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While the spin liquid state in the frustrated pyrochlore Tb2+xTi2−xO7+y has been studied both
experimentally and theoretically for more than two decades, no definite description of this un-
conventional state has been achieved. Using synchrotron based THz spectroscopy in combination
with quantum numerical simulations, we highlight a significant link between two previously un-
related features: the existence of a quadrupolar order following an ice rule and the presence of
strong magneto-elastic coupling in the form of hybridized Tb3+ crystal-field and phonon modes.
The magnitude of this so-called vibronic process, which involves quadrupolar degrees of freedom,
is significantly dependent on small off-stoichiometry x and favors all-in all-out like correlations be-
tween quadrupoles. This mechanism competes with the long range ordered quadrupolar ice, and for
slightly different stoichiometry, is able to destabilize it.

Quantum materials have attracted considerable inter-
est lately. A wide spectrum of exotic behaviors built
upon magnetic dipolar degrees of freedom were already
discovered and are still foreseen. Among them, one finds
those induced through magnetic frustration such as quan-
tum spin liquids with fractionnal or anyonic excitations
to quote but one example [1, 2]. Another emblematic ge-
ometric frustration-induced state is the classical spin ice,
as observed in Ho2Ti2O7 [3], belonging to the pyrochlore
family R2M2O7 where the magnetic rare earth ions R3+

form a corner sharing tetrahedra network [4]. Spin ice
correlations are characterized by the ice rule (two spins
pointing into and two out of each tetrahedron), which
can be destabilized towards an exotic ordered/disordered
fragmented state when additional competing all-in all-out
correlations (all spins pointing into or out of each tetrahe-
dron) are present [5–7]. A novel field of unconventional
behaviors induced by frustration has recently emerged,
involving multipolar degrees of freedom that come into
play once the angular momenta are larger than one half.
A case in point is provided by the rare earth based com-
pounds [8], the description of which sometimes require
hamiltonians involving quadrupoles [9–11] or even multi-
poles of higher orders, such as recently shown in Ce, Pr or
Nd based pyrochlores [12–19]. These multipoles are gov-
erned by the nature of the magnetic ion as well as their
local environment, the so called crystal field that lifts the
degeneracy of their electronic levels. Extensions of theses
degrees of freedom to composite hidden order [20] were
also considered that might be relevant to quite different
quantum materials such as high temperature supercon-
ductors [21, 22]. Here, we focus on quadrupolar degrees
of freedom and show how they play a crucial role in the
exotic and still enigmatic behavior of the pyrochlore com-
pound Tb2Ti2O7.

First studies on Tb2Ti2O7 more than two decades ago

FIG. 1. Tb2+xTi2−xO7+y phase diagram as a function of the
temperature and the off stoechimetry x deduced from this
work and from Refs [23, 24]. Quadrupolar all-in all-out like
correlations are favored by vibronic couplings for x ≲ 0 while
quadrupolar ice correlations are promoted by multipolar in-
teractions for x ≳ 0 leading to an ordered quadrupolar ice at
low temperatures. Our two single crystals C1 and C2 have
been characterized by specific heat measurements in the tem-
perature range shown by the dash lines. C2 orders below
0.42K (green star). The configuration of the 4 quadrupoles
on one tetrahedron in both regions is displayed.

showed that no long-range magnetic order is stabilized
down to at least 70mK [25, 26]. The compound re-
mains in an intriguing spin liquid state quite different
from conventional spin ices, although similarities have
been observed [27, 28]. While it was quickly noticed that
the presence of a Tb3+ excited crystal field level as low
as ∆ = 1.5meV (12 cm−1) [26, 29–36] certainly has a
central role in this exotic quantum state [37, 38], any
tentative description of the fundamental state failed to
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reproduce all experimental data [28, 39–44]. In the past
decade, two important steps were achieved almost simul-
taneously. On one hand, it was realized (based on specific
heat [23, 24] and latter supported by elastic constants
[45] measurements), that Tb2+xTi2−xO7+y has a strong
sensitivity to a very low anti-site Tb/Ti disorder. For
the off-stoichiometry parameter x ≳ 0, it enters into a
quadrupolar long range ordered phase below Tc ≈ 0.5K
[46–51]. On the other hand, while no static distorsion
is observed [31, 52–56], extensive neutron scattering [57–
61] and THz spectroscopy measurements [62, 63] have re-
vealed the presence of several magneto-elastic modes. In
particular, it was shown that a so called vibronic process
[64] develops below 50K and mixes the ground and first
excited Tb3+ crystal field doublets with acoustic phonons
[62]. A second vibron, visible below 200K, couples the
first excited doublet with a silent optical phonon mode
[62].

In this study, we used synchrotron based THz spec-
troscopy to provide evidence for a competition be-
tween the vibronic processes and the low temperature
quadrupolar order of Tb2+xTi2−xO7+y (see Fig. 1).
Our measurements reveal that the spin lattice couplings
are stronger when x < 0 than x > 0. We then
show that these couplings promote quadrupolar all-in all-
out like correlations (Q-AIAO), which compete with the
quadrupolar ice like correlations (Q-Ice) that prevails for
x ≳ 0, where an ordered quadrupolar ice is finally sta-
bilized at very low temperature. The spin liquid state
of Tb2+xTi2−xO7+y compounds with x ≲ 0 is therefore
caused by a subtle equilibrium between magnetic inter-
actions and the competition between these two types of
quadrupolar correlations.

High resolution THz spectroscopy measurements were
performed at Synchrotron SOLEIL on the AILES beam-
line from 200K to 6K in the 8 cm−1 to 24 cm−1 range
(resolution 0.2 cm−1) on a C2 crystal, previously used
in a magneto-optical study [63]. We measured two dif-
ferent plaquettes cut out of this crystal, perpendicular
to a ⟨111⟩ and ⟨110⟩ direction of the cubic pyrochlore
lattice (thickness 150 µm / 170 µm, diameter 1.7mm /
1.2mm respectively). The experimental conditions were
the same as the high resolution THz study previously
done on another crystal C1 [62], whose results are shown
in the present article to allow a direct comparison be-
tween the two crystals. To determine their position in the
phase diagram as a function of the off stoechiometry, they
were both characterized by specific heat measurements in
the temperature range 10K to 400mK thanks to a PPMS
with 3He insert, using the same samples. THz absorption
spectra were calculated solving Maxwell equations with
the magnetic susceptibility tensor deduced from eigenen-
ergies and eigenvectors of the hamiltonian [63, 65]. Ab-
sorption peaks were modeled by the same pseudo-Voigt
function 0.7L + 0.3G where L and G are Lorenzian and
Gaussian functions with the same width at half maxi-

FIG. 2. Tb2+xTi2−xO7+y specific heat as a function of tem-
perature for different off-stoechiometry x. Closed symbols:
this study for crystals C1 (yellow) and C2 (green). Open sym-
bols: data from Ref. [23]. The comparison of both data sets
allows us to deduce that x ≈ −0.0025 for C1 and x ≈ +0.0025
for C2.

mum chosen equal to 2.7 cm−1, in agreement with the
observed line width of Ref. [62] on the C1 sample.

