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Being able to accurately predict the perceived color of industrially relevant dyes is still a challenge for current theoretical approaches, especially when aiming at keeping a low computational cost and user input. In this work focusing on time-dependent density functional theory as the underlying quantum method of choice, we have analyzed the performance of different integrated approaches to reproduce the perceived color of selected anthraquinones and indigo derivatives. To reconstruct absorption spectra band shape both fully empirical approaches and different vibronic coupling approaches have been tested. The results obtained show how empirical broadening methods, and particularly the pseudo-Voigt model, provide good agreement with experiment in perceived colors but need parametrization and validation for each family of molecules. On the other hand, vibronic coupling models represent a possible powerful alternative, especially in the case of simplified models, though intrinsically limited to rigid dyes.

1.Introduction.

Dyeing agents are ubiquitously present in daily life and a significant Research and Development (R&D) effort is being done to produce new substances with specific color-related properties, higher chemical stability and low environmental impact. Among the best-known coloring agents, anthraquinone (AQ) and indigo (IN) derivatives are extensively used thanks to their low cost, chemical stability and wide availability in nature [START_REF] Easton | The dye maker's view[END_REF][START_REF] Hunger | Chemistry, Properties, Applications[END_REF]. They also have a large color tunability thanks to the possibility of functionalization of the parent skeleton with auxochrome groups. Consequently, a large color palette can be obtained from these dyes, thus further increasing their industrial appeal [START_REF] Gregory | Anthraquinone Chromophore[END_REF][START_REF] Franchi | Synthesis and Characterization of New Organic Dyes Containing the Indigo Core[END_REF].

As it is often the case in well-consolidated fields of Chemistry, new dyes are usually obtained via a trial-and-error procedure, based on (simple) empirical models and the large chemical experience acquired over the years. Despite the long-standing knowledge acquired through decades of active research, dye chemistry still requires improvements not only concerning the dye-coloring performances, but also in terms of better scalability and lower environmental impact of the associated industrial processes. For instance, as of today, even if innovative biologically based processes represent a valid alternative with lower environmental impact to obtain AQ dyes [START_REF] Venila | Bacterial pigments and their applications[END_REF][START_REF] Crepin | Recombinant host cells to produce anthraquinone derivatives[END_REF], the reactant cost and some time-consuming steps in their synthesis are important drawbacks that cannot be ignored in the industrial application.

Most of these problems require hard work in the laboratory, but rational property-driven approaches, based on accurate modeling, have the ability to speed-up sensibly the R&D process reducing the number of candidate molecules to be synthesized and tested. Indeed, modern computational techniques allow the accurate evaluation of a large number of physico-chemical properties, often with a precision comparable to that of experimental techniques (i.e. the socalled chemical accuracy) [START_REF] Loos | Theoretical 0-0 Energies with Chemical Accuracy[END_REF][START_REF] Li | Beyond Chemical Accuracy for Alkane Thermochemistry: The DHthermo Approach[END_REF][START_REF] Nattino | Chemically Accurate Simulation of a Polyatomic Molecule-Metal Surface Reaction[END_REF]. On top of this, approaches based on statistics, such as machine learning or artificial intelligence models [START_REF] Westermayr | Machine Learning for Electronically Excited States of Molecules[END_REF][START_REF] Ramakrishnan | Electronic spectra from TDDFT and machine learning in chemical space[END_REF], can increase both the accuracy and the number of molecules that can be handled given that well-defined endpoints are provided, and proper descriptors defined. In the case of molecular dyes, their color in solution often represents a discriminating property. Color can be predicted starting from the absorption spectra [START_REF] Beck | Estimation of physiologically perceived color from TDDFT-derived excitation spectra[END_REF][START_REF] Cysewski | Color prediction from first principle quantum chemistry computations: a case of alizarin dissolved in methanol New[END_REF][14][START_REF] Tommaso | Theoretical approaches for predicting the color of rigid dyes in solution[END_REF], if an accurate description of the band shapes over the whole of UV-vis range is given.

A large panel of electronic structure methods have been developed over the years to model molecular properties of the excited electronic states, ranging from semi-empirical models to refined post-HF approaches [START_REF] Matsuura | PM3, and PM5 calculations of the absorption maxima of basic organic dyes[END_REF][START_REF] Jacquemin | Accurate Simulation of Optical Properties in Dyes[END_REF][START_REF] Ruger | Vibrationally resolved UV/Vis spectroscopy with time-dependent density functional based tight binding[END_REF][START_REF] Lechner | An excited state coupled-cluster study on indigo dyes[END_REF][START_REF] Schreiber | The electronic spectra of symmetric cyanine dyes : A CASPT2 study[END_REF]. Among others, time-dependent density functional theory (TD-DFT) imposed itself in recent years as a suitable approach to describe large molecules due to its favorable accuracy to computational time ratio, making it compatible with typical industrial R&D time scales [START_REF] Tommaso | Theoretical approaches for predicting the color of rigid dyes in solution[END_REF][START_REF] Jacquemin | TD-DFT Vibronic Couplings in Anthraquinones: From Basis Set and Functional Benchmarks to Applications for Industrial Dyes[END_REF][START_REF] Guillaumont | Calculation of the absorption wavelength of dyes using timedependent density-functional theory (TD-DFT)[END_REF][START_REF] Kawauchi | Prediction of the color of dyes by using time-dependent density functional theory (TD-DFT[END_REF]. Clear proof of this is given by the numerous benchmarks available in the literature devoted to the assessment of TD-DFT accuracy (see for instance references [START_REF] Jacquemin | Extensive TD-DFT Benchmark: Singlet-Excited States of Organic Molecules[END_REF][START_REF] Mr | Benchmarks for electronically excited states: Time-dependent density functional theory and density functional theory based multireference configuration interaction[END_REF][START_REF] Perpete | TD-DFT benchmark for indigoïd dyes[END_REF][START_REF] Leang | Benchmarking the performance of time-dependent density functional methods[END_REF][START_REF] Shao | Benchmarking the Performance of Time-Dependent Density Functional Theory Methods on Biochromophores[END_REF], that ideally should achieve a threshold of 0.04 eV for the uncertainty on the energy associated with max, usually identified as the maximum of the first intense peak [START_REF] Loos | Theoretical 0-0 Energies with Chemical Accuracy[END_REF]. Currently, typical deviations on max with respect to experimental data for organic dyes range between 0.1 eV and 0.2 eV, depending on the type of molecule and/or excitation considered (e.g. valence, Rydberg, charge transfer) [START_REF] Jacquemin | Extensive TD-DFT Benchmark: Singlet-Excited States of Organic Molecules[END_REF][START_REF] Mr | Benchmarks for electronically excited states: Time-dependent density functional theory and density functional theory based multireference configuration interaction[END_REF][START_REF] Perpete | TD-DFT benchmark for indigoïd dyes[END_REF][START_REF] Leang | Benchmarking the performance of time-dependent density functional methods[END_REF]. Nevertheless, there is no guarantee that functionals providing a high accuracy for the max associated to the lowest energy band are also able to provide an accurate description of the associated band shape and consequently, of the perceived color [14][START_REF] Tommaso | Theoretical approaches for predicting the color of rigid dyes in solution[END_REF]. This last task is particularly challenging since a large contribution to the band shape the UVvis peaks comes from the coupling between electronic and nuclear degrees of freedom. This vibronic coupling is usually computed using the Franck-Condon (FC) approximation and requires the evaluation of structures and vibrational frequencies at both ground and excited electronic states (GS and ES) [START_REF] Bloino | General approach to compute vibrationally resolved one-photon electronic spectra[END_REF][START_REF] Dierksen | An efficient approach for the calculation of Franck-Condon integrals of large molecules[END_REF]. Beside requiring adequate computational resources, FC models can only be applied to dyes experiencing limited structural reorganization upon electronic excitation (i.e. to rigid or semi-rigid molecules) [START_REF] Tommaso | Theoretical approaches for predicting the color of rigid dyes in solution[END_REF]. Technical difficulties (e.g. excited-state geometry optimization) and the relatively high computational costs have limited the number of benchmarks carried out with these models to obtain band shape and/or associated color [START_REF] Muniz-Miranda | Benchmarking TD-DFT against Vibrationally Resolved Absorption Spectra at Room Temperature: 7-Aminocoumarins as Test Cases[END_REF][START_REF] Barsuk | Triangulenium dyes: the comprehensive photoabsorption and emission story of a versatile family of chromophores[END_REF][START_REF] Latouche | TD-DFT Benchmark on Inorganic Pt(II) and Ir(III) Complexes[END_REF]. However, approximate FC approaches, based on simplified Hamiltonians, have been developed and successfully applied, even if their application is not yet widespread [START_REF] Li | Franck-Condon Models for Simulating the Band Shape of Electronic Absorption Spectra[END_REF][START_REF] Petrenko | Analysis and prediction of absorption band shapes, fluorescence band shapes, resonance Raman intensities, and excitation profiles using the time-dependent theory of electronic spectroscopy[END_REF].

