, an
immediate variation of the mollification procedure on the torus introduced in [20] turns out to
preserve monotonicity. We only present the main lines of this approach as we believe this idea
can be of interest for the reader. We do not provide proofs since other arguments have been
given above.

Consider then the function f(x,m) (and the same for g(z,m)) and assume as usual that it
is monotone, smooth in 2 and continuous but not regular in m. Let f™°(m,z) be the usual
mollification by convolution in m, for n fixed, in the finite dimensional simplex P(S™). Clearly,
lims_,o f™° = f, for n fixed, and preserves the monotonicity. Let also f¢ be (an immediate
variation of) the mollification introduced in [20] on P(T), which preserves monotonicity and
converges to f, as e — 0. Assume that the Hamiltonian is smooth. Then discrete and continuous
master equations related to the coefficients f™9 and f¢, respectively, admit classical solutions,
which we denote by U™ and U¢; the solutions with cost function f are as usual denoted by U”
and U. Moreover, we have that

lim sup U™ (t,z,m) — U™(t,z,m)| =0,
6=0¢e[0,7],2€S™,meP(S™)
lim sup |U€(t,x,m) _U(t’x’m” =0,

e704€[0,T],2€T,meP(T)

the first line being, of course, not uniform in n a priori.
Moreover, the use of Theorem [4.14] gives an estimate of the form

U™ — U®|| < Cle,6,m),

with C such that
lim lim lim C(e,d,n) = 0.

e—=+0n—00§—0

Hence, using U™ and U® as intermediates to bound the difference between U™ and U, passing
to the limit in the order of the previous equation, this method leads to

lim sup |U"(t,x,m) — U(t,z,m)| = 0. (4.53)

N0 4e0,T],2€8™,meP(S™)
4.8. A weaker notion of monotone solution. We conclude this part on the common noise
by indicating another definition of monotone solution which could have been used here and that
we believe to have an interest in itself. This concept allows to deal with monotone solution of
(@) which are C1* for a € (0,1) with respect to the space variable z. This allows to avoid
the assumption on the uniform continuity of the space Laplacian of the solution with respect
to the measure. The following is very much in the flavor of the work done in [I6] in which this
method is introduced to deal with first order MFG.

The definition at interest here is

Definition 4.15. A continuous function U, uniformly CY® in space, is a monotone solution of
(@T)) if there exists a constant C' > 0 such that for any e > 0,v € M(T)N WL, CL* function
© of the space variable and C' function 1 of the time variable, for any (t.,m.) € [0,T) x P(T)
point of strict minimum of (t,m) — (U(t,m) — o, m —v) —(t) +¢l|m||1,00, the following holds

_ dwg*) 4 (005U + H(z,0:U) + AU — A*U(Am,)), m — 1) > (f(ma), ms — v)

— (U — ¢,0.(0pH(x,0,U)my)) — 0(0pz(U — ), my) — Ce.

(4.54)

The main idea of this definition is to use the fact that, independently of the strategies of the
players, the evolution of the underlying repartition of players is continuous in a space of regular
repartition of players. The constant C in the previous is directly related to this smoothness.

In some sense, the penalization term in e in the minimization of the function constrains the
minima to be in W1 and this penalization only has a cost Ce because of the smoothness
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of the evolution of the repartition of players. To derive this formulation, consider a classical
solution U of (). To lighten notation, we do not come back on the interpretation of the time
derivative or of the common noise. Hence, we take A = 0 and consider ¢ > 0 and a point m, of
minimum of m — (U(t,m) — ¢, m — v) + €||m||oc. Denote by (ms)s>o the solution of

Osm — 00zm — Oy (MOpH (2,0, U (t, x,ms))) =0 in (0,00) x T (4.55)
with initial condition my = m,. By definition of m,, for any s > 0 :
(U(t,my) — @, ms — V) + &||mulloc < (U(t,ms) — p,ms — V) + €||ms||oo- (4.56)

Hence using the fact that U is a classical solution of (&), we deduce by dividing the previous
inequality by s and letting s — 0 that