The specific heat characterization for the two crystals
is given in Fig. 2 and, to evaluate their off stoechimetry,
compared to measurements on samples with different x-
values from Ref. [23]. A clear peak is visible for C2 at
TC = 0.42K, which yields x ≈ +0.0025. This peak re-
veals the onset of a quadrupolar order. Quite differently,
no peak is observed in C1, confirming that this crystal,
whose off-stoechiometry is estimated to x ≈ −0.0025,
presents a quadrupolar order but remains in a spin liq-
uid state [28].

The THz spectroscopy results on crystal C2 are pre-
sented in Fig. 3 for different temperatures, together
with those previously obtained on crystal C1. In Figs.
3(a) and 3(b), the reference spectrum is taken at 200K.
The broad absorption peak, centered around 14 cm−1,
is observed in both samples and is assigned to the first
Tb3+ crystal field excited doublet. Another smaller peak
centered around 22 cm−1 is present in C1 spectra only,
called P3 in Ref. [62], is the experimental evidence of the
high temperature vibronic process: while coupling with
the first crystal field excited level, the transverse optical
phonon, initially infrared inactive, becomes visible. Re-
sults on C2 reveals that P3 is absent, showing that this
magnetoelastic process seems not to take place.

To highlight the off-stoichiometry impact on the low
temperature vibronic process, Figs. 3(c) and 3(d) shows
the same spectra but with a 60K reference, a significantly
lower temperature where the high temperature vibronic
process observed in C1 becomes temperature indepen-
dent. The previous results for crystal C1 that are re-
produced here show a fine structure: besides the central
peak P1 at 13.8 cm−1, another one, P2, is observed at
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FIG. 3. Tb2+xTi2−xO7+y THz spectra as a function of temperature for crystal C1 (upper panels) and C2 (lower panels). These
differential absorptions are calculated by dividing the sample spectrum of interest by one at a higher temperature chosen to
emphasize different processes: (a,b) with a high temperature reference T ≈ 200K, and (c, d) with a low temperature reference
T ≈ 60K. Calculations of the same quantity with the low temperature reference for a vibronic parameter D = −0.38meV
(e) and D = −0.24meV (f). The THz wave vector was k ∥ [111] and its polarization e ∥ [01̄1], h ∥ [21̄1̄]. The measured and
calculated positions of the P0 to P3 peaks are shown by the arrows. In the insert of panel (c), the splitting by the vibronic
coupling of the two ground and first excited doublets is schematized.

16.8 cm−1. Further analysis [62] shows that a third peak,
P0, is also present at 11 cm−1. These three peaks were as-
sociated to a splitting of the ground and first crystal field
excited doublets due to the low temperature vibronic pro-
cess that involves acoustic phonons. Quite surprisingly,
for C2, we only observe one single peak. Note also that
spectra with different wave polarizations or wave vectors
are similar in C2 whereas they vary in C1 (see Supple-
mental Material). It is intriguing that the fine structure
of C1 is not visible in C2 all the more that the influence
of the low temperature vibronic process was observed in
the magneto-optical study on this sample: it was a key
ingredient to understand the magnetic field dependence
of its THz spectra, in particular the splitting of one of
the field-induced transition as reported in [63].

To understand these evolutions of the THz spectra,
numerical simulation have been carried out. The hamil-
tonian of our simulations contains two parts: the crystal
field hamiltonian Ĥcf and the low temperature vibronic
coupling one Ĥvib. Using the local threefold axis of each
Tb3+ site (point group symmetry D3d) as the quantifi-
cation z axis, they can be written in the same form for
the 4 Tb3+ ions at the vertices of each tetahedron that

constitutes the pyrochlore lattice. In this case, Ĥcf writes
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where Ôq
k are Stevens operators, Bk

q are crystal fields
parameters, θk are reduced matrix elements, and λq

k

are numerical coefficients (see Supplemental Material).

For Ĥvib, we used the hamiltonian first proposed by P.
Thalmeier and P. Fulde [66] and developed for Tb2Ti2O7

in [62, 65]), in its simplest form with a single vibronic cou-
pling parameter D, assumed to be the only x dependent
parameter in our calculations:

Ĥvib = θ2λ
1
2D

(
Ô1

2 + Ô−1
2

)
. (2)

Due to this vibronic process, both the ground and first
excited doublets are almost equally split producing three
distinct energy levels E1 to E3 (see insert of Fig. 3(c))

obtained in the calculation by diagonalizing Ĥcf + Ĥvib

(results given in Table I). For C1, we find a good agree-
ment between numerical simulations and experimental
results with D = −0.38meV (see Figs. 3(c),(e)). The
calculated peak positions E2 − E1 = 10.9 cm−1 = P0,
E2 − E0 = 13.8 cm−1 ≈ P1, E3 − E1 = 13.9 cm−1 ≈ P1,
and E3 − E0 = 16.8 cm−1 = P2 are in remarkable
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E1 E2 E3

C1 (D = −0.38meV) 2.85/0.35 13.8/1.71 16.8/2.08
C2 (D = −0.24meV) 1.83/0.23 13.6/1.69 15.5/1.92

TABLE I. Calculated energies of the three first excited levels
(in cm−1/meV) of C1 and C2.

agreement with experimental ones, P0 = 11.0 cm−1,
P1 = 13.8 cm−1 and P2 = 16.8 cm−1. Furthermore,
our calculations reproduce qualitatively the experimen-
tal spectral shape with two clearly visible peaks (P1 and
P2) and another one only slightly visible P0. For C2,
since no visible signature of vibronic process is seen,
we used the magneto-optical measurements of Ref. [63]
(reproduced in the Supplemental Material) to fix the
vibronic parameter D = −0.24meV. Using this cou-
pling, the C2 spectrum shape is also well reproduced with
one single broad excitation, as observed, embedding the
three non-resolved peaks at E2 − E1 = 11.8 cm−1 = P0,
E2 − E0 = 13.6 cm−1 ≈ P1, E3 − E1 = 13.7 cm−1 ≈ P1,
and E3 − E0 = 15.5 cm−1 = P2 (see Fig. 3(f)).
We note however that the experimental low temper-

ature dependence is not well captured in our single pa-
rameter model. This might be explained by the influence,
below 10K, of interactions between spins and quadrupole
degrees of freedom. Indeed, they are necessary for the on-
set of quadrupole order below 0.5K and are also required
to understand the observed low temperature magnetic
correlations [49–51]. Nevertheless, our THz observations
as well as our vibronic interpretation are rather com-
patible with published data using optical spectroscopy
[31, 67] and inelastic neutron scattering [23, 49, 60]. See
details in the supplemental material. This being said, our
model allows us to understand the differences observed
between both samples: the three peaks P0, P1 and P2
are present in both cases and due to vibronic processes
but are not experimentally resolved for C2 because of a
lower vibronic coupling.
To go beyond and study the implication of the x-

dependence of the vibronic coupling on the ground state
of Tb2+xTi2−xO7+y, it is useful to adopt a pseudo-spin
description where the vibronic hamiltonian acts as a per-
turbation on the crystal field ground state doublet. In
this approach,