Alternative approaches, combining electronic-structure methods with Molecular Dynamics (MD) or Monte Carlo (MC) simulations, have been developed for dyes displaying larger structural variations between their GS and ES (i.e. for flexible or floppy molecules) [START_REF] De Mitri | Absorption and emission spectra of a flexible dye in solution: A computational time-dependent approach[END_REF][START_REF] Raucci | Ab-initio molecular dynamics and hybrid explicit-implicit solvation model for aqueous and nonaqueous solvents: GFP chromophore in water and methanol solution as case study[END_REF][START_REF] Tirri | A combined Monte Carlo/DFT approach to simulate UV-vis spectra of molecules and aggregates: Merocyanine dyes as a case study[END_REF].

These approaches have the advantage of being based on a classical sampling of the ground state potential energy surface (PES), but they require a considerable number of excited state calculations on the snapshots extracted from MD trajectories to obtain an accurate evaluation of the band shape.

Along with these theoretically based approaches, a simple strategy for deriving UV-vis spectra from quantum chemical calculations consists in empirically broadening the vertical transitions with Gaussian or Lorentzian functions [START_REF] Kuhn | Measurement and meaning of rotatory dispersion of simple substances[END_REF][START_REF] Sandorfy | Electronic Spectra and Quantum Chemistry[END_REF][START_REF] Jain | The gaussian-Lorentzian Sum, Product, and Convolution (Voigt) functions in the context of peak fitting X-ray photoelectron spectroscopy (XPS) narrow scans[END_REF][START_REF] Brémond | A reliable method for fitting TD-DFT transitions to experimental UV-visible spectra[END_REF][START_REF] Bahers | Photophysical Properties of 8-Hydroxyquinoline-5sulfonic Acid as a Function of the pH: A TD-DFT Investigation[END_REF]. These empirical broadening functions are employed to reproduce both inhomogeneous and homogeneous broadening originating from thermal motion or the finite lifetime of excited states, respectively. While the electronic-structure calculations provide the position of the band maxima and the corresponding oscillator strengths, the full width at half maximum (FWHM) of the convolution functions is an adjustable parameter, usually fixed in the case of Gaussian functions to 0.2-0.3 eV or chosen so as to minimize the deviations with the available experimental data. In this way, broadening phenomena, such as the one producing the vibrational fine structure, are only mimicked and this strategy usually fails in reproducing the typical band asymmetry due to the vibrational progression. However, the simplicity of the approach justifies its common application in literature.

It should be noted that other kinds of broadening functions allowing a better simulation of the band asymmetry generated by the vibronic coupling actually exist and are more commonly used to fit electronic spectra at different energy ranges, such as XPS spectra [START_REF] Jain | The gaussian-Lorentzian Sum, Product, and Convolution (Voigt) functions in the context of peak fitting X-ray photoelectron spectroscopy (XPS) narrow scans[END_REF].

Here, we propose a comparison of the accuracy of four different approaches for the reconstruction of the band shape and the resulting color, all based on quantum mechanical data from TD-DFT calculations. The methods compared are: i) a refined quantum mechanical model based on the evaluation of the FC couplings ii) a simplified approach recently proposed by Truhlar and coworkers [START_REF] Li | Franck-Condon Models for Simulating the Band Shape of Electronic Absorption Spectra[END_REF], along with two convolution procedures based, respectively, on the use of Gaussian (iii) and more complex pseudo-Voigt (iv) broadening functions. The results for these four models are compared to experimental spectra and their robustness tested via the application to a selected set of dyes belonging to the indigo (IN) and anthraquinone (AQ) families, presented in Figure 1. Simulated data on absorption maxima and band shape are combined to obtain the predicted perceived colour, defined by a set of coordinates in the CIELAB space as well as the additional chroma and hue angle parameters [START_REF]CIE Colorimetry[END_REF].

Beside their relevance for industrial applications, the dyes object of this study have also been selected on the basis of the number of previous studies available on their optical properties and the evidence on the rigidity of their structures ensuring the validity of the FC approximation [14,[START_REF] Tommaso | Theoretical approaches for predicting the color of rigid dyes in solution[END_REF]. In addition, they cover a wide variety of colors, from orange/reddish to blue, allowing a better validation of the models employed. Our aim is to define a computational protocol coupling TD-DFT calculations for vertical excitation energies with a model allowing an accurate and fast prediction of the band shape and thus of the perceived color of a dye in solution.