(—0U,my —v) + (—00,5U+H (x,0,U), my —v) > (f(my), my —v) — (U — ¢, 05(0pH (2,0, U)my))
— 0(022(U — ), my) + 511?561f 371(”m*H1,oo - HmSHLOO)-

(4.57)
However, since U is CY® in x, uniformly in ¢ and m, there exists C' > 0 such that, for any m,

lim inf s (| ||1,00 — [ms]l1.00) > —C. (4.58)
s—0
This last inequality is a consequence of propagation of || - ||1,.c norms by the Fokker-Planck
equation
dym — o Am + div(bm) = 0 in (0, 00) x T¢, (4.59)

for a vector field b in L>((0,00),C%®). The proof is trivial in dimension 1 as one can simply
integrate the Fokker-Planck equation and use standard parabolic estimates in Holder norms.
In dimension d > 1 the proof of such a regularity is more involved but it remains true. As this
question is far from the main topic of this article we do not detail such a proof here.

As a consequence of the previous remark, results of existence and uniqueness of such monotone
solutions can be established quite easily following [9] [16].

APPENDIX A. CONVERGENCE RATE FOR A DIFFUSION APPROXIMATION

We state here a general result about the approximation of a diffusion (on the torus) with a
continuous time Markov chain, which is used several times in the paper and we believe might
be of independent interest. The main result is to establish a rate for the convergence of the
laws in the Wasserstein distance. Although the approximation of diffusions by Markov chains is
certainly not a novelty, we have not been able to find a similar result in the literature. We rely
on an estimate of the the distance between the generators and the semigroups of the processes,
which is inspired by the methods of [34], and then on a relation among distances on the space
of probability measures.

Proposition A.1. Let o € C'/?7([0,T] x T), for a v € (0,1), and let Y satisfy Z2) with such
a and Yo ~ mg. Let also Y, for any n, satisfy (Z8) with rates ay therein given by ay = ¥4 ()
and a— = p_(a) with Y1 : R — R Lipschitz and such that ¢4 (a) — Y_(a) = . Suppose also
that Y§* ~ my, with Wy(m{,mg) < 1. Then

lim Y"=Y in law in D([0,T],T). (A1)
and
C
sup Wh(Law(Y}"), Law(Y3) < —=- (A2)
0<t<T n2+y
If in addition o € CV/?17([0,T] x T) then
C
sup Wy (Law(Y}"),Law(Y:)) < —. (A.3)
0<t<T n3
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For the application of this result in Section Bl the controls are to be thought as a =
—0pH(Opu), oy = —0pHy(0u), a— = 0pH|(O,u). We note that in the case of quadratic
Hamiltonian a4 and a_ are simply the positive and negative part of a. In particular, the
additional assumption a € C?/2147([0,T] x T) always holds under our standing assumptions.

Proof. We employ the convergence of the generators: denote by £™ and £ the generators of Y,
and Y, respectively. For a function ¢ € C?T7(T), with v € (0, 1], we have

1Lt o(x) — Lip(a)]

(O‘Z(i’nm) + A‘;% > [o(z + Azy) — p(z)] + <Q_A(if) * AZ%) ol = &) = (o))

— Oz(t, x)&mgp(ﬂ:) - 0'(91190($)

= |as (t, 2) AL () + o (1, ) A" p(z) + o AFp(@) — alt, 2)0up(x) — 0rap ()

< Jay (t2)||ALp(w) = Orip(w)| + o (1, 2)|| AL () + Ouip(w)| + 7| Afp(w) = Duwip(a)|

Ozz#|[ 00 Ozap
SC(l—i—HOz(t,)HOO)H nH —|—O’H H’Y’

n”
that is o
sup ||£}p — Liplloo < — (1 + [la(, )lloo)l[0zzelly- (A.4)
0<t<T n

Convergence of the generators then provides (AJ) (applying [32, Thm. 19.25]), since C?>*7(T)
is an invariant core of the limiting generator in C(T), because of Schauder’s estimates.
To prove (A.2), let 8™ and S be the semigroups corresponding to £™ and L:

Stsp(x) =Elp(X)|X{" =2],  Sisp(x) = Elp(Xs)|X: = a].
We recall the usual properties
Si'sSer = Siy
d n n n d n ngn
%St,s = St,s£s7 %St,s = _Et St,s

and similarly for S and £. Thus, following Kolokoltsov [34], we can write

_ s .d s
Sty?s@ —Stsp = Strfr‘sr,s =t = /t %Str}rsr,swdr = /t Sgr(ﬁf — L) sipdr. (A.5)

Thanks to Feynman-Kac formula, the function us(t, z) := St s¢(x) solves the parabolic backward
PDE

{@u + 00y u + at,x)0pu = 0,
u(s,z) = ().
Hence Schauder’s estimates, for v € (0, 1), give

sup |[[St,s¢ll2+ < Cllol |21+ (A.6)
0<t<s<T

for a constant C' depending on ||a||, /2, and T'. Moreover, if in addition a € CY/21H7([0,T) x T)
and o € C?>T1([0,7] x T), then we have

sup  [|Ses¢ll2+1 < Cllepl|2+41, (A7)
0<t<s<T

where C' depends on [[al, /2,14 and T
From the above estimates and using (A.4]), (A.5]), and the fact that the transition operator
S™ is a contraction, we obtain, for any 0 <t < s < T,

ISt = Stsplloo < (s = 1) sup [|Sp (L7 = Lr)Srsplloo T sup [[(Ly = Lr)Srslloo
t<r<s t<r<s
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<9 sup 115msellar < Zlllla,
n’ t<r<s n7

whereas, here and below, we fix v € (0,1) if o € C"/27([0,7] x T), and v = 1 if a €
CV/21%7([0,T] x T). Therefore, for any 0 <t < s < T,

C
187 = Ststlloe < —lpll24r- (A.8)
We now show that the above estimate, together with the estimate on the initial condition, imply
C

[ELp(Ye)] = Elp(Y)] < Zllell2+y, (A.9)

uniformly in ¢, that is

C

[ pd(Law () ~ Law(¥0)| < Zlellosr (A.10)

Indeed,
Elp(Y")] - Blp(¥)] = | Sie(@mp(de) = [ Shue(@ymo(da)

= [ (St = So)el@ymi(dr) + [ Sooa)mf — mo)(da)
T T

and, estimating the first term by (A8) and the second term by Wi (mf,my) < 1 and again by
parabolic estimates, we get

n C n
IElp(Y")] = E[p(Y)]] < HH‘)OHQ-F“/ + 1102 (80,49 (2)) |l W1 (mg, mo)
C C
< m||80||2+v + E||80||2+v-

Finally, the estimates (A2 and (A.3)), are provided by an estimate of the distance in (A0])
(for functions in C2*7) in terms of powers of the Wasserstein distance, which we detail below;

see (AIT)). O

To complete the above proof, let us give some more details on particular distances on the
space of probability measures. We denote by (., for r > 1, the Zolotarev metric of order r,

which is defined by
Gr(p,v) = sup{/de(M —v):ipE Fr} )

where F, is the set of ¢ € C!(T) with (0) = ¢’(0) = --- = ¢'(0) = 0, [ in the integer such that
I <7 <l+1,and |¢(z) — o'(y)| < |z —y|"~". We note that ¢; = Wy. In [43], it is proved in
dimension one, for any r > 1, the relation

1
Wy < e, (A.11)

where W, is the r-Wasserstein distance and ¢, is a constant depending just on r. For r = k
integer, the weaker result

1
W1 < ckC}f (A.12)

is shown to be true in any dimension; see [45), [46] and the more recent [I13]. We also remark
that the results (A.I1) and (A.I2) hold on the whole space R or R

Since we are considering functions on the torus, the set Foy,, for v € (0,1] is contained in
the set of ¢ € C?>T7 with ¢, ¢ and ¢” bounded by 1 and with y-Holder seminorm bounded by
1, i.e. such that ||¢||24 < 1. Thus (A.10) implies

oy (Lawe (V") Law(¥3)) < =

which yields (A.2) and (A.3]) by means of (A.11)).

3
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