Ĥ(p.s.)
vib ∝ θ2λ

1
2D(σ̂x − σ̂y) (3)

where σ̂x,y,z are Pauli matrices (see Supplemental Ma-
terial). Note that for a non Kramers ion as Tb3+, the
longitudinal (z) pseudo-spin component of the doublet
is related to the magnetic dipolar degree of freedom and
can couple to a magnetic field while the transverse (x,
y) components represent electric quadrupoles degrees of
freedom [12, 68, 69] that are non magnetic. Since the vi-
bronic hamiltonian has the same form for the 4 Tb3+ ions

of a tetrahedron, it will favor an orientation of the trans-
verse components of all the Tb3+ ions along the same
local direction. This will result in planar ferropseudospin
also called Q-AIAO configurations, which may eventually
order at low temperature. On the other hand, it has been
shown that quadrupolar interactions between Tb3+ ions
favor a planar antiferropseudospin order [48, 51], which
corresponds to an ordered ice of transverse pseudo-spin
components [15, 70, 71]. The corresponding Tb3+ elec-
tronic densities calculated [72, 73] for both Q-AIAO and
Q-Ice configurations are represented in Fig. 1 (see Sup-
plemental Material) with distinct colors for the two dif-
ferent quadrupolar states. The picture which emerges
in Tb2+xTi2−xO7+y is thus the following: while Tb−Tb
interactions are strong enough to stabilize a long range
ordered quadrupolar ice for x ≳ 0, they compete with the
low temperature vibronic process which promotes all-in
all-out like quadrupole correlations. As a consequence,
the long range order is suppressed for x ≲ 0, namely
when magneto-elastic couplings are sufficiently strong as
observed for crystal C1. For larger negative x values,
with possibly even stronger vibronic couplings, we then
foresee the existence of an ordered Q-AIAO phase that
would be interesting to investigate.

At this stage, it is interesting to point out possible
effect of disorder as in another non-Kramer pyrochlore
Pr2Zr2O7 [15, 74, 75] where it produces a competition
between quadrupolar order and a quantum spin liquid
[76]. Such a scenario cannot apply to Tb2+xTi2−xO7+y

since the splitting of the crystal field levels are weaker
in crystal C1 presenting a quadrupolar state, than in C2
with a spin liquid state, in contradiction with the phase
diagram proposed in reference [77]. It is also worth not-
ing that in Tb2Ti2O7 the first excited doublet should also
be taken into account. However, it seems likely that it
will not have a significant impact on our interpretation.
On first hand, as Eq. 2 shows, the vibronic process will
still favour the same orientation of the quadrupoles on a
whole tetrahedron. On the second hand, it will probably
only slightly modify the phase boundaries and position of
Tb2+xTi2−xO7+y in the phase diagram since the energy
of the first excited crystal field level is about an order of
magnitude larger than the energy scale of typical inter-
actions in rare earth pyrochlores [71]. One more question
we can address is the origin of the strong x-dependence
of vibronic couplings. While a quantitative answer is be-
yond the scope of this study, the very low value of x for
which changes occur suggests that this dependence has
a collective origin. One can therefore reasonably think
that vibronic processes might be strongly affected by lo-
cal defects recalling that a vibronic ground state actually
results from a hybridization between local degrees of free-
dom (crystal field excitations) and collective degrees of
freedom (acoustic phonons).

In summary, using high resolution synchrotron based
THz spectroscopy coupled with quantum calculations,
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we show that vibronic processes, namely hybridiza-
tions between crystal field levels and phonons, are
strongly affected by a small change of stoichiometry x
in Tb2+xTi2−xO7+y. Our measurements reveal that the
amplitude of these two processes (one appearing below
200K and one below 50K) are greater when x < 0 than
x > 0. All spectra measured in two different samples, at
different temperatures, and with magnetic field (results
of Ref. [63]) are qualitatively reproduced by our calcula-
tions which use a single, sample dependent, vibronic cou-
pling parameter. We show that these vibronic couplings
affect the ground state in the sense that they promote
quadrupolar correlations antagonistic to those resulting
from quadrupolar interactions and leading to an order
at very low temperature for x ≳ 0. This quadrupolar
order is even destroyed for x ≲ 0 when these vibronic
couplings become stronger, and the subtle admixture be-
tween magnetic interactions and these two quadrupolar
effects in competition leaves a spin liquid ground state.
This scenario is not without similarities with frustrated
spin systems where correlations of magnetic dipoles can
compete producing unconventional behaviors, in particu-
lar the destabilization of the spin ice state when spin-ice
and all-in all-out correlations coexist [5]. In the present
case, the very rich behavior of Tb2+xTi2−xO7+y can be
interpreted on the basis of such frustrating mechanism
but based on higher rank multipoles, opening the way to
more general cases of multipolar frustration, beyond the
case of pyrochlore materials [11, 78].
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by the Austrian Science Fund (grant no. P32404-N27).
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Grenoble-Alpes (2021).

[66] P. Thalmeier and P. Fulde, Bound state between a
crystal-field excitation and a phonon in CeAl2, Phys.
Rev. Lett. 49, 1588 (1982).

[67] X. Zhang, Y. Luo, T. Halloran, J. Gaudet, H. Man, S. M.
Koohpayeh, and N. P. Armitage, Low-energy magneto-
optics of Tb2Ti2O7 in a [111] magnetic field, Physical
Review B 103, L140403 (2021).

[68] S. B. Lee, S. Onoda, and L. Balents, Generic quantum
spin ice, Phys. Rev. B 86, 104412 (2012).

[69] S. H. Curnoe, Exchange interactions in two-state sys-
tems: rare earth pyrochlores, Journal of Physics: Con-
densed Matter 30, 235803 (2018).

[70] H. Yan, O. Benton, L. Jaubert, and N. Shannon, The-
ory of multiple-phase competition in pyrochlore magnets
with anisotropic exchange with application to Yb2Ti2O7,
Er2Ti2O7, and Er2Sn2O7, Physical Review B 95, 094422
(2017).