Methods and Computational details

The methods applied have already been reported in literature, however they are briefly summarized in the following to provide a better description of the approaches compared in this work that stem from their combination.

Employed electronic-structure methods

Ground and excited state properties were computed using density functional theory (DFT) and its time-dependent (TD-DFT) extension, respectively [START_REF] Parr | Density-Functional Theory of Atoms and Molecules[END_REF][START_REF] Marques | Fundamentals of Time-Dependent Density Functional[END_REF] using the Gaussian software [START_REF] Frisch | Gaussian 16[END_REF].

On the basis of previous works [14, [START_REF] Tommaso | Theoretical approaches for predicting the color of rigid dyes in solution[END_REF][START_REF] Jacquemin | TD-DFT Vibronic Couplings in Anthraquinones: From Basis Set and Functional Benchmarks to Applications for Industrial Dyes[END_REF], two functionals were selected, namely PBE0 [48] and B97XD [START_REF] Chai | Long-range corrected hybrid density functionals with damped atom-atom dispersion corrections[END_REF] in conjunction with the 6-31++G(2d,2p) basis set chosen since, on the basis of previous studies on AQs, it is a good cost to accuracy compromise able to provide a good description of both max and band shape [14,[START_REF] Tommaso | Theoretical approaches for predicting the color of rigid dyes in solution[END_REF]. The first functional, PBE0, is known to provide accurate max values for -* transitions for a large number of organic molecules [START_REF] Jacquemin | TD-DFT Vibronic Couplings in Anthraquinones: From Basis Set and Functional Benchmarks to Applications for Industrial Dyes[END_REF], while the second one, B97XD, has proven to provide accurate vibronic couplings [14,[START_REF] Tommaso | Theoretical approaches for predicting the color of rigid dyes in solution[END_REF].

Ground-and excited-state geometries have been fully optimized in solvent, using the IEF-PCM model to account for solvent effects [START_REF] Scalmani | Continuous surface charge polarizable continuum models of solvation. I. General formalism[END_REF]. In line with available experimental data, AQ dyes were modeled in methanol [START_REF] Cottet | Anthraquinonic derivatives and their use as coloring agents[END_REF][START_REF] Marković | Electronic absorption spectra of substituted anthraquinones and their simulation using ZINDO/S method[END_REF], while different solvents were considered for the IN family: chloroform (for IN1 and IN10) [START_REF] Miliani | A spectrophotometric and fluorimetric study of some anthraquinoid and indigoid colorants used in artistic paintings[END_REF][START_REF] Pummerer | Indigofarbstoffe, VII. Über den optischen Nachweis der reversiblen Bildung von cis-Formen symmetrischer und unsymmetrischer Indigoide[END_REF], n-dodecane (for IN3) [START_REF] Pinheiro | Deep in blue with green chemistry: influence of solvent and chain length on the behavior of N-and N, N′-alkyl indigo derivatives[END_REF], and acetonitrile (for IN2 and for IN4 to IN9) [START_REF] Huang | N, N′-disubstituted indigos as readily available red-light photoswitches with tunable thermal half-Lives[END_REF].

Harmonic vibrational frequencies were computed at the same level of theory to verify that the identified structures correspond to true energy minima on the S0 or S1 PES, and to compute the associated FC factors (see below for further detail). Note that, for all dyes considered, only a single electronic excitation falls in the UV-Vis range and was considered for the band shape modeling.

TD-DFT calculations have been used to provide vertical excitation energies and the associated oscillator strengths, as well as ES optimized structures and harmonic frequencies. It is important to stress that ES optimization and frequency calculations represent the time-limiting step in the procedures aimed at calculating vibronic coupling. In all cases here reported, this step has been performed in less than 1 hour even for molecules larger than 200 atoms, a dimension corresponding to large dyes. The running times for the protocols are thus compatible with typical industrial R&D constraints.

Modeling the shape of UV-vis spectra

As already stated, several models with increasing complexity were considered in the present work to model band shape. In the simplest approach, each transition obtained at TD-DFT level is convoluted with a Gaussian broadening function:

𝑔 𝑖 (𝑥) = 𝐴 0 𝜎 √ 4𝑙𝑛2 𝜋 𝑒𝑥𝑝 (-4𝑙𝑛2 (𝑥-𝑥 𝑖0 ) 2 𝜎 2 ) ( 1 
)
where xi0 is the TD-DFT energy for the i-th transition, and  is the full width at half maximum (FWHM) of the Gaussian broadening function, taken to be the same for all transitions. The normalization factor (A0) is chosen in order to recover the molar absorptivity expressed in

M•mol -1 •cm -1 .
The full spectrum is then reconstructed as sum of the bands:

𝒮(𝑥) = ∑ 𝑔 𝑖 (𝑥) 𝑁 𝑖=1 (2) 
This simple method is widely applied and provides a fast way to model the absorption spectrum, with the FWHM as the only free parameter. This latter can be either kept fixed at some given value (usually between 0.2 and 0.4 eV) or can be determined by a fitting procedure to maximize the agreement with experimental spectra when these are available (see for instance ref. [START_REF] Brémond | A reliable method for fitting TD-DFT transitions to experimental UV-visible spectra[END_REF]). In our case, a single transition determines the spectra in the UV-vis range (i.e. N=1 in eq. 2) and the FWHM has been fixed at 0.4 eV and 0.2 eV for AQs and INs respectively.

Widely applied in XPS and Raman spectroscopy [START_REF] Parr | Density-Functional Theory of Atoms and Molecules[END_REF], a similar convolution procedure can be defined making use of pseudo-Voigt (pV) broadening functions. pV functions can be defined either as sum or as product of Gaussian and Lorentzian functions [START_REF] Huang | N, N′-disubstituted indigos as readily available red-light photoswitches with tunable thermal half-Lives[END_REF][START_REF] Proctor | Inelastic Background and Peak Area Determination in X-Ray Photoelectron Spectroscopy (ESCA)[END_REF][START_REF] Ansell | X-ray photoelectron spectroscopic studies of electrode surface using a new controlled transfer technique[END_REF][START_REF] Schmid | A new asymmetric Pseudo-Voigt function for more efficient fitting of XPS lines[END_REF]. Considering the first option, the resulting pV broadening associated to the i-th electronic transition is thus defined as [START_REF] Stancik | A simple asymmetric line shape for fitting infrared absorption spectra[END_REF]:

𝑝𝑉 𝑖 (𝑥) = (1 -𝑀)𝑔 𝑖 (𝑥) + 𝑀ℓ 𝑖 (𝑥) (3) 
where, M controls the mixing ratio of the Gaussian and Lorentzian functions defined as in eq. 1 and eq. 4, below.

ℓ 𝑖 (𝑥) = 2𝐴 0 𝜋𝜎 1 1+4 (𝑥-𝑥 0 ) 2 𝜎 2 (4) 
Band asymmetry can be recovered substituting a constant FWHM with an energy dependent sigmoidal function 𝛾(𝑥):

𝛾(𝑥) = 2𝜎 1+𝑒 𝑎(𝑥-𝑥 0 ) (5)
a is the parameter governing the asymmetry and can be considered as a characteristic parameter for each dye family. Positive a values skew the spectrum toward higher wavelengths, while negative ones skew the spectrum toward lower wavelengths [START_REF] Stancik | A simple asymmetric line shape for fitting infrared absorption spectra[END_REF]. For 𝑥 = 𝑥 0 the sigmoidal function 𝛾(𝑥) reduces to  parameter The complete pV broadening function reads:

𝑝𝑉(𝑥, 𝛾(𝑥)) = (1 -𝑀)𝑔′(𝑥) + 𝑀ℓ′(𝑥) (6) 
With 𝑔′(𝑥) and ℓ′(𝑥) defined as:

𝑔′(𝑥) = 𝑁 𝑔 ′ 𝑒𝑥𝑝 (-4𝑙𝑛2 (𝑥-𝑥 𝑖0 ) 2 (𝛾(𝑥)) 2 ) (7) ℓ′(𝑥) = 𝑁 ℓ ′ 1 1 + 4 (𝑥 -𝑥 0 ) 2 (𝛾(𝑥)) 2 (8) 
In order to obtain molar absorptivity, the functions 𝑔′(𝑥) and ℓ′(𝑥) are independently normalized by numerical integration (through the constants 𝑁 𝑔 ′ and 𝑁 ℓ ′ ) to

𝑁 𝐴 𝑒 2 𝑓
4𝑚 𝑒 𝑐 2 𝜖 0 ln [START_REF] Westermayr | Machine Learning for Electronically Excited States of Molecules[END_REF] where Finally, to allow a direct comparison with experimental absorption data, all simulated molar absorptivity were renormalized with respect to their maximum. Gaussian and pV broadening was performed using a code developed for this purpose.

𝑁 𝑎 is Avogadro's number,
As already discussed, a more rigorous but more time-consuming way of predicting band shape consists in deriving the FC factors governing the vibronic broadening of a band. Some assumptions are commonly made: i) the transition dipole moment does not change with the ground and excited state geometries and ii) the potential energy surfaces around the GS and the ES minima are assumed to have a quadratic form (harmonic approximation). Among the different algorithms implemented to calculate FC factors, the one developed by Barone and coworkers and implemented in the Gaussian package corresponding to the adiabatic hessian FC model, has been used [START_REF] Barone | Fully Integrated Approach to Compute Vibrationally Resolved Optical Spectra: From Small Molecules to Macrosystems[END_REF]. Interested readers are referred to the original papers for more details on the implementation and to the large literature available for their methodological assessment.

Here we simply recall that this method (here after defined as adiabatic hessian FC) requires ground and excited optimized structures and vibrational frequencies, as well as an accurate evaluation of the excitations energies in order to accurately produce absorption band profiles.

Previous works [14,[START_REF] Tommaso | Theoretical approaches for predicting the color of rigid dyes in solution[END_REF] have proven that all these properties are not necessarily obtained when using the same DFT approximation leading to the derivation of the so-called adiabatic shift model (hereafter ASM), developed and assessed for rigid and semi-rigid dyes. In this approach the vibrational progression is computed at B97XD level and the resulting spectrum is shifted at the max obtained at PBE0 [14,[START_REF] Tommaso | Theoretical approaches for predicting the color of rigid dyes in solution[END_REF]. The UV-vis spectrum is then reconstructed by convoluting the obtained transitions between GS and ES vibrational levels using Gaussian functions.

Due to the considerable computational effort that ES optimization and second derivatives calculations may imply depending on the level of theory used, simplified models allowing an extrapolation of the excited state minimum geometry and vibrational frequencies have been proposed in the literature. Here we will use of the approaches developed by Li and Truhlar [START_REF] Li | Franck-Condon Models for Simulating the Band Shape of Electronic Absorption Spectra[END_REF] (referred to as LQ2 and LQ3). Both models are derived from the time-dependent formulation of the absorption cross section under the Born-Oppenheimer and Condon approximations (analogously to the approach by Crespo-Otero and Barbatti [START_REF] Crespo-Otero | Spectrum simulation and decomposition with nuclear ensemble: formal derivation and application to benzene, furan and 2-phenylfuran[END_REF]) and the overlap between nuclear wavefunctions is evaluated using the displaced harmonic oscillator assumption. Of note quantum sampling via Wigner distribution formalisms may allow to recover post-Condon spectra if nonadiabatic couplings are available as shown in a recent contribution [START_REF] Plasser | Highly efficient surface hopping dynamics using a linear vibronic coupling model[END_REF]. In the case of the LQ2 and LQ3 models the exponential appearing in the overlap integral is simplified using a second and third order Taylor expansion (see Li and Truhlar paper for a detailed derivation [START_REF] Li | Franck-Condon Models for Simulating the Band Shape of Electronic Absorption Spectra[END_REF]).

Under all these assumptions in the LQ2 approach, the resulting band for the n-th excitation can be expressed as:

𝑠 𝑛 (𝐸) ∝ 𝑓 𝑛 𝑒𝑥𝑝 (- (𝐸-∆𝐸 0𝑛 𝑣 ) 2 ℏ 2 ∑ [Δ 𝑗 𝑛 ] 2 𝜔 𝑗 2 𝑗 ) (9) 
where 𝑓 𝑛 is the oscillator strength, ∆𝐸 0𝑛 𝑣 the vertical excitation energy, Δ 𝑗 𝑛 represents the displacement of the excited-state geometry with respect to the ground state one, 𝜔 𝑗 the ground state vibrational frequencies and the excited state vibrational frequencies, assumed to be the same. Of note the geometry displacements with respect to the ground state are computed from the excited state energy gradients derived at the GS structure assuming a harmonic behavior for the ES PES. The LQ3 model is simply an improvement of the LQ2 model including third order terms in the expansion of the nuclear overlap integrals [START_REF] Li | Franck-Condon Models for Simulating the Band Shape of Electronic Absorption Spectra[END_REF]. These models, based on the Franck-Condon displaced-harmonic-oscillator model, enter in the so-called Vertical Gradient approaches.

Hence, the only quantities required by LQn methods are vertical excitation energies, groundstate second derivatives -frequencies and normal modes-, and excited state energy gradients computed at the ground state geometry. Not surprisingly these approaches are on average between two and three time faster than the full FC treatments and yet they do not introduce any additional empirical parameter. All the LQn calculations were carried out with the FCBand package [START_REF] Li | FC band program Department of Chemistry[END_REF].