[71] J. G. Rau and M. J. Gingras, Frustrated quantum rare-
earth pyrochlores, Annual Review of Condensed Matter
Physics 10, 357 (2019).

[72] D. Schmitt, Angular distribution of 4f electrons in the
presence of a crystal field, Journal de Physique 47, 677
(1986).

[73] H. Kusunose, Description of multipole in f -electron sys-
tems, Journal of the Physical Society of Japan 77, 064710
(2008).

[74] J.-J. Wen, S. M. Koohpayeh, K. A. Ross, B. A. Trump,
T. M. McQueen, K. Kimura, S. Nakatsuji, Y. Qiu, D. M.
Pajerowski, J. R. D. Copley, and C. L. Broholm, Disor-
dered route to the coulomb quantum spin liquid: Ran-
dom transverse fields on spin ice in Pr2Zr2O7, Physical
Review Letter 118, 107206 (2017).

[75] N. Martin, P. Bonville, E. Lhotel, S. Guitteny, A. Wildes,
C. Decorse, M. Ciomaga Hatnean, G. Balakrishnan,
I. Mirebeau, and S. Petit, Disorder and quantum spin
ice, Phys. Rev. X 7, 041028 (2017).

[76] L. Savary and L. Balents, Disorder-induced quantum spin
liquid in spin ice pyrochlores, Physical Review Letter
118, 087203 (2017).

[77] O. Benton, Instabilities of a U(1) quantum spin liquid
in disordered non-kramers pyrochlores, Phys. Rev. Lett.
121, 037203 (2018).

[78] K. Hattori and H. Tsunetsugu, Classical monte carlo
study for antiferro quadrupole orders in a diamond lat-
tice, Journal of the Physical Society of Japan 85, 094001
(2016).

https://doi.org/10.1103/physrevb.99.014406
https://doi.org/10.1103/physrevb.99.014406
https://doi.org/10.1103/physrevb.105.014439
https://doi.org/10.1103/physrevb.105.014439
https://doi.org/10.1103/PhysRevLett.99.237202
https://doi.org/10.1103/PhysRevB.83.184434
https://doi.org/10.1103/PhysRevB.83.184434
https://doi.org/10.1143/JPSJ.81.015001
https://doi.org/10.1143/JPSJ.81.015001
https://doi.org/10.1088/1742-6596/551/1/012021
https://doi.org/10.1088/1742-6596/551/1/012021
https://doi.org/10.1103/PhysRevB.94.174406
https://doi.org/10.1103/PhysRevB.94.174406
https://doi.org/10.1103/physrevlett.111.087201
https://doi.org/10.1103/physrevlett.111.087201
https://doi.org/10.1103/physrevlett.112.017203
https://doi.org/10.1103/physrevb.93.144407
https://doi.org/10.1103/physrevb.93.144407
https://doi.org/10.1103/physrevb.99.224431
https://doi.org/10.1103/physrevb.99.224431
https://doi.org/10.1103/physrevb.104.224403
https://doi.org/10.1103/physrevb.104.224403
https://doi.org/10.1103/physrevb.95.020415
https://doi.org/10.1103/physrevb.95.020415
https://doi.org/10.1103/physrevb.102.134428
https://doi.org/10.1103/physrevb.102.134428
https://doi.org/10.1088/0022-3719/17/23/015
https://doi.org/10.1088/0022-3719/17/23/015
https://tel.archives-ouvertes.fr/tel-03651250
https://doi.org/10.1103/PhysRevLett.49.1588
https://doi.org/10.1103/PhysRevLett.49.1588
https://doi.org/10.1103/physrevb.103.l140403
https://doi.org/10.1103/physrevb.103.l140403
https://doi.org/10.1103/PhysRevB.86.104412
https://doi.org/10.1088/1361-648x/aac061
https://doi.org/10.1088/1361-648x/aac061
https://doi.org/10.1103/physrevb.95.094422
https://doi.org/10.1103/physrevb.95.094422
https://doi.org/10.1146/annurev-conmatphys-022317-110520
https://doi.org/10.1146/annurev-conmatphys-022317-110520
https://doi.org/10.1051/jphys:01986004704067700
https://doi.org/10.1051/jphys:01986004704067700
https://doi.org/10.1143/jpsj.77.064710
https://doi.org/10.1143/jpsj.77.064710
https://doi.org/10.1103/PhysRevLett.118.107206
https://doi.org/10.1103/PhysRevLett.118.107206
https://doi.org/10.1103/PhysRevX.7.041028
https://doi.org/10.1103/PhysRevLett.118.087203
https://doi.org/10.1103/PhysRevLett.118.087203
https://doi.org/10.1103/PhysRevLett.121.037203
https://doi.org/10.1103/PhysRevLett.121.037203
https://doi.org/10.7566/JPSJ.85.094001
https://doi.org/10.7566/JPSJ.85.094001


Supplemental material for “Vibronic collapse of ordered quadrupolar ice in the
pyrochore magnet Tb2+xTi2−xO7+y”

Y. Alexanian,1, ∗ J. Robert,1 V. Simonet,1 B. Langérôme,2 J.-B. Brubach,2 P.
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MEASUREMENTS WITH OTHER
POLARIZATIONS

The THz spectra measured with other THz polariza-
tions using samples with k ∥ [11̄0] confirm the scenario
described for k ∥ [111], that is the presence of a sample
dependent vibronic coupling. Fig. 1 reports the exper-
imental data obtained at approximately 10K with two
different polarizations: e ∥ [112̄], h ∥ [111] and e ∥ [1̄1̄1̄],
h ∥ [112̄] for C1 (Fig. 1a) and C2 (Fig. 1b) with a
temperature reference around 300K. Again, the behav-
ior is very different between the two single crystals. For
C1, a single peak is visible for h ∥ [111] while a signifi-
cantly complex spectrum is observed with h ∥ [112̄]: the
intensity of the central peak (P1) is lower compared to
h ∥ [111] and two new peaks appear, centered at 11 cm−1

(P0) and 22 cm−1 (P3). The presence of this fine struc-
ture, together with the polarization dependence are the
signature of vibronic couplings, see Ref. [1, 2] for details.
Conversely, wave polarization has no effect on C2 spec-
tra: only the central peak is visible and its intensity is
independent of the h direction, showing that the effects
of vibronic couplings are not visible for this sample and
are therefore weaker.