Color space variables

Once the absorption spectrum is obtained in the relevant UV-vis range the associated color in the CIELAB space [START_REF]CIE Colorimetry[END_REF] can be computed by performing a numerical integration of the product of the transmission spectrum, derived from the absorption one, a -tabulatedcolor matching function (here the CIE1964 with 10° field of view) describing the chromatic response of the observer and a -tabulatedfunction describing the illumination source (here, the D65 as analogously illustrated in the procedure by Beck [12] which only differs in assuming a constant light source in the UV-Vis range). This integration has been performed using a purpose written code.

The numbers obtained allow the identification of the color of each molecule as a coordinate set in the CIELAB color space, a system largely employed in industry for unambiguous color definition. In this space the three color coordinates are: L* (the lightness) and a* and b* defining the mixing of four unique colors of human vision: magenta, green, blue, and yellow. In particular, a* modulates the change from green to magenta and b* axis links blue to yellow. It is also worth recalling that L* measures the percentage of color 'lightness' ranging from 0 (corresponding to black) to 100 (white).

Using this system of color coordinates the Euclidian distance between two points representing the experimental and theoretical predicted colors can be used as simple descriptor to quantify the error associated with the computational protocol applied. The definition of this distance (𝑑 𝑒𝑢𝑐𝑙 ) is straightforward:

𝑑 𝑒𝑢𝑐𝑙 = √(𝐿 𝑡ℎ𝑒𝑜 * -𝐿 𝑒𝑥𝑝 * )² + (𝑎 𝑡ℎ𝑒𝑜 * -𝑎 𝑒𝑥𝑝 * )² + (𝑏 𝑡ℎ𝑒𝑜 * -𝑏 𝑒𝑥𝑝 * )² (10) 
It should be noted however, that since CIELAB color space is not perceptually uniform, especially in the blue region, the Euclidean distance in CIELAB space between two colors defined in eq. 10 does not always correspond to the difference in perceived color. Finally, two additional color related parameters have been considered and discussed for their relevance to industrial applications, namely hue (or hue angle) and chroma.

The hue, or color tone, is expressed as:

ℎ 𝑎𝑏 = 𝑎𝑟𝑐𝑡𝑎𝑛(𝑏 * /𝑎 * ) (11) 
while the chroma, measuring the chromatic intensity (i.e. a low chroma values correspond to pastel color, while high to bright ones) is defined as:

𝐶 𝑎𝑏 * = √𝑎 * 2 +𝑏 * 2 (12) 
Hue and chroma are the angular and radial component of polar coordinates in the color space.

Results

Setup of the approaches on a reduced subset.

In order to setup and to evaluate the quality of the computational approaches for the simulation of the band shape and its associated colour, the 18 molecules reported in Figure 1 (8 AQs and the 10 INs) have been selected.

As already stressed, on top of their industrial interest, these molecules span over a wide color range (from blue to yellow), thanks to the different substitutions of the parent skeletons. Since we are focusing on rigid and semi-rigid dyes, green AQs are not present in our set since they are characterized by the presence of (large) flexible groups, whose modeling requires a different protocol relying on the sampling of the potential energy surface via Molecular Dynamics or Monte Carlo approaches, see for instance ref. [START_REF] Tirri | A combined Monte Carlo/DFT approach to simulate UV-vis spectra of molecules and aggregates: Merocyanine dyes as a case study[END_REF].

A subset of 5 dyes (AQ1, AQ2, AQ3, IN1, IN10) has been selected for tuning the computational parameters and will be discussed in greater detail.

We have already stressed that for all dyes the UV-Vis spectrum is dominated by a single electronic transition. This could prompt us to evaluate the accuracy of the computational method simply by comparing the simulated and experimental max. However, AQs are often characterized by asymmetric bands, a clear signal of vibronic coupling, therefore the predicted color is significantly influenced not only by the position of the vertical excitation but also by the band shape associated [14,[START_REF] Tommaso | Theoretical approaches for predicting the color of rigid dyes in solution[END_REF]. A nice example of the impact of vibronic coupling is represented by solvent blue 35 dye, a molecule that is predicted yellow by a vertical TD-DFT calculation with a simple Gaussian broadening and which band shape (and color) is reproduced only with the ASM approach [14].

For these reasons, initially the accuracy on the predicted max obtained at PBE0 and B97XD level considering vertical and vibrational resolved spectra will be discussed.

The computed max are reported in 1). In agreement with previous works, this range separated hybrid provides an overestimation of the transition energies which are all consistently blue-shifted.

However, for vibronic calculations, due to the expected redshift with respect to the vertical excitation energy, the B97XD functional provides an error comparable to that obtained at PBE0 level for vertical excitations (MAE of 0.10 eV with respect to 0.08 eV, see Table 1) and definitely better than that given by the adiabatic hessian FC vibronic treatment at the PBE0 level, that strongly underestimates the absorption maxima energy (MAE of 0.27 eV). These results, even if limited to a set of low statistical relevance, suggest that even the simple description of the max associated to these molecules has to be done with care.

Keeping these considerations in mind, we move to the analysis of the full UV-vis spectral shapes and the respective colors. In Figure 2 provides overall correct experimental band shapes. B97XD vib , however, gives a better description of the shoulder at shorter wavelengths (higher energies), indicating a more accurate reconstruction of the vibrational progression. Nevertheless, if the B97XD vib band computed for AQ3 has a very good overlap with the experimental one, this is not the case for IN1, as well as for other AQs and INs reported in the SI. It has to be noted that these vibronic spectra have been obtained using a very small FWHM parameter (0.04 eV) in order to highlight the underlying vibrational structure of the UV-Vis band. Following a strategy analogue to ASM, we coupled the vibronic coupling computed at the 𝜔B97XD vib with the precision of PBE0 for the evaluation of the 𝜆vert, obtaining the so called 'vertical shift' approach (hereafter labelled 𝜔B97XD/PBE0(vert)). This approach provides spectra in very good agreement with experiments for all five molecules in the subset (see Figure 2, 3, SI.2-SI.3 and SI.10).

Next, approximate methods that do not exploit the excited state hessian but rather based on the diabatic displaced harmonic oscillator approximation, namely the LQ2 and LQ3 models (see Computational Details) were applied using only the PBE0 exchange correlation functional, since vertical excitation energies predicted at 𝜔B97XD level are already largely blue-shifted with respect to the experimental 𝜆max. Of note, from Table 1 one can infer that ∆ZPE are relatively small, a result that justifies the use of the LQ2 and LQ3 approximations based on the assumption that the same vibrational modes are active for the ground and excited state.

These approaches, indicated as PBE0 LQ2 and PBE0 LQ3, prove to be remarkably accurate, giving a realistic simulation of the band asymmetry at higher energy, even if less pronounced than what is obtained with a adiabatic hessian FC vibrational approach. It is also noteworthy that the band maximum is slightly red-shifted for LQ3 with respect to LQ2 and that the band tail at lower energies (in the wavenumbers domain) is better reproduced by the model at this order (see Figure 2 and3).

Finally, as expected, simple convolution with Gaussian functions (PBE0 G and B97XD G ) leads to a symmetric band in the energy domain that gives in the wavelength domain an asymmetric band skewed towards higher wavelengths as showed by the spectra simulated for AQ3 (see Overall, these simulations provide large bands in agreement with experiment for PBE0

(hereafter PBE0 G ) and significantly blue-shifted for B97XD (hereafter B97XD G ). The same FWHMs were used for the convolution with the pV functions, leading to the PBE0 pV model.

The pV broadening provides spectra in better agreement with the experimental ones, also in the tail region (see Figure 3). This is due to the non-vanishing value of the asymmetry parameter a that allows the definition of the modified functions, that better reproduce the high-energy asymmetry of the band. It is worth to stress that a single set of 3 parameters (M, a and ) was used to define the pV functions used for each molecular family, i.e. a set for AQs and a set for INs. These parameters, reported in Table SI.1, have been adjusted so as to decrease the Euclidean distances between the experimental and computed perceived colors.

In order to obtain a more solid error evaluation for the simulated band shapes instead of computing a point-by-point distance between the experimental and the simulated spectra, as done, for instance, in reference 42, the predicted and experimental perceived color coordinates were computed and compared, as reported in Table 2.

In Table 2 the experimentally perceived colors are reported together with those obtained by the different computational approaches, illustrated above. Analogous data for all other molecules are reported in the SI.

Inspection of Table 2, shows that both PBE0 vib and B97XD vib approaches are unable to reproduce fully the color of all the AQs and INs although failing for different compounds.

For INs, it is PBE0 vib that delivers the most accurate colors. This is likely due to B97XD's tendency to blueshift the energy of the brightest transition and absorption peaks at higher energy fail yield perceived colors that go towards the red.

The same explanation can be used to justify the other remarkable difference in color which concerns the two indigos IN1 and IN10, whose colors are badly reproduced by the B97XD G model, a result per-se not surprising in view of the significant errors associated to the corresponding vertical absorption energies. The relatively good results of this model for the AQs are due to the tail of the Gaussian functions in the wavelength domain that clearly penetrate in the high-wavelength region thus affecting the computed color (see Figure 3).

All the other models give at least a qualitatively good agreement with the experimentally perceived colors consistently predicting yellow-orange AQs and blueish INs (see Table 2).

In order to obtain a more quantitative analysis of the difference between predicted and experimental perceived colors, the associated CIELAB space coordinates, chroma and hue, values are reported in Table 3. The lightness values are instead correctly reproduced by all the models, essentially due to the normalization of the optical densities performed, even if some differences can be observed for PBE0 vib and B97XD vib that tend to predict consistently brighter colors than the AQs' experimental ones.

Hue values are naturally consistent with the above observations with B97XD vib performing consistently better than PBE0 vib for all dyes in the AQs.

Finally, the chromas are also predicted within a reasonable accuracy, the B97XD/PBE0 (vert) being the most accurate approach for all molecules. For what concerns the other two vibronic models, PBE0 vib tends to underestimate systematically the chromatic intensity for all dyes, thus predicting more pastel colors, while B97XD vib delivers better chroma values except for AQ1.

Similar trends also appear for the two indigos, IN1 and IN10, whose color parameters are reported in Table 4. For these two dyes PBE0 vib clearly emerges as the one predicting the color with larger blue content. This is possibly explained by the excessive blueshift introduced by B97XD vib that in this case introduces a very large error. The effect on the perceived color is, however, modest, since the predicted a* values are relatively small, the only exception being the B97XD G approach (see Tables 2 and4).

Taken together, all these results indicate that from one side hue, chroma and lightness are less sensible to the choice of the computational protocol, providing at least a qualitative agreement with the values obtained from the experimental data. CIE coordinates are, instead more sensible to the computational method, showing significant variation between models.

Overall B97XD/PBE0 (vert) protocol is the most accurate among the ones considered. All these results also allow a better analysis, beyond a simple qualitative discrimination of the computed perceived colors, as those reported in Table 2.

Extended set of dyes: predicted vs experimental perceived colors

The analysis has then been extended to all the other AQs and INs reported in Figure 1. All the simulated colors and CIELAB coordinates for the complementary INs and AQs are provided in the Tables SI.3-SI.8, while their simulated spectra are reported in Figures SI. [START_REF] Franchi | Synthesis and Characterization of New Organic Dyes Containing the Indigo Core[END_REF]-SI.15. In general, these data follow similar trends to the ones already discussed in the previous paragraph for the 5 prototype molecules, therefore they will not be discussed in detail. However, a point must be stressed: unfortunately, the vibronic spectrum was not computed for the six INs, in addition it was not possible to optimize two indigos (IN8 and IN9) at the excited state. Therefore, the statistics obtained for the three approaches using a adiabatic hessian FC vibronic treatment, that are B97XD/PBE0 (vert), PBE0 vib and B97XD vib , pertain a smaller number of compounds for the INs family. This is not the case of the LQ2 and LQ3 approaches which do not require optimized excited geometries but extrapolate them from the vertical excited state gradient and ground state harmonic frequencies.

In Let us start from this latter indicator reported in Figure 4. The PBE0 pV model is overall the one with the best performance, with a distance between predicted and experimental colors of less than 20 units in the CIELAB space coordinates. This result confirms the reliability of this model in the prediction of both band position and shape, including its asymmetry, that provides colorimetric parameters at a negligible computational cost. The number of parameters (3) could justify the good accuracy obtained, since the band shape and the peak position can both be tuned in order to improve the agreement with the experimental values. Nevertheless, the considered parameter set is unique for a given family of molecules, AQs or INs, so that their optimization is not molecule dependent, thus extending its applicability at least to molecular families, making this protocol appealing and suitable for industrial applications.

The PBE0-LQ2 and PBE0-LQ3 models represent a good compromise in terms of computational cost and accuracy between the empirical pV convolution and the adiabatic hessian FC vibronic treatment of the B97XD/PBE0(vert) approach. Indeed, they are only slightly less accurate than the PBE0 pV model, without the need of any additional parameter. It should be noted however that the statistical relevance of the lower error associated to the LQ2 and LQ3 approaches with to respect B97XD/PBE0 (vert) one may be affected by the fact that only 2

INs are considered in the statistics for the latter, which is not the case for all the other models.