HAMILTONIAN DIAGONALIZATION AND
WAVEFUNCTIONS

The crystal field hamiltonian is defined in the main
text by

Ĥcf = θ2λ
0
2B

2
0Ô0

2 + θ4

(
λ04B

4
0Ô0

4 + λ34B
4
3Ô3

4

)
+ θ6

(
λ06B

6
0Ô0

6 + λ36B
6
3Ô3

6 + λ66B
6
6Ô6

6

)
,

(1)

where Ôq
k are Stevens operators, Bq

k are the crystal field
parameters deduced from experiments [2] (displayed in
Table I), θk are reduced matrix elements [3, 4] (repro-
duced in Table II) and λqk are numerical coefficients [5]
(given in Table III). The wavefunctions for the ground
state doublet |ψ0

±⟩ and the first excited doublet |ψ1
±⟩ ob-

tained from the diagonalization of the crystal field hamil-
tonian Ĥcf are given in Table IV.

FIG. 1. THz spectra measured at 12K and analyzed with a
temperature reference T ≈ 300K for k ∥ [01̄1] and two wave
polarizations, h ∥ [111] (in red) and h ∥ [112̄] (in blue) on (a)
C1 and (b) C2. The measured and positions of the P0 to P3
peaks are shown by the arrows.

B2
0 B4

0 B4
3 B6

0 B6
3 B6

6

51.4 295 114 64.6 −84.2 129

TABLE I. Crystal field parameters of Tb2+xTi2−xO7+y used
for calculations (in meV), taken from Ref. [2].

θ2 θ4 θ6

−1/99 2/16335 −1/891891

TABLE II. Reduced matrix element θk(J) for Tb
3+ (J = 6).

From Refs. [3, 4].

λ0
2 λ0

4 λ3
4 λ0

6 λ3
6 λ6

6

1/2 1/8
√
35/2 1/16

√
105/8

√
231/16

TABLE III. λq
k numerical coefficients. Adapted from Ref. [5].
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|ψ−
0 ⟩(0.00) |ψ+

0 ⟩(0.00) |ψ−
1 ⟩(13.5) |ψ+

1 ⟩(13.5)
|+6⟩
|+5⟩ −0.345 0.888
|+4⟩ −0.912 −0.370
|+3⟩
|+2⟩ 0.184 −0.246
|+1⟩ 0.125 0.114
| 0⟩
|−1⟩ 0.125 0.114
|−2⟩ −0.184 0.246
|−3⟩
|−4⟩ 0.912 0.370
|−5⟩ −0.345 0.888
|−6⟩

TABLE IV. Wavefunction of the 4 lowest lying levels, ob-
tained by diagonalization of the crystal field hamiltonian (Eq.
1). The value in brackets after the name of a wavefunction is
its associated eigenenergy (in cm−1).

The vibronic hamiltonian is defined in the main text as

Ĥvib = θ2λ
1
2D
(
Ô1

2 + Ô−1
2

)
(2)

with θ2 = −1/99, λ12 =
√
6 and D the vibronic coupling

parameter. Note that this Hamiltonian is similar to the
one describing a static distortion although it describes
a dynamical process (typically a dynamical modulation
of the oxygen cages around each Tb): it is an effective
hamiltonian accounting for the vibrons in the zero fre-
quency limit. A dynamical approach would have been
of use solely to characterize dispersion effects associated
to the vibrons, which are not observable in THz experi-
ments since these are essentially zone center techniques.
The wavefunctions of the first four levels (denoted |φ0⟩,
|φ1⟩, |φ2⟩ and |φ3⟩) obtained from the diagonalization of

Ĥcf + Ĥvib with D = −0.38meV (sample C1) and with
D = −0.24meV (sample C2) are given in Tables V and
VI respectively. Note that |φ0,1⟩ are mainly built from
|ψ±

0 ⟩ while |φ2,3⟩ are mainly built from |ψ±
1 ⟩.

THZ ABSORPTION CALCULATIONS WITH
MAGNETIC FIELD

Our calculations at 3K when the magnetic field is ap-
plied along the [111] direction of the pyrochlore lattice are
reported in Fig. 2 for the two samples. For crystal C1,
we use a vibronic parameter D = −0.38meV deduced
from the zero field THz data where the splitting of the
ground and first excited crystal field levels is clearly visi-
ble. For crystal C2, no splitting is detectable in zero field
but the signature of the vibronic coupling is observed in
the magnetic field dependent spectra reproduced in Fig.
2(b). A vibronic coupling parameter D = −0.24meV is
able to account for all the observed features, in particu-

lar the splitting of the lower, weak branch (ν4) detected
above 10T. Details can be found in Ref. [2].

We comment on different conventions between the cal-
culations of Ref. [2] and the one presented in this work.
First, the D parameters used here are renormalized by
the coefficients θ2 and λ12 (see equation (2) in the main
text) giving rise to a factor of the order of 2.5×10−3 with
respect to Ref. [2]. Second, the B3

4 and B3
6 crystal field

parameters both change sign between the present work
and Ref. [2]. This has no impact on observables in zero
magnetic field but also with a magnetic field if combined
to an appropriate change of local frame for the 4 sites
on a tetrahedron. In order to use the conventional sign
of B3

4 and B3
6 usually reported in the recent literature,

we used for this work the local axes defined in Table VII
(following the convention used in Ref. [7]) different from
the one used in Ref. [2]. This actually yields the same
good agreement between the experimental and calculated
magnetic field dependence of THz spectra.

Time resolved THz absorption spectra measurements
with an applied magnetic field H ∥ [111] up to 6.9T at
T = 1.6K were also reported in Ref. [8]. The experi-
mental results are in agreement with our measurements
although the authors are not able to observe the splitting
of the ν4 branch at these values of magnetic field. To re-
produce their data, they performed calculations ignoring
the hybridization between the crystal field levels and the
acoustic phonons (the vibronic coupling we use) and in-
stead including other spin lattice couplings in the form
of a magnetic-field tunable crystal-field environment that
lowers the Tb3+ local symmetry from D3d to C1. How-
ever, one should notice that, for such a symmetry lower-
ing, either the oxygen or the terbium ions should move
under the influence of the magnetic field. It is difficult to
ensure that such effects will induce larger static displace-
ments than the dynamical ones promoted by phonons,
especially for low magnetic field. Moreover, this inter-
pretation cannot capture our zero magnetic field spectra
where vibronic couplings are already observed, mainly in
C1. We believe then that vibronic coupling is the main
effect responsible for the discrepancies between the mea-
sured THz spectra in magnetic field and the calculations
when only the crystal field and the Zeeman terms in the
hamiltonian are considered.