Indeed, B97XD/PBE0 (vert) is (slightly) more accurate than LQ2 and LQ3 on the AQs when the same number of dyes are considered. Nevertheless, the data obtained indicate that the LQ2 and LQ3 approaches both allow to circumvent all the problems associated to the excited state optimization and provide very good results. The good performance obtained further confirms their validity for (semi-)rigid molecules and the robustness of these two protocols for simulating band shape in a non-empirical way.

Finally, the PBE0 G model also gives reasonable results, but is more accurate on the INs than on the AQs, while B97XD G shows very large deviations for both families of molecules.

The trends on the CIELAB coordinates are reflected by the errors for the hue angles, even if the PBE0 pV gives a deviation on the AQs comparable than that provided by the LQ2 and LQ3 models. Concerning the AQs, it worth to stress that errors obtained at B97XD G are lower than those produced by all other methods tested in this work. A careful analysis on the benchmarked AQs (see supporting info Table SI.4) reveals that the B97XD G approach predicts colorimetric coordinates with proper sign for 7 AQs, thus resulting in better hue angles. Finally, the vibronic approaches then follow with B97XD/PBE0 (vert) being better than PBE0 vib and B97XD vib , at least for AQs.

Conclusion and Perspectives

In this work we have compared different approaches to predict perceived colors of industrially relevant rigid dyes with the aim of proposing theoretical methods with high potential for industrial implementation. These models are required to provide accurate predictions of perceived colors at limited computational cost and minimal user input. Considering TD-DFT as the underlying quantum method, choice justified both by the huge literature benchmarking on vertical excitation energies available and by the limited user input needed, in the present paper we have specifically focused on the definition of an integrated approach providing the most accurate absorption spectra and thus the best color prediction. To evaluate the performance of the different approaches we considered the difference of the simulated perceived colors obtained from theoretical and experimental spectra. This difference was quantified through the Euclidian distance in perceived colors in the CIELAB color coordinate system. Although not rigorously equivalent to the difference in color, this index is here considered as a reliable and industrially relevant parameter.

To reconstruct absorption spectra, for band shape simulation several fully empirical approaches and different approximations of methods allowing the simulation of band shape from first principle evaluation of the vibronic coupling were tested on a small benchmark set composed by AQ and IN dyes. Of note all these methods fulfill the requirement about the small computational cost.

If all empirical broadening methods considered (i.e. Gaussian and pseudo-Voigt) yield good results, it is the most refined pseudo-Voigt model that provides the best agreement in perceived color with experiment. Nevertheless, it should be mentioned that all these models require parametrization and validation for each family of molecules. Therefore, the pV approach can be considered suitable for an industrial implementation when targeting a relatively consistent molecular family that is an ensemble of molecule with limited chemical diversity such as those obtained from different functionalizations of a common skeleton. Furthermore, since the band position in the absorption spectra obtained by applying empirical broadening models corresponds to the computed vertical transition energy, the quality of the underlying functional is very relevant and global hybrids have to be preferred.

When considering non-empirical models based on the adiabatic hessian FC approximation, the use of a unique functional both for the evaluation of vertical transition energies and vibronic coupling has yielded poor results (as already reported in literature) . Methods implying the use of different functionals for vertical transitions energies and vibronic levels represent a possible powerful but costly alternative and they may be less straightforward to implement in an industrial setting when pursuing a high degree of automatisation.

Simplified models such as the LQ2 and LQ3 models have been shown to be extremely promising because they have the advantage of being accurate, unparametrized and extremely affordable and easy for industrial use since they do not require geometry optimization and frequencies calculation at the excited state. Nonetheless, it should be stressed that these latter methods are considered reliable in the exclusive case of rigid molecules, a condition satisfied by many coal derivatives currently used as dyes. 

  𝑐 is the speed of light, 𝑒 is the electron charge, 𝑚 𝑒 is the electron mass and 𝜖 0 is the vacuum permittivity. More detail on the normalization can be found in the SI.A pV function is thus characterized by three parameters: i) the Gaussian/Lorentzian mixing, M, ii) the a value defining the sigmoidal broadening and iii) the FWHM at 𝑥 = 𝑥 0 ,  Two set of values have been used in this work: for the AQ family a=-3000, M=0.9 and =0.4 eV; while for the IN one a=-2000, M=0.2 and 𝜎=0.2 eV. These values have been selected on the basis of the results obtained on a smaller subset consisting of AQ1, AQ2, AQ3, IN1 and IN10 molecules.

  and 3 the simulated spectra for AQ3 and IN10 are reported, two molecules taken as representative examples, while the spectra of all the remaining molecules are collected in the SI (Figure SI.1-SI.15). The application of the adiabatic hessian FC vibronic coupling model at PBE0 and B97XD level (hereafter PBE0 vib and B97XD vib )
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 2 Figure 2). Since experimental INs' bands are narrower than the AQs' ones, we decided to use different FWHM values for the two families of dyes: 0.4 eV for AQs and 0.2 eV for INs.

  The a* and b* simulated values are, as expected, different depending on the model used. The B97XD/PBE0(vert) model is not surprisingly providing the most equilibrated description of a* and b*. Similar trends are also found for the PBE0-LQ2 and PBE0 pV models, even if larger deviations can be observed. PBE0 vib yields substantially underestimated values of b* for all AQs that give predicted colors that are rather distant to the experimental values. For AQ3 this is particularly important as it is predicted to be blue due to the significant redshift of the main absorption peak. The picture changes for B97XD vib that provides b* values much closer to the experimental ones, overestimating them for AQ2 and AQ3 and decidedly adjusting the prediction for this last.The behavior of B97XD G is more erratic, underestimating b* for AQ1 while overestimating it for the other two AQs.
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 6 we report the mean of the absolute deviations (MAD) between the different quantities defining the computed and experimental perceived colors for all the considered AQs and INs, including the 5 previous molecules of the subset. While for chromas and hue angles the MAD between experimental and computed values are reported, the difference in Lab coordinates are condensed in the mean Euclidian distance between computed and experimental color.
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 captions1 Figure captions Figure 1. Anthraquinones and indigos investigated in this work.
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 2 Figure 2. Normalized absorption spectra for AQ3 obtained at different level of theory : PBE0, B97XD and B97XD/PBE0 (vert) : adiabatic hessian FC vibronic coupling; LQ2 and LQ2: displaced harmonic oscillator approximation models; PBE0 G and B97XD G : Gaussian convolution; PBE0 PV : pseudo-Voigt convolution. Please refer to the text for further details.

Figure 3 .