COMPARISON WITH OTHER OPTICAL AND
INELASTIC NEUTRON SCATTERING

MEASUREMENTS

The THz results presented in this study show that the
excitation around 13 cm−1 (1.5meV), is split into three
subpeaks and that the value of this splitting depends on
the off stoichiometry (it decreases when x increases). In
our interpretation, these three peaks result from the tran-
sition between the ground state and the first excited dou-
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D = −0.38meV |φ0⟩(0.00) |φ1⟩(2.85) |φ2⟩(13.8) |φ3⟩(16.6)
|+6⟩
|+5⟩ −0.301 −0.092− 0.119i −0.142 + 0.641i 0.128 + 0.589i
|+4⟩ 0.445 + 0.428i 0.083− 0.670i 0.140− 0.091i −0.170 + 0.271i
|+3⟩ −0.010i 0.017
|+2⟩ 0.144 0.064 + 0.083i 0.041− 0.186i −0.034− 0.158i
|+1⟩ −0.058− 0.056i −0.012 + 0.098i −0.056 + 0.037i 0.047− 0.075i
| 0⟩
|−1⟩ 0.081 0.060 + 0.078i −0.015 + 0.066i 0.019 + 0.087i
|−2⟩ 0.104 + 0.100i 0.013− 0.104i −0.160 + 0.104i 0.086− 0.136i
|−3⟩ 0.012 0.017
|−4⟩ 0.618 0.413 + 0.535i −0.036 + 0.163i 0.068 + 0.312i
|−5⟩ 0.217 + 0.209i 0.019− 0.150i −0.550 + 0.358i 0.321− 0.510i
|−6⟩

TABLE V. Wavefunction of the 4 lowest lying levels, obtained by diagonalization of the crystal field hamiltonian (Eq. 1)
and the vibronic coupling hamiltonian (Eq. 2) with a parameter D = −0.38meV. The value in brackets after the name of a
wavefunction is its associated eigenenergy (in cm−1). Only coefficients > 10−2 are shown.

D = −0.24meV |φ0⟩(0.00) |φ1⟩(1.84) |φ2⟩(13.6) |φ3⟩(15.5)
|+6⟩
|+5⟩ 0.282 + 0.025i 0.108 + 0.157i −0.163 + 0.626i −0.126− 0.598i
|+4⟩ −0.404− 0.479i −0.120 + 0.653i 0.178− 0.106i 0.163− 0.254i
|+3⟩ −0.011
|+2⟩ −0.140− 0.012i −0.065− 0.095i 0.046− 0.178i 0.034 + 0.162i
|+1⟩ 0.054 + 0.064i 0.017− 0.093i −0.063 + 0.037i −0.047 + 0.072i
| 0⟩
|−1⟩ −0.083 −0.054− 0.078i −0.018 + 0.070i −0.018− 0.084i
|−2⟩ −0.090− 0.107i −0.021 + 0.114i −0.158 + 0.094i −0.089 + 0.139i
|−3⟩ −0.011
|−4⟩ −0.625− 0.054i −0.375− 0.548i −0.052 + 0.200i −0.062− 0.295i
|−5⟩ −0.183− 0.217i −0.035 + 0.187i −0.555 + 0.331i −0.331 + 0.514i
|−6⟩

TABLE VI. Wavefunction of the 4 lowest lying levels, obtained by diagonalization of the crystal field hamiltonian (Eq. 1)
and the vibronic coupling hamiltonian (Eq. 2) with a parameter D = −0.24meV. The value in brackets after the name of a
wavefunction is its associated eigenenergy (in cm−1). Only coefficients > 10−2 are shown.

Site 1 2 3 4
√
6 xi (2̄, 1, 1) (2̄, 1̄, 1̄) (2, 1, 1̄) (2, 1̄, 1)√
2 yi (0, 1̄, 1) (0, 1, 1̄) (0, 1̄, 1̄) (0, 1, 1)√
3 zi (1, 1, 1) (1, 1̄, 1̄) (1̄, 1, 1̄) (1̄, 1̄, 1)

TABLE VII. Local basis of the 4 Tb3+ ions of a tetrahedron.

blets which are both split due to a magneto-vibrational
hybridization. It is important to note first that our
synchrotron based THz measurements are not limited
by the energy resolution which is very small (typically
0.2 cm−1). This is due to the high intensity and stability
of the synchrotron light in the 8 cm−1 to 50 cm−1 range
which competes nicely with laboratory sources such as in
Ref. [8]. Raman spectroscopy at such low energy is not
easy either because of the presence of the central elastic
peak at zero energy. Indeed, the Raman study presented

in Ref. [9] mostly consider energies above 50 cm−1.

This is different with inelastic neutron scattering since,
depending on the choice of the wavelength and instru-
ment (triple-axis and time-of-flight), it can provide a
sufficient energy resolution in the good energy window
to observe the features we identified in our THz study.
In Ref. [10] for instance, a splitting of the 1.5meV ex-
citation into three subpeaks is reported, in agreement
with the THz data presented in Fig. 3 of the main ar-
ticle. It is found that these peaks disperse weakly at
very low temperature (0.07K). However, the evolution
of this splitting with the off-stoichiometry was not in-
vestigated in this study. Concerning the splitting of the
ground state, a small splitting of 0.1meV was observed
at very low temperature (0.1K) by inelastic neutron scat-
tering [11, 12]. In these studies, different crystals with
different well-controlled stoichiometry were used. This
0.1meV level becomes narrower and slightly dispersive
below the quadrupolar order transition temperature for
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FIG. 2. THz spectra at 3K when the magnetic field is applied along the [111] direction. (a) Sketch of the pyrochlore structure
with the [111] direction [6]. (b) Calculated spectra for sample C1 with a vibronic coupling D = −0.38meV. (c) Measured THz
spectra for sample C2 reproduced from Ref. [2]. (d) Calculated spectra for sample C2 with a vibronic coupling D = −0.24meV.

x > 0, while it remains broad and weaker for x < 0.
This level is less observable above 1K which is consistent
with the fact that it should be populated above this tem-
perature such that the transition between the two split
ground state levels should not be possible. This splitting
is a bit smaller than what we propose (0.35meV for C1
and 0.23meV for C2). However, we note that the hy-
bridization with an acoustic phonon, steeply dispersive,
is most influent close to the zone center. There, in these
neutron data, the excitation seems to be pushed upward
in energy and this is where our THz measurements are
most sensitive compared to neutron scattering. It is very
likely then that it can be compatible with our experimen-
tal results and interpretation.

PSEUDO-SPIN MODEL AND ORDER
PARAMETER

We recall that for Tb3+ ions (J = 6) in a D3d point
group symmetry, the crystal field splits the ground multi-
plet into 5 singlets and 4 doublets. In Tb2Ti2O7, experi-
ments show that both the ground and first excited energy
levels are doublets. Their associated wave functions are

of the form

|ψ±
l ⟩ = αl

5|±5⟩ ± αl
2|±2⟩+ αl

−1|∓1⟩ ± αl
−4|∓4⟩. (3)

which is the case of the calculated wavefunctions of Table
IV. The projected expression of a multipolar operator Ôq

k

on the ground state doublet l = 0 is then

P̂Ôq
kP̂

−1 =

(
⟨ψ+

0 |Ô
q
k|ψ

+
0 ⟩ ⟨ψ+

0 |Ô
q
k|ψ

−
0 ⟩

⟨ψ−
0 |Ô

q
k|ψ

+
0 ⟩ ⟨ψ−

0 |Ô
q
k|ψ

−
0 ⟩

)
(4)

with P̂ = |ψ+
0 ⟩⟨ψ

+
0 |+ |ψ−

0 ⟩⟨ψ
−
0 | the projection operator.

P̂Ôq
kP̂−1 being a 2 × 2 matrix, it can be expressed as a

linear combination of the Pauli matrices σ̂x,y,z (or σ̂±,z)

and the identity matrix Î:

P̂Ôq
kP̂

−1 =
∑
α

Cα
k,qσ̂

α + CI Î . (5)

In this equation, Cα
k,q and CI are numerical coefficients

depending only on the ground state doublet wavefunction
coefficients α0

n. For instance, one has

P̂Ô1
2P̂−1 = Cx

2,1

(
0 1
1 0

)
= Cx

2,1σ̂
x

P̂Ô−1
2 P̂−1 = Cy

2,−1

(
0 −i
i 0

)
= Cy

2,−1σ̂
y

(6)
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with Cx
2,1 = −Cy

2,−1 ≡ C = −6
√

5
2α

0
2α

0
−1 + 9

√
11
2 α

0
5α

0
−4.

With the coefficients of Table IV, C ≈ −6.86. The pro-
jected form of the vibronic coupling hamiltonian (Eq. 2
and Eq. (2) of the main text) writes in this approach

P̂ĤvibP̂−1 ≡ Ĥ(p.s.)
vib = θ2λ

1
2DC(σ̂

x − σ̂y) (7)

which corresponds to Eq. (3) of the main text.
At this point, it is important to stress that, in the case

of non-Kramers ions, the projection of odd rank multi-
polar operators will only involve the z component of the
pseudo-spin while the projection of even rank multipo-
lar operator will only involve x and y components of the
pseudo-spin and the identity. This is due to the fact
that σ̂z = |ψ+

0 ⟩⟨ψ
+
0 | − |ψ−

0 ⟩⟨ψ
−
0 | transforms as a time re-

versal odd quantity (like a magnetic dipole) while σ̂x =
|ψ+

0 ⟩⟨ψ
−
0 |+ |ψ−

0 ⟩⟨ψ
+
0 | and σ̂y = −i|ψ+

0 ⟩⟨ψ
−
0 |+ i|ψ−

0 ⟩⟨ψ
+
0 |

transforms as time reversal even quantities (like an elec-
tric quadrupole) by the symmetry operations of the local
point group D3d [13, 14].
This projection procedure is at the basis of a pseudo-

spin approach for the interaction hamiltonian in py-
rochlore systems. Different i, j ions have to be considered
now. Since anisotropy axes are rotated from one site to
another in a tetrahedron, it is necessary to distinguish the
multipolar Ôq

k and the pseudo-spin σ̂α operators from

one site to another. We denote Ôq
k(Ĵi) and σ̂α

i these
operators for the i ion. All possible multipolar interac-

tions term Ôq
k(Ĵi)Mk,q;k′,q′

ij Ôq′

k′(Ĵj) in the most general

multipolar interaction hamiltonian Ĥint (with Mk,q;k′,q′

ij

an element of the interaction parameter matrix M) will
be transposed into interactions between pseudo-spin [15].
Restricting ourselves to first neighbour interactions, om-
miting a constant term, and separating the Hamiltonian
into a sum on the different tetrahedra t, the projection
of the interaction hamiltonian will then be

P̂ĤintP̂−1 =
∑
t

∑
i,j∈t

tσ̂iJij [t]σ̂j (8)

with Jij [t] a 3 × 3 matrix depending on the bond i − j
of the tetrahedron t. This matrix encodes the numerous
Mk,q;k′,q′

ij possible parameters and the Cα
k,q coefficients.

If only classical (without intrication) ordered ground
states are considered, it was shown that an energy min-
imum always exists at k = 0 [7]. In this case, it is suf-
ficient to determine a configuration of vectors Si = ⟨σ̂i⟩
which minimizes the energy of a unique tetrahedron to
find a ground state of the system. These ordered states
at a tetrahedron scale are usually classified by the irre-
ductible decomposition of the pseudo-spin configuration
in the symmetry point group of the pyrochlore struc-
ture m3̄m. Table VIII gives the order parameters for the
five distinct types of possible order in the case of non-
Kramers doublets such as those of Tb3+. Note that, since
σ̂x,y represents electric quadrupoles, any order involving

these transverse pseudo-spin components (Γ5, Γ7 and one
Γ9) have to be interpreted as a quadrupolar order.
The calculated phase diagram of Ref. [16] shows two

different quadrupolar orders denoted PF for ferropseu-
dospin order and PAF for antiferropseudospin order. In
Table VIII, PF order corresponds to Γ5 while PAF order
corresponds to either Γ7 or Γ9 quadrupolar order. In Ref.
[17], it is argued that the low temperature quadrupolar
order of Tb2+xTi2−xO7 for x ≥ 0 corresponds to Γ7.
Adding our vibronic hamiltonian (Eq. 7) to the inter-
action hamiltonian (Eq. 8) will not change the possible
orders described in Table VIII since this does not depend
on the detailed hamiltonian but only on the symmetry
of the pyrochlore lattice and how the pseudo-spin com-
ponents are transformed by these symmetries. It will
amounts to apply a multiaxial all-in all-out transverse
field in the pseudo-spin language since, with respect to
the local symmetry axis, it acts the same way on each site
of a tetrahedron. Consequently, the vibronic hamiltonian
will tend to stabilize a transverse pseudo-spin order where
all pseudo-spins are aligned the same way, the only possi-
bility being the Γ5 order described by the basis vector Ψ2

and Ψ3. This is seen formally when the vibronic hamilto-

nian P̂ĤvibP̂−1 ≡ Ĥ(p.s.)
vib is replaced by its classical limit

Hvib: the sum on the 4 sites of a tetrahedron gives

4∑
i=1

Hvib(i) ∝
4∑

i=1

(Sx
i − Sy

i ) = (Ψ2 −Ψ3). (9)

Thus, similarely to the z component of the pseudo-spin
for which the spin ice (Γ9) and the (spin) AIAO (Γ3) con-
figurations compete, this Γ5 quadrupolar order competes
with the Γ7 order promoted by interactions.