 3 Figure 3. Normalized absorption spectra for IN10 obtained at different level of theory : : PBE0, B97XD and B97XD/PBE0 (vert) : adiabatic hessian FC vibronic coupling; LQ2 and LQ2: displaced harmonic oscillator approximation models; PBE0 G and B97XD G : Gaussian convolution; PBE0 PV : pseudo-Voigt convolution. Please refer to the text for further details.
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 4 Figure 4. Mean of the Euclidian distances between the CIE colorimetric coordinates of experimental and theoretical perceived colors. B97XD/PBE0 (vert) : adiabatic hessian FC vibronic coupling; LQ2 and LQ2: displaced harmonic oscillator approximation models; PBE0 G and B97XD G : Gaussian convolution; PBE0 PV : pseudo-Voigt convolution. Please refer to the text for further details.
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 5 Figure 5. Mean Absolute Deviation of chromas of computed perceived colors with respect to experimental ones. B97XD/PBE0 (vert) : adiabatic hessian FC vibronic coupling; LQ2 and LQ2: displaced harmonic oscillator approximation models; PBE0 G and B97XD G : Gaussian convolution; PBE0 PV : pseudo-Voigt convolution. Please refer to the text for further details.
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 6 Figure 6. Mean Absolute Deviation of hue angles of computed perceived colors with respect to experimental ones. B97XD/PBE0 (vert) : adiabatic hessian FC vibronic coupling; LQ2 and LQ2: displaced harmonic oscillator approximation models; PBE0 G and B97XD G : Gaussian convolution; PBE0 PV : pseudo-Voigt convolution. Please refer to the text for further details.
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Table 1

 1 (for the 5 molecule subset) and in SI (for all other dyes, TableSI.2). In agreement with previous studies on INs and AQs, PBE0 provides quite accurate results when comparing vertical TD-DFT energies with experimental max (MAE 0.08 eV) while larger errors are expected and found for the B97XD functional (MAE of 0.36 eV,

	Table

Table 1 .

 1 Experimental (exp, eV), vertical (vert, eV) and vibronic (vibr, eV) absorption maxima computed at the PBE0 and B97XD level for selected anthraquinones and indigos. In the table are also reported the adiabatic energy difference between the S0 and S1 states (E0-0, eV), and

	the corresponding ZPE differences (ZPE, eV).
	PBE0

Table 2 .

 2 Perceived colors computed from the experimental and simulated spectra using different computational protocol: PBE0 vib , B97XD vib and B97XD/PBE0 (vert) : fully vibronic coupling; LQ2 and LQ2: approximate vibronic models; PBE0 G and B97XD

	exp	PBE0 vib B97XD vib B97XD/PBE0 (vert) LQ2	LQ3 PBE0 G B97XD G PBE0 pV
	anthraquinones		
	AQ1		
	AQ2		
	AQ3		
	indigos		
	IN1		
	IN10		

G : Gaussian convolution; PBE0 pV : pseudo-Voigt convolution.

Table 3 .

 3 Experimental and CIE colorimetric coordinates (L*, a*,b*), chromas (C) and metric hue angle (h) of selected anthraquinones, derived from experimental and simulated spectra for the investigated INs. PBE0 vib , B97XD vib and B97XD/PBE0 (vert) : fully vibronic coupling; LQ2 and LQ2: approximate vibronic models; PBE0 G and B97XD G : Gaussian convolution; PBE0 pV : pseudo-Voigt convolution.

		param	exp	PBE0 vib B97XD vib B97XD/PBE0 (vert) LQ2	LQ3 PBE0 G ωB97XD G PBE0 pV
		𝐿 *	89.22	87.04	98.85	89.64	89.78 89.95 92.17	99.83	88.47
		𝑎 *	-18.65 27.48	-18.09	6.59	8.85	11.74	3.23	-4.37	6.81
	AQ1	𝑏 *	76.33	43.38	53.73	76.54	70.31 69.44 69.40	9.30	74.74
		𝐶	78.57	51.36	55.75	76.82	70.87 70.42 69.47	10.28	75.05
		ℎ	103.73 57.66	108.94	85.08	82.82 80.40 87.34	115.14	84.79
		𝐿 *	74.94	86.16	97.62	82.54	87.73 86.38 87.00	98.80	82.72
		𝑎 *	44.11	37.73	9.66	27.99	20.7	27.59 21.95	-14.26	21.09
	AQ2	𝑏 *	39.44	-4.22	80.16	55.51	47.50 42.93 47.92	42.00	62.21
		𝐶	59.17	37.97	63.66	62.16	51.82 51.03 52.71	44.36	65.69
		ℎ	41.80 353.62	102.92	63.24	66.45 57.27 65.39	108.76	71.28
		𝐿 *	66.64	76.84	77.71	55.63	69.03 65.43 64.59	92.15	58.60
	AQ3	𝑎 *	55.51	-7.03	50.87	51.16	67.22 69.29 66.90	3.30	49.89
		𝑏 *	6.94	-28.62	17.49	-13.53	-40.58 -43.46 -42.44	69.34	-1.59

Table 4 .

 4 CIE colorimetric coordinates (L*,a*,b*), chromas (C) and metric hue angle (h) of selected indigos, derived from experimental and simulated spectra. PBE0 vib , B97XD vib and B97XD/PBE0 (vert) : fully vibronic coupling; LQ2 and LQ2: approximate vibronic models; PBE0 G and B97XD G : Gaussian convolution; PBE0 pV : pseudo-Voigt convolution.

		param	exp	PBE0 vib B97XD vib	B97XD/PBE0 (vert)	PBE0 pV	LQ2	LQ3	PBE0 G B97XD G
		𝐿 *	71.10	89.54	82.75	63.72	76.56	61.49	61.54	78.58	84.84
		𝑎 *	-16.69	-18.50	37.18	38.82	5.64	13.87	8.48	-4.61	49.16
	IN1	𝑏 *	-36.21	-17.68	-22.99	-54.58	-38.68	-63.28	-62.00	-36.78	-20.94
		𝐶	39.87	25.59	43.71	66.98	39.09	64.78	62.57	37.07	53.44
		ℎ	245.25	223.70	328.27	305.42	278.29	282.36 277.79 262.86	336.93
		𝐿 *	69.51	81.12	91.73	69.97	70.96	60.51	59.09	78.28	96.10
		𝑎 *	39.14	8.67	20.13	62.91	50.31	58.31	54.18	46.71	1.95
	IN10	𝑏 *	-41.70	-30.70	21.48	-33.05	-34.15	-58.21	-58.62	-36.28	33.69
		𝐶	57.20	31.90	29.44	71.06	60.81	82.39	79.82	59.14	33.74
		ℎ	313.18	285.78	46.87	332.29	325.83	315.05 312.74 322.17	86.69
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