ANGULAR DEPENDENCE OF THE CHARGE
DENSITY

In Fig. 1 of the main text, the angular dependence of
the charge density is plotted using the wavefunctions |φ0⟩
and |φ1⟩ obtained for sample C2 (D = −0.24meV, Table
VI). The Quadrupolar all-in all-out (Q-AIAO) state sta-
bilized by the vibronic coupling corresponds to a charge
density associated with the wavefunction |φ0⟩ on each
site of the tetrahedron. To represent the Quadrupolar
Ice (Q-Ice) state, we plot the charge density associated
with the wavefunction |φ0⟩ on two sites of the tetrahe-
dron and the wavefunction |φ1⟩ on the two other sites
since {|φ0⟩, |φ1⟩} depict the two opposite basis states of
the pseudo-spin associated with the ground state dou-
blet. We describe here the procedure allowing us to plot
these angular dependences of the charge density [18, 19].

Let |Ψ⟩ be an electronic state. Its wavefunction over
spherical angles (θ, ϕ) ≡ Ω is determined through the
projection Ψ(Ω) = ⟨Ω|Ψ⟩ where |Ω⟩ stands for a spherical
angle state. One then deduces its angular probability
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Order Order parameter

Γ3 (AIAO) mΓ3 = Ψ1 = Sz
1 + Sz

2 + Sz
3 + Sz

4

Γ5 mΓ5 =

(
Ψ2

Ψ3

)
=

(
Sx
1 + Sx

2 + Sx
3 + Sx

4

Sy
1 + Sy

2 + Sy
3 + Sy

4

)

Γ7 mΓ7 =

Ψ4

Ψ5

Ψ6

 =

 Sy
1 + Sy

2 − Sy
3 − Sy

4

−
√
3[Sx

1 − Sx
2 + Sx

3 − Sx
4 ]/2− [Sy

1 − Sy
2 + Sy

3 − Sy
4 ]/2

+
√
3[Sx

1 − Sx
2 − Sx

3 + Sx
4 ]/2− [Sy

1 − Sy
2 − Sy

3 + Sy
4 ]/2



Γ9 (OSI) mΓA
9
=

Ψ7

Ψ8

Ψ9

 =

Sz
1 + Sz

2 − Sz
3 − Sz

4

Sz
1 − Sz

2 + Sz
3 − Sz

4

Sz
1 − Sz

2 − Sz
3 + Sz

4



Γ9 mΓB
9
=

Ψ10

Ψ11

Ψ12

 =

 Sx
1 + Sx

2 − Sx
3 − Sx

4

[Sx
1 − Sx

2 + Sx
3 − Sx

4 ]/2 +
√
3[Sy

1 − Sy
2 + Sy

3 − Sy
4 ]/2

[Sx
1 − Sx

2 − Sx
3 + Sx

4 ]/2−
√
3[Sy

1 − Sy
2 − Sy

3 + Sy
4 ]/2



TABLE VIII. Pseudo-spin classical order parameter k = 0 for non-Kramers ions (adapted from Refs. [7, 15]). Sα
i corresponds

to the mean value of the pseudo-spin component α = x, y, z of the i ion on a tetrahedron : Sα
i ≡ ⟨σ̂α

i ⟩. mΓ5 , mΓ7 and
mΓB

9
order parameters involve transverse pseudo-spin components and the associated orders are therefore quadrupolar orders.

Abreviations: AIAO= all-in all-out; OSI= ordered spin ice.

distribution in the form

PΨ(Ω) = |Ψ(Ω)|2 = ⟨Ψ|Ω⟩⟨Ω|Ψ⟩ = Ψ(Ω)∗Ψ(Ω). (10)

PΨ(Ω), as any function of spherical angles, can be ex-
panded over the basis of the spherical harmonics Y q

k (Ω):

PΨ(Ω) =

+∞∑
k=0

k∑
q=−k

ζkq(Ψ)Y q
k (Ω) (11)

where ζkq are the coefficient of the expansion given by

ζkq(Ψ) =

∫
S2

dΩY q∗
k (Ω)PΨ(Ω). (12)

Spherical harmonics allow to define the spherical har-
monics operators Ŷq

k by writing that their matrix ele-
ments on the spherical angle state space are written

⟨Ω|Ŷq
k |Ω

′⟩ = Y q
k (Ω)δ(Ω,Ω

′). (13)

The Ŷq
k are irreducible spherical tensor operators and

the relation Y q∗
k (Ω) = (−1)qY −q

k (Ω) translate to Ŷq†
k =

(−1)qŶ−q
k . Rewriting Eq. 12 so that Eq. 13 can be in-

serted within and using closure relation afterward allows
to express ζkq(Ψ) coefficients in terms of matrix elements:

ζkq(Ψ) = ⟨Ψ|Ŷq†
k |Ψ⟩. (14)

In our case, |Ψ⟩ identifies to |φn=0,1⟩ and belongs to
the subspace of the ground multiplet (J = 6 for Tb3+).

Note first that since the Ŷq
k operators are parity even for

k even and parity odd for k odd (as the spherical har-
monics), and that the states of the ground multiplet are

of the same parity (since belonging to the same electronic
configuration), the matrix elements of Eq. 14 necessarily
cancels out for odd k. For even k, they can be computed
using the equivalent operator method [3] so that

ζkq(φn) =

√
2k + 1

4π
θk(J)⟨φn|R̂q†

k |φn⟩ (15)

where θk(J) are reduced matrix elements and R̂q
k are

Racah operators (proportionnal to Wybourne operators

Ĉq
k by Ĉq

k = θk(J)R̂q
k). Let us also mention that since all

θk coefficients are null for k > 6 in the case of f electrons,
only the coefficents ζkq(φn) with k = 0, 2, 4, 6 have to be
calculated. The charge density of the wavefunction |φn⟩
can then be obtain by inserting the coefficients of Eq. 15
into Eq. 11: it is the functions Pφ0(Ω) and Pφ1(Ω) that
are plotted in Fig. (1) of the main text.
It could be more convenient to use the Stevens opera-

tors Ôq
k linked to Racah operators R̂q

k by

Ôq
k =



1

λqk

(
R̂−|q|

k + (−1)qR̂|q|
k

)
if q > 0,

1

λqk
R̂q

k if q = 0,

i

λqk

(
R̂−|q|

k − (−1)qR̂|q|
k

)
if q < 0.

(16)

as spherical harmonics Y q
k (Ω) are linked (up to a constant

λqk/
√
2) to tesseral (real) harmonics Zq

k(Ω). This gives

Pφn
(Ω) =

+∞∑
k=0

k∑
q=−k

ξkq(φn)Z
q
k(Ω),

ξkq(φn) =
λqk√
2

√
2k + 1

4π
θk(J)⟨φn|Ôq

k|φn⟩.

(17)